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We consider the A" = 4 Liouville theory by varying the linear dilaton coupling constant Q. It
is known that, at two different values of coupling constant Q = \/% ,—(N — l)\/% , the system

exhibits two different small A = 4 superconformal symmetries with central charge ¢ = 6 and
¢ = 6(N — 1), respectively. In the context of string theory these two theories are considered to
describe the Coulomb and Higgs branches of the theory and are expected to be dual to each other.
We study the Mathieu and umbral moonshine phenomena in these two theories and discuss their
dual descriptions. We mainly consider the case of Ay-type modular invariants.

Subject Index A13, B10, B24, B29

1. Introduction

In this paper we study the N’ = 4 supersymmetric Liouville theory in order to have a deeper
understanding of the Mathieu and umbral moonshine phenomena discovered recently [1-3]. It is
known that, when one perturbs the large N' = 4 theory by varying the strength of the linear dilaton
term Q, there are two special values of Q where the theory possesses small ' = 4 supersymmetry
with the central charges ¢ = 6 and ¢ = 6(N — 1). These two theories have different SU (2)r
symmetries, i.e., different components of SO(4) = SU (2) x SU(2) of large N’ = 4 Liouville theory.
In the context of string theory, these describe the Higgs and Coulomb branches of the theory and are
expected to have descriptions dual to each other.

While the values of the central charges (c = 6, 6(N — 1)) appear to differ greatly at large N, it is
known that the value of the effective central charge does not vary much in Liouville theory as dilaton
coupling is varied. Thus we have dual pairs of ' = 4 conformal field theories (CFTs) (cases 1 and
2) with comparable degrees of freedom. We introduce various assumptions on the elliptic genera of
the case 1,2 theories and derive algebraic identities and inequalities. We can determine the shadows
and elliptic genera of the case 1,2 theories that exhibit nice dual descriptions. We also discuss the
relation of Ref. [4] to case 1 theories.

We work mainly with 4A-type modular invariants in this paper; there are some subtleties in the
case of D, E-type modular invariants of umbral moonshine, which will be discussed in a future
publication.
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2. Preliminaries: Free-field realizations of N = 4 superconformal systems

In this preliminary section we summarize the basic properties of the large/small NV = 4
superconformal algebras and their free-field realizations.

2.1. Large N' = 4 superconformal algebra

The large N = 4 superconformal algebra (SCA), often denoted by “.A,,”, is defined as the SO(4) =
SU(2) x SU(2) extension of Virasoro algebra [5] (see also Ref. [6] for a good summary). We
have a stress—energy tensor T, four supercurrents G¢ (¢ = 0,...,3), two SU(2) currents A,
A~ (i =1,...,3) whose levels are k*, k~, one U(1) current U, and four Majorana fermions Q“
(a =0,...,3). The unitarity requires that k™, k~ should be positive integers, and the central charge
is given as
6kT k™
=—\ 2.1

Ttk @D
We set y := kf#, which parameterizes the “mixing” of two SU (2) currents. The nontrivial part
of the large V' = 4 algebra is written as follows:!

a b ~ 2c (Sab 8i +,0 40 =i
G'OG ) ~ T s o (el AT o0 4 (= g aon]
8ab
n {ya+’aA+’(w) +(1— y)a"aA—’(w)} n T(w),
zZ — — W
k ij :_ijk
AT () A (w) ~ 70 - re? AFE ),
z—w)? z—w
kT+k— kT +k—
0'@)0"(w) ~ —=—8", UUW) ~ ——,
zZ—w (z—w)

Ai’l(z)G“(mN(V—l 1) 2“b — 0P (w) + —2— o GP(w),
(z —w)? (z—w)

A ()0 (w) ~ % Q”(w)

) . ) . ) §ab
06 W) ~ ——— e at o) — a4~ | + "~ U0,

— W — W

1
U@)G (W) ~ ——0%(w), (2.2)
(z —w)?
where we have introduced the 4 x 4 matrices
1
ay = 5 (EBiad0 F Sivda0 + €ias) (2.3)

(the third term only contributes if a, b # 0). They obey the SO(4) commutation relations:

[, o] = —eTkoPF | [0 aT =0, [« ot} = —58’] . (2.4)

' We are here using a slightly different convention from that of Refs. [5,6]. Our A%, U, Q° correspond to
iA*, iU, and iQ® in Refs. [5,6].
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2.2.  Free-field realization of large N' = 4 SCA
Let us consider a conformal system composed of a free boson ¢, four Majorana fermions ¢ (a =
0,...,3),andanSU(2) currentji (i=1,2,3).¢and v? are normalized as ¢ (z)¢ (w) ~ —In(z—w),

ab . . . .
Y)Wl (w) ~ Z‘S_W, and the SU (2); current algebra is written in our convention as

L¥Y/ ek
+——j*w). (2.5)
(z—w) zZ—W

7' @F w) ~

We can combine the fermionic components to the SU(2) currents, and obtain the level N = k + 2
“total currents”:

Ji@) =) — %e,jkwf @)k (). (2.6)
We set

1 1 1.
T:=—2( 2 - ag gl
S 00)" = Y YT+ i

2 . 1 /2
G := iy99¢ — 2,/N(x;};ljllﬁb — <V Nieabcdw”wcwd,

. i P i
AT = —Ea;;;llﬁal//b +j, A= —Eaab’llﬂal//b,

N- a .__ ﬁ a
U= \/;aq), 04 = \/:w . @2.7)

More explicitly, we can rewrite
0 _ /0 2 id 1,23
G =iy 0¢ + N(lﬁ] — iy YY), (2.8)
which corresponds to the N = 1 subalgebra (1/° is identified as the superpartner of ¢), and also

. . 2 . . i .
G =iy'og - \/; (wOf +epy/j* — éeqkwfwkw") : 2.9)

At = —%Ww‘) - iéykl//jlﬂk i, AT = %Wﬁ/fo — %eijkwfw" : (2.10)

They generate the large N' = 4 algebra with parameters

6(N —1) 6k k™ _ 1
= = kKr=N—-1, k=1 = —. 2.11
=2 (= e ) k=l oy=o @1
In fact, the total central charge is calculated as
1 3k 6(k+1 6(N —1
c=14+4x -+ _ S+ )= ( ). (2.12)

2 k+2  k+2 = N

As is familiar, the “zero-mode subalgebra” of the large N = 4 is the super-Lie algebra D(2, 1; )
with o = % generated by Lo, L+1, G4 ), A(“)_L !, Uo, 04, /2 (for the Neveu-Schwarz (NS) sector).
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2.3.  Deformation by linear dilaton

We next consider a deformation of (2.7) by turning on the linear dilaton (background charge) along
¢. We shall deform it as

T(z) —» T(z):=T() — %aqu,

G'(z) — G%z) := Gz) + Qidy(2). (2.13)

It keeps the N/ = 1 superconformal symmetry generated by 7"(2), 50(2). In other words, G4 (2)
behaves as spin-3/2 primary fields with respect to the deformed stress tensor 7'(z):

3

TeoNCa 2 ~a 1 ~a
T(2)G(w) ~ G'(w) + ——aG(w). (2.14)
(z —w)? zZ—w
The central charge is shifted as
~ 2 1 2
c=c+3Q E6(1—N)+3Q. (2.15)

In the end, we obtain the modified large NV = 4 SCA generated by {]~", 5’, A 0?, U} as follows:

a2 GP ~ 2_~ 8 8i YPVREUE ) _ —i
GG (w) s R {yozabA (W) + (1 — a4~ (w)}
. ) ab
+ {fa;,jaAﬂ(w) + (= P)a; 4™ ’(w)} n Tow) .
zZ—Ww — W

kj: .. . ik
. . ki ij
A () AE () ~ —2 €
z—w3? z—w
kT 4k~ kT 4k~
00" (w) ~ —2—8, UR@UW) ~ —2—,
zZ—w (z — w)2

sio a1 ] 2, O =,
A (2)GY(0) ()’ F )(z )2Q( )+( )G ),

AEEwy

A ()0 (w) ~ “” Q w),

FU Nk+2 iQ 1 U 18U
U~ S T eV + oy U

wben  [E+2 iQ8a 2 [ i iy i g 8%
0G0 ~ [T s+ el T 0 T |+ v,

~ 1
UG (W) ~ ——=0“(w), (2.16)
(z—w)

where y is defined as

;= —L—l— < 2.17)
N Y () V2N '

Here we point out a fact that will be crucial in our arguments: even though the central charge
(2.15) depends on the background charge Q, the effective central charge [7], which counts the net
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degrees of freedom, is unchanged under the deformation by linear dilaton. In the relevant system,
the effective central charge should be

ceff=czé<1—l), (2.18)

irrespective of the value of Q.

To conclude this section, we note that the whole SCA (2.16) reduces to the small NV = 4 SCA,
if we choose particular values of Q. In fact, inspecting the operator product expansion (OPE) of
AT (z)é“ (0) given in (2.16), we find that spin-1/2 currents Q¢ decouple when we set y = 0 or
7 = 1. We thus obtain the next two “small N' = 4 points™:

Case 1. Q = \/%: small V' =4 SCA of level k~ =1
This case is just the familiar Callan—-Harvey—Strominger (CHS) superconformal system [8]. We
have ¢ = 6 and 7 = 0. Then, AT(z), Q%(z), U(z) are decoupled, and {T(z), (~¥“(z), A (2)}
generate the small N' = 4 SCA of level 1.

Case2. Q = —(N — 1)\/%: small V' = 4 SCA of level kT = N — 1
In this case, we have ¢ = 6(N — 1) and 7 = 1. Then, 47(z), Q%(z), U(z) are decoupled, and
{T(z), G%(z), A (z)} generate the small N = 4 SCA with level k™ = N — 1.

These types of reductions from the large NV = 4 to the small ' = 4 with level k™ or k= have
already been discussed in Ref. [5], and also potentially utilized in Refs. [9,10] in order to construct
the Feigin—Fuchs representation of A/ = 4 SCFT. In the context of string theory on the NS5—
NS1 background, case 1 is identified with the world-sheet CFT for the “short string” sector (or
that describing the “Coulomb branch tube”), while case 2 corresponds to the “long string” sector
(or the “Higgs branch tube”) [11]. Therefore, they are expected to be dual to each other from the
viewpoints of AdS3;/CFT, duality. In our discussions later, this fact would suggest the existence
of two different descriptions of the umbral moonshine [2,3] based on cases 1 and 2. Indeed, these
two theories have equal effective central charges, as has already been mentioned, which implies
essentially the same asymptotic growth of massive (non-Bogomol nyi—Prasad—Sommerfield (BPS))
excitations characterizing the moonshine phenomena.

3. Elliptic genera of the ' = 4 Liouville model

3.1.  Outline sketch

Our main purpose is to evaluate the elliptic genera of the N' = 4 Liouville theory with suitable
Liouville potentials. However, it seems hard to directly carry out this computation because of the
complexity of the ' = 4 Liouville potentials.

We shall thus take another route: we regard the relevant ' = 4 superconformal system as the
Zy -orbifold of

SUQ)N/U() @ SLR)N/U(1) = SUQ)N/U() @ [N =2 Liouville]Q:\/z,

for “case 1” (¢ = 2) [12], and then try to deform the system into “case 2” (¢ = 2(N — 1)). The
following statements are crucial in our evaluation of the elliptic genus of case 2.
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(1)

(ii)

(iii)

Cases 1 and 2 correspond to theories with different central charges. Nevertheless, these two
theories should possess equal effective central charges (2.18):

1
Ceff = 6 <1 - N) 5

as we have already emphasized. c.; characterizes the asymptotic growth of the degeneracy of
states due to the Cardy formula. In terms of the elliptic genus, since Z™) (1) = ZM(z,0) :=
q§ Z (r, zil) is S-invariant, (2.18) implies that the IR behavior of Z™% (1) becomes?

. _ Ceff -2 <l—
lim e ™27 \4
Ty — 400

ﬁ) )Z(NS)(‘L')‘ < 00. 3.1

Z(NS)(‘L’)‘E lim e

T — +00

For case 1, we can easily confirm that this condition is satisfied. We will later discuss how
we can refine the constraint (3.1) due to the SU(2)y_, symmetry that is part of the N' = 4
superconformal symmetry in case 2. Indeed, the resultant constraint will play a crucial role in
determining the elliptic genus of case 2.
When evaluating the elliptic genera, the contributing states in these systems are weighted by
different U (1) currents. Namely, setting

1 1
+ 3 .0 + 1 )
— iv0), = — (v' £iy?), 3.2
(4 7 (v Fiv®) X 5 (v +iy?) (3.2)
the U (1)r current for each case is written as follows:
© case 1:
JED =247 =iy — Y =Y+ T (3.3)
O case 2:

JEEND =247 = iy Py —y YD) 427 = Ty T+ x T+ 2 G4

Elliptic genera should be invariant under generic marginal deformations, at least for the holo-
morphic part that is contributed from the BPS states. Moreover, the nonholomorphic part
(“holomorphic anomaly”) only includes the continuous spectrum propagating in the asymp-
totic region where the relevant Liouville potentials are negligible. These facts imply that both
the holomorphic and nonholomorphic terms of the elliptic genus of case 2 do not depend on
the details of the Liouville potential.

Based on these considerations, we propose that the elliptic genus of case 2 can be uniquely
determined in the following way:

(®)

@]

We first evaluate the elliptic genus of case 1, i.e., Z°°!(t,z).

Secondly, we deform the holomorphic anomaly term in Z°*!(t, z), taking account of the dis-
tinction between the U (1) currents of (3.3) and (3.4). The expected nonholomorphic term should
be expanded in terms of the AV = 4 massive characters of ¢ = 2(N — 1).

2 Here, we may have a subtlety, since Z™¥ () could be nonholomorphic due to the existence of modular
completions, the correction terms of which show a continuous spectrum. Thus, the Cardy-type argument in
this context truly means that the asymptotic growth of the coefficients of g-expansion of the holomorphic part
Zﬁs) (t), which only includes a discrete spectrum, is governed by the IR behavior of the total Z&% (z).
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© Finally, we determine the holomorphic part of the elliptic genus desired, which is expected to
be written in terms of the N/ = 4 massless characters of ¢ = 2(N — 1). It will be crucial that the
possible ambiguity by adding general holomorphic Jacobi forms can be removed by examining
the IR behavior of the NS-sector elliptic genus, which extends the argument of effective central
charge given above.

3.2.  Preliminaries

3.2.1.  Branching relation for the N' = 2 minimal model

As preparation, we start with recalling the coset construction of the N' = 2 minimal model.
The SU (2) character for the spin-£/2-integrable representation is given as

1
Xék)(f,Z) = ) [O¢41,442(T,2) — Opy1p42(T, —2)]
2 _
= m@@jhm(z,z), €=0,1,...,k) (3.5)

and the string function c’, (t) is defined by the expansion
1@ =Y (D)Oui(T,2). (3.6)
meZoy,
The branching relation describing the N = 2 minimal model as the supercoset
SUQ); x SO(2)1
U(Dk+2

is written as’

1@ WOt w—2) = Y X (CDO (T, w — 22/ (k +2)), (3.7)

MEL)(k+2)

where the branching function Xf{s(‘[, z) is explicitly written as

X (T,2) = D ey ar (D) Oomh42) (44 2k h42) (T, 2/ (k + 2)). (3.8)

reZy

The characters of the N/ = 2 minimal model are written in terms of the branching functions as
follows:

chg, (7.2) = 2 (1,2) + 17 (7. 2),

() (1,2) = 1”7, 2) = X2 (7, 2),

chifn (.2) = x5! (1,2) + 1,7 (2.2),

ch® (r,2) = x4 (v,2) — %P (x.2). (3.9)
Now, the parameter w in (3.7) is interpreted as the deformation parameter y (or Q) in the previous

section. It is explicitly identified as

w=2yz, (3.10)

35 =0,2(1,3) describe free fermions in the NS (Ramond (R)) sector.
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and the corresponding U (1) current is given as
JV =2 AP A 124 =27 (P -y Ty )+ (YT +xTx). (3.11)
The relevant branching relations are summarized as

°© y =0 (case 1):

_ 2z

1 @000~ = Y xE(1,2)Omy (r, _N) , (3.12)

meZyn

° y =1 (case2):
_ 2(N = 1)z
X P 22)050(1.2) = Y A5 (T.2)Omy <r, T) : (3.13)
meZyn
3.2.2.  Modular completions
Let us introduce some notations. For N (€ Z~(), we set
yZquNn ) )
f(N)(T Z) _Z (quznlI’yEeZJﬂz)’ (314)
1 —yq"

nez

and, for N,K (€ Z~y),

1 vb 2Ka Ka? z+at + b
FN.K) V@ T,7) = — —2miy 8 ~(NK) T,
( ) N E e yy gy f N
beln

2n Kn?

Z gy N qN.

(3.15)
1 —yq"

nea+NZ

We often use the abbreviation F™) (v,a) = FV-D(y, a). Note that the extended discrete character
of the SL(2)/U (1) supercoset with ¢ = 1 + %K [13,14] is written as

01(7,2)
in(r)3

The modular completion of f ) (t, z) is defined as [15]:

Xdis(N,K)(va a, T,Z) = F(N’K)(V, a, T,Z). (316)

N 1
SV @2 =M@ =5 3, Run@Omy (1,22), (3.17)
meZon
where we set
Run(m):= > sgn(v—i—O)Erfc( [—= |v|)
vem+2NZ
1 *7‘[‘[2 Uz
= — Z / q_W. (3.18)
i emranz, TR0 — v

Here, we denote 7, = Im t and Erfc(x) is the error function (AlZ).;’\(N )(r,z)isa weight 1, index N
(real analytic) weak Jacobi form [15].
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It is useful to rewrite (3.17) by introducing the antisymmetrization

SOz = % V@ - M -2).

We note that

T (7, 2) = [J?(N)(f,z) — M (e, —z)] =M (z,2),

N —

since the completionf(N )(1,z) gives an odd function of z (see, e.g., Ref. [14]). Then, we obtain

~ 1 _
V2 =M@z = o 3 Run (DO, (1,22)
meZyn
N-—1
=fM(1,2) = 3" Run (0O} (7,22). (3.19)

m=1
In the second line of (3.19), we made use of the facts that @1[\;’]1\,(1,2) =0 (% € Z) and

Ropn(1) = —Run (D) + 2650, Rusonn(7) = Run (D).

We also introduce the modular completion of WNK) (v, a) (3.15) [14]:
FNK (y a;7,z) = 1 Z e_z”ivﬁbyz%q%zf(l\’@ - ztar+b
b 9 9 . N bEZ . N
‘N

1 2z
= F¥0,a;7,2) - 3 > Ruynjnk (T)Oyinj2KaNK (T, ﬁ) - (3.20)
J€lak

In particular, for the cases of K = 1, the function #™) (v, a) = F™:D (v, a) becomes

~ 1 2z
F(N)(v,a; T,z) = F(N)(v, a,t,z) — EJEXZ: Rv+Nj,N(f)®v+Nj+2a,N (T, N) . (321)
2

3.3. Case I models

We propose the following elliptic genus for the case 1 models with ¢ = 2:

case 1 min SL12)/U (1
Z=l ) =5 Y Zan@) 2" Vo)
a,beZy
01(7,2) = ®) TN)
=)y D ey @D FM U+ a7, —2), (3.22)
m =0 acZy
where we set
Zi(z,2) 1= (— )bt g ) e R goi sy ar p),  (3.23)
. 0; (r, =1z N2
Zmn (7 7) = M = Z chf§+l(r,z), (3.24)
o1 (‘E, ﬁ) =0

9/34



PTEP 2016, 063B02 T. Eguchi and Y. Sugawara

for the minimal model (SU (2)/U (1) sector) [16], and

ZilLl(j)/U(l)(T,Z) — (_1)a+b+ab q%fy%aem%ab
x ZSLDIUW) (2 2 4 ar 4 b), (3.25)
0 —~,
ZSE@IVMD (¢ 7y = Mf(m (T’ i)
in(t)3 N
_ bi(r,2) Ny ()
= - 3 Z Fv,051,2), (3.26)
ln(f) €ZN

for the SL(2)/U (1) sector [14,17].
The relevant branching relation is given by (3.12), namely,

2z
> chf,),,(r,z)@m,]v (r, _N) = —i01(1,2)1. " (z,0)

meZon

(-]
6 dw Oy (T, 2w)
_ 1(T,Z)f W PN (3.27)
w

i =0 W 91 (T,zW)

By using this identity, we can show

[nonhol. part of Ze!]

N-2
161(z,2) 22\ L ®
= E iT](‘L’)3 E E E Ro+14Nj,N O+ 14Nj+2a.N _ﬁ Chg,g+1+2a(z)
(=0 acZy jeZ

N-2
01(t,2)% 1 dw 1 O
i ; B Rey1n© (t,2w). (3.28)
()3 im Jo—o w i61(t,2w) Z(:) + (1N

Therefore, recalling (3.19), we find that
d
_anscl
PR
R yg dw f™ (z,w)
At | n()3 im Jo—o w i01(T,2w)

_ 0 |a@at yg dw FY@ W) (y2)Gaom? (3.29)
ot | n()3 im Jo—o w i01(1,2w) ’ '

where G, () is the (unnormalized) second Eisenstein series (A7). In order to obtain the third line of
(3.29), we made use of the fact that the function

0 fM@w) _ 8 fMI (@, w)
AT i01(T,2w) 9T i01(T,2w)

is holomorphic with respect to w. It is important that the integrand

TN
_PEw w-2Giow

&) : 3.30
g (t,w) 0 (c.2m) (3.30)
possesses the correct modular property due to the factor e ~2)Ga(o)w? (see Eq. (A8)), i.e.,
w (1w P )
g o 7)=" —it gV (T, w). (3.31)
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Thus, we conclude that

Z*!(1,z) = [holomorphic Jacobi form]

61(t,2)* 1 yg d_Wf(N)(TaW)e(N—z)Gz(r)wz
w

n(t)3 in Ju—o w i61(z,2w)

(3.32)

It is easy to identify the first term because of the uniqueness of the weak Jacobi form of weight 0,
index 1, i.e.,

1 6\ (0 [(6a(r,2)\°
¢0.1(7,2) = EZ (r,2) =4 |:(93(t’0)> + (04(1:,0)) + <92(r,0)) :| . (3.33)

We also recall that the Witten index should be

Zee N (1,00 =N — 1 (3.34)

(see, e.g., Ref. [18]), which fixes the normalization of the holomorphic term.
In this way, we finally achieve a simple formula:

61 (T,Z)2i¢ d_wf(N)(Tﬂw)e(NfZ)Gz(r)wz
()3 im Jo_o w i61(t,2w) '

1
B ¢o,1(7,2) +

anse 1 (T,Z) —

(3.35)

3.3.1.  Useful facts on Eq. (3.35)
We exhibit some useful computations related to the resultant formula (3.35) and make a few remarks.
For convenience, we define the nonholomorphic modular form H ™) (z) of weight 2 by the relation

-1 01(t,2)% ~
Zesel(,z) = $o.1(7,2) + % HM (7). (3.36)
12 n(7)
Namely, we set
3 TN
AM () = 1 f B L0 0i-26a00, (3.37)
it Jy=0 w i01(7,2w)
Then, by substituting the “Poincaré series” formula [19],
; e—%N{|A|2+2Xz+z2}
FM(r,2) = — A=Tt+17 3.38
V@ =-3% PRr— ( T+17), (3.38)
rEA
into (3.37), we can rewrite it as
1 B 3 — ZN{IAP+ 20w +w?)
AM @) = - | NG + -
) 4?2 2(r) + ow Z rA+w
L LEA’ w=0
[ —ZNAP
1 -~ e 2N
=— | NGy(7) — 1 AL 3.39
1 | NG A; = {+ 5 ||} (3.39)

Here, the summation is taken over A € A’ = Zt + Z — {0}, and @z(r) = Gy(r) — T denotes
T

2
the modular completion of the (unnormalized) second Eisenstein series (A9). We present an explicit
derivation of (3.39) in Appendix B.
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The above result (3.39) suggests that the holomorphic part #¥) () would be

Nm? 2N )mw

N 1 9 q

HWN G E _— . 3.40

- 2 + aw A=mt+neA’ Atw 0 ( )
w=

However, the double series appearing in (3.40) does not converge, and thus we have to be more
careful. To this end, we introduce the symbol of the “principal value™:

Z a, = hm Z (an +a_y), ZP a, ‘=ag + ZP an, (3.41)

n#0 nez n#0
and the correct expression of H M) (1) should be

Nm? 2711(2N)mw P 1

N Pq
HM (1) = 1200+ Z > — +y — . (342
m#0 neZ w n#0 won

w=0
A rigorous derivation of (3.42) is again presented in Appendix B.

One would be interested in the g-expansion of H™)(r). Substituting the familiar formula (A7) as
well as

~ 6 2 z4+n 2 11—y 21—y

21 n i P 1 1 y 1 1
> o= ST
= nZ

into (3.42), we readily obtain

N -1 2. ng" > 2 q" 1+ 4g™
PRl 2| 4"
HYYW (1) = T 2N 1_qn-i-22 q [(l—qm)z—i_le—q’”]' (3.43)

n—= 1 m= 1
Let us make the following remarks:

© The constant term Nl 21 is antlclpated It precisely cancels the “graviton term” included in the

holomorphic Jacobi form =1 ¢0,1 (1,z) appearing in Z¢!(t,z) (3.35).

2
%) in ¢o,1(7,z) yields the leading contribution (“graviton term”), after
T+1

making the spectral flow z > “5—. We thus obtain the evaluation

In fact, the term (

A=

2
e4<r,z)> NSl s i), (B4d)
62(7)

[ iton term] N
raviton termj| ~ —
g 3 12

by using q%y% ) (r,z + %) = —i04(7,z). On the other hand, the first term of (3.43) yields

N—-16 2 N-1
3,27 g4, (r — ic0). (3.45)

12 p()° 12

l—

© It is easily confirmed that the function ]%H (M) (1) has g-expansion such as

12
ﬁH<N>(r) =1- Z anq’, (3.46)

with integer coefficients a, as long as N — 1 divides 24. Moreover, since the second term in
(3.43) looks more dominant than the third one, we expect that all the coefficients a, are positive.
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Amusingly, for the special case N = 2 of Mathieu moonshine, we have an alternative expression
for H® (t) as

=(1/2)
Ay = 1© jg dwf  (t,w)
2w Jumo W i61(T, W)
! m-+n+mn 27‘[im67%|)h|2
- m Ga(7) + Z (=1 f . (3.47)
A=mt+neA’
The first line follows from the identity4
- 01(z,22) 2(1/2)
Or,2) = o —— 3.48
[(,2) 261 (.2) (z,2), (3.48)
where we set
=(1/2) - _
(t,2) = FP(1,0;7,2) — FP(1,1;1,2) (3.49)
= f1/2(¢,z) + [nonhol. correction],
1
7 =D"g"M?2 , 1
FiP @2 =3 o Ve (3.50)
nez -V

The second line of (3.47) is obtained by substituting another formula of the nonholomorphic
Poincar¢ series:

b4 2 N 2

~(1/2) i o~ 75 P22+
, — 1 m+n+mn . 351
S @2 T E (=D (3.51)

A4z
A=mt4+neA +

The second line of (3.47) is again derived in Appendix B.
We can also rewrite the first line of (3.47) by replacing 1 /w in the integrand with an elliptic function
%S (t,w) defined by

0 01 (T, w)?
s(@w) =01 (02(t,w)93(t,w)04(t,w)> ' (3-52)

It is easy to see that £(t,z) is an elliptic function of order 4 that possesses simple poles at w =

0, %, 2 Tzil with the residues

Resy—ol§(r,w)] =3, Res,_1[E(r,w)] = Res,—1[§(z,w)] = Res,_cu[§(r,w)] = 1.

“ The holomorphic part of the identity (3.48) essentially means the familiar equivalence between the N = 4
massless character of level 1 and the spectral flow sum of the A/ = 2 massless matter characters with ¢ = 2
[20,21], which is also presented in Ref. [4]. The identity (3.48) claims that this equivalence still holds after
taking the modular completions, and it is surely a nontrivial identity. One of its proofs is obtained by setting

N = 2 in the identity (3.70), which we will prove. Note that the minimal character Chf,;(‘t, z) just reduces to

the mod 2 Kronecker delta: 8,(,12)1 - 8,(”2’)_1 in the case of N = 2 (¢in = 0).
5 This is equivalent to the identity that Zagier gave in his lecture at the Durham workshop, August 2015.
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Then, the integrand in (3.47) becomes an elliptic function with a cubic pole w = 0 and simple poles

w= %, 3 TH . We thus obtain by the contour deformation
P
~ T, W
H®(2) = n()’ Res,=o é(r w)
i01(T,w)
! 7w
3 T,w
S R L=
1(0) 121 sy | §(T W
W0=32-2>"2
P )
3 T,Wo
== 3.53
37 12: i01(t, wo) -3
wo=7.5. 55

The holomorphic part of the R.H.S. of (3.53) is identical to the known expression [1] of Mathieu
moonshine, which is derived using the relation among N = 4 character formulas at level 1 [20-22]:

9] (T Z) (1/2)(‘[ Z)

chi (k= 1,6 =0;7,2) = o)

in(t
_ (e)i(r,z)) N el(r,zf fI2Ew) o
6i(t.0) ()i (T w)
1 1
(wzzz, W3ET—2i_ ,W4E%). (3.54)

3.3.2.  Comments on the shadow
As a consistency check of (3.39), let us evaluate its “shadow” [15]. After a short calculation, we
obtain

0 ~ —Z NP 27N
Vg H YV (@) = 3/2 > erat ( mz) (3.55)
8T

T
eh 2

On the other hand, due to the Poisson resummation, we find

- N 2 _ AN 24 (Rzp —AZR
E O, N (T,21)O, N(T,2R) = .| —e ~ iy =) E ¢ 0 AZR)}, (3.56)
1%

reZon reA
and thus
- TN3/2 _ TR 27N
AR ] I e DI <1 - == |A|2). (3.57)
reZon TER= 21" jea T2
Therefore, introducing the “unary theta function” [15]
1 n2
Sn(@) = 580,522 = ) ng, (3.58)
’ 2mi ’ z=0
ner+2N7
we finally obtain
0 ~ i 2
—HM (1) = — S, : 3.59
Vg = o > S| (3.59)

reZon
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This is the expected result. Indeed, by using the familiar property of the “R-function” of Ref. [15],

0
Vrs =R (¥) = = (3.60)

P
—— SN (7).
2/n "
Together with (3.19) and (3.37), we can directly evaluate the shadow of HM(7) as

N-1

B d 3
\/_8 AN (1) = myg w (@)’ Zfa_RvN(f) N(r 2w)

w6 (r 2w)

1Nl

=—-— Son (1) 3Oy N (T,2w)|, _
2mi = zf

S >

(3.61)

MZ!

reZon

which coincides with (3.59).
It may also be useful to evaluate the shadow of f M (z,z) based on the formula of the
nonholomorphic Poincaré series (3.38):

—%{|x|2+ziz+z2}

b

. (N) .
) _ A P (A, 2) i e
SNV =-3 === AZA

s ATE T2
where we have introduced the notation
k 2 -
'O(k) ()", Z) = e_g{lM +2)»z+22}
i _zk;2
= qkm2y2kme2mkmn o .

Using

ad inN
2P0 =5 0+ 27V (4,2),
T 2T

2
we easily obtain
9 =) N )
‘/Eﬁf (1,2) = =33 > +20M0,2). (3.63)
45" Jea

However, by differentiating with respect to zz on both sides of (3.56), we find

_ l'N3/2
Y ON@2SN@) = —75 Y +2pM62), (3.64)
reZon T e
We thus obtain
3~ i -
N) _
n—fM(,2)=—= OrN(1,22)8,5(7), (3.65)
- 4N FEXZZ:N ' '

which is consistent with Egs. (3.17) and (3.60).
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3.4. Elliptic genus of case 2 theory

Now, let us begin our analysis of the system of “case 27, i.e., the N’ = 4 theory with ¢ = 2(N — 1).
According to our strategy addressed in Sect. 3.1, we propose the elliptic genus of case 2 Z°*(t, z)
by modifying the coupling of the variable z in Z**'(z,z). The relevant branching relation is now
(3.13), in other words,

01(t,2)

010,22 (3.606)

ol v@2= Y aPa, z)®mzv(

meZon

2(IN -1 )
—Z .
N

This 1dent1ty can be interpreted as the SUU(%) X %((12)) decomposition of the A/ = 4 massive characters

with isospin %5 L= % conformal weight 4 = 7 + £(£+2) 4 W=D 1) + 4

2 201(7,2)?
WO (N = 1,hj;7,2) = (Vs 02l
C ( 51,7, T,Z) ( ) q in(f)391(f,2Z) +1,N

= (=Nt ”z(jln((’t;) > ch® )(r z)@m,v( wz) (3.67)

(r,22)

meZyn

This formula suggests the following elliptic genus of the case 2 theory,

case GI(T Z) ©
Z2(, 7) = Z 3 b, @ DFMEH Last,(V — 12),  (3.68)
=0 acZy

up to an overall phase factor. This is obtained by the replacement —z +— (N — 1)z in the function
FW ) (%, %) appearing in Z<' (3.22), which properly corrects the difference between the U (1)
charges of cases 1 and 2, and reproduces the expected holomorphic anomaly terms expanded by the
N = 4 massive characters. (Recall the branching relations (3.12) and (3.13).)

3.4.1. Proof of an identity
We recall that the function f ™) (z, z) is simply related to the A’ = 4 massless character

26 (t,z)?

s W)
in(r)36:(z, 2z)f (z,2). (3.69)

ch®P (N —1,0;7,2) = (=N

Here, chgIz ) (N —1,0; 7, z) denotes the modular completion of the A/ = 4 massless character of level
N — 1, isospin 0 in the R sector. This is actually the unique modular completion of N' = 4 massless
characters since they are independent of the value of isospin ¢, as was discussed in Ref. [19]. We
shall now prove the following important identity:

01(1,2) ~ - _
ell(f 2z )f(N)(’ 2) = Z 3 bl a0 @ DFM @+ LayT, (V- 1), (3.70)

=0 a€cZy

This may be interpreted as a massless counterpart of (3.66), and it implies that (3.68) is written in
terms of the modular completion chglz ) N —-1,0;7,2).
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Proof of (3.70). We set

01(t,2)?

7N
ORI A

G®(r,2):=2

N-2
01(z,2) R
()3 > Chfz+1+2a(fvz)F(N)(€+ La;t,(N —1z), (3.71)
(=0 acZy

and prove G(‘{)(r,z) =0.

First of all, it is obvious by definition that G(E)(‘L’,Z) possesses the correct modular and spectral
flow properties as a weak Jacobi form of weight 0, index N — 1.

We next discuss more nontrivial properties of the function G®(1,z):

(i) Holomorphicity with respect to t:
By using (3.21), (3.60), and (3.66), we obtain

N—2
8 —_~
ﬁﬁ Z Z Ch@ﬂﬂa(faz)F(N)(ﬂ +1,a;7,(N — 1)z)
(=0 a€Zy

: NX_:Z > ch) (7,2) Se4 14NN (T) Opq14nj42 N(T w2>
4\/N Z,Z+1+2a 2 +1+ /> +1+ ]+ a, > N

(=0 acZy jeZ,
N-=2

I 291(1’,2) [— -1 P
- 2 S ® 22) + Sy ® 2 ]
W TNCRS Z(; 11N (D) Oy v (1.22) + Sy v (D) Oy Ly (T,22)
i 201(t,2) —
-7 SN (D) O,5(1,22). (3.72)
4y/N 01(7,22) VEXZ;N

In the third line, we have made use of the identities chg)n (t,2) = —ch](vi)_z_ ‘m +N(r,z} and

Sr+n.N(T) = =Sn—rn (7). Combining (3.72) with (3.65), we conclude that

) ~®
—G%W(r,z) =0. (3.73)

aT
(i) Holomorphicity with respect to z:

We next confirm the holomorphicity with respect to z; in other words, the absence of singularities
in the z-variable. To this aim it would be useful to rewrite the function G(E)(r,z) in the form

of a nonholomorphic Poincaré series (3.38):

01(2)° p™M (2, 2)
3
2w n°01(22) = zZ4+ A

G®(r,2) =

N-1 L
S DG ey N e amiy 01 (( @+ 2) pV(=h, (N = 1)2)

) , (3.74)
3 1 — —
2N e O (5z+2))  (N—=Dz—x

where p®) (1, z) has been defined by (3.62). The first term is obviously holomorphic.
On the other hand, the potential singularities of the second term emerge at the points

z=—», ("r € A). (3.75)
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They are, however, canceled by the simple zeros coming from the factor 6, (NT_I (z+ A)) since

N -1 A N—-1 NA
()= T e
N N -1 N N-1
Also, the factor 0; (+ (z + 1)) gives rise to simple poles
= —A+Nv, (v e A), (3.76)

which are canceled by the remaining 0; (z). Therefore we have confirmed the holomorphicity
of G@)(r,z).

(iii) IR behavior of G™(t,z) around t ~ ioo:
We next examine the IR behavior of G™)(z, z), which is defined by the half-spectral flow as

_ 1
G(NS)(LZ) = q¥yN_1G® (T,Z + ‘ ;_ ) . (3.77)

The first term of (3.71) is essentially equal to chg; ) (N —1,¢ = 0; 7,z), which is converted into

ch(()NS) (N —1,£ = N — 1; 7, z) by the half-spectral flow, yielding the IR behavior ~ q%.
On the other hand, the second term of (3.71) yields (up to phases)

92 -2 - I)A ra1
3() Z Z héNeszrza(Z)q w oy W (N)<£+1ar(N—1)(z+T))_

(=0 aeZy

The leading contribution obviously comes from the term of £ = 0, a = 0, which gives the IR
behavior
N—1)2 N-1

1_N-2,( N—-1
ST T TN =g 7,

~q
In this way, we find
G (z,2) ~ O(g" ), (T ~ ic0). (3.78)

In summary, we have shown that G® (t,z) should be a holomorphic weak Jacobi form with weight
0, index N — 1, and that it satisfies (3.78). This is enough to conclude that G® (t,z) = 0 because of
the lemma given in Appendix C. ([

3.4.2.  Considerations on the effective central charge
The above result for the elliptic genus of case 2 N' = 4 Liouville theory is summarized as

case 91(1— Z) -
2 = 35 b APV L 0V - 1)
=0 acZy

= (D" bW - 1,0;7,2). (3.79)

Namely, we claim that the elliptic genus of case 2 should be equal to the modular completion of the
N = 4 massless character ch(()i ) (N —1,0; 7,z) itself This has been suggested from the consideration
of the holomorphic anomaly (or the shadow) given in Sect. 3.1. It is similar to the case of the elliptic
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genus of NV = 2 Liouville theory (= SL(2)/U(1) supercoset), which is given only in terms of
modular completions of N' = 2 massless characters [14,17].

However, one might still ask: The holomorphic anomaly remains unchanged even if we add any
holomorphic Jacobi form with weight 0, index N — 1 to (3.79). How can we reject this possibility?
In the simplest case of N = 2, the absence of the holomorphic Jacobi form (x ¢ 1(7,z)) just means
the familiar fact of decoupling gravity in the noncompact models (see, e.g., Ref. [18]). However, for
the cases with N > 2, we have a number of holomorphic Jacobi forms, and the situation becomes
much more nontrivial.

To answer this question and confirm the validity of the above result (3.79), let us present a consid-
eration about the effective central charge mentioned before. We start with refining the c¢.; condition
(3.1) based on the affine SU (2) symmetry as the underlying structure of A" = 4 SCA, as we promised.
To show this, we expand the elliptic genus in the NS sector in terms of the angular variable y = e>7#
as

T+1
2

. 1
2090 =g TN 1z (r,z + ) =3 Z 0F +yHZ28(1). (3.80)

SEZ>(

Then, we obtain the constraint

_ Coff _ 0(0+2) ) {l—“+1>2}
e = R A e E R R
where £ = 0,1,...,N — 1 is defined by
¢ | 18k O0O=<|s|=N-2) (3.82)
N—-1, (sl=N-1)

In fact,

O ls|=¢<N-2:
The leading term contributing to ZS(NS) (t) is composed of the highest-weight state of spin £/2
of the bosonic SU (2) current j¢, and the NS vacuum of fermions. Thus, the condition (3.81) is
obviously satisfied.
o |s|>N—1:
The leading term contributing to ZS(NS) () is composed of the highest-weight state of spin NT_z
of j%, and the level > % state of fermions. We thus obtain the IR evaluation as
(N—=2N 1 cq_ N*—-1 cq
EVO~G ez e o
Therefore, the condition (3.81) is still satisfied.

Now, let us expand the holomorphic part of the elliptic genus in the NS sector in terms of N = 4
characters:

N-—1
282 =" arch§¥ N - 1,41,2)
£=0

N-=-2 N —2
+ Z > binch®™ (N —lLh=n+ T,j;r,z) . (3.83)
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Here, the holomorphic part Z}fgs)(r,z) has been defined so that it shows the same IR behavior as
ZM) (1, z) for each term of the y-expansions.®
It is easy to confirm that the constraint (3.81) requires that the conformal weight / of the massive
representations should satisfy the inequality
iG+2)  (N—1)
AR )"

h=h() == N (3.84)

. —1? . 2 . .
It is notable that the second term & 7 Nl) is equal to the mass gap % due to the linear dilaton.

On the other hand, the IR behavior of the NS massless character of isospin ¢/2 is evaluated as
€=0,...,N—1):

N—-1
v

h{V(N = 1,8;7,2) ~ g2 7, (t ~ i00). (3.85)

Thus, the constraint (3.81) implies

2 4 4N 4
— (l+1-N)*<

¢ N—-1 +1D?% 1
_(+)Jr >0,

0. (3.86)

That is, only the maximal spin massless representation £ = N — 1 is allowed.
Consequently, (3.81) implies that

Zu? () =ay 1 chfP (N =1L =N —1;7,2)

N-=2 N _2
+> > b,-,,,chWS)(N—1,h=n+T,j;f,z), (3.87)

J=0 neZso, h=h()

or, equivalently,
Ziase? (ﬁ)(t,z) = q ch(()i)(N —1,0=0;1,2)

N—1
N-1
+ Z > b}, ch® (N— 1,h=n+T,j;r,z). (3.88)
J=1 neZooh=h(—1)+1

The above result (3.79) is indeed consistent with this character expansion (3.88) (with vanishing
coefficients bj/.’n).

On the other hand, as shown in Ref. [2], any holomorphic Jacobi form can never be written in
the form (3.88); i.e., we need additional contributions from the massless characters with £ > 1, or
the massive characters with conformal weight “below the mass gap” 2 < h(j — 1) + %‘ in order to
construct a holomorphic Jacobi form. In this way, we conclude that there is no room for adding extra
holomorphic Jacobi forms to (3.79).

®In fact, the coefficients of massless characters a, can be uniquely determined from Z™9(z,z) by this
assumption, while the massive coefficients b;,, would not be necessarily unique. However, this ambiguity does
not affect the following discussions.
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3.4.3. Some remarks
We add a few remarks on the analyses in this subsection:

(i) It should be emphasized that case 2 is not equivalent to
SUQR)n/U(1) ® [N = 2 Liouville] , (3.89)
QZi(Nil)\/% Z.N —orbifold

which is a superconformal system of the type studied in Ref. [23]. The same value of linear
dilaton @ = —(N — 1)\/% is expected for our case 2, but the A/ = 2 Liouville potential does
not preserve the A/ = 4 superconformal symmetry except for the special case N = 2 (¢ = 2).
In fact, we have

_1)2 6
FOWN=DD (), 4ot 7y = 1(; )ZS) FNWO=D)(, g7, 2) (3.90)
127184

as suitable building blocks for the " = 2 Liouville theory with Q = —(N — l)\/% , which is
equivalent to the SL(2), _ N / U (1) supercoset. The elliptic genus of (3.89) is obtained as

(N—

_01(z,2) ® WV, (N=1)2) :
2(2) = -3 ZX{; ; ey 1420 (T2) F (41,07, —2), (3.91)
N

which is similar to (3.22). On the other hand, (3.79) can be rewritten as

case 2 9 (T’Z)
Z (T»Z):_iln(ﬂg Z Z h“+1+2a(r,z)

=0 acZy

(Nl)) —~

1
x Yo FNO-DD (g 41 a1, —2), (3.92)
T AeA/(IN—DA

where si’c) denotes the spectral flow operator defined by (A10). Stated physically, the Zy_1
orbifolding (or the Eichler—Zagier operator [24])

_ 1 ()
W(N - 1) = m Z Sy

AeA/(N—1)A

reduces the radius of the asymptotic cylindrical region of the A/ = 2 Liouville theory so as to
be compatible with the A” = 4 superconformal symmetry.

(i) An important consequence of the “c.; condition” (3.81), which physically means the normal-
izability of a spectrum, is the inevitable emergence of the holomorphic anomaly in Z%2(t,z)
as long as we require its good modular property.

It is also worthwhile to note the fact that the formulas of modular S-transformations of any
N = 4 superconformal characters in the R sector are schematically written as

[V = 4 character]|g = 4 chm € =0+ Z f [V = 4 massive character], (3.93)
h=h())
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where the coefficient 4 on the R.H.S. does not vanish when the character of the L.H.S. is any
massless character. Namely, we find the following facts for the representations on the R.H.S.
of (3.93):

© Only the £ = 0 massless character can appear.

© Only massive characters with conformal weight satisfying # > A(j) (“above the mass gap”)

appear.

These representations are precisely identical to those satisfying the condition (3.81). This feature
is indeed anticipated, since the modular invariant partition function (and thus the elliptic genus)
should only include the normalizable spectrum that contributes to the net degrees of freedom.

4. “Duality” in N’ = 4 Liouville theory and umbral moonshine

In the previous sections we studied two systems possessing N = 4 superconformal symmetry:

case 1: (¢ =2)

The elliptic genus is given as (3.22):

N-1
case 91(‘[’2) -
== 25 3 Y @ PN a2,

r=1 a€Zy

case 2: (¢ = 2(N — 1))
The elliptic genus is given as (3.79):

N-1
case 0 (T’Z) -
Zee(g, 7) = iln(r)3 > chf‘_)wzd(r,z)F(N)(r,a;z,(N— 1)z)

r=1 a€Zy

= (=" h® WV - 1,0;7,2).

As we have emphasized several times, these two A/ = 4 systems have the same degrees of freedom
even though the central charges differ from each other, and are expected to be dual in the sense of
the AdS3/CFT; correspondence. We can explicitly observe a very simple correspondence:

F(N)(v,a; 7,—z) for case 1 <«— I?(N)(v, a;t,(N — 1)z) for case 2. 4.1)

Now, we present some comments on the relation with the analyses on “umbral moonshine” [2—
4,25]. In Ref. [4], the authors studied (the holomorphic part of) the extension of (3.22) with general
modular coefficients determined by the simply laced root system X corresponding to each Niemeier

lattice. We have rank X = 24 by definition; let N be the Coxeter number of X. A Niemeier lattice is
explicitly expressed as

X = ]_[ X;, Z rank X; = 24, (4.2)
1 1

where each X; is the irreducible component of the root system possessing the common Coxeter
number N.
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We can schematically write

Z)[(&:Z](T,Z) = Z ansel()(i)(_[,z)

i

01(r,2)
=T in(t)3 Z Z Z Vz 5 © r,—ls,+2a (t,2) FM (51,0137, —2)

ri,si=1 a;€ln

01(7,2) ® ZWN) (¢
=Gy Z Z Ko (@) FM (5,051, —2) (4.3)

rs=1 ac€Zy

where /\/rXs denotes the modular invariant coefficients of SU (2) 5 _» associated with the simply laced

root system X;, and we set N X = =) M i. One may identify Z='X) (1, z) as the elliptic genus of

the ALE space associated w1th the simple singularity of type X;. In Ref. [4] it was suggested that the

root system X = [ [, X; should be identified as the geometrical data of various K3 singularities.
Since we assume rank X (z > rankXi) = 24, we can rewrite (4.3) as

2= (2, 2) = 2901 (1,2) — 91(5 ;) (), (4.4)

where 7% (7) is the completion of the mock modular form of weight 1,/2 characterized by the shadow

SN('E)

9 ~
\/f_zﬁhX(f) =

rer 1
rs 1

-3 an Z X SN (DS (T). (4.5)

This is derived from (4.3) with the help of the branching relation (3.27). (We recall that the space of
the weight 0, index 1 holomorphic Jacobi form is 1D and is spanned by ¢y 1).

Let us next consider the type-X generalization of (3.79), which is related to (4.3) via the “duality
correspondence” (4.1):

e=2(N— 01(t,z ~
=2l 7y = i;((r)s) Z 3 NE® @D FM s e, (V- D2, (4.6)

rs=1 a€Zy

Another useful realization of the duality correspondence is given as the natural extension of the
identity (3.35):

- 1
2¢7(,2) = 2001(7,2) +01(7,2)” 5=
2mi

_ 2
01(t,2)* 1 ?g dw eW=DGOw ZE=20D (47
n(t)® 873 J,—o w o(r,w)? X AT

N-2)G 2
% dw 8RO eawi-nl
w=0 w 91 (T,M))2 X ’

= 2¢0,1(7,2) +
where we have introduced the Weierstrass o-function (A6) in the second line. In fact, one can

straightforwardly confirm that the second term possesses the correct modular property and reproduces
the expected shadow (4.5) in a manner similar to the derivation of (3.35).
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Similarly to (4.4), the R.H.S. of (4.6) can be decomposed as

N 01(t,2)?
220D 5y = oy (x,2) — 117(r)3 Z o2z, 22)

201(1,2)2 =

in(t)36:(t,2z) Z

r=1

= ® y_(1,2) — AGCARICIVEY (4.8)

In the above expression, <I>{)( ~_1(7,2) 1s a weak Jacobi form of weight 0, index N — 1, which is

holomorphic with respect to z, but generically meromorphlc with respect to z. X, )(r z) is the
affine SU (2) character of level k, isospin £/2, and hi( (1) are the completions of vector-valued mock
modular forms of weight 1/2, whose shadow is given as

a ~ i — -
ozl () = BN N Ssv (@). (4.9)
Equation (4.9) again follows from the definition (4.8) and the identity (3.66).
We note a subtlety in the decomposition (4.8). hi( (7) is not necessarily determined only from
the shadow (4.9). This is in contrast to % () in (4.4), which is indeed determined uniquely. For

a sufficiently large NV, there exist nontrivial holomorphic weak Jacobi forms of weight 1, index N,

261 (z.,2)? [-]
in(t)361(z,22) ‘//

of (4.8), while subtracting the same function from the second term. We can thus modify hX (t) in
(4.8) while keeping the shadow (4.9) unchanged. To avoid this ambiguity, we should impose the

which we denote here by, say, ¥ (7,z). Then, we may add - v (T, 2) to the first term

optimal growth condition:

lim ¢ [ (r)‘ < o0, Mr=1,....N—1), (4.10)

T — 00
according to Ref. [3]. In fact, the above wl[_z\} (t,z) can be expanded by theta functions as

N-1
YINGED =) a (00 (r,22), (4.11)
r=1
and the holomorphic coefficients «,(7) cannot satisfy the condition (4.10) due to Theorem 9.7 of
Ref. [26]. Consequently, we can remove the ambiguity in the decomposition (4.8), and can determine
hi((‘l,’) as well as CD{){N_I (7,z) uniquely.
Now, substituting the decompositions (4.4), (4.8) into Eq. (4.7), we find

~ 1 N
W (1) = Z @M P, 0 = o 2 I @S, (4.12)
r=1

r=1

dw eN-DG(0)w? v

since the contour integral ¢ — TR @ y_1 (7, w) should be a holomorphic modular form
w  o(t,w ’

of weight 2, and thus vanishes.” This is the duality relation between the expansion coefficients of

7 We remark that the optimal growth condition is not necessary for the purpose of proving the identity (4.12).
N-1
In other words, the ambiguity of’h\f (7) mentioned above does not spoil this relation; Z a,(1) Xr(N 2(,0) =0

r=1

always holds for the coefficients o, (t) appearing in (4.11).
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massive representations of Z)[(E :2](r,z) and Z}?:Z(N_l)](r,z). In the case of Mathieu moonshine

o~ ~g24
(N=2,X= A%4), one has the self-dual situation hA%4(r) = hfl 1 (7). In general, holomorphic parts
of X () should reproduce the mock modular form of umbral moonshine on which the umbral group
Gy should act [2].

Let us discuss the relation of the present analysis to a closely related consideration given in Ref.

[4]. For this purpose it is convenient to introduce the meromorphic Jacobi form \Iif( v (T,2) with
weight 1, index NV defined by
in(t)*61(z,22) _y

\If{{N(‘E,Z) = W CD(),N_I(‘E,Z) E;[\(l)(t,z)CD{{N_l(t,Z), (4.13)

following Refs. [2,3]. Then, (4.8) can be rewritten as

N-1
-~ A:2 _ -~ _
Wy (1,2) = V(1,025 D@0+ 3 i (el ), 2), (4.14)

r=1

where the first and second terms on the R.H.S. correspond to the polar and finite parts in the
terminology of Refs. [2,3].

If X includes only the A-type components, our results are manifestly consistent with those given
in Ref. [4]. Namely, both the polar and finite parts in (4.14) (the “case 2 theory” with ¢ = 2(N — 1))
separately correspond to the first and second terms in (4.4) (the “case 1 theory” with ¢ = 2) under
the transformation given in Ref. [4]:

01(r, NV — Dz)01(r, Nz)

/
b H b := . b
1N (T,2) Pon2(T52) in(0)01(1.2) 1N (T,2)
1 2
= %0, (7,2) = N Z sy )"P(/)’NZ(T,Z/N)- (4.15)

AEA/NA

Here, we have denoted a (holomorphic or nonholomorphic) weak Jacobi form of weight w and index
d by the symbol “¢,, 4(7,2)”, and the second line is identified as the Eichler—Zagier operator YW(V)
(Zy orbifolding). In fact, the first term on the R.H.S. of (4.14) just becomes

2 500, (4.16)

) (7.5 Zle=20V-D)] _
f ( ’Z) ‘X (T,Z) N _ 1

by substituting the identity (3.70) into (4.6), and the map (4.15) converts (4.14) into the definition of
Z)[fzz](t,z) itself. (Recall the formula for the elliptic genus of the A/ = 2 minimal model (3.24).)
Furthermore, the correspondence of finite parts by (4.15) is found to be equivalent to the relation
(4.12) due to the branching relation (3.27). The fact (4.16) also implies that \Pf‘j v (7, 2) here coincides
with the “umbral Jacobi form” constructed in Ref. [3]. It is also obvious that (4.16) is consistent with
our duality relation (4.7) because of Eq. (3.35).

In the cases when X includes D- or E-type components, however, \I/{f v (T, 2) generally differs from
the umbral Jacobi form. Indeed, according to the explicit construction of the umbral Jacobi form
given in Ref. [3], it would contain n-torsion points with n|N created by the Eichler—Zagier operator
written schematically as

Wy = Z cW(ny).
ni|N
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On the other hand, \IJff ~(7,2), given above, possesses #'-torsion points with »’'|(N — 1), which is
inherited from the functions F™) (, a; T, (N — 1)z) in the expression (4.6).8

Nevertheless, if we replace \Ilf{ ~(t,2) with the umbral Jacobi form of Ref. [3] in the “elliptic
genus” Z )[(C =2(N_l)](r,z), the duality relation (4.7) is still satisfied, because the difference between
these meromorphic Jacobi forms just yields a vanishing contribution to the contour integral.

How about the correspondence (4.15)? Indeed, one can show that the claim of Ref. [4] still holds
even when we replace the umbral Jacobi form with II’{ ~(T,2). Namely,f(l) (T, Z)Z)[(é =2(N-D] (1,2)
and \I!ffN(t,z) still correspond to Z)[fzz](t,z) and 2K3(1,2) = 2¢,1(t,z) by the map (4.15), as
shown by the following arguments:

(1) It turns out that the finite part of (4.14) is mapped to that of Z )[(c =2 (t,z), and the relation (4.12)
still holds.

(ii) When considering the map (4.15), all the »’-torsion points included in \I’f{ v (t,2) are canceled
out with the zeros of the factor 6; (t, (N — 1)z).° We thus find that \IJff v (t,2) is always mapped
to the unique holomorphic Jacobi form a ¢ 1 (7,z) with some constant coefficient «.

(iii) This coefficient « is, however, just determined from the finite part so that the contribution of
“graviton representation” should be canceled out. In fact, it is straightforward to confirm that
(4.6) cannot include such a term after converting it into the ¢ = 2 system by the transformation
(4.15). This is quite similar to the argument given in Sect. 3.3.1 (see the discussions around

(3.44), (3.45)). On the other hand, the finite part of (4.6) is mapped to W(r)% as noted

above, yielding the # = 0 behavior ~ —%q_% in the NS sector as in (3.45). Therefore, the
cancellation of the graviton term implies that

24 N —1
o = —

. =2,
N -1 12

which completes the proof of our statement.

5. Discussions

We conclude that our ansatz (4.6) for Z)[f :2(N_1)](r,z) should reproduce the expected expansion
coefficients Zf () whose holomorphic parts give the coefficients of massive representations of
Mathieu and umbral moonshine. Therefore, we naturally consider that there are two world-sheet
descriptions of the moonshine phenomena based on the theories Z)[f =2l (t,z)and Z )[f =2N=Dl (1,2),
depending on the choice of SU(2)r symmetry. Mathieu moonshine sits at the self-dual point.

Our observation is related to Ref. [4] (and also to Ref. [25]). Without invoking the idea of duality,
the authors of Ref. [4] introduced a transformation rule between the corresponding Jacobi forms of
the two theories that seem to fit our results very well. A possible geometrical interpretation of the
umbral moonshine based on particular types of singular K3 is also discussed. As we briefly discussed
in Sect. 4, the correspondence (4.15) proposed in Ref. [4] is likely to be consistent with our “duality
relation” (4.7).

Some of the results in this paper appear correct by symmetry arguments (modularity, etc.) but
are not verified explicitly: We have not computed the holomorphic parts of functions ’i;i( except for

8 Such torsion points are canceled out in the cases when X is made up only of A-type components, as we
illustrated in Sect. 3.4.1.

® On the other hand, the n-torsion points appearing in the umbral Jacobi form are canceled out by the factor
01(t,Nz).
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in the case of Mathieu moonshine. In subsequent work we want to fill these gaps. We also mainly
discussed the 4A-type modular invariant and not the D and E types.

One should keep in mind that the Jacobi form CD())(’ ~—1(T,2) given here is at most meromorphic
except for the purely A-type models, since lIJff ~ (t,2) generally includes torsion points, as we have
mentioned. Consequently, it would be subtle whether one can strictly interpret Z )[(C =2V=Dl (t,z) as
the elliptic genus of a well-defined superconformal system. Of course, we have no such subtlety for
the “dual” ¢ = 2-realization (4.3) for an arbitrary X. We would like to further discuss this point in
future work.
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Appendix A. Notations and useful formulas

In this appendix we summarize the notations adopted in this paper and useful formulas related to
them. We assume that 7 = 71 + i1y, 72 > 0 and set ¢ := €*'7, y 1= ¥

Theta functions:

o0 o0
_ 2 _ . _
(r,2) =i Yy (=1)"q" VP22 = 2sin(rz)g /S [T — g™ (A —yg™ A =y~ g™,

n=—o0 m=1

o o
bo(r.z)= Y VD22 = dcos(nzyg B [ (1 - ")+ A +y7 g™,
n=—0oo m=1
o 5 o0
3(t,2) = Y ¢ = [[A =g +yg" A +y7 g,
n=—0o m=1
o0 ) o0
94(1’,2) = Z (_l)l’lqn /2.n = 1_[(1 o qm)(l _qu—l/Z)(l _y—lqm—l/z)‘
n=—o0 m=1
(A1)
o
Omi(r,2) = Y gFor 7 ko), (A2)
n=—o00
_ 1
el .2 = 5 [Oni(T,2) — Opi(t,—2)]. (A3)
We use the abbreviations 6;(t) = 6;(1,0) (01(tr) = 0), O, k(1) = Oy, 4 (1,0). We also set
o0
() =q¢">* [T - . (A4)

n=1

The spectral flow properties of the theta functions are summarized as follows:

m2
01(t,z +mr +n) = (—1)""g” Ty (1,2),
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m2
Or(t,z+mt +n) = (—1)"q” 7y "0s(z,2),
mz
93(‘[,2 +mt + l’l) = q_Ty_m93(T:Z)7

m2
Oa(t,z + mt +n) = (=1)"q" 7y "04(z,2),

Oui(T,2(z + mt + n)) = 27g = 2%kmg o (2,22) . (A5)

We introduce the Weierstrass o -function:

16,2 01(7,2)

o(t,z) :=e2 (o)
=:[1(1-3) et (A=A —{0)), (A6)
weN’

where G, (7) is the (unnormalized) second Eisenstein series:

1 1
Ga(7) = Z ﬁ—i_ Z ZW—+’1)2

neZ—{0} meZ—{0} neZ
2 o n
b4 nq
=—|1-24 . A7
3 [ > qn} (A7)
n=1
It is useful to note the anomalous S-transformation formula of G, (7):
1 2 .
Gy —— ) =1°Gyr(r) — 2mir. (A8)
T
We also set
~ b4
G (1) = Ga(r) — —, (A9)
2
which is a nonholomorphic modular form of weight 2.
Spectral flow operator(see also Ref. [24]):
s&'() f(r,2) == ezm%M(sz)f(r,z +2)
= q"“zyz"“ezmmﬂf(r,z +at + B),
A=at+8, "a,B €R). (A10)

An important property of the spectral flow operator sf\'c) is the modular covariance, which precisely

means the following:
Assume that f'(t,z) is an arbitrary function with the modular property

1z 2mikz? _a
f(t+1,2) =f(z,2), f —;,—):e Y f(1,2);

then, we obtain for YA € C

1 zZ K
si’c) fr+1,2)= si'() f(1,2), s(f) -f (—;, ;) — Amite e si'() f(1,2).
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Error functions:

Erf(x) := % /Ox e, (x € R), (A1)
Erfe(x) = % / et = 1 — Erf() x> 0). (A12)
T Jx

The next identity is elementary but useful:

1 e~V
sgn(v + 0) — Erf(v) = sgn(v + 0)Erfe(|v]) = — / dp ——— (v e R). (A13)
I JR—i0 p—w
Weak Jacobi forms:
The weak Jacobi form [24] for the full modular group I'(1) = SL(2,Z) with weight k(e Zx0)
and index (e %Zzo) is defined by the following conditions:
(1) modularity:

q)(at—i—b z

2 b
_ ATiriEg F o v r(1). Al4d
cr-i—d’cr—i—d) e +(ct +d)* ®(t,z2), ( - )6 (1) (Al14)

d
(ii) double quasiperiodicity:
(1,2 + mr +n) = (= D)2rm+m g=rm?,=2rm g (o 5y (A15)

In this paper, we shall use this terminology in a broader sense. We allow a half-integral index r,
and, more crucially, allow nonholomorphic dependence on t, while we keep the holomorphicity

with respect to z.!0

Appendix B. Derivation of Eqs. (3.39), (3.42), and (3.47)
In this appendix, we derive Egs. (3.39), (3.42), and (3.47).

Derivation of (3.39):
We start with the definition of H)(7) (3.37). Substituting (3.38) into (3.37), we obtain (A =
Zt + 7))

—%N{|A|2+2)—Lw+w2}

AN (1) = L% dw | wn(z)® o N=2)Ga(r)w? )3 e @D
272 Jo—o w2 | i601(1,2w) = A+w

It would be easiest to carry out this residue integral by introducing the Weierstrass o -function defined
in (A6). Namely,

— & N{IAP+2hw+w?

AN = f Dy 20 NG Yo £
W A4+w

37 2
871 Jy—o W o(t,2w) =

10 According to the original terminology of Ref. [24], the “weak Jacobi form” of weight k and index r
(k,r € Zs() means that ®(t,z) should be Fourier expanded as ®(t,z) = ZneZ>0 Y iy c(n, O)g"y", in
addition to the conditions (A14) and (A15). It is called the “Jacobi form” if it further satisfies the condition
c(n,0) =0 for"n, € s.t. 4nr — €% < 0.
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e—%N{I)\|2+2)_\W—|-W2}

_ ! y§ dw | 2w NGyrw? )3
8m3i J—o W2 | o(7,2w) = At+w
| dw 2 -
¢ LW N (A'=A-{0). (B2

Moreover, since we have

2w
=1+ 0wh,
aam L TOMD
due to (A6), (B2) just becomes
—ZN{AP+22w+w?} R
HM (1) = Ljﬁ dw ez L] 7§ AW NGy
8m3i J,mg W2 = A+w 8731 Jiymo W3
- 1 B 3 e—%N{|A|2+2iw+w2} +Na o
C 4x? | ow A+w 247
L ren w=0
i —Z NP
1 e ™ 2N ~
=5 _Z T{1+T—2|A|2}+Nc;2(r) . (B3)
AEN

We have thus obtained (3.39).

Derivation of (3.42):
We next evaluate the holomorphic part of (3.39) or (B3). Let us derive the expression of the

holomorphic function HY)(t) given in (3.42).
Recalling (3.28), the nonholomorphic part of Z<'(t,z) can be rewritten as

01(t,2)> ~

BN (V)=
e [FM
AH™ (7) = 21(7) i@o[ i, (2w) }

Azcasel(f,z) =

1 0
— 9 [y ) [—1]‘ . B4
2 9w [f W) =f =0 (B4)
Moreover, we note the formula
. — Z Nw?
-~ _ i e -1
FOw) =y = =37 | e | (BS)

LEA

where s&N) denotes the spectral flow operator (A10).
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Substituting (BS) into (B4), we obtain

1 0 e_%NWZ - e_5ew2
AHM (1) = — lim | — S(N)-
( ) 47‘[2 e—>+0 | ow Z/ A w
eA w=0
_ T A2 ]
N a e 2™ —1
ow w
w=0
— T N2
1 d Z V) e =2 aN
= — | — Ky [
472 | ow T ‘L’z
AEA w=0
1 9 —5e
e ©
— lim — sM
e—>+0 4772 dw Z A w
AEN w=0
A2
D S N
= -_—— —_— S  — —_—
472 | ow o w o
AEA w=0
P V|
)
e D 3D D UNE S e | R
m#0 neZ n#0 Ww=0

_T o2
Here, we have included the convergence factor e 2" to make the second line well-defined, and
the symbol “an” denotes the principal value defined in (3.41):

Zpan = hm Z(an—i-a n) s Z ay .=a0+z a,.

n#0 n#0

Then, by comparing (B6) with (B3), and recalling G, () = Ga(r)— rl’ we find that the holomorphic
2

part HN) (¢) = [?(N)(r) — AH®™ (7) is indeed given by Eq. (3.42).

Derivation of (3.47):

Finally, let us derive the formula given in the second line of (3.47) for the N = 2 case. To this end,
it is again convenient to make use of the o-function (A6). Substituting the identity (3.51) into the
first line of (3.47), we obtain

H(2)(T)

1 dw ()3 =21/2)
f v el Z0 0

27i —o W i01(t,w)
—%{Mlz—ﬂiw—i—wz}

% dw w le(‘L’)WZ Z (_1)m+n+mn e
= 873 _o w2 o(T,w) = At+w

{IA+20w+w?}

D
870 Jiymo W Ny A+w

87T3i w=0 W3
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{|)\.|2+2)\,W+W }

1 e 2’ 1~
- 1 m—+n-+mn .G
472 | w Z( ) A4 w +2 2(7)
LEA’ w=0
1 [ — A 1 2wim W 1~ i
— -1 m-+n-+mn 2r2\ o _ - -G
472 ;;:/( ) ¢ A2 + A o + 2 2(0)
1 [ _xpp( 1 2mim\ w1~ ]
- -1 m-+n-—+mn 2r2\ _ - -G . B7
= erA/( ) e 2t )t @ (B7)

In the last line, we made use of the identity

T2
> (e m M =g, (BS)
A=mt+neA

In fact,

_ 2 w2
Syt o S oy e

AEA mne2?Z  me2Z+1orne2Z+1
2142 _ T 32 211412
e {Ze M3
reEA reA rEA
_ 27152 _ 52
—2Y ZpP_ ~Y e 75 2.
rEA rEA

the last line vanishes due to the Poisson resummation with respect to both m and n.
To proceed further, we set

2 T 32
Al Im? =5k

2'[2 bl 2
g(T) — Z ( 1)m+n+mn e— - Z ( l)WH-n € ] (B9)
AEA’ LEA
Then, we obtain
ad N STYPRN 54 in 190 (n
— = — —1)mAntmn T 2 (L . B10
278® EA:,( ) ¢ 4 a2 207 \m (B10)

Here we have again used (BS). By the definition (B9), g(t) should be a nonholomorphic modular
form of weight 2 for I'(1). Thus g(t) is uniquely determined by (B10) as

1~
g(t)= EGz(T)' (B11)

Combining (B9), (B11) with (B7), we finally obtain

T | |2
~ 2wime 222
H(Z)(.[) — 5 Z ( 1)m+n+mn _|_ Gz(f) + -
T AeA’ A [
B T | |2
1 2rwime 22
=7 | 2 DT e —— 1+ G(D) | (B12)
AEA’

which is the second line of (3.47).
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Appendix C. A lemma for the weak Jacobi form

In this appendix, we present a simple lemma that is necessary for the proof of (3.70).

Lemma 1 Let @ (7, z) be any holomorphic weak Jacobi form of weight 0 and index d (€ Z-¢). Then,
d

the “NS counterpart” O (g, 7) = q4 yd ) (t,z + rTH) has the following behavior around 7 ~ ico

(for a generic value of z):

d

CD(NS) T, ~ CI’ - 5
(r,2) ~q P

=a=

(t ~ ic0). (C1)

Proof. The proof is straightforward. Let us recall that bases of holomorphic weak Jacobi forms
of weight 0 and index d(€ Z-.¢) consist of functions defined by

01(z,2) 2ng(1) 05(t,2) 2n6(2) 04(t,2) 214 (3)
P22 0 1 ( o) (oo ) ( ba() ) ’

ogES3

Dlnymyny) (T,0) = 1, Y(n1,nz,m3) € S, (C2)

with
SD = {(m,m,n3) € L5 m = my > n3 >0, ny +ny+n3 =d}. (C3)
Now, we define the NS counterpart of the function ¢, 4,43 (T, z) by the spectral flowz +— z+r2i1:

¢ T
¢((:1S,)nz,n3)(faz) = q‘*yd D(ny nan3) (‘L’,Z + —) .

Then, by using the evaluations around t ~ ico,

(94(T’Z))2~ _ <91(T,Z))2N ! (92(T’Z)>2~ i
62(7) E 63(7) . 04(1) q’

(ns)

(n1,m2,n3)

A=

we can easily find that the behavior of ¢ (t,z) becomes

1 d
o0 (7,z2) ~ gmamFimdn) q‘f(’“‘f), (t ~ ic0). (C4)

(n1,n2,n3)

Since we are assuming that ny + ny + n3 = d and n; > ny > n3 > 0, we find

d
— <n <d.
3= np <
Therefore, we obtain
d d )
¢é:1s,)nz,n3)(r’z) ~ 4" 4 =o= 12’ (T ~ io0), (C5)
forv(nl,nz,m) c S, O
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