
Prog. Theor. Exp. Phys. 2017, 023D02 (36 pages)
DOI: 10.1093/ptep/ptw188

Generalized weak-binding relations of
compositeness in effective field theory

Yuki Kamiya∗ and Tetsuo Hyodo
Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
∗E-mail: yuki.kamiya@yukawa.kyoto-u.ac.jp

Received July 15, 2016; Revised November 30, 2016; Accepted December 15, 2016; Published February 18, 2017

... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
We study the compositeness of near-threshold states to investigate the internal structure of exotic
hadron candidates. Within the framework of effective field theory, Weinberg’s weak-binding
relation is extended to more general cases by easing several preconditions. First, by evaluating the
contribution from the decay channel, we obtain the generalized relation for unstable quasibound
states. Next, we generalize the relation to include the nearby CDD (Castillejo–Dalitz–Dyson)
pole contribution with the help of the Padé approximant. The validity of the estimation with
the generalized weak-binding relations is examined by numerical calculations. A method to
systematically evaluate the error in the weak-binding relation is presented. Finally, by applying
the extended relation to �(1405), f0(980), and a0(980), we discuss their internal structure, in
comparison with other approaches.
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1. Introduction

The investigation of the internal structure of hadrons is one of the most fundamental subjects in
hadron physics. The discovery of many candidates for exotic hadrons, which are not assigned to
simple qq̄ mesons or qqq baryons, drives us to study their internal structure. One of the famous
candidates for such hadrons is the �(1405) resonance, whose mass is much lighter than the other
negative parity baryons [1]. Recently it has been considered that the K̄N composite component is
essential for the nature of �(1405) resonance [2–8]. Moreover many XYZ mesons, which are not
understood as simple cc̄ or bb̄ states, are observed in the heavy quark sector [9–11]. Specifying the
structure of these hadrons, we can acquire knowledge of strong interaction in the hadrons.

To investigate the hadron structure, a number of models have been constructed by reproducing the
experimental data. However, there is an ambiguity in identifying the structure in model-dependent
studies. When we construct a model to reproduce the experimental data, the contribution of the
degrees of freedom that are excluded from the model space is taken into account by the model
parameters. It is not clear whether the employed degrees of freedom are suitable, even when the
model reproduces the experimental data well [12,13].

In contrast, the internal structure is determined without ambiguity in model-independent
approaches in the weak-binding limit. One such method discusses the compositeness of the state with
the weak-binding relation, which is derived by Weinberg [14]. This relation implies that, neglecting
the correction terms, the compositeness of a weakly bound state is directly determined by exper-
imental observables, the scattering length and the eigenenergy. Using the weak-binding relation,
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it is shown that deuteron is a composite system of a proton and neutron without any assumption
of the nuclear force potential [14]. Hence, this is a suitable technique for studying the structure
of hadrons.

To apply this method to the candidates for exotic hadrons, we have to extend the weak-binding
relation to be more practical for various cases. First, because most of the exotic hadrons are unstable
and have a finite decay width, we need a relation valid for an unstable state. Several approaches in
this direction have been proposed. In Ref. [15], they extend Weinberg’s discussion by introducing
the spectral function and show that this function includes a measure of the admixture of the bare
state in the physical state. The multichannel case is discussed in Ref. [16]. In Ref. [17], Weinberg’s
weak-binding formula is directly applied to a resonance close to the lowest energy threshold in the
convergence region of the effective range expansion. On the other hand, a method to evaluate the
compositeness of hadron resonances away from the threshold has also been developed. In Ref. [18],
it is shown that the compositeness of s-wave states is expressed by the residue of the pole and
the derivative of the loop function based on the Yukawa model. A similar expression is obtained
in Ref. [19] for general partial waves using the wave function in the cutoff model. It is shown in
Ref. [20] that the compositeness of a resonance can be rigorously defined from the wave function
with general separable potentials. In Ref. [21], they show that a rank 1 projection operator can be
extracted from the residues of the pole of a resonance and suggest the quantity that can be interpreted
as a probability of compositeness.

Second, as already mentioned in Ref. [14], the weak-binding relation is not valid when the CDD
(Castillejo–Dalitz–Dyson) pole [22] lies near the threshold. The CDD pole is defined as the pole of
the inverse amplitude. It is considered that the existence of the CDD pole reflects the contribution that
comes from outside the model space [23]. Recently, the relation between the CDD pole position and
the compositeness has been discussed in detail in Ref. [24]. It is pointed out that the contribution of the
CDD pole nearby the π�c threshold energy may become important for the�c(2595) resonance [25].

Third, the weak-binding relations always contain higher-order correction terms, as we will see
below. Although the terms are small for the near-threshold states, they cause uncertainty in the
results of the weak-binding relations. For practical applications to the hadron structures, it is useful
to develop a method to estimate the uncertainties of the weak-binding relations that arise from the
correction terms.

In this paper, we directly extend the weak-binding relation to a near-threshold quasibound state
with a lower-energy decay channel and to a state with a nearby CDD pole based on the effective
field theory. In Sects. 2 and 3, we first present a detailed derivation of the results in Ref. [7], where
the weak-binding relation is extended to the quasibound state by using nonrelativistic effective field
theory [26,27]. We newly construct a method to estimate the error of the compositeness in the weak-
binding relations, both for stable and unstable states. Next, in Sect. 4, we consider the case that the
effective range expansion of the scattering amplitude does not converge well. The weak-binding
relation is then extended to this case by carefully considering two independent expansions in the
derivation. In Sect. 5, we discuss the validity of the estimation of the compositeness with origi-
nal and extended weak-binding relations in numerical model calculations. The model calculations
are also used to examine the method of error evaluation developed in Sect. 2. From these results,
we discuss the determination of the compositeness by the weak-binding relation, in comparison
with model calculations. Finally, as applications to the hadrons, we use the extended weak-binding
relations to discuss the structure of �(1405), f0(980), and a0(980). Conclusions are given in the
final section.
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2. Weak-binding relation for bound state
2.1. Effective field theory

First, we review the derivation of the weak-binding relation written in Ref. [7]. Here we consider
the structure of a stable bound state that appears in the s-wave scattering of two hadrons. We assume
that the typical range scale of the interaction is Rtyp and there is no long range force. We use the
nonrelativistic effective field theory (EFT) [26,27] to analyze the property of this system in the
low energy region. We introduce the fields ψ , φ, B0 whose quantum numbers correspond to those
of the hadrons in the scattering channel and the bound state, respectively. The Hamiltonian of the
nonrelativistic effective field theory for the low energy domain of this system is given as

H = Hfree + Hint =
∫

d3x(Hfree + Hint), (1)

Hfree = 1

2M
∇ψ†(x) · ∇ψ(x)+ 1

2m
∇φ†(x) · ∇φ(x)

+ 1

2M0
∇B†

0(x) · ∇B0(x)+ ω0B†
0(x)B0(x), (2)

Hint = g0

(
B†

0(x)ψ(x)φ(x)+ φ†(x)ψ†(x)B0(x)
)

+ v0ψ
†(x)φ†(x)φ(x)ψ(x), (3)

where � = 1. These fields are quantized by the appropriate commutation relations, [ψ(x),ψ†(x′)]± =
[φ(x),φ†(x′)]± = [B0(x), B†

0(x
′)]± = δ3(x − x′). In the low energy region, the details of the short

range interaction are not relevant and the system can be described by the contact interaction of Eq. (3).
To tame the ultraviolet divergence of the momentum integration, we use a sharp cutoff �, which
corresponds to the upper limit of the momentum where the description of the system by the contact
interaction is appropriate. Thus the cutoff � is related to the typical length scale of interaction Rtyp

as � ∼ 1/Rtyp.
Using Noether’s theorem for the phase symmetry of the corresponding Lagrangian, we obtain the

following conservation laws of particle numbers:

NI ≡ Nψ + NB0 = const., (4)

NII ≡ Nφ + NB0 = const. (5)

Here Nα = ∫
d3xα†(x)α(x) denotes the number of particle α. Now we consider the sector with

(NI, NII) = (1, 1) to discuss the scattering of ψ and φ. There are only two states with (NI, NII) =
(1, 1), {Nψ = 1, Nφ = 1, NB0 = 0} and {Nψ = 0, Nφ = 0, NB0 = 1}. The corresponding eigenstates
of Hfree are the scattering state |p〉 and the discrete state |B0〉 defined as

|p〉 ≡ 1√
Vp
ψ̃†(p)φ̃†(−p)|0〉, |B0〉 ≡ 1√

Vp
B̃†

0(0)|0〉, (6)

where the vacuum is defined as

ψ̃(p)|0〉 = φ̃(p)|0〉 = B̃0(p)|0〉 = 0 (for ∀ p), 〈0|0〉 = 1, (7)

with the annihilation operator α̃(p) = ∫
d3x exp(−ip · x)α(x) and the phase space of the system

Vp = (2π)3δ3(0). Here we take the reference frame in the center of mass system of the scattering
state. These eigenstates are normalized as 〈p|p′〉 = (2π)3δ3(p−p′), 〈B0|B0〉 = 1, and are orthogonal

3/36



PTEP 2017, 023D02 Y. Kamiya and T. Hyodo

to each other. Eigenenergies are given by

Hfree|p〉 = p2

2μ
|p〉, Hfree|B0〉 = ω0|B0〉. (8)

From particle number conservation, the completeness relation of this sector is written as

∫
d3p

(2π)3
|p〉〈p| + |B0〉〈B0| = 1. (9)

This is a model space equivalent to that used in Refs. [14,20]. In the present EFT formulation, the
definition of the discrete state |B0〉 is clear and the completeness relation Eq. (9) follows from particle
number conservation law. We also note that the contact interaction is of separable type . In contrast
to Ref. [20] where the separable nature of the interaction is an assumption, in the present study, the
contact interaction naturally arises to describe the low energy s-wave interaction.

2.2. Scattering amplitude

Next we construct the scattering amplitude of ψ and φ. For this purpose, we derive the effective
Hamiltonian with the discrete state being eliminated. We first write the Schrödinger equation for the
bound state as

H |
〉 = Eh|
〉, (10)

where Eh < 0 is the eigenenergy. Because the completeness relation of this sector is written as Eq.
(9), we can write |
〉 as the superposition of |p〉 and |B0〉:

|
〉 =
∫

d3p

(2π)3
χ(p)|p〉 + c|B0〉, (11)

where χ(p) = 〈p|
〉 and c = 〈B0|
〉 denote the weights of the scattering state and discrete state in
the bound state |
〉, respectively.

By using the Schrödinger equation (10) for 〈p|H |
〉 and 〈B0|H |
〉, the following relations between
χ(p) and c are derived:

χ(p)Eh = p2

2μ
χ(p)+ v0

∫
d3p′

(2π)3
χ(p′)+ cg0, (12)

cEh =
∫

d3p′

(2π)3
χ(p′)g0 + cω0. (13)

Eliminating c from these relations, we obtain following equation for χ(p):

p2

2μ
χ(p)+ v(Eh)

∫
d3p′

(2π)3
χ(p′) = Ehχ(p), (14)

v(E) = v0 + g2
0

E − ω0
. (15)
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Here v(E) denotes the effective interaction for the scattering state |p〉, which includes the contribution
of the transition to the discrete state |B0〉. Now we introduce the effective Hamiltonian as

Heff (E) = H0 + V (E), (16)

H0 =
∫

d3p

(2π)3

[
p2

2M
ψ̃†(p)ψ̃(p)+ p2

2m
φ̃†(p)φ̃(p)

]
, (17)

V (E) =
∫ 4∏

i=1

d3pi

(2π)3
(2π)3δ3( p1 + p2 − p3 − p4)v(E)ψ̃

†( p1)φ̃
†( p2)φ̃( p3)ψ̃( p4). (18)

For this Hamiltonian, the Schrödinger equation is written as

Heff (Eh)|
B〉 =Eh|
B〉, (19)

|
B〉 =
∫

d3p

(2π)3
χ( p)|p〉. (20)

Expanding the eigenstate as in Eq. (20), we can derive Eq. (14) from Eq. (19). The eigenenergy and
the wave function χ( p) of this new Schrödinger equation (19) are equivalent to the original ones.

Next we derive the scattering amplitude using Eq. (16). The T operator T (E) satisfies the following
Lippmann–Schwinger equation:

T (E) = V (E)+ V (E)
1

E − H0 + i0+ T (E). (21)

The effective interaction V (E) in Eq. (18) leads to 〈p′|V (E)|p〉 = v(E), which is indepen-
dent of the initial and final momenta. Thus the matrix element T (E; p; p′) = 〈p|T (E)|p′〉 is a
function of the energy E. The Lippmann–Schwinger equation of the on-shell T matrix t(E) =
T (E; p; p′)|E=p2/(2μ)=p′2/(2μ) is then given by

t(E) = v(E)+ v(E)G(E)t(E), (22)

G(E) ≡
∫

d3p

(2π)3
1

E − p2/(2μ)+ i0+ , (23)

where G(E) is the loop function whose ultraviolet divergence is tamed by the cutoff �. This
Lippmann–Schwinger equation can be solved algebraically as

t(E) = 1

v−1(E)− G(E)
. (24)

Because there has been no approximation in the above derivation, Eq. (24) is the exact solution of
the two-body scattering problem.

With this solution of the T matrix, the scattering amplitude F(E) = −(μ/2π)t(E) can be written as

F(E) = − μ

2π

1

[v(E)]−1 − G(E)
. (25)

Because the bound state is expressed as the pole of the scattering amplitude, the condition of the
bound state is given by

[v(Eh)]−1 − G(Eh) = 0. (26)
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We can also write down the scattering length as

a0 = μ

2π

1

[v(0)]−1 − G(0)
, (27)

where we define a0 = −F(0).

2.3. Compositeness

We normalize the bound state |
〉 with the following condition:

〈
|
〉 = 1. (28)

The completeness relation (9) indicates that the sum of the projections to the scattering state |p〉〈p| and
to the discrete state |B0〉〈B0| equals 1. We define the compositeness X (the elementariness Z) as the
sum of the projections to the scattering state (the projection to discrete state) in the normalization (28):

X ≡
∫

d3p

(2π)3
〈
|p〉〈p|
〉 =

∫
d3p

(2π)3
|χ( p)|2, (29)

Z ≡〈
|B0〉〈B0|
〉 = |c|2. (30)

With Eq. (28), we obtain the sum rule:

X + Z = 1. (31)

By definition X , Z ≥ 0, then the values of X and Z satisfy

X , Z ∈ [0, 1]. (32)

Equations (31) and (32) ensure that we can consider X and Z as the probabilities of finding the
scattering states and the discrete state in the bound state, respectively.

Using Eqs. (13), (14), and (15) to determine χ( p) and c, then X and Z can be written as

X = −|α|2v2(Eh)G
′(Eh), Z = −|α|2v′(Eh), α ≡

∫
d3p

(2π)3
χ( p), (33)

where A′(E) denotes the derivative of the function A(E)with respect to E. Eliminating α, by Eq. (31),
we obtain

X = G′(Eh)

G′(Eh)− [1/v(Eh)]′
, Z = − [1/v(Eh)]′

G′(Eh)− [1/v(Eh)]′
. (34)

Let us consider the cutoff dependence of the compositeness. The effective field theory universally
describes the physics in the low energy region, and the contribution from the short range interaction
of the microscopic theory is represented by the cutoff scale. The quantities that cannot be observed
by experiments, such as the wave function χ( p), can depend on the cutoff. Hence the compositeness
determined by the wave function in Eq. (29) is in general a cutoff-dependent quantity.

Now we discuss the role of the discrete state B0 in the EFT. When the scattering channel ψφ does
not couple to the discrete state (g0 = 0), the effective interaction v(E) has no energy dependence.
In this case [1/v(Eh)]′ in Eq. (34) becomes 0 and thus X = 1 definitely. If we introduce more
general effective theories with two or more discrete states, the channels other than the scattering
state contribute to the energy-dependent term of the effective interaction V (E). In our effective field
theory Eq. (1), these contributions are represented by the discrete state B0.
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2.4. Weak-binding relation

Next assuming the binding energy of the eigenstate −Eh is small, we derive the weak-binding relation
for the scattering length and compositeness [14,20]. We define the radius R of the wave function as

R ≡ 1√−2μEh
. (35)

A weak-binding condition corresponds to R 
 Rtyp with the interaction range Rtyp. Using Eqs. (34)
and (26) to expand the scattering length a0 in Eq. (27) around E = Eh, we find

a0 = μ

2π

[
EhG′(Eh)

X
+�v−1 −�G

]−1

, (36)

�v−1 ≡
∑
n=2

1

n!
dnv−1

dEn

∣∣∣∣
E=Eh

(−Eh)
n, �G ≡

∑
n=2

1

n!
dnG

dEn

∣∣∣∣
E=Eh

(−Eh)
n. (37)

The loop function G(E) is written as

G(E) = μ

π2

[
−�+√

2μE arctanh
(

�√
2μE

)]

= μ

π2

[
−�− i

2
π
√

2μE + 2μE

�
+ (2μE)2

3�3 + · · ·
]

. (38)

Using this equation, we obtain

G′(Eh) = − iμ3/2
√

8π

1√
Eh

+ 2μ2

π2�
+ 8μ3Eh

3π2�3 + · · ·

= μ

4πEhR

{
1 + O

(
Rtyp

R

)}
, (39)

dnG

dEn

∣∣∣∣
E=Eh

= −(2n − 3)!!
(−1

2

)n+1 iμ3/2
√

2π
E−(2n−1)/2

h

[
1 + O

((
Rtyp

R

)2n−1
)]

, (40)

�G =
∑
n=2

1

n!
dnG

dE

∣∣∣∣
E=Eh

(−Eh)
n

= μ

2πR

∑
n=2

(2n − 3)!!
n!2n

[
1 + O

((
Rtyp

R

)2n−1
)]

= μ

4πR

[
1 + O

(
Rtyp

R

)]
. (41)

We note that the leading term of �G comes from the nonanalytic term
√

2μE in Eq. (38).
Now we consider the estimation of �v−1 in Eq. (36). With the phase shift δ(p) and the eigen-

momentum p = √
2μE, the s-wave scattering amplitude f (p) can be generally expressed as

f (p) = 1

p cot δ − ip
, (42)

where p cot δ is an analytic function of p2. In the present formulation, the term −ip is included
in G(E), so the function v−1(E) must be regular in E = p2/(2μ). In the low energy region, the
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scattering amplitude is well approximated by the effective range expansion (ERE) as

f (p) = 1

− 1
a0

− ip + re
2 p2 + O(R3

eff p4)
, (43)

where re is the effective range and Reff is the length scale characterizing this expansion. The expansion
�v−1 in Eq. (36) starts from E2

h , which is included in the term O(R3
eff p4) in Eq. (43) at E = Eh.

Now we assume the length scale of the ERE is smaller than the interaction range, Reff � Rtyp. In
the weak-binding limit Rtyp/R � 1, R must satisfy (Reff /R)3 � 1. This assumption indicates that
O(R3

eff p4) is negligible and the bound state pole position is in the convergence region of the ERE.
Because the order of �v−1 is estimated as O(R3

eff p4), in the present case we obtain

�v−1 = μ

R
O
((

Rtyp

R

)3
)

. (44)

Using Eqs. (39), (41), and (44), the scattering length (36) can be estimated as

a0 = μ

2π

{
μ

4πXR
+ μ

4πR
+ μ

R
O
(

Rtyp

R

)}−1

= R

{
2X

1 + X
+ O

(
Rtyp

R

)}
. (45)

As seen from the first term of the right-hand side, the leading term of the expansion of the scattering
length in Rtyp/R is determined only by the compositeness X . The second term represents the higher-
order corrections and explicitly depends on the cutoff� ∼ 1/Rtyp. Neglecting the correction terms,
the compositeness X can be calculated from only the experimental observables a0 and Eh.

Here we note that the compositeness X can be determined from observables, which are independent
of the cutoff, only in the weak-binding limit. In general, however, the compositeness in Eq. (34)
depends on the cutoff. In the expression of Eq. (45), this cutoff dependence of X is canceled out by that
of the correction term O(Rtyp/R) and the ratio of the observables a0/R remains cutoff independent.
When the higher-order term O(Rtyp/R) is small and can be neglected, the cutoff dependence of
the compositeness can also be neglected. In this case we determine X from only the experimental
observables.

Up to this point, we have derived the weak-binding relation of Ref. [14] using the nonrelativistic
EFT. In the next section, we extend this relation to the unstable quasibound state. In Sect. 4, we
consider again the assumption on the ERE for Eq. (44) in detail and derive the extended weak-binding
relation that is valid even when the ERE does not work well.

2.5. Error evaluation of compositeness

In the actual applications to near-threshold hadrons, the magnitude of the higher-order term
O(Rtyp/R) can be small but finite. Here we develop a systematic method to estimate the uncertainty
of the compositeness that comes from the higher-order term.

With the weak-binding relation (45), the compositeness X can be written as

X = a0/R + O(Rtyp/R)

2 − a0/R − O(Rtyp/R)
. (46)

As discussed above, the magnitude of the higher-order term O(Rtyp/R) cannot be determined from
the observables because it is a model-dependent quantity. To estimate the uncertainty of X with the
higher-order terms, we define

ξ ≡ Rtyp/R > 0. (47)
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In the application to hadrons, Rtyp is determined by the lowest mass of the meson mediating the
interaction as Rtyp = 1/mtyp. In specific model calculations, Rtyp can be determined, e.g., by the
spatial extent of the potential, or by the inverse of the momentum cutoff. Using this quantity ξ ,
together with the observables a0 and Eh, we determine the upper and lower boundaries of the
compositeness as

Xu = a0/R + ξ

2 − a0/R − ξ
, Xl = a0/R − ξ

2 − a0/R + ξ
. (48)

Namely, the uncertainty band of the compositeness is estimated by Xl < X < Xu. We examine the
validity of this error evaluation using solvable models in Sect. 5.

3. Weak-binding relation for the quasibound state
3.1. Effective field theory

In this section, we extend the weak-binding relation to the quasibound state, which has a decay
mode. In the first part of this section, we show the detailed derivation of the extended weak-binding
relation written in Ref. [7]. We consider the coupled channel system with two scattering channels
(channel 1 and channel 2) and a discrete channel. There exists an unstable quasibound state near the
threshold of channel 1, which can decay into channel 2. As in Sect. 2 we assume that the interaction
is of short range with typical length scale Rtyp.

We consider the nonrelativistic EFT with the field ψi, φi, and B0 whose quantum numbers are
the same as those of the hadrons of channels i = 1, 2 and the quasibound state, respectively. The
Hamiltonian is given as

H = Hfree + Hint =
∫

d3x(Hfree + Hint), (49)

Hfree =
∑
i=1,2

1

2Mi
∇ψ†

i (x) · ∇ψi(x)+
∑
i=1,2

1

2mi
∇φ†

i (x) · ∇φi(x)+ 1

2M0
∇B†

0(x) · ∇B0(x)

− ωψψ
†
2 (x)ψ2(x)− ωφφ

†
2(x)φ2(x)+ ω0B†

0(x)B0(x), (50)

Hint =
∑
i=1,2

g0,i

(
B†

0(x)ψi(x)φi(x)+ φ
†
i (x)ψ

†
i (x)B0(x)

)
+

∑
i,j=1,2

v0,ijψ
†
j (x)φ

†
j (x)φi(x)ψi(x),

(51)

where g0,i and v0,ij are the coupling constants of three- and four-point interactions, respectively.
Using Noether’s theorem, the following particle numbers are conserved:

NI ≡ Nψ1 + Nψ2 + NB0 , (52)

NII ≡ Nψ1 − Nφ1 , (53)

NIII ≡ Nψ2 − Nφ2 . (54)

From now on, we consider the sector of NI = 1, NII = NIII = 0, which contains the scattering states
of channel i = 1, 2 and the discrete state of B0. Corresponding eigenstates of the free Hamiltonian
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are given by

|pi〉 ≡ 1√
Vp
ψ̃

†
i ( p)φ̃†

i (−p)|0〉 (i = 1, 2), (55)

|B0〉 ≡ 1√
Vp

B̃†
0(0)|0〉, (56)

where we define the vacuum |0〉 as in Eq. (7). These states are again normalized and orthogonal to
each other. The eigenenergies are p2/(2μi) − ωδi,2 and ω0, where we define the reduced mass of
channel i as μi = Mimi/(Mi + mi) and ω ≡ ωψ +ωφ . The threshold energies of channel 1 and 2 are
at E = 0 and E = −ω, respectively. From the particle number conservation laws, the completeness
relation of this sector is

∑
i=1,2

∫
d3p

(2π)3
|pi〉〈pi| + |B0〉〈B0| = 1. (57)

3.2. Scattering amplitude

Next we derive the scattering amplitude of the ψ1φ1 channel. As in Sect. 2, from the coupled-
channel Schrödinger equation, we derive the effective single-channel equation for the wave function
in channel 1. The effective interaction, which includes the contribution of scattering state 2 |p2〉 and
discrete state |B0〉, is given by

veff
1 (E) ≡ v11(E)+ v2

12(E)

[G2(E)]−1 − v22(E)
, (58)

vij(E) ≡ v0,ij + g0,ig0,j

E − ω0
, Gi(E) ≡

∫
d3p

(2π)3
1

E − p2/(2μi)+ δi,2ω + i0+ . (59)

The Lippmann–Schwinger equation for channel 1 becomes

t(E) = veff
1 (E)+ veff

1 (E)G1(E)t(E). (60)

Solving this equation, we obtain the T matrix t(E) and the scattering amplitude F(E) of channel 1 as

t(E) = 1

[veff
1 (E)]−1 − G1(E)

, F(E) = −μ1

2π

1

[veff
1 (E)]−1 − G1(E)

. (61)

The pole condition is given by

[veff
1 (Eh)]−1 − G1(Eh) = 0, (62)

where Eh denotes the eigenenergy. From now on, we consider an unstable eigenstate |
QB〉 with
complex Eh, which follows the Schrödinger equation:

H |
QB〉 = Eh|
QB〉, (63)

|
QB〉 =
∑
i=1,2

∫
d3p

(2π)3
χi( p)|pi〉 + c|B0〉. (64)
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The scattering length of channel 1, a0 = −F(0), becomes

a0 = μ1

2π

1[
veff

1 (0)
]−1 − G1(0)

. (65)

The scattering length is in general complex, because veff
1 (E) contains G2(E), which is complex at

E = 0.

3.3. Compositeness

The unstable state cannot be normalized by the ordinary condition Eq. (28). To normalize the
eigenstate |
〉, here we introduce the Gamow state [28,29] defined as

|
̃〉 ≡
∑
i=1,2

∫
d3p

(2π)3
χ∗

i ( p)|pi〉 + c∗|B0〉. (66)

Then the normalization condition is given by

〈
̃|
〉 =
∑
i=1,2

∫
d3p

(2π)3
χ2

i ( p)+ c2 = 1. (67)

With the completeness relation Eq. (57), we define the compositeness Xi ( the elementariness Z) as
the sum of projections to the scattering state |pi〉 (the projection to the discrete state |B0〉):

Xi ≡
∫

d3p

(2π)3
〈
̃|pi〉〈pi|
〉 =

∫
d3p

(2π)3
χ2

i ( p), Z ≡ 〈
̃|B0〉〈B0|
〉 = c2, (68)

where Xi and Z are complex because the weight χi( p) and c are complex numbers in general. With
the normalization condition Eq. (67), we obtain the sum rule for Xi and Z :

X1 + X2 + Z = 1. (69)

Unlike the bound state case, we cannot consider complex Xi and Z as the probabilities because they
do not satisfy condition (32). We will discuss the interpretation of complex Xi and Z in Sect. 3.5.
In the rest of this subsection, we derive an expression for the compositeness with the experimental
observables.

From the Schrödinger equation for the quasibound state, we obtain

χi( p) = 1

Eh − p2/(2μi)+ δi,2ω

∑
j

vij(Eh)αj,

c =
∑
i=1,2

g0,i

Eh − ω0
αi, αi ≡

∫
d3p

(2π)3
χi( p), (70)

which ensure that Xi and Z are written as

Xi = −G′
i(Eh)β

2
i , Z = −

∑
i,j

Gi(Eh)v
′
ij(Eh)Gj(Eh)βiβj, βi ≡

∑
j

vij(Eh)αj. (71)

As we see in the next subsection, X1 can be model-independently determined but the individual
contributions of X2 and Z cannot be determined in the weak-binding limit. Eliminating β1 from
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Eq. (71) with Eq. (69), we can write X1 using the effective interaction and the derivative of the loop
function of channel 1:

X1 = G′
1(Eh)

G′
1(Eh)− [

1/veff
1 (Eh)

]′ . (72)

We note that this representation can be obtained with replacements G → G1 and v → veff
1 in Eq. (34).

3.4. Weak-binding relation

Here we consider the case that the eigenenergy lies near the threshold energy of channel 1 and far from
that of channel 2. In this case, we can derive the weak-binding relation between the compositeness
of channel 1 and the observables.

As in Eq. (35), we define the quantity R as

R = 1√−2μ1Eh
. (73)

In contrast to the bound state case, R is now complex. In addition, there is another length scale l
related to the difference between the threshold energies ω as

l ≡ 1√
2μ1ω

. (74)

Because l is determined by the kinematics of the system, it is independent of the interaction range
Rtyp. In the weak-binding limit, the absolute value of Eh is so small that R is much larger than the
interaction range Rtyp and the length scale l: |Rtyp/R| � 1, |l/R| � 1.

Expanding the scattering length in Eq. (65) by 1/|R| using Eqs. (72) and (62), we obtain

a0 = μ1

2π

{
EhG′

1(Eh)

X1
+�

[
veff

1

]−1 +�G1

}−1

, (75)

where �
[
veff

1

]−1
and �G1 are the higher-order terms of the expansion as in Eq. (37). The terms

G′
1(Eh) and �G1 are estimated as in Eqs. (39) and (41), respectively. Thus the term in Eq. (75) that

we have to estimate is �
[
veff

1

]−1
.

By assuming again that the eigenstate pole is in the convergence region of the effective range
expansion, the expansion of�

[
veff

1

]−1
starts from E2

h . Thus the leading terms of�
[
veff

1

]−1
must be

�
[
veff

1

]−1 ∝ 1

R4 . (76)

From Eq. (58), the explicit expression of [veff
1 (E)]−1 is given as

[
veff

1 (E)
]−1 = 1 − G2(E)v22(E)

(1 − G2(E)v22(E)) v11(E)+ G2(E)v2
12(E)

, (77)

which includes the contribution from the decay channel through G2. From this expression, we find
that�

[
veff

1

]−1
includes higher derivatives of vij(E) or G2(E). The derivatives of vij(E) are estimated
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as (Rtyp/R)n. The higher derivatives of G2(E) are written as

G2(E) =μ2

π2

[
−�+√

2μ2(E + ω) arctanh
(

�√
2μ2(E + ω)

)]

=μ2

π2

[
−�− iπ

2

√
2μ2(E + ω)+ 2μ2(E + ω)

�
+ (2μ2(E + ω))2

3�3 + · · ·
]

, (78)

En
h

dnG2

dEn (Eh) =μ2

π2

[
iπ
(−1)n−1 (2n − 3)!!

2n+2

√
2μ2

En
h

(Eh + ω)(2n−1)/2
+ (2μ2Eh)

n

�2n+1 (1 + · · · )
]

=μ1

R

[
O
((

l

|R|
)2n−1

)
+ O

((
Rtyp

|R|
)2n−1

)]
, (79)

with the assumption μ2/μ1 ∼ O(1).1 Thus we can obtain the following expression for �
[
veff

1

]−1
:

�
[
veff

1

]−1 =
3∑

n=0

μ1

R
O
(

Rn
typl3−n

|R|3
)

. (80)

We note that, in contrast to the expansion of G(E) in Eq. (41), G2(E) can be safely expanded due to
the presence of the energy difference ω. By substituting this into Eq. (75), the weak-binding relation
for the quasibound state is derived as

a0 = μ1

2π

{
μ1

4πX1R
+ μ1

4πR
+ μ1

R
O
(∣∣∣∣Rtyp

R

∣∣∣∣
)

+μ1

R

[
O
(∣∣∣∣Rtyp

R

∣∣∣∣
3
)

+ O
(∣∣∣∣Rtyp

R

∣∣∣∣
2
)

O
(∣∣∣∣ l

R

∣∣∣∣
)

+ O
(∣∣∣∣Rtyp

R

∣∣∣∣
)

O
(∣∣∣∣ l

R

∣∣∣∣
2
)

+ O
(∣∣∣∣ l

R

∣∣∣∣
3
)]}−1

= R

{
2X1

1 + X1
+ O

(∣∣∣∣Rtyp

R

∣∣∣∣
)

+ O
(∣∣∣∣ l

R

∣∣∣∣
3
)}

. (81)

The first and second term take the same form as that in the weak-binding relation for the bound state.
The contribution from the decay channel is expressed by the third term, which can be neglected
when the eigenstate satisfies |l/R|3 � 1. By neglecting this term, this relation reduces to the same
form as Eq. (45). When |R| is large enough to neglect the second and third terms in Eq. (77), the
compositeness X1 of the quasibound state can be determined only by the observable quantities. The
conclusion is valid not only for the quasibound state with Re Eh < 0 but also for that with Re Eh > 0
because we have not assumed the sign of Re Eh in the above derivation.

Thus, as in the stable bound state case, the compositeness of the quasibound state with small Eh

can be model-independently determined by the experimental observables. But unlike the bound state
case, the compositeness is obtained as a complex number.

3.5. Interpretation of complex compositeness

Now we discuss the interpretation of the complex compositeness, utilizing some concrete examples.
Because we can determine the quantity X1 model-independently from the relation Eq. (81), we write
X = X1 and Z = 1 − X1 from here on.

1 It is a basic assumption in EFT that there is no accidental fine tuning that causes an order difference in the
parameters.
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Table 1. Examples of the values of X and Z , and the corresponding values of X̃ , Z̃ , U with Eq. (82).

Case X Z X̃ Z̃ U

I 0.8 − i0.2 0.2 + i0.2 0.8 0.2 0.1
II 1.8 − i0.1 −0.8 + i0.1 1.0 0.0 0.8
III 0.8 − i0.9 0.2 + i0.9 0.6 0.4 0.6

For the bound state, the compositeness defined with Eq. (29) is a real number. With the two
relations (31) and (32), we can interpret this quantity as the probability of finding the composite
component. On the other hand, for the unstable state, condition (32) is not satisfied. So we cannot
interpret the complex X as a probability.

To illustrate the problem, let us introduce three examples of compositeness. Suppose that we
obtain the compositeness of a quasibound state X = 0.8 − i0.2 (case I), X = 1.8 − i0.1 (case II)
and X = 0.8 − i0.9 (case III). The corresponding values of Z are summarized in Table 1.

In previous works, several interpretations of complex compositeness are proposed. For example,
the absolute value of X is considered as a probability in Ref. [19]. With this method, however, |X |
becomes larger than unity when the cancelation in X +Z is large, as in cases (II) (|X | = 1.8) and (III)
(|X | = 1.2).2 In Ref. [30], it is claimed that the real part of X can be considered as an amount of the
composite component based on the relation Re X + Re Z = 1. In this prescription, Re

∫
d3pψ( p)2

for case (II) would be negative, so as studied in Ref. [30], this cannot be taken as a probability.
We now analyze the examples in more detail. For case (I), the real part satisfies 0 < Re X < 1

and the imaginary part is small. For cases (II) and (III), there is a large cancelation in the sum of the
real part and imaginary part to satisfy the sum rule of X + Z = 1. This difference may be attributed
to the magnitude of the decay width of the quasibound state. When the quasibound state has a small
decay width, its wave function is expected to be similar to that of a bound state [20]. In this case, the
value of the compositeness should be similar to the bound state case. The probability of finding the
scattering state in the quasibound state in case (I) is then expected to be ∼ 80%. Hence the structure
of the narrow width state is reflected in X and Z . On the other hand, for cases (II) and (III), the
corresponding bound state wave function does not exist. Therefore we cannot discuss the internal
structure of the eigenstate from complex X , in contrast to case (I).

In Ref. [7], we introduced the new real quantities X̃ , Z̃ and U based on this observation. To interpret
X̃ and Z̃ as the probabilities of finding the scattering state and the other state, the following conditions
should be satisfied:

Condition (1) X̃ , Z̃ ∈ [0, 1];
Condition (2) X̃ + Z̃ = 1.

As we can see from the above examples, a reasonable interpretation is not always guaranteed. When
the amount of the cancelation in X +Z is large, the probabilistic interpretation is not appropriate. Only
when the cancelation is small can we use the probabilistic interpretation. To measure the uncertainty

2 In Ref. [21], it is argued that |X | < 1 holds if the Laurent series around the resonance pole converges in a
region of the real axis. As we will show below, the difference between |X | and X̃ we propose becomes small
in the narrow width limit, and we have the condition X̃ < 1 by definition. This is in accordance with Ref. [21]
because the convergence of the Laurent series can be justified in the narrow width limit.
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Fig. 1. Geometric illustration of X̃ , Z̃ , and U defined in Eq. (82).

of the interpretation, we introduce the quantity U , which satisfies the following conditions:

Condition (3) When there is no cancelation in X + Z , then U = 0, X̃ = X , and Z̃ = Z ;
Condition (4) U increases as the cancelation in X + Z becomes large.

We define these three quantities as

X̃ ≡ 1 − |Z | + |X |
2

, Z̃ ≡ 1 − |X | + |Z |
2

, U ≡ |Z | + |X | − 1, (82)

which can be calculated from X and Z .3 From the triangle inequalities |X |+ |Z | ≥ 1, |X |+ 1 ≥ |Z |,
and |Z | + 1 ≥ |X |, we can verify that the quantities X̃ , Z̃ , and U satisfy the four conditions. A
geometric illustration of the definition of these quantities is given in Fig. 1. The relation X + Z = 1
can be expressed in the complex plane as (Re X , Im X ) + (Re Z , Im Z) = (1, 0). In this figure, we
can regard U as the difference between |X | and 1 − |Z | on the real axis. The quantity X̃ = 1 − Z̃ is
defined by taking the middle point of (|X |, 0) and (1−|Z |, 0). From this observation, it is reasonable
to consider ±U/2 as the uncertainty of the probability X̃ . We emphasize that this uncertainty comes
from the complex nature of the expectation values of the unstable particle. We thus call U/2 the
uncertainty of the interpretation. We show these quantities for the examples of X in Table 1. For
case (I), U is small enough to regard the value of X̃ = 0.8 as a probability, which implies the
structure is dominated by the composite state. For the other cases, U/2 is larger than 1/2 and the
large uncertainty prevents us from employing the probabilistic interpretation. In this way, we can
quantitatively discuss the structure of the unstable states by this interpretation with X̃ and U .

We note that Eq. (82) is not the only definition to satisfy the above four conditions. For example,
another definition is proposed in Ref. [32].4 As shown in Ref. [32], the difference between the
definitions should be small when U is small. When U is small the other interpretations of the complex
compositeness, |X | and Re X , also give a similar result to X̃ . In fact, the differences between these
expressions reduce to ∣∣∣|X | − X̃

∣∣∣ = U

2
, (83)

3 In Ref. [31], the probability of an uncertain identification of the state cn is defined with complex overlap
of the wave function pn. We define U motivated by this prescription.

4 A nice feature of the definition in Ref. [32] is that it is generalizable to a system with multiple scattering
channels. We note, however, that the only quantity we can model-independently determine is the compositeness
of the nearest channel to the pole. Thus the present formulation is sufficient to interpret the model-independently
determined compositeness.
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∣∣∣Re X − X̃
∣∣∣ =

∣∣∣|X | − |Z |
∣∣∣U

2
≤ U

2
, (84)

where we have used −1 ≤ |Z |−|X | ≤ 1.5 Though |X | and Re X do not always satisfy condition (1),
the difference from X̃ is of the order of U . Thus in the case of small U , they also give a reasonable
estimation of the compositeness, which is consistent with X̃ .

3.6. Error evaluation of compositeness

Finally we construct a method to evaluate the error of the compositeness of the quasibound states.
In contrast to the stable bound states in Sect. 2, the compositeness X and the higher-order terms are
all complex numbers for the quasibound states. Because the probabilistic interpretation is applied to
the real-valued X̃ , here we consider its upper and lower boundaries X̃u and X̃l.

To estimate the effect of the higher-order terms, we first introduce a complex quantity ξc in the
expression of the compositeness as

X = a0/R + ξc

2 − a0/R − ξc
. (85)

In the present case, ξc is made of two components O(|Rtyp/R|) and O(|l/R|3). Both terms are in
general complex with an unknown relative phase. As a conservative error estimation, we allow ξc to
vary in the region

|ξc| ≤ |Rtyp/R| + |l/R|3. (86)

In other words, the largest magnitude of ξc is determined when two terms are coherently added.
We then evaluate X̃ with Eq. (82) by varying ξc with Eq. (86) being the constraint. Denoting the
maximum (minimum) value of X̃ as X̃u (X̃l), we consider the uncertainty band of X̃ as X̃u < X̃ < X̃l.6

4. Weak-binding relation with CDD pole contribution

In the derivation of the weak-binding relation in the previous sections, we have assumed the con-
vergence of the effective range expansion (ERE) at the eigenenergy Reff � Rtyp above Eq. (44).
While the ERE is a general expression of the near-threshold amplitude, its convergence region does
not always reach the eigenenergy. In this section, we extend the weak-binding relation to the case
where the ERE does not work well. For simplicity, here we consider the stable bound state. The
generalization to the unstable quasibound state is straightforward, as in Sect. 3.

The validity of the ERE is related to the magnitude of Reff in Eq. (43). When Reff is large, the
convergence of the expansion is limited to the small energy region. The most drastic case occurs
when the CDD (Castillejo–Dalitz–Dyson) pole lies near the threshold energy. Because the CDD pole
is defined as the pole of the inverse scattering amplitude F(E)−1, the ERE converges only in the
region |E| < |Ec|, where Ec is the closest CDD pole to the threshold. When the CDD pole is close
to the eigenenergy, |Eh| ∼ |Ec|, the description by the ERE is not appropriate at the eigenenergy,
and then we cannot use the weak-binding relation [14]. The effect of the CDD pole is discussed in
relation to near-threshold states and the compositeness in Refs. [24,25].

5 With this inequality, we can also show that the difference between X̃ and that in Ref. [32] is smaller than
U/2.

6 We note that X̃u/l is not always given by ξc with the inequality (86) being saturated. For instance, if
|a0/R| < |Rtyp/R|+ |l/R|3, X̃l = 0 is given by ξc = −a0/R, whose magnitude is smaller than |Rtyp/R|+ |l/R|3.
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4.1. Weak-binding expansions of compositeness

We first show an alternative derivation of the weak-binding relation (45) by paying attention to the
cutoff dependence of the components. In the new derivation, the expansion of Rtyp/R and Reff /R can
be performed separately, so that the extension of the weak-binding relation is achieved by improving
the expansion of Reff /R. We define the coupling constant g between the scattering state and the
bound state from the residue of the T matrix:

g2 ≡ lim
E→Eh

(E − Eh)t(E). (87)

With Eq. (24), this becomes

g2 = E − Eh

v−1(E)− G(E)

∣∣∣∣
E=Eh

= − 1

− [1/v(Eh)]′ + G′(Eh)
. (88)

Substituting this expression to Eq. (34), the compositeness can be written with g and G′ as

X = −g2G′(Eh). (89)

This expression has been used in many works [18–21].
Now we examine the cutoff-dependence of the coupling constant g. To do this, we slightly change

the cutoff as� → �+δ�. Because the scattering amplitude is the observable, we have to reproduce
the original t(E)modifying the effective interaction. Then the modified effective interaction vδ�(E)
should satisfy

t(E) = 1

v−1(E)− G(E;�)
= 1

v−1
δ�(E)− G(E;�+ δ�)

, (90)

where we write the cutoff of the loop function explicitly. Solving this equation for vδ�(E), we obtain

vδ�(E) = [
v−1(E)+ G(E;�+ δ�)− G(E;�)

]−1
. (91)

The scattering amplitude with�+δ� gives the new bound state condition v−1
δ�(Eh)G(Eh;�+δ�) =

1 with the same eigenenergy Eh. Then we can see that g2 is invariant under the change of the cutoff:

g2 → −
[
v−2
δ�(Eh)v

′
δ�(Eh)+ G′(Eh;�+ δ�)

]−1

= −
[
v−2
δ�(Eh)v

2
δ�

(
v−2(Eh)v

′(Eh)+ G(Eh;�+ δ�)− G(Eh;�)
)+ G′(Eh;�+ δ�)

]−1

= − [v−2(Eh)v
′(Eh)+ G′(Eh;�)

]−1
. (92)

In Eq. (89), the cutoff dependence of the compositeness comes only from the derivative of the loop
function, because g has no cutoff dependence. In other words, the expansion in powers of Rtyp/R
is only applicable for G′(Eh) in Eq. (89), because the length scale Rtyp is related to the cutoff as
Rtyp ∼ 1/�. From Eq. (39), the derivative of the loop function is given as

G′(Eh) = −μ
2R

2π

[
1 + O

(
Rtyp

R

)]
. (93)
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From here on, we derive the weak-binding relation (45) by applying the ERE to the coupling constant
g. Substituting the general form of the scattering amplitude Eq. (42), g2 can be expressed as

g2 = lim
E→Eh

(E − Eh)t(E) = 2π

μ2

[
1

p

d(p cot δ)

dp
− i

1

p

]−1
∣∣∣∣∣
p=i/R

. (94)

Using the effective range expansion, this coupling constant is written using R and re:

g2 = 2π

μ2

1

R − re + RO((Reff /R)3)
. (95)

With this expression and Eq. (93) the compositeness in Eq. (89) reduces to

X = 1

1 − re
R + O

((
Reff

R

)3
) [1 + O

(
Rtyp

R

)]
. (96)

As in the previous section, assuming Reff � Rtyp, we can derive the weak-binding relation

X = R

R − re

[
1 + O

(
Rtyp

R

)]
, (97)

which is expressed using R and re. Eliminating re using the bound state condition in the effective
range expansion

− 1

a0
− re

2R2 + 1

R
+ 1

R
O
((

Reff

R

)3
)

= 0, (98)

Eq. (97) reduces to the previous relation Eq. (45).
In this derivation, we notice that there are two expansions, both of which contain the higher-order

correction terms. Equation (96) is derived with the following assumptions:

(i) R is sufficiently larger than the typical range scale of the interaction: Rtyp/R � 1;
(ii) the convergence region of ERE reaches the bound state pole: (Reff /R)3 � 1.

Assumption (i) is related to the expansion of the derivative of the loop function and the higher-
order term of O(Rtyp/R) depends on the cutoff �. With assumption (ii), the higher-order term of
O((Reff /R)3) arises from the expansion of g−2. This higher-order term is not related to the cutoff
because the coupling constant g is cutoff independent. If we assume

(iii) Reff � Rtyp,

assumption (ii) follows from assumption (i) and we obtain the weak-binding relation Eq. (97), which
is equivalent to Eq. (45). Without this assumption (iii), the two expansions are independent of each
other and these higher-order terms should be considered separately.

4.2. Improvement by effective range expansion

Equation (96) is obtained by approximating p cot δ up to the p2 term in the ERE. To approximate
p cot δ, here we take the fourth-order term of the expansion:

p cot δ = − 1

a0
+ re

2
p2 + v

4
p4 + O(R5

eff p6). (99)
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Substituting Eq. (99) into Eq. (95), we obtain the expression for g2 with R, re, and v. Then the
modified weak-binding relation is obtained as

X =
[

1 − re

R
+ v

R3 + O
((

Reff

R

)5
)

+ O
(

Rtyp

R

)]−1

. (100)

When v/R3 is of order O((Reff /R)3), this expression reduces to Eq. (96). Including the term of v/R3,
the estimation of the compositeness is improved. This relation can be rewritten using the condition
of the bound state:

− 1

a0
− re

2

1

R2 + v

4

1

R4 + 1

R
+ 1

R
O((Reff /R)

5) = 0. (101)

By eliminating v with Eq. (101), the compositeness is given by R, a0, and re as

X =
[

4R

a0
+ re

R
− 3 + O

((
Reff

R

)5
)

+ O
(

Rtyp

R

)]−1

. (102)

When R satisfies (Reff /R)5 � 1 and Rtyp/R � 1, we can neglect the higher-order terms and calculate
the compositeness from a0, re, and Eh. In Eq. (102), the contribution from the higher-order terms of
the effective range expansion is included in R through condition (101).

4.3. Improvement by Padé approximant

When a CDD pole lies near the threshold, the convergence region of the effective range expansion
may not reach the bound state pole. Here we use the Padé approximant method to describe p cot δ:

p cot δ = b0 + b1p2

1 + c1p2 + O (
R5

Padé p6), (103)

where RPadé is the length scale characterizing this expansion. With this method, we can describe
the scattering amplitude, which has a CDD pole at p = ±i/

√
c1. This is because f (p) → 0 when

p cot δ → ∞. The threshold parameters are related to the expansion coefficients as

a0 = − 1

b0
, re = 2(b1 − b0c1). (104)

Substituting Eq. (103) into Eq. (95), we obtain an expression for the coupling constant:

g2 = −2πp

μ2

{
2b1p(1 + c1p2)− 2c1p(b0 + b1p2)(

1 + c1p2
)2 − i + O (

R5
Padé p5)}−1

∣∣∣∣∣∣
p=i/R

. (105)

By using this equation, the compositeness is given by

X =
[

2(b1 − c1b0)R2

(c1 − R2)
− 1 + O

((
RPadé

R

)5
)

+ O
(

Rtyp

R

)]−1

. (106)

When c1 → 0, this expression reduces to Eq. (96) with b1 = re/2. Owing to the nonzero value of
c1, the contribution of the CDD pole is included in the estimation of the compositeness. Although
the compositeness is expressed with three coefficients and R in this expression, the coefficients b0
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and b1 appear in the combination of b1 − b0c1 = re/2. Thus these three independent quantities are
rewritten with a0, re, and R using Eq. (104) and the condition of the bound state:

(
b0 − b1

1

R2

)
+ 1

R

(
1 − c1

1

R2

)[
1 + O

((
RPadé

R

)5
)]

= 0. (107)

Thus the extended weak-binding relation becomes

X =
[

1 − 4R(a0 − R)2

a2
0re

+ O
((

RPadé

R

)5
)

+ O
(

Rtyp

R

)]−1

. (108)

By neglecting the two higher-order terms, the compositeness can be determined with the three
observables a0, re, and Eh. In the derivation of this equation, we have employed the Padé approximant,
which enables us to include the CDD pole contribution. Thus the compositeness of the near-threshold
bound state with a nearby CDD pole can be determined using this extended relation.

5. Model calculations

From the discussion in Sect. 2, we can estimate the compositeness of the weak-binding state with the
relation (45). In Sect. 4, we introduced two more weak-binding relations by improving the estimation
of the coupling constant. By using models where the scattering amplitude and the exact value of
the compositeness of the bound state can be numerically calculated, we study the validity of the
determination of the compositeness by the weak-binding relations qualitatively. Furthermore, we
investigate the validity of the error evaluation with Eq. (48). For simplicity, we consider the stable
bound state case.

5.1. Square-well potential model

We consider s-wave scattering by the square-well potential, which is described by the following
radial Schrödinger equation:

[
− 1

2μ

d2

dr2 + V (r)− E

]
u(r) = 0, V (r) =

{
−V0 (r < b),

0 (r ≥ b),
(109)

whereμ = 469.5 MeV is the reduced mass, and V0 and b are the depth and the range of the potential.
We consider the case where one bound state appears in this scattering problem. For a given b, the
lower limit of the depth to have a single bound state is V c

0 = π2/(8μb2). The eigenstates of the free
Hamiltonian of the corresponding quantum field theory consist only of the scattering states. Thus
the compositeness of the bound state definitely becomes unity. We first examine the estimation of
the compositeness by the weak-binding relation:

Xa0,R = a0

2R − a0
, (110)

which is obtained by neglecting the higher-order term of O(Rtyp/R). Here we continuously increase
the potential depth V0 from the lower limit V c

0 keeping the value of the range b = 1 fm. Then
the eigenenergy Eh increases from 0 with V0. In this model, the typical range scale of the inter-
action is Rtyp ∼ b = 1 fm. Given the potential parameters, the scattering length is given by
a0 = b − (2μV0)

−1/2 tan[(2μV0)
1/2b] and we can numerically determine the eigenenergy. Then

the compositeness can be estimated by Eq. (110).
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Fig. 2. The estimated compositeness normalized by the exact value in the square-well potential model. The
results with Eqs. (110), (112), and (113) are denoted by the solid line, the dash-dotted line, and the dashed
line, respectively. The dotted line denotes b/R + 1.

We show the ratio of the estimation to the exact value Xexact = 1, as a function of
√−2μEh, by

the solid line in Fig. 2. Because of the neglected higher-order term, the estimated value is larger
than 1. For comparison, we plot b/R + 1 with a dotted line. We can see that the amount of the error
of the estimation is of the order of b/R, as expected from O(Rtyp/R). We discuss the effect of the
higher-order terms in Sect. 5.3 in more detail. An accurate estimation is possible in the weak-binding
limit Eh → 0. To see the validity of the effective range expansion at the pole position, we calculate
the dimensionless quantity

δ ≡
∣∣∣∣− R

a0
− re

2R
+ 1

∣∣∣∣ , (111)

which indicates the size of the higher-order terms O((Reff /R)3) in Eq. (98). In the plotted eigenenergy
region, we obtain δ < 0.02, which implies that the ERE converges well and the value of the higher-
order terms O((Reff /R)3) related to assumption (ii) discussed in Sect. 4.1 is small. Therefore the
error of the estimation comes mainly from the O(Rtyp/R) term related to assumption (i). This can
be confirmed by estimating the compositeness with the extended relations:

XERE =
[

4R

a0
+ re

R
− 3

]−1

, (112)

XPadé =
[

1 − 4R(a0 − R)2

a2
0re

]−1

. (113)

We show the results of the estimation normalized by the exact value in Fig. 2. We see that there is no
large difference among the three estimations. This is because the ERE converges well in the plotted
eigenenergy region, and the deviation from unity is dominated by O(Rtyp/R).

5.2. Contact interaction model

In this subsection, we consider a case with nonzero elementariness using the field theoretical model
with contact interaction as introduced in Sect. 2. We consider the Hamiltonian (1) with the sharp
cutoff � as the model of the scattering problem, not as an effective description of some underlying
theory. Then we discuss the CDD pole contribution in the estimation of the compositeness. Given the
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Fig. 3. The estimated elementariness 1 − X normalized by the exact value with ω0 = 5 MeV and Eh =
−0.5 MeV. The notation for the compositeness is the same as Fig. 2. The results with Eqs. (110), (112), and
(113) are denoted by the solid line, dash-dotted line, and dashed line, respectively. The dotted line represents
(1 − g2μ2R/(2π))/(1 − Xexact).

parameters in the Hamiltonian (v0, g0, ω0) and the cutoff �, we can calculate the scattering length
and the effective range from the scattering amplitude (25) at E = 0. The eigenenergy is related to
these parameters by the pole condition (26). The exact value of the compositeness in this model
Xexact is given by Eq. (34).

From Eqs. (15) and (25), the amplitude has a single CDD pole at Ec = ω0 − g2
0/v0. Adjusting

the parameters in the Hamiltonian, we can let the CDD pole lie near the eigenenergy, (Ec ∼ Eh).
We set the reduced mass as μ = 469.5 MeV, the cutoff as � = 140 MeV, and vary Eh and Ec by
changing the values of g0, v0, and ω0. The coupling constant g0 must be real so that the Hamiltonian
is Hermitian. Because g2

0 is written using Eqs. (15) and (26) as

g2
0 = (ω0 − Ec)(ω0 − Eh)

Ec − Eh
G−1(Eh), (114)

and G(Eh) < 0 for Eh < 0, then Eh, Ec, andω0 must satisfy one of the following three conditions:

Case 1: Ec < Eh < ω0;
Case 2: ω0 < Ec < Eh;
Case 3: Eh < ω0 < Ec.

We will consider cases (1) and (2) to study the validity of the weak-binding relations when Ec ∼ Eh.
From now on, we fix the values of ω0 and Eh, and continuously change the position of the CDD
pole by the parameters. We note that, in the limit of Ec → Eh, g2 vanishes because the divergence
of dv−1/dE|E=Eh in Eq. (88) is proportional to 1/ε in the limit of ε → 0, where ε = Ec − Eh. This
means that Xexact also vanishes from Eq. (89). Then the estimated compositeness normalized with
Xexact may diverge in this limit. To normalize the estimation with a nonzero quantity, here we use
the elementariness 1 − X = Z normalized by 1 − Xexact = Zexact to quantify the validity of the
estimations.

The estimated values of the normalized elementariness as functions of Ec are shown in Fig. 3
with ω0 = 5 MeV and Eh = 0.5 MeV. This corresponds to the small binding energy case because
Rtyp/R = 0.15, where Rtyp ∼ 1/�. The estimations with Xa0,R in Eq. (110), XERE in Eq. (112), and
XPadé in Eq. (113) normalized by the exact value are denoted by the solid line, the dash-dotted line,
and the dashed line, respectively. We see that the estimation by XERE is closer to the exact value
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Fig. 4. The ratio of estimated elementariness 1−X to the exact value with ω0 = 5 MeV and Eh = −1.5 MeV.
The notation for the elementariness is the same as Fig. 3.

than that by Xa0,R. This improvement is considered to originate in the inclusion of the higher-order
terms of the effective range expansion. The estimation by XPadé reproduces the exact value in the
limit Ec → Eh where the CDD pole lies in the proximity of the bound state. Thus using the extended
relation (108), we can estimate the compositeness with the CDD pole contribution.

One may wonder why the estimation with Xa0,R still reproduces the exact results with a 20% error
in the region of Ec ∼ Eh. To understand this, we consider the compositeness that is obtained by only
approximating G′(Eh) in Eq. (89) as

X ∼ g2μ
2R

2π
, (115)

with the exact value of the coupling constant g being used. This estimated value contains the higher-
order terms of Reff /R, but not those of Rtyp/R. We plot (1−g2μ2R/(2π))/(1−Xexact) in Fig. 3 with
a dotted line. From this estimation, we find that the higher-order terms of Rtyp/R are suppressed at
Ec → Eh. This originates in the vanishing of g2 in the limit of Ec → Eh. Considering this point, the
estimation with Eq. (110) contains substantial error from the higher-order terms of Reff /R, and we
should use the improved Eq. (113) at Ec ∼ Eh.

The same calculation as in Fig. 4 is performed with ω0 = 5 MeV and Eh = −1.5 MeV (Rtyp/R =
0.26). The deviations from the exact value are larger than the previous ones. This is because the
higher-derivative term related to assumption (i), O(Rtyp/R), is large. We can confirm this fact from
the estimation with Eq. (115) shown by the dotted line. The estimation by XPadé works well in the
region Ec ∼ Eh similarly to the previous calculation. Finally we show the result of case (2), where
ω0 = −45 MeV and Eh = −0.5 MeV, in Fig. 5. We see that the qualitative conclusion is the same as
the calculation of case (1) with Eh = −0.5 MeV. The quantitative difference between the estimation
from the calculation in Fig. 3 results again from the larger O(Rtyp/R) as indicated by the dotted
line.

5.3. Validity of the error evaluation

In Sect. 2.5, we introduced a method to evaluate the uncertainty of the compositeness that comes
from the higher-order correction terms in the weak-binding relation. The upper and lower boundaries
of the uncertainties of X are given in Eq. (48). Here we check the validity of this method by
comparing the compositeness, including uncertainties in the weak-binding relation, with the exact
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Fig. 5. The ratio of the estimated elementariness 1 − X to the exact value for Eh > ω0 with Eh = −0.5 MeV.
The notation for the elementariness is the same as Fig. 3.

Fig. 6. Compositeness X evaluated by the weak-binding relation (110) (solid line) with the uncertainty band
given in Eq. (46) (shaded area) as functions of ξ = Rtyp/R = b

√−2μEh in the square-well potential model.
The dotted line denotes the exact value of the compositeness Xexact = 1.

values in solvable models. We employ one square-well potential model and two contact interaction
models.

We first consider the square-well potential model used in the previous subsection. As mentioned
above, we vary the potential depth V0 to change the eigenenergy Eh with the fixed potential range
b = 1 fm. The reduced mass is set as μ = 469.5 MeV. In Fig. 6, we plot the central value of the
compositeness (solid line) together with the uncertainty band (shaded area) in the weak-binding
relation, as a function of ξ = Rtyp/R = b

√−2μEh. We observe in Fig. 6 that, although the central
value is larger than unity, the uncertainty band in the weak-binding relation covers the region X < 1
that can be interpreted as probability. In particular, the exact value Xexact = 1 is included within the
estimated uncertainty. We also see that the magnitude of the uncertainty reduces with ξ . In the present
case, we can qualitatively conclude that the bound state is dominated by the composite component,
as long as ξ � 0.3.

Next, we consider a contact interaction model with Hamiltonian (1), which possesses a
compositeness-dominant bound state. For this purpose, we set g0 = 0 so that the bare state
B0 decouples from the scattering state. By varying the strength of the four-point interaction v0,
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Fig. 7. Compositeness X evaluated by the weak-binding relation (110) (solid line) with the uncertainty band
given in Eq. (46) (shaded area) as functions of ξ = Rtyp/R = √−2μEh/� in the contact interaction model
without coupling to the bare field, g0 = 0. The dotted line denotes the exact value of the compositeness
Xexact = 1.

we tune the eigenenergy Eh. Here we set the reduced mass μ = 469.5 MeV and the cutoff
� = 140 MeV. In Fig. 7, we show the compositeness X and its uncertainty band as functions
of ξ = Rtyp/R = √−2μEh/�. Because of the absence of the bare state, the exact value of the
compositeness is given by Xexact = 1 as indicated by the dotted line. As in the case of the square-
well potential, the error evaluation works well and the exact value is included in the uncertainty
band.

Finally, we examine the case with an elementary-dominant bound state. To achieve this, we consider
the model without the four-point interaction (v0 = 0). As shown in Ref. [33], however, any s-wave
bound state that couples with the scattering state becomes composite dominant in the weak-binding
limit |Eh| → 0. The only exception is the “decoupling” case where g0 → 0 is taken simultaneously
with |Eh| → 0. An efficient way to realize this situation in the present model is to set ω0 = 0. By
varying the strength of the three-point interaction g0 to change the eigenenergy Eh, the decoupling
limit is automatically guaranteed. Again, we useμ = 469.5 MeV and� = 140 MeV. The numerical
results are shown in Fig. 8. Exact value of the compositeness Xexact is calculated by Eq. (34). We see
that Xexact vanishes at ξ = 0 because of the decoupling limit. As expected, Xexact is well within the
estimated uncertainty in this case also.

5.4. Conclusion of the model calculations

In this section, we have shown the results of the numerical model calculations to examine the weak-
binding relations from various viewpoints. In all cases studied, we confirm that the compositeness
can be appropriately determined in the weak-binding limit. With the help of the extended relation,
the determination works well even if the CDD pole lies near the threshold.

On the other hand, it is also important to consider the case away from the strict weak-binding
limit, because the effect of the higher-order correction terms is not negligible for actual hadron res-
onances. Based on the model calculations with both composite-dominant and elementary-dominant
bound states, we find that the exact values are consistent with the uncertainty estimation devel-
oped in Sect. 3.6. Qualitative conclusions may be drawn if ξ = Rtyp/R � 0.3 in the cases
studied.

At this point, it is instructive to compare the determination of the compositeness by the weak-
binding relation with the evaluation of the compositeness at the pole position using Eq. (34) [18–21].
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Fig. 8. Compositeness X evaluated by the weak-binding relation (110) (solid line) with the uncertainty band
given in Eq. (46) (shaded area) as functions of ξ = Rtyp/R = √−2μEh/� in the contact interaction model with-
out the four-point interaction, v0 = 0 and ω0 = 0. The dotted line denotes the exact value of the compositeness
Xexact evaluated by Eq. (34).

In the latter method, we need a theoretical model to perform the analytic continuation of the scat-
tering amplitude. A nice feature in this method is the absence of any uncertainty in the evaluation
process, because the compositeness is evaluated exactly at the pole position. In addition, the method
can be applied to the states in any partial waves with arbitrary eigenenergy. On the other hand,
the result suffers from the model (or renormalization) dependence, as a consequence of the inher-
ent off-shell nature of the compositeness. The magnitude of the model dependence is not under
control within this approach. In practice, we need a sufficient amount of experimental data of the
scattering to determine a reliable amplitude, which is in general difficult, e.g., in the heavy hadron
sector.

In the weak-binding relation approach, the compositeness can be estimated with only a few observ-
able quantities. Moreover, the result is model independent, as long as the weak-binding limit is
concerned. Nevertheless, in practical applications, the estimation always contains uncertainty from
the higher-order correction terms, because the compositeness is evaluated by the expansion of the
amplitude. At the same time, we have to keep in mind that the applicability of the weak-binding
relation is limited to s-wave near-threshold states.

One may consider that the uncertainty in the weak-binding relation is a reflection of the model
dependence of the compositeness, because the origin of the uncertainty is the model-dependent
higher-order terms. As we have demonstrated here, it is possible to estimate the magnitude of this
uncertainty/model-dependence for the weak-binding s-wave states by using the weak-binding rela-
tion. We emphasize again that the model-independence of the compositeness of the near-threshold
states is guaranteed only when the weak-binding relation is established.

In this way, the two approaches are in some sense complementary. Motivated by these observations,
in the next section, we discuss the determination of the compositeness of physical hadron resonances
with the weak-binding relations, in comparison with the evaluations at the pole position in theoretical
amplitudes.

6. Applications to hadrons
6.1. Structure of �(1405)

�(1405) is the negative parity excited baryon with spin 1/2 and isospin I = 0 [1].�(1405) couples
to the K̄N channel in s-wave and eventually decays into the π� channel. Because the state lies near
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Table 2. Properties and results for the higher-energy pole of �(1405) quoted from Ref. [7]: shown are the
eigenenergy Eh, the K̄N (I = 0) scattering length a0, the K̄N compositeness XK̄N and X̃K̄N , and the uncertainty
of the interpretation U .

Eh [MeV] a0 [fm] XK̄N X̃K̄N U/2

Set 1 [35] −10 − i26 1.39 − i0.85 1.2 + i0.1 1.0 0.3
Set 2 [36] − 4 − i 8 1.81 − i0.92 0.6 + i0.1 0.6 0.0
Set 3 [37] −13 − i20 1.30 − i0.85 0.9 − i0.2 0.9 0.1
Set 4 [38] 2 − i10 1.21 − i1.47 0.6 + i0.0 0.6 0.0
Set 5 [38] − 3 − i12 1.52 − i1.85 1.0 + i0.5 0.8 0.3

the K̄N threshold energy, we can study the K̄N compositeness of �(1405) with the generalized
weak-binding relation for quasibound states. To evaluate the compositeness using the weak-binding
relation, we need the I = 0 scattering length of the K̄N channel and the eigenenergy of �(1405).
These quantities can be obtained by detailed fitting analysis of the experimental data in the K̄N
threshold energy region. The most systematic analysis in the previous studies is performed by chiral
SU(3) dynamics [34–38]. In these studies, �(1405) is described by two resonance poles of the
scattering amplitude in the complex energy plane. We consider the K̄N compositeness of the state
represented by the pole at higher energy because this can be regarded as the weakly bound state.7

In Table 2, we show the sets of the scattering length a0 and the eigenenergy of the higher pole state
Eh, based on Refs. [34–38].8 Because of the isospin symmetry breaking, the threshold energies and
the reduced masses of the K̄0n channel and the K−p channel are slightly different. We define the
scattering length for the isospin I = 0 channel as a0 = (f0,K−p(E = 0) + f0,K̄0n(E = 0))/2, where
f0,K−p and f0,K̄0n are the scattering amplitudes of K−p → K−p and K̄0n → K̄0n, respectively,
and the threshold energy E = 0 is specified below for each set. The scattering length of set 1 is
calculated from the NLO amplitude of Refs. [34,35] by using the isospin-averaged hadron masses
at the isospin-averaged K̄N threshold energy. Therefore we use the isospin-averaged mass of K̄ and
N to determine the threshold energy and the reduced mass. Set 3 is based on Fit II of Ref. [37] with
the same isospin-averaging procedure. In the other analyses, the scattering length is calculated at the
K−p threshold energy, so we use the threshold energy and reduced mass of the K−p channel. Sets 2,
4, and 5 are based on Ref. [36], solution #2 of Ref. [38], and solution #4 of Ref. [38], respectively. In
Table 2, the scattering length a0 and the eigenenergy Eh do not converge quantitatively even though
the available data is reproduced at the level of χ2/d.o.f ∼ 1 in all the analyses. We therefore employ
the results of all the analyses to estimate the systematic error.

We first estimate the magnitude of the higher-order terms in the weak-binding relation. Using the
eigenenergies in Table 2, we find that the value of R satisfies |R| � 1.5 fm. The typical range scale
of the hadron interaction can be estimated from the meson exchange mechanism. The longest range
hadronic interaction is mediated by the lightest meson π , which cannot be exchanged between K̄ and
N because the three-point vertex of the pseudoscalar mesons is prohibited by parity conservation.
We therefore estimate the typical range scale of the K̄N interaction from the ρ meson exchange
interaction to obtain Rtyp = 1/mρ ∼ 0.25 fm.9 To estimate the length scale l = 1/

√
2μω, we use

7 We do not consider the compositeness of the state associated with the lower-energy pole, because the
weak-binding relation is derived for the closest pole to the threshold.

8 We thank Jose Antonio Oller and Maxim Mai for correspondences.
9 We do not use the σ exchange to estimate the interaction range because the σ meson has the broad width [1].
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Table 3. The results of error evaluation of the compositeness X̃K̄N of �(1405) with the value of |Rtyp/R|
and |l/R|3.

|Rtyp/R| |l/R|3 X̃K̄N

Set 1 [35] 0.17 0.14 1.0+ 0.0
− 0.4

Set 2 [36] 0.10 0.03 0.6+ 0.2
− 0.1

Set 3 [37] 0.16 0.11 0.9+ 0.1
− 0.4

Set 4 [38] 0.10 0.03 0.6+ 0.3
− 0.1

Set 5 [38] 0.12 0.04 0.8+ 0.2
− 0.2

the difference between the threshold energy of the K̄N channel and that of the π� channel. Taking
ω = 104 MeV, we obtain l = 0.76 fm. Then we can see that the two higher-order terms in the
weak-binding relation are small, |Rtyp/R| � 0.17 and |l/R|3 � 0.14 for each set.

For each set, we have calculated the compositeness XK̄N , X̃K̄N and the uncertainty of the interpre-
tation U with the weak-binding relation in Ref. [7] by neglecting the higher-order terms. The results
are summarized in Table 2. In all sets, U is not large and we can consider that the uncertainty of
the probability interpretation of X̃K̄N is small. The evaluated value of X̃K̄N is close to unity in all
sets. Thus we find that the structure of�(1405) is dominated by the K̄N composite component. The
deviation of the values of the compositeness among the different sets comes from the different values
of a0 and Eh. The uncertainty U is determined for a given set of a0 and Eh, which originates in the
complex nature of the compositeness. The former deviation can be reduced with the improvement of
the analysis of the experimental data, and it will eventually vanish when the exact values of a0 and
Eh are obtained. However, the latter uncertainty is not necessarily small even for the exact values. In
the present analysis, we conclude that the K̄N component of �(1405) reaches 60% ∼ 100% of the
total wave function, and the quantitative uncertainty will be squeezed in future improvement of the
threshold parameters. Given the results in Table 2, the associated value of U is expected to be small.

With the method constructed in Sect. 3.6, we evaluate the uncertainty of X̃K̄N that comes from
the higher-order terms in the weak-binding relation. By adopting the Compton wavelength of the
ρ meson as Rtyp, we constrain the magnitude of the correction term |ξc| ≤ |Rtyp/R|+ |l/R|3. Varying
complex ξc with this condition in Eq. (85), we obtain the uncertainty band of X̃K̄N for each set as
shown in Table 3. The results are graphically shown in Fig. 9. In all cases, we see that the value
of X̃K̄N is larger than 1/2 even if the uncertainty band is taken into account. Thus the qualitative
conclusion of the composite dominance still holds .

To investigate the CDD pole contribution to the �(1405) state, we calculate the compositeness
with extended relations (112) and (113), using the a0 = 1.39 − i0.85 fm, re = 0.24 − i0.05 fm, and
Eh = −10 − i26 MeV determined from the amplitude in Ref. [35]. Then the calculated values of
(XK̄N , X̃K̄N ) are (1.3 + i0.2, 1.0) with Eq. (112) and (1.4 + i0.2, 1.0) with Eq. (113). These values
are close to those of set 1 in Table 2. This means that the ERE converges well and the CDD pole
contribution can be neglected. To check this, we show the I = 0 scattering amplitude in the diagonal
K̄N channel based on Ref. [35] in the left panel of Fig. 10. We do not find any CDD pole, which is
defined as |F(Ec)| = 0, in the energy region between 1300 and 1500 MeV. This guarantees that the
ERE of the K̄N amplitude around threshold is not disturbed by the CDD pole contribution. It is also
instructive to look at the amplitude in the diagonal π� channel shown in the right panel of Fig. 10.
We notice that both the real and imaginary parts of the amplitude vanish around 1434 MeV. Namely,
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Fig. 9. The results of error evaluation of the compositeness X̃K̄N of �(1405). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

Fig. 10. I = 0 scattering amplitudes in the K̄N → K̄N (right panel) and π� → π� (left panel) channels
based on Ref. [35] with the isospin-averaged hadron masses. The solid line denotes the real part and the dashed
line denotes the imaginary part.

the π� amplitude has a CDD pole at this energy.10 Thus the ERE description of the π� amplitude
around its threshold will not reach the K̄N threshold because of the CDD pole. The existence of
the CDD pole near the resonance pole in the π� amplitude may be an indication of the non-π�
dominance of �(1405).

In Refs. [20,21,39,40], the compositeness of �(1405) is also calculated in various models by
evaluating the expression in Eq. (89) at the pole position. The results are summarized in Table 4.
In Refs. [39] and [20], the scattering amplitude is calculated from the chiral unitary approach of
Refs. [3] and [35], respectively. In the analysis of Ref. [40], the SU(6) model in Ref. [41] is used.
In Ref. [21], the scattering amplitude based on the unitary chiral perturbation theory in Ref. [37] is
used. We summarize the results in Table 4, specifying the prescription to interpret the compositeness.
We see that these studies give a consistent result for K̄N dominance over the other components. This
is also in good agreement with our model-independent results by the weak-binding relation.

In these studies, Refs. [20] and [21] use the scattering amplitude in Refs. [35] and [37], respectively.
Although Ref. [21] uses a different prescription |X | to determine the compositeness, small U = 0.1 in
set 3 indicates the difference between the prescriptions should be small, as we discussed in Sect. 3.5.

10 In the coupled-channel scattering, each component can have a CDD pole individually. This is in contrast to
the pole of the amplitude representing the eigenstate, which is determined by det F−1 = 0 and the divergence
appears in all the components of Fij.
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Table 4. The results of the evaluation of the compositeness of �(1405) at the higher-energy pole position.

Ref. Amplitude Prescription XK̄N Other components

[39] [3] complex X 0.99 + i0.05 0.01 − i0.05
[20] [35] complex X 1.14 + i0.01 − 0.14 − i0.01
[40] [41] Re X 0.795 0.205
[21] [37] |X | 0.81 0.19

We find that the results of Refs. [20] and [21] are in quantitative agreement with the corresponding
results in Table 2. This agreement confirms that the magnitude of higher-order terms O(Rtyp/R) and
O((l/R)3) are indeed small, as we have estimated.

6.2. Structure of f0(980) and a0(980)

Next we consider the scalar mesons f0(980) and a0(980), which have I = 0 and 1, respectively.
f0(980) decays to the ππ channel and a0(980) decays to the πη channel. These mesons lie near
the K̄K threshold and we study their K̄K compositeness. In the following calculations, we use the
isospin-averaged values for the K̄K threshold energy and its reduced mass.

With the analyses in Refs. [42–52], the K̄K scattering amplitude is determined with the Flatté
parametrization [53]. In these analyses, the heavy meson decay spectra are mainly used. For instance,
in Ref. [42], the CDF Collaboration analyses the decay process of B0

s → J/ψπ−π+. The CLOE Col-
laboration analyses the process of φ → π−π+γ for f0(980) [43] and φ → ηπ0π0 for a0(980) [49].
In Ref. [44], the Belle Collaboration studies the decay mode of B± → K±π±π∓. The BES Collabo-
ration analyses the J/ψ → φπ+π−,φK+K− process [45]. The decay process of D+

s → π+π−π+
is studied by the FOCUS Collaboration in Ref. [46]. The processes of e+e− → φ(1020) → π0π0γ

for f0(980) and e+e− → φ(1020) → ηπ0γ for a0(980) are studied with the SND detector in
Refs. [47] and [51], respectively. In Ref. [48], the CLEO Collaboration analyses the decay mode
of χc1 → ηπ+π− for a0(980). The data of the p̄p → ηπ0π0 process by the CB Collaboration are
analyzed in Ref. [50] for a0(980). In Ref. [52], the process of π−p → ηπ+π−n is analyzed with
the data of the E852 experiment.

From these Flatté amplitudes, the eigenenergies of f0(980) and a0(980) and the scattering lengths
of the K̄K(I = 0) and K̄K(I = 1) channels are obtained as in Tables 5 and 6, respectively. The
small eigenenergies suggest using the weak-binding relation.11 The obtained eigenenergies satisfy
|R| � 1.5 fm in all the analyses for both the scalar mesons. Then we see that |Rtyp/R| � 0.17 and
|l/R|3 � 0.04, where Rtyp is determined from the ρ meson exchange and l = 0.33 fm (l = 0.51 fm)
is determined from the difference between the threshold energies ω = 715 MeV (ω = 305 MeV) for
the I = 0 (I = 1) channel. Given the estimated values, we can neglect the two higher-order terms in
the weak-binding relation, and determine the K̄K compositeness of f0(980) and a0(980).

We summarize the results for f0(980) obtained in Ref. [7] in Table 5. We see that U is as small
as 0.2 for all cases, and we can consider the values of X̃K̄K as the probabilities. However the values
of X̃K̄K are scattered. This is presumably caused by a large deviation among Eh and a0 determined
by the Flatté parameters. In other words, these analyses [42–47] do not give a consistent structure

11 Here we do not use the most recent analysis of a0(980) in Ref. [48] because the magnitude of the
eigenenergy is not small (Eh = 31−i70 MeV). In this case, the weak-binding relation suffers from a substantial
contribution from the higher-order terms (|Rtyp/R| ∼ 0.25 and |l/R|3 ∼ 0.13)
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Table 5. Properties and results for f0(980) quoted from Ref. [7]: shown are the eigenenergy Eh, K̄K(I = 0)
scattering length a0, the K̄K compositeness XK̄K and X̃K̄K , and the uncertainty of the interpretation U .

Ref. Eh [MeV] a0 [fm] XK̄K X̃K̄K U/2

[42] 19 − i30 0.02 − i0.95 0.3 − i0.3 0.4 0.1
[43] −6 − i10 0.84 − i0.85 0.3 − i0.1 0.3 0.0
[44] −8 − i28 0.64 − i0.83 0.4 − i0.2 0.4 0.0
[45] 10 − i18 0.51 − i1.58 0.7 − i0.3 0.6 0.1
[46] −10 − i29 0.49 − i0.67 0.3 − i0.1 0.3 0.0
[47] 10 − i7 0.52 − i2.41 0.9 − i0.2 0.9 0.1

Table 6. Properties and results for a0(980) quoted from Ref. [7]: shown are the eigenenergy Eh, K̄K(I = 1)
scattering length a0, the K̄K compositeness XK̄K and X̃K̄K , and the uncertainty of the interpretation U .

Ref. Eh [MeV] a0 [fm] XK̄K X̃K̄K U/2

[49] 3 − i25 0.17 − i0.77 0.2 − i0.2 0.2 0.0
[50] 9 − i36 0.05 − i0.63 0.2 − i0.2 0.2 0.0
[51] 14 − i5 − 0.13 − i2.19 0.8 − i0.4 0.7 0.1
[52] 15 − i29 − 0.13 − i0.52 0.1 − i0.2 0.1 0.0

for f0(980). To obtain a conclusive result, the scattering length and eigenenergy must be determined
unambiguously. From the results in Table 5, the uncertainty of the interpretation is expected to be
small when the exact values of a0 and Eh are determined. If we adopt the most recent analysis of
Ref. [42] only, we conclude that the K̄K fraction of f0(980) is about one-half.

The results of a0(980) obtained in Ref. [7] are summarized in Table 6.12 Again, the small values
of U allow us to regard X̃K̄K as a probability. Except for Ref. [51], the result of X̃K̄K is close to zero.
Considering the experimental uncertainty of the K̄K coupling constant of the Flatté parameters, the
associated error band of X̃K̄K is 0.7+0.1

−0.7 for Ref. [51], while the magnitude of uncertainty in other
analyses is smaller than 0.2. Taking into account the higher-derivative terms in the weak-binding
relation in Ref. [48], the value of X̃K̄K is considered to be X̃K̄K � 0.2. Thus we conclude that the
structure of a0(980) is not dominated by the K̄K component. In the present analyses, we cannot
pin down the physical origin of the elementariness of a0(980). The candidates for the dominant
structure of a0(980) are, e.g., the other composite state such as πη, the simple qq̄ configuration, and
the tetraquark state qqq̄q̄.

We also evaluate the errors of X̃K̄K for f0(980) and a0(980) that arise from the higher-order terms
of the weak-binding relation. The results are summarized in Table 7 for f0(980) and in Table 8 and
Fig. 11 for a0(980). We note that the experimental uncertainties of the Flatté parameters are not
included, which will affect the result of Ref. [51]. We see that the calculated uncertainties of X̃K̄K

are small in both cases. Especially for a0(980), X̃K̄K ≤ 0.4 even in the range of error, except for
the result with Ref. [51]. Thus the above conclusion about the structure holds even if we take these
errors into account.

12 As a reference, using the analysis of Ref. [48], where the eigenenergy is Eh = 31 − i70 MeV and the
scattering amplitude is a0 = −0.03 − i0.53 fm, the values of XK̄K , X̃K̄K , and U are calculated as 0.2 − i0.2,
0.3, and 0.1, respectively.
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Table 7. The results of error evaluation of the compositeness X̃K̄K of f0(980) with the value of |Rtyp/R| and
|l/R|3.

Ref. |Rtyp/R| |l/R|3 X̃K̄K

[42] 0.17 0.00 0.4+ 0.1
− 0.2

[43] 0.01 0.00 0.3+ 0.1
− 0.1

[44] 0.15 0.01 0.4+ 0.2
− 0.1

[45] 0.13 0.01 0.6+ 0.2
− 0.1

[46] 0.16 0.01 0.3+ 0.2
− 0.1

[47] 0.10 0.00 0.9+ 0.1
− 0.2

Table 8. The results of error evaluation of the compositeness X̃K̄K of a0(980) with the value of |Rtyp/R| and
|l/R|3.

Ref. |Rtyp/R| |l/R|3 X̃K̄K

[49] 0.14 0.02 0.2+ 0.2
− 0.1

[50] 0.17 0.04 0.2+ 0.2
− 0.1

[51] 0.11 0.01 0.7+ 0.2
− 0.1

[52] 0.16 0.04 0.1+ 0.2
− 0.0

Fig. 11. The results of error evaluation of the compositeness X̃K̄K of a0(980). The lines denote the central
values and the shaded areas indicate the uncertainty bands.

In Ref. [54], they calculate the compositeness of f0(980) and a0(980) using Eq. (89) with the
coupling constants and the eigenenergies of the Flatté amplitudes in Refs. [42–52]. The differences
between the values of the compositeness come from the higher-order terms in the weak-binding
relation (45), which represents the renormalization dependence in Eq. (89). Compared with the
corresponding results from the weak-binding relation in Tables 5 and 6, the absolute values of the
deviations of XK̄K are less than 0.2 in all cases, except for Ref. [51], which has a large uncertainty
in the Flatté parameters. This good agreement confirms that the higher-order terms are sufficiently
small.

For these scalar mesons, the compositeness is also calculated with the eigenenergy and the coupling
constant in specific models obtained by phase shift analysis. We summarize the results of f0(980)
in Table 9 and those of a0(980) in Table 10. In Ref. [39], they use the chiral unitary model with
the Weinberg–Tomozawa interaction with dimensional regularization. The compositeness shown in
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Table 9.The results of the evaluation of the compositeness of f0(980) at the pole position.

Ref. Amplitude Prescription XK̄K Other components

[39] [56] complex X 0.74 − i0.11 0.26 + i0.11
[54] [54] complex X 0.70 − i0.10 0.30 + i0.10
[20] [55] complex X 0.87 − i0.04 0.13 + i0.04
[21] [37] |X | 0.65 0.35

Table 10. The results of the model evaluation of the compositeness of a0(980) at the pole
position.

Ref. Amplitude Prescription XK̄K Other components

[39] [56] complex X 0.38 − i0.29 0.62 + i0.29
[54] [54] complex X 0.34 − i0.30 0.66 + i0.30

Ref. [54] is calculated from the amplitude based on the chiral unitary approach with the leading-
order chiral Lagrangian with a sharp cutoff. In Ref. [20], the scattering amplitude established with
the coupled channel inverse amplitude method within one loop chiral perturbation theory in Ref. [55]
is employed. In Ref. [21], the amplitude based on the unitarized U(3) chiral perturbation theory in
Ref. [37] is used and the absolute value of XK̄K is interpreted as the probability. For f0(980), the
model calculations consistently show that the K̄K component in f0(980) is large. If this is the case,
the results with the Flatté parameters in Table 5 should imply the same conclusion. In other words,
at present, the Flatté analysis of the heavy meson decay does not give a consistent structure of the
f0(980) meson with phase shift analysis. In the future, it is desired to perform an analysis that takes
into account the phase shift of the meson–meson scattering and the decay spectra of heavy mesons.
For a0(980), we find only two model calculations, which consistently imply the K̄K fraction is not
essential for the structure. The nondominance of the K̄K component in a0(980) is consistent with
our results in Table 6.

In Ref. [15], the structure of these scalar mesons is also studied. There, the authors discuss the
structure of unstable states based on Weinberg’s argument of the field renormalization constant using
the spectral density determined with the Flatté parameters. The integrand quantity W in the energy
region ±50 MeV around the threshold is obtained as 0.24–0.49 for a0(980) and 0.14–0.23 for f0(980).
By regarding W = (2/π) arctan 2 ≈ 0.70 as the purely elementary state, they conclude that the
probability of finding f0(980) and a0(980) in a bare state are of the order of 20% or less and about 25%
to 50%, respectively. This means that the K̄K compositeness is XK̄K � 0.8 for f0(980) and about 0.5–
0.75 for a0(980). Although this seems to contradict our result, the Flatté parameters used in Ref. [15]
are different from ours. In fact, if our method is applied to the corresponding parameters in Ref [15],
the compositeness is evaluated as 0.6–0.8 for f0(980) and 0.2–0.4 for a0(980). Considering the
uncertainties in both analyses, such as U , higher-order terms, the choice of the integral region of the
spectral densities, and the normalization of W , the semiquantitative conclusions are not so different.
It will be interesting to apply their method with the new Flatté parameters to study scalar mesons.

7. Conclusion

We have discussed the compositeness of unstable states around a two-body threshold in the framework
of nonrelativistic effective field theory. The weak-binding relation is generalized to the unstable
quasibound states, showing that the compositeness of the near-threshold unstable states is also
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determined from complex observables as long as the contribution from the decay mode can be
neglected. The interpretation of the complex compositeness is discussed by carefully examining
the condition of the probabilistic interpretation. We have suggested a reasonable prescription to
interpret complex compositeness with the real-valued compositeness X̃ and the uncertainty of the
interpretation U . Using these new quantities, we construct a method to estimate errors that arise
from the higher-order terms in the weak-binding relation.

We have presented another derivation of the weak-binding relation by separating the expansion in
terms of Rtyp/R from that of Reff /R. This derivation clarifies the relation between the higher-order
terms in the two different expansions and evades the implicit assumption Reff � Rtyp in the previous
derivations. Then the weak-binding relation is improved by including the higher-order term of the
effective range expansion. We have also generalized the relation to include the contribution of the
CDD pole, which is accomplished by introducing the Padé approximant for the inverse amplitude.

We study the validity of the estimation of the compositeness with the weak-binding relation using
models in which the exact values can be calculated. We verify that the deviation of the estimation from
the exact value is of the order of the neglected terms.We also see that the generalized relation including
the CDD pole contribution gives a good estimation of the compositeness even for the near-threshold
state with a nearby CDD pole. Furthermore, the method of error evaluation is examined by using
solvable models with both the composite-dominant and elementary-dominant states. The results show
that the exact values of the compositeness are included well within the estimated uncertainty bands,
and the qualitative conclusion remains unchanged if the magnitude of the higher-order terms is small.

Finally we have applied the extended weak-binding relation for quasibound states to physical
hadron resonances. From the threshold parameters by means of chiral SU(3) dynamics, it is concluded
that�(1405) has large fraction of the K̄N composite component. It is also shown that the CDD pole
contribution to �(1405) in the K̄N channel is negligible by comparing the results from extended
relations. With the Flatté analyses of the K̄K scattering, we discuss the structure of a0(980) and
conclude that it has only a small K̄K fraction. These conclusions are in good agreement with other
studies that evaluate the compositeness at the pole position. The determination of the structure
of f0(980) in the weak-binding relation is not conclusive because of the ambiguity of the Flatté
parameters. Comparison with the evaluation at the pole position also indicates the importance of the
precise Flatté parameters in the combined study with phase shift analysis.

We emphasize again that the weak-binding relations discussed in this paper connect the internal
structure of near-threshold hadron resonances with observable quantities. Evaluation of the compos-
iteness at the pole position, which is a commonly adopted approach in the literature, is only possible
when a reliable theoretical amplitude is established with the help of a sufficient amount of experi-
mental data, and the renormalization dependence of the compositeness is in principle unavoidable.
In contrast, the weak-binding relation can be used with a few observables (eigenenergy, scatter-
ing length, and so on), and the renormalization dependence is suppressed thanks to the large length
scale. The applicability is however limited to near-threshold states and the result is associated with the
uncertainties by the higher-order terms. We thus consider that the two approaches are complementary,
and both will help future investigation of the nature of hadron resonances.
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