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Abstract A detailed Dirac and Faddeev—Jackiw formula-
tion of Bonzom—Livine model describing gravity in three
dimensions is performed. The full structure of the constraints,
the gauge transformations and the generalized Faddeev—
Jackiw brackets are found. In addition, we show that the
Faddeev-Jackiw and Dirac brackets coincide.

1 Introduction

It is well known that three-dimensional gravity is a good test
theory for trying to understand the difficulties that emerge
in the quantization of four-dimensional gravity. Since the
work by Achucarro, Towsend, Witten and other authors [1,2],
there has been a huge effort for understanding the classical
and quantum connection between gravity and gauge theories,
such as three-dimensional Chern—Simons theory [3]; thenitis
expected that the insight gained in the three-dimensional case
could be useful for constructing better tools and apply them
in the quantization of the four-dimensional theory. In this
respect, it is common to obtain in three dimensions a relation
between the Palatini and the Chern—Simons theories, which
are equivalent at the Lagrangian level up to a total derivative
[2—4]. Such a relation is not the only one, since the so-called
exotic action with a Barbero—Immirzi like parameter [we call
it from now on the Bonzom-Livine action (BL)] turns out to
be classically equivalent to Palatini’s theory as well [5]. In
fact, the BL model describes a set of actions sharing the equa-
tions of motion with Palatini’s theory; however, the symplec-
tic structure is different. The symplectic structure in the BL
model depends on a Barbero—Immirizi like parameter, from
which one expects that the quantum theories will be different
[4]. In this respect, something similar happens in the four-
dimensional case with the Holst action [6], which provides
a set of actions classically equivalent to Einstein’s theory;
it depends on the so-called Barbero—Immirizi (y) parameter
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whose contribution can be appreciated at the classical level
in the symplectic structure of the theory and the coupling
of fermionic matter with gravity. In fact, it determines the
coupling constant of a four-fermion interaction [7]. From the
quantum point of view, the parameter gives a contribution
in the quantum spectra of the area and volume operators in
the context of loop quantum gravity [8—10]. Furthermore,
the term added by Holst to Palatini’s action facilitates the
canonical description of General Relativity, and depending
of the values of that parameter we can reproduce the differ-
ent scenarios found in canonical gravity. For instance, it is
possible to obtain the ADM, Ashtekar and Barbero formula-
tions in a straightforward way [6]. Nevertheless, in spite of
the Holst action providing a general action for gravity, the y
parameter is still controversial [8—10]. In this sense, the BL
action comes to be the three-dimensional equivalent model of
Holst’s action. In fact, the equivalence is not given only with
the presence of a y parameter, but at the classical level if we
perform a partial gauge fixing in the canonical description of
BL, it is possible obtain a full Ashtekar connection dynamics
[4]. In this respect, the analysis of the symmetries of the BL
action has been performed in [4,5]; in this work the canonical
analysis was performed by using the Dirac method. However,
the analysis was developed on a smaller phase space and the
complete structure of the constraints on the full phase space
was not reported.

It is important to remark that if some of the Dirac steps
is omitted, then it is possible to obtain incomplete results
[11,12]. In this manner, an analysis developed on the full
phase space and following all the Dirac steps is mandatory.
Nevertheless, in some cases, to develop the Dirac method for
gauge theories is a large and tedious task, hence, it is neces-
sary to use alternative formulations that could give us a com-
plete canonical description of the theory, in this sense, there
is a different approach for studying gauge theories, the so-
called Faddeev-Jackiw [FJ] formalism [13]. The FJ method
is a symplectic approach, namely, all relevant information of
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the theory can be obtained through an invertible symplec-
tic tensor, which is constructed by means of the symplectic
variables identified as the degrees of freedom. Because of the
theory is singular there will be constraints, and the FJ frame-
work has the advantage that all constraints of the theory are
to be treated on the same footing, namely, it is not necessary
to perform the classification of the constraints in primary,
secondary, first class or second class as in Dirac’s method
[14,15]. When a symplectic tensor is obtained, then its com-
ponents are identified with the FJ generalized brackets; at the
end Dirac’s brackets and FJ brackets coincide.

In this paper a complete Dirac and FJ analysis of the BL
model is performed. In fact, in order to compare the two
approaches, it is necessary to work out a complete Dirac
analysis. Hence, we need to know the complete structure
of the constraints over the full phase space for constructing
the Dirac brackets and to compare these brackets with the
generalized FJ ones [16]. Furthermore, we shall prove that
the FJ approach is more economic than Dirac’s one.

It is important to comment that our results have not been
reported in the literature, and as a special case those results
reported in [4,5] are reproduced. In addition, we would also
remark that for BL theory we shall construct the Dirac brack-
ets by eliminating the second class constraints and there will
remain first class ones. Furthermore, at the end of the paper,
we have added an appendix where the analysis of an Abelian
BL theory is performed; in that appendix, we construct the
Dirac brackets by fixing the gauge and also we reproduce all
those results by means of FJ formalism.

The paper is organized as follows; in Sect. 2 a detailed
canonical analysis of BL is performed. We report the com-
plete structure of the constraints defined on the full phase
space, then we eliminate the second class constraints for con-
structing the Dirac brackets. In Sect. 3, we study the relation
between BL and Chern—Simons theory. We reproduce the
results of the previous section by performing a pure Dirac
analysis of a generalized Chern—Simons theory. In Sect. 4,
a detailed FJ analysis of BL action is developed. In order to
reproduce all the Dirac results, we work with the configura-
tion space fields as symplectic variables, and identifying all
the constraints of the theory we show that the FJ generalized
and Dirac brackets coincide. In Sect. 5 we add some remarks
and conclusions.

2 Hamiltonian dynamics for three-dimensional BL
gravity

In this section, we will study the Hamiltonian dynamics of
the action proposed by BL [5]. We will perform our analysis
by using a pure Dirac method, namely, we will find all con-
straints defined on the full phase space. As was commented
on above, there is an analysis of the BL action developed
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on a smaller phase space reported in [4,5]. However, in this
work the structure of the constraints is not complete, thus,
in order to compare the FJ method with the Dirac one it is
mandatory to perform the Dirac analysis on the full phase
space by following all Dirac steps.

It is well known that three-dimensional gravity with a cos-
mological constant can be written as a Chern—Simons theory
[1-5]. In fact, if the principal gauge bundle G over M is
given by G = SU(2) for 3d Euclidean gravity, then we can
enlarge the group G to G, where G could be SO(4), ISO(3) or
SO(3, 1), depending on the sign of the cosmological constant
A, it being positive, zero or negative respectively. Hence, the
algebra of the generators of G will satisfy the following com-
mutation relations [4,5]:

i Jj) = € Je 1Ji K1 = €Ki

[Ki, K;] = seij* I, ()
where s = —1, 0, 1, corresponding to the sign of the cos-
mological constant i, j, k = 1,2, 3 and J;, K; are rotations
and boosts respectively. In order to construct a Chern—Simons
theory being equivalent to standard Einstein’s action of grav-

ity, we choose the following non-degenerate invariant bilin-

ear form:
(Ji, Kj) =6, (Ji,J;)=(Ki,K;)=0, (2

in this manner, the 3d Palatini’s action with cosmological
constant can be written as

1
((A;u 8uAp>+§(Auv [Aw Ap]))-
3)

On the other hand, if A # 0, then there is another invariant
non-degenerate bilinear form, given by

1
Sl/)alatini = ﬁ /M ettt

(Ji, Jj) =06 (K;i, Kj)=s8; (Ji,K;)=0, “4)

in this case, we can obtain from the following Chern—Simons
action:

- 1
SExotic = NN /M " ((Ap. 0v4))
1
+ g (A;,Lv [A\)a A,O])) ’ (5)

the so-called exotic action for gravity,

~ 1 . 1 . 4

S[A, e] = A" ANdA; + —€iin AT A AT A AK

[A,e] ,—|A| |:/M z+361./k ]

+s‘/|A|/ e Adye;, (6)
M

where the 1-form A’ = A, dx*, (dav)' = dv' +[A,v] =
dvi + € Al A vk and F' = dA" + Lel i AV A AX is the
strength 2-form. In this manner, the BL model consists of
considering the combination of Palatini’s and exotic action
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through the y parameter, this being a kind of Barbero—
Immirzi parameter,

1~
SylA, el = Spypainil A, €] + ;SExotic[Av eJ. (N

In fact, from the action (7) we obtain a family of theories
classically equivalent to 3d gravity in the sense that Palatini’s
theory with cosmological constant and BL actions share the
equations of motion, which can be seen from the variation of
the action (7),

8S,[A, e . Al .
% : EMVP |:Flpp[A]+S| 5 |€ljkel)jepk:|
y72s
A ,
+s¥e““%’1)ve'p =0, (8)
14
85y[A. el Dol 1 L uw
SAui YA
. Al . )
X [F’UP[A] +s| > le’jkeujepk:| =0, 9)

and Eqs. (8) and (9) are equivalent to Einstein’s equations.
Hence, in order to develop the Hamiltonian analysis, we per-
form the 2+1 decomposition of the action (7) obtaining

. 1 ,
S, [e, Al = /d3x[260“b8~ (eO’ + —Ao’)
4 Y yVIA]

;LA
X Flagp+s 2

Ejklelt;elb> + Zeoabﬁij Daehi
. A . )
x (Ag +s‘/7_e{)) +2€%bs;, (e;,aoAg

. . TA . .
AL Ay + s | |e;,aoe{1>],
2y
(10)

1
+—
2y A

where a,b,c = 1,2. The definition of the momenta
(%;, T1%;) canonically conjugate to (e’y, Ay') is given by
SL SL

N = ——, 7% =_——. 11
= A T (1)

The matrix elements of the Hessian

9L 9L
(9u€l)d (el (0uel)d(duAp)) 1)
9L

Gl POEICH. VN

are identically zero, thus we expect 18 primary constraints.
From the definition of the momenta (11) we identify the fol-
lowing 18 primary constraints:

0. 0 ~
¢i =mi ~0

TA )
¢i% =% — S—| |€0ab5,’/ebj ~ 0,
Y ;
o, =11, ~0,
) 1 .
O, = I;* —2e%5;; [ e/ + ———Ap7 | ~ 0
P v ( Py JTAT
(13)
The canonical Hamiltonian takes the form
) . A
H, = /dx2 |:—260“b8,-j D,é'p, <A6 + s£e(’)>
14
—2e0abs, . (eof + ;AO’)
L
! yVITAT
) Al .
« (Ffab+s' : 'efklei;e’bﬂ, (14)
and the primary Hamiltonian is given by
Ho = Hot [ ax? [agi® + el0]. (1s)

where !y, &', are Lagrange multipliers enforcing the con-
straints (¢;%*, ®;%). The fundamental Poisson brackets of the
theory are given

feai @), 7 (0} = 6Pad 1820 = ),
[Af 0. 1P ()| = 88 ;82 = ), (16)

where we can observe that in these fundamental brackets
there is not any contribution of the y parameter; in the Dirac
brackets, however, there will be a non-trivial contribution.
In order to determine the presence of more constraints, we
calculate the following 18 x 18 matrix whose entries are the
Poisson brackets among the constraints (13):

VI

Al
S €0b8;:8%(x — y),

{#ir. 0P 0} =25
[#i00, 0,20} = —2e%5,;6%x - ), )

{2if0. @20} = =2 e300 - ),

VIA
we appreciate that this matrix has rank = 12 and six null vec-
tors. By using the six null vectors and consistency conditions
we obtain the following six secondary constraints:

0 0 ~
vi =m; ~0,

7 =1"~0,

¢ = (¢:°(x), Hp) ~ 0 = ;: aCib

= 260“bs—| A |D
14

s A

+2¢0ab (Fiab + Eijkejaekb> ~ 0,
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={0;°x), Hp}) ~ 0 = W; :=2""D,esy
1 s|A|
200~ F 21 J ~0,
+ 2e y ,_l N ( iab + ) €ijk€’ a€ b)

(18)

and the rank allows us to fix the following values for the
Lagrangian multipliers:

$i" = {¢;*, Hp} ~ 0
2
o
= 2e°“bTV\/| A [(—=2pi + Dpeoi + erimel ALy ~ 0,

={®;“, Hp} ~ 0
Y2
— p0abS Y % (gb,+DbAol+S|A|€ltm€beo)~0

(19)

Consistency requires conservation in time of the secondary
constraints, however, for this theory there are no tertiary con-
straints. At this point, we need to identify from the primary
and secondary constraints which ones correspond to first and
second class. To this aim, we need to calculate the rank and
the null vectors of the 24 x 24 matrix whose entries will be
the Poisson brackets between primary and secondary con-
straints[ this is

{$:i%(x), ¢;° () = —2s—”A'e°“”8i,»82<x -y,
{9:i"(x), D;(»)} = O“ba 182 (x — ),

A
{¢i“(x>,x/fj(y)}=—2e°“b[ V'y L1500 — €t

s/ A
x <%Akb +s| A e",,)} 82 (x — y),

(01 (), W () = =262 [8;05 — €iju (4%
+ ) [#0 - ,

[{®:%(x), @, (») = —2W60ab5u52()€ —-y), (20

(D900, ¥ () = =20 [8;;0 — €iju
x <Akb n s—'l/A'e"b)] 82(x — y),

1
;4 (x), W)} = =260 | ————=5;;05 — €
{ (), (y)} I:)/ A ijob ijk
1
X —Akb + ekb>:| 32(x —-y).
(wl Al

Wi(x), ¥;(»} =0,

{(Wi(x), ¥;(»} =0,

{Yi(x), ¥;j(y»}=0.

This matrix has arank = 12 and 12 null vectors, thus the theory
presents a set of 12 first class constraints and 12 second class
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constraints. By using the contraction of the null vectors with
the constraints (13) and (18), we identify the following 12
first class constraints:

0 0 .
yi=m ~0,

r’% =m°~o,
wi = Daxi® —s | A | €ipe* B¢ +2e%05Y AT e
s| A .
+260ah (Fiab + |2 |€ijkejaekb> ~ 0,

Ti = D8 — €/ ek ax ;% + 26" Dyeyyy

s|A

1 |
+26% —— (Fp+ ———¢ ~ 0,
V\/m iab ) ljke ae b
2D
and the following 12 second class constraints:
VA
xi* =" sgeo“”&jebf ~0,
! (22)

ca_.a_nabs (] 1 i\~

E; IT; 26775 (eb + ZV\/mAb ) 0.

It is important to remark that these constraints have not been
reported in the literature, and their complete structure defined
on the full phase space will be relevant in order to know the
fundamental gauge transformations and for constructing the
Dirac brackets. On the other hand, the constraints will play
a key role to make the progress in the quantization. We have
commented above that the structure of the constraints (21) is
obtained by means of the null vectors, for instance, a set of
null vectors of the matrix (20) are given by

vi— (o, ~81.348%(x — y) —

1

€ AR (x — ¥),0,
s | A | /kebd? (x = ). 8567 (x = ).0)

hence, by performing the contraction of these null vectors
with the primary and secondary constraints, the first class
constraint w; givenin (21) is obtained. Now, we will calculate
the algebra of the constraints

VA
2s¥60“b5,‘j82(x
Y

X0, 1Py = — — ),

i), B, (n)} = —2€%08;;8%(x — ),

("), B’ (») = _2W
X0, 0 =5 | A | €5 @%8*(x — y) & 0,
{Bi*(x), w;(»)} = € k8> (x — y) ~ 0, (23)
X T} = €8> (x — y) ~ 0,

{Ei"(x), T; (1)} = € ®6%(x — y) ~ 0,
{wi(x), 0; ()} =5 | A | &6 (x —y) &0,

€0 8;;8% (x — y),
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T:(x), T;(»)}) = 87 (x — y) & 0,
{0i(x), T;(»)} = €)0*8*(x —y) ~ 0.

where we can observe that the algebra is closed. Further-
more, with all the information obtained until now, we can
construct the Dirac brackets. In fact, there are two options
for constructing them. The first one is by eliminating the
second class constraints and keeping on the first class, and
the second option is by fixing the gauge and converting the
first class constraints into second class ones. In this section we
will eliminate the second class constraints, the first class ones
remaining; in the FJ approach we will discuss both. Hence, in
order to construct the Dirac brackets, we shall use the matrix
whose elements are only the Poisson brackets among second
class constraints, namely Cog(u, v) = {£* (1), ¢P(v)}, given
by

sy/IA] 1
[Clap)(x, x)] = =2 ( 71” l ) Sijeoabéz(x —x'),
y/1Al
(24)
its inverse is given by
I v Jm L
_ N ”
(C (aﬂ)(X,x)] —m s ylAI
x84 €gpad?(x — x'). (25)

The Dirac brackets for two functionals A, B are expressed
by

{A(x), B(y)}p = {A(x), B())}pr
—/dudv{A(X),§°‘(u)}C_1a,3(u,v){Cﬂ(v),B(y)},
(26)

where {A(x), B(y)}p is the usual Poisson bracket between
the functionals A, B and ¢%(u) = (x;%, ;%) is the set of
second class constraints. Hence, by using (25) and (26) we
obtain the following Dirac brackets of the theory:

{el4(x), 7" ;(M}p = 82,8 ;8% (x — y),

2(s —y?)
. . 1 .
(a0, /() = e —— 8 egupd>(x — ).
2JA s —y?
2
s> JTA]
(7% ), 7 (»)p = 25— y28ij€0ab32(x —-y),
. s — 2y2 .
(A0, 1 (}p = mabasva% -,
. . SVTA | y
(W), ATy(3))p = 5= 8o = ),
s 1
(M (0), M°;N}p = Wmsue%bazu -,

2

(AT (x), ¢/ ()} _1
alX), e’ ply D—Zyz_

89 €0ap8° (x — ),
S

) 1 1% ;
b _ b 92
{ela(x)sn j()’)}D— 2ms—y28 aal](S (x =),
. sTA .
(Ao ). 750N = =257 T8 8 = ),
1 s

(% (x), 1% ;M 8i;€% 8% (x —y). (27

25 —y2
We can observe that the Dirac brackets depend on the con-
stants (s, y), and we can reproduce several scenarios depend-
ing of specific values. Hence, for s = 1 and thelimity — oo,
we recover the Dirac canonical structure of Palatini’s action
[11]. It is important to remark that in the BL model the
fields ¢, A and their canonical momenta have become non-
commutative, while in Palatini’s action they are commuta-
tive. This is a classical difference between the BL model
and Palatini’s theory. Moreover, at the quantum level this
difference is fundamental for constructing the Ashtekar rep-
resentation of the BL model [4].

Now, we can calculate the gauge transformations on the
full phase space. In fact, the correct gauge symmetry is
obtained according to Dirac’s conjecture by constructing a
gauge generator using the first class constraints, and the struc-
ture of the constraints defined on the full phase space will give
us the fundamental gauge transformations. To this aim, we
will apply the Castellani algorithm for constructing the gauge
generator; we define the generator of gauge transformations
as

G = / [Dosioyoi + Doto' T + &' w; + ril“i] (28
>

Therefore, we find that the gauge transformations on the
phase space are

80e'o = Doe'o,

SOeia = —Daei + eijkeakrj,

80Ao' = Doto',

80Aai = —Dari +s| A eijkekasj,

som% =0,

S0 = —Qe"P Dye; + € n T 5| A | €5 B,

801_[01‘ = —Gijk (7T0k8j — HOij) s

8oT1; = —2€% Dys; + € x“1e’
1

YA

+ 2eoabei./kekbrj + Qeoabeijkelgsj. (29)

" pyr; + eijk Bt/

We realize that the fundamental gauge transformations of
the BL action are given by (29) and they are A-deformed
ISO(3) transformations. It is important to remark that the
internal group of the theory is SU(2) (or SO(3)), however, the
fundamental gauge symmetry corresponds to A-deformed
ISO(3) transformations, all these results were not reported
in [4,5]. On the other hand, any theory with background
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independence is diffeomorphisms covariant, and this sym-
metry must be obtained from the fundamental gauge trans-
formations. Hence, the diffeomorphisms can be found by
redeﬁnlng the gauge parameters as gl = —gl = gPe 0>
7o' = —1' = §PA,', and the gauge transformation (29)
takes the following form:

ey = ey + Ll +EP [Daeip — Dpeia] ,

A Ad + 8e A + 80 [ Al — 0,1,
+ EijkAjaAkp +s A 6ijkejOlek/O:I : (30)

Therefore, the diffeomorphisms are obtained (on shell)
from the fundamental gauge transformations as an internal
symmetry of the theory. With the correct identification of
the constraints, we can carry out the counting of degrees
of freedom in the following form: there are 36 canoni-
cal variables (¢!, Ag', 7%, T1%;), 12 first class constraints
(y:° ;% w;, T';) and 12 second class constraints (x;%, E;%)
and one concludes that the S), [A, e] action for gravity in three
dimensions is devoid of degrees of freedom; therefore, the
theory is topological.

Asaconclusion of this part, we have obtained the extended
action, the extended Hamiltonian, the complete structure of
the constraints on the full phase space and the algebra among
them. The price to pay for using the complete phase space is
that the theory presents a set of first and second class con-
straints; by using the second class constraints we have con-
structed the Dirac brackets and they will be useful in the
quantization of the theory [4].

3 Relation with Chern—Simons theory

We have seen in previous sections that either Palatini’s theory
or an exotic action for gravity can be expressed as a Chern—
Simons theory, however, it will be interesting to express the
BL action as a Chern—Simons theory as well; is this possible?
The answer is yes. In fact, the action analyzed in the previous
section can be written in an elegant form in terms of a Chern—
Simons theory. By introducing the variables w* = A’ £
o /TAJe' [5], where 02 = s with o = 1 for A > 0 and
o =i for A < 0, we see that the action (7) can be written as

VIAL (o
Sy =-"75— (y " ;) Scs(@™)
A
Y (7 = 7 ses o0, G1)
where

4 1 )
Scs(w®) = / ot A da)ilL + 56,,kwi’ Aot A otk
M
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The equations of motion obtained from (31) imply that the
connections w® are flat, and it is easy to prove that these
flatness conditions are equivalent to the equations of motion
given in (8) and (9). On the other hand, if we develop a pure
Dirac analysis of the action (31) we will reproduce the results
given in the previous section, in particular we will reproduce
the Dirac brackets. In fact, in summary, by performing a pure
Dirac method we obtain the following results.
We have the following first class constraints:

+_ SEOV ap ® 1 ) )k
o g (e 4 Gl
+DH P ~ 0, (32)

and the following second class constraints:

(H)a a1 SEOY  ou

_ a7 — "y A0, 33
X ; Y5y JIA] (£)bi (33)
here, n(i)a are the conjugate canonical momenta of the con-

nection a)ff" and D;tki = guAl + €l jka)ai Ik, Furthermore,
by using the second class constraints (33) the following Dirac
brackets are obtained:

. . Sy ,
fo .05 0] ) = ToE s o x ),

sto
[0 a0, 7w} 56,6362@ -,
a 1 :|: a
{ (), n(i)b(y)]D —s _|U[7:|8 %52 (x — y);
(34)

we can observe that the Dirac brackets between the dynamical
variables given in (34) depend on the constants (s, y, o). This
fact will be important because, by using the definition of
given in terms of A and ¢/, in (34), the Dirac brackets given
in (27) are reproduced. It is important to comment that our
results are given in a general form and contain the cases for
A > 0and A < 0, thus in particular we can reproduce the
results given in [17] where the case A < 0 was studied. On
the other hand, in the limit y — octhe action (31) is reduced to
Scs(w) and the Dirac brackets are reduced to those reported
in [11], where Palatini’s theory was analyzed. Finally, we can
observe that in this section we have proved the equivalence
between the BL model and the Chern—Simons theory, thus
the standard quantization procedure can be performed. In the
following section we will study the action (7) by using the
FJ approach and we will obtain all the Dirac results in an
alternative way.
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4 Faddeev-Jackiw analysis for BL theory

By rewriting the action (10) in the following form:
L =2%b5; ¢l Al + Be"hs;; AL A)

+ Q% el e — v O, (35)
where VO = —2¢025,; [ (ef+ BAY(F), + s 5led kel

+ (Qe0 + A{ )Daeb] is called the symplectic potential and
we have introduced the following constants €2 and j:

Q:s4/|A|’ . 1

Y yVIAT
In the FJ framework, the Euler-Lagrange equations of motion
are given by [13]

avVO &)

0)¢
R T (37)

(36)

where the symplectic matrix f,, O) takes the form

_ Sap(y)  dag(x)
CosEY(x)  sEb(y)
with £©¢ and a©® , are representing a set of symplectic vari-
ables. It is important to comment that in the FJ framework we
are free to choose the symplectic variables; we can choose
the field configuration variables or the phase space variables.
In previous sections, we have constructed the Dirac brackets
by eliminating the second class constraints, hence, in order
to obtain these results by means of the FJ method we will
use the configuration space as symplectic variables [16]. To
this aim, we choose from the symplectic Lagrangian (35)
the symplectic variables & (0)a x) = {ef“ ef), AZ, Af)}, and
the components of the symplectic 1-forms are a©@, (x) =
{Q2€%lep; . 0,269 ¢ + Be%9P Ay; . 0}. Hence, by using our
set of symplectic variables, the symplectic matrix (38) takes
the form

9 (x, (38)

—2Qe%b5,; 0 —2€%bs;; 0
0 0 0

©) _ 0o,
f (x, y) - _2€0ab5ij 0 _Zﬂe()ab(sij 0 8% (x y)
0 0 0 0
(39)

The symplectic matrix fa(g) is of dimension [18 x 18] and
it is a singular matrix. In fact, in the FJ method this means
that there are constraints present. In order to obtain these
constraints, we calculate the zero modes of the symplectic

matrix; the modes are given by (vﬁ(,o))lT = (0, v"fi, 0,0) and
(v(o))2 = (0,0,0, va), where v and v%0 are arbitrary
functions. In this manner, by using the zero modes and the
symplectic potential V© we obtain

Q© = / 2 x(I (x) / 2yv O )
= - / 20 (x)2€%90 5,

j Al i,
X || F'ap +ST€ kle eb + QDge

; A
—> —Zéoab(sij [(F'/ab-i-S' 5 |€ k[e Eh) +QD e] ]:0,

860 (x)

(40)
© _ [ 20 OnT 8 2 v
B0 = [0 W [ @O
S / A2 (x)2€%0 s,
j [A]
X (BN Flap +5—— > ekzeeb —l—De;7
_ _olabg. j [AT i1
—2¢ ,Jﬁng-i-székleeb + Dge’p | =0.
(41)

thus we identify the following constraints:

, A
QO = 2%ty |:<F]ab b 5 /e eb) +QDgel), ] 0,

(42)

kze‘ eb) + Dge’ b] 0,
(43)

these constraints are the secondary constraints found by
means of Dirac’s method in the previous sections. In order to
observe if there are more constraints, we calculate [18-21]

P8 =z.8), (44)
where
A )
dET
Z.(&) = 0 (45)
0
and

@ Springer
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—Zﬂéoab3ij
(0) 0
/.
§) 0 —2e%P5;
o = G = 0
28O
agb

0 —2€%b5;; 0
0 0 0
0 —2Be%bs;; 0
0 o 0 |6 —». @6

Lo 2600 (28170, — €iji(QAX +5 | A €)) 0 2€%0(5;;0, — €k (AX + Qek)) 0

26098 (5,8, — €k (AK + Qek))

0 ZEOab(IB&.jaa — 6ijk(:3A,t§ + e];)) 0

We can observe that the matrix (A9) is not a square matrix
as expected, however, it has linearly independent modes

ables and 1-forms, we can calculate the following symplectic
matrix:

1
fa(b) (xy y)
—28;; —2(28;j0p + €ijc QAL +5 | A | €f)) —28;; —2(8ij3p + €ijr (AX + Qef))
_ | 280, - €k (QAN +5 1 A | b)) 0 —2(Q8;j 3 — €ijk (AF + Qek)) 0
—25;; —2(8:j8p + €k (A + Qeb)) —2B5;; —2(B8ij 8 + €ij (BAL + b))
—2(8ij0q — €iju (AX + Qek)) 0 —2(B8ijda — €ijk (BAK + b)) 0
w52 (x — y) (49)

given by (v)] = (813,0* + €l AV, 3§.v€6, s | A |
€ ek, 0, 53 vt 0) and WMT = (=€ jek, 0, 55. davP +
eikj A’a‘ VB, 83.va, 0, 6; vﬁ); these modes are used in order to
obtain further constraints. In fact, by calculating the follow-
ing contraction [18-21]:

WMz, =0, 47)

where ¢ = 1, 2, we find that (47) is an identity, thus in the
FJ formalism there are not more constraints for the theory
under study.

Now, we will construct a new symplectic Lagrangian with
the information of the constraints obtained in (42) and (43).
In order to archive this aim, we introduce eé = il and A6 =
6!, as Lagrange multipliers associated to those constraints
obtaining the following symplectic Lagrangian:

[,(1) = 260ah5ij6214£ + ,BéoabaijAZA',j;

+Qe%s el el + Q0+ 061 — v (48)
where VD = y© | Q®—0p0—0= 0, the symplectic poten-
tial vanishes reflecting the geﬁeral covariance of the theory. In
this manner, from (48) we identify the following new sym-
plectic variables: £ (x) = {ef, 1!, A, 6’} and the new
symplectic 1-forms a(o)a(x) = {Qeoabehi, QEO), 2e0abg,
B Ay, ﬂl.(o)}. Hence, by using the new symplectic vari-

@ Springer

The symplectic matrix f a(;) represents a [18 x 18] singular
matrix. However, we have commented that there are not more
constraints; the noninvertibility of (49) means that the the-
ory has a gauge symmetry. In order to invert the symplectic
matrix we choose the following gauge fixing as constraints:

Ap(x) =0,

ep(x) =0,

then we introduce the Lagrange multipliers ¢; and «; asso-

ciated with the above gauge fixing for constructing a new

symplectic Lagrangian. The symplectic Lagrangian is given

by

L£P = Q.anbaije;;A',{ + ,Béoab&'j A;,Atjl

+Qe" s et + (@ + il + (B + i),

(50)

thus we identify the following set of symplectic vari-

ables: £ (x) = {ez, AL @i, Az, 6',a;} and the symplec-

tic 1-forms a©, (x) = {Q€% ey, Q¥ + ¢;, 0, 26%b ¢y +

ﬁeO”bAb,-, ﬁi(o) + «;, 0}. Furthermore, by using these sym-

plectic variables we find that the symplectic matrix is given
by
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-(2)

fa;, x,y) =
-2 —2(Q8;;0 + €k (QAF +s | Alef)) O ~28;; —2(8j0p + €iji (A + Qej)) 0
—2(8i;8, — €ij (A +5 | A | b)) 0 8 —2(Q8;j0a — €ijk (AX + Qek)) 0 0
0 8 0 0 0 0
—28;; —2(8;;0p + €ijk (AL + Qeb)) 0 28 —2(B8ij0p + €ijk (BAY +¢5)) O
—2(81j0a — €ijr (AL + Qb)) 0 0 —2(B8ijda — €iju(BAL +€b)) 0 -5
0 0 0 0 8 0
x5 (x — y). (51
The symplectic matrix fa(;? represents a [24 x 24] non-  the generalized FJ brackets (54) take the form
. . . . , s 4
smgular. matrlx,.hence, 1.t isa symplectic tensor. After a long (el ax), ﬂbj(y)}FD _ . Sba81j52(x — ),
calculation, the inverse is given by 2s —y9)
.. . . k 2 .. . k
m%alﬂw 0 5;-3a - f’jkAa _Z(SVTVZ)EOabSU 0 _Eljké’a
0 0 8] 0 0 0
878, — el Ak —5i 0 —s|Aleied 0 0
2 , b k k
[ o) h= | 700 R o o 1- R EaCE) (52)
—Z(Tyz)anbsj 0 —s | A | € jkea 2(?;/2)60“1’8] 0 51-8[, —? jkAa
0 0 0 0 0 8!
_Eijke]g 0 0 SiJBb —Ei-jkAllg —5;'- 0
. . 1 .
Therefore, by means of {e'a(x), e/ y(M}FD = NN _yyz 8 €0apd? (x — y).
2 2 2) -1
{7 (). & WMirp = 1f;; (x, )] (53) s> JTA
' ! Y {740, 7 ;MY Fp = gsl_yzl(sijéo"bﬁz(x—y),
from (52) it is possible to identify the following FJ general- 9,2
ized brackets: (Al (), TP ;) pp = i%jéjggigsbasfja2(x )
i J _ 14 ijs2
: = coud7 8 (x — y). : : sVTA !
tea (), €,(N}rp = 7 TalG =2 (x =) (Al g (), Ay (D) pp = %mﬁ”eoabﬁ(x ),
2
. . Yy iion s 1
{AL(0), ;MY FD = —meoabS”S (x =), N0, ;M) pp = Wm&jéo“%z(x -y,
. ; s/ Ay . . . 1 y2
(Aa(0). Ay} rp = 35 casd™' 8% (x = ). (A'a ), ¢!y MIFD = 5 yzy_ =8 €gapd? (x ),
' ' i akyg2 , .
tea (). &j(N}rp = (8380 — € jxA)8"(x = y). (a0, ;M) rp = T:Aﬁ e B -,
(AL, a; (M) FD = (8500 — € ) ADS* (x — ),
L P (a7 e = =BV gp st 20—y
{eh(x). ;Y Fp = —€' jiel. R TIIED 2 sy Y .
; B - 1
{Aa(), 0;MIFp = —s | A | € jkeq, (70, 17 (N} Fp = 2 ij 5;j€P5%(x — y), (56)

(@), 0j(MYFp = 8/8%(x — y),
{67 (x), a;(MYrp = 8782 (x — y).

(54)

It is important to comment that the generalized FJ brackets
coincide with those obtained by means of the Dirac method
reported in the previous section. In fact, if we perform a
redefinition of the fields introducing the momenta given by

JTA .
JTia = Sgéoab(sijeb'/,

’ | (55)
¢ = 2e%s8;; (ep) + ———=Ap7 |,

’ KAV

where we can observe that they coincide with the full Dirac
brackets found in (27).

Furthermore, we have commented above that in the FJ
approach it is not necessary to classify the constraints in
first class and second class, but all the constraints are
at the same footing. Thus, we can carry out the count-
ing of physical degrees of freedom in the following form.
There are 12 dynamical variables (¢!, Al) and 12 con-
straints (ng), ,Bi(o), AL ef)), therefore, the theory lacks phys-
ical degrees of freedom.

We finish this section by calculating the gauge transforma-
tions of the theory, by determining the modes of the matrix

@ Springer
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(49)
M) = (=850,6%(x — y) — € 1 ALS* (x — y),
887 (x — ), —s | A | € jresd*(x — ), 0), (57)

)] = (=€ jresd®(x = ),0, —879,6%(x — y)

— € kAL (x — y), 8787 (x — y)). (58)
In agreement with the FJ symplectic formalism, the zero
modes (w(l))lT and (w(l))g are the generators of infinitesi-

mal gauge transformations of the action (35) and are given
by

(Se;(x) = —Dasi + eijke];r-/,
Seb(x) = doe',

SAL(X) = —Dut’ +5 | A| € jrekel,
SAL(x) = dpt'.

In fact, the mode (57) is the generator of translations and
the mode (58) is the generator of rotations. In this manner,
by using the FJ symplectic framework we have reproduced
the A-deformed ISO(3) gauge transformations reported by
means of Dirac’s method. Finally, in order to complete our
work, in Appendix A the Dirac analysis for the Abelian case
is developed. In that appendix, we report the full constraints
program and we have constructed the Dirac brackets by fix-
ing the gauge, then in Appendix B we reproduce all Dirac’s
results in a more economical way by using FJ framework.

5 Conclusions and prospects

In this paper a pure Dirac formalism and a full FJ approach
for the BL model have been performed. With respect to
Dirac’s method, the complete structure of the constraints was
found and the algebra between the constraints defined on the
full phase space was developed. Furthermore, we observed
that the internal group is SU(2) (or SO(3)), however, the
fundamental gauge symmetry correspond to an A-deformed
ISO(3) transformations. In addition, we have eliminated the
second class constraints by introducing the Dirac brackets,
and we observed that the Dirac brackets depend on the y
parameter and this fact makes the BL model classically differ-
ent from Palatini’s theory. On the other hand, we have repro-
duced all relevant Dirac results by performing within the FJ
framework. In fact, we have found the FJ constraints and we
have showed that there are less constraints than those found
with Dirac’s method. Moreover, we have showed that the gen-
eralized FJ brackets and the Dirac ones coincide. In this man-
ner, we have reproduced all relevant Dirac results by using the
FJ method, in particular we can see that the FJ method is more
economical than Dirac’s method. In addition, we proved the

@ Springer

equivalence between the BL model and Chern—Simons the-
ory; from a pure Dirac analysis of the Chern—Simons the-
ory, all relevant Dirac results obtained using the connection
and the frame fields as dynamical variables were reproduced.
Finally, we comment that our FJ analysis is generic and we
can reproduce all the results reported in [4] where Dirac’s
method was employed. In fact, it is straightforward to observe
that using the axial gauge in the matrix (49), the BL theory
can be written in terms of a SO(3) Ashtekar connection. This
result is obtained in more economical way by using the FJ
framework. Hence, our results extend those results found in
the literature.
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Appendix A: Canonical analysis of the BL Abelian theory
In this appendix, we shall resume the canonical analysis of
the Abelian version of BL action given by

sAbelian 4 ) :/zei A Fi[A]

1 ; .
+—— | A" AdA; +5s| A let Ade;
m/ itavlAle nde

Al . Al N .
Oab 0 i b i
=€ ———tey | Fapi + | ——= + ¢, | Aui
/ [(Wm 0) o (Wm b) “
s A ; s A ; 2\ L
+< | |e6+A6)Tabi+< | le;,+A;,>ea,-],
Y Y
(A1)

where Aﬁ and eZ are a set of three U(1) vector fields,
Fl, = 3,AL — 8,AL, Ty = d4¢) — dpel,. By introducing
the canonical momenta defined by

AL 1
A — 0o . .
nhi= — = €M | ————Ap e |, A2
et ] "
L sVTAT
pl = o = e [A,,i + —ep,-] . (A3)
e Y
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and performing the canonical analysis, we obtain the follow- a b SVIAT gupe o2
. o {pi (xX), p;(MIp = ——€78;;8"(x — y),
ing results. We find four first class constraints: 2y

T=p0~ ~ j sV A Ty ij
v =p~0 (AL (), AJ())D = ————€0apd™ 8% (x — ),

2 a a 2(s —y*)
V3 =70~ 0, (AL, 77 () = 848,87 (x = ¥),

4_ @ _ 4~ B
V' =207 = 0@ 0, rf @) ) ()p = 5887 (x — ),
and four second class constraints: . 1 oupe o

(), 7} = —e"8;:8%(x — ),

Xili :pf _60ab [Abl +eri] %O, (AS) {pl (-x) 7T] (y)}D 26 L] (-x )’)
X8 = 18 — %P (B Ay + epi] 0. {eh(x), pY(MIp = 8587 (x — y),
Now, the algebra between the second class constraints is {Ap(0), ﬂ.?(Y)}D = 5;52()5 -, (A9)

given by

@ X)) = —296%5;;82(x — y),
D 0, 12 (0} = —2€%08;62(x — y),
08 (. X800} = =28 8,;82(x — y).

Hence, the Dirac brackets will be constructed by eliminating
the second class constraints. For archive this aim, we write in
matrix form the Poisson brackets among second class con-
straints, namely

cab _ (—29 -2

(A6)

(AT)

Oabg. 2.,
_ _2’3>6 81]5 (x =),

and we calculate its inverse given by

2
abi—1 _ Y B
L] C2(s —y?) <—1

Hence, by using the matrix (A8) we obtain the following
Dirac brackets of the theory:

o ) s B, a8

i J _ 14 ijs2/.

(e 00, eh o = 3 s ctnd 5 = )
. : 2 ..

(4,00, ) = =5 ead 153 = ),

1 .
5848382 = ),

fel,(x), P2ip

—2Qe%bs; 0 0 0 8/99 —2elabsy;

0 0-8/ 0 0 0

0 L0 0 0 0

0 00 0 &V 0

Glr.y) = 89y 0 0 =8,V 0 0
—2¢%b5; 0 0 0 0 —2Belbyy;

0 00 0 0 0

0 00 0 0 0

0 00 0 0 0

0 00 0 0 8%ay

hence, the Dirac brackets for Abelian and non-Abelian theory
coincide. In the following lines, we will construct the Dirac
brackets by fixing the gauge, then we will reproduce these
results by means FJ framework.

A.1: Dirac’s brackets by fixing the gauge

In order to construct the Dirac brackets it is necessary to
convert the first class constraints into second class by fixing
the gauge, and we will work with the temporal and Coulomb

gauge

Q) = 66 ~ 0,

Q = 9% ~0,

Q3 = Al ~ 0,

Q4= 03Al ~0,

Qs = p) ~0,

Q6 = 20,p] — daxi; =0,
Q7 =P ~0,

Qg = 29,7 — I x5 ~ 0,
Qo = p& — "V [Ap; + Qepi] ~ 0,

Qo = 7 — " [BApi + eni] < 0. (A10)

in this manner, the matrix whose entries are the Poisson
brackets between the constraints, namely G, is given by

00 0 0

00 0 0

00 0 0

00 0 0

00 0 0 5

00 o s x 82(x — y). (All)
0-5 0 0

5 0 0 0

00 0 ¢V

0 0 —8vi 0
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Hence, the inverse of G becomes

.. . ab
anbyjz% 0 0. GQaba;% 0
0 0 & 0 0
0 —53 0 0 0
. o s/
conad 3563 0 0 0 -& -
st
o 0 0 0 & 0
Gy = o o
—eoabﬁjﬁ 0 0 _GOaijﬁ 0
0 0 0 0 0
0 0 0 0 0
—€0ad] 357 0 0 0 0
0 0 0 0 0

- . gb
—anb3”% 0 0 —eoabS}zg—%% 0
0 0 0 0 0
0 0 0 0 0
covad] 505 0 0 0 0
0 0 0 0 0 5
€0apd’ 59 0 0} E()abtsl ZHVAZ 0
0 0 (Sij 0 0
0 —8; 0 0 0
j 8]
€ad; 5592 0 O 0 -5
8. '
0 0 0 v—% 0

here we have defined 6 = 2 — 1. Finally, we use the inverse
matrix G~! and we find the following Dirac brackets:

, , 3,0”
fel,(0), phip =45 (8% - 7) 8(x =),
el (x). e} (M} =0,
{pf (), ph(»ip =0,

i b i b aaab
(AL, 7 Ip = ' (8% = S5 ) 8x = ).

{AL(x), AL())p =0,
(! (), 7} (M)p = 0.

In the following section, we will reproduce these results by
means of FJ formalism.

(A12)

Appendix B: Faddeev—Jackiw analysis of BL Abelian
theory using the phase space

Now, we shall study the action (A1) by means FJ formalism,

we shall work with the phase space as symplectic variables
[18]. Hence, the Lagrangian density can be written as

Al A
L= €0ab b +e | Ay
[(M A r)

AT . .
+ (S L i +A;,) e'a,-] —yO, (B1)
where the symplectic potential is given by
Al :
v(© _ _ Oab 0 1o F,
yVIaT )
S A :
+ < |)/ |€6 + AE)) Tabii| . (B2)

@ Springer

By introducing the canonical momenta

P = €% (Ap; + Qep),

(B3)
7wl = €% ey + BAM),

and writing the fields in the following form:

Oab , = __ S a __ _a
e = 5 — 7).
Oab L S a __ .a
€ Api _—s—yz(an Pj),

the first-order symplectic Lagrangian density takes the form

LO =nf Al + ptél — v O, (B4)
where the symplectic potential V© is given by
VO = 2Al9, 7% — 2el0,p. (B5)

In this manner, we can identify the corresponding symplectic
variables &£©4(x) = {eé, pi.eps Aé, wi', Ay} and the sym-
plectic I-forma®,(x) = {p¢, 0, 0, 7%, 0, 0}; thus, by using

the symplectic variables, the symplectic matrix takes the form

fa(,(,)) (x,y)

0 —8%/;0 0 0 0
8.8, 0 0 0 0 0
0 0 0 0 0 0.
I 0 0 0 —s5i0]|0 T
0 0 08%8; 0 0
0 0 0 0 0 0
(B6)

This matrix is singular, this means that the theory has con-
straints. The zero modes of this matrix are given by (vc(,o))T =

(0,0,v%,0,0,0) and (v)°)I = (0,0,0,0,0, v40), where
v% and v are arbitrary functions. Now, by using the zero
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modes we can get the following constraints:
)
— 2 (»yONT 2,10
0= /d x(0M)! (x)ag(O)i(x) /d VO &)

= / v (0)[~20, ]

- Q.= —29,p¢ =0, (B7)
8
_ 2 O)\T 2 0)
0= [ @O0 s [ @ Oe
= f d?x v (x)[—28,71]
- 0¥ = 29,7 =0. (B8)

On the other hand, we will see if there are more constraints
by calculating the following contraction [19]:

1-
fOE = Z:®), (BY)
where
)
1 f
fc(d)_(i?é?o)>
P
0 —87,8/,0 0 0 0
8080, 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 —=8%%8/;0].
= 5 —
0 0 06ty 0 o]0 @
0 0 0 0 0 0
0 20,8/; 0 0 0 0
0 0 0 0 298/; 0
(B10)
and
A
AES 3(5)“ : (B11)

Although the matrix (B10) is not a square matrix, it
still has linearly independent modes given by (v(l))lT =

(20,0*,0,v%,0,0,0, v*,0) and (@1)! = (0,0, 0, 20,0,
0, v40, 0, v9). Multiplication of (fc(;)) by (v(l))CT from the

0 —8%8; 0 =89, 0

80,81 ; 0 2819, O 0

0 -28;9, O 0 0

2 _ —Bljﬁb 0 0 0 0

Fab (%2 ¥) = 0 0 0 0 0
0 0 0 0 &b,8;

0 0 0 0 0
0 0 0 0 =50,

left side gives zero. The contraction of these modes reads
WM Z g0 o= 0, (B12)

which is an identity, hence, there is not new constraints.
Furthermore, enforcing the constraints (B7) and (B8) in
order to construct a new symplectic Lagrangian we use the
Lagrangian multipliers (A, p?):
LD =70 AL + plél + (28, pHA + Qi)' — VD,
(B13)

where VD = y© l9,4=0,3, pe=0= 0, is the symplectic
potential. From (B13) we identffy the following symplec-
tic variables: §V(x) = {el, p?, A1, AL, 7%, p'}, and the
1-forms aV,(x) = {p{,0,20,p}, 7, 0,20,m}, thus the
corresponding symplectic matrix is given by

1
A
0 =878/, 0 0 0 0
b8’y 0 28159, 0 0 0
| o 2808, o0 0 0 0
- 0 0 0 0 —8%8; 0
0 0 0 shest; 0 —2850,
0 0 0 0 -26/;9, 0
82(x —-y), (B14)

the matrix is still singular, but we have proved, however, that
there are not new constraints. Therefore this system has a
gauge symmetry. In oder to obtain a symplectic tensor, we
will fix the gauge, let us fixing the Coulomb gauge 3%¢’, = 0,
3%Al = 0 and we will introduce this information by con-
structing a new symplectic Lagrangian adding new Lagrange
multiples, namely ¢; and 6;, enforcing the gauge fixing, we
obtain

L£P = 711-”A'Z + plel + (28apf)ii

+ Q0,7 + (3% )i + (99 ALY, (B15)

now the symplectic variables are given by £¢®(x) =
{eh, p% A @i, AL, m?, p', 0;} and the 1-forms a® (x) =
{p?,0,20,p¢, 0%, 7, 0,20,7", 3*AL}. In this manner,
the symplectic matrix takes the form

0 0 0

0 0 0

0 0 0

0 0 o |,

0 —25;9, 0
2899, 0 0

0 0 0
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where we can observe that f a(i) (x, y) is a symplectic tensor

and therefore is invertible. The inverse matrix of f a(l? (x,y)

is given by

£2 e, 17!

We can observe that the Dirac brackets given in (A12) and
the FJ generalized brackets given in (B19) coincide.

. b .
0 5t -2y 0 -8 0 0 0 0
—87;(8% — L&) 0 38550 0 0 0 0
1oi 8P i 11
Q —58‘ iv2 0 =45 izv2 0 0 0 0
B —8/; % 0 381 0 0 0 0 0
= . b .
0 0 0 0 0 5% — %) 0 5 ;%
j 9p0“ 1gj. 3%
0 0 0 0 —87i(8% — %5) 0 -850
1oi 8 Loi |
0 0 0 0 0 —58’ iz 0 —55‘ iv2
0 0 0 0 —8/; 2 0 1801 0
x82(x — y), (B17)
where it is possible identify the FJ generalized brackets as
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