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1 Introduction

Four-dimensional superconformal field theories (SCFTs) with N = 2 supersymmetry play

a prominent role in theoretical physics. Originally studied using standard field theoretic

tools, by building Lagrangians out of fundamental fields with appropriately chosen matter

content, the list of theories has grown considerable in recent years [1, 2], and now there

seems to be an extensive library of N = 2 systems, related by an intricate web of duali-

ties. Having found such an ample catalog, there has been a shift in perspective, instead of

analyzing specific models one by one, it seems more natural to ask whether a classification

program is possible. Efforts in this direction include a classification of Lagrangian mod-

els [3], a procedure for classifying class S theories [4], and a systematic analysis of Coulomb

branch geometries [5, 6].

Among the most important tools for constraining the space of CFTs is the conformal

bootstrap approach [7–9]. Originally very successful in two dimensions, where the confor-

mal algebra is enhanced to the infinite dimensional Virasoro algebra, it has seen renewed

interest in light of the work of [10] where, starting from basic principles like crossing sym-

metry and unitarity, numerical techniques were developed that allow to obtain rigorous

– 1 –



J
H
E
P
0
2
(
2
0
1
6
)
0
1
9

bounds on several CFT quantities. Influenced by this revival of the bootstrap philosophy,

the N = 2 superconformal bootstrap program was initiated in [11, 12], with the goal of

serving as an organizing principle, relying only on the operator algebra of a theory, as

defined by the OPE.

The N = 2 superconformal bootstrap program can be thought of as a two-step pro-

cess. First, it was observed in [11] that any N = 2 SCFT contains a protected subsector

of observables described by a two-dimensional chiral algebra. In order to bootstrap a full-

fledged SCFT, one must first have an understanding of the operators described by the

chiral algebra. Once this is achieved, the second step entails tackling the harder task of

bootstrapping the full theory, in particular, unprotected operators with unconstrained con-

formal dimensions. This second step was explored in [12] using the numerical techniques

of [10], and bounds were obtained by looking at four-point correlators of several supercon-

formal multiplets. Though a comprehensive effort toward bootstrapping the landscape of

N = 2 theories, there was an important omission, the multiplet in which the stress-tensor

sits was absent from the analysis. The universal nature of the stress-tensor makes it a nat-

ural target for bootstrap studies, and the reason it was not included in [12] was technical:

the requisite crossing symmetry equation is not known.

Let us be a bit more specific. The conserved stress-tensor of an N = 2 theory sits in

a multiplet that can be represented by a superfield J with a schematic θ-expansion,

J (x, θ, θ̄)| = J(x) , J (x, θ, θ̄)|θθ̄ = J ij
µ (x) , J (x, θ, θ̄)|θ2θ̄2 = Tµν(x) . (1.1)

J is a scalar superconformal primary of dimension two, J ij
µ is the conserved SU(2)R×U(1)r

R-symmetry current, and Tµν is the stress-tensor. Correlators of this multiplet also contain

information about two fundamental quantities present in any four-dimensional CFT, the a

and c anomaly coefficients. These can be defined as the anomalous trace of the stress-tensor

when the theory is considered in a curved background.

Our first goal will be to obtain the supersymmetric selection rules

J × J ∼ . . . , (1.2)

namely, the N = 2 multiplets that are allowed to appear in the super OPE of two stress-

tensor multiplets. This result will be relevant for both the two-dimensional chiral algebra

description and the numerical bounds program.

On the chiral algebra side, as observed in [11], the two-dimensional stress-tensor can

be associated to the four-dimensional SU(2)R current. In particular, correlators of the

four-dimensional current have a solvable truncation described by correlators of the two-

dimensional holomorphic stress-tensor. The holomorphic correlator only depends on the

central charge c and, as we will see in this work, unitarity of the four-dimensional theory

implies an analytic bound on c. The a anomaly coefficient plays no role in the chiral algebra

construction.

On the numerical side, the super OPE selection rules are the first step toward writing

the crossing symmetry equation for the stress-tensor multiplet. To have a better under-

standing of how this can be accomplished, let us recall how the numerical bootstrap is
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implemented. The starting point is the four-point function of a real scalar operator φ.

This correlator can be expanded using a conformal block expansion, where each conformal

block captures the contribution of a specific conformal family appearing in the φ×φ OPE.

Explicit expressions for scalar conformal blocks were obtained in [13, 14]. Having obtained

such an expansion, using the restrictions imposed by crossing symmetry and unitarity, it is

possible to obtain numerical bounds on scaling dimensions and three-point couplings. In

N = 2 theories, the highest weight of the stress-tensor multiplet is a scalar of dimension

∆J = 2, and is therefore well suited for the numerical bootstrap program. Because of su-

persymmetry, several conformal families are related by the action of supercharges, and this

implies that a finite number of conformal blocks appearing in a correlator can be grouped

together in a superconformal block, which encodes the contribution of the corresponding

superconformal family. We can now state more precisely why the stress-tensor correlator

was not included in [12]: the superconformal block expansion of the 〈JJJJ〉 correlator has

not been worked out. To fill this gap in the N = 2 literature was one of the motivations

for this work.

Conformal and superconformal block expansions are a common obstacle in any attempt

to write bootstrap equations. In the bosonic case, things get very complicated when one

considers operators in non-trivial Lorentz representations. With supersymmetry, many

complications arise for correlators of generic multiplets. There is no unifying framework

and a wide variety of approaches have been tried with varying degrees of success [15–28].

The full superconformal block expression for the J correlator is still elusive, and it is not

clear which of all the methods available in the literature is the most efficient. Nevertheless,

our calculation encodes the allowed N = 2 multiplets that contribute to the expansion,

which is the first step toward writing the crossing symmetry equation.

The outline of the paper is as follows. In section 2 we review the conformal algebra

and its shortening conditions. Section 3 presents a detailed superspace analysis that allows

us to write the super OPE selection rules for two stress-tensor multiplets. In section 4

we use our selection rules together with the two-dimensional chiral algebra construction to

obtain an analytic bound on c. This bound is valid for any N = 2 superconformal theory

regardless of its matter content and flavor symmetries. In section 5 we present a partial

analysis of the superconformal block expansion of the J correlator.

2 Preliminaries

The N = 2 superconformal algebra is the algebra of the supergroup SU(2, 2|2). It contains

the conformal algebra SU(2, 2) ∼ SO(4, 2) with generators {Pαα̇, K
α̇α, M β

α , M̄α̇
β̇
, D},

where α = ± and α̇ = ±̇ are Lorentz indices, and an SU(2)R ×U(1)r R-symmetry algebra

with generators {Ri
j , r}, where i = 1, 2 are SU(2)R indices. In addition to the bosonic

generators there are fermionic supercharges, the Poincaré and conformal supercharges,

{Qi
α, Q̄i α̇,S

α
i , S̄

i α̇}.

A general supermultiplet of SU(2, 2|2) contains a highest weight or superconformal

primary with quantum number (∆, j, ̄, R, r), where (∆, j, ̄) are the Dynkin labels of the

conformal group and (R, r) the Dynkin labels of the R-symmetry. The highest weight is, by
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definition, annihilated by the supercharges S and S̄ and the multiplet is then constructed

by successive action of the Poincaré supercharges. Generic supermultiplets are called long

multiplets and we will denote them by A∆
R,r(j,̄) following the conventions of [29]. Unitarity

imposes restrictions on the conformal dimension of A known as unitarity bounds. For

generic long multiplets the bounds read,

∆ ≥ 2 + 2j + 2R+ r , 2 + 2̄+ 2R− r . (2.1)

If the highest weight is annihilated by some combination of the supercharges Q and Q̄

the multiplet shortens. There are several types of shortening conditions depending on

the Lorentz and SU(2)R quantum numbers of the charges that kill the highest weight, we

denote them B-type and C-type shortening conditions.

Bi : Qi
αΨ = 0, (2.2)

Bi : Q̄iα̇Ψ = 0, (2.3)

Ci :

{

εαβQi
αΨβ = 0, j 6= 0

εαβQi
αQ

i
βΨ = 0, j = 0

(2.4)

Ci :

{

εα̇β̇Q̄iα̇Ψβ̇ = 0, ̄ 6= 0

εα̇β̇Q̄iα̇Q̄iβ̇Ψ = 0, ̄ = 0
(2.5)

B-type conditions are sometimes called short while C-type are sometimes called semi-short.

In table 1 we present all possible shortening conditions for the N = 2 superconformal

algebra following the notation of [29]. Among the most important short multiplets are

the so-called chiral multiplets Er which obey two B-type shortening conditions and are

associated with the physics of the Coulomb branch of N = 2 theories. Also prominent are

1/2 BPS multiplets, denoted by B̂R, which obey two B-type shortening conditions but of

different chirality, these multiplets are associated with Higgs branch physics.

We will be mostly interested in the multiplet Ĉ0(0,0). Multiplets of the type ĈR(j,j) obey

semi-shortening conditions and the anti-commutation relation of the supercharges combine

to give a generalized conservation equation. The special case Ĉ0(0,0) contains a spin two

conserved current and we therefore identify it as the stress-tensor multiplet. In this work

we will not consider theories that can be factorized as the product of two local theories, we

will therefore assume a unique Ĉ0(0,0) multiplet. The multiplet also contains a conserved

spin one operator which corresponds to the SU(2)R ×U(1)r R-symmetry current.

Our goal is to study the super OPE of Ĉ0(0,0) × Ĉ0(0,0). In order to accomplish this

we will carry out a detailed superspace analysis of three-point functions. Using N = 2

superspace language the stress-tensor multiplet can be represented by a superfield J that

satisfies the conservation equation,

DαiDj
αJ = 0 , D̄i

α̇D̄
jα̇J = 0 , (2.6)

where Di
α and D̄α̇ i are N = 2 covariant derivatives and,

J (x, θ, θ̄) = J(x) + J i
αα̇ jθ

α
i θ̄

j α̇ + . . . . (2.7)

Both the scalar J(x) and current J
(ij)
αα̇ (x) will be of particular importance to us.
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Shortening Quantum Number Relations Multiplet

B1 ∆ = 2R+ r j = 0 BR,r(0,̄)

B2 ∆ = 2R− r ̄ = 0 B̄R,r(j,0)

B1 ∩ B2 ∆ = r R = 0 Er(0,̄)

B1 ∩ B2 ∆ = −r R = 0 Ēr(j,0)

B1 ∩ B2 ∆ = 2R j = ̄ = r = 0 B̂R

C1 ∆ = 2 + 2j + 2R+ r CR,r(j,̄)

C2 ∆ = 2 + 2̄+ 2R− r C̄R,r(j,̄)

C1 ∩ C2 ∆ = 2 + 2j + r R = 0 C0,r(j,̄)

C1 ∩ C2 ∆ = 2 + 2̄− r R = 0 C̄0,r(j,̄)

C1 ∩ C2 ∆ = 2 + 2R+ j + ̄ r = ̄− j ĈR(j,̄)

B1 ∩ C2 ∆ = 1 + ̄+ 2R r = ̄+ 1 DR(0,̄)

B2 ∩ C1 ∆ = 1 + j + 2R −r = j + 1 D̄R(j,0)

B1 ∩ B2 ∩ C2 ∆ = r = 1 + ̄ R = 0 D0(0,̄)

C1 ∩ B1 ∩ B2 ∆ = −r = 1 + j R = 0 D̄0(j,0)

Table 1. Shortening conditions for the unitary irreducible representations of the N = 2 supercon-

formal algebra.

2d chiral algebra and analytic bound on c. As we will see below, the super OPE

expansion of Ĉ0(0,0) will allow us to obtain an analytic bound on the central charge c.

Of prime importance in this analysis will be the existence of a protected subsector of

observables present in any N = 2 SCFT, whose correlation functions are described by a

2d chiral algebra. We will review this construction with some detail in section 3, for now

let us just give a short outline of the calculation. Four-dimensional operators described by

the chiral algebra sit in multiplets of the type,

B̂R , DR(0,̄) , D̄R(j,0) , Ĉ0(j,̄) . (2.8)

The 2d operator associated with the Ĉ0(0,0) multiplet is the 2d holomorphic stress-tensor,

and it can be built using the SU(2)R current J
(ij)
αα̇ (x),

J
(ij)
αα̇ (x) → T (z) . (2.9)

The 2d stress-tensor correlator constitutes a solvable truncation of the full four-point func-

tion of four currents J
(ij)
αα̇ (x), and can be completely fixed by symmetry. This correlator can

be expanded in conformal blocks associated with the multiplets listed in (2.8), and unitar-

ity of the four-dimensional theory implies an analytic bound on c valid for any interacting

N = 2 SCFT.

Crossing symmetry and numerical bounds on a/c. The supersymmetric selection

rules are also relevant for the crossing symmetry equation of the superconformal primary

J(x). This is a more challenging calculation and we will only present some partial results.
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The motivation for this is that using numerical bootstrap techniques we would then have

access to the a-anomaly coefficient. This coefficient plays no role in the 2d chiral algebra,

and cannot be bounded analytically, at least not with the techniques used in this paper.

To obtain bounds on a one has to resort to numerics. In order to write crossing symmetry

a fundamental ingredient is the conformal block expansion of the 〈J(x1)J(x2)J(x3)J(x4)〉

correlator. An attractive challenge for the N = 2 bootstrap program would be to recover

or even improve on the bounds found in [30] whose supersymmetric version reads,

1

2
≤

a

c
≤

5

4
. (2.10)

In section 5 the super OPE selection rules will help us understand how the different N = 2

multiplets contribute to the J correlator, a necessary first step before a crossing symmetry

equation can be written.

3 Three-point functions

We will now study all possible three point functions 〈J JO〉 between two stress-tensor

multiplets and a third arbitrary operator. The correlator for three stress-tensor multiplets

〈J JJ 〉 was studied by Kuzenko and Theisen in [31]. We will use their notation and borrow

some of their results. The starting point is the general expression for three-point functions

in N = 2 superspace [32, 33]

〈J (z1)J (z2)O
I(z3)〉 =

1

(x1̄3)
2(x3̄1)

2(x2̄3)
2(x3̄2)

2
HI(Z3) , (3.1)

where I = (α, α̇, R, r) is a collective index that labels the irreducible representation to

which O belongs. The (anti-)chiral combinations of coordinates are,

xα̇α1̄2 = −xα̇α21̄ = xα̇α1− − xα̇α2+ − 4i θα2 iθ̄
α̇i
1 , (3.2)

θ12 = θ1 − θ2 , θ̄12 = θ̄1 − θ̄2 , (3.3)

with xα̇α± = xα̇α∓2iθαi θ̄
α̇ i. The argument of H is given by three superconformally covariant

coordinates Z3 = (X3,Θ3, Θ̄3),

X3α α̇ =
x31̄αβ̇x

β̇β
1̄2
x23̄βα̇

(x31̄)
2(x23̄)

2
, X̄3αα̇ = X†

3αα̇ = −
x32̄αβ̇x

β̇β
2̄1
x13̄βα̇

(x32̄)
2(x13̄)

2
, (3.4)

Θi
3α = i

(

x2̄3αα̇
x2
2̄3

θ̄ α̇i
32 −

x1̄3αα̇
x2
1̄3

θ̄ α̇i
31

)

, Θ̄3 α̇ i = i

(

θα32 i
x3̄2αα̇
x2
3̄2

− θα31 i
x3̄1αα̇
x2
3̄1

)

. (3.5)

An important relation which will play a key role in our computations is

X̄3αα̇ = X3αα̇ − 4iΘi
3αΘ̄3 α̇ i . (3.6)

In addition, the function H satisfies the scaling condition,

HI(λλ̄X3, λΘ3, λ̄Θ̄3) = λ2aλ̄2āHI(X3,Θ3, Θ̄3) , (3.7)

– 6 –
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with a− 2ā = 2− q and ā− 2a = 2− q̄, where ∆ = q+ q̄ and r = q− q̄. Extra restrictions

are obtained by imposing the conservation equations of J , these imply,

∂2

∂Θi
3α∂Θ

α j
3

HI(Z3) = 0 ,
∂2

∂Θ̄α̇
3 i∂Θ̄3 α̇ j

HI(Z3) = 0 , (3.8)

Dα
i Dα j H

I(Z3) = 0 , D̃α̇ iD̃j
α̇H

I(Z3) = 0 , (3.9)

where

Dα̇ i =
∂

∂Θα i
3

+ 4iΘ̄α̇
3 i

∂

∂Xα̇α
3

, D̃α̇ i =
∂

∂Θ̄3 α̇ i
− 4iΘi

3α

∂

∂X3αα̇
. (3.10)

In order to see how these restrictions are imposed, let us work out an example in detail.

For an operator O which is a scalar under Lorentz and SU(2)R × U(1), equations (3.8)

imply that H can be at most quadratic in Θ3 and Θ̄3. Thus, we will consider the following

ansatz:

H(Z3) = f(X3) + gαα̇(X3)Θ
α
3 Θ̄

α̇
3 + hαβα̇β̇(X3)Θ

αβ
3 Θ̄α̇β̇

3 , (3.11)

where

Θαβ
3 = Θαi

3 Θβj
3 εij , Θ̄α̇β̇

3 = Θ̄α̇
3 iΘ

β̇
3 j ε

ij . (3.12)

This is the most general expression consistent with SU(2)R × U(1)r invariance quadratic

in the Θs. Next, we impose the scaling condition (3.7),

H(λλ̄X3, λΘ3, λ̄Θ̄3) = λ−4−∆/2λ̄−4−∆/2H(X3,Θ3, Θ̄3) . (3.13)

Hence, the functions f , g, and h are known up to an overall constant:

H(Z3) = a1
1

(X2
3)

2−∆
2

+ a2
Θα

3X3αα̇Θ̄
α̇
3

(X2
3)

3−∆
2

+ a3
ΘαβX3αα̇X3ββ̇Θ̄

α̇β̇

(X2
3)

4−∆
2

. (3.14)

Our correlator (3.1) should also be invariant under the exchange z1 ↔ z2 which implies

(X3,Θ3, Θ̄3) → (−X̄3,−Θ3,−Θ̄3), as can be checked from (3.5). We will call this symmetry

Z2 for short. Then,

H(X3,Θ3, Θ̄3) = H(−X̄3,−Θ3,−Θ̄3) . (3.15)

This condition turns out to be very restrictive. In particular, if a function satisfies (3.8)

and the Z2 condition, it also satisfies equations (3.9). Fixing the correlator is now a stan-

dard exercise in Grassmann algebra, we Taylor expand (3.15) in powers of the Grassmann

variables and equate coefficients in both sides in order to fix (a1, a2, a3). Details of our

calculations along with some superspace identities are presented in appendix B.

For arbitrary ∆ there is a unique solution given by

(a1, a2, a3) = cJJO(1 , i(∆− 4) ,−1
3(∆− 4)(∆− 6)) . (3.16)

This solution is our generalization of the 〈J JJ 〉 correlator for the case in which the third

operator is a long multiplet A∆
0,0(0,0) with unrestricted conformal dimension ∆.

For the special case ∆ = 2 the long multiplet hits its unitarity bound and splits

according to,

A2
0,0(0,0) = Ĉ0(0,0) +D1(0,0) + D̄1(0,0) + B̂2 . (3.17)

– 7 –
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The results of this section imply that D and B̂ multiplets are not allowed.1 Then, for

∆ = 2 the only surviving term in (3.17) is Ĉ0(0,0), and we just recover the 〈J JJ 〉 correlator

solution:

(a1, a2, a3) = c
(1)
JJJ (1 ,−2 i , 0) + c

(2)
JJJ (0 , 0 , 1) . (3.18)

That is, there are two independent structures. These two structures can be associated to

the a and c anomaly coefficients, the exact relations were worked out in [31],

c
(1)
JJJ =

3

32π6
(4 a− c) , c

(2)
JJJ =

1

8π6
(4 a− 5 c) . (3.19)

The presence of two parameters is due to the fact that the last term in (3.14) is automati-

cally symmetric under z1 ↔ z2 when ∆ = 2,2

ΘαβXαα̇Xββ̇Θ̄
α̇β̇

(X2)3
=

ΘαβX̄αα̇X̄ββ̇Θ̄
α̇β̇

(X̄2)3
. (3.20)

Another way to phrase this, is that there is a “nilpotent invariant”, namely, a purely

fermionic term that satisfies all the symmetry requirements. It implies that we can not

reconstruct the full superspace three-point function starting from the three-point function

of the superconformal primaries [32]. This is a generic property of superconformal field

theories, unlike the pure conformal case in which three-point functions of descendants

can always be obtained from that of primaries by taking derivatives. Although nilpotent

invariants are to be expected, for some special cases it is impossible to build three-point

invariants that satisfy all the symmetries of the correlator. Well known cases are 1/2 BPS

operators in N = 2 and N = 4 theories [34–37] and (anti)chiral operators in N = 2 and

N = 1 theories [21, 38]. As we will see below, nilpotent invariants will also be present

when we consider operators with spin.

N = 1 check. As a check on our result, let us reduce it to N = 1 superspace language

and compared it the known solutions of [22, 39, 40]. Using the coefficients (3.16) in (3.11)

and rewriting in denominators in terms of X · X̄. Setting the i = 2 components to zero we

obtain,

Θα i=1 → Θα , Θα i=2 → 0 , (3.21)

where Θα is the analogous N = 1 coordinate. Our solution reduces to,

H(Z) =
1

(X · X̄)2−
∆
2

(

1−
1

4
(∆− 4)(∆− 6)

Θ2Θ̄2

(X̄ ·X)

)

, (3.22)

in perfect agreement with the N = 1 result of [22, 39, 40].

The procedure is now clear:

• Write the most general ansatz consistent with (3.8).

1We refer the reader to (4.1) where we have collected in a single equation the super OPE selections rules

obtained in this section.
2From now on we will ignore the subindex 3 in (X3,Θ3, Θ̄3).
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• Fix the X-dependence using the scaling condition (3.7)

• Fix the arbitrary coefficients by imposing the Z2 symmetry (3.15).

We now apply this strategy to all possible combinations of Lorentz and SU(2)R × U(1)r
quantum numbers in order to find theN = 2 selection rules for the OPE of two stress-tensor

multiplets.

3.1 Solutions

A∆

0,0( ℓ

2
, ℓ
2)
. The most general ansatz for arbitrary ℓ consistent with the conditions dis-

cussed above is

H(Z) =
Xα1α̇1 . . .Xαℓα̇ℓ

(X2)2−
∆−ℓ
2



a1 + a2
ΘαiXαα̇Θ̄

α̇
i

X2
+ a3

ΘαβXαα̇Xββ̇Θ̄
α̇β̇

(X2)2





+
Xα2α̇2 . . .Xαℓα̇ℓ

(X2)2−
∆−ℓ
2



a4Θ
i
α1
Θ̄α̇1 i + a5

Θ̄α̇1β̇
Xβ̇βΘβα1

X2





+ a6
Xα3α̇3 . . .Xαℓα̇ℓ

(X2)2−
∆−ℓ
2

Θα1α2Θ̄α̇1α̇2 ,

(3.23)

where it is understood that the indices (α1, . . . , αℓ) and (α̇1, . . . , α̇ℓ) are symmetrized with

weight one. Imposing the Z2 symmetry we find, for the odd case,

~a =cJJO

(

0,
1

2(∆− ℓ)
,
i(∆− 6− ℓ)

4(∆− 2)
,

1

∆− 4− ℓ
,
i(∆− 2− ℓ)

2(∆− 2)
,

i(1− ℓ)

(∆− 4− ℓ)

)

. (3.24)

For ℓ = 1 the last structure in (3.23) can not contribute.

For the ℓ even case we find two different solutions

~a = c
(1)
JJO

(

0, 0,
1

2
(∆− 6− ℓ), (3∆ + ℓ− 6), 0,

(3(∆− 2)2 − 2ℓ− ℓ2)

(∆− 4− ℓ)

)

+ c
(2)
JJO

(

i
1

2ℓ
,−

(∆− 4− ℓ)

2ℓ
,−i

(∆ + ℓ− 2)(∆− 4− ℓ)(∆− 6− ℓ)

2ℓ(3∆ + ℓ− 6)
,

1, 0,−2i
(∆− 3)(∆− 2 + ℓ)

(3∆ + ℓ− 6)

)

(3.25)

The two-parameter solution is due to the existence of three-point “nilpotent invariant”

that can only be constructed when the spin is even. Indeed, the object

1

2
(∆− 6− ℓ)

Xα1α̇1 . . .Xαℓα̇ℓ

(X2)4−
∆−ℓ
2

ΘαβXαα̇Xββ̇Θ̄
α̇β̇ + (3∆ + ℓ− 6)

Xα2α̇2 . . .Xαℓα̇ℓ

(X2)2−
∆−ℓ
2

Θi
α1
Θ̄α̇1 i

+
(3(∆− 2)2 − 2ℓ− ℓ2)

(∆− 4− ℓ)

Xα3α̇3 . . .Xαℓα̇ℓ

(X2)2−
∆−ℓ
2

Θα1α2Θ̄α̇1α̇2 , (3.26)

satisfies all the constraints imposed byN = 2 superconformal symmetry. As a consequence,

the superconformal block will have an undetermined parameter. In [22] superconformal
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blocks for general scalar operators were obtained where the same happens, the block has

a number of free parameters, in that case things can be improved if one imposes conserva-

tion or chirality conditions. Our result implies that in N = 2 theories, even imposing the

conservation condition is not enough, and there will be an unfixed parameter in the super-

conformal block expression. It would be interesting to understand whether this parameter

has some physical meaning, like in the ∆ = 2, ℓ = 0 case, where they are identified with

anomaly coefficients.

At the unitarity bound we have the splitting,

A2+ℓ

0,0( ℓ
2
, ℓ
2
)
= Ĉ0( ℓ

2
, ℓ
2)

+ Ĉ 1
2(

ℓ−1
2

, ℓ
2)

+ Ĉ 1
2(

ℓ
2
, ℓ−1

2 ) + Ĉ1( ℓ−1
2

, ℓ−1
2 ) . (3.27)

The multiplets Ĉ 1
2
( ℓ−1

2
, ℓ
2
) and Ĉ 1

2
( ℓ
2
, ℓ−1

2
) are not allowed by the selection rules (see (4.1)).

The Ĉ0( ℓ
2
, ℓ
2
) multiplets contain higher spin currents and are not expected to appear in

interacting theories, with the exception of ℓ = 0.

A∆

0,0( ℓ+2

2
, ℓ
2)
. We also found solutions for complex long multiplets,

H(Z) =
Xα1α̇1 . . .Xαℓα̇ℓ

(X2)3−
∆−ℓ
2



a1Θ
i
αℓ+1

Xαℓ+2 α̇Θ̄
α̇
i + a2 ǫαℓ+1 αXαℓ+2 α̇

ΘαβXββ̇Θ̄
β̇α̇

X2





+ a3
Xα1α̇1 . . .Xαℓ−1 α̇ℓ−1

(X2)3−
∆−ℓ
2

Θαℓ αℓ+1
Xαℓ+2 α̇ǫ

α̇β̇Θ̄α̇ℓ β̇
.

(3.28)

For ℓ even we have (a1, a2, a3) = cJJO (0, (∆−6−ℓ), 2(∆−2)), while for ℓ odd (a1, a2, a3) =

cJJO (2, i(∆− 6− ℓ),−2iℓ). For ℓ = 0 there is no solution.

At the unitarity bound we have,

A3+ℓ

0,0( ℓ+2
2

, ℓ
2)

= C0,0( ℓ+2
2

, ℓ
2)

+ C 1
2
, 1
2(

ℓ+1
2

, ℓ
2)

. (3.29)

The multiplet C 1
2
, 1
2(

ℓ+1
2

, ℓ
2)

is not allowed by the selection rules (see (4.1)).

A∆

0,0( ℓ+4

2
, ℓ
2)
. Finally, there is another long multiplet

H(Z) =
cJJO

(X2)4−
∆−ℓ
2

Xα1α̇1 . . .Xαℓα̇ℓ
Xαℓ+1α̇Xαℓ+2β̇

Θαℓ+3αℓ+4
Θ̄α̇β̇ , (3.30)

with cJJO 6= 0 only for ℓ even.

At the unitarity bound we have,

A4+ℓ

0,0( ℓ+4
2

, ℓ
2)

= C0,0( ℓ+4
2

, ℓ
2)

+ C 1
2
, 1
2(

ℓ+3
2

, ℓ
2)

. (3.31)

The multiplet C 1
2
, 1
2(

ℓ+3
2

, ℓ
2)

is not allowed by the selection rules (see (4.1)).

C̄
0,−3( ℓ+2

2
, ℓ
2)
. We also found solutions that fix the conformal dimension ∆,

H(Z) =
cJJO

(X2)
3
2
−∆−ℓ

2

Xα1α̇1 · · ·Xαℓα̇ℓ
Θαℓ+1αℓ+2

, (3.32)

has nonzero a for ∆ = 5+ ℓ, and ℓ ≥ 0 even. This is precisely the unitarity bound for this

quantum numbers and corresponds to a semi-short multiplet of the C-type.
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C̄1
2
,−3

2(
ℓ+1

2
, ℓ
2)
. We can also have multiplets that transform non-trivially under SU(2)R

representations,

H(Z) =
Xα1α̇1 · · ·Xαℓ−1α̇ℓ−1

(X2)
9
4
−∆−ℓ

2

(

a1Xαℓα̇ℓ
Θi

αℓ+1
+ a2

Xαℓα̇ℓ
Xβ̇β

X2
Θαℓ+1βΘ̄

i
β̇
+ a3Θαℓαℓ+1

Θ̄i
α̇ℓ

)

.

(3.33)

H is nonvanishing only for ∆ = 9
2 + ℓ which is the unitarity bound for these quantum num-

bers. The solution is (a1, a2, a3) = cJJO (1, 0, i ℓ) for ℓ odd and (a1, a2, a3) = cJJO (0, 1, 0)

for ℓ even.

Ĉ
1( ℓ

2
, ℓ
2)
. For SU(2)R triplets we find the following family,

H =
cJJO

(X2)2−
∆−ℓ
2

Xα1α̇1 · · ·Xαℓ−1α̇ℓ−1
Θ(i

αℓ
Θ̄

j)
α̇ℓ

(3.34)

This structure is nonvanishing only for ∆ = 4 + ℓ, which is again the unitarity bound.

Now, the flavor current sits in B̂1 multiplet which is a triplet under SU(2)R and has ℓ = 0.

Its superspace field was denoted by Lij in [31] and it was found that 〈J JLij〉 = 0. Our

solution is consistent with their result.

For SU(2)R representations higher than R = 1 no solutions exist due to the condition

that the correlator be at most quadratic in Θ and Θ̄.

3.2 Extra solutions

In addition to the multiplets described above we found extra solutions.

Non-unitary (R, r, j, ̄) =
(

1

2
,−3

2
, ℓ
2
, ℓ+1

2

)

solution. The following structure is also

allowed,

H =
Xα1α̇1 · · ·Xαℓ−1α̇ℓ−1

(X2)
11
4
−∆−ℓ

2

(

a1Xαℓα̇ℓ
Xαα̇ℓ+1

Θα i + a2
Xαℓα̇ℓ

Xαα̇ℓ+1
Xββ̇Θ

αβΘ̄β̇ i

X2

+ a3Xαα̇ℓ
Θα

αℓ
Θ̄i

α̇ℓ+1

)
(3.35)

H is nonvanishing only for ∆ = 3
2−ℓ for (a1, a2, a3) = cJJO(1, 2 i, 0) for ℓ = 0, (a1, a2, a3) =

cJJO(0, ℓ+2, ℓ) for ℓ odd, and (a1, a2, a3) = cJJO(1, i (ℓ+2), i ℓ) for ℓ even. This solution is

below the unitarity bound and therefore of no interest to us. Similar non-unitary solutions

were found in [39].

Non-unitary (R, r, j, ̄) =
(

1

2
,−3

2
, ℓ
2
, ℓ+3

2

)

solution. We also found

H(Z) = cJJO
Xα1α̇1 · · ·Xαℓα̇ℓ

(X2)
19
4
−∆−ℓ

2

Xαα̇ℓ+1
Xβα̇ℓ+2

ΘαβΘ̄i
α̇ℓ+3

. (3.36)

H is nonvanishing only for ∆ = 3
2 − ℓ and only for ℓ ≥ 1 odd. As the case above, this is

below the unitarity bound and has no relevance for this work.
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A
13
2
+ℓ

1
2
,−3

2(
ℓ+3

2
, ℓ
2)
. Finally, we found a strange solution that corresponds to a long multiplet

with fixed conformal dimension:

H(Z) =
cJJO

(X2)
13
4
−∆−ℓ

2

Xα1α̇1 · · ·Xαℓα̇ℓ
Xαℓ+1α̇Θαℓ+2αℓ+3

Θ̄α̇ i . (3.37)

The only restriction for this long multiplet is that the conformal dimension be above the

N = 2 unitarity bound ∆ = 9
2 + ℓ, it is then puzzling that our solution fixes its dimension

to ∆ = 13
2 + ℓ. Because it sits above the unitarity bound we can not interpret it as

a contribution from a short multiplet. One possible explanation is that this multiplet

corresponds to a theory that has enhanced N = 4 symmetry. N = 2 long multiplets with

fixed conformal dimension appear if one decomposes N = 4 multiplets. The OPE of two

N = 4 stress-tensors is well known [35, 36],

B[0,2,0] × B[0,2,0] ∼ B[0,2,0] + B[0,4,0] + B[1,0,1] + B[1,2,1] + B[2,0,2]

+ C[0,0,0],ℓ + C[1,0,1],ℓ + C[0,2,0],ℓ + . . . ,
(3.38)

where the . . . stand for long multiplets with unrestricted conformal dimension. In the

decomposition of the N = 4 stress-tensor multiplet we find, among other things, the

N = 2 stress-tensor multiplet,

B[0,2,0] = . . .+ Ĉ0(0,0) + . . . . (3.39)

Our curious multiplet could appear in the decomposition of one of the multiplets in the

r.h.s. of (3.38). The B[0,p,0] decompositions were worked out in [29] and our multiplet

does not appear there, our guess is that is hiding somewhere in the C multiplets. In

principle one could use the character techniques of [41] to confirm this suspicion, although

straightforward, this type of calculation can still become quite involved. In the remainder,

we will ignore this solution considering it an accident with no relevance to N = 2 dynamics.

4 2d chiral algebra and central charge bound

The superspace analysis of the previous section allows us to write the super OPE selection

rules for the N = 2 stress-tensor multiplet,3

Ĉ0(0,0) × Ĉ0(0,0) ∼ I + Ĉ0( ℓ
2
, ℓ
2)

+ Ĉ1( ℓ
2
, ℓ
2)

+ C 1
2
, 3
2(

ℓ
2
, ℓ+1

2 )

+ C0,3( ℓ
2
, ℓ+2

2 ) + C0,0( ℓ+2
2

, ℓ
2)

+ C0,0( ℓ+4
2

, ℓ
2)

+A∆
0,0( ℓ

2
, ℓ
2)

+A∆
0,0( ℓ+2

2
, ℓ
2)

+A∆
0,0( ℓ+4

2
, ℓ
2)

.

(4.1)

We will now use this information to obtain an analytic bound on the central charge c

valid for any N = 2 superconformal field theory. To accomplish this, we will rely on the

observation that any N = 2 SCFTs contains a closed subsector of operators isomorphic to

a two-dimensional chiral algebra. Let us then start reviewing how chiral algebras appear

3To avoid cluttering we do not write the conjugate multiplets.
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in N = 2 SCFTs, for more details we refer the reader to the original paper [11] (see

also [42–45]).

It is possible to define a map that associates to any N = 2 SCFTs a two-dimensional

chiral algebra:

4d SCFT → 2d Chiral Algebra

whose correlation functions describe a protected subsector of the original four-dimensional

theory. The construction of the two dimensional chiral algebra is obtained by going to the

cohomology of a certain nilpotent supercharge

Q = Q1
− + S̄2 −̇ , (4.2)

where Qi
α and S̄i α̇ are the standard supercharges of the N = 2 superconformal algebra.

Fixing a plane R2 ∈ R4 and defining complex coordinates (z, z̄) on it, the conformal

symmetry restricted to the plane acts as SL(2)×SL(2). The supercharge Q can be used to

define holomorphic translations that are Q-closed and anti-holomorphic translations that

are Q-exact:

[Q, SL(2)] = 0 , {Q, something} = ŜL(2) , (4.3)

where ŜL(2) = diag
(

SL(2)× SL(2)R

)

and SL(2)R is the complexification of the compact

SU(2)R R-symmetry. Operators that belong to the cohomology of Q transform in chiral

representations of the SL(2)× ŜL(2) subalgebra. This implies that they have meromorphic

OPEs (module Q-exact terms) and their correlation functions are meromorphic functions

of their positions when restricted to the plane.

In order to identify the cohomology of Q we will consider operators at the origin, and

then we will translate them across the plane using the SL(2)× ŜL(2) generators. As shown

in [11], a necessary and sufficient condition for an operator to be in the cohomology of Q is,

1

2
(∆− (j + ̄))−R = 0 , r + (j − ̄) = 0 . (4.4)

We call this operators Schur operators, because they contribute to the Schur limit of the

superconformal index [46]. It can be shown that Schur operators occupy the highest weight

of their respective SU(2)R and Lorentz representations,

O1...1
+...++̇...+̇(0) . (4.5)

Having identified the operator at the origin, we proceed to translate it using the SL(2) ×

ŜL(2) generators. Equation (4.3) implies that the anti-holomorphic dependence gets en-

tangled with the SU(2)R structure due to the twisted nature of the ŜL(2) generators. The

coordinate dependence after translation is,

O(z, z̄) = ui1(z̄) . . . uik(z̄)O
(i1...ik)(z, z̄) where ui(z̄) = (1, z̄) . (4.6)

By construction, these operators define cohomology classes with meromorphic correlators.

For each cohomology class we define,

O(z) = [O(z, z̄)]Q . (4.7)
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Multiplet OSchur h r

B̂R Ψ11...1 R 0

DR(0,̄) Q̄1
+̇
Ψ11...1

+̇...+̇
R+ ̄+ 1 ̄+ 1

2

D̄R(j,0) Q1
+Ψ

11...1
+···+ R+ j + 1 −j − 1

2

ĈR(j,̄) Q1
+Q̄

1
+̇
Ψ11...1

+···++̇...+̇
R+ j + ̄+ 2 ̄− j

Table 2. Four-dimensional superconformal multiplets that contain Schur operators, we denote the

superconformal by Ψ. The second column indicates where in the multiplet the Schur operator sits.

The third and fourth column give the two-dimensional quantum numbers in terms of (R, j, ̄).

That is, to any 4d Schur operator there is an associated 2d dimensional holomorphic oper-

ator. Schur operators have protected conformal dimension and therefore sit in shortened

multiplets of the superconformal algebra. In table 2 we present the list of multiplets that

contain a Schur operator and the holomorphic dimension h of the corresponding two-

dimensional operator.

4.1 Enhanced Virasoro symmetry

Among the list of multiplets in table 2 is the stress-tensor multiplet Ĉ0(0,0) and its Schur

operator is the SU(2)R conserved current J11
++̇

. Its corresponding holomorphic operator is

defined as T (z) = [J++̇(z, z̄)]Q, and the four-dimensional J++̇(x)J++̇(0) OPE implies,

T (z)T (0) ∼ −
6 c4d
z4

+ 2
T (0)

z2
+

∂T (0)

z
+ . . . . (4.8)

We can therefore identify T (z) as the 2d stress-tensor. The 2d central charge is,

c2d = −12 c4d . (4.9)

Unitarity of the four-dimensional theory implies that the two-dimensional theory is non-

unitary. The holomorphic correlator of the stress-tensor can be completely fixed in terms

of the central charge, and its relation to the parent theory in four dimensions will allow us

to obtain an analytic bound on c. The holomorphic correlator of the stress-tensor is,

g(z) = 1 + z4 +
z4

(1− z)4
+

8

c2d

(

z2 + z3 +
z4

(1− z)2
+

z4

1− z

)

, (4.10)

and admits the following expansion in SL(2) blocks,

g(z) =
∞
∑

ℓ=0

aℓ z
ℓ
2F1(ℓ, ℓ, 2ℓ, z) ℓ even, (4.11)

where 2F1 is the standard hypergeometric function. Thanks to the 4d/2d correspondence we

can interpret the SL(2) blocks as contributions from four-dimensional multiplets containing

Schur operators. Looking at the super OPE selection rules in (4.1) there are only two

possible choices,

Ĉ0( ℓ
2
, ℓ
2)

and Ĉ1( ℓ
2
, ℓ
2)

. (4.12)
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The Ĉ0( ℓ
2
, ℓ
2
) multiplets contain higher spin currents and we do not expect them in an

interacting theory [47, 48]. The only candidate then is Ĉ1( ℓ
2
, ℓ
2
), the exact proportionality

constant α between the OPE coefficients λ2
Ĉ
1( ℓ2 , ℓ2 )

and the SL(2) coefficients aℓ can be

carefully worked out, but we will not need it. The explicit expansion of (4.10) in terms of

SL(2) blocks was worked out in [49], in particular,

λ2
Ĉ
1( 12 , 12 )

= α

(

2−
11

15c4d

)

. (4.13)

Unitarity of the four dimensional theory implies λ2
Ĉ
1( 1

2 , 12)
≥ 0 then,4

c4d ≥
11

30
. (4.14)

Let us note that in order to obtain this bound we only assumed N = 2 superconformal

symmetry, existence of a stress-tensor, and absence of higher spin currents. Bounds of

this type were obtained in [11] using the B̂1 four-point function, in that case however, it

is necessary to assume the existence of flavor symmetries whose conserved currents sit in

B̂1 multiplets. In the present case, our assumptions are weaker. A similar bound was also

obtained for N = 4 theories in [50], where absence of higher spin currents imply c ≥ 3
4 .

Going through the N = 2 literature one can check that the simplest rank one Argyres-

Douglas fixed point (sometimes denoted as H0 due to its construction in F -theory) has

central charge c = 11
30 [51–54], which precisely saturates our bound. The analytic bounds

of [11] turned out to have interesting consequences for four-dimensional physics: the sat-

uration of a bound was identified as a relation in the Higgs branch chiral ring due to the

decoupling of the associated multiplet. It would be interesting to explore whether the ab-

sence of the Ĉ1( 1
2
, 1
2)

multiplet is associated with some intrinsic structure that characterizes

the H0 theory.

From the two-dimensional point of view, the 2d chiral algebra that describes the H0

theory has been conjectured to be the Yang-Lee minimal model [55]. Indeed, the 2d value of

the central charge is c2d = −22
5 . Saturation of the bound implies the absence of the Ĉ1( 1

2
, 1
2)

multiplet, from table 2 the associated 2d operator has holomorphic dimension 4. Hence,

absence of Ĉ1( 1
2
, 1
2)

translate to the existence of a null state of dimension 4. Remarkably, one

of the hallmarks of the Yang-Lee minimal a model is a level 4 null descendant of the identity,
(

L2
−2 −

3
5L−4

)

|0〉. Our results are then consistent with the conjectured correspondence.

The Schur index of Argyres-Douglas fixed points and its relation to 2d chiral algebras was

recently studied in [56, 57].

The vanishing of certain OPE coefficients has also been instrumental in characterizing

the 3d critical Ising model using numerical bootstrap techniques [58–60]. One can then

label the rank one H0 theory as the “Ising model” of N = 2 superconformal theories,

in the sense that it shares two of its most prominent features: minimum value of the

4Because we have not calculated the exact proportionality constant, one could complain that an overall

minus sign will invalidate our bound. However, common sense dictates that the sign should be positive,

otherwise we will rule out every known interacting N = 2 SCFT.
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central charge, and vanishing of certain OPE coefficients. Both features indicate that this

superconformal fixed point sits in a very special place in the parameter space of N = 2

theories and a numerical treatment seems feasible [61].

5 Superconformal block analysis

The super selection rules are a necessary first step toward writing the conformal block

expansion of the J correlator. The results of section 3 give a clearer picture of how this

expansion works in the case of N = 2 theories. Superconformal block expansions for

1/2 BPS and chiral operators for several combinations of supersymmetry and spacetime

dimension have been worked out [21, 35–38, 62]. There has been more success studying

chiral and 1/2 BPS operators because one can construct superspaces in which they are

naturally defined, and the analysis simplifies. Semi-short and long multiplets in general

are harder to study, the work of [22] and [27] attempts to tackle the more general cases.

5.1 Quick review of conformal blocks

Given the four-point function of a scalar J one can use the OPE in order to write the

four-point correlator as a sum of conformal blocks (also called conformal partial waves),

J(x)J(0) =
∑

O∈J×J

λJJOC∆,ℓ(x,P)O∆,ℓ(0) . (5.1)

Plugging the OPE into the four-function,

〈J(x1)J(x2)J(x3)J(x4)〉 =
1

x412x
4
34

∑

O∈J×J

λ2
JJO g∆,ℓ(u, v) , (5.2)

where u =
x2
12x

2
34

x2
13x

2
24

and v =
x2
14x

2
23

x2
13x

2
24
. The function g is a known function of ∆ and ℓ. The

dynamical information of the theory being studied is encoded in the ∆s and the three-point

couplings λ. The collection of {∆, ℓ} is called the CFT data. The conformal blocks in four

dimensions can be written explicitly in terms of hypergeometric functions [13, 14],

g∆,ℓ(z, z̄) =
zz̄

z − z̄
(k∆+ℓ(z)k∆−ℓ−2(z̄)− z ↔ z̄) , (5.3)

where u = zz̄, v = (1 − z)(1 − z̄), and k2β(z) = zβ2F1(β, β, 2β, z). In the superconformal

case a finite number of conformal families are related by supersymmetry transformations

with known coefficients. This allows a rewriting of (5.2) in terms of a “superconformal

block expansion”,

〈J(x1)J(x2)J(x3)J(x4)〉 =
1

x412x
4
34

∑

O⊂J×J

λ2
JJO G∆,ℓ(u, v) , (5.4)

where the function G(u, v) is a superconformal block capturing the contributions of the

superconformal multiplets appearing in (4.1), and it can be written as a finite sum of

conformal blocks with coefficients fixed by supersymmetry.
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5.2 Toward the superconformal block

The contributions to the scalar four-point function 〈JJJJ〉 are quite limited, the oper-

ators have to be SU(2)R × U(1)r singlets and have even spin ℓ. We will now study the

consequences of our selection rules (4.1). By scanning through the operator content of the

different multiplets we can read which operators contribute to the expansion (5.4). Below

we list our findings (the ranges for ℓ are given in section 3).

A0,0( ℓ
2
, ℓ
2)

: g∆,ℓ + b1 g∆+2,ℓ+2 + b2 g∆+2,ℓ + b3 g∆+2,ℓ−2 + b4 g∆+4,ℓ ℓ even

A0,0( ℓ
2
, ℓ
2)

: g∆+1,ℓ+1 + b1 g∆+1,ℓ−1 + b2 g∆+3,ℓ+1 + b3 g∆+3,ℓ−1 ℓ odd

A0,0( ℓ+2
2

, ℓ
2)

: g∆+2,ℓ + b1 g∆+2,ℓ+2 ℓ even

A0,0( ℓ+2
2

, ℓ
2)

: g∆+1,ℓ+1 + b1 g∆+3,ℓ+1 ℓ odd

A0,0( ℓ+4
2

, ℓ
2)

: g∆+2,ℓ+2 ℓ even

C0,−3( ℓ
2
, ℓ
2)

: −

C 1
2
,− 3

2(
ℓ+1
2

, ℓ
2)
: g6+ℓ,ℓ ℓ even

C 1
2
,− 3

2(
ℓ+1
2

, ℓ
2)
: g7+ℓ,ℓ+1 ℓ odd

Ĉ1( ℓ
2
, ℓ
2)

: g5+ℓ,ℓ−1 + b1 g5+ℓ,ℓ+1 + b2 g7+ℓ,ℓ+1 ℓ odd

From this list we see that not all multiplets have a an associated superconformal block.

Some of them contain several conformal families that contribute to the J correlator, others

have one single family and the associated block is just bosonic, while one multiplet does

not contribute at all. For the ones that do have superconformal blocks, the bi coefficients

need to be calculated.

One way to proceed would be a brute force calculation where the bi couplings are

extracted from our three-point functions. This procedure has been used for N = 1 the-

ories and its implementation for the N = 2 case is just a straightforward generalization.

However, due to the higher number of supercharges the calculation can become very cum-

bersome. Let us give an schematic outline of how the calculation goes for the A∆
0,0( ℓ

2
, ℓ
2)

block, for more details we refer the reader to [38]. The starting point is the superspace

expansion,

Oα1···αℓ,α̇1···α̇ℓ
= Aα1···αℓ,α̇1···α̇ℓ

+B j
i αα1···αℓ,α̇α̇1···α̇ℓ

θαj θ̄
α̇ i

+ C jl

ik αβα1···αℓ,α̇β̇α̇1···α̇ℓ

θαj θ̄
α̇ iθβl θ̄

β̇ k + . . .
(5.5)

where α1 · · ·αℓ and α̇1 · · · α̇ℓ are symmetrized as usual. There are also terms proportional

to (θθ̄)3 and (θθ̄)4 that contribute to this correlator but we will ignore them to avoid
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cluttering. Using the superconformal algebra (see appendix A) we can write:

B j
i αα1···αℓ,α̇α̇1···α̇ℓ

=
1

2
Ξj
i αα̇Aα1···αℓ,α̇1···α̇ℓ

, (5.6)

C jl

ik αβα1···αℓ,α̇β̇α̇1···α̇ℓ

=
1

16
Ξj
i αα̇Ξ

l
k ββ̇

Aα1···αℓ,α̇1···α̇ℓ
−

1

4
δji δ

l
kPαα̇Pββ̇Aα1···αℓ,α̇1···α̇ℓ

, (5.7)

... (5.8)

where Ξj
i αα̇ = [Qj

α, Q̄i α̇].

The next step is to build the conformal primaries associated to B,C, . . . in order

to obtain the three-point couplings that relate the different conformal families inside a

multiplet. Once this is accomplished we can write,

〈JJO〉 ∼ 〈JJA〉+ λJJBprim〈JJBprim〉θθ̄ + λJJCprim〈JJCprim〉(θθ̄)
2 + . . . (5.9)

and the coefficients bi can be calculated from,

λ2
JJBprim

NBprim

,
λ2
JJCprim

NCprim

, . . . (5.10)

where NX = 〈X|X〉 is the norm of X. Although straightforward, the process becomes in-

creasingly complicated the deeper one goes into the multiplet, i.e. the (θθ̄)3 and (θθ̄)4 terms.

5.2.1 N = 1 decomposition

Another way to organize the calculation is by splitting the N = 2 long multiplet in several

N = 1 multiplets.5 The idea is to organize the calculation in several N = 1 contributions

and make full use of the N = 1 results already present in the literature. Let us start by

decomposing an N = 2 multiplet in terms of N = 1 multiplets. The most efficient way to

do this kind of decomposition is using superconformal characters [41, 63]. The expansion

works as follows,

A∆
0,0( ℓ

2
, ℓ
2)

∼ A∆
r1=0( ℓ

2
, ℓ
2)

+A∆+1

r1=0( ℓ−1
2

, ℓ−1
2 )

+A∆+1

r1=0( ℓ+1
2

, ℓ+1
2 )

+A∆+1

r1=0( ℓ−1
2

, ℓ+1
2 )

+A∆+1

r1=0( ℓ+1
2

, ℓ−1
2 )

+A∆+2

r1=0( ℓ
2
, ℓ
2)

,
(5.11)

where r1 = 2
3(r + 2R1

1) is the N = 1 r-charge after the decomposition. We have only

written the N = 1 multiplets that have zero r1-charge. Non-zero r1-charge multiplets can

not contribute to this correlator. From this expansion we conclude that only six N = 1

multiplets contribute to the OPE. Moreover, the highest dimension primary has ∆ + 2,

which means that the remaining (θθ̄)3 and (θθ̄)4 terms in (5.5) are N = 1 descendants,

and therefore their contributions will be encoded in the N = 1 results.

The superconformal blocks forN =1 conserved currents were worked out in [22, 39, 40].

Their results read,

G+
∆,ℓ = g∆,ℓ +

(∆− 2)2(∆ + ℓ)(∆− ℓ− 2)

16∆2(∆ + ℓ+ 1)(∆− ℓ− 1)
g∆+2,ℓ , (5.12)

G−
∆,ℓ = g∆+1,ℓ−1 +

(ℓ+ 2)2(∆ + ℓ+ 1)(∆− ℓ− 2)

ℓ2(∆− ℓ− 1)(∆ + ℓ)
g∆+1,ℓ−1 , (5.13)

5We are indebted to Andy Stergiou for this idea.

– 18 –



J
H
E
P
0
2
(
2
0
1
6
)
0
1
9

where +(−) stands for ℓ even(odd). These results and the character identities imply that

the N = 2 superconformal block can be written as,

G+
∆,ℓ = G+

∆,ℓ + c1G
−
∆+1,ℓ−1 + c2G

−
∆+1,ℓ+1 + c3G

+
∆+2,ℓ + c4g∆+2,ℓ , (5.14)

G−
∆,ℓ = G−

∆,ℓ + c1G
+
∆+1,ℓ−1 + c2G

+
∆+1,ℓ+1 + c3G

−
∆+2,ℓ . (5.15)

The extra term in the even block represents the contributions of the A∆+1

r1=0( ℓ−1
2

, ℓ+1
2 )

and

A∆+1

r1=0( ℓ+1
2

, ℓ−1
2 )

multiplets, which can not contribute to the ℓ odd block due to the scalar

J × J selection rules. This decomposition simplifies significantly the analysis: the number

of coefficients remains the same, but now we need to find primaries with dimensions up to

∆ + 2 instead of ∆ + 4.

The procedure sketched above is the same, but now we have to organize the calcula-

tion in superconformal primaries annihilated by the supercharges Sβ
1 and S̄1 β̇ instead of

conformal primaries annihilated by Kβ̇β . Once this is accomplished we can write

〈JJO〉 ∼ 〈JJA〉+ λJJBsprim〈JJBsprim〉θθ̄ + λJJCsprim〈JJCsprim〉(θθ̄)
2 , (5.16)

and the coefficients ci can be calculated from,

λ2
JJBsprim

NBsprim

,
λ2
JJCsprim

NCsprim

. (5.17)

This is certainly a vast simplification of the problem, but still quite involved. Also, the

N = 1 decomposition (5.11) works nicely for the AR=0,r=0( ℓ
2
, ℓ
2
) multiplet but is not so

efficient for the others. For example, it is significantly more complicated for the Ĉ1( ℓ
2
, ℓ
2
)

multiplet.

6 Conclusions

We have presented a detailed superspace analysis of all possible three-point functions of

two stress-tensor multiplets and a third arbitrary operator. From this calculation one can

read the super OPE selection rules, a necessary first step for bootstrap applications which

were the main motivation behind this work.

The selection rules along with the 2d chiral algebra description of certain observables

in N = 2 theories were sufficient to obtain an analytic bound on c. This bound is valid for

any N = 2 theory and is saturated by the simplest Argyres-Douglas fixed point, denoted

by H0 in this paper. Saturation of the bound also implies the presence of a null state at

level 4 in the associated chiral algebra, this result is consistent with the conjecture between

the H0 theory and the Yang-Lee minimal model.

We also presented a partial superconformal block analysis for the highest weight op-

erator of the stress-tensor multiplet, a scalar J of dimension ∆J = 2. Our selection rules

tell us how each conformal block organizes in a superconformal multiplet, but the precise

coefficients need to be calculated. It is not clear to us what is the most efficient way to

proceed. A promising direction is the supershadow approach developed in [22]. However,
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their analysis was mostly relevant for N = 1 theories in which a real operator is being ex-

changed. Our selection rules include N = 2 complex operators which need a generalization

of their procedure. Another strategy is to perform a brute force computation, maybe the

techniques used in [64] can be generalized to the problem at hand.

Once the superblock is obtained, the bootstrap machinery can be applied. Of great

interest is the anomaly coefficient a, which has been absent so far from bootstrap studies.

The reason is that the a coefficient only participates in stress-tensor correlators, whose

intricate Lorentz structure makes it a hard target for the bootstrap [19, 25]. One can

circumvent that complication in N = 2 theories where the highest weight in the multiplet

is a scalar. However, as we have seen, complications of a different nature arise when one

tries to calculate the superconformal blocks. In any case, we know from the results of

section 5 that what remains is just a handful of coefficients, and they should be calculable

either by elegant methods or brute force. Hopefully, the “N = 2 stress-tensor bootstrap”,

which has been a glaring omission in the current numerical literature, will be a reality in

the not so distant future.
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A N = 2 superconformal algebra

In this appendix we collect our conventions for the SU(2, 2|2) algebra, we only list the

non-vanishing commutators.

The conformal generators are {Pαα̇, K
αα̇, M β

α , M̄α̇
β̇
, D}. Lorentz indices transform

canonically according to

[Mα
β , Xγ ] = −2δβαXα + δβαXγ , [Mα

β , Xγ ] = 2δγαX
β − δβαX

γ , (A.1)

[M̄α̇
β̇
, Xγ̇ ] = 2δα̇γ̇Xβ̇ − δα̇

β̇
Xγ̇ , [M̄α̇

β̇ , X
γ̇ ] = −2δγ̇

β̇
X α̇ + δα̇

β̇
X γ̇ . (A.2)

The remaining SO(4, 2) commutators are,

[D,Pαα̇] = Pαα̇, [D,Kα̇α] = −Kα̇α (A.3)

and

[Kα̇α,Pββ̇] = 2δα̇
β̇
Mβ

α − 2δαβM̄
α̇
β̇ − 4δαβ δ

α̇
β̇
D . (A.4)
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The SU(2)R × U(1)r R-symmetry generators are denoted by {Ri
j , r}. SU(2)R indices

transform according to,

[Ri
j , Xk] = −δikXj +

1

2
δijXk , [Ri

j , X
k] = δkjX

i −
1

2
δijX

k . (A.5)

The fermionic generators are the Poincaré and conformal supercharges are

{Qi
α, Q̄i α̇,S

α
i , S̄

i α̇} and their anticommutators are,

{Qi
α, Q̄j α̇} = −2iδijPαα̇, {S̄i α̇,S

α
j } = 2iδijK

α̇α (A.6)

{Qi
α,S

β
j } = −2δijMα

β + 2δijδ
β
α (D − r)− 4δβαR

i
j (A.7)

{S̄i α̇,Q̄j β̇} = −2δijM̄
α̇
β̇ − 2δijδ

α̇
β̇
(D + r)− 4δα̇

β̇
Ri

j . (A.8)

Finally, the commutators between bosonic and fermion generators,

[Kβ̇β ,Qi
α] = −2iδβαS̄

i β̇ , [Kβ̇β , Q̄i α̇] = 2iδβ̇α̇S
β
i , (A.9)

[Pββ̇, S
α
i ] = −2iδαβ Q̄i β̇ , [Pββ̇, S̄

i α̇] = 2iδα̇
β̇
Qi

β , (A.10)

and

[D,Qi
α] =

1

2
Qi

α , [D,Sα
i ] = −

1

2
Sα
i , [D, Q̄i α̇] =

1

2
Q̄i α̇ , [D, S̄i α̇] = −

1

2
S̄i α̇ , (A.11)

[r,Qi
α] =

1

2
Qi

α , [r,Sα
i ] = −

1

2
Sα
i , [r, Q̄i α̇] = −

1

2
Q̄i α̇ , [r, S̄i α̇] =

1

2
S̄i α̇ . (A.12)

B Superspace identities

Here we collect some superspace identities necessary for the three-point functions calcula-

tions of section 3. Let us start proving that if equations (3.8) and the Z symmetry condition

are satisfied, then equations (3.9) are also satisfied. In general the function H will always

be expressible as sum of the form

H(Z3) =
∑

a

fa(X3)ga(Θ3, Θ̄3) , (B.1)

where the functions ga satisfy the conditions,

∂2

∂Θi
3α∂Θ

α j
3

ga(Θ3, Θ̄3) = 0 ,
∂2

∂Θ̄α̇
3 i∂Θ̄3 α̇ j

ga(Θ3, Θ̄3) = 0 , (B.2)

and ga(−Θ3,−Θ̄3) = (−1)F ga(Θ3, Θ̄3) where (−1)F counts the number of Θs and Θ̄s.

From (3.10) it follows,

Dα i X̄3αα̇ = 0 , D̃i
α̇ X̄3αα̇ = 0 , (B.3)

and,

Dα iD
α
j H(X3,Θ3, Θ̄3) = Dα iD

α
j

∑

a

fa(X3) ga(Θ3, Θ̄3)

=
∑

a

fa(−X̄3)Dα iD
α
j ga(−Θ3,−Θ̄3)

=
∑

a

fa(−X̄3)(−1)F
∂2

∂Θi
3α∂Θ

α j
3

ga(Θ3, Θ̄3)

= 0

(B.4)
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as promised. Thanks to this property imposing the conservation constraint is now an

algebraic exercise, Taylor expanding both sides of the Z2 equation and equating coefficients

solves the problem. For the expansion of the denominators we use the following identity,

1

(X̄2)∆
=

1

(X2)∆
− 4i∆

(ΘαiXαα̇Θ̄
α̇
i )

(X2)∆+1
− 8∆(∆−1)

(ΘαiXαα̇Θ̄
α̇
i )

2

(X2)∆+2
− 8∆

(ΘαβXαα̇Xββ̇Θ̄
α̇β̇)

(X2)∆+2

+
32

3
i∆(∆2 − 1)

(ΘαiXαα̇Θ̄
α̇
i )

3

(X2)∆+3
+

32

3
∆2(∆2 − 1)

(ΘαiXαα̇Θ̄
α̇
i )

4

(X2)∆+4
, (B.5)

which for the special case ∆ = 1 becomes eq. (3.27) in [31]. After Taylor expanding what

remains is to write all terms in our equation using the same basis of Grassmann objects.

As usual with fermions, high powers of Grassmann variables are not all independent, for

example,

(ΘαiXαα̇Θ̄
α̇
i )

3 = (ΘαβXαα̇Xββ̇Θ̄
α̇β̇)(Θγ iXγγ̇Θ̄

γ̇
i ) . (B.6)

Several identities of this type were needed for the calculations of section 3, we implemented

them in Mathematica using the grassmannOps.m package by J. Michelson and M. Headrick.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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