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Euclidean SU(2) gauge theory is studied in a nonlinear gauge. In this theory, ghost condensation
happens and gauge fields acquire tachyonic masses. It is shown that these tachyonic masses
are removed by a gauge field condensate (44, ). Because of the ghost condensation, monopole
solutions are included naturally. We find that the condensate (4 4,;) makes the magnetic potential
massive.

Subject Index B0O, B03, B06

1. Introduction

In non-Abelian gauge theories, a magnetic monopole may play an important role. In the dual super-
conductor model of color confinement (see, e.g., Ref. [1]), monopole condensation is expected. As
a result, a dual gauge field [2] acquires a mass, and color confinement may happen.

How can monopoles appear without Higgs fields? One way is the Abelian projection by "t Hooft [3].
Let us consider a field X (x), which belongs to the adjoint representation, and perform the Abelian
gauge fixing. When we diagonalize X (x), there may be points at which the eigenvalues of X (x)
degenerate. Monopoles appear at these points. Another way is to introduce a unit color vector 71 (x)
in the internal space [4,5]. A non-Abelian magnetic potential is defined by

_1 R .
Ci = ?(n x )4, (1.1)

and the gauge field Al“i (x) is decomposed by using 7. This model is called extended quantum
chromodynamics (QCD) [6].

What is the origin of 7? Is it possible to make the magnetic potential massive? In this paper, we
propose a scenario that produces 7 and massive Cﬁ. For simplicity, we consider the SU(2) gauge
theory in Euclidean space-time, and sometimes call the gauge field a gluon. In the next section, we
briefly review ghost condensation and tachyonic gluon masses. In Sect. 3, it is shown that these
tachyonic masses are removed by the vacuum expectation value (VEV) (A;:A;). Under the ghost
condensation, we can include a magnetic monopole as a classical solution. In Sect. 4, we introduce
it in the Abelian gauge. In the presence of the VEV (AZA;), a magnetic potential is expected to
become massive. By using the background covariant gauge, we confirm this expectation in Sect. 5.
In Sect. 6, to remove the Dirac string, we perform a singular gauge transformation, and derive the
extended QCD with massive Cﬁ. In Sect. 7, the case of 3D space-time is discussed briefly. Section
8 is devoted to a summary and comments. In Appendix A, it is shown that ((Ai)z) vanishes. The
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tachyonic gluon mass is derived in the background covariant gauge in Appendix B. The singular
gauge transformation used in Sect. 6 is summarized in Appendix C. The Becchi—Rouet—Stora (BRS)
symmetry and the breakdown of the global gauge symmetry are explained in Appendix D.

2. Ghost condensation and tachyonic gluon mass

We consider the SU(2) gauge theory with structure constants f4pc. Using the notations
F-G=F'G", (Fx)" =ficsFC, (FxG)* =fipcFPGS, 4=1,2,3,

the Lagrangian in the nonlinear gauge is given by [7]

1
L= Liw+ LN, Ly = _F2

4
o o2 -
LNy =B - 0,4y + i 8,Dyc — ?132 - ?232 —B-w, 2.1)
where B = —B + ig¢ x ¢, a1 and «, are gauge parameters, and w is a constant. Introducing the

auxiliary field ¢, which represents arB, LN is rewritten as

g02

20y

o -
C(p:—?1324—8-(BMAM—i—(p—w)—i—ic-(BMDM—i—ggox)c—i— (2.2)

In Ref. [8], we have shown that g¢ acquires the VEV v = g under an energy scale wg. Dividing
the quantum fluctuation ¢(x) from @g, we substitute p(x) = ¢ + @(x) into Eq. (2.2), and choose
the constant w = ¢g. This choice is necessary to maintain the BRS symmetry [9].

Then Eq. (2.2) becomes

(07 - — ~
L, = —7132 + B (3, + @) + i (9,D, + g6 x +gpox)c. (2.3)

Because of the VEV ¢y, the global SU(2) symmetry breaks down to U(1). The relation between this
breaking and BRS-invariant Green functions is explained in Ref. [10].!

Under the ghost condensation, the ghost-loop contribution to the gluon propagator was calculated.
When the gluon momentum becomes small, it is found that the gluon acquires tachyonic mass [7,11].
The term ggo x in the ghost propagator (8,3 + gpox)~! gives rise to the tachyonic mass. Now we
choose the VEV in the third direction as (¢?) = @083, and use the notation (Aﬁ)z = (AL)Z + (A/i)z.
Then, the scale 11, the value ofthe VEV v = g¢y, and the tachyonic gluon mass term in 4D Euclidean
space (D = 4) are summarized as

1/2
4 4 2
— A4 gy | _ Fo— K 1 (—gv 2 3,2
Mmoo = Ae i 28 » V= [ 1 _ 6—16712/(a2g2) ’ 5 647[ {(AZ) + 2(A/L) }’ (24)

where A is a momentum cut-off, and w is the momentum scale satisfying u© < wo. The coupling
constant g and the gauge parameter oy in Eq. (2.4) are the quantities at the scale A. In the same way,
the corresponding quantities in 3D Euclidean space (D = 3) are

2
arg3 A 2 20 L[ —a 4 a2 | 3. 312
=— 3 = , = | —= A%+ = (4 , 2.5
ro=— s Vi = 13 (@g3)% 5| 558 | () + S L) (2.5)

where g3 and v3 are the coupling constant and the VEV g¢g in D = 3, respectively.

! In Appendix D, the necessity of w is explained. The BRS symmetry and the broken global gauge symmetry
are also discussed.
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3. Condensate (47A;)

From now on, we concentrate on the D = 4 case, and try to remove the tachyonic gluon mass. We
write Eq. (2.4) as

3.1)

Ao
Il
=
N
Il
N

2 - k302
—m} [ 44+ S A m

+ _ 1 c 42
where A = (4}, £id2%)/V/2.

3.1.  The effective potential for (A} A)

When the tachyonic mass term (3.1) exists, the gluon propagator blows up as p> — mﬁ. To avoid
this, we return to the Lagrangian Li,, + Efp, and introduce the source term KAZA; for the local
composite operator (LCO) AZ ()4, (x). The partition function is

Z(J,K) = /D,uexp [—% {S+/delp+/deA;;A;H,

where the usual source terms are
JV =en+ijc+ ATy + AT+ 4,0,

Dividing the action S into free and interaction parts as S = Sfee + Sint, and performing the Gaussian
integration, we obtain

Z(K) = exp [—%W(K)} » WE)=Wi(K)+W(E) +---,

where W, is O(h"), and we setJ = 0 after constructing W (J, K). From Z(K), we find
SW

) = <A,JI(X)A;(X)> = hd4(x), (3.2)
and we define the effective action as
['(®y) =WK)— ﬁ/deCI>4. 3.3)

If we write the Aff-related part in Sfee as —AZA wA, , the K-dependent term in ¥} becomes
Wi(K) = kTrIn(—A + K).
Thus, at O(h), Eq. (3.2) gives
Dy(x) = (x| (A +K),, |x). (3.4)

From Sjy, the diagrams depicted in Fig. 1 contribute to ;. Since the kinetic term (F;j‘v)2 /4
contains the terms

2 2
8" ABC 4B 4C\2 _ 8 4+ 4= 2 2, = 4312
Z(f AMAV) = ?(AMAM) +g (AMAM)(AV)

2
- S DU - U U A, (3.5)

2 In this subsection, we write /i explicitly. For scalar fields ¢ (x), the effective potential for the LCO ¢? is
studied in Refs. [12,13].
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Fig. 1. The diagrams that contribute to the effective potential I'(®4) at O(h?). The solid line represents ATA7,
the dotted line is cc, and the dashed line represents 4> 4;.

the diagram in Fig. 1(a) comes from the vertex gz—z(A;A;)2 in Eq. (3.5). Applying Eq. (3.4), it gives
ﬁz%zcbi. The ghost loop in Fig. 1(b) yields the term —mﬁh&w, which makes Aff tachyonic. Using
Eq. (3.4) again, Fig. 1(b) gives —mﬁﬁ2d>4. The diagrams in Fig. 1(c) contain the loops with Ai.
In the dimensional regularization, as f d*k(1 /kz) = 0, these diagrams vanish. If the source K is
constant, it plays the role of mass-squared M, f for the Afj. So the diagrams in Fig. 1(d) can produce
the term z; Kh>®4, where z; is a divergent constant. This divergence should be removed by the

renormalization of K. By summing up these results, > becomes ' (®4) = A2V (P4), where

2

V(®4) = %cbﬁ — 3, (3.6)
Thus, up to O(H?), we obtain
[(®g) = Wi(K) + B2V (dg) — R / dxK ®4. (3.7)
This I satisfies

8T 4 5K dv dv
2 (D ke ) R Rk =K K, (3.8)

3Dy 3K 3Dy ddy ddy
where Eq. (3.4) has been used. Since I' satisfies 6I"/6®4 = —hK, from Eq. (3.8), we obtain

dv/dds = 0.

In Fig. 2(a), the diagrams that contribute to V' (®4) are depicted. The closed loop with a solid line
represents @4 (x). As we show in Fig. 2(b), by removing one closed loop, the diagrams that correspond
to dV /d®4 are obtained. If we cut one closed loop as in Fig. 2(c), the diagrams that contribute to
the mass term for A;[(x)A; (x) are obtained. Therefore, when the condition dV' /d ®4 = 0 holds, the
two diagrams in Fig. 2(c) cancel out. In the same way, in D = 4, the diagrams depicted in Fig. 1(d)
cancel out. Namely, the diagrams in Figs. 2(c) and (d) do not contribute to the masses for Alf and
A?u respectively.
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Fig. 2. The diagrams that contribute to V' (®), dV' /d P4 = 0, and the mass terms for A:—; and Ai.

We summarize the results. Up to O(h?), the effective potential I' is Eq. (3.7). As it satisfies
8 /8®4 = —hK, we obtain Eq. (3.4) and dV /d P4 = 0. Using Eq. (3.6), dV /d P4 = 0 gives

m2 v
Oyp=(AfA) = —F = — 3.9
4= (4,4,) 2~ o’ (3.9)
and Egs. (3.4) and (3.9) give
mi oy —1
— = (-A +M4)W |x), (3.10)

where we set K = Mf. Thus, when m4 # 0, the condensate ®4 exists, and the mass My for Aff is
determined by Eq. (3.10).

As A, contains a gauge parameter, Eq. (3.10) is gauge-dependent and requires regularization.
So, although Eq. (3.10) implies that M4 # 0, the determination of this must be done carefully. We
do not try to determine My in this paper, and make it a future task.

3.2.  Expedient procedure
The above results are obtained simply by the following procedure. Add the tachyonic mass term
(3.1) to the Lagrangian. Then replace 4} 4, as

ATA, — O+ ATA,, Dy=(474)), (3.11)
and add the source term M, ZAZA;. Then we obtain the following terms that contain mﬁ, M f, or Oy:

V(®4) + (&2 P4 — mDIALA, + (43)2] + M A, (3.12)

where Eq. (3.5) has been used. From dV /d®4 = 0, Eq. (3.9) holds and Eq. (3.12) becomes M, A%AIJ[A;.
Namely, the tachyonic masses are removed and, whereas Az is massless, Alf acquire the mass Mjy.
In the following sections, we apply this procedure for simplicity.
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We note, although the component Az has the tachyonic mass in Eq. (3.1) as well, we did not take
the source term for (Ai)2 and the VEV ((Ai)z) into account. In Appendix A, it is shown that the
VEV ((43)?) vanishes.

4. Inclusion of monopoles

The Lagrangian L, is invariant under the BRS transformation &3, if the field ¢ transforms as dpp =
g x c. That is, ¢ behaves like a Higgs field in the adjoint representation. As ¢ acquires the VEV
(o) = (v/g)843, we can introduce Abelian monopoles in the 4 = 3 direction [14]. Let us consider
the classical field bﬁ =C M8A3, which satisfies the equation of motion

b — 9, 9,b) = 0.

Except for a string singularity, it is known that the configuration

~ n

Cy = —(cost —a)d,¢
g

satisfies this equation, where # is an integer, and (r, 6, ¢) are spherical coordinates. I[fa = 1 (a = —1),
the Dirac string appears on the negative (positive) z-axis. In Sect. 6, we choose a = 1 as a concrete
example, i.e.,

~ n n zZ—r

C/L = é(COS@ — 1)8/1.¢ = gm(oa -V, X, 0) (41)

This monopole satisfies the equation of motion

~ ~ n
3@y Cpy — 3,Cy) = €ppapdy——kg,
npdp

where

dmn
ng =043, kg = 5;30?3(96)5()/)5(2)-

We call C‘M a magnetic potential.

In Sect. 3, we have shown that the VEV &4 = (AIA;) removes the tachyonic mass for the gluon.
What happens for the classical solution bﬁ? If we substitute Aﬁ = aﬁ + bﬁ into Eq. (3.5), Eq. (3.12)
changes to

V(®4) + (g2 04 — mplatay, + (@) + Miata, +g*®il2bya + (b,)*]. (4.2)
As @4 is given by Eq. (3.5), the mass term for the magnetic potential appears as
g2 04(b>)? = miC,C,,. (4.3)

In the next section, we study the mass for C 1« by using the background covariant gauge.
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5. Massive magnetic potential

First we derive the Lagrangian with the field ¢ and the magnetic potential C 1 in the background

covariant gauge [15]. We divide Aﬁ into the classical part bﬁ and the quantum fluctuation aﬁ as’
Ay =by +ay, by =Cu8".
Then the gauge transformation
84, = Dy(A)e (.1
is satisfied by
Sa, =D, (b+a)e, §b, =0, (5.2)

where the notation D, (4) = (9, + g4, x) has been used. Choosing the gauge-fixing function
G(a) = Dyb)ay + ¢ —w = (3, + ghux)ay + ¢ —w,
and applying the transformation (5.2), we obtain the Lagrangian

L= Liny(b+a) + Ly(a,b),

2

EN(p(a, b) = —%BZ +B-[Dy(b)a, +¢ —w]+ic-[D,(b)D,(b+a) +gex]lc+ %, (5.3)
2

where w is a constant. We require that ¢ belongs to the adjoint representation, and it transforms as
8¢ = go x ¢. The last term ¢?/(2a) is added because it is gauge-invariant and necessary to yield
the quartic ghost interaction term —a»B2/2 in Eq. (2.1).

Since the ghost condensation happens by the quartic ghost interaction [16], the condensate v = g¢yg
appears irrespective of b,,. Thus, after the ghost condensation, £~¢ (a, b) becomes

Ly(a,b) = —%BZ +B-[Dy(b)ay + §1+ic - [Dy(b)Du(b +a) + g(po + @) x1e,  (5.4)

where ¢(x) = @9 + @(x) and w = ¢g. We note that Eq. (5.4) is obtained from Eq. (2.3) by replacing
0, to D, (b). As we explained in Sect. 4, the VEV g(p?) = v843 selects the unbroken U(1) direction,
and the Abelian monopole bﬁ =C " 843 is included in the Lagrangian consistently.

Next we study mass terms. Without b, a ghost loop brings about the tachyonic gluon mass term
(3.1). We show that Eq. (3.1) is obtained even if b, exists. To show this, we introduce the background
gauge transformation

8b, =Dy(b)e, da, =ga, xe, §¢=g¢ xXé&, (5.5)

which satisfies the transformation (5.1). When v = 0, the Lagrangian Li,, (b + a) and /3(/, (a,b) in
Eq. (5.4) are invariant under the transformation (5.5), if &4, ¢4, and B transform in the adjoint
representation. When v843 £ 0, the ghost determinant

/DCDE exp[— / dxic - (D, (b)D, (b + a) + vx)c] = det[D,(b)D, (b + a) + vx] (5.6)

* In this paper, as we are interested in the massive magnetic potential, we choose b7 = C, 8. However,
instead of C,,, we can introduce other classical solutions B,, in the form b = B,6%.
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breaks the symmetry (5.5). However, if we restrict Eq. (5.5) to the U(1) transformation

1
8b, = —gaus, Saﬁ = —eﬁqggaﬁ, le] <« 1,

the determinant (5.6) is invariant. As tachyonic mass terms come from Eq. (5.6), they must respect
this U(1) symmetry. So the terms bi and bﬂaz are forbidden, and the terms —L% (ai)2 and —L% (ali)2
are allowed. We calculate the determinant (5.6) in Appendix B, and obtain the tachyonic mass term

—milafa, + (@))*] (5.7)

as expected.

Finally, to remove the tachyonic mass, the procedure in Sect. 3.2 is applied. We replace ajalj with
@4+ ata;, where &4 = (afay), and add the source term Mfa:[a;. As Liny (b + a) contains the
term

g;{fABc(b +a)hb+a)s) = g2—2<a,ta,¢b)2 + &2 (@t a )b + a3))
— g;m;)z(a;)z —gHal (b + a)Ha, (b} +a)}  (5.8)
Egs. (5.7) and (5.8) lead to
V(®4) + (&4 — m)lafa, + (a,)°) + Mia)a, + g ®s2ba, + (b)) (5.9)
As V (d4) takes the minimum value at g?®4 = mi, Eq. (5.9) becomes
Miata, +mi{2b @) + (52)%).

Namely, the magnetic potential Cu has the mass term (4.3).
Except for string singularity, the magnetic potential C’M must be modified to satisfy the massive
equation of motion*

5L 5L ~ ~ -
e =92Cy — 8,0,C, — 2m3C, = 0. (5.10)
8Cy §0uCu ) u_,
1
Then the term linear with respect to afL
3<M MI)
au ~ - av ~
8Cy 80vCp ) 120
vanishes. Thus the final Lagrangian with massive magnetic potential becomes
1 > % \? 20 7 2+ -
Z@@ﬁm@)+wqq+gﬂm+M%%+~w (5.11)

where interaction terms with aﬁ and C 1, are neglected.

4 Equation (4.1) no longer satisfies Eq. (5.10). If we use a dual potential, a modified solution is obtained. A
concrete solution will be given in the next paper.
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6. Massive non-Abelian magnetic potential

The magnetic potential C 1, has string singularity. We remove it by a singular gauge transformation
[14]. In this section, we use the matrix notation D, (b) = 9, — igbﬁ T4 with (T4)pc = ifpac. We
perform a singular gauge transformation for Aﬁ = bﬁ + aﬁ and ¢ = o843 + @1 as

ATy = VT U U0, 9Ty = Ul b+ gh T (6.1)

The matrix U, which corresponds to the monopole éu in Eq. (4.1),is U = e~ 9131012095 A
we explain in Appendix C, using this matrix U and the monopole solution bﬁ Ty=C T3, Eq. (6.1)
becomes

1
A4, = [abﬁf +an iy +apt — 5 aﬂﬁ)A] T (6.2)
and

0Ty = (po™ + ¢%i) T4, (6.3)

where 711, 713, and 73 = n are defined in Eq. (C.2) with @ = 6 and 8 = —y = n¢. We note that the
right-hand side of Eq. (6.2) is the gauge field decomposition by Cho [6], and Eq. (6.3) shows that
the color vector 71 comes from the VEV ¢o843.

Now we regard the transformation (6.1) as the background gauge transformation. The classical
field has the inhomogeneous part as

— Ula,U. (6.4)

b, = Uh,U + éUTBMU, a,

Then, as we show in Appendix C, Egs. (6.2) and (6.4) indicate that the background gauge
transformation is realized simply by the replacement
~ 1
al — abng, Cu8' - C = —g(ﬁ x ). (6.5)

We call Cﬁ a non-Abelian magnetic potential. Let us give an example. If we choose n = 1, 7 and
Cﬁ become

sin 6 cos ¢ k
N . ) X
n= sinfsing |, Cﬁ = €duk—7-
1A
cosd &

Although this configuration found by Wu and Yang [17] is singular at the origin, it has no string.
Applying Eq. (6.5) to the Lagrangian L,y (b + a) in Eq. (5.3), we obtain

1 | A N
£inv :Z(F;w + H;w)z + Z(D,LLXV - DVX/J,)Z

2
+ %(F,w Hu)h - (X x X)) + gZ(XM x X,)2, (6.6)
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where the following notation in Ref. [6] has been used:
A _ 3ad A A_ 1rd | 244
4, =ayn” +C,, X, =a,ny +a,n,

Dy =0, +gdux, Fu=dua,—da,
N L. N
Hyi! = apCll — 9,C + g(C x €)Y = —é—,(aun x dpn)d. (6.7)

Equation (6.6) is the Lagrangian of the extended QCD [6]. Next we apply the transformation (6.5) to
£~¢, (a,b) in Eq. (5.4) as well. However, as 713 - h¢ = 8pc, the tachyonic mass term (5.7) is obtained
again. Replacing ¢} a;; with af a;; 4 @4, and adding the source term M, fa;[a;, the part that depends
on Oy, mﬁ, or Mf becomes

V(®4) + (g2 P4 — mplatay, + (@)1 + Mjalay, +g*®a[2C a) i’ + (C)*1. (6.8)

Equation (6.8) is derived directly by applying the transformation (6.5) to Eq. (5.9). However, there is
a difference between Egs. (5.9) and (6.8). Since CﬁﬁA = 0, the cross-term g2 @4[2CﬁaiﬁA] vanishes
without using the equation of motion for Cﬁ. Now we set g?®d, = mﬁ. Then, from Egs. (6.6) and
(6.8), we obtain the Lagrangian

1 1 . . M?
7 Fuv + Hy)? + ma(C)* + 1 DuX, - DuX,)* + 74()(;1)2 e, (6.9)
where 2a;a,, = (X, lf)z has been used. Equation (6.9) is the extended QCD with the massive non-

Abelian magnetic potential and the massive off-diagonal gluons.
We make a comment. Neglecting the quantum fields, the Lagrangian (6.9) becomes

1 Lo, om
Lsp = ZHﬁv +my(C)? = @(aun X 3,7) + g—;(aun)z. (6.10)
This is the Skyrme—Faddeev Lagrangian [18]. The equation of motion for 7 comes from

A an R 8L SL
0" (st = 0, QA<n)=(5,§f—3 SF)-

80,11

As 8n satisfies 71 - 87 = 0, this equation means that the component of Q“(7) that is perpendicular
to 7! vanishes. So, from Eq. (6.10), we obtain

L] A A mj .
() = ;au[avn X (8,7 x B, + g—gaﬁn*‘, (6.11)

and the perpendicular component gives [6]

1 m3
~ 4 A 2 A
——0,(H,,)0un + g—zn X 8Mn =0. (6.12)
g

Now we give an example. The color vector 7 in Eq. (C.7) satisfies 9, (H,,,) = 0. When mﬁ # 0, it
must be modified to satisfy Eq. (6.12). However, we find that it satisfies

5 12 [ cos ne
2~ A .
9,n = _ﬁn + 2sing sm0n¢

10/18
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So, if we choose n = +1, the equations
du(Hu) =0, Axdn=0

hold, and Eq. (6.12) is fulfilled. As fF,wH,wdx =-2 f a?) 0, (H,,)dx = 0, Eq. (6.9) becomes

1 2,042 Lo [P 7 2 Mf A2

ZH’“ + my(C}) +ZF'LLV+Z(D,LLXV —DyX,) +7(X,L) + -

7. Comment on the D = 3 case

In D = 3, ghost condensation happens as well. From Eq. (2.5), the tachyonic gluon mass term is
2 (0% 4 _ A/ 2\/3g§ 3

2 - k3,302
—m3 {a;:aM + ?(au) }, m3 = —247[2g3 = K3 = 5

As in Sect. 5, we divide the gluon as Aﬁ = bﬁ + aﬁ, add the source term Mfafja;, and introduce

®3 as

+,-

+,- + - —
a,a, — 0%} +a,a,, o3 = (aﬂ u)'

The terms that contain ®3, m%, or M32 are

_ K3
V(®3) + (€33 — md + M)afay, + (g§<b3 —~ 7m§) (@) + g3 ®3{2b3a, + (b5)%),  (7.1)

where
g2
V(®3) = 734% —m3®3, D3 = (x|(—A+ M), x).

The minimum of V' (®3) determines the VEV &3 and the mass M3 as

2

_ m 2v3 m _
®3 = (a)a,) = g—3§’ = g—§ = (x|(=A + M5);, ) Ix). (7.2)

Substituting Eq. (7.2) into Eq. (7.1), we find the mass terms
2 m% 3.2 2i723 3 3.2
Mia}a, + T(au) + m3{2b;,a;, + (b;)°) (7.3)

Namely, the components aff have the mass M3, and the classical part bfL acquires the mass 2ms.
However, unlike the D = 4 case, the component ai acquires the mass m3/+/2 = O(g%). The value
K3 = % = 2 is crucial.

As the gauge field in D = 3 (or D = 2+ 1) is expected to have masses of this order (see, e.g., Refs.
[19,20]). It is known that the D = 3 + 1 gauge theory at high temperature becomes the effective
D = 3 gauge theory with the coupling constant g3 = g+/T [21]. The mass of O(gT), which is
called the magnetic mass, is expected [22]. The mass terms M32a+a; and m% (af;)2 /4 may imply the

nw
existence of the magnetic mass at high 7.

11/18



PTEP 2017, 113B02 H. Sawayanagi

8. Summary and comments

We have studied the SU(2) gauge theory in the nonlinear gauge. In 4D Euclidean space, the ghost
condensation (p?) = ¢y843 # 0 happens under the scale /19, and the ghost loop yields the tachyonic
gluon mass term —mZ{AIA; + (A/i)z}. We considered the effective potential for the LCO A/‘;A;
up to O(h?), and showed that g2 (AZA;) = mﬁ gives the minimum of the potential. The VEV
by = (AZA;) makes the diagonal gluon Ai massless. In contrast, the off-diagonal gluons Ai
acquire the mass My determined by Eq. (3.10).

The field ¢ belongs to the adjoint representation of SU(2). Since the VEV ¢843 selects the 4 = 3
direction, the Abelian monopole solution C 1, can be introduced in this direction. Combining the VEV
(AZA;) and C,L, we find that the magnetic potential C‘M becomes massive.

To remove the string singularity of the monopole solution C;,, we performed the singular gauge
transformation in the background covariant gauge. As ¢8> transforms into gon?, the field 7 that
specifies the color direction appears, and the extended QCD [6] is derived. In addition, the non-
Abelian magnetic potential Cﬁ transformed from @MS/B becomes massive. If quantum fields are
neglected, the Skyrme—Faddeev Lagrangian is obtained.

In 3D Euclidean space, phenomena similar to the D = 4 case happen. However, unlike the D = 4
case, the diagonal component ai becomes massive.

We make some comments.

(1) In the maximally Abelian gauge, the lattice simulation shows that the off-diagonal gluons are
massive and the diagonal gluons are nearly massless [23,24]. In the present model, the VEV ¢
breaks the global SU(2) symmetry to U(1), so the result that Alﬂf and A;34 have different masses
may be reasonable. In addition, the masslessness of the component Ai may be related to the
remaining U(1) symmetry.

(2) Since the magnetic potential C 1w couples with the off-diagonal components Aff, C 1, can become
massive by the VEV (AZA;). Namely we can obtain a massive magnetic potential without
monopole condensation.

(3) To show the quark confinement, Abelian dominance is often assumed [25,26]. In this assumption,
the off-diagonal components Aff are neglected. Our result insists that these components play an
important role in realizing the Abelian dominance.’

(4) In Ref. [27], based on the LCO formalism in Refs. [28,29], the LCO (¢ x ¢)“ is studied in the
Landau gauge, together with the LCO (Aﬂ)2 = (AZ)Z + (Az)z. This formalism introduces sources
w? and J for ¢ x ¢ and (Aﬁ)z, respectively, in a BRS-exact form. From the renormalizability, the
terms (w?)? and J? are necessary. To delete these terms, the Hubbard—Stratonovich transformation
is applied, and the fields d)A and o, which correspond to ¢ x ¢ and (Aﬁ)2, respectively, are
introduced. The final Lagrangian they used is £ = Lym + LGF + Lext, Where

1
Lym = 7 (F)% Lor =B (0,47,

Lext = Lext(P) + Lext(0),

5 The components pd# and odn x 7 in Ref. [18] correspond to Aff in this paper. Condensations related to
p and o are discussed in Ref. [18].
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)

AN2 2 A
Lext(¢) = @) + l¢>A(Z' x o)t + g—(E x ¢)? — a)A¢—,
2g%0  p 2p g
1
Loalo) = 577 + 5 UD7 + o Gl — 77

The one-loop effective potential V' (¢)+V (o) was calculated by using the free propagators derived
from Lym + Lgr and the interactions in Lex:. Then the conditions dzgﬁ)
the VEVs (¢3) = —g?((¢ x ¢)*) and (o) = —%((Aﬁ)z), respectively.

When the VEV ((¢ x ¢)3) exists, the ghost loop yields the tachyonic gluon masses. As in Sect.

2, the magnitude for Ai is twice that for Aff. In the presence of the VEV ((Aﬁ)z), gluons acquire

:0and%20give

a mass. The latter mass compensates the former tachyonic masses. Thus gluons have the usual
masses, and the mass for Az is different from that for Alf.
In their approach, the interactions that yield these VEVs are introduced irrelevant to the original
Lagrangian Lyv + Lgr. As aresult, the VEV ((Aﬁ)z) appears irrespective of the VEV ((c x c)3).
In our procedure, we need the action in the nonlinear gauge. The quartic ghost interaction yields
the VEV ((¢ x ¢)?), and the ghost loop brings about the tachyonic gluon masses. The VEV
(A;;A;) = %(AZAZ) appears to eliminate the tachyonic mass for A/f.
In the Landau gauge, there is no quartic ghost interaction. However, in the low energy region,
gauge field configurations on the Gribov horizon contribute to the partition function Z. These
configurations give rise to zero-modes of the ghost operator d,,D,,, and make Z vanish.
However, these zero-modes can produce the quartic ghost interaction [10]. The Landau gauge
changes automatically to the nonlinear gauge. Thus, even if we start from the Landau gauge,
effective quartic ghost interaction is produced, and we can apply the scenario proposed in this
article.
We note that the scale 1o in Eq. (2.4) depends on the parameter «, at the cut-off scale A. One-loop
calculation shows that ay has the ultraviolet fixed point ax = By/2, where Sy is the coefficient
Bo

of the beta function 8 = — Ton? g3. By substituting ey = Bo/2 into g, we find that pg coincides

with the QCD scale parameter Agcp [8].

Funding
Open Access funding: SCOAP3.

Appendix A. ((4)*) =0

To eliminate the tachyonic mass terms

_ KD
—mpA AL —mp—(4)?, (A1)

the VEV (AIA;) is necessary. In this appendix, we show, in contrast with (A;A; ), the VEV ((Az)z)
vanishes.

To apply the procedure in Sect. 3.2, we substitute

A4, — Op+ATA,, Op = (ATA4;),  (A4)* — Wp+ (A2, Wp = ((4)%) (A.2)

into Egs. (3.5) and (A.1). Then the part that contains ®p or Wp is given by

2
KD
V(®p,¥p)=Vi+V2, V1= g?d% —mh®dp, V)= <g2d>D — m%;) Uy,
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If we set g2 op = Am%, we obtain

4

V(®p, Wp) = V1) + 1a(h), T1(A) = %‘;m —2), () =md (x .

5 )\pD. (A3)

4
The potential 1 has the minimum value —;"?Dz at A = 1. As Wp > 0, and V7 is linear with respect

to Wp, the coefficient must satisfy (g2 op — KDm%) /2) > 0. Thus we find that

Va(h) = i, (x _ ’%D) wp > 0. (A.4)
Since the local minimum condition % = 0 leads to
g2Op + g?Vp —mb = (A — Dm3 + g*¥p =0, (A.5)

from Egs. (A.4) and (A.5), we obtain
<.
2

Now we show that Vp = 0. When D = 4, as k4 = 2, V] and V> have their minimum values at
A = 1, and Eq. (A.5) leads to W4 = 0. When D = 3, there are two possibilities to minimize V5.
As k3 = 3/2, one way is to choose A = 3/4. However, since V1 (A = 3/4) > Vi(A = 1), V| does
not have a minimum value. Another way is to set W3 = 0. Then Eq. (A.5) gives A = 1, and V] is
minimized.

We make a comment. Historically, the VEV ((Aﬁ)z) was discussed in the framework of the operator
product expansion (OPE) [30,31], and the relation with monopoles was considered [32]. When
k,, — oo, the OPE gives [30]

(TS (—k)AS (5))) = (co)sS (k) + (ca)bs (k) (: (A7) 1) + -+ .

However, the VEV (: (Aﬂ)2 ;) is different from ®p = (A;:A;), because ®p appears as k, — 0,
and the component Az does not condense. To make Alf massive, the VEVs (AZA;) and (c%c?) were
considered in Ref. [33]. In our approach, although Afj becomes massive, the significant role of ®p
is to remove the tachyonic masses.

Appendix B. Derivation of Eq. (5.7)
We calculate the ghost determinant (5.6) given by

det[D,(b)D,,(4) + vx] = exp[— / dxVen],
dPk
Veh = —tr f Gy MPLBID(A) + ]

where the classical part is bﬁ = bié“, and Aﬁ = bﬁ + aﬁ Up to the second order of the fields, we
find

dPk
Vh = — / )P In[k* 4+ v* + 2vigh, (4}, + b))

— Phyuho (A9 A% + (A, + D) (A3 + b)) + 282K A405 + - 1. (B.1)
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The term —g>k, k, {4%A% + (43, + b3) (43 + b3)} in Eq. (B.1) gives

dPk —g*k,k,
A% A4 A3 B YA + b3
oD Mt 2{ + 4, +b,)4;, + b))}
Using
Ch bgky b v f K ik 8 v
Qo4 k4 +v2 2 64x’ Qm)* k*++v2)2 4 64x’
we obtain [7]
th:l g (A9 + (4 + b))%}
& 2\ 64rx

In the same way, the term 2vigk, (AZ + bi) in Eq. (B.1) gives

2

dPk 2g*vk,k, g

(27‘[)D (k4 2)2

V. =—
gh(2) 64

and the term 2k2g2Aibl3L in Eq. (B.1) gives

dPk 2g2k2 313 _ 4g2vA3 b3
Qm)P k4 2R a4 TR

Vend) = —

s a _ ,a 3 13 3 :
Thus, substituting 4 w=ay and 4 w= b w T ay, we obtain

3 2
1
Veh = E Veh(n) = 5 (_6gT) {(a a)2 +2(a )%}
n=1

Appendix C. Singular gauge transformation

Following Ref. [4], we consider the gauge transformation with the matrix

iyT3 jiaT iBT:
U =¢7DBe 261‘33’

where (TB) 4c = if4pc. This matrix U satisfies

) 0 sin & cos
% ~ A . .
— =0 =Un, n=|sinasinp
0
¢ 1 cos o
T = TRiB
and U'T4U = Tgnj, where
cos cos B cosy — sin Bsiny —cosacos fsiny —sin B cosy
ny = | cosasinBcosy +cosBsiny |,y = | —cosasinBsiny + cos B cosy
—sin o cos y sin & sin y

These color vectors satisfy the orthonormality
aShS = 845.
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Under this transformation, the gauge field transforms as

ATy = UTAAT,U + éUTaMU

= |:A}Lf1f + AL + A — é {( x 8, + (cosad, B + 8My)f1A}i| Ty. (C.3)
If we write
Ay =bj +a,, b= é(cosaauﬂ +0,)8%, (C4)
Eq. (C.3) becomes
ATy = [abﬁ‘f‘ +a iy +a ! — é [ x a,,ﬁ)A}] Ty. (C5)

If we regard the transformation (C.5) as the background gauge transformation
t [t T
u'b, U+ -U'"9,U, U'a,U,
g

Eq. (C.5) implies that aﬁ and bﬁ transform as

A 1. A
aﬁ — aﬁng, bﬁ — —g(n X E)Mn)A. (C.6)
Now, using the spherical coordinates (r, 6, ¢) and integer n, we set the anglesasa = 6,8 = —y =
ng. Then bﬁ and 71 become
sin O cos n¢
bﬁ = C’M83A, n=1| sinfsinng |, (C.7)
cosd

where C 1« 1s the Abelian monopole in Eq. (4.1). The corresponding non-Abelian monopole is
1 sin ngd,0 + sin 6 cos O cos npd,, (ne)
Cﬁ = _§(ﬁ X E)l,ﬁ)“1 = § —cosngd, 0 + sin 6 cos O sinngd, (ng) | . (C.8)
— sin® 03, (n¢)

The field strength H),, is defined in Eq. (6.7). If we use Eq. (C.8), it becomes
1 .
Hy,, = _§ sin 0{0,00,(n¢) — 9,00, (ng)},

and it satisfies 9, H,,, = 0. In the same way, 7 in Eq. (C.7) satisfies

) 1_p2 [ co8 ng
2~ “a .
9,n = —rzn + 2sing smOmp
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Appendix D. BRS symmetry and global gauge symmetry

In this appendix, for the sake of explanation, we use the operator formalism [34]. The BRS transfor-
mation is §p and the BRS charge is Op. A state |phys) in the physical subspace satisfies the condition

Oslphys) = 0.

D.1. BRS symmetry

First we show that the constant w in Eq. (2.2) must be chosen as w! = ¢8> to preserve the BRS
symmetry. The Lagrangian (2.2) is invariant under the BRS transformation

854, = Dyc, Spc = —%c X ¢, 85 = iB, Spp = g X ¢, Spw = 0.

Using the equation of motion for B4, we obtain
(Ol B410) = ¢8> — w, (D.1)

where (0|4,,10) = 0 and (01¢4]0) = @843 have been used. As B = —isz¢, we must set wi = @843
to obtain (0|6pc|0) = (0[{iQp, c}|0) = 0.
Next we consider the VEV (O|AIA; |0). Since the operator AZA; satisfies

Sp(A)A,) = AL (Dyc)® # 0, (D.2)

it is not BRS-invariant. If there is an operator €2 that satisfies 6p2 = A:[A;, the BRS symmetry is
broken spontaneously by the VEV (O|AIA; |0). However, as 5123 = 0, Eq. (D.2) implies that such an
operator Q does not exist.> So the VEV (0|A/JIA/: |0) # 0 does not contradict the BRS invariance of
the vacuum.

We make two comments. First, since there is no ghost-number-violating interaction nor such a
condensate, the ghost number should be conserved. Therefore, although SBAZA; # 0, its VEV

satisfies
83(O|AIA;|O) = (OlAZ(DMc)“|O) =0.

Second, the anti-BRS symmetry is broken in this model [10]. However, the unitarity of the model is
guaranteed by the BRS symmetry.

D.2. Global SU(2) symmetry

Using the constant small parameter 6, the global color transformation is defined by §g X = 0 x X,
where X represents all the fields in £y, Since (03¢ @110) = 48398 ¢y, this symmetry breaks down
spontaneously to U(1), and the fields ¢ are Goldstone bosons. In addition, as 85 Ly=—-w-(0xB),
the nonzero constant w breaks this symmetry at the Lagrangian level. However, as B = —idpc, this
breaking term 89 L, = —i(w x 6) - 6pc is BRS-exact. Since the physical states satisfy Og|phys) = 0,
we find that

(phys, |89 Ly|phys;) = (w x 6) - (phys, {Op, c}Iphys;) = 0.

Thus the breaking term does not contribute to amplitudes between physical states [10].

® In the case of ¢, the equation of motion for B* gives Eq. (D.1). However, in the case of (O|A:A; |0), any
colored fields do not give the equation of motion with (AZ)Z.
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