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We investigate the resurgence structure in quantum mechanical models originating in 2d nonlin-
ear sigma models with emphasis on nearly supersymmetric and quasi-exactly solvable parameter
regimes. By expanding the ground state energy in powers of a supersymmetry-breaking defor-
mation parameter §e, we derive exact results for the expansion coefficients. In the class of
models described by real multiplets, the O(8€) ground state energy has a non-Borel summable
asymptotic series, which gives rise to imaginary ambiguities leading to rich resurgence structure.
We discuss sine-Gordon quantum mechanics (QM) as an example and show that the semiclas-
sical contributions from complex multi-bion solutions correctly reproduce the corresponding
part in the exact result including the imaginary ambiguities. As a typical model described by
chiral multiplets, we discuss CPY~! QM and show that the exact O(8¢) ground state energy
can be completely reconstructed from the semiclassical multi-bion contributions. Although the
O(5¢€) ground state energy has trivial resurgence structure, a simple but rich resurgence structure
appears at O(8€2). We show the complete cancelation between the O (8€%) imaginary ambiguities
arising from the non-Borel summable perturbation series and those in the semiclassical contri-
butions of N — 1 complex bion solutions. We also discuss the resurgence structure of a squashed
CP' QM.

Subject Index B15, B35, B87

1. Introduction

Resurgence theory and trans-series formalism (Ref. [1-8]) in quantum theories have shed new light
on nonperturbative analysis and the definition of the path integral formalism in quantum mechanics
(QM) (Refs. [9—42]), 2d quantum field theories (QFT) (Refs. [43-56]), 4d (or 3d) QFT (Refs. [57—
64]), matrix models and topological string theories (Refs. [65-89]), and localization-applicable
supersymmetric Yang—Mills (SYM) theories (Refs. [90-92]). They have also been discussed in
terms of the exact WKB analysis of Schrodinger-type ordinary differential equations (Refs. [93—
105]). In resurgence theory, the Borel resummations of perturbation series around all nontrivial
backgrounds are taken into account, and it is expected that such a full semiclassical expansion
(resurgent trans-series) leads to an unambiguous definition of quantum theories (Refs. [106—108]).
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In the original argument of the resurgent expansion (Refs. [11-21]), one needs to take account
of configurations composed of instanton—antiinstanton pairs called “bions” (Refs. [109-115]).
Imaginary ambiguities emerging from such bion contributions cancel out those arising in the non-
Borel-summable perturbation series. Recent studies have manifested the true nature of the bion
configurations from the viewpoint of the complexified path integral, where each bion configuration
emerges as a complex saddle point (Refs. [28,29,32,38]). In the framework of the complexified the-
ory, the original integration contour of the path integral is decomposed into the so-called Lefschetz
thimbles (Refs. [116—128]), each of which is associated with one of the saddle points. The contribu-
tion from each bion background in the resurgent trans-series is given by the path integral along the
associated Lefschetz thimble. Those deformed contours vary depending on the complexified cou-
pling constant (arg g # 0) and some of the integration cycles discontinuously jump at arg g* = 0.
Such a discontinuity of a thimble gives rise to an imaginary ambiguity reflecting the “Stokes phe-
nomenon” in the corresponding sector of the trans-series. Those ambiguities are expected to cancel
among themselves and hence there is no ambiguity in the entire trans-series, which corresponds to
the path integral along the original contour.

In Refs. [28,29] and our previous work Refs. [32,38], exact solutions of the holomorphic equations
of motion were investigated in the double-well, sine-Gordon, and CP! QM with fermionic degrees of
freedom (incorporated as a parameter €), and it was shown that the bions appear as the exact solutions
of the complexified equation of motions. In Ref. [38], an infinite tower of exact multi-bion solutions
were found, and the exact resurgent trans-series was obtained to all orders in the perturbative and
nonperturbative expansion. It was shown that the response of the exact ground state energy under a
deformation from the supersymmetric (SUSY) point (¢ = 1) can be expressed as a trans-series with
nonperturbative terms corresponding to multi-bion saddle points, together with perturbation series
around them. In the trans-series, the imaginary ambiguity associated with the non-Borel summable
perturbation series around the p-bion background is canceled by that arising from the semiclassical
contribution of a (p 4+ 1)-bion saddle point. By applying the Lefschetz thimble method, all the
semiclassical contributions from the multi-bion solutions are shown to agree with the corresponding
parts in the exact result.

In this work, we investigate resurgence structure in a broader class of quantum mechanical models
from the viewpoint of the complexified path integral and its complex multi-bion saddle points. We
focus on SUSY and quasi-exactly solvable (QES) QM, where we can take advantage of exact results to
probe the resurgence structure of those models. By introducing a SUSY-breaking (or QES-breaking)
deformation parameter ¢ and expanding the ground state energy around the SUSY (or QES) point
in powers of §e, we reveal all order multi-bion contributions with nontrivial resurgence structure.

We classify the models into two classes: (i) quantum mechanics on a Riemannian manifold
described by real multiplets and (ii) quantum mechanics on a Kéhler manifold described by chi-
ral multiplets. In both classes, the ground state energy at the SUSY and QES points (6¢ = 0) does
not receive any nonperturbative correction due to cancelation among various (real and complex)
multi-bion contributions. In the first class, the O(S¢) ground state energy has a non-Borel-summable
asymptotic series in each sector of the trans-series, which gives rise to an imaginary ambiguity
leading to a rich resurgence structure. In the second class, a localization method (Refs. [129,130]) is
(partially) available to determine the O(8¢) ground state energy, which leads to a simpler (sometimes
trivial) resurgence structure than that in the first class.

As typical examples in the two classes, we consider sine-Gordon QM (the first class) and the
(squashed) CPY~! QM (the second class). In sine-Gordon QM, we obtain the exact result for the
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O(8¢€) ground state energy, which is composed of a perturbation series and an infinite tower of
nonperturbative terms, each of which has a non-Borel-summable asymptotic series. Based on the
complexified path integral, we show that the semiclassical multi-bion contributions reproduce the
corresponding parts in the exact result including the imaginary ambiguities which cancel those in
the other sectors. This supports the resurgence to all orders in the nonperturbative exponential. In
CPN~1 QM, we find (N — 1) types of (real and complex) bion solutions and show that the exact
result for the O(Se) ground state energy can be completely reconstructed from the semiclassical
multi-bion contributions. We determine the non-Borel summable perturbation series of the O (8€?)
ground state energy to all orders in g? and confirm that its imaginary ambiguities are canceled by
those in the single-bion contributions. We also show by deforming the target space that a nontrivial
resurgence structure can be seen in the O(d¢) ground state energy for a generic target manifold.
The organization of this paper is as follows. In Sect. 2, we discuss generic properties of the
ground state energy in the two classes of SUSY models. By expanding in terms of a SUSY-breaking
parameter ¢, we show that the “generating function” (0|0) plays an important role in determining
the resurgence structure of the ground state energy around the SUSY point in the parameter space. In
Sect. 3, we investigate the resurgence structure in sine-Gordon QM. The O(§¢) ground state energy
is derived exactly and compared with the semiclassical multi-bion contributions. In Sect. 4, we
investigate the resurgence structure in CPY~! QM, with emphasis on the exact complex solutions
and their contributions to the ground state energy around the SUSY and QES points. In Sect. 5,
we investigate the resurgence structure in the squashed CP' QM. Section 6 is devoted to summary
and discussion. Appendices A, B, C, D, E, F, and G are devoted to the supersymmetric QM, the
localization method, the perturbative part in CPY~! QM, the quasi-moduli space, the kink—antikink
effective potential, the Lefschetz thimble analysis, and the one-loop determinant, respectively.

2. SUSY QM with deformation parameter
2.1.  Quantum mechanics on Riemannian manifolds

In this paper, we discuss quantum mechanics of a particle on a manifold M with a potential V. The
Schrodinger equation takes the form

1 )
HU = [-?A+V]|W¥, AW= 3 (G’/\/detG) W, 2.1
[Fe"a+7] Jaec” y @1

where Gj; is the metric of the target manifold M, A is the Laplacian, and 9; = a%i stands for the partial
derivatives with respect to the real bosonic variables ¢’ (i = 1,...,n = dim M) corresponding to
the coordinates on M. The focus of this paper is on the class of models that can be obtained from
supersymmetric quantum mechanical models by a SUSY-breaking deformation. In particular, we
put a special emphasis on the expansion around SUSY and quasi-exactly solvable (QES) points. In
such a model, the Hamiltonian projected onto the lowest fermion number eigenspace takes the form
of Eq. (2.1) with a bosonic potential of the form (see Appendix A for details)

|
V= g—zGUaiwajW—eAW, (2.2)

where W is a real function on M, which we call the superpotential, and € is the SUSY-breaking
deformation parameter.
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The model with € = 1 corresponds to the SUSY case, where the exact wave function for the SUSY
ground state |0) is obtained as

WO = (p]0) = exp (—g—W;). (2.3)

This SUSY invariant state is well defined only when it is normalizable:
2W
(0]0) = / dv exp <——2> < 00, (2.4)
M g

where dv is the volume form on M: dv = +/det G dg' A - - - Adg". For example, in a single-variable
case, a polynomial superpotential W () of even degree satisfies the normalizability condition while
that of odd degree does not. This means that the present setup includes triple-well, 5-well, ...,
(2n + 1)-well potentials while it does not include double-well, 4-well, ..., 2n-well potentials. As is
well known, SUSY is spontaneously broken in the latter cases.

We will investigate the ground state energy and the wave function by expanding them in powers
of the SUSY-deformation parameter 8¢ = ¢ — 1 as E = 8eE() + 8?E® + ... and ¥ = ¢© 4

8ew) 4 ... In other words, we consider their responses under the SUSY-breaking deformation
1 9" 1 9"
EW=—__—E , wW=__yg| . (2.5)
n! de” e=1 n! oe” e=1

These expansion coefficients can be determined by the standard Rayleigh—Schrédinger perturbation
theory,

1 1
g = OBHIO) — poy (W He |9 )>, 2.6)
(010) (0[0)

where H = — AW is the SUSY-breaking perturbation Hamiltonian.

For the purpose of understanding the resurgence structure at each order of ¢, the property of the
denominator (0|0) in Eq. (2.6) is of great importance. Since this gives the vacuum expectation value
(VEV) of W when differentiated with respect to 1/g2, we call this quantity the generating function
of W in the following. Applying the saddle point method, we obtain the following schematic form
of the generating function

(0]0) = / dv exp (—Z—T) = > Fy(g*) exp (—2Ws>, (2.7)
M

2
se6 g

where G denotes the set of the saddle points of W, W; is the value of W at the saddle point s, and
F,(g?) is the perturbation series around the saddle point s.

Depending on the type of SUSY models from which we obtain the bosonic potential, the generating
function (0]0) has different properties. If the target space M is a Riemannian manifold whose
coordinates are parametrized by the bosonic components of “real multiplets”, the functions F,(g?%)
have nontrivial asymptotic expansions, giving a complicated resurgent structure to £(”. This class
includes sine-Gordon QM and the (2n + 1)-well models (n € 7Z), while if the target space is a
Kiéhler manifold whose complex coordinates constitute “chiral multiplets”, the functions Fi(g?)
are monomials of g2, which leads to a simplified (sometimes trivial) resurgent trans-series in £,
Examples of this type are CPY~! QM, Grassmannian QM, and their deformed models.
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2.2.  Real multiplet: generating function and Lefschetz thimble

Let us first see some generic properties of the generating function (0]0) in the SUSY QM described
by real multiplets. After the projection onto the lowest fermion number states, the action takes the
form (see Appendix A for details)

1 S
S= [ dt|-—Gy¢'¢) — =Gloawaw + AW ). 2.8)
4g2 g°

This class of models includes the SUSY (2n + 1)-well model and the SUSY sine-Gordon model.
As we have discussed, the generating function for ¥ can be obtained by evaluating the integral

(0]0) = / dv exp (—g) 2.9)
M g

Let us apply the Lefschetz thimble method to this integral.

We assume that the target manifold M has a suitable complexification M® parametrized by
the complexified coordinates ¢’ and the function W can be analytically continued to M as a
holomorphic function of ¢’. The thimble J; associated with a saddle point s of W is a middle-
dimensional subspace of MC that can be reached by upward flows from the saddle point s:

dg_TaW
U? = ?w, t_l)lf_noofﬂ = @, (2.10)
where ¢ is a formal flow parameter and gij is a suitable positive definite metric on M such that
G;; = Gjj on M. The dual thimble K is defined as a middle-dimensional subspace of MC (dim J; =
dim K) that flows to the saddle point s:

de'  1ow .
i =g dme = @1
The definition of the thimble J; and its dual K implies that the real and imaginary parts of the
complexified superpotential satisfy

ReW|s > ReW, > ReWlx,, ImW|y =ImW, =ImW|,. (2.12)

It follows from these properties that J; and K5 can intersect only at the saddle point s. Since the
imaginary parts are generically different (Im W # Im Wy) at two different saddle points s # s’
for a generic function W, there is no intersection between J; and Ky (s’ # s). Provided Stokes
phenomena do not arise, we can define the intersection pairing of thimbles and their duals as

(T5, Kyr) = 8y (2.13)
By using this pairing, the original integration cycle M can be decomposed as

M= "nJs ng=(M,Ky), (2.14)
s€6

where n; are the intersection numbers between M and the dual thimble XC;. Correspondingly, the
generating function can be decomposed as

(010) = Y Fy(g?) exp (—2WS), @.15)

2
seS g
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with

(2.16)

2W — Wy)
|

Fs(gz) = ns/ dv exp |:—
Ts g

However, this decomposition becomes ambiguous if there exists a kink solution described by the
BPS equation in the original SUSY model

o/ oW

—— = - 2.17
V9t dpt’ (2.17)

where 7 is interpreted as the Euclidean time. Since the BPS kink solution is a flow connecting
2 different saddle points (s # ), its existence implies that 7y coincides with Iy and hence the
intersection pairing is ill defined. We can make it well defined by giving a small imaginary part to g2
as a regularization parameter. Although such a complexified coupling constant gives a well-defined
intersection pairing, it can give different decompositions of M depending on the sign of arg g% = 0.
This is because the thimbles can have discontinuity at arg g> = 0,

NANETI K #K,, (2.18)

where thimbles with + denote those for positive and negative arg g”. Therefore, the generating
function can also have different decompositions depending on arg g2:

20,
(010) =Y FF(g* exp (— . ) (2.19)
se&
with
Fig) =ny /Ji dv exp [—@}, ny = (M,KY). (2.20)

This means that a Stokes phenomenon occurs on the line arg g? = 0, and consequently the asymptotic
series of (0]0) at each saddle point has an ambiguity for real g. As we will see below, the Stokes
phenomenon for the generating function (0|0) gives a nontrivial resurgence structure to £ =
(016H10)/{010).

It is worth noting that the generating function can be written as

2Woy
(0/0) = exp (——2) > FF(?) exp (—2Skink.s)» (2:21)
g NG
where Wy = mingeg W; 1s the value of W at the global minimum of the potential and Skink s = (W —
Wo)/g? are the on-shell values of the Euclidean action for the BPS kink solutions. Equation (2.21)
implies that pairs of kinks, i.e., bions, give the nonperturbative contribution to (0]0).

2.3.  Chiral multiplet: generating function and Lefschetz thimble

Next let us consider the case of a Kdhler target manifold parametrized by the bosonic components
of chiral multiplets, which includes the CPY~! QM and Grassmannian QM models. In the previous
subsection, we have seen that the Stokes phenomenon for (0|0) can give a nontrivial resurgence
structure of E(1). Here we see that in the case of a Kihler target manifold, no Stokes phenomenon
occurs for (0]0) and hence the expansion coefficients £ " have relatively simple resurgence structure.
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The Kéhler metric can be written in terms of a Kéhler potential K on each coordinate patch as
G; = 00K, (2.22)

where i,j = 1, ...,n. For example, the model with M = CPV=! is given by K = log(1 + ¢'¢')
with the inhomogeneous coordinates ¢’ (i = 1,...N — 1). We also see that there is a holomorphic
isometry, whose holomorphic Killing vector & = £79; + & ’5; satisfies

0i; + & = &' = 0,5 = 0. (2.23)

We here define the moment map p for the holomorphic isometry as du = izw, where w is the Kéhler
formw =i Gij-.dgoi Ad@’ and iz denotes the interior product (contraction) with respect to the Killing
vector E. In terms of the components, the equation for w can be rewritten as

O = —iGgE/, B = iGE. (2.24)

The SUSY QM of chiral multiplets we discuss in this paper can be obtained from the 2d N = (2, 0)
nonlinear sigma model,

1 . = -z .
m=?-¥WA4wWWHWQ—uW} (2.25)
2d

By imposing the periodic boundary condition twisted by the isometry and reducing the spatial
direction, we obtain the following 1d action:

S = iz/dt Gy [gb"ci)f — EE 4 i I Dy — inS’ka], (2.26)
g

where Dyy’ = 8" + Ty 0/ Y, Vig" = 848" + T8/, T = 8,G;G", and

1 1
— = — % 2w {compactification radius}. (2.27)
g 824

Under the compactification with the twisted boundary condition, sigma model instantons in the
Euclidean 2d nonlinear sigma model (Ref. [131]) decompose into a set of “fractional instantons”
(Refs. [132—-134]; see also Refs. [135,136]). From the viewpoint of quantum mechanics, such frac-
tional instantons appear as the BPS kinks (see, e.g., Refs. [137—140]) carrying a fractional instanton
number

1 . - 1 - r
St.ns = 5 [ 1G5’ ndgT > Span= s [ (e +Guag).  @28)
84 g

Thus it could be speculated that there is a close relationship between the 2d and 1d nonperturbative
effects induced by those objects.

As discussed in Appendix A, the projection onto the lowest fermion number eigenstates gives a
bosonic potential of the form (2.2) with the identification

W= p. (2.29)

Thus the Schrodinger equation takes form

- _ 1 _ _
HY =G |:—g28,-b§ + gai,u%u — eai@u] \ (2.30)
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As in the case of real multiplets, we can find the exact SUSY ground state wave function as

\wmz(wm:em(—%). (2.31)
g
The normalization factor (0]0) can be regarded as the generating function of the vacuum expectation
value of 1
2 n
(0]0) = f dv exp (—-’j) =2 (2.32)
M g n!

Again, we can use the saddle point method to decompose the generating function,

2g 2
(00) = Y Fi(g?) exp (—g—’é) = exp (—g) 3 Fog?) exp (—2Skinks)s  (233)

se6 NG

where o = mingeg s is the value of the moment map at the global minimum of the potential and
Skink,s 18 the on-shell value of the action for the BPS kink satisfying
de' _ u - i i i i
igr ﬁ’ tl}ffoow = ¥, tll)ngoﬁl’ = G- (2.34)
Equation (2.33) implies that the nonperturbative contributions to (0|0), which are proportional to
exp (—2Skink, S) , can be regarded as bion contributions. The most important property of the generating
function in the Kahler case is that F(g?) can be computed by the Duistermaat—Heckman localization
formula (Refs. [129,130])

2\ "
g 1
Fog®) =(—=>) —, 2.35

") ( 2 ) det M (235)

where M, is the n-by-n matrix that represents the action of the Killing vector —i& on the tangent space
at the saddle point s (see Appendix B for details). Since F;(g?) is not a divergent asymptotic series,
there is no ambiguity and hence the decomposition (2.33) is unambiguous. This property ensures
that the expansion coefficients of the ground state energy (2.6) have relatively simple resurgence
structure. In particular, when the perturbation Hamiltonian is a polynomial of u,

the first expansion coefficient £’ can be calculated from the generating function (0|0) =
[ dv exp (—fg—g) as

(01Aul0) _ P(1){010)
(010) (010) -

. 9
ED = — o= 4@. (2.37)

1
Eg
This implies that E() has a finite-order g2 asymptotic series in each bion sector and hence there is
no ambiguity. This indicates that the resurgence structure is trivial at O(8¢€) in these types of models.
We will see these properties in detail in CPVY~! QM in Sect. 4.

On the other hand, when P(u) is not a polynomial of g2 asymptotic series can be infinite order
(non-Borel summable) and give an ambiguous contribution to E() at the Stokes line arg g? = 0.
Therefore, the resurgence structure can be nontrivial at O(S¢). We note that it is still relatively simple
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since there is no Stokes phenomenon in the denominator (0|0), so that imaginary ambiguities cancel
between adjacent nonperturbative sectors. We will see details of these properties in the squashed
CPN=1 QM in Sect. 5.

It is notable that £® has a richer resurgence structure in any type of model with a Kéhler target
manifold. Nevertheless, since the denominator (0]0) is free from ambiguity, the resurgence structure
is relatively “clean”, where imaginary ambiguities arising from perturbation series around p-bion
backgrounds are completely canceled by those in semiclassical (p + 1)-bion contributions. We will
see these properties in CPY~! QM in detail in Sect. 4.

3. Resurgence structure in sine-Gordon QM

In this section, we consider sine-Gordon QM as an example of a model described by real multiplets
discussed in Sect. 2. We first derive some exact results for the expansion coefficients of the ground
state energy around the SUSY and QES solvable points. Then we look into the multi-bion solution and
show by applying the Lefschetz thimble method to the quasi-moduli integral that the semiclassical
bion contributions with imaginary ambiguities reproduce the corresponding parts in the exact results.

3.1. Sine-Gordon OM

Throughout this section, we use 6 instead of ¢ as the periodic coordinate of S'. The superpotential
for sine-Gordon QM is given by

W) = —%cos@. 3.1)

After the projection onto the lowest fermion number eigenspace, the Hamiltonian with the SUSY-
breaking deformation takes the form

2
HWY = |:_g2892 + Z? sin® @ — mTG cos@] v, (3-2)

This sine-Gordon model becomes supersymmetric at € = 1.

Since the potential of sine-Gordon QM is a periodic function, its energy spectrum has a band
structure. Energy eigenstates within each band are characterized by the Bloch angle 27« defined as
a twisted angle of boundary conditions

W (0 +27) = exp 2micr) U(0). (3.3)

The Bloch angle takes values 0 < « < 1 since @ and « + Z are equivalent. The factor 2« can be
eliminated from the boundary condition by the redefinition W (8) — \11(9) = exp (iaf) W (0). Then
the Schrodinger equation (3.2) for the periodic wave function U becomes

- 5 .0 m2 .2 me ~ 4
HWY =|—g°(8p —ia)” + —sin0 — —cosf |V =EV. (34)
4g 2

In the following, we discuss the ground state of the system described by this Schrodinger equation.
The ground state energy can be read off from the low temperature limit (8 — o0) of the partition
function, which can be defined for each « by the following Euclidean path integral over periodic
configuration 6(t + 8) = 6(r) mod 27,

Z(a) = Trlexp (—BH)] = /D@ exp(—Sg), 3.5)
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where the Euclidean action is given by
SE:/ﬁdt L('2—}-mzsin26’)—ﬁcos@—iozé (3.6)
0 4g? 2 ' '

The last term is the topological term related to the Bloch angle, which gives Frio for each (anti)kink
corresponding to the tunneling process between the local and global minima of the potential (6 = &
and 6 = 0). It is notable that the Hamiltonian can be rewritten as

H=00- %86 cos 6, 3.7)

where ¢ = ¢ — 1 and
m . - m
Q=ig<89—ia+—2s1n0>, Q=ig(89—ioz——zsm9). (3.8)
2g 2g

When §e = 0, the Hamiltonian describes the F' = 0 (zero fermion) sector of the SUSY sine-Gordon
QM. Furthermore, for @ = 0, the ground state preserves SUSY and its wave function can be exactly
determined as

v = exp (zm_z cos 9), HYO =, (3.9
g

For o # 0, SUSY is spontaneously broken due to the topological term.

3.2.  Exact results around the SUSY and QES points

Before discussing nonperturbative contributions in the path integral formalism, we derive some exact
results for the expansion coefficients of the ground state energy around the SUSY and QES points.

3.2.1. Expansion around the SUSY point
Small §€ expansion. First, we consider the expansion around the SUSY point (¢ = 1, & = 0).
The generating function is given by the modified Bessel function of the first kind
m

_2.

54
(0]0) =/ df exp (zcosO) =2nly(z), =z (3.10)
0

0Q

The leading-order Rayleigh—Schrddinger perturbation theory gives the first expansion coefficient of
the ground state energy as
0

E(l) - —F
o€

m (0] cos 610) m o
_ mUICOsOI0) M9 e 1o (2). 3.11
27 (0[0) 2 57 081 (3.11)

e=1

This is the exact result that will be compared with the semiclassical multi-bion contributions discussed
below. To extract the perturbative contribution, let us consider the weak coupling (large z) asymptotic
expansion of /y(z):

& 1T+ 3% (1Y —
[O(Z)_\/E[l-i_“.-i_;m(i) +"':|+O(e ). (3.12)

This is the divergent power series that gives the asymptotic expansion of the generating function
(010). Now let us consider the Borel resummation and see how the imaginary ambiguity arises
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(a) u : i (b) : T 2

Im 6 of 0 Im 6 o

Re 6 Re 6
arg g2 >0 arg g2 <0
Fig. 1. The integration contour C for the generating function (0]|0) and the Lefschetz thimbles .7, associated
with the saddle points @ = (n+1)7r. The thimble withn = 0 jumps atarg g2 = 0 due to the Stokes phenomenon.

The original integration contour C can be deformed and decomposed as J;" — J, or J; + J_; depending on
arg g. The ambiguous Borel resummation /,(z) ﬁKO (z) corresponds to integration along ;"

from the perturbation series. First, replacing I" (n + %) with its integral representation I" (n + %) =

o0 — L 1 i
fo %e "2, we can rewrite the series as

& 1F(n+2)2< > / (ts)"*2 (1)
dtds exp(—t —s — .
2 Zn 'n+1) 2z p(= )ZnF(n—I—l)
(3.13)
Then summing over n before the integration, we obtain the Borel resummation of the divergent series

in Iy:
1 dtds st 1 [*  exp(z—1)
3.13 explz—t—s+ — =—f dt ——. 3.14
G.13)= 2w zts p( 22> 7 Jo VtQ2z — 1) (3-14)

Corresponding to the Stokes phenomenon at arg g = 0 shown in Fig. 1, this integral representation
has an imaginary ambiguity associated with the branch cut starting from ¢ = 2z to infinity:

1 [ exp(z—1) i

where + is for argz < 0 and — is for argz > 0. Thus, we obtain the ambiguous perturbative part of
EWM as

(1)__@3 l/‘oo exp(z—l‘)] __ﬂ_ [ ]
Ey’ = 28zlog|:7r A dt—«/m =33, log | lo(z) £ Ko(z) (3.16)

The remaining nonperturbative part, which cancels the imaginary ambiguity of the perturbative part,

can be expressed as the convergent power series in the nonperturbative exponential =% as

9 +LK, >
£ _E(()l) __ma log | 1 — ﬂ—9(z) = ZE(D’ (3.17)
2 9z Io(z) £ ~Ko(2) = r
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where E, ,(,1) denotes the contribution with pth power of nonperturbative exponential e~%,

i p
E}gl) _m3 [l (ﬂ) } ~ O(e~ 7). (3.18)
29z | p \In(2) £ LKo(2)

This can be further expanded in powers of g% and the leading-order term is given by

2 p
EM = —m <j:iexp (—g—'f)) T (3.19)

where we have used Ko(z)/Io(z) ~ mwe™% for large z. This nonperturbative contribution with the
imaginary ambiguity is expected to correspond to the semiclassical part of the p-bion contribution.
We will compare this exact result with the multi-bion contributions later.

Small a expansion. Itis also possible to obtain exact results by expanding the ground state energy
in powers of « around the SUSY point € = 1, & = 0. The leading-order correction ¥ to the wave

function can be determined from the expanded Schrédinger equation QgQoW (D = —2ig?8, w©®
with Qyp = O(a = 0) and Qg = O(a = 0), which can be solved as
9 exp (—z cos @’
w® = i\IJ(O)f gor (1 &P (ze0s?) ) (3.20)
0 Iy(2)

Since the Hamiltonian takes the form H = 0yQy + 2iag?dy + a>g?, the ground state energy can be
expanded as

(02ig2310) . o | (01g%10) _ (¥ D100Q09 D) (321)
(010) (010) (010)
Therefore, the first- and the second-order expansion coefficients are given by
3 192
= =0, -—E| =g%@&"2 3.22
9o o 2 902 v—o g1 (2) ( )

The second-order expansion coefficient can be decomposed into the multi-bion contributions whose
p-bion part is given by

+igy@ P
=g’ [ T (,)(Z)] = F2mwipm (j:i exp (—2—7;)) + e (3.23)
a=0 [lo() £ LKo()] g

132E
292 ?

This shows that the nontrivial structure appears from the second-order in the small o expansion. We
will later discuss these results in comparison with the multi-bion contributions.

3.2.2.  Expansion around the QES points
In addition to the SUSY case, we can also obtain exact results in the QES case. To investigate the
QES case, we rewrite the Hamiltonian as

H=vy® [ngf — %(@ +J_)](\11<°))—‘, (3.24)
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where J3 and J are differential operators defined by
J3=i(0p — i),  Jr=TFexp(Fif)[dp — il F))], (3.25)
with j = % These operators satisfy the s[(2) algebra
Vi J_1=2J5, [sJel=2Jy, withJ? + (o +JJ3) =/ + D). (3.26)

This s[(2) algebra have a finite-dimensional irreducible representation when j is a nonnegative half
integer. Note that eigenfunctions in such an irreducible representation satisfy the periodic bound-
ary condition W (6 + 27) = W(0) only when j £ « is an integer (e.g., the highest weight state
W(0) = exp (i(a — 7)) ¥®). Since the action of the Hamiltonian is closed within the irreducible
representation, we can find its eigenfunctions using the ansatz

w=yO® (ao fap 4+ aszEf) exp (i(@ — /)0) . (3.27)

Thus, by diagonalizing the Hamiltonian in this finite-dimensional sector of the Hilbert space, we can
obtain 2j + 1 exact eigenstates with the Bloch angle 2r« = 0 (periodic W) forj € Z and 27ra = 7
(antiperiodic W) for j € Z + 1/2. For the singlet case j = o = 0 (¢ = 1), the eigenfunction of the
Hamiltonian (3.24) is given by

w=w, E=0, (3.28)

which is consistent with the results we have already shown in the SUSY case.
Forj = % (e =2),a = %, we find two eigenstates corresponding to the doublet representation

Uy =Wyl Fe),  Ey=1@*+2m). (3.29)

This indicates that the energy eigenvalues of the ground state £_ and the first excited state £, do
not receive any nonperturbative correction (Ref. [35]). The small ¢ = € — 1 expansion gives the
first-order expansion coefficient of the ground state energy as

=g
de

0
jmast _%E log [7o(2) +11(2)] (3.30)

As in the SUSY case, we can extract the perturbative part using the Borel resummation as

B = -2 1o [lo<z) +1@) £ - (Ko) - Ky (z))}. (3:31)
2 0z T

The remaining nonperturbative part can be decomposed into the p-bion contribution, whose leading-
order part in the small g2 expansion is given by

s _md[1 +1 (Ko@) — K1(2)] ’
P 20z | p \Io(@) + 11(2) £ L [Ko(2) — K1 (2)]

) 2 p
4m g

where we have used [Ko(z) — K1(2)]/[lo(z) + [1(2)] = —%e‘zz for large z. We will discuss this

result in comparison with the multi-bion contributions later.
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3.3.  Multi-bion solutions and semiclassical contributions

In this subsection, we discuss the multi-bion contributions to the ground state energy and show
that they have imaginary ambiguities that are necessary for consistent resurgence structure of sine-
Gordon QM. We derive the semiclassical contributions from multi-bion saddle points by applying
the Lefschetz thimble method. We will see that their expansion coefficients around the SUSY and
QES points consistently reproduce those obtained from the exact results discussed in the previous
subsection.

3.3.1.  Multi-bion solutions

We first identify the multi-bion solutions corresponding to the complex saddle points of the Euclidean
action of sine-Gordon QM (3.6). They can be easily obtained from those in CP! QM (Ref. [38]) by
ignoring the azimuthal angle variable. The solutions of the Euclidean equation of motion that have
nontrivial contributions in the 8 — oo limit take the form

6(r) f(r—1)
n - >

ta - (3.33)
2 sin o
where 7. is the complexified position modulus and f'(7) is the elliptic function
f(t) = cs(Qt1, k) = en(Q1, k) / sn(Q2t, k), (3.34)

which satisfies the differential equation (3.1)?> = Q2(f%> + 1)(f> + 1 — k?). Since the periods
of the doubly periodic function cs(z, k) are given by the elliptic integrals 2K (k) and 4iK'(k) =
4iK (+/1 — k?), the periodic boundary condition 8(t + B) = 6(t) is satisfied when the parameters
(2, k) are related to two integers (p, g) as

_ 2pK + 4igK’
= S ,
The parameters («, €2, k) are given in terms of the period 8 and the pair of integers (p, ¢), and their
asymptotic forms for large 8 are given by (see Appendix B of Ref. [38] for details)

km_gexp(_u) mw(Hg%eXp(_u)),
p w* —m p

8m? — 27
cosa~ ™ (1- B oo (—2B 2T (3.36)
1) w? —m? p

B 0<gq<p. (3.35)

where w = m (1 +eg?/ m)l/ * The asymptotic value of the action for the (p, g) solution takes the
form

S ~ pS| + wiel forlarge B, (3.37)

where S denotes the on-shell value of the action for the single bion configuration

w+m

(3.38)

2
Slz—r;l—l—elog ,
g w—m

and we have ignored the vacuum value of the action. The imaginary part i€l is related to the so-

called hidden topological angle (Ref. [52]) and the integer / is zero or the greatest common divisor
of p and 2¢ depending on the value of Im 7. The real part of the action is p times the single bion
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I
10!

05
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Imcos()-"-'_' o

Fig. 2. Multi-bion solution: p =3,g=2,m=1,¢ = 1,g*> = 1/20000, 8 = 100, 7. = 0.

action S, which shows that the integer p is the number of bions. We can see from the solution (3.33)
that the bions are equally spaced and the nth kink and antikink are located at 7, and 7, given by

N n—1 . 1 4o
T, =T+ ——(wf — 2miq) + 70 log ——. (3.39)
wp ) W’ —m

Figure 2 shows an example of a multi-bion solution with (p,q) = (3, 2).

3.3.2.  Multi-bion contributions and quasi-moduli integral
Next, we compute the semiclassical contributions from the multi-bion saddle points in the weak
coupling limit g — 0. As can be seen from Eq. (3.39), each constituent (anti)kink is almost iso-
lated for large 8 and small g and hence the interkink binding force becomes small. Therefore, the
positions of the constituent (anti)kinks can be regarded as quasi-moduli parameters that parame-
trize the nearly flat directions around the multi-bion saddle points. As explained in Appendix D, the
semiclassical contribution from the saddle points can be obtained by reducing the path integral to a
finite-dimensional integral over the quasi-moduli parameters.

Let us consider the semiclassical contributions from the p-bion saddle points. There are 2p con-
stituent kinks and each of them can be either instanton or antiinstanton. Assigning s; = +1 (—1) if
ith kink is an (anti)instanton, we can write the p-bion contribution to the partition function Z, as

%: S X (3.40)

s1==x1 sop==%1

where Zj is the perturbative part of the partition function and X(sl,...,szp) denotes the quasi-moduli
integral for a fixed set of s;:

2p 1/2
1 2pm 2m
=00 () [ [ (35) “ewm}

1/2
The factor (% is the one-loop determinant around each kink and 1/p is inserted since the kinks
are indistinguishable. The nearest-neighbor interaction potential V; between the ith and (i 4+ 1)th
kinks, which is discussed in Appendix E, is given by

4dm

Vi= ?Sistfle_y" + €y — mias;,  yi =m(t — T—1), (3.42)
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where 1) = 1, 5o = 52p, and

e foreveni,
€ = (3.43)

0 foroddi.

We can check that the saddle points of the effective potential lei 1 Vi give complexified kink positions
that are consistent with those read off from the multi-bion solution (3.39).

To evaluate the quasi-moduli integral, it is convenient to introduce the Lagrange multiplier for the
constraint

> > do a4
8 Zr,-—ﬂ =m/_oogexp imo Zrl-—,B . (3.44)
i=1 i=1
Then, we can rewrite X(s,, ._s,,) as
mp 2pm do i
Xstasnp) = 5 P <—g—2> / 5 SXP (—imBo) i]]Ii, (3.45)
where [; is given by the following integral with respect to the single variable t;:
2m \? 4
I = (_m2> /mdtl- exp (——n;sis,-le_m” — (me; —io)T; + niozs,-), (3.46)
g g

where the integration contour is determined by the Lefschetz thimble method. Since the details of
the thimble calculation are parallel to those for the quasi-moduli integral in CP! QM in Ref. [38],
we show only the essential parts of the calculation below.

As shown in Appendix F, we can evaluate /; by means of the Lefschetz thimble method as

1/2 io —€; .

2m 4m . i .

li=\—=5 — [ (e; —io)exp | x—(ic —€;)(1 — si8i-1) + mwiws; |, (3.47)
g g 2

where the ambiguous sign comes from the Stokes phenomenon: the sign & corresponds to the limit

arg g — 0. To obtain this expression, we have shifted Im o so that Re(e; — io) > 0 for all i. By

closing the integration contour for o as shown in Fig. 3, Xy, ..s,,) can be evaluated by picking up

the poles of the integrand located at

.....

o=—ik and —i(e+k), keZso. (3.48)

Since the residues at ¢ 7 0 vanish in the § — oo limit, the pole at ¢ = 0 gives the leading-order
term for large 8,

. 2p

imp 2pm . _

Xy, Sp) = T » eXp <_ 52 )BE(S) eXp (—zmﬁa)l_[Il- + O(exp (—mep) , e mﬂ)- (3.49)
- i=1

Thus we obtain the following semiclassical contribution of the p-bion solutions:

2 _mB (—p—;"> Re(s)[exp (—imBo) {2— (—';1) I'(—io)T (€ — ia)} zi],
0 p 8 o= T\g
(3.50)
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Fig. 3. Integration contour for o. The poles of the integrand are located at 0 = —ik and 0 = —i(e + k)
(k € Zsy).

where Z is given by

Zy = Z Z l_[exp [i%i(ia—ei)(l—siSi_1)+7tiaS,~i|. (3.51)

s1==x1 sop==1i=1

By using the transfer matrix

_ exp (ria) exp (£rwi(ioc —€)) exp (wia) exp (£mi(io)) (3.52)
— \exp (£mi(io — €)) exp (—mia) exp (mi(io)) exp(—mia) |’ '

Z4 can also be written as
Zy =Tr(Th). (3.53)

By calculating Tr(7%) and evaluating the residue of Eq. (3.50) at o = 0, we can obtain the explicit
p-bion contribution to the partition function.

3.3.3.  Comparison with the exact results

We are now ready to compare the semiclassical contributions from the multi-bion solutions with the
exactresults (3.19), (3.23), and (3.32). We show below that the semiclassical multi-bion contributions
obtained above precisely agree with the exact results for the expansion coefficients of the ground
state energy around the SUSY and QES points.

Small Se expansion around j € 7, o = 0. The trace Tr(T%,) can be expanded around the QES
pointe =2j+1(G € Z), =0as
Te(T%) = 27 exp (Fpmo) [2 sinh? (+770) + ip exp (F70) sinh?~ (£70)8e + 0(562)], (3.54)

where ¢ = € — 2j — 1 (for all j € 7). The first term indicates that the trace Tr(7%) has a pth-order
zero at o = 0 for §¢ = 0, so that the p-bion contribution (3.50) vanishes at the QES point

17,
EY = lim lim <———”) =0. (3.55)

B—008e—0
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The second term in Eq. (3.54) gives the following contribution to the first expansion coefficient of
the ground state energy:

EY = lim lim 9 (1% =—m iiwexp _2m p+-.-. (3.56)
B—00 8e—0 08€ B Zy (42)2J g2

This is consistent with the exact result for j = 0 (3.19), which indicates that the imaginary ambiguity
from the perturbation series is canceled by those from the semiclassical bion contributions.

Small a expansion around j € 7, o« = 0. Next, let us consider the expansion with respect to «.
For € = 2j + 1, the trace Tr(T i) can be expanded as

Tr(T%) = 27 exp (Fpm o) [2 s1nhp(:|:na)+2p271 exp (Fro) sinh?’~ Ytro)e?+ 0 ] (3.57)

The absence of an O(«) term implies that the leading-order expansion coefficient vanishes:

OE,

=0. 3.58
oo (3.58)

a=0

The first nontrivial contribution appears from the second-order coefficient

19%E, 192 (12,
= lim lim - - (3.59)
2 80[ a=0 B—ooca—0 2 80[ B Zy
_ TZ+1 2m\ TP
= F2mwipm [izw exp (_g_z)] +--- (3.60)

These results are consistent with those obtained from the exact expressions for j = 0 given in
Egs. (3.22) and (3.23).
1

Small 86 expansion around j € 7 + 3 La= 5~ Finally, let us look into the expansion around

jeZ+ 2, o= 2 The trace Tr(Tp) can be expanded as
Tr(Th) = 2P exp (Fpmo) [2 sinh? (F7ro) F ipr exp (Frro) sinh’ ™! (Fro)de + 0(36)], (3.61)

where ¢ = ¢ —2j — 1 (forallj € Z + %). As above, we can obtain the following semiclassical
p-bion contribution to the expansion coefficients, which is consistent with the exact result (3.32) for

. 1.
=3

TQj+1) 2m\ TP
0) _ ) _

We have shown in sine-Gordon QM that the multi-bion semiclassical contributions correctly repro-
duce the leading (semiclassical) terms of the exact results for the ground state energy around the
SUSY and QES points in the parameter space. We emphasize that this agreement reveals the resur-
gence structure to all orders of the nonperturbative exponential, even though the resurgence structure
in models such as the sine-Gordon model is more complicated than that of K&hler QM, suchas CPY !
QM discussed in the next section.
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4. Resurgence structure in CPV~! QM

In this section, we consider quantum mechanics on the complex projective space CPY~! as an
example of a model on a Kéhler target space discussed in Sect. 2.

4.1. CP"'OM
The Kéhler potential K and Kdhler metric G; of CPN~! are given by

2K (1 +1¢'8; — /g
dpiag) (1 + l¢f»)?

K=log(1+l¢'", G;= 4.1

This Kéhler metric has an SU(N) holomorphic isometry and we use the following specific linear
combination of the Killing vectors in its Cartan subalgebra:

N-1 ) N-1 m;| |2
E=—) im0 —¢'%), n=Yy . (4.2)
i=1 j=1 T+l

The coefficients m;, which parametrize the Killing vector E and the moment map p, determine the
potential in the Schrédinger equation of CPY =1 QM,

_ 1 _ _
HY = G |:—g28i8j + g—zaiu i — eaiaj—.u] U =FEWV. (4.3)

For € = 1, this equation describes the SUSY CPY~! QM projected to the sector with the lowest
fermion number F'. The SUSY ground state wave function and its energy eigenvalue are given by

WO = (4]0) = exp (—%) E® =0, (4.4)
g

For € ~ 1, we can solve the Schrodinger equation by expanding the wave function and the ground
state energy with respect to e =€ — 1 as

=00 450D ... E=8eED 4 52EP ... . (4.5)

These expansion coefficients are determined by the standard Rayleigh—Schrodinger perturbation
theory,

1 1
g0 = Ak o pe (WO Heoy |9 )>, o (4.6)
(0]0) (0[0)

where we have used §H = —Au. Here (0]0) is the normalization factor of the SUSY ground state
wave function in Eq. (4.4), which can also be viewed as the generating function for w:

21 1 i AN

For N = 2 (the CP! case), the resurgence structure to all orders with complex multi-bion solutions
have been investigated in our previous work Ref. [38]. Here we discuss the case with general N > 2.
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4.2. Near-SUSY exact results

First let us derive some exact results for the expansion coefficients £ around the SUSY point
€ = 1. Since the perturbation Hamiltonian §H = — A in this case is simply given by the linear
function of 1,

—Ap = Gii%aiu =— Z m; + N pu, (4.8)

then the first expansion coefficient can be rewritten as

N—
UEYIDR S P
i=1

As shown in Appendix B, the generating function (0]|0) can be calculated by the Duistermaat—
Heckman localization formula (Refs. [129,130]) as

N-1 g2 N-1 2mi
(0]0) = (]_[ 2m,-> (1 — > Aiexp (—?>), (4.10)

i=1 i=1

where the coefficients A; are given by

N—1
4= J] -2 411
i= 4.11)

— m;
oL '

Combining Egs. (4.9)—(4.11), we obtain the following exact expression for the first-order expansion
coefficient E(:

N-1 NA; exp (—22

NNV —1 p ( )

E(l)z—( > )g2_ E mj 1+ N_1 o
i=1 I—> =1 4jexp (——gzj>

As mentioned in Sect. 2, no divergent asymptotic series appears in each sector of the trans-series.

(4.12)

For example, the perturbative contribution is given by
N (N -1
E = g’ Z m;. (4.13)

The absence of divergent asymptotic series indicates that the first-order expansion coefficient £
has no nontrivial resurgence structure among the sectors with different orders of nonperturbative
exponentials.

Next, let us move on to the second-order expansion coefficient of the ground state energy E%).
To obtain £@ from Eq. (4.6), we need to solve the O(8¢) Schrodinger equation for W1, Although
it is difficult to obtain the exact solution for W1 the Bender—Wu method (Ref. [141]) can be used
to determine W1 in a perturbative way. Resumming the perturbative series of W), we obtain the
following leading-order part of (1 in the weak coupling limit g — 0:

N
oY (-
g

1
)1 +
L+ 30 ek

(4.14)
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Fig. 4. Singularities on the Borel plane for the perturbative Borel transform of CPY~! QM.

where - - - denotes nonperturbative corrections. We can also directly check that Eq. (4.14) is the
correct perturbative part of U1 by substituting it into the O(8¢) Schrodinger equation.

Then, from the relation E® = —(W D |H._;|wD)/(0]0), we obtain the perturbative part of the
second-order expansion coefficient as (see Appendix C)

N-1 _

oo
e

N?
i=1 r= 22+i0

4

This perturbative part has the following imaginary ambiguity due to the regularization g> — g2 =£i0:

. N—1
i 2m;
mE? = F 2N Y i e (_g_z) | (4.16)

i=1

It is notable that the number of singularities on the Borel plane is N — 1, which means that there are
multiple singularities for N > 2 as shown in Fig. 4. We will show that the imaginary ambiguities that
originate from these N — 1 singularities are canceled by the (N — 1)-type single (real and complex)
bions.

4.3.  Bion solutions and semiclassical contributions

In the previous section, we derived the imaginary ambiguities arising from the perturbation series of
E@ In this section, we show that they are canceled by the semiclassical contributions from single-
bion solutions. We also show that the contributions from multi-bion solutions correctly reproduce
EW to all orders in the nonperturbative exponentials.

4.3.1.  Embedding CP' bion solutions
First, we investigate exact (complex) saddle point solutions in CPN~! QM. Here we focus on the
B — oo limit for simplicity. The Euclidean action for the projected CPY~! QM takes the form

1 0 . < <. - —
Sp = g_Z/ dr [G,.J—.aﬂpla,(pf el (al-u@u —g268i8]~,u>]. 4.17)
—00

To find the simplest saddle point solution, let us consider the ansatz

¢ =0 forj# 1 (4.18)
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35 35 35

] R s

Fig.5. Examples of (N — 1) bion solutions for N =4:m; =1, m, =2,m; =3,g =104 e = 1.

Then the equation of motion reduces to that in CP' QM (Ref. [38]) with 2¢ — Ne, and hence we
can embed the CP! bion solutions into ¢! as

1 w% 2 el®o i
= =0(G #£1 4.19
@ ( 5 2) e — ¢ =03G#1), (4.19)

Wy —m
where w; = m (1 + N egz /ml)l/ 2 and (7p, ¢o) are moduli parameters. This is the single real bion
solution, whose action is given by

2
Sk = 220 4 Nelog LML (4.20)
g w1 — m

The corresponding complex bion solution can be obtained by shifting 79 — 79 + 7i/2w; and its
action has an imaginary ambiguity related to the hidden topological angle

S} =S, £ Nemwi for argg? — +0. (4.21)

Similarly, we can also embed the real and complex bion solution into ¢’ (i = 1,...,N — 1):

. a)z 12 ei¢0 .

=52 = . W =0G#i), (4.22)
w; — m; sinh w;(t — 10)

where w; = m; (1 + Negz/m,-)m. Therefore, CPY~! QM has (N — 1) types of real and complex

single bion solutions as shown in Fig. 5. We next look into the semiclassical contributions from these

solutions.

4.3.2. Semiclassical contribution of bion saddle points

Next, let us calculate nonperturbative contributions to the ground state energy from the viewpoint
of the saddle point method. We first note that the bion configuration can be rewritten into the
kink—antikink form

Vi = (€xp (@i(T — T4) — ipy) —exp (—wi(r — 1) —igp_))” (4.23)

a2\
. ; —a).
with exp (fw;(t+ — 10) + i(¢p+ — ¢o)) = (a)2 lm2> :

In the weak coupling limit g — 0, the kink and antikink are well separated (|74 — 7—| =~
log(4m;/Neg?)), and the binding force between them becomes small. For such a configuration,
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the relative position 7, = 4 — 7— and phase ¢, = ¢4+ — ¢_ can be regarded as quasi-moduli
parameters corresponding to the nearly flat directions around the saddle point configuration.

As discussed in Appendix D, we can decompose the degrees of freedom into the quasi-moduli
parameters and orthogonal massive modes §¢/:

S=Ver + /dr 8¢/ NS +O0(gh, Ay =—0% + V1), (4.24)

where Vgt is the effective potential between the well-separated kink and antikink and A; is the
differential operator with the potential V; ;(7) for the jth fluctuation & ¢’ on the ith bion background
(see Appendix E for details)

2m;  4m

Votr = g_2 — g—zl cos ¢y exp (—m; ) + Nmjet,. (4.25)

We can easily check that Vg has the correct saddle points corresponding to the real and complex
bion solutions (4.23). The nonperturbative contribution from each single bion saddle point can be
obtained from the quasi-moduli integral

N-1

17 8
lim (———1) - —i dvdg, | ] deta;" | exp(~Vem), (4.26)
,3 2y i,bion =1, i

where det A; denotes the one-loop determinant for the fluctuation 8¢/ . The overall factor 8m;‘ /g’
which includes the one-loop determinant for 8¢, can be obtained in the same way as in the CP!
case (Ref. [32]). As shown in Appendix G, the determinants det A; are given by

[] deta;’ =diexp(WV —2mits). (4.27)

Hence the one-bion contribution can be rewritten as

— lim lé = — Z 84 m /dr,dd), exp( ) (4.28)

2m;  4m

Vig = — — 7 cos by exp (—m;t,) + 2€'m;t,, (4.29)
2 T g2

where €’ is the “renormalized" parameter related to € as
N
€=1- 5(1 —€). (4.30)

Since this modified kink—antikink potential is the same as that of CP! QM withm — m; ande — €/,
the quasi-moduli integral can be performed as in CP! QM (Ref. [32]). Summing all the single bion
contributions, we obtain the following semiclassical contribution with an imaginary ambiguity:

1z 2m 2" T(€) 2mj
Ei=— Iim —— = — Z 2ml-A,- <?) F(l—_e/)exp —? Fmie |. (431)
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Let us consider the expansion around the SUSY point € = 1. From Eq. (4.31), we obtain the
following first-order expansion coefficient of the ground state energy:

ED Z lim g, (= Tim ~ZL ——NX_:INm-A-ex _2m (4.32)
1 el ¢ B B =1 i eXp g2 ' ‘

This precisely agrees with the leading-order nonperturbative corrections that can be extracted from
the exact result (4.12). The second-order coefficient is given by

17
E{Z) 3 hm 32 (— lim ——1)

e—1 B—oo B Zy
N—1 2m
= N2> mid; exp (—g—) |:y + log :I: Ty O(g )] (4.33)

i=1

where y is the Euler—Mascheroni constant. Here we find complete cancelation between the imaginary
ambiguities of the (N — 1) types of the semiclassical single-bion contributions and those of the
perturbative part (4.16) arising from the (N — 1) Borel singularities.

4.3.3.  Multi-bion contributions

Next, let us consider the multi-bion contributions to the partition function. Although we have not
found multi-bion solutions except for the embedded ones, we assume that they consist of well-
separated kink—antikink pairs, each of which is one of the N — 1 types of bions. Then the semiclassical
contribution to the partition function can be schematically written as

Zo Z Zf]_[ dT,dy By exp (— V. 1)] (4.34)

i1=1 ip=1

where (7,, ¢,) are quasi-moduli parameters corresponding to the position and phase of the nth
constituent kink, B, are constants related to the integration measure and the one-loop determinant,
and (i1, . . ., ip) denote the types of bions. Since the nearest-neighbor asymptotic interaction potential
Va, n—1 1s a function of the relative quasi-moduli parameters

Ty}; =T — Tn—1» (b;: = ¢n — n—1, (435)

the integral can be factorized by introducing the Lagrange multipliers (o, s) for the constraints

2p 2p
Yu=8 Y ¢,=0+mod2r, (4.36)
n=1 n=1
and changing the integration variables as (z,, $,) — (,,, ¢,). Then, the summation over (1,...,ip)
can be recast into the matrix form
Z 2
Z_I(; H’B Z o / — exp (—ipo) Tr(77), (4.37)

where the volume factor of the overall moduli 278 is divided by p since the bions are
indistinguishable. The matrix 7 takes the form

2
2m? 2m;
(1) = ( ’2) AT Ty exp (——2’) (4.38)
ng g
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with
I = /dr do exp (—V; +iot + isp), Jij = /dr d¢ exp (—Uy +iot +isp), (4.39)

where V; is the interaction potential between kink and antikink of the same type,

4m; / ’ N
Vi=—5exp (-m;it)cos ¢ + 2me't, € =1+ 3(6 — 1), (4.40)
g

and Uj; is that between a kink of ith type and an antikink of jth type. As in the CP! case (Ref. [38]),
the leading contribution in the large-8 limit is given by the residue at o = 0 of the term with s = 0,

% P s [exp (—i0) Tr(T)] (441)
2y po

In the following, we focus on the term with s = 0 only.
As in the single-bion case, we can show by using the Lefschetz thimble method that

i 9 _D¢! _ 1o
=T (ew(+7))" k)
10
r <1 —¢€ + 2—ml>

Although the explicit form of Uj; is not known, we can show from the fact that Uj; vanishes for large

(4.42)

7 that Jj; has a pole at o = 0:

Jij = /dr d¢ O (t) exp (ioT) +/drd¢ [e=Y — 6(x)]exp (ioT) = ? +01). (4.43)

From Egs. (4.42) and (4.43), we find that 7 and its derivative at ¢ = 1 can be expanded around
o =0as

2m; iNim,; 2m;
Dyl =diexp (-2 ) +0©), 8Tyl ="diexp (-2 ) +O1). (4.44)
e=1 g2 e=1 o g2

Since 7 hasnopole ato = 0 for € = 1, the bion contribution to the partition function (4.41) vanishes
and hence there is no bion correction to the ground state energy

Zp
2 =0 = EP=0 (4.45)
20 |e=1 P
Due to the pole of 9¢(7);jle=1 at o = 0, there is nontrivial bion contribution to the first expansion
coefficient
EV =— lim -3.2£2| =-N m;A; ex <——) A; ex ( ) . (446
P B—o0 ,3 GZ() e=1 IZI: P Z p ( )

Summing the perturbative part and all the bion contributions, we obtain

N-1 NA; exp —22

_ N - P( )

R R S Y
i=1 1—2 Aexp( j)

(4.47)

Thus, the first expansion coefficient E(1) is completely reproduced by the semiclassical bion
contributions.
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We note that as opposed to Elgl), the p-bion contribution to the nth expansion coefficient E,ﬁ”) with
n > 2 is an asymptotic series of g2,

o
EM =E0+ENg* +EVig +- - = E() + /0 dt exp (—t/g?) E® (). (4.48)
In the CP' case (Ref. [38]), the Borel transform E,?) (¢) of the perturbative corrections to the

second-order expansion coefficient around the p-bion background has a pole that gives an imaginary
ambiguity canceled by that of the semiclassical (p + 1)-bion contribution

o0
Irn( / dt exp(—t/gZ)E[?)(z)) « s mEg%®
0

: (4.49)
cancelation p+1.0

Although it is difficult to obtain the perturbative corrections directly from the p-bion background,
we can determine £® by summing all the semiclassical contributions,

o0

cosh 75 o) ;
@ _ g 2m | wi
Y Egg = m—s % (y + log 2 + ) (4.50)
=1 g
using the dispersion relation, and imposing the symmetry m — —m as'
L2
m g, Sinh” =
E(z):gz—chothﬁz/ an . 2g
g~ Jo M sinh ﬁ
cosh % 2 )
2 g el m
=g°—m Chi| - ) —y —log—|. 4.51
£ sinh® %5 [ (gz) i’ ggz] (#D

Thus, taking advantage of the resurgence structure, we can completely reconstruct £? from the
semiclassical bion contributions.

In the CPV ! case, the total semiclassical bion contributions can be formally written as
o0

N—-1 m
5 .
ZEIE’S = N? Z m;A; exp <_g_2l)
2m,~ i N=l ij
x| (v +log=5 £ =) Yi— > midjexp (- ) YyXy |, (4.52)
g Fa g
where Xj; and Yj; are defined by
X; = Res <i) Y, = J , (4.53)
0= \270 1= Axexp (‘%)

oL n e (<3
_

B — > i Arexp (_ka>

g2

! The first term g? is added so that the perturbative part agrees with the Bender—Wu analysis. The argument
here does not fix the degree of freedom to add any convergent series that is an even function of m.
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In the previous subsection, we saw that the imaginary ambiguity of the single-bion contribution
in Eq. (4.52) is canceled by that of the non-Borel-summable perturbation series (4.15). Since the
generating function (0|0) does not have a divergent asymptotic series, it is natural to expect that
the higher bion sectors in E® = — (W |H._;|wD)/(0]0) have the same cancelation structure:
the imaginary ambiguity of the semiclassical (p 4 1)-bion contribution is canceled by that of the
non-Borel-summable perturbation series around the p-bion background. Thus we expect that it is
also possible to recover E®) from the semiclassical bion contributions (4.52) in a parallel manner
to CP! QM. It would be interesting to check whether there is such a resurgence structure in CPY !
QM by explicitly determining £ and Xjj in Egs. (4.53) and (4.52).

4.4.  Quasi-exact solvability of CPY~' QM

As in the case of sine-Gordon QM discussed in the previous section, CPY~! QM becomes quasi-
exactly solvable at some specific points in the parameter space. By introducing a deformation
parameter around those QES points, we obtain exact results for the expansion coefficients of the
ground state energy, which show a nontrivial resurgence structure around the QES points.

Here we focus on the sector with vanishing conserved charges, where wave functions are indepen-
dent of arg ¢. For later convenience, we define the following new variables: x; = %. Redefining
the wave function as

U = You(x;), Wy = exp (—%), (4.54)
g

we can rewrite the Schrodinger equation as Hu = Eu with

N—1

- 2m; . . 1—e€ : 2m;

H=g") [ (EN - —gz’) (T — Tn') + — (N(E’ -+ g—z’) ] (4.55)
i=1

where T;” are the following differential operators:

T/ =

—xj—, TN =—, Ty'=—-xTyv", Ty = Nix-i — E(e -1 (4.56)
Jaxi’ ' 8xl-’ ' ’ i1 lax,- 2 ’ '

The operators 77 I,J =1,...,N) satisfy the gl(N, C) algebra
(7,7, T"1 = 8¢’ T/F — 8,7 Tk’ . (4.57)
The quadratic Casimir invariant is given by
N
D11 = -1 +N -2, e/:1+%v(e— 1). (4.58)

1J=1

If € is an integer, the action of the operators 7}’ is closed on the set of polynomials of x; of
degree €’ — 1. Therefore, we can find eigenfunctions of H by using the polynomial ansatz for u(x;)
(corresponding to the symmetric representation of gl(N, C) with ¢’ — 1 indices).

Since ¢/ = 1 is equivalent to € = 1, the deformation from ¢’ = 1 is nothing but the SUSY-
breaking deformation whose resurgence structure has been already discussed in the previous three
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subsections. Now, we consider the case of €’ = 2. We can find eigenfunctions by using the ansatz
u=ay -+ va:_ll a;x;. Substituting into the Schrodinger equation, we find that

N-1 N—-1
X 2
u=1+3y mixi_ E:gZN_{_N(M—I—Z(M—mi)), (4.59)
i

- M—m i=1
where M is one of the solutions of the equation

Ny 1 2

2o i M g

=

(4.60)

There are N solutions corresponding to the N-dimensional fundamental representation of gl(N, C).
Let us consider the small € expansion of the smallest eigenvalue corresponding to the ground state
energy

0 (W|SH|W)

EW = lim —F=-—""1, (4.61)
(2 e (V)W)

Here, we again note that SH = 0.H is given by 6H = —Au = — Z 1 m, — Nx;). Evaluating
the integral in Eq. (4.61), we obtain

NA; exp (

N-—1
ED=—3"m | 140 + o (4.62)
; 11— 4; exp( )

where A4; are constants that have the following weak coupling forms:

- (&Y 2 g\’ m;
A= (2_%) [Ai +0Ok )] - <2mi) 1_[ mj — m;

i#]

+ 0@ |. (4.63)

Thus we find that the pth-order nonperturbative correction takes the form

B (ZmA exp( )) (ZA exp (--))p_l. (4.64)

We can check the agreement between the leading-order part of Eq. (4.64) for small g and the
semiclassical multi-bion contribution (4.41) expanded around ¢’ = 2. Thus, in the weak coupling
limit, the nonperturbative corrections in the exact result are correctly reproduced by semiclassical
multi-bion contributions not only around the SUSY regime but also around the near-QES regime of
CPN-T QM.

5. Resurgence structure in squashed CP' QM

In this section, we briefly discuss another type of model belonging to the class described by chiral
multiplets in which the O(8¢) ground state energy has a nontrivial resurgence structure.
We here focus on the model described by the Kdhler potential with a parameter a > 0,

1
= log < ) + ax?, (5.1)
1—x
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Fig. 6. The squashed CP! with a = 0 (left), @ = 1 (center), a = 10 (right).

where x is the function of ¢ determined by

O\ 172
lp| = e** ( ) . (5.2)
1—x
The target space is the squashed CP! (see Fig. 6) whose metric is given by
2 __ 1 2 -1 2 171 1
ds :8¢8¢Kd(pd¢)=5(de + U™ darge”), U5a+§ )_c+1—x . (5.3)

This model reduces to the standard CP! QM for a = 0.
Now let us consider the small §¢ = € — 1 expansion of the ground state energy,

s _ (013H|0)

_ VoIV _ _® _
=00 (p|0) = exp ( gz)’ U = mx. 54

It is quite notable that the perturbation Hamiltonian H = —Au = —G~'89u is not a polynomial
but the following rational function:

2x — 1
(1 4+ 2a(l —x)x)?

SH = —gaxU—1 —m (5.5)

This implies that the trans-series expression for the first expansion coefficient £ has non-Borel-
summable g2 series at each order of the nonperturbative exponential. This is a crucial difference
from the standard CPY ! QM.

Again the generating function (0|0) can be calculated by the localization formula. It does not
depend on @ and hence it is identical to that in the standard CP! QM,

2
(0]0) = ’;;fn <1 —exp (—Z—'g)) (5.6)

This is finite order in terms of g2 at each order of nonperturbative exponential. Evaluating the integral

1
2
(0[8H|0) = —”Tm/() dx exp <—g—’;) U, (5.7)
we obtain the first-order coefficient as
2 1 ex (—Zﬂ)
ED — _m_2 1+ 2_’;# , X = / dx#. (5.8)
ag g 1 —exp (_2g_r2n) o 14+2ax(1—x)
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The quantity X is a linear combination of the exponential integral function whose asymptotic series
in powers of g2 can be obtained by changing variable to t = 2mx/g? and taking the upper limit of
integration 2m/g? — oo,

2m/g 1 1
= / dte™ 2m—1) 2mb
2a2b—1) Jy ,_,_@ t_gm_z

1 0 _gZ n+l1 n+1
%2a(2b—1) LZ:;”' <2m(b—1)> +Z (2mb> } (5.9)

12 . . . .
where b = % + (%) / . Since the perturbation series of X is a sum of Borel-summable and
Borel-non-summable series, the Borel resummation of the perturbation series gives the perturbative
contribution Xper¢ containing the imaginary ambiguities as

o 2m N L
Koert = 225 = 1)f( ZJFO)’ f(z)_/o dre (t+(b—1)z z—bz>' -10)

The remaining part of X is multiplied by a single power of the nonperturbative exponential

2m
exp | —=5 00
X — Xpert = —< g> (2 :|210> g(z):f dte_t(— : + 1 12), (5.11)
0

2a2b—1)° t+bz  t—(b—1)

which corresponds to the Borel resummation of a sum of Borel-summable and Borel-non-summable

asymptotic series g2 on the single-bion background. Expanding with respect to exp( %g—”’), we

obtain the trans-series expression E(1) = Z;io El(,l) with

2 3
(1) m m 2
E - - i0 5.12
e e TSuE A < 2T ) .12)
3
1y _ m 2m 2m 2pm
4 =g G o) e (o) (5F) o

Here, the + signs correspond to arg g? — =0. At each order of the nonperturbative exponential
exp( 2gm> EV has the following imaginary ambiguities due to the poles at t = 2mb/g? and

t =2m( — 1)/g :

m exp|l —|. .
2g4 b —1 P\ T2
3
m_mm 1 2(p + bym 20— 1+ bym
ImEp = 25" 2 1 [exp (_—g2 —exp —g—2 @=1). (5.15)

These imaginary ambiguities cancel out between the adjacent sectors. Thus, we conclude that the
resurgence structure of the (O(8¢) ground state energy is nontrivial. Nevertheless, it has a simple
structure where imaginary ambiguities cancel between the adjacent sectors of the p and p + 1
power of the nonperturbative exponentials. It is worth noting that the cancelation mechanism of
the imaginary ambiguities seems different from that in the standard CP' QM. For example, the

%g’”) and all of them are from the Borel resummation

ambiguities have noninteger powers of exp (—
of'the asymptotic series. It is interesting to interpret these cancelation mechanisms from the viewpoint

of the complexified path integral.
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6. Summary and discussion

In this paper, we investigated the resurgence structure in SUSY QM with emphasis on the expan-
sion around the SUSY and quasi-exactly solvable (QES) parameter regimes. First, we generically
showed that bions play a vital role in nonperturbative contributions based on the Lefschetz thimble
decomposition. We discussed two different classes of SUSY models: (i) quantum mechanics on a
Riemannian manifold described by real multiplets and (ii) quantum mechanics on a Kéhler manifold
described by chiral multiplets.

In the models belonging to class (i), the generating function (0|0) has a non-Borel-summable
asymptotic series that gives rise to an imaginary ambiguity at each order of nonperturbative expo-
nentials in trans-series. This property of the generating function (0|0) provides the O(S¢) ground
state energy with a rich resurgence structure. As an example of a model in this class, we dis-
cussed the sine-Gordon model in Sect. 3. Using the Rayleigh—Schrodinger perturbation theory,
we obtained the exact O(§¢) ground state energy, which was expressed as a trans-series of non-
Borel-summable series with nonperturbative exponentials corresponding to multi-bions. We showed
that the semiclassical contributions from the complex multi-bion solutions are in agreement with
those in the exact result including the imaginary ambiguities which cancel those in the other
sectors.

In the models belonging to class (ii), the generating function (0|0) can be exactly calculated by the
Duistermaat—Heckman localization formula. Since it has a convergent (finite) power series of g2 in
each sector of nonperturbative exponentials, the O(d¢) ground state energy has a relatively simple
resurgence structure. As an example of a model in this class, CPY ~! QM was discussed in Sect. 4. We
determined the exact O(d¢) ground state energy and showed that it has a trivial resurgence structure
with no imaginary ambiguities in the trans-series. This property enabled us to completely reconstruct
the O(§¢) ground state energy from the semiclassical multi-bion contributions. The ground state
energy has a nontrivial resurgence structure at O(8€?) and higher orders. We found N — 1 types
of real and complex bion solutions and showed the resurgence structure with cancelation between
imaginary ambiguities arising from the Borel resummation of the perturbation series around the
perturbative vacuum (zero-bion background) and the semiclassical contributions of the single-bion
solutions. As shown in the example of the squashed CP' QM, the O(8¢) ground state energy of a
generic model in class (ii) has a richer resurgence structure with a nontrivial cancelation of imaginary
ambiguities in trans-series.

This work reveals that a broad class of quantum mechanical models have a nontrivial resurgent
structure, where exact results for physical quantities are expressed as resurgent trans-series that
consist of perturbative Borel resummations and complex multi-bion contributions. The cancelation
of imaginary ambiguities enables us to reproduce the contribution of one sector from another by use
of the dispersion relation of Cauchy’s theorem. However, in some special cases such as the O(5¢)
ground state energy in CPY~! QM, each order term of nonperturbative exponentials produces no
imaginary ambiguities and the resurgence structure is trivial. This situation is similar to the case of the
partition function in the N' = 2 SYM (Refs. [90,91]) obtained by the localization method, where each
sector of the trans-series does not talk to other sector. One of our next plans is to apply our analysis
to solvable field-theoretical models where the localization method is applicable to find nontrivial
resurgent structures in the expansion with respect to deformation parameters. It has been observed
that the information on the level number of the perturbation series on a zero-bion background gives
all p-bion contributions (Ref. [34]). It is an interesting future task to obtain resurgent trans-series for
states other than the ground state.

31/48



PTEP 2017, 083B02 T. Fujimori et al.

One of the goals is to discuss the roles of complexified solutions in Yang—Mills or QCD in 4
dimensions. In the 1970s and 80s, complex instanton solutions were discussed in gauge theories
with complexified gauge groups (Refs. [142,143]). It will be interesting to discuss contributions
from these complex solutions in terms of resurgence theory. Another way of studying complexified
solutions in Yang—Mills theory is to consider U(N) Yang—Mills theory coupled with Higgs fields in the
fundamental representation. In the Higgs phase, there exists a non-Abelian vortex whose low-energy
dynamics is effectively described by the CPY~! model localized around the vortex (Refs. [144—
147]). By introducing appropriate fermions coupled in the original bulk theory, we can localize
fermion quasi-zero modes around the vortex and the CPY~! model is coupled to the fermions. For
the case of the SUSY bulk theory, the vortex can be BPS and the SUSY CP"~! model is obtained
as the vortex theory. It means that our complexified solutions are able to be embedded into it. The
CPN~! model instantons in the vortex theory correspond to Yang—Mills instantons in the bulk theory
(Ref. [132]). Therefore, complexified bions can be interpreted as those in (complexified) Yang—Mills
theory in the bulk. A decoupling limit of the Higgs phase leads to isolation of complexified solutions
in Yang—Mills theory. We hope that these are useful to reveal the resurgence structure of Yang—Mills
theory or QCD in 4 dimensions.
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Appendix A. Supersymmetric QM

In this appendix, we review the models of SUSY QM discussed in this paper. Consider the SUSY
algebra

{0,.0}=H P, (A1)

where H is the Hamiltonian and P denotes the central charge, which may exist when there is an
internal symmetry that commutes with O and Q. We consider two types of supermultiplets, namely
real and chiral multiplets, each of which has a bosonic degree of freedom in its lowest component.

A.1.  Real multiplets

Let us first consider the SUSY QM described by real multiplets. For simplicity, we assume that
there is no central charge appearing in the superalgebra (P = 0). The SUSY transformation of a real
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multiplet is given by

Sp= 3 (ey +), SY = E(idyp + F), (A2)
SF = %(eaﬂp — 80V, 8v = e(idp — F), (A.3)

where ¢ and # are transformation parameters for Q and Q. Let us consider a Riemannian manifold
M parametrized by the scalar components ¢'. After integrating out the auxiliary fields F', the SUSY
Lagrangian takes the form
11 iaj o e Tigy 1 i ikl ij 1 i7j
L= 2 ZGij (¢'¢/ +iv'Dy’) — 3—2Rijkllﬁ vty — GY oW oW + Evialeﬂ v, (Ad)
where Gj; is the Riemannian metric, Dyl = dpt + Fj’fkd W, Fl’l is the Christoffel symbol, R;j; is
the Riemannian curvature tensor, and W is the superpotential, which can be an arbitrary function on

M.

BPS kink solution. Next let us discuss the BPS kink configuration in this model (see, e.g.,
Refs. [137-140] for BPS kinks). After the Wick rotation, the bosonic part of the Euclidean action
can be rewritten as

1 1 . . 1 . . 1
Sp = — / dt Gy <—af<pl + G‘kakW> <—ar¢/ + GJIE);W) ¥ —Z/dW. (A.5)
g 2 2 g
This form of the Euclidean action implies that there exist BPS kink solutions obeying the flow
equation
LN ik
§8t<p = FG" o W. (A.6)

Such BPS kinks correspond to tunneling processes between two minima of the potential, i.e., saddle
points of . For a BPS kink interpolating two saddle points s and s’, the on-shell value of the
Euclidean action is given by

: (A7)

W, — Wy
Sk = ‘T

where W and Wy are the values of the superpotential at the corresponding saddle points. Typical
nonperturbative effects for the ground state are of order exp (—2SE’(S,S/)), which implies that they
are given by bound states of kink and antikink, i.e., bion configurations.

Hamiltonian and ground state wave function. Let us quantize the system by introducing the
commutation relation between the canonical coordinates, whose nontrivial part is given by

o', pl =i, (W' ) =is", (A.8)
where p; and i are the conjugate momenta

oL 1

_ N A oL i
R A N

= i — @Glﬂ}f} (A.9)

pi =
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Let us project the Hilbert space onto the subspace with the lowest fermion number F' = Gjy'y/:
0= (V|F|W) = ZHe AW = yiw) =0, (A.10)

where e“; are the vielbein defined by G;; = Za 1 €“ie;. On this subspace, the Hamiltonian H =
{0, O} reduces to

H|V) = 00|¥) —gZG’.j (Vi — éaw) <8j + é@-W) (p| W), (A.11)

where we have used the following explicit form of the supercharges written in terms of the canonical
coordinate:

{ . : R ; :
0= EW (Pi - éaiW>, 0= EW ( pyes Gy 9/ + _281'W)- (A.12)

Therefore, the SUSY ground state, which has the lowest energy H|W) = 0, is the one annihilated by
pi— LW, ie.,
g

/4
(p|¥) = exp (—;) (A.13)

A.2.  Chiral multiplets

Next let us consider the SUSY QM described by chiral multiplets. Such a model can be obtained
from the corresponding 2d nonlinear sigma model with N' = (2,0) SUSY

where P is the spatial momentum. Introducing the Grassmannian coordinates 6 and 6, we can

associate the supercharges Q and O with the differential operators

el - ad
= — +i69 =———1i60_, A.15
0= o iy, O=——x—i (A.15)

with 94 = %(at 4 d,). The chiral and antichiral superfields are respectively defined as those
annihilated by the differential operators,

D= %—1984“ D:—%+i¢98+, (A.16)
which anticommute with Q and Q. The explicit forms of the chiral and antichiral superfields are
given by

DP=0 = &=¢+0y+ih0d, 0, (A.17)
DO=0 = O=¢—0y —if0d, p. (A.18)

The Lagrangian of the nonlinear sigma model with Kahler potential K and Kéhler metric G; = 9; E_}jK
can be written as

1 1 . i -7 .
L=— | db d@( —2i0_D'y; K) = G-]- <_8M¢18M¢/ + 21'1//]7),1//1) +o, (A.19)
gZd g2a’

where D_y' = 9_y' + F’ka ¢/ y* and - - - denotes total derivative terms.
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Let us assume that the target manifold has a holomorphic isometry with moment map w. The
corresponding holomorphic Killing vector & = £79; + £19; satisfies
§ =i,  F =i, 85 =& =0 (A.20)
The SUSY QM of chiral multiplets discussed in this paper can be obtained from Eq. (A.19) by
dimensional reduction twisted by the isometry

1 Q7 i=7 =7 . . L3
L= 5G; |99 ~ 68 + Dy~ vig Vvt (A21)
where Dy = 7 + Th @Yk, Vig! = 948" + 1087, T, = 9,G3G", and
1 1 I .
— = — x 2w {compactification radius}. (A.22)
& 8w

Symmetry. The SUSY transformations for the components of a chiral multiplet are given by
5" = ey, Y’ = iE (¢ + &), (A.23)
8¢' = &/, 897 =ie(§' + &, (A24)

where ¢ and & are transformation parameters for O and Q. We can see from these SUSY
transformations that the SUSY algebra takes the form

(0.0} =H +P, (A.25)
where P is given by the Noether charge ¢ for the holomorphic isometry §,¢" = &', 8,9 = ¥/9;£":
1

1= G (S"é; +¢'8 + i&fwkvks"). (A.26)

BPS kink. The original 2d system (A.19) in the Euclidean spacetime has instanton solutions
characterized by the topological charge (Ref. [131])

1 . -
0= / dxy dy i€ Gy50,,0"0,@ . (A.27)

After the twisted dimensional reduction, such an instanton decomposes into fractional instantons
characterized by the topological charge (Refs. [132—134]; see also Refs. [135,136])

1
Ofractional = 2_ / du. (A.28)
T

We can see that there exist such BPS solutions in the 1d system by rewriting the bosonic part of the
Euclidean model as

1 . . .3 -z 1
Sp = —2/dt Gs (¢' £ i&') (@1 - isf) + —2/@. (A.29)
g g
For a given boundary condition, this Euclidean action is minimized when the following flow equation
is satisfied (see, e.g., Refs. [137-140]):

L

g0t = +G
1% 0

(A.30)
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where we have used £/ = iGU 5}#- This equation describes kink solutions connecting saddle points
of 1. The on-shell value of the Euclidean action for a kink interpolating two saddle points s and s’
of u is given by

Ms — MUy

e (A31)

SE (s.5) = ‘

This implies that bion configurations, i.e., bound states of kink and antikink, give typical
nonperturbative effects of order exp (—2Sg (s,¢1))-

Hamiltonian and ground state wave function. Let us quantize the system by introducing the
commutation relation, whose nontrivial part is given by

' pl =i  1@.pl=id5 (Y my) =8, (A32)
where p;, p;, and 7, are the conjugate momenta, which can be read off from the Lagrangian as
1 -7 . k7 N / _ 1 .7 l -7
pi= 3 |G + iG], hi= 3G my = G (A33)
In terms of these canonical coordinates, the supercharges can be written as
. 1 . . 3 - 1 .
0=y |pi+ =G (V& - wh9h)|.  0=9'(m+ 3G ) (A.34)
g2 g2
From the superalgebra H = {Q, O} — ¢, we can find the explicit form of the Hamiltonian as

. 1 - = _ -7 . 1 7 . . -7
H=g"G" (p,- - g—ziGw’"wkrfk) P+ VYR + 726 (s’sf - zvkwkwf), (A.35)

where Rj; is the Ricci curvature R;; = —5-Fl.’§(.

The fermion number operator F' = ngGij 1}] ¥’ commutes with the Hamiltonian, we thus consider
the eigenvalue problem of H within each sector with a fixed fermion number F. In the zero fermion
sector I/ = 0, any state vector satisfies

1 « R .
(W|F|W) = g—zz " )" =0 = yi|lw) =0, (A.36)
a=1
where e¢?; denote the vielbein of the target space
n
Y e = Gy (A.37)
a=1
In this sector, the Hamiltonian reduces to
_ 1 _
H=G" |:g2p,'pj- + —28,~uaj—.u — 3,'(%#]. (A.38)
g
We also note that the conserved charge in this sector becomes g = &'p; + 5] Dj- The SUSY ground

state, which satisfies H|W) = 0, is the one annihilated by p; — glzé_);,u, and hence the wave function
is given by

(0| W) = exp (-g“—z). (A.39)
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Appendix B. Localization method for (0|0) in Kéhler QM

In this appendix, we calculate (0]0), i.e., the generating function for (1) in Kdhler QM by means
of SUSY localization (Duistermaat—-Heckman formula). By introducing the fermionic coordinates,
(0]0) can be rewritten as

] n _ 2 I
(0]0) = (%gZ) /d% &y d" exp (—X), X == <[L + iG,-;Wl//’). (B.1)
g .
The integrand is invariant under the following SUSY transformation:
St =yl syl =¢" (B.2)

Note that the square of this SUSY transformation is the holomorphic isometry 8qg0i =&, 8q1/fi =
¥/ 9;€". To calculate (0]0), let us consider the following integral:

(exp (—t8V)) = Gg2> /d% d"y d" exp (—X —t8V), (B.3)

where ¢ is a formal parameter and V' is the following operator, which is invariant under the
holomorphic isometry 82V = 8V =0:

V = Gg&'W + (c.c.). (B.4)

The invariance under the SUSY transformation implies that (exp (—¢ §V")) does not depend on ¢, i.e.,
d j " _

= (exp (—11)) = - (ég2> /d2”¢ A"y d"y S[Vexp (—X — t(SV)] —0. (B.5)

Since (exp (—t8V)) reduces to (0]|0) for t = 0, its z-independence implies that
010y = (exp (—téV)) for arbitrary ¢. (B.6)

In the + — oo limit, the saddle point approximation becomes exact and hence the integral can be
computed only from the data around the saddle point of §}, whose explicit form is given by

oV = Gy (£ + Vig'hy ). (B.7)
This implies that the saddle points are the zeros of &, i.e., the fixed points of the isometry. Around

each saddle point, §7 can be expanded by rescaling the fluctuation (8¢, ') — t~1(8¢*, ¥’) and
taking t — oo:

18V = G;;[(Msago)"(Mja@)f + i(MSw)ixﬁj] +ou™h, (B.8)

where we have assumed &' = i(M,)’;8¢/ around the saddle point s. Since (exp (—78V)) is inde-
pendent of ¢, we can ignore the subleading terms depending on ¢. By performing the Gaussian
integration at each saddle point and collecting the contributions from all the saddle points, we obtain
the generating function (0|0) as

i\ _ 214 , - -
010y =Y (%gz) [ odryani e {— 7~ Gyl e 0l + i(Mswvﬂ]}

se&

_ ”_g2nz L xp (22 (B.9)
A detat, P\ "2 ) '

se6
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Appendix C. Perturbative part of E® in CPV~! QM

In this appendix, we calculate the perturbative part of £ in the CPV~! model. The leading-order
correction to the wave function can be obtained by solving the Schrédinger equation expanded around
€ = 1. Its asymptotic behavior in the weak coupling limit is given by

N w 1
v = —exp (——> log + e, (C.1)
2 g’ L+ Y000 ok

where - - - denotes nonperturbative corrections. From the relation £ = — (WD |H._;|wD)/(0/0),
we find that

NZ N-1

2N 2y NI
po_ YT & / ey 8 D=1 Xi ) e, (C2
H0[0)  Jay, TN Ty 5P mel 2

where we have changed the integration variables from |¢’| to x; = . The integration

domain is the (N — 1)-simplex
AyN_1 = {(xl,...,xN_l) € RN ‘x,- >0, x1 4+ -+axv_1 < —2} . (C3)

Expanding the integrand with respect to g, we obtain

N2 N—1

N—1 n
_ﬂ_g”i gy D
4010) =\ 2 & om
N-1
X f dxy -~ dxy_1 exp (—2Zm1xi) SR (C.4)
AV

Since the condition x|+ - -+xy_1 < 1/g? canbe ignored in the weak coupling limit, the perturbation

E@ —

series can be obtained by integrating over the region with x; > 0. Then we obtain the following
perturbation series:

—1

e (D) SE g o

i=1 n=1 i=1

where we have used (0]0) = 1—[5\1 11 ”g - + ..., This is a divergent series since the coefficient of g”

is of order n!. By the Borel resummatlon, E(() ) can be rewritten as

N2 N—lgz _g N-1 g2
) 2
= () [ o | O -5 ©o

i=1

I’l]n'

where we have used > o7 (-% va 11 3;,, ) f(my) = f(m; — — f(m;). Using the partial
fraction decomposition

(C.7)
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we obtain the perturbative part of the second-order expansion coefficient as

@ N2 ) N— o) e~ !
E) = |+ sziA,-/ dt—— |. (C.8)
i=1 0 = 250

Appendix D. Quasi-moduli space

When a saddle point has a nearly flat direction, which corresponds to an eigenmode whose mass
(frequency) vanishes in the weak coupling limit g — 0, the Gaussian approximation is not applicable
for evaluating the contribution of that saddle point to the path integral. In such a case, we need to
integrate all the way along the nearly flat directions, which are parametrized by the quasi-moduli
parameters n“. Let (pﬁ, be the configuration along the nearly flat direction, which we define as the

l
configuration such that 2 is proportional to the quasi-zero modes at the saddle point and the

equation of motion is satisfied up to terms proportional to g% :
58 d¢,
boi| = 2 camgl (D.1)
¢ = o

By using this ansatz on the quasi-moduli space, we decompose the field as

o' =gl +gd¢', (D.2)

where 8(,01 denotes the fluctuation containing all the massive modes, which are orthogonal to the

qua31 Z€T0 modes

8
Slel = Sleyl + g%8¢' Ayd¢/ + O(g"), (D.3)

where Aj; is the differential operator appearing in the linearized equation of motion. The absence
of the linear term indicates that the quasi-moduli parametrize the bottom of the valley of the action.
In the weak coupling limit, the path integral for the partition function reduces to the quasi-moduli

1 v,
7~ f dv exp [ ——<T ), (D.4)
detA,-j g2

where dv is the volume form of the quasi-moduli space, det A is the one-loop determinant, and Vg is

integral

the kink—antikink effective potential which can be obtained by substituting the kink—antikink ansatz
into the original action:

Vetr (m) = Sley]. (D.5)

Appendix E. Kink-antikink effective potential

In this appendix, we derive a general formula for the effective potential between a well-separated
kink—antikink pair. To find the effective potential, it is necessary to find an appropriate ansatz for the
kink—antikink configuration go;'] parametrized by the quasi-moduli parameters n*. Since the kink and
antikink are well-separated in the bion configuration for small g, their positions 7 and t; become
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almost free parameters and hence can be interpreted as the quasi-moduli parameters (n* = 1, 17,
and other possible internal degrees of freedom).

When the kink and antikink are well separated so that |t; — 7| is much larger than any length
scale in the model, then the kink—antikink configuration can be schematically written as

¢;’{+5(p]l_'€+...’ T~ 1,
gofiz vi+8§0;i+5<ﬁ,£+"', T ~ 70, (E.1)
oL+ g+, TN T

where V' are the vacuum expectation values and 7o is a point in between the kink and antikink (7; <
7o K 13) such that the tail from the kink (antikink) can be approximated by a small perturbation § go,i
(5901%) fort > 19 (t < 19).

Let us decompose Ve into the contributions from t > 19 and 7 < 7¢:

Vet = S[gi] = Seory + Se<rp- (E2)

Since the kink contribution can be treated as the small perturbation 8 go,i in the region 7 > 10, St <4,
is approximately given by

j 0L oL
Sr>1’0 = S[@Il—c] +/dl’ (Swllfa_(pl +8(pll{a—¢1) (pi_wi 4 ...
7k
lo=ot)

where we have used the fact that (p,"c satisfies the Euler—Lagrange equation and the contribution from
T = oo is trivial. In a similar way, we can calculate the contribution from the region T < 79. Adding
two contributions, we obtain

0L
L
pi=g} 4

i i i 0L
Vet = Slo] + Slop] + | d¢p 0

) e (E4)
(pl:(pll} =19

Let 8¢’ be the fluctuations around the VEVs v' orthonormalized so that the expanded Lagrangian
takes the form

Lo M oo
L= 500+ LGN+ (E.5)

Then, for T & 1, the small deviations § go,i and § wlé in Eq. (E.1) take the following forms:
S = Alexp (—m;T), 8¢} = B'exp (m1), (E.6)

where A’ and B’ are constants depending on the quasi-moduli parameters. Substituting into Eq. (E.4),
we obtain the effective potential as

Vet ~ Slpp] + Slot] + Y 2mA'B'. (E.7)

Therefore, the effective kink—antikink potential can be obtained by determining the coefficients A’
and B’ in Eq. (E.6).
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In the presence of a potential term induced by the fermion projection, the vacuum ¢’ = v; between
kink and antikink may not be the true minimum but can be lifted, so that the following confining
potential term is induced in the effective potential:

Vetr ~ Slojl + Slotl + > 2mA'B + |t — 1788, (E.8)

1
where 85 is the difference of the action between ¢ = V' and the true minimum:
8S = S[¢' = V'] — S[¢' = true minimum] > 0. (E.9)

All the effective kink—antikink potential used in this paper can be obtained by substituting the explicit
forms of A, B!, and 8S in each model.

Appendix F. Lefschetz thimble analysis of a quasi-moduli integral

In this appendix, we calculate the following quasi-moduli integral of the form (3.46):

I = / dy exp[— V)], V(@)=ae” +by, Reb> 0, (F.1)
c

where C denotes the integration contour along the real axis. The parameter « is positive for kinks of
the same type and negative for a kink—antikink pair. Note that the divergence of J for Rey — —o0
is an artifact of the approximation and the form of J around its saddle points is relevant for the
asymptotic behavior of the integral for small g (large a).

The flow equation, which determines the Lefschetz thimbles, is given by

By_W

=— =—ae +b. F.2
Fyilew ae” + (F.2)

The Lefschetz thimbles 7, and their duals X, for the saddle points
a
y =log 7 +2miq, q€Z (F.3)
are depicted in Fig. F.1 (¢ > 0) and Fig. F.2 (a < 0).

For a > 0, the real axis C intersects with the dual thimble of the saddle point ¢ = 0, so that the
integral is given by

I = / dy exp[—V ()] = a P (). (F.4)
Jo

For a < 0, the Stokes phenomena occurs when we vary arg a around arga = —m as shown in
Fig. F.2. Thus we obtain the following ambiguous result for a < 0:

;- g dvexp =V ()]

= |a| " exp(Fwib)['(b) for6 = —w —arga=+0.  (F5)
Sz dv exp [V ()]

Combining these results, we obtain Eq. (3.47).
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2l

-2nf,

4
Revy

Fig. F.1. The Lefschetz thimbles .7, and their duals /C,.

27 2nf

K1

f{ey ’ ’
(b) >0 (b) <0
Fig. F.2. Stokes phenomenon at arga = —nw (0 = —m — arga = 0). The original integration contour C

intersects with IC; (KCy) for & > 0 (6 < 0) and hence C is deformed to 77 ().

Appendix G. One-loop determinant in CPY~!' QM

In this appendix, we calculate the one-loop determinant around the ith single-bion background <pr in
the CPY~! model. It is convenient to normalize the fluctuations in the background of the ith bion as

i i i2y8 i ' i\
o' =g +g+1giDse’, =g (1+12) 80 G #0). G.1)

It was shown in Ref. [32] that the contribution from 8¢’ to the one-loop determinant gives the overall
factor 8m? /mg? in Eq. (4.26) . To calculate the contribution from 8¢/, let us consider the linearized
equation for 8¢/ in the background (pf7:

Nidg/ = (=82 + Vi))s¢ =0, (G.2)

where A; = —32 4+ V; ; 18 the differential operator appearing in Eq. (4.24). The determinant A; can
be read off from the following asymptotic behavior of the solution of the linearized equation (see,
e.g., Appendix B of Ref. [32])

1= lim exp(—mt)8¢/,  detA; = lim exp(—m;t) 8¢ . (G.3)

T——00 T—00
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In the weak coupling limit g — 0, the single bion can be viewed as a well-separated kink—antikink
pair, for which V;; can be approximated as

m?, LT,
Uj(t —12), T~T1,
Vij®my—mp)?, T LT L1y (G.4)
Uj(t —14), T~14,
mjz: T+ KT,

where U;; and U; ; are the following background potential felt by 8¢/ due to the BPS kink ¢! =
exp (m;(t — 7)) and the anti-BPS kink (,0}C = exp (—m;(t — 14)):

m; 2 mi
ol = <mj - 1+exp(—2m,~(r—r_))> o (mj Cl+exp (—2mf(f—f—)))’

- m; 2 mi
u”'(f_”):<m"_ 1+exp<2mz-<r—r_>>> B <mf_ 1+exp(2mz-<r—r_>>>' ©

In each region, the linearized equation (G.2) can be solved as

exp (m;7), LT,
r, T~T,
8¢/ ~ { ajexp ((m; —m)t) + biexp (—(m; — m)T), T- KT L 14, G.6)
f+9 LS
det A; exp (m;) + b} exp (—m;7), T LT,
with
f Cj eXp (I’I’ljl’)
T (4 exp@mi(t — 1))
d;j exp (—m;t j
/i exp (—m;7) _ (1 LM exp (2m;(z — T_))>’ (G.7)
(1 4+ exp 2m;(z — 7)) j = M
cexp (—mjt)
S+ ’

T (1 + exp (—2mi(t — 14))) 2

d} exp (m;7) ( m;

(1 + exp (=2m;(t — t4)))'/? m; — m; exp (—2m;(t — r+))). (G.8)

Connecting these solutions, we find that the coefficients are related as

/ p My
¢ =1, a; = exp (mjT_), d = —— oxp (mi(r— — 14)) = det A;. (G.9)
j
Therefore, the one-loop determinant is given by
N—1
[] detA! =diexp (N —2)myz,), (G.10)

j=Lj#i

where 1, = T4 — 7_ is the relative position and the constant 4; is defined in Eq. (4.11).
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