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The results of observation and studies of focusing of 400 GeV/c proton beam with the help of bent single
crystals are presented. Two silicon crystals have been used in the measurements. The focal length of
the first and second crystals is found to be 1.48 m and 0.68 m, respectively. The mean square size of
the horizontal profile in the focus was 3.1 and 4.3 times as small as at the exit of the crystals.
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1. Introduction

Particles channeled in a bent crystal are known to change their
direction of motion. A common application of bent crystals for
beam steering involves incident and outgoing beams with small
divergence. On the other hand, a variation of the crystal shape
and orientation can be instrumental in focusing and defocusing of
the incident particle beam. The possibility of focusing of positive
particle beams in bent crystals was first studied in Ref. [1] where
experimental results on beam focusing are reported. Note that the
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crystal used in the experiment was rather thick and mounted in a
heavy holder. However, such a design does not allow to use sim-
ilar bent crystals in circulating accelerator beams. The proposed
theoretical description of the method was restricted to geometrical
relations.

In a new approach to the beam focusing with the help of bent
single crystals [2] a simple description of the dependence of the
mean square size of the beam on the distance from the crystal
exit has been obtained. In particular, this description can be ap-
plied to calculations of beam focusing with a crystal of varying
radius along the beam propagation direction. The technique devel-
oped for manufacturing bent single crystals with varying radius of
curvature made it possible to construct a new device which did
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not contain heavy parts. A theoretical description of particle beam
focusing is presented in Ref. [2]. Experimental observation of the
focusing effect produced by this device installed in a 50 GeV/c ex-
tracted proton beam at the IHEP accelerator has been reported in
Ref. [3]. The beam coordinate distribution was obtained using a
photo-emulsion method for the track position measurements.

This paper presents the results of studies of crystal focusing in
a 400 GeV/c proton beam. The experiment was carried out at the
H8 beam-line of the CERN Super Proton Synchrotron (SPS). Two
silicon crystals manufactured using the technique described in [2]
were used in studies of the focusing effect. High resolution co-
ordinate detectors [4] which allowed to investigate the focusing
process in detail were used for the precise tracking of the beam
particles upstream and downstream of the bent crystal. The exper-
iment profited from favorable background conditions and the use
of electronic detectors which have an obvious advantage over the
photo-emulsion method used in [3].

2. Beam focusing with bent crystals

2.1. Principle of beam focusing

Beam particles can be focused at a point if some specific con-
ditions are fulfilled. The principle of focusing can be illustrated by
the diagram in Fig. 1. A cut view of the crystal in the xz projection
before it is bent is shown at the top.

The particle beam is directed along z axis and it is incident
orthogonally on the face of the bent crystal. Under this condi-
tion, the particles are easily captured into the channeling mode.
The end face of the crystal is fabricated with a special cut along
the edge CD. Let us consider particles incident onto the crystal at
the transverse coordinates x1 and x2 and captured in the channel-
ing regime.

One can see that particles with different initial transverse co-
ordinates have different paths in the body of a single crystal:
l1(x1) and l2(x2), respectively. For particles with initial coordinates
x1 and x2 the variations of angles (relative to the initial direc-
tion of motion) in the bending plane are ϕ(x1) = l1(x1)/R and
ϕ(x2) = l2(x2)/R , where R is the bending radius. Here we assume
that the maximum bending angle of the single crystal ϕmax � θc ,
where θc is the critical channeling angle. Then in this case we can
neglect oscillations of particle angle due to the channeling process.
It is easy to show that under appropriate conditions the two par-
ticle trajectories will intersect at some point (point O ′ in Fig. 1).
The distance to the intersection point is determined by

L = −R(x1 − x2)/(l1 − l2). (1)

Note that for a straight single crystal, that is before the crystal is
bent, one can use the relation z(x) = l(x), where z(x) is the coor-
dinate along the beam propagation direction. Under the condition
that (x1 − x2)/(z1 − z2) = const for any pair of coordinates (x1, x2),
all trajectories of the channeling particles cross at the point O ′ .
This means that the beam has a focus at the point O ′ . This consid-
eration is rather simplified and does not take into account some
features, for example, the variation of R along z axis. Moreover,
the condition (x1 − x2)/(z1 − z2) = const means that the projection
of the crystal edge onto the x, z plane is a straight line (assum-
ing R to be constant along z). In the general case, the crystal edge
is described with a nonlinear function F (x) which determines the
position of the point (x, z) at the edge CD in Fig. 1.

2.2. Single crystals for experiment

For investigations of the focusing properties of bent single
crystals the crystals should be fabricated by means of a special
method [2]. The crystal which was fabricated for the present ex-
periment is shown in Fig. 2. The upper part of the figure shows the
cross section of the straight crystal which should be bent with the
help of a special device. Let us introduce the Cartesian coordinate
system (x, y, z) as shown in Fig. 2. The crystal is of a trapezoidal
form in the x, z plane and has overall dimensions 0.9 (edge AB),
40, and 3 (edge AD) mm in the x, y, z directions, respectively. The
edge CD is ≈ 0.4 mm. We show below that focusing takes place
when the dependence x = F (z) is approximately linear. In addi-
tion, when bending a strip of a trapezoidal shape one can expect
that its bending radius will change along the z direction of such a
deflector. This problem is considered theoretically in Ref. [2] where
results of measurements of the bending radius in a similar deflec-
tor are also reported. The measured variation of bending radius
along the z-coordinate can be described with the help of the em-
pirical relation:

R(z) = R0

1 − C z/L0
, (2)

where R0 is the bending radius at z = 0, L0 = AD is the single
crystal thickness and C = 0.8 is the constant value. The deflection
angle ϕ as a function of z for a single crystal with varying radius
defined by Eq. (2) is written as follows:

ϕ(z) = z

R0
− C z2

2L0 R0
. (3)

From this it follows that the full deflection angle (at z = L0) is
equal to L0/R0(1 − C/2).

Two bent single crystals have been used in our experiment. The
first crystal has a maximum deflection angle ≈ 0.3 mrad whereas
for the second crystal it is ≈ 0.6 mrad. The measurements of the
deflection angle performed in Ref. [2] at six points along z were
used in calculations of the relative deflection angle displayed by
points with error bars in Fig. 3. The curve 1 shown in Fig. 3 corre-
sponds to the approximation of ϕ(z) which used Eq. (3).

Note that in studies of its focusing properties a crystal cut to
a triangular shape (triangle BCE in Fig. 2) should be used. How-
ever, we chose a trapezoidal shape in order to measure different
features [2] in a single experiment. Due to this fact we consider
below only one part of the crystal.

3. Description of beam focusing

We consider a crystal with an exit edge of arbitrary shape.
The changes in the beam profile downstream of the crystal can
be described as follows:

σx(l) =
d∫

0

ρ(x)(X − X)2dx, (4)

where σx(l) and X = x + ϕl are the mean square size of the beam
and the particle coordinate at the distance l in space between the
crystal exit face and this point (assuming l � L0), ρ(x) is the dis-
tribution function over the x-coordinate normalized to unity at
z = L0, and X = ∫ d

0 ρ(x)(x + ϕl)dx. In the case when the crystal
has a varying radius, the deflection angle is defined by the follow-
ing relation:

ϕ(x) =
F (x)∫

0

dz

R(z)
. (5)

As mentioned in Section 2.1, in the general case the variable upper
limit of integration is defined as zmax = F (x), where the function
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Fig. 1. (a) Geometry of a straight crystal, (b) the diagram showing the principle of beam focusing and (c) the diagram showing the principle of beam defocusing. Points O
and O ′ correspond to the center of the bend and the focal point, respectively.
F (x) is determined by the shape of the crystal edge. In the ideal
case, the edge BC of the crystal is described with a linear equation
z = kx, where k is determined from measurements. Then Eq. (3) is
written as follows:

ϕ(x) = kx

R0
− Ck2x2

2L0 R0
, (6)

where R0 = L0(1−C/2)/ϕmax and ϕmax is the maximum deflection
angle.
Then one obtains

σx(l) = 〈
x2〉 − x2 + (〈

ϕ2〉 − ϕ2)l2 + 2
(〈xϕ〉 − xϕ

)
l, (7)

where 〈x2〉 and 〈ϕ2〉 are the mean square size of the beam and the
mean square deflection angle at the exit face, z = L0 (l = 0), x and
ϕ are the mean size of the beam and the mean deflection angle
(for l = 0), and 〈xϕ〉 = ∫ d

0 xϕ(x)ρ(x)dx, and d is the transverse size
of a single crystal which varies in this case from xmin to xmax.
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Fig. 2. The crystal deflector cut along the z axis. At the top, the cross section of a
straight crystal is shown.

Fig. 3. The relative deflection angle as a function of coordinate z. The results of
measurements for the first crystal are shown by filled circles with error bars. The
curve 1 is the approximation ϕ(z)/ϕmax = (z − C z2/(2L0))/(L0(1 − C/2)) calculated
for C = 0.8. The curves 2 and 3 are obtained by approximating the experimental
data for the first and second crystals, respectively, with a second order polynomial.
The curve 4 is the linear dependence (C = 0).

Now we can take into account the natural divergence of the
beam due to the oscillating motion of particles in the channeling
regime. This consideration is similar to the one of Ref. [5] where
the overall distribution of particles can be represented as a convo-
lution of two independent distributions.

Really, the sum distribution function over X-coordinate at
the distance l is equal to ρs(X, l) = ∫ ∞

−∞ ρc(Y )ρX (X − Y )dY ,
where ρc(Y ) is the distribution function over Y -variable (Y = θl)
and ρX (X) is the distribution function over X-coordinate (dN =
ρ(x)dx = ρX (X)dX) with the mean square size σx(l) (see Eq. (5)).
All the distribution functions are normalized to unit. As a result,
we get for the total mean square size

σT (l) = σx(l) + (〈
θ2〉 − θ2)l2, (8)

where 〈θ2〉, θ are the mean square angle and mean angle of corre-
sponding distribution.
The function σT (l) has a minimum when

l = l f = − 〈xϕ〉 − xϕ

〈ϕ2〉 − ϕ2 + 〈θ2〉 − θ2
. (9)

Beam focusing takes place if l f > 0, which means that xϕ −〈xϕ〉 >

0.

4. Experimental set up

The experiment was carried out at the H8 beam-line of the
CERN SPS using a practically pure 400 GeV/c proton beam for the
measurements. The experimental layout was similar to that de-
scribed earlier in Ref. [6]. A high precision goniometer was used
to orient the crystal planes with the respect to the beam axis
with an accuracy of 2 μrad. The accuracy of the preliminary crys-
tal alignment using a laser beam was about 0.1 mrad. Five pairs of
silicon microstrip detectors, two upstream and three downstream
of the crystal, were used to measure incoming and outgoing an-
gles of particles with an angular resolution in each arm of about
3 μrad [4]. The geometric parameters of the incident beam were
measured with the help of the detector telescope. The width of
the beam along the horizontal and vertical axes was several mm.
The angular divergence of the incident beam in the horizontal and
vertical planes was ∼10 μrad. The average cycle time of the SPS
during the measurements was about 45 s with a pulse duration
10–11 s, with an average number of particles per spill of about
(1.3 ± 0.1) · 106.

5. Results of measurements

In the experiment, the single crystal was oriented with the help
of a standard procedure [7] which allowed to determine the range
of goniometer angles corresponding to the channeling regime in
the (111) plane for every crystal under study.

The results of measurements of x,ϕ-pairs are displayed in Fig. 4
for in the first (a) and second (b) crystals, respectively, for one
orientation when the proton beam was captured in the channeling
regime. Only a fraction of the events recorded was used in the
study of the focusing process. These events are shown in Fig. 4 by
red dots. The origin of the Cartesian coordinate system is located
at point B (see Fig. 2). A significant number of events with small
deflection angles (≤ 0.03 mrad) correspond to the non-channeling
fraction of the beam.

The following selection criteria for the x and ϕ coordinates
were used:

(1) they should satisfy the condition: 0.08 mm ≤ x ≤ 0.48 mm
and 0.08 mm ≤ x ≤ 0.46 mm, for the first and second crystals,
respectively;

(2) the deflection angles should be larger than 0.03 mrad;
(3) the non-channeling and dechanneling beam fractions (thin

straight line in Fig. 4) should be removed.

Due to the overlap between channeling and non-channeling
particles at small deflection angles, events reconstructed to be
close to the face of the crystal with coordinates 0 < z < 0.08 mm
were excluded from the study.

By inspecting Fig. 4, one observes two unexpected features of
channeling. The first is events clustering around certain x-coordi-
nates. We explain this by the discrete character of measurements
by the microstrip detectors because the width of each cluster is
approximately equal to the width of a detector element. The sec-
ond feature is manifested in a wide spread of exit angles at a fixed
coordinate x. The observed spread is about a factor three larger
than the critical channeling angle which determines the spread of
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Fig. 4. Measurements of the correlations between ϕ(x) and x for the first crystal (a)
and for the second crystal (b). An approximation of the data with a second order
polynomial is shown with the solid line. Filled circles correspond to the mean value
of the distribution of the events in narrow intervals of x. (For interpretation of the
references to color, the reader is referred to the web version of this article.)

exit angles in the ideal crystal. The latter feature can lead to larger
uncertainties in reconstructing the beam profile. A list of effects
which can potentially contribute to the angular distribution pat-
tern is as follows:

(1) oscillating motion in channeling mode;
(2) torsion of a bent crystal;
(3) errors in measuring angles;
(4) fluctuation of l(x) due to surface roughness (in a small area of

fixed x).

It is easy to check that the second effect in the list does not
change the result significantly. To verify this we selected events by
reducing the size of the interval along y (the vertical coordinate)
by a factor of 2 and 3 and found that the angular distributions
remained practically unchanged.

Experimental points (red dots in Fig. 4) have been approxi-
mated with a second order polynomial in the form ϕ(x) = ax +bx2

by using the least-squares method. The result obtained is shown
in Fig. 4 by the thick solid line. The parameters of the fit are
a = (9.41 ± 0.5) · 10−4 mm−1, b = −(6.14 ± 1.0) · 10−4 mm−2, and
a = (1.15 ± 0.05) · 10−3 mm−1, b = (4.65 ± 1.0) · 10−4 mm−2 for
the first and second crystals, respectively.

It can be shown that similar results are obtained with an alter-
native procedure for the analysis in which ϕ is determined as the
mean value of the distribution of experimental points in a nar-
row (≈ 0.025 mm) interval of the coordinate x. The results are
displayed in the same plot with filled circles. The standard devi-
ation of the angular distribution is determined as 22.5 μrad and
33 μrad for the first and second crystals, respectively.

It is obvious that knowing the coordinates x and ϕ allows re-
construction of the horizontal phase space and beam profile at
any point downstream of the crystal deflector. Specifically, X(l) =
X(0) + ϕl, where X(l) is the horizontal coordinate of the particle
at a distance l downstream of the crystal.

Another important characteristic of the beam is its envelope
which may be defined as the mean square size of beam at a dis-
tance l from the crystal exit. We can reconstruct the beam profile
and find its mean square size and hence we can find the beam en-
velope. However, in our case an alternative approach can be used.
In accordance with Eq. (7) we can find the envelope if the fol-
lowing three values are known from the experiment: 〈x2〉 − x2,
〈ϕ2〉 − ϕ2, and 〈xϕ〉 − xϕ . Our analysis proves that the two meth-
ods are equivalent.

The results of reconstruction of the horizontal beam profile and
its envelope are displayed in Figs. 5 and 6. One can clearly see
the focusing effect for two crystals. For the first crystal, the focal
length is 148 cm and the size of the beam at the focal point is 3.1
times smaller than at the crystal exit (l = 0). The analogous values
for the second crystal are 68 cm and 4.3 times smaller.

6. Discussion

Below we compare the experimental results with features of
the focusing anticipated from theoretical considerations.

In calculations which follow, a uniform beam distribution over
the horizontal coordinate x is assumed at the exit of the crys-
tal, l = 0. In this case the beam distribution function ρ(x) =
1/(Xmax − Xmin) and the mean square coordinate is equal to
σx(0) = (Xmax − Xmin)2/12, where Xmax and Xmin are the max-
imum and minimum coordinates of particles. For the minimum
coordinate we choose Xmin = 0.08 mm, and for the maximum one,
Xmax = 0.48 mm and 0.46 mm for the first and second crystals,
respectively. One finds good agreement between calculated values
sx = √

σx = 0.115 mm (the first crystal) and 0.110 mm (the sec-
ond crystal) with the measurement results 0.114 ± 0.007 mm and
0.104 ± 0.007 mm, respectively.

We calculated the envelopes for both crystals using with Eq. (6)
and Eq. (7) (see the curve 2 in Figs. 5, 6). For calculation we use
C = 0.8 as found in the measurements. It is important that in these
calculations we also use Eq. (8) where for 〈θ2〉-value we took the
corresponding measured values (22.5 μrad and 33 μrad).

Note that the presence of the non-zero term with C �= 0 in
Eq. (6) corresponds to the varying curvature of the crystal (assum-
ing an ideal shape of the cut). The case C = 0 refers to a bent
crystal of constant radius R = R0 = L0/ϕmax. The calculations de-
scribing this particular case are shown by curve 3 in Figs. 5, 6.

Beam envelopes are calculated with a second order polynomial
by fitting experimental data. The results are shown in Figs. 5, 6 by
curve 4. One can see that curves 4 are in better agreement with
experimental results than other curves (the curves 1 and 4 in Fig. 5
are very similar).

As pointed above, the scattering angle (at fixed coordinate) is
several times larger than expected which we explain by the surface
roughness. The fabrication of crystal deflectors with better surface
quality is expected to improve beam focusing. For the ideal crystal,
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Fig. 5. The reconstructed measured profiles and envelope (the curve 1) of the beam for the first crystal. The curves 2–5 are calculations, for additional information, see text.

Fig. 6. The reconstructed measured profiles and envelope (the curve 1) of the beam for the second crystal. The curves 2–5 are calculations, for additional information, see
text.
the minimum scattering angle (mean square) is about θ2
c /3. The

curve 5 in Figs. 5, 6 corresponds to calculations of the beam enve-
lope for the ideal surface of a crystal deflector.

We also investigated the case of the best description of the
experimental data by a linear function ϕ(x) = ax. We find that
this takes place for a = 0.000719 mm−1 and 0.00131 mm−1 for
the first and the second crystals, respectively. Assuming a = k/R0

(see Eq. (6)) we find that k = 7.19 and 6.55 for the first and
second crystals, respectively. On the other hand, if k is deter-
mined from the ratio L0/Xmax, k = 6.25 and 6.52 for the first
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and second crystals, respectively. This result indicates that the
second crystal can be approximated with a linear dependence
on x whereas for the first crystal a linear approximation cannot
be used. Moreover, the maximum deflection angle ϕmax evaluated
with a = 0.000719 mm−1 significantly exceeds the corresponding
measured angle (0.000345 instead of 0.0003).

Fig. 3 illustrates the behavior of the deflection angle as a func-
tion of crystal length z. The curves were obtained by assuming that
the edge of the crystal is a linear function of x. The curves 2 and
3 correspond to the parameters found for the curve 4 in Figs. 5
and 6, respectively. The data points show the results of measure-
ments of a local crystal curvature carried out with the help of a
laser. The measurements are available for the first crystal only. One
can see that the curves 1 and 2 are in good agreement with ex-
perimental points. The curve 3 corresponds to the second crystal
and it is close to the linear dependence of ϕ(x) displayed by the
curve 4.

Finally, we can use the obtained previously values of param-
eters a and b for determining the bending radius R0 and the
constant C introduced by Eq. (2). To this end one has to relate a
and b to the first and second terms of Eq. (6), respectively, which
yields a = k/R0 and b = Ck2/(2L0 R0). From these relations one
finds R0 = 6.64 ± 0.37 m, C = 0.65 ± 0.15 and R0 = 5.65 ± 0.27 m,
C = −0.37 ± 0.1 for the first and second crystals, respectively.
Hence, the parameter C was found with the help of two methods:
(1) from laser measurements and (2) from an experiment in the
proton beam yielding the results which are in agreement within
experimental errors. As a result, the curves 1 and 2 in Fig. 3 calcu-
lated with the obtained parameters pass close to each other. The
cause of the difference between the first and second crystals is
likely due to the different bending force (and hence C is a func-
tion of R0, for example). Another explanation for the difference
could be found in different methods of crystal fabrication. Specifi-
cally, the two crystals were identical in shape before bending, but
the actual bending angles are different. Moreover, the side of the
trapezoid corresponding to the exit face was processed differently
in two crystals but with similar roughness of about 1 mkm. In par-
ticular, the diamond blade moved in the direction of the particle
trajectory and in the transverse direction for the first and second
crystals, respectively. Basically, the different calculations presented
in Figs. 5 and 6 provide a good description of the focusing.

The focusing property of the developed bent crystals can be ap-
plied at the LHC and other high-energy accelerators and colliders
for pursuing the research of processes in specific kinematic regions
where emission angles of the secondary particles are small. The
crystal can be aligned on a fixed target by focusing end face. Ro-
tating the crystal about the axis one can deflect the particles from
the target away from the adverse background region near the cir-
culating beam. In this way, the crystal can create clean conditions
for registration of secondary particles. Similar scheme can be sug-
gested for production of secondary particle beams by employing
relatively simple technique.

In some applications, beam defocusing can be required. It is
expected, for instance, that this property of a bent crystal can im-
prove the efficiency of the cleaning system by suppressing the
beam halo in proton or ion colliders. The schematic diagram in
Fig. 1(c) shows how a parallel beam can be transformed into a di-
vergent one by employing a bent crystal.

7. Conclusions

The focusing of the channeling fraction of the incident particle
beam in the bent crystal with a special cut has been observed. The
r.m.s. beam width in the horizontal plane has been reduced in ex-
periments with two crystals by factors of 3.1 and 4.3. The results
of the measurements are in good agreement with theoretical pre-
dictions which use a relatively simple mathematical description of
focusing. A fabrication method of the focusing crystals is proposed.
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