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We present the universal form of 7-symbols that can be applied to an arbitrary £, exceptional
field theory (EFT) up to d = 7. We then express the Y-tensor, which governs the gauge algebra
of EFT, as a quadratic form of the n-symbols. The usual definition of the Y-tensor strongly
depends on the dimension of the compactification torus while it is not the case for our Y -tensor.
Furthermore, using the n-symbols, we propose a universal form of the linear section equation.
In particular, in the SL(5) EFT, we explicitly show the equivalence to the known linear section
equation.

Subject Index B11, B20

1. Introduction

In double field theory (DFT) (Refs. [1-7]), for the purpose of the manifest 7-duality covariance, we
consider a 2d-dimensional doubled space with the generalized coordinates x’ (I = 1,...,2d). In
order to make contact with the conventional supergravity in d-dimensions, it is useful to decompose
the generalized coordinates into the physical coordinates x’ (i = 1, ..., d) and the dual coordinates
i (D = (&, 7). By introducing the O(d, d) T-duality-invariant metric,

_(0 & uy_ (09

the consistency condition of DFT, the so-called the section condition, is expressed as
n” 8, ®d; = 0. (1.2)
Here, ® represents that
n™ 9;9,4 = 0, n™ 9149;B =0 (1.3)
are satisfied for arbitrary fields or gauge parameters 4 and B. Under the section condition, the gauge
algebra generated by the following generalized Lie derivative is closed:
gewl=v/awl —w’ o, v + 9% ngp o, vE wk. (1.4)

As a natural generalization of DFT, the E;(;) exceptional field theories (EFTs) (Refs. [8-16])
have been formulated in a manifestly £;4) U-duality covariant manner (see Refs. [17-20] for the
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initial attempts). In EFT, the generalized coordinates x/ (I = 1,..., D) are defined to transform in
a fundamental representation, called the R;-representation (see Appendix A.2). The generalized Lie
derivative is defined by

gowl=v7owl —w’ o, vl + vE o,vE wt, (1.5)

where the Y-tensor Y, IZ for each d (4 < d < 7) is given as follows (Ref. [11]; see Refs. [21-23] for
the generalized Lie derivative in the context of exceptional generalized geometry):

Eqa) SL(5) SO, 5) Ee(6) E7(7)
D = dim R, 10 16 27 56 (1.6)
Ylg =y €eKL % )/AJ )7]'& 10 VM diivy 12 CUKL + % QY Q1

Here, e.g., yﬁ] is the gamma matrix for the SO(5, 5) group and %X is the totally symmetric tensor
intrinsic to the E¢ () group (see Appendix B for the details of these d-dependent tensors). The gauge
algebra of the generalized diffeomorphism is closed if the following section conditions are satisfied
(Refs. [11,22]):

d<6: Yy =0,
d=7: YZa®8 =0, QY 9, ®9; =0, (1.7)

where Q¥ is the antisymmetric tensor intrinsic to the E7(7, group. Under the section condition, all
fields can depend on at most d coordinates (see Ref. [24] for a proof in the E7(7) EFT).

In the above conventional formulation, the Y-tensor and the section condition strongly depend
on the dimension d, and when we consider applications of the E;(4) EFT, we need to specify the
dimension d explicitly. A hypothetical “underlying EFT” (or 11D EFT), which reproduces all £y 4)
EFTs (d < 8) from simple truncations, has been proposed in Ref. [25], but the program has not been
completed yet. In this paper, we investigate such uniform formulations from a different approach. In
our approach, the Y-tensor is expressed in terms of SL(d) [or SL(d — 1)] tensors and E,4) tensors
are not used. Accordingly, the truncation to lower d can be easily performed.

The present paper is organized as follows. In Sect. 2, we introduce 5-symbols as a natural gen-
eralization of the O(d, d)-invariant metric n;; in DFT and explain how the n-symbols are related
to branes in M-theory/type IIB theory. The Y-tensor is expressed by using the n-symbols and the
Q-tensor. In Sect. 3, we find the explicit form of the n-symbols and the Q-tensor. In Sect. 4, we
show the explicit form of the section condition and the generalized Lie derivative. In Sect. 5, we
propose a new linear section equation, and show that it reproduces the known linear section equation
(Ref. [11]) in the case of the SL(5) EFT. Section 6 is devoted to conclusions and discussion.

2. A sketch of the basic idea

The section condition in DFT has been proposed on the basis of the level-matching constraint in
string sigma model (Refs. [1-3]),

1 == - = . . - -
S=-1— / =y d®o (Gyy*® + By e'®) 9;:X 93X (4,B=r1,0). 2.1)
T )
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In the canonical formulation, the level-matching constraint, or the momentum constraint H, = 0,
can be expressed as

. 1
Hy = P; 0, X" = o 7,7, =0, (2.2)

where P;(o) are the conjugate momenta to X’ (o) and Z; (o) are the generalized momenta,

2o’ Pi(o)
Z = . . 2.3
1(0) ( 8,.X' (o) (2.3)
By supposing that the operator
Ly = /do V(X7 (0)) Zi(0) (2.4)

acts as the generator of the diffeomorphism along ¥’/ 37, we can roughly identify Z; with d;, and the
momentum constraint corresponds to the section condition in DFT, nU 0y ® oy =0.

A similar consideration has been given for M-theory branes, in Refs. [26,27]. In the case of an
M2-brane wrapped on a 4-torus, the momentum constraint H4 = 0 (4 = 1,2: index for spatial
coordinates on the M2-brane) is rewritten as

%712, =0, (2.5)
where
k_ (lTk 2%2 Pi
=0t =, w o (Z1) = | LB guxti gpxia) |- (2.6)
R V2
Again by supposing the generalized momenta Z; to act as 9; = 9/dx! with (x') = (x/, yi‘ﬁ), the
momentum constraint is expressed as the section condition, 4
k8 ®d; =0. 2.7)

Similarly, in the case of an M5-brane wrapped on a 5-torus, the momentum constraint, Hy = 0
(4=1,...,5), has been expressed in a bilinear form (see Ref. [27] for the details),

ar K 21 Zy + by M 2 2, = 0, (28)

where the matrices nf = (y¥:%) and nf1"% = (y#:%1%) have the form

iky kg
; st
o M 0 0 =
nk = 2!5’.‘{ 3 v pfik = 0 : ffg}ﬁ_‘}z 0 (2.9)
= i O O D) - —_—— ,ﬁ °
x/i 5'8jk1mk4 T
0 0 0 s 0 0
NG

Here, ay and by, ...k, (= by, ...k,]) are arbitrary constants and the section conditions can be decomposed
into two parts,

ko @8, =0, Rk @9, =0. (2.10)
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The former condition is the same as the section condition coming from the M2-brane and the latter
is intrinsic to the M5-brane.

A similar consideration for a Dp-brane in type Il string theory was made in Ref. [28] (though the U -
duality covariance is not manifest there), and the general rule we observe is that each p-brane provides
the corresponding n-symbol #*1%-1 and the associated section condition n*:%1=%-1 3, ®9; = 0.In
fact, a set of multiple indices with one dimension fewer in the spatial dimension of branes is known
to form the string multiplet of £4(4) group. The dimension of the string multiplet for each U-duality

group is given as follows (see Ref. [29] for a concise review):

Duality group SL(5) SO(5,5) Eses) Er(7)

. . . (2.11)
Dimension of string mult. 5 10 27 133

Asis clear from the dimension, the string multiplet is the same as the R,-representation that determines
the section condition (Ref. [29]; see also Appendix A.2). Now, it is natural to expect that each brane
in the string multiplet provides a particular n-symbol and the corresponding section condition, and
the sum of all these section conditions is equivalent to the section condition in the £y () EFT. We thus
introduce the following set of n-symbols associated with branes in the string multiplet in M-theory
and type 1IB theory:

(,71): nk nkl...k4 nkl...ké,z nkl...k7,111213 nkl"'k7~ll"'16
NPV S JTel ’

NG
M2 T T
M5  KKM/8 53 26

mi---m
( M) . MM ngql“'mzt yM1+Ms,n n(a}g) 6 ng‘l“'mé’nlnz pM1+Me,N1-N4 n&"l"'méml“'n()
77 - r’Ol 5 ﬁ B \/m s ﬁ B ﬁ B \/ﬁ ’ \/W s \/ﬁ 90 s
FI/DI b3 Nss/ps KKM/7, Q7 52/52 3 16/18

(2.12)

where the multiple indices are totally antisymmetrized and the ranges of the indices are &,/ =
I,....d,mn=1,...,d — 1,and o, 8 = 1,2. Each n-symbol corresponds to a brane specified
below the underbrace (see Ref. [29] and also Ref. [30] for the notation of exotic branes b). The
ellipses are relevant only for the £;4) EFT with d > 8, which is not considered here.

The above set of n-symbols would be essentially the same as the set of n-symbols introduced in an
“F-theory” (Refs. [31-35]).! There, the n-symbols were introduced as the Clebsch—Gordan—Wigner
coefficients connecting Ry ® R; and the Rp-representation, and the Virasoro-like constraint was
expressed as

PPy = 0. (2.13)

! The set of n-symbols was introduced in Ref. [22] as the projection xy : E x E — N, and in Ref. [36] as
the wedge product A : Ry ® Ry — R,. Note that the wedge product is defined for more general representations.
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The generalized Lie derivative was obtained from the Virasoro-like constraint, and by comparing
with the generalized Lie derivative, the Y-tensor in EFT was expressed as

I 77U;I NKL; T (d <6),
Ygr = ;1 1 ol (2.14)
n i nkrr — 53 Y Qkr (d =),

where the singlet constraint QY 9; ® 97 = 0 was introduced for d = 7 from consistency with the
EFT. The explicit form of the n-symbol was found in Ref. [34] using a different convention from
ours.

In this paper, instead of attempting to translate the n-symbols found in Ref. [34] into our convention,
we utilize the linear map considered in Ref. [30]. As has been well known (Refs. [12,37]), EFT can
reproduce both M-theory and type IIB theory. Depending on which theory one has in mind, there
are two natural parameterizations of the generalized coordinates: x/ for M-theory and xM for type
IIB theory. The linear map in Ref. [30] provides a relation between the two parameterizations:

=8N, M= HM, . (2.15)

When we consider the linear map, we decompose the physical coordinates x' (i = 1,...,d) for
M-theory and xX™ (m = 1,...,d — 1) for type IIB theory as

=% x%, xM=x4x) @=1,...,d =2, « =y, z). (2.16)

Here, x* in the M-theory side corresponds to the coordinate on the M-theory circle. If we adopt
the type IIA picture (by compactifying the M-theory circle), the linear map corresponds to a single
T-duality along the x” or XY directions in type IIA/IIB theory. Indeed, in Ref. [30], it was shown that
the linear map between two generalized metrics, Mj; (M-theory) and My (type 1IB theory),

Mun = $'m SN My, (2.17)

precisely reproduces the well-known T'-duality transformation rules for supergravity fields. In this
paper, we apply this linear map to n-symbols in M-theory/type 1IB theory.

To be more specific, following the convention used in Ref. [30], we parameterize the generalized
coordinates as

M-theory: (xl)z Xt Yivip Vir-is  Vir-iz,j

— 2 s U
P R R R —
M2 M5 KKM/8

o
typeHB: (xM)z xm’ y% , Ymimam; ym1~~~m5 Ymj--mg,n

~—— =~ /3! /5! /6!
P Fl/Dl —m— —— ————
D3 NS5/D5 KKM/7;

(2.18)

where the coordinates other than the physical coordinates are winding coordinates associated with
some branes specified below the underbrace and ellipses again are relevant only for the Ey() EFT
with d > 8. In the above parameterized generalized coordinates x/ for M-theory, we begin by
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considering two n-symbols,

o M oo o 0 0 Gt g
, V2 TS
287, *%i1inj1j
= 0 0 o], gk O TEE 0 0f g
2! 51 51k
0 0 0 Wi 0 0
o 0 00 V3!
0 0 0 0

which are trivial extensions of the n-symbols associated with M2-/M5-branes shown in Eq. (2.9).
Under a compactification on the M-theory circle, an M2-brane becomes a D2-brane or an F-string in
type I1A theory, and under a T-duality, it can become a D1/D3-brane or an F-string. Correspondingly,
under the linear map, the n-symbol (nk) = (n%,n%) can be mapped to an n-symbol, n% or 1,
associated with a D3-brane or an F/D-string in type IIB theory. Similarly, the n-symbol (pf1#*) =
(nra4 p@ase  pa142)2y can be mapped to an n-symbol, n@194Y-Y, ngl“'a3y, or n192 | associated
with a Kaluza—Klein monopole (KKM), an NS/D5-brane, or a D3-brane in type [IB theory. Repeating
the linear map, we can find almost all of the n-symbols described in Eq. (2.18). The only n-symbols
that cannot straightforwardly be obtained from the linear map are nlf1% 1 and »lM1Ms.Nlwhich
correspond to 8-branes in M-theory and 7;-branes in type IIB theory, respectively. These branes
are not related to other branes described in Eq. (2.18) via 7T-duality transformations, but they are
related to each other. In fact, by requiring the SL(d) or SL(d — 1) covariance in the M-theory or
type 1IB theory sides, they also can be determined completely. Then, we find the explicit form of all
n-symbols (and also the 2-tensor) and can construct the Y-tensor through Eq. (2.14).

We expect that, in the same manner as Refs. [26-28], all of the n-symbols obtained in this paper
will also be read off from the momentum constraint (i.e., Virasoro-like constraint) in worldvolume
theories of branes appearing in Eq. (2.12), but we leave the task for future work, and here we will
concentrate on the determination of the n-symbols for the E;4) EFT (d < 7).

3. Explicit form of n-symbols

In this section, we begin by showing the explicit matrix form of n-symbols in two generalized
coordinates, x! and xM, associated with M-theory and type IIB theory, respectively. Their derivations
are explained in Sect. 3.3. In Appendix B, we explain how to reproduce the known Y-tensors from
our n-symbols.

3.1.  M-theory parameterization

When we adopt the M-theory description, the decomposition of 1 becomes

kika o kike, ]

fyeder bly ek Lol
(nh) = (nk, 1 1 1 1 ) (3.1)

VAU T Y13 T JTTe!
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The explicit forms of each matrix, n* = (n¥/: 1), are

2!‘Sjklifz
O_ 7 0 O
=" 0 : (3.2)
0 0 0 0
0 0 0 O
ik -k
515,17
J1J5
0 o a0
-k, 0 4 5!’3!’&32 0 0
VR ) /212! , (3.3)
5‘8/1{1-“1(4
* i s 0 O
NG
0 0 0
ky-ke,l ikg d el
et = ngen 00, (3.4)
7L (sk1kei g1
0 0 0 ﬁfajl,;"f 5
1kl gi
_ .1'1-“]7'7 .i)
—6121 (ki kg o
0 0 «/2!5!5111;‘/['%)1'1"2 0
1ke
ky-ke ! 05 i
NKkeM. = —61 ( ks i J1isitip (3.5)
0 V2151 \CipiskSin 0 0
_sk1kel )
T ke i1-i5]172
AT 17776/ ol
ﬁfaillgﬁ. i 0 0 0
R l) )
7
kyky o
718,177 s
0 0 0 3 .Ii/# J
71881k '
1 0 0 “Sidsitia 0
kiky = V215! (3.6)
n = 7‘8](1“‘](7 , .
7ﬁ 0 iy -isiiR 0 0
ot NGIE
3 Wi 0 0 0
\3—
(0 0 0 0
77! {112{3rn1---n14
0 0 0 4!@ Jlkm”
|k
kiokq, [ 1] 7151 o eeodec ke ke Jiyigmy---my
R = 0 0 2!\/.5!.5! ‘Sfll‘-‘issmlémz 0 ’ (3.7
mymylilhl3
><6/‘1-“1'5
=717 I llymy-my
0 4217 i 0 0
\ ><8klmk7
1jamy my
0 0 0 0
0 O 0 0
ky--ky, 01l 7'6'5](1‘“](7 511“‘16
g =1lo o 0 P ety (3.8)
517!
716! 8k1mk7 811 lg
0 O 90 ig Cijis O
VS!IT!
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Here, nIIthlf[ ! is defined to satisfy n%('l'\}[k“’” = 0. We also define the n-symbols nr = (n;/.1) as
it =0t (3.9)
For example, n; is defined as
22
Q _ NGl 0 0
216,172
m=w=|-p 0 0 0f. (3.10)
0 0 0
0 0 0 0

The position of the indices is converted but 71 and nT have the same components as a matrix.

In the above expressions, we are supposing the case of the £7(7) EFT but the expressions for the
Eqa) EFT with d < 6 can be obtained via a simple truncation of the above matrices. For example,
in the SL(5) EFT (where d = 4), the generalized coordinates are given by x/ = (x/, yilT;) and the
nonvanishing n-symbols become

0o
! ok
n* = o5 V2, 'ttt = 0 asfl |- (3.11)
a0 NPT

The number of the generalized coordinates, the n-symbols, and the corresponding brane charges for
d < 7 can be summarized as follows:

d=2: &H=(x", i), nH=(n"), (3.12)
(3] P[2] M2[1] [2] M2 (2]
d=3: NH=(x", yin), a5 =( 7)), (3.13)
(6] P[3] M2[3] 3] M2[3]
d=4: ()=(x"", yup), " = ( o, ﬁklmk“), (3.14)
~— =~ ~——
(10] P[4] M26] [5] M2[4] MS[1]
d=5: (X)=(x", vy o vieis)s (P = (0", gk, (3.15)
[16] P[S] M2[10] M5[I] [10]  M2[5] MS5I[5]
d=6: (X'Y=(x", Yty » Viyis)s (n*) = ( nF , phrha, phikely (3.16)
—_ — —— —_— —— ——
[27] P[6] M2[15] MS5I6] [27] M2[6] M5[15] KKM][6]
d=7: (xX')=(x", yii » Yigeis» (nf)y=(n* gl gl
—_ — —— —_— N —
[56] P[7] M2[21] M5[21] [133] M2[7] M5[35] KKM/8[49]
Viy-wiz,j)s nkl"'k%lllzh, nkl"'k%ll"'lé), (3.17)
——
KKM [7] 53 [35] 261(7]

where the normalization coefficients like (1/ \/ﬁ) are not displayed for simplicity.
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In the case of d = 7, in addition to the n-symbols, we also define antisymmetric matrices 2 and
Q;y appearing in Eq. (2.14). As we explain in Sect. 3.3, their matrix forms, in our convention, are

J17 (}{
0 o v A
0 €i1i2/175 0
Q) = 0 €i1is/12 35! 0 > (3.18)
TS
T 0 0
e
Siin ‘3}
o Y T
0 0 €iyinjy s 0
(QIJ) = 6,‘1..4[5/'11'2 20'5' O N (319)
y VAR
_6,'1“4,‘7 i
K SR 0 0 0
where the totally antisymmetric symbols €;,...;; and €/1"7 are defined as €7 = €;..7 = 1.
From the above n-symbols and the 2-tensor, we can obtain the Y -tensor as
) 1
Y, =n" k1 — 3 QY Qi
Uik Hokvks gy ks 07RO g g
=n"" KLk + a1 + Gl
+ nIJ;kl oy hibls NKL; ky--k7, 1113 + nIJ;kl ol li-ls NKL; ky--k7,11-+lg
7131 716!
1
-3 QY Q. (3.20)

3.2. Dype IIB parameterization

When we adopt the type IIB description, we consider the following decomposition of n-symbols:

y yP1P2 n}glmm P15, ’7?;1';5)6 n$1-~ps,q1qz yP1Pe: G0 n$1-~~ps,q1-~-q6
(77 ): n b b b b 2 b b b
SN TN 7T N BN TIN5 b)Y NG V616!
(3.21)
where the matrices take the form
B em

0 ™ 0 0 0
828m 0 0 0 0

ny = 0 0 0 0 0]}, (3.22)
0 0 0O 0 O
0 0 0 0 O
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3!5mP1P2
0 0 im0
p1p2
0 —21 % Pk 0
_ npypy
nPIP2 = 3!5T}Ezm3 ol (3.23)
3!
0 0
0 0 0
B sP1-Pam
—518) 8pl . nd
0 0 ;()) . NG 0
4152 s "4
0 0 y “Nnjphpnsm 0 0
NG
P1Pa — 4166 5P1-P4 3.24
ny = 0 0y Omimym3n 0 0 ol ( . )
V3!
—5188 o, AT 0 0
NG
0 0 0
~ps,q _ P1--Ps,q
pPTPsd = pRLBS Gy yPi-Psa, (3.25)
P1---Ps,q
NkrMm
i mpl...p5 q
(o 0 0 0 Ve e s
sP1P5Qsm
ng--ng °n
6
Stehe (591---p55q
0 0 0 Var s 0
_5n1'~'n5m)
513!
2:214/3131
_ 0 0 sPIP2P3P4Ps (11120 0 0
—_— m1m2m3r1r2 n1n2n3 9
P1P2P3P4P5 (111249
+8”1”2”3”"2 m1m2m3)
51¢%P (5p1~~P5 sd
0 V3! mson 0 0 0
my--msn
L (50P1-85 50
A6\ M1 me Tm 0 0 0 0
5P1“'P5q8n
mp--mg“m
T % )
(3.26)
0 0 0 618n1 R0 oM
- 36!
0 6leb snl hem 0
6+/5!
nP1Ps = 0 0 0 , (3.27)
0 6l opt 8 0 0
- 6+/5!
615 hS 8N
_my-me “m 0 0 0

36!
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0 0 0 0 0
0 0 0 —o! 5((¥y1 852) Bgllggm
NG
PrPo = 10 0 0 0 0 3.28
n()’l}’Z) - > (3.28)
—o! 8((11/1 552) 82‘11‘::5‘25" 0
NG
0 0 0 0
0 0 0 0 0
0 0 0 0 _%!53 5,’3; jjjﬁgaﬂqln”
613! (B sP1-P6
0 0 0 V3I51Y s 0
P1---P6,d102 — q192
ny = X 8m myms >
6!3! (o (P1P6
0 0 315107 dmy-mse 0 0
<SR
1n2n3
0 =02!s8 sP1-Ps (0102 0 0 0
\ /6! 7 omy--mg nm
(3.29)
(0 0 0 0 0
0 0 0 0 0
61416°17P6 5q1-04
0 0 0 0 NP6 TMIMoM3
P1---P6,d1--Q4 — /6131
! B 0 0 0 R I 33! ’
61415, "5 S .
0 0 NG 0 0
(3.30)
0 0 0 0 0
0 0 O 0 0
0 0 0 0 0
n}el P6.d1-G6 — s161se 5Pl P6 saae |- (3.31)
O 0 O 0 :000y n1.4.n6 mlu.msn
N |
616! 85 8p1p6 Sqlqé ste!
168y S, g O nom
00 NG 0
We also define the n-symbols ny = (nvN;m) as
N = 7 (3.32)
A list of nonvanishing coordinates and n-symbols for each d is
d=2:M=(x", y% ), o™ =Cn ), (3.33)
131 P[1] F1/D1[2] [21  F1/D1[2]
d=3:M=(x", y% ), "M =(ny PP, (3.34)
—_ = —_ =
(6] P[2] F1/Dl1[4] 31  F1/D1[2] D3[1
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d=4:0M=(x", ¥ . Ymmms)s
—_  ———

R
(10] P[3] F1/D1[6] D3[l]

d=5: (XM) = ( Xm , yam ,ym1m2m3)a
S~ S———

[16] P[4] F1/D1[8] D3[4]

d=6:M=(x", Ym
—— N——"
[27] P[5] F1/D1[10]

o
Ym1m2m3, yml...ms )s
———

D3[10]  NS5/D5[2]

d=7:M=(x", y% , Ymmms
—~

[56] P[6] F1/DI1[12] D3[20]

o
yml...ms s Ym1-~-m6,n)
—_—

NS5/D5[12] KKMI6]

]

M =Cny, ,n"P), (3.35)
[5] F1/D1[2] D3[3]
(UM) = ( 77y s nplpzz U;Blmp“ )> (336)

~— ~——
[10] F1/D1[2] D3[6] Ns5/D5[2]

(nM) =( n nplpz, n}el-"m , npl---ps,Q),

N —’
[271  F1/D1[2] D3[10] Ns5/D5[10] KKMI5]
(3.37)
(UM y=(n, , nplpz’ np1~~p4 npl'"ps,q ,
\Z/.z S——— 4 ——
[133] F1/D1[2] D3[15] Ns5/D5[30] KKM/72[36]

1---Ps> 4192 npl"'P6,Q1-"Q4
| e’

P1-Ps p
Moy My
33[15]

Q731  53/53[30]

n}rjl"'ps,m-"%)_
~————
15/1812]

(3.38)

Here again, the normalization coefficients like (1/ \/ﬁ) are not displayed. On the other hand, the

matrices QMN and Qpy in the type IIB side have the form
m
([ 0 0 0 0 et
Gaﬁ Emnlmn5 '
0 0 ) 0 —a 0
(QMN) — 0 0 _—m1m2"3‘?;;”2”3 0 0 , (3.39)
€ emy ..men
0 —# 0 0 0
€my---m )
-0 0 0 0
ny---ng (Sn
[ o 0 0 0 €6 oy
6!
0 0 0 faﬁ 6I'T'Il']l.“r‘ls f
(QuN) = 0 0 _ eMM2mshifony f 0 (3.40)
MNJ = N V303! ’ :
€qpe 1S
) 0m i — 0 0 0
€M1"Me g7
\_T 0 0 0 0
where the totally antisymmetric symbols ep,...n, and €™ are defined as el =¢.6=1.
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3.3.  The linear map

We utilize the following linear map between generalized coordinates x! (M-theory) and xM (type
IIB) (Ref. [30]):

x4 b
xY B
Ya TbiBy
. NGl
Yy Ybp
Ya:/czlc:3 y
! _ vz _
M= yaoy |=E"O g =EHYY, (3.41)
yalmas yb1~-b4/3
NG Val
Ya,-agy by bybsyz
Ja V3l
Vay-asya Yby-bsyz,b
NG V5!
Yay--asy.y Vb -bsyz,
\"v V3!
8 0 0 0 0| O 0 0 0 0
0 0, 0 0 1| 0 0 0 0 0
0 0| 0 «fst 0| O 0 0 0 0
0 &5/ 0 0 0| 0 0 0 0 0
(s-IM, = 0 0j 0 0 0] 0 0 Sale2ai |0 0
0 0 82 0 0] 0 0 0 0 0
0 0 0 0 0] 0 0 0 0 sl
0 0] 0 0 0| 0 eBsl 0 0 0
0 0, 0 0 0| 0 0 0 | soiisst 0
0 0 0 0 0 |sns 0 0 0 0
(3.42)
s 0] 0 0 0 0 0 0 0 0 )
0 0 s | 0 0 0 0 0 0
0 0 0 0 52 0 0 0 0
0 0 st 0 0 0 0 0 0 0
, 0 1] 0 0] 0 0 0 0 0 0
SN = . (3.43)
0 0] 0 0] O 0 0 0 0 sl
0 0/ 0 0] O 0 0 el sl el 0 0
0 0 0 0 &2 0 0 0 0 0
0 0/ 0 0] O 0 0 0 seliesst 0
0 0/ 0 0 0 0 &alkoo0 0 0/
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Under the linear map, e.g., the matrix n¢ = (y*3¢) associated with an M2-brane is mapped to a
matrix 7% = (p?MN:9Y) associated with the D3-brane in type IIB theory,

N = —(smHM e (sTTN, (3.44)

where the minus sign is introduced by convention. Similarly, we can relate all of the n-symbols for
M-theory and type IIB theory via the linear map S. By introducing a transformation matrix for the
R,-representation T, we can express the linear map for the n-symbols as

T}MN;M — TMJ (Sil)M[ nIJ;J (SiT)JN, T]IJ;I — (T*I)INSIM nMN;N (ST)NJ. (345)

Here, the matrix T that maintains the SL(d — 2) covariance can be summarized as follows:

Na nb
ﬁ nala2 ,,ﬂ
n”y ﬁ nb1.4.b4
N L ypivatss
1 ajazazy L by
AT 7l
ﬁ pa1-as.c ﬁ nbl"'bsﬂ,d
ﬁ pe1-as,y ﬁ n1-b5(B1.2)
ﬁ Pl =T ﬁnbl'“bSLﬂz] ’ (346)
ﬁ 144y y \/% nbl"‘b4J’Z,d
A 1 gprebens
L_ pa1asy.c10 1 pbr-bsyzdydydy
/5121 Na NGE
ﬁ 7721 sy ﬁ nbl“'bsyz,d1d2ﬂ
\/ﬁ j1asy- el ey ﬁ nbl"'bsyz,dyz
\/ﬁ n@1asy-cleesy ﬁ nbl"'b5y2~d1“'d5ﬂ
\/ﬁnZIM“SV’Cl"'CSy \/ﬁ pb1-bsyz.dy ~dyyz
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TE(TMJ)E
0 el O 00/l O 0 o0 0 0] o0 o of o o
00 0 O0s% 0 0 0 0 0 0 0 0 0 0
50/ 0 00/ 0 0O O 0 0 O O O| O O0
€Ba X
00 0 0 0| 0 0 0 0 0 0 0 0 0
LA
00 0™ 0| o 0o o O 0] 0 0 0| 0 0
Sh1baby
i
00,0 00 0 0 0 0 0/ 0o 0l 0 0
><8;,
00 0 0 0 o0 o MV Vol o 0 o0l 0 o0
o §41as aj--as
by---bs by --byd
_ ap-aq oo
00 0 0 0 0o oYL 0 0 9 ol o o0
Xl —sepsgl
0 0550 0] 0 0 0 0 0/ 0 0 0 o o
0 0] 0 0 0| 0 “hhr g 0 0/ 0 o0 0 0 0
gotas
by--bs
€padyl
00 0 0 0| 0 0 0 0 0| o0 155 () 0 0
><5"1"2
didy
00/ 0 00 ™ 0o o 0o o0 0 0 0] 0 o0
Sy 205
195
e
00 0 00/ 0 0 0 O 0| 0 0 0 0 ‘bivbs
Ly
s
00, 0 0 0| 0 0 0 0 0| nts g 0 0 0
X8515253
dydyds
€padyl
00/, 0 0 0 0 0 0 0 0/l 0 0 o 15 ()
s
dy---ds
(3.47)
where
3v2 -2 V2+4
Cil=—— C) = . 3.48
1 TR 2 T2 (3.48)
In the case of d = 7, as we mentioned in Sect. 2, we cannot determine the matrix form of

ptkike Il — pki-kel gpd ylPr-Ps.al = ,P1PsA only through the above mapping procedure. Assuming
that these matrices are symmetric and constructed only from the Kronecker deltas, the possible form

15/38



PTEP 2017, 113B01 Y. Sakatani and S. Uchara

ford < 7is
ky-ky o
7081 s
J1J7
0 0 0 X1
1krk
O 0 X2 J1J5M 12 0
nk|.v.k7 — g /215! , (3.49)
. 0
ni
X1 ﬁ 0 0 0
618n. ¢ o
0 0 0 0 B
0 0 0 yo S i 0
X4 NG
nPrPs = 0 0 0 0 0 . (350
6B 6P1 ‘P6
0 X4 T’“” 0 0 0
615, S, 5%
R T 0 0 0 0
From these ansatz, we define
nkl"'ké,l = 77 ke, 1 + 77 ksl’ nplmps,q = npl'“ps,q + np1~~P5q. (3.51)

Supposing that nki-ke!

decomposition {i} — {a,a} and {m} — {a,y}, the nontrivial components n?145-Y and n?194Y-¢
(which include the contribution from 51~y should be expanded with 1*1~%6:! in the general forms

and nP1Ps-9 are related with each other by the linear map, under the

néasy = ), 77al---as[y,ZJ + A n[al---a4|yz, Ias]’

pitaays€ = )y @l aanCe 4y n[a1---a4|y2,\c] T As nal---a4C[V,Z]. (3.52)

This requires x; = 3x2 and x3 = 2x4. We can determine the overall constant (up to sign) of n*1~*7

and nP1Pé (i.e., x and y4) by further requiring the conditions

1J I MN;M

;g o 83, M v o 8y (3.53)
By choosing a sign convention, we obtain the n-symbols shown in the previous subsections. The
coefficients A, ..., As also can be determined and the result is shown in Eq. (3.47).

Similarly, we can also determine the matrix form of the S2-tensors that appear in d = 7. Supposing
that they are also constructed from combinations of products of Kronecker deltas, the defining
properties,

Qy =Q¥, QX Qi =51, Qu = Qu, (3.54)

require them to have the following form up to the overall sign convention:

0 0 0o wnl
0 0 £ g
(QIJ) — Eilmisjljz 215! (355)
0 _ T V215! 0 0
—6"1&;1,‘35 0 0 0
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In order for the Q-tensor in the type IIB side, namely QMN = (s~ 1H)M; Q¥ (5-T);N t0 be expressed
covariantly by means of the Kronecker deltas, we shall choose the upper sign, and then the Q2-tensor
in the type 1IB side becomes Eq. (3.39). In this manner, we have determined all of the n-symbols
and the Q-tensor.

3.4.  Properties of n-symbols
We can easily check that the identities

o =2d -8, mavun™™ N =2(d - 1) (3.56)

are satisfied for d = 2,...,7. We can also show the identities

1™ ks = Da_1 85, pMP:M npN;m = Da—1 SR,A, (3.57)

where Dy_1 is given by Do =2, D3 = 3, D4 = 5, Ds = 10, and D¢ = 57/2. From identity (3.56)
or (3.57), the normalization of the Y-tensor in E4(;) EFT becomes

YH =ng (13 =12, ny = 30, ns = 80, ng = 270, n7 = 1568). (3.58)
In the case of £7(7) EFT, we can check additional identities. If we define
. 1
@' =Quen™ KM = S Hr @)
1
(t) =% NIK; 1> K5 = B (t)r (t3))", (3.59)

we can show a relation that connects the two types of n-symbols, 7. r and ns I,

n;1 = —K13 Qg Q1 nEd, tr = Kist7, K™ Kys = 83, (3.60)

where t; = ((tI)IJ) and ¢ = ((tI)IJ). The matrix K = (K15) becomes

0 0 0 0 Vel
€iy-igl €kj -, W
i1 g1
K = 0 0 GG 0 ’ oo
0 _ Sty Gy skl 0 0 °
BELLIS 0 0 0 ’
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which has the eigenvalues 70 “+1” and 63 “—1.” The same relations are also satisfied in the type
IIB side, and there the matrix K = (Kyy) becomes

eN6Ne
0 0 0 0 0 0 0 J6!6!
x €966 P
eMMady-ay
0 0 0 0 0 0 v2le!4l 0
« N1-Ng
eﬁa eM1--"Mygq10p
0 0 0 0 0 Vare!2! 0 0
x enl”'n()
Gmlmmsq
0 0 0 V515! 0 0 0 0
K = X epnl...nS
0 0 0 0 —euyp oty 0 0 0
B ¢My--Mg
0 0 Ve!2!4l 0 0 0 0 0
x €P1P2n1 Ny
eml'”m6
0 V614121 0 0 0 0 0 0
x €P1P4n1Ny
emé,.,m()
V616! 0 0 0 0 0 0 0
x €P6P6 P
(3.62)

In fact, 7T corresponds to the generators of the E7(7) group. By using the generators of the E7(7
group shown in Appendix A.2, t* can be expressed as

1

k kly---1
= EG 1 6R]1.‘.]6,
tk1~~-k4 _ l k1~~k4lllzl3R
- _3‘ € Lz

tklmk(”k _ <6k1---kai 51{{ _ ﬂ ekl'"kﬁk 5]) Kij,
21 !
fknhbly — ckikr phbls

tkl'”k7all'”16 — _Ekl.,.k7 Rllmlé. (363)

Similarly, the M are related to the generators in the type IIB parameterization as
t, = le eP1-Ps Rd
Yy — 6' ]/5 p1---Ps°’

1
Pip2 — _ — _P1P291--04
t - 4! € RQl"'q4’
P1-ps Pi--p4d1d2 pd
t)/ = €ys¢€ RQ1Q2’

1
tpl"'pSap _ _<6p1p5q 6? _ Z ép]pSp 8|'q> qu’
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P1-Pe __ 1P6
tys = €"P Reys),
P1--P6, q1G2 — __ P1-P6 pA192
r = —¢€ R},
(P1-Ps; Q1G4 _ P1-+-Ps Rq1"'Q4,
t}F/Jl---Pé,Qr--% — ¢P1Ps R}Cll"'Q()' (3.64)

Then, ¢/k1%6:K1 op £IP1-Ps.P] apd t?l'z")'pé are Cartan generators, and the matrix K corresponds to the
Cartan—Killing form.
We can also check the following identities (Ref. [14]):

1 ) 1
(k' ¢H) = 5 Sk 8] +8%8; — 0" Tkt — 5 QY Qi

2
1 . 1
(e (MQ" = 2 35 0g +0p og — 1" e r — 5 @M 2pa, (3.65)
. 21 . 21
t tJ ZI = 7 tJ, t tN tM - 7 tN. (366)

4. Generalized Lie derivative

By using the obtained n-symbols, the section condition n*> T 8; ® 8; = 0 can be expressed as follows
(see Ref. [22] for a quite similar section condition and also Ref. [25] for a section condition in the
“underlying EFT”):

R +"®09 =0, (4.1
3 @ otkiha g glhike @ ghskal 4 gikika @ 5, — 0, 4.2)
3, @ ohkehl 4 gy 5. @ akkshi _ g gllk g ghaksl o] o, glkik g gkshell

— 6alkhs @ ghell 1 91 ¢y glhahs @ ghell 4 gkl @ g, 4 ¢y gh kel @ g; =0, (4.3)

€jrogy (218 @ ¥V I7T 4 glii2 @ gia—inl _ glitis @ gisinl 21 git111 @ ) = 0, (4.4)
5 a[klkzl ® 31112/3|k3~'~k6,k7] _ 8[k1'~~k5 ® ak6k7]111213 +5 3111213[/(1'"1(4,/65 ® 3k6/€7] =0, (4.5)
gkiknlh & glalel 4 glla-lsl & gki-k7. 101 — 0, (4.6)

where C; and C; are defined in Eq. (3.48). In particular, when we consider, e.g., the SL(5) EFT, the
above section conditions are truncated easily to get

9 ® FLNRPL 3 =0, olhiky & gkskal — . 4.7

The section condition in the type IIB parameterization, pMN:M 5 ® 9N = 0, can also be rewritten in
a similar manner, though we will not show this explicitly.

There are two well-known solutions to the section condition. One is the solution, called the M-
theory section, where

=0, B =0, =0 (4.8)

are satisfied; namely, on the M-theory section, all fields depend only on the d coordinates x’. The
other solution is called the type IIB section, where

M =0, MMM g = M M—q M MeN = (4.9)

o
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are satisfied. In the type IIB section, fields depend only on the d — 1 coordinates X™ (see Ref. [37]
for the type IIB section in the SL(5) EFT and also Refs. [12-14,16] for a higher Ey4(4) EFT).

On the M-theory section, the generalized Lie derivative reduces to the exceptional Dorfman bracket
(Refs. [21-23,38]). Indeed, by using the Y-tensor,

1J 1J

and the explicit form of the n-symbols and the Q2-tensor, we obtain

Syw £,.0
8Vwi1i2 £vWi1i2 —wh (dVZ)kiliz
N V2 (4.11)
Sy Wiy --is EyWi g +10(@2)[iipis wi4,'51—wk (dVvs)kiy--is ’ ’
V5! NG
5VW,‘14.4,'7,,* £VWj1...i7’j+21 (dvz)i[iliz Wi34..,‘7j+7 Wiliq (dV5)i2.4.l‘7J
NG NG

where (dv2)iiyi; = 3 0[i Viyiz] and (dvs), ...y = 6 (i, Vi,-..ig]- In the last line, we have repeatedly used
the Schouten-like identities such as

iV Wiyeoigk = 0, (4.12)
which are satisfied for d < 7. This result precisely matches with the known result (Refs. [21-23,38]).

For a gauge parameter of the form V! = n*>1 9,1 = ;¥ , where f~ = n**1 f;, the generalized
Lie derivative becomes

Eyw! = (YE, YEE — YEL 87) dyap ™S wt. (4.13)
In fact, a condition,
(Y& YEE — YR 8F) 9y ® dp) = 0, (4.14)

is necessary for the closure of the gauge algebra (Ref. [11]), and ford < 7, itis indeed satisfied under
the section condition (1.7) (Ref. [11]). Therefore, a gauge parameter of the form V! = n*>* §,f; is
a generalized Killing vector for an arbitrary /1. Moreover, V! = Q¥ y; with x, satisfying

" tuee =0, Qe =0 (4.15)

is also a trivial generalized Killing vector (Ref. [14]),

Eyw! = (v Q% — QK s]) o, xx W

= [ (), = S oL @ oux WE =0, (4.16)
where the identity (3.65) is used in the second equality and Eq. (4.15) is used in the last equality.
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On the other hand, if we choose the type IIB section, the generalized Lie derivative takes the form

8VWm £va
n
Sywd, £,wm — w (V] )nm
(S[/Wmlmzm3 — £va1m2m3 -3 €ys (d"i/)[mlmz W§m3]_wn (dVS)nm1m2m3
S g -
SVW%I“‘mS £VW%14.,m5+10 (dv?)[mlmz Wm3m4m5]—5 (dV})[ml4..m4 W%S]_W (dvg)nml'“mS
ﬁ Y ) ﬁ Y
Sywmy.-mg,m £,Wm..mg, m+6 €45 (dv] Im[m, sz.,.m6]—20 (dv3)mm;myms Wmymsmgl+€ys (dvs)m..mg Wi
Vel Je!

(4.17)
Again, VM = yMN:M g £ and M = QMN o are trivial gauge parameters.

5. Linear section equation

In the O(d, d) DFT, the section condition is expressed as 77” d; ® 9y = 0. This condition states
that 0y is restricted to a d-dimensional maximal null subspace in the generalized tangent bundle. We
can specify the maximal null subspace by introducing a set of independent d generalized vectors
A= (M) = (A, Ao (a=1,...,d) satisfying

M ab =0, apY e =0. (5.1)
If we consider a particular solution to the first equation, A4 = i“, that takes the form

A 8¢
M= (8 = : (5.2)
0

the second equation in Eq. (5.1) gives 3" = 0, which is the commonly used section to reproduce the
usual supergravity from DFT. More generally, if the d x d matrix A{ is invertible, we can always
realize AY = §¢ by aredefinition of A%; 19 — A9, A?. Then, by introducing an antisymmetric tensor
B9 = plil the general solution to the first equation in (5.1) becomes

5 50 (8¢
A= = 7, (5.3)
B g7 8] \o

which is just an O(d, d) rotation of the generalized vector A9, For this general A“, the second equation
in Eq. (5.1) becomes

3 =BV (5.4)
We can easily show that this leads to the section condition

ey =00+008=B"+p)o9 =0. (5.5)

In fact, in the context of generalized geometry, essentially the same set of generalized vectors has
been considered in Ref. [39] (see also Ref. [40]). There, the maximal null subspace has been called
the Dirac manifold or the Dirac structure, and the set of generalized vectors A% has been called the
basis representation of the Dirac structure. In addition, it has been shown that the Dirac structure
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can be characterized by an antisymmetric tensor, which is denoted by B here. Alternatively, we can
also characterize the Dirac structure by using a pure spinor (Ref. [41]).

A linear differential equation similar to Eq. (5.1), which reproduces the section condition, is called
the linear section equation in Ref. [11]. There, a linear section equation in E4(4) EFT ford < 7 was
proposed, but the equation strongly depends on the dimension d and it becomes complicated for
higher d. Here, using the n-symbols, we propose a simple linear section equation, and show that it
is equivalent to the proposal of Ref. [11] for the SL(5) EFT.

Our linear section equations take the form

AMp0 =0, 24Qa =0, (5.6)
where AY (a = 1,...,N) is a set of generalized vectors satisfying the null conditions
AMqgab =0, AQrl=o. (5.7)

If we show all of the indices explicitly, the linear section equations in the M-theory/type 1IB
parameterization become

M-theory : 24919, =0, A9QY 9, =0,

Type IB: A4 nMNMay =0, g QNay=o. (5.8)

The number of independent null generalized vectors N depends on the choice of the section. As was
shown in Ref. [24], N cannot be greater than d, but we can always choose N =d or N =d — 1,
which correspond to the M-theory section and the type IIB section, respectively. In fact, the M-theory
section and the type IIB section can be described by the following set of null vectors, A (N = d)
andX’ (N =d — 1)

() (e

bYe 8¢
1 1 2d m
o || @] 0
~a ﬁ _ ~d _ (ﬁa)m1m2m3
)\' - (ia)iln-[vs - 0 s - «/?7 O (59)
V3 gymms 0
(itl)il-“lj,i O ﬁ
77 @ymi-mem 0

NG

In the former case, A% 7 8 = 0 and A nf1"% 9 = 0 require 9"12 = 3”15 = 0. On the other hand,
Aapkvoknhibl g — 0 and A9 pkkhle g = 0 are trivially satisfied. The remaining conditions,
Adpkrkely — 0and A2 Q0 =0, require 3’7 = 0. Therefore, A2 describes the M-theory section
where all fields depend only on x’. The quadratic section condition n*:T 3; ® 9; = 0 is trivially
satisfied on this section. Similarly, in the latter case, we can easily show that all fields depend only
on XM, andX“ describes the type 1IB section.

In order to describe a more general section, we can rotate the above canonical sections, A and)fa,
by U-duality transformations:

Y’}

228 = a8, Ay — Ty = Ny (5.10)
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Since %> T and nMN-M behave as the Clebsch-Gordan—Wigner coefficients, they satisfy

aKI aLJ nKL;I — &IJ nIJ;J’ bpM bQN nPQ;M — l’;MN nMN;N’ (5'11)
where a® y and l;MN are certain U -duality-transformation matrices in the Ry-representation. Moreover,
the Q-tensor is invariant under the U-duality transformations. Then, the transformed generalized
vector, A} orX‘,f,l, also satisfies the null conditions

AMptal=at; (i) =0, areab=R1Qil =0,
(5.12)
Mt = B R R =0, meart =£"Qf" =o,
which are the required properties for writing the linear section equations. In fact, the linear section
equations specified by the transformed A% orZx¢ lead to the quadratic section condition ™1 8; ®3; =
0 or pMN:M g1 ® an = 0. Indeed, the linear section equations require that the dual components of the
transformed derivatives 81’ =@ H 9,0rd, = (b_l)MN oN vanish, and from this, we can easily
show n*:19; ® 3}, = 0and Q¥ 3] ® 3 = 0 or yMN:M 31 ® 3, = 0 and QMN 3, ® 9}, = 0, which
are equivalent to the quadratic section condition.

In an example of the Ege) EFT, the null conditions for the generalized vectors, (A7) =
()\’a )Lili23“ )Lil"'i55“
i

Vare st
)\’? )\’kl,b + )th,a )\f? — O, )L? A,lklkéhb + 6)\,[klk2|;a )\lk}kz;],b + A,ikl.”k“;a )\f? — O’

) are

Akila y lkokelib _ 5 Tkikslia 5 lkell;b — (5.13)
If A¢ is invertible, we can choose A{ = §¢ and then the first equation requires akab — _y3kbia Then,
we can express A7>X by using a 3-vector (i.e., antisymmetric third-rank tensor) 0%, AU % = — ik,

and the second equation becomes

AKikaksike 4 @ o ksthika ykskalke o keki-kasks — . (5.14)
This leads to

aksske — kike g lkikaks a)k4k5]k6’ (5.15)

Ki--ke

where w is an arbitrary 6-vector. The last equation in Eq. (5.13) is trivially satisfied. Therefore,

the most general parameterization is given by

A 57
()\‘?) — )\iliz;u — _wiliZ‘l
NG V2!
)Jll"'iS;a wil---isais w[i1i2i3 wi4i5]a
NG NG
= exp (& @' Ryy..ig) exp <% W R,]-k> A9, (5.16)

In this way, when A{ is invertible, the most general parameterization of A is obtained from A% via
a U-duality transformation generated only by negative-root generators R;;,;; and R;,...;; (GL(d)
generators K’ ' are not necessary).? It is also the case for lower exceptional groups d < 5. The same

2 The positive-root generators R'12% and R’ do not rotate A®.
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will be the case for E7(7y also, and in that case, A? will be specified by 42 (= 35 + 7) parameters
w123 and @', Similarly, in the case of the type IIB section, if X%, is invertible, the most general
parameterization of ¢ will be given by

a

mimz po )exp (% @M M4 le...m4) exp (é w&nl"'mﬁ R“ml,,,m6)f . (5.17)

1
A =exp (7 W, MMy
In the following, we show that our linear section reproduces the known linear section equation in

the SL(5) EFT, both for the M-theory and the type IIB sections.

5.1.  M-theory section in SL(5) EFT

In the SL(5) EFT, the generalized coordinates x! (/ = 1,...,10) are frequently parameterized as
xl = x@b (= x[ab]) (a,b =1,...,5). In this parameterization, the section condition takes the form
(Ref. [8])

€@cde 5 ® dge = 0. (5.18)

On the other hand, the linear section equation is expressed as (Ref. [11])
Aladpey =0 (a,b,c=1,...,95), (5.19)

where Ag are arbitrary parameters that specify the section (which is considered to be a generalized
notion of the pure spinor that specifies a generalized notion of the Dirac structure (Ref. [11])). Before
comparing this equation with our linear section equation, let us consider the number of independent
equations. In order for the linear section equation to be meaningful, Ay should not be a zero-vector,
and let us suppose As # 0. Then, we can decompose the linear section equation as

A[i 3jk] = 0, 8,-]- = —i A[i 8]']5- (5.20)

As
Since the first equation in Eq. (5.20) is satisfied when the second equation is satisfied, the second
equation is equivalent to the linear section equation (although the SL(5) covariance is lost). Moreover,
the linear section (5.19) is sufficient for the section condition (5.18) since Eq. (5.18) is automatically
satisfied from the second equation.
On the other hand, our linear section equations are given by

ATy, =0, (5.21)

ilip;a .
where A = (A, 2 ) satisfies

2
ATl = o, (5.22)

namely
MY = €y A1EOVED = 0, (5.23)

If we consider a case where A7 is invertible, we can choose A} = §7 and the first equation shows
Aha = —ol with w* = @W*1 The second equation is then automatically satisfied since the
following identity is satisfied in d = 4:

€hy g @R BRI = (5.24)
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Therefore, the set of the null vectors becomes

o 2 5¢ 5 0\ e
= iigsa | iviga | = i1inj i : (5.25)
Al1i2; ol o1 sii2 0
vz NG NRGTE

The linear section equations A{ n*:k9; =0 and A¢ nkika g, = 0 then become

28 gk _ aikia g — gia | yiak g — )

€iriajipp MYV = —€; 715, @12 Y2 = 0. (5.26)
The first condition is precisely the second equation in Eq. (5.20) if we make the identifications

j\\_; = %e,-jm DV (A5 #£0),  ds=—d5=0, 5= %e,-jk, oM. (5.27)
The second condition follows from the first. In this sense, when A{ is invertible, our linear section
equations are equivalent to Eq. (5.19).

For completeness, let us see the number of independent parameters that specify a section. The
linear section equation (5.19) includes 5 parameters A g, but as we can see from Eq. (5.20), only the
4 ratios A;/As specify the section. This matches with the number of independent parameters w/*
entering in our section equations.

If we consider a case where A is not invertible, we may find an inequivalent section. For example,
when (L) = diag(1,1,0,0), (A3%3) = 1, and other components vanish (A4 is a zero-vector in this
case), the null condition is trivially satisfied, and the linear section equation shows fields can depend

1

only on x!, x?, and y34. This is the well-known type IIB section considered in the next section with a

different parameterization of the generalized coordinates. Note that if the number of non-vanishing
components of A¢ is too small, the linear section equation is not sufficient to reproduce the section
condition.

5.2. TDype lIB section in SL(5) EFT
The known linear section equation for the IIB section is (Refs. [42,43])

A% G =0, (5.28)

where A is defined to satisfy €ogpeg A% A = 0. If A3* =£ 0, the condition €gapeg A2 A% =0
determines components A% (s, = 1,2,5) as

2 Alsl3 Alr14
Then, the linear section equations become
At4 At3 As3 At4
053 = F rs, Os4 = _F rs, 034 = W st (530)

and from these, we can show the section condition, €834, 9oq = 0. In this approach, a section
is specified by 6 parameters A%3/A3* and A%*/A34. In particular, A%3/A3* = A%/ A3* = 0 corre-

sponds to the type IIB section where fields depend on 3 coordinates {x'°, x>3, x'%}. The generalized
coordinates x2° in the literature are related to our generalized coordinates o« = (xi, %) or
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xMy = (Xm, Yims M) as follows, and the coordinates {x!°, x*°, x!?} correspond to the physical

V3!
coordinates {x', X2, x*} in the type IIB parameterization:

ab 15 25 12 13 23 53 14 24 34 45

X X X X X X X X X X X

M-theory xXt X oy -y oy X yn vz oy Xt (5.31)

2 3 1

Type lIBtheory x' x* x> -y} yi —yi —y3 yi Vi Vj

Our linear section equations are specified by

a n A
xa dm 0 0 8
ra _ Fm:a _ MmN 35 sm 0 0
o o n
. [mym, m3]n m; mpm
Xamlm2m3,a _%GVB wy 1 26()83 3€ﬁy (SL 1 wyz 31 8m1m2m3 0
f3|_ ﬁ ﬁ ninaNn3
a
8m
_ m
_ o ’ (5.32)
L3 e wt
V3!

which satisfies the null conditions
X?nx)rln;b +X;P;a7¥$n -0, anxmplpz;b Y Eaﬂx([xpll;axlspz];b +X“p1p2;“)22 =0. (5.33)
By using the explicit form of X%, the linear section equations become

These are precisely equations (5.30) if we make the following identifications:

AS4 AS3 A54 A35
s3 3 12 12
C(){ = m, a)i = —F, Cl)l = —F, 6!)2 = _F (S = 1,2) (535)

In this sense, our linear section equations are equivalent to the linear section equation (5.28) for the
type IIB section in the SL(5) EFT.

6. Conclusions and discussion

In this paper, we obtained a set of n-symbols associated with branes in the string multiplet, and
reproduced the known Y-tensor in E4(4) EFT with d < 7. Our expression does not depend on the
E4(a) tensors for a particular d, and a reduction to lower d can be easily performed. Using the 7-
symbols (and the Q2-tensor), we proposed linear section equations that reproduce the usual quadratic
section condition. Equivalence to the known linear section for the M-theory and the type IIB sections
in the SL(5) EFT are shown.

Our considerations are limited to d < 7, but we can also consider the Eg(g) EFT, where the number
of n-symbols will be the same as the dimension of the R,-representation of Eg(), namely 3875.
According to Ref. [29], the branes in the string multiplet can be summarized as in Table 1. There,
each brane in the table is wrapping a certain cycle in the 8-torus 7® and behaves as a string with a
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Table 1. M-theory branes in the string multiplet for the Egis) EFT. In each column, all of the indices
{it, . sipfis-sjg k1, ..., k) must be different. Branes in the left and right columns are dual to each
other (Ref. [29]).

. Number of . Number of
Brane Tension 7 degeneracy Brane Tension 7T degeneracy
R R R3
R; (7,1,0) 0 ig
M2 ﬁ 8 1 e 8
4 pd p3 03
Riy ~Riy (3,4,0) Ry Ry By Ry
M5 & 70 1 T 70
RZR; -R; R} R} R} R} R2
KKM L5 211)1 L5 168 1@>D —L 2 JL 50 [% L5 168
403 . p3
RiRiy (17,0 i Ry Ry
7TxM8 i3 7x8 7x1 —ar 7x8
3 Rz2 Rz2 Rz2 Rjy Ry 143 R?R}IMR;;; Rlzc Ri Ri
LA B S S 4, L J1 J4 K R A3
5 Lo e 280 1143 zﬁl 2 280
R3R; -R: R} R3 R;
(1,0) i 1N (7,0) iz
i G 8 2 & 8
R2 R?2 R; --R; R R} R2 R?
2 ip ip J1 U6 (6,2) i e J1 )2
TxT T Tx28 7x1 Z@ Tx28
R2 .R2 R, R, R R} R? ..R?
6 il ig J1 72 (2,6) o J1 6
2 T 56 1 T 56
R3R? R2 R% Ry, Ry, R R3 R2 R2 R2 Ry
5(1,3) Ll 124]?3 1 4 280 2(4,3) 11 4 %% J2 " J3 280
R? .RZ R; R, R; R R R R?..R2
J1 72 7
7 x4 LI E RS § lS(H 7 % 56 Tx 16 L L ) W - 3 e’% J1Js 7%56
R} R} R% .-R? Ry R
24 i "ip T g Tk TRy
3 B S 420
RIR2 .R2 R,
16 i1 e
7 %216 B 7x56
8 R'Zl“‘R‘Zx
35x1 s 35x1

tension 7 in the uncompactified spacetime. We call the brane a “b“%¢)-brane” if the tension of the
string takes the form

(R;, "‘Ric)4 (R;, "'Rjd)3 (Ry, "'Rke)lel Ry, 61
(bHactidT2et] , (6.1)
11

T =

where R; denotes the radius along the x-direction (i = 1,..., 8), and £1; is the 11-dimensional
Planck length. We also define 5(4-¢) = p(04:€) and p¢ = p€)_ It will be interesting to determine all
of the n-symbols associated with the 3875 branes.

In this paper, we have not discussed the role of the -symbols in worldvolume theories in detail, but
in fact, they play an important role. In the T-duality manifest formulation of the string, the equations
of motion can be expressed as the self-duality relation (Ref. [44])

My xy, PP =ny P, (6.2)

where *,, is the Hodge star operator on the worldsheet associated with the metric y, and

Gii — Bjx G¥' B;; By GY dx’
Mpy=|" R, eh=| . (6.3)
—G* By GY dx;
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As a generalization of this relation, if we consider a membrane theory in the approach of Ref. [45],
the equations of motion can be expressed as

(M2) o2y 1

My #y P = Ny A P/, Ny = 5 Mk dx* (6.4)

by using the n-symbol 1y, associated with an M2-brane. It will be interesting to see whether this kind
of self-duality relation is satisfied for all of the branes in the string multiplet. It is also interesting to
see how the Q-tensor appears in the brane worldvolume theories.

Funding
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Appendix A. Conventions and formulas
A.1. Combinatoric factors

We shall use the following convention for multiple indices. When we consider M-theory, the
generalized vector is parameterized as

Wlllz Wll"'IS WH"'”J)

i Virip Viyis  Vipin,j
v = (v’ >’ W) = <W., ’ ,
SRV TRV NG

,\/2—!5 \/53 ﬁ

(A1)

The combinatoric factors are introduced such that the indices are summed with weight 1 when we
consider the ordered multiple indices i; - - - i, which satisfy ij < --- < i,. For example, the inner
product between ¥/ and W becomes

1 i 1 i1i 1 i1-+1 1 i1-++17,]
VW, =v Wi+jvi1izwlz+§vi1-~iswl 5+ﬂv,~1...,-7,jw1 72

— v iriy ip-is i1-17,]
=vwi+vipwi? + v w Vit W , (A.2)

and in the second line, all components are summed with weight 1. Similarly, the generalized
coordinates and derivatives are defined as

_ i Viqi Yiy i Yiy-in,j _ . 3i1i2 3i1"‘i5 ai1-~i7,j
(xj) - (xls ﬁa \1/55, i/%/)a (81) - (8la ﬁ, ﬁ 5 ﬁ )a (A3)
o) = (&, v Vi Vi) Op) = (3, 97172, 9, 91), (A4)
We define the derivative as
T PO U S RN 11 ip] i iy iy
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which gives, e.g., 32y, = 1/2 and Blzyﬁ = 1. If we define the Kronecker delta as

g0 0 0 5§ 0 0 0
0 sz ; 0 &2 0
67) = S . @)= L . (A6
0 0 & 0 0 0 &b 0
J1J5 JiJs
i1-++07 of i1-+17 o
0 0 0 &l 0 0 0 &1y
they satisfy
J J J I 1
o’ =5/, o’ =8/, s =6 =D. (A.7)

If we use the ordered indices, e.g., the matrix 1" has a simpler form. Indeed, the complicated
numerical factors disappear:

0 0 8ik1~-~k4 0
J1Js
B k1ka
77IJ;k1-~~k4 = 81'11‘2/‘1]'2 0 (A.8)
Jki---ka
o 0 0 0
s
0 0 0 0

In fact, all of the n-symbols except those associated with KKM and 8-branes (or KKM and 7,-branes
in the type IIB side) have a simple form without complicated numerical factors. If we stick to the
unordered multiple indices, as in the main text, the rule for the numerical factor is as follows: For a

{iv iy, k1 kg}-{1 -+ -jr, Iy - - - Is} component of nt, we introduce \/ﬁ (where ¢ or s may

be 0). For each 8]111;;’ inside n?, we introduce p!. If there are contractions of multiple indices in the
Kronecker deltas like 81" ‘Sfffii'.--i,,’ we additionally introduce 1/p!. This rule reproduces (almost)
all of the numerical factors in n* and .

A.2. Eyq) group

The simple roots of the £y ;) group are denoted by «, (n = 1,. .., d) and their relation is shown in
the following Dynkin diagram:

o
&0 —O—O—O—®
al ar Od—4 Q4-3 Q42 Q4—]

In this convention, the R|-/R,-representations are defined by the following Dynkin labels:

Rp-representation (particle multiplet): (1,0,...,0),

Ry-representation (string multiplet): (0,...,0,1,0). (A.9)
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The generators of the £4(4) group (d < 7) can be parameterized in two different ways, depending
on whether we are considering M-theory or type IIB theory (Refs. [10,18,46,47]):

M-theory:
type IIB:

wherei,j =1,...

i, i1i2i3 L i1--ig L
{Kj’ R Rlllzl3: R > Rll~~-l6}a

Rm1m2 RO(

mpmy>

b

{Kmn, R(Xﬂ:

,dmn=1,...,d—

mip---my mip---Mg o
R , Rny..my» RM"M6 | RS

(A.10)

l,and o, B = 1,2. By considering Ryg = R(yp), the number

of the above generators is the same as the dimension of the E4(4) group (d < 7).
In the M-theory parameterization, the explicit forms of the generators are given by

(K*)7 =

(Rk1k2k3 )]J =

(Riyoks)1” =

(RAHo) =

(Riyke)1” =

k1 o
5" 8, 0 0
ivip kil
2'2'8k1 811]2 0
V212! il
i--is 11~
0 0 5’5'8k 5 145]1 ]5
41/515!
0 0 0
kykak3
3
j1J2
0 NGl 0 0
51 81112k1k2k3
0 0 s 0
V2151
71315, 8
0 0 0 J197 1hJ
21/5!7!
0 0 0 0
0 0 0 0
3'3’1’2’
kykpk3
Nl . O{ 0 0
iy i
5!8j11'2k1k2k3 0 0
/215! 0
12y si1 07 11
0 0 73l 511 Jshlp “kikoks 0
21/517!
ky-ke
6'8
0 0 ——ILh 0
0 0 0 ” ’7 i/
2’7 )
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
6'5’1 ‘5]
ky--kg
5 0 . 0 0
i1-i7 115i
0 7'6'5/112/1 s hiks g
S513V/2!7
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On the other hand, in the type IIB parameterization, the explicit forms of the generators are

given by
(KP'p, )"
P1
a0 0 0 0
0 —8fsm s 0 0 0
313180013 > Shimans % N
_ 0 0 _ 22’1\/% 1n2n3 0 0 +93_2d (SM’
515185 Sl ORI 904
0 0 0 - jz«I/T;! = 0
2611 54 sp)
0 0 0 0 T el
(A.16)
0 0 0 0 0
0 €ay 8587 0 0 0
o = | o 0 0 0 ol (A.17)
0 0 0 €agy 85 0mmts 0
0 0 0 0 0
0 —2162 Sht? 0 0 0
m
0o o emd 0 0
p1p2y, N — 518y bnyorg
RPN = | 0 0 A X S
6121 ey 8L o3 d SGAP2
0 0 0 0 - J576!
\o 0 0 ° "
(o 0 0 0 0)
y
2187 8T o 0 0 0
31y sl T2M3
(Rglpz)MNE 0 % 0 0 01, (A.19
5163 8y nynspipy
0 0 s 5 (:11 Mg qm ’
6121ePr 5, 17605
0 0 0 _ ni-nsq %pyp 0)
V56!
0 4 5;?115;%@ 0 0
A
5150 sMP1-P4
0 0 0 _# 0
(Rp1-~~p4) N _ . 6,4'5?1n:12m3q1q2q3 55%%” (A 20)
_ '410n, g 19930 |, .
M 0 0 0 0 - 33160
0 0 0 0 0
0 0 0 0 0
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( 0 0 0 0 O \
0 0 0 0 0
N B 4!8m1”r-n2m3n
(Rp-pIM = % 0 0 0 0], (A.21)
0 St dnp) ] 0 0 0
- V3l mp--Mg q19293m
_ 6140 nyn3q; 9593 Opy Py
\ 0 0 31316 00 )
o 0 o _° 89 8 7% 0
!
V3l 6161 c.. sMALT5 PP
O 0 O -0l €qy "l'“n() q] .A.qsn
. NG
P =10 0o o 0 0 , (A22)
0 0 O 0 0
0 0 0 0 0 )
0 0 0 0 O
0 0 0 0 O
(Rp,..p )M = 0 0 0 0 0 (A.23)
6!8% op.t ons"
% Pe 0 0 0 O
: 6'6'5ﬁy amlmm() 8q14..q5m
51v/6!
Appendix B. Comparison with known Y -tensors
In this appendix, we reproduce known Y-tensors from our result.
B.1. Y-tensorin SL(5) EFT
In the SL(5) EFT, we have 5 nonvanishing n-symbols, which can be redefined as
2180
O J1J2 1 O 0
k= nk = K V2! , € = — €k nkl"'k“ = N (B.1)
2185, 0 I Ciligiin
V2! 212!
If we redefine the coordinates as (x/) = (x’, ’%) with x112 = % €122y, . they become
kij1jp
0 £ 0 0
d=| V| €= . (B.2)
ekiirin 0 0 €i1i2/172
V2! V212!

These can be neatly summarized as follows by introducing indices a,b,c = 1,...,5 and a totally
antisymmetric tensor €285 satisfying e/1""4> = ¢/1"4;

0 €CiY172

ey _ k5 c_ V2!
€©) =), €= L o | (B.3)

V2! V212!
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By further using the conventional parameterization x/ = x312 (x> = x'), they become
ecalazblbz
C — (ecIJ) — W . (B.4)
We also define ¢; = (ec U) = (%), and then Y, 1[<JL becomes

eajazbib
€-e1e2bIRL Geclczdldg

YY B.5
K="/ v (B2
which is summarized as Y, = €® ecg; in Eq. (1.6).
B.2. Y-tensorin SO(5,5) EFT
In the SO(S5, 5) EFT, we have 10 n-symbols, which can be redefined as
21 8/(1'
J12
0 Nl 0
=27 =2 2%2 o ol (B.6)
0 0
58 € A
0 0 [j1 2751
€ltky - k4771 k4 hiviniti V3l
=2l 4, 0 e 0 . (B.7)
58 ¢
[i1 €in-islk
—l = NG > 0 0
In the coordinates (x/) = (x/, i}? ,z) with z = & €175 y; ., they become
2180, .
0 \’E‘f 0 0 0 8}
ki o
v =2 —2%2 o ol w=+v2]o o (B.8)
0 0 0 8 0 0
We also define matrices
Khey kg
_ - Nky---k. - _
vh= (k) = \/ETM = (Vew) = NOYTS (B.9)
or more explicitly,
2182
0 0 8 (311'2 NGl 0
pevilo dmm ool n=vE|2E ol @
8 0 0 0 0 0
Then, the Y -tensor can be expressed as
1 1 _ _
YE = 0" mixr + — TR R o kkL = 3 (™ e + v 7). (B.11)
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If we further define

. ) o 0 &
M =0tn).  EH=0"n.  @®)={ 7). (B.12)
§ 0
which satisfy the relation
(A 7B+ BN, =208, (B.13)
the Y-tensor can be expressed in the conventional form (1.6),
1 _
V=57 ke (va=nas7P) (B.14)
B.3. Y-tensorin E¢¢ EFT
In the E¢6) EFT, we have 27 n-symbols, which can be redefined as
0 0 0
ky--ke, k
gk = _ ks M prer 1 0 0 2'-jski)iy (B.15)
6!/10 V10 V215! ’ '
20e; isk
J2 0
V213!
580 € ictirk
0 0 Uiy 2-Js5lkiky
dir. = Chikoly Iy n'th _ 1 0 €kikyi1injLn f B.16
heTTgvi0 T Vi | RCEn - B9
58? €inmis ey o
i 2SN O 0
V3!
218K
J1J2
7 1 1 2 v ’
dF = = | 2 . B.17
V10 1 10 ﬁz 0 0 ( )
0 0 0
In the coordinates (x, y”T;Z, z') withz! = —4; €195 y; ., the matrices become
2185
0 0 0 0 o
PO 2810, P T " (B.18)
— = nn .
Jio | ° '(L var |’ N R
0 2"};{2 0 0 0 0
i
1 0 0 205, 1,
diyky = ol ° U B (B.19)
ji
2! 1 0 0
d[./ -
They are components of the conventional totally symmetric tensor d*/X E(d” ik %,d“ ;k) (see,
e.g., Eq. (4.42) in Ref. [13]). By defining djjx in a similar manner, they satisfy '
A& dpy =84, dYKdyx = 27. (B.20)
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They also satisfy the relation

1
which ensures the following relation for the Y -tensor:
P yWK) _ ys oK) _ 10 UK
Yoo Yp, ' —Ypg 8,7 = ?dLRSd . (B.22)
B.4. Y-tensorin E;7) EFT
In the E7(7) case, we have 133 5-symbols, which can be redefined as
€y iy €ky-kajijof3 nil"'i7aj11213
thyody = 3171
0 0 0 0
_ v eiliZfUl 4 Ej5j6j7]k1mk4
_ 0 0 0 3141/217! (B.23)
0 O 5!6,‘14..,'5[1'1]'2 €j3j4j5jk1~-k4 0 ’
21314/5!5!
0 TR 0 0
1 Noly
T kyks8 = a €lykaksly--1g 1
5 o
0 0 — 75 Ot Goisthikoks O
_ Skikpksiyipiip
= ’ va ’ ’ (B.24)
5 o ’
— % 81y €irislhiaks 0 0 0
0 0 0 0
2! ki
0 V2 s 0 O\
2! okj
—==57 0 0 0
tgk = —r]k = vl R (B.25)
0 0 0 0
\ o 0 00
1 V2 g
t' = o1 Ekhrks (nkl Fool — T pth kﬁ’l])
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1 j /
0 0 0 ﬁ(az’céjwﬁ%\
I .
_Zgllcejr“]ﬁ‘s]l')
-1 l/
0 0 _\/ﬁ (2!31-:'}2@'1.‘.]'5](," 0
1
_ _Z(Sllceilizil---js)
- —1 I
0 ﬁl(z!ajr&lééil---kkm 0 0
_Z(S]lgejljzil"'is)
1 (o /
ﬁ(5k€i1~-~i75i 0 0 0

\_41181161'1-~-i73§)

1
- ey ek, I -1
t =ﬁ€klmk7€kh-~ls’71 e
0 0 0 0
0 0 0 0
0 0 0 NG
0 0 S Skids 0

24/51

If we use the conventional parameterization of the generalized coordinates,

i Y 2
=52 22)  (i=1...9),

Q'

where

x18 = xl, K2 = l' eliai-Js

_ 1 _ji-
yjl"'js’ Xig = ﬁEJ

the above matrices take the following forms:

0 0 0 0
41 i12j1/2
0 V2121 kikg 0 0
Uy kg = € 5
0 0 0 _ Sijoky ke
V2!
_6,‘11‘21‘]{1.4.]{4
\0 0 NG 0
31 o2
0 731 Okikoks 0 0
SLsy 0 0 0
k1kyk:
tk1k2k38 = vaihioks 5
0 0 0 0
__ Cijigjjokikoky
0 0 0 /212!
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2! oki

0 0 0 —Z=3,
. 0 0 0 0
tg* = . " o . , (B.33)
21 ok
— 0%, 00 0
VS 1 ol oi
0 0 818 — 8¢9 0
i1iy ol 1 ol iz
8 8l — Lol s 0 0 0
V2 sl VY
0 28780 —188, 0 0
0 0 0 0
_ 2 giti2
0= | 2'0 T O (B.35)
| JJ12
0 —2= & 0 0
0 0 0 0

These can be summarized as the following familiar matrices (see, e.g., Appendix A.2 in Ref. [48]):

(

where

4! i1i2j1)2

==, 7 0
V212! Ty kg o ) (B.36)
0 _ _11ij12k -k
V212!
0 280l _ 14l gii

. . km  jij2 k| (B.37)
2872 sl _ L gl g 0

km iiip 4°F T

HF =0, €551589 = €1234567- (B.38)

From these matrices, the Y -tensor and the generalized Lie derivative have been explicitly computed

in Ref. [38].
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