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The mass spectra of the standard model particles are reproduced in the SO(11) gauge—Higgs
grand unification in six-dimensional warped space without introducing exotic light fermions.
Light neutrino masses are explained by the gauge—Higgs seesaw mechanism. We evaluate the
effective potential of the four-dimensional Higgs boson appearing as a fluctuation mode of
the Aharonov—Bohm phase 6 in the extra-dimensional space, and show that the dynamical
electroweak symmetry breaking takes place with the Higgs boson mass my ~ 125GeV and
Oy ~ 0.1. The Kaluza—Klein mass scale in the fifth dimension is approximately given by
mgx ~ 1.230 TeV/ sin Oy.

Subject Index B40, B41, B42, B43

1. Introduction

The discovery of the last of the standard model (SM) particles, the Higgs boson, seems to imply
that the non-vanishing vacuum expectation value (VEV) of the Higgs field spontaneously breaks
the electroweak (EW) gauge symmetry SU (2); x U(1)y to the electromagnetic gauge symmetry
U (1)gm. Almost all observational data from low-energy experiments are consistent with the SM.
The SM is a good low-energy effective theory. However, it is not clear whether or not the Higgs
boson is a genuine fundamental scalar field, which usually suffer from the so-called gauge hierarchy
problem.

There are several proposals to overcome the problem by making use of symmetries. One of them
is the gauge—Higgs unification. In this theory, the Higgs boson is identified with part of the extra-
dimensional component of gauge fields in higher-dimensional spacetime [1-5]. It is described as
a four-dimensional (4D) fluctuation mode of the Aharonov—Bohm (AB) phase 6y along the extra-
dimensional space.

The SU(2); x U(1) EW unification of the SM is formulated as the SO(5) x U (1) gauge—Higgs
unification in the five-dimensional (5D) Randall-Sundrum (RS) warped space [6—16]. According to
Refs. [11-14], its phenomenology at low energies under the mass scale of the first Kaluza—Klein
(KK) modes is almost the same as in the SM for the AB phase 67 < 0.1. Z’ bosons, which are the
first KK modes of y, Z, and Zp, are predicted around the 7 ~ 9 TeV range for 6y = 0.1 ~ 0.07.
Z' bosons can be produced at the 14 TeV LHC [15]. At electron—positron linear colliders at energies
of 250 GeV ~ 1 TeV, the interference effects among y, Z, and Z’ bosons give distinct signals of the
gauge—Higgs unification [16].
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To incorporate the SU(3)¢ gauge symmetry in higher-dimensional gauge theories and gauge—
Higgs unification scenario, grand unified theories (GUTs) based on a GUT gauge group
Ggut (O Gsm = SUB)c x SU2)p x U(1)) have been discussed in Refs. [17-37]. The SO(11)
gauge—Higgs grand unified theory (GHGUT) is proposed in the 5D RS warped space in Ref. [32].
The EW Higgs boson is identified with part of the fifth-dimensional component of the SO(11) gauge
bosons. The SO(11) gauge symmetry is reduced first by two different orbifold boundary conditions
(BCs) on the ultraviolet (UV) and infrared (IR) branes in the RS space. It is reduced to SO(10) by
the BC on the UV brane, and to SO(4) x SO(7) by the BC on the IR brane, the resultant symmetry
being SO(4) x SO(6). Secondly, the brane scalar on the UV brane, which is an SO(10) spinor 16,
spontaneously breaks SO(10) to SU (5) by the Higgs mechanism on the UV brane. As a net result the
SO(11) gauge symmetry is reduced to the SM gauge symmetry Gy, which is dynamically broken
to SU(3)¢c x U(1)gm by the Hosotani mechanism.

Zero modes of 5D SO(11) 32 fermions in the bulk are identified with each generation of quarks
and leptons. In Ref. [35] it is found that the observed mass spectra of the quarks and leptons can be
reproduced, while additional exotic particles appear having unacceptably small masses.

Recently, to avoid these light exotic particles, SO(11) GHGUT in six-dimensional (6D) hybrid
warped space has been proposed in Ref. [38]. For neutrinos a new seesaw mechanism in 6D
hybrid warped space has been formulated by using a 5D symplectic Majorana fermion [39], which
generalizes the well-known 4D seesaw mechanism [40].

This paper is organized as follows. In Sect. 2, 6D SO(11) GHGUT is introduced. The matter
content is specified and the action is given that contains both 6D bulk and 5D brane terms. In Sect. 3,
a summary is given for the mass spectrum of the 4D gauge and scalar bosons originating from the
6D SO(11) gauge bosons. In Sect. 4, we derive the mass spectrum of 4D SM fermions. By using
these mass spectra, we evaluate the effective potential Vegr (67) in Sect. S to show that the dynamical
EW symmetry breaking takes place and the 4D Higgs boson mass my = 125.1 GeV is obtained.
Section 6 is devoted to a summary and discussions. In the Appendix, the basics of the KK expansion
in 6D warped space are explained.

2. Six-dimensional gauge—Higgs grand unification theory

We construct an SO(11) gauge-Higgs grand unified model on the six-dimensional hybrid warped
space introduced in Ref. [38]. The metric of generalized RS space [38,41] is given by

ds* = e 270 (npditdx” + dv?) + dy?, (2.1)

where e=2°0) is a warped factor and 7, = diag(—1,+1,+1,+1). o (y) satisfies o0 (y) = o (—y) =
o(y + 2Ls) and o (y) = kly| for |y| < Ls. The fifth dimension with the coordinate y behaves as
the EW dimension, whereas the sixth dimension with the coordinate v is S' (v ~ v 4+ 27 Rg) and
behaves as the GUT dimension. Two spacetime points (x*,y,v) and (x*, —y, —v) are identified by
the Z, transformation. As a result, the spacetime has the same topology as the orbifold M* x T2 /Z,.
The spacetime in Eq. (2.1) solves the Einstein equations with brane tensions at y = 0 and y = Ls.
The bulk region is the anti-de-Sitter space with a negative cosmological constant A = —10k>. The
five-dimensional branes at y = 0 and y = Ls have the same topology as M* x S!.

The extra-dimensional space has four fixed points under Z: (y9,vo) = (0,0), (y1,v1) = (Ls,0),
0n2,v) = (0,7Rs), and (y3,v3) = (L5, 7R). In terms of the conformal coordinate z = o (1<
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z < z; = 5) in the region 0 < y < Ls, the metric becomes

st = L dxtdx’ + dv? + dz* (2.2)
=2 Ny 2 ) .

The fifth- and sixth-dimensional KK mass scales are given by mgk, = mwk /(ekL5 — 1) and mgg, =

Ry ' The warp factor is supposed to be large; z; = €5 > 1. mgk, 1s expected to be a GUT scale
while mgk; is O(10) TeV so that mgk, > mxks.

Parity transformations P; (j = 0, 1,2, 3) around the four fixed points are defined as (x",y; + y,
vi+v) — (x,y; —y,v; —v). Only three of the four parity transformations P; are independent. They
satisfy the relation P3 = P,PoP; = P PoP>.

We adopt orbifold BCs such that Py = P; and P, = P3, which enables us to avoid the problem
of unwanted light exotic fermions mentioned in the Introduction. More specifically, we choose BCs
such that Py = P; and P, = P3 break SO(11) to SO(4) x SO(7) and SO(10), respectively. The
orbifold BCs reduce SO(11) symmetry to the Pati—Salam symmetry SO(4) x SO(6) ~ SU(2); x
SUR)r x SUM@A)c =: Gps. We note that the fifth- and sixth-dimensional loop translations Us :
xH,y,v) — *,y + 2Ls,v) and Us : (x*,y,v) — (x*,y,v + 27 R) are related to the P;s by
U5 = P]P() = P3P2 and U6 = P2P0 = P3P1.

2.1. 6D bulk and 5D brane fields and orbifold boundary conditions

The matter content in the SO(11) GHGUT consists of 6D SO(11) gauge bosons 4,7, 6D SO(11) 32
Weyl fermions W, (x, y,v) (@ = 1,2,3,4),6D SO(11) 11 Dirac fermions W¥, (x, y, v) and W/ (x, y, v)
(B = 1,2,3) in the six-dimensional bulk space, and a 5D SO(11) 32 brane scalar boson ®3;(x, v)
and 5D SO(11) 1 brane symplectic Majorana fermions Xf (x,v) (B =1,2,3) onthe UV brane y = 0
[38]. Their orbifold BCs are listed below:

© For the 6D SO(11) gauge boson Ay, the orbifold BCs are given by

A, Ay
4, | @y—yvi—n =P | -4, | @y+r.v+0P, (2.3)
Av _Av

where in the SO(11) vector representation we take the orbifold BCs Py = Py and P, = P3 as
Py*¢ = P{*¢ = diag(ly, —1I7), P5°° = P3* = diag(l10, —1). 2.4)

By using (Py = Py, P, = P3), the parity assignment of 4,,, 4,, and 4, are summarized in
Table 1.

Table 1. Parity assignment (P, P,) = (P, P;) of A, Ay, and 4, in Gps = SU(2), x SU2)g x SU#4)c.

Gps A, A, A,

(3,1,1) (+,+) (= —) (=)
(1,3,1) (++) (=) (= —)
(191915) (+, +) (_, _) (_: _)
(2,2,6) (—+) (+,-) (+,-)
(2,2,1) (=) (+,+) (+,+)
(1,1,6) (+.,-) (—+) (—+)
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P, P
Table 2. Parity assignment ( 2 P3> in Eq. (2.7) of ¥§, (@ =1,2,3,4) in Gps.
1

Po
\y;x2=1,2,3 \11512:4

Ghps Left Right name Gps Left Right

+ + - - Uu; + - - +

= + + - - ¢ d < +o— - +
o (50) (51) 3w (2 0) (50)

< - - + o+ ¢ d = - + + -
2.1.4) ( + + ) ( - - ) D’ j @19 < + - ) < -+ )

- - + o+ Vo 124 - + + -

1,2,4) (__) (++) d 1,2,4) R + -

© For the four 6D SO(11) spinor 32 bulk Weyl fermions W5, (x,y,v) (¢ = 1,2, 3, 4), the orbifold
BCs are given by

W06,y = 3,y = v) = i VPP W (5 4 v, v + V), (2.5)
where 17]‘?‘ = =%1. Six-dimensional Dirac matrices y¢ (@ = 1,2,...,6) satisfy {y¢, yb} = Zr]“b
(n* = diag(—11,15)), and ¥ := =iy y® = v{pvip = Vip¥ep Vip = L ® 0> @ I, vy, =
I ® 03. The P;ps are

PP =Pl =h®c’ @k Py =PF=N®0" (2.6)
To ensure the 6D SO(11) chiral anomaly cancellation, we assign y67D = +1 fora = 1,2;
V671) = —1 for « = 3,4. We take 17]-1’2 = —1, nf = 1, and '73,2 = _’7?,3 = 1. The parity
assignment

nsyPy  n§ypPy
( 2 2 3 3 (27)

nyPy  uivPy
of the 4D left- and right-handed components of W%, are summarized in Table 2. We find that
s, (@ = 1,2,3) has zero modes, corresponding to one generation of quarks and leptons for
each «. The corresponding names adopted in Ref. [35] are also listed in Table 2 fora = 1,2, 3.

o Forthe three 6D SO(11) vector 11 bulk Dirac fermions lIlfl (x,y,v)and \llﬁ (x,y,v) (B =1,2,3),
the orbifold BCs are given by

W @y =y — ) = 0 PrPrew) Ly + v, + ), (2.8)
where ng’l = —772’3,3 = —1 for \Iligl; ’78?1 = 77/2’?3 = —1 for \lli’i The parity assignments

(ngj YRy = 17’1’3 y Py, n/zﬁ yPy¢ = ng’s Y PY*°) of the 4D left- and right-handed components
of \I—'f/l)ﬂ are summarized in Table 3.

© Forthe 5D SO(11) spinor 32 brane scalar field on the UV brane aty = 0, ®32(x, v), the orbifold
BCs are given by

P32(x,v; — v) = 0P} P32 (x, v +v), (2.9)
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Table 3. Parity assignment (Py, P,) = (Py, P3) for W (8 = 1,2,3) in Gbps.

vy
Gps Left; Right, Left. Right. name
N E
2,2,1) (+-) =+ =+ ) E N
(15196) (_s_) (J’_? +) (J’_a +) (_a _) Dj’ J
(19 19 1) (_9 +) (+7 _) (+’ _) (_a +) S
v
Gps Left; Right, Left. Right. name
N FE
2,2,1) (++) (- (=-) ) P
(19 196) (_9 +) (+9 _) (+’ _) (_a +) Dj/,Dj/
(19 19 1) (_9 _) (+9 +) (+9 +) (_7 _) S/

Table 4. Parity assignment (P, P,) for @3, in Gps.
32

Gps  BCs
2.1,4)
1,2,4) (++)
2.1,9)
1,2,4) (+,-)

where j = 0,2, no = —n2 = —1. The components of Gpg (1,2, 4) have zero modes, one of
which corresponds to the SU (5) 1 of SO(10) 16. It is responsible for reducing SO(11) to SU (5)
at the UV brane y = 0. The BCs of @3, are summarized in Table 4.

o For the 5D SO(11) singlet fermions x? (x,v) = Xf (x,v) (B = 1,2,3) at y = 0, their orbifold
BCs are given by

1P,y —v) =7xP v +v) (j=0,2). (2.10)

These brane fields also satisfy the 5D symplectic Majorana condition x¢ = ¥, ¥ = il x,
where ' := y45Dy6:

&t +n§ —onk +&_
C 2e%
N+ C _$+ isc -0 §+ —nN- ~
. ,X iy —% @l
%-— —ﬁg +027]*_ —-’;"4_
n— +£€ +o2g* +n4

Here the generation index 8 has been suppressed.

2.2. Action
The action consists of the 6D bulk and 5D brane terms.
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2.2.1. Bulk terms
The bulk part of the action is given by

gauge fermion
Soulk = Sy + Sbulk > (2.12)

where Sfaﬁ(ge and Slferﬁ?mn are bulk actions of gauge and fermion fields, respectively. The action of
SO(11) gauge field 55 Ay (x,y,v) is

Soalke. = / d®x —detG[ ( 4FMNFMN+ (faf)? +£gh)] 2.13)

2
where +/—detG = 1/kz6, z=¢e", M,N =0,1,2,3,5,6, and the field strength Fzy is defined by

Fuy = 0y AN — OnAm — iglAm, An]. (2.14)

We take the following gauge-fixing and ghost terms:
Aq
f‘gf:ZZ{ ”UDch—i-DAq—i-sz 2Dc( Z)}’
1
['gh —=c { ;ch Dc—i—q + Dch+q + Sk2 2Dc Dc—i—q} (2'15)

where u,v = 0,1,2,3, *¥ = n,, = diag(—1,1,1,1), and 4y = 4, +AZ4' D$,B = dyB —
ig[4S,, Bl and DB = 8y/B — ig[Au, B], where B = A}, 42 /2%, 4% and c.

The action of fermions in SO(11) spinor and vector representations 32 and 11, W35 (x,y,v),
\I-’ﬂ (x d \p/ﬁ . .

11 &y, v), and Wi (x,y,v), is given by

S[f)ir]mlon :/d6 v —detG [Z\Ij D(C\IIO‘ )‘1132

3

B
+Z\p“D(cwﬁ)\y +qu 1Dy ¥y, (216)
B=1
where \I/_g’z = i\llg‘; yo. cw,, c‘l’fl’ and Cwﬁ are bulk mass parameters, and D(c) is a covariant

derivative given by
M 6 S50’ 1.5 o' 6
D(c) =z 1v"Dy +vy DV_E?V +o'y DZ—HC?)/ , (2.17)

where ¢’ (y) := do (y)/dy and o’ (y) = k for 0 < y < Ls.
Here, we introduce W defined by

. 1 51 .
b=, <DZ - 52) U =22p, (2.18)
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which turns out to be convenient for discussing mass spectra for fermions in Sect. 4. The bulk part
of the bulk fermion action becomes

4 27 Rg 2L o [~— p s o’ A
:/d x/ dv/ ?|:\IJ§‘2 (y“DM+y D, +o'y Dz+iC\p32?)/ >1I’§‘2
0 1
~5 o’ v
+ ) (V“DM +y°Dy + o'y D + icwu;)/6> N4
B (- 6 /5 . ‘7_/ 6\ .,/8
+V i\ ¥'Dy+y’Dy+0o'y DZ+ZC\I_,]/] Zy vl (219

2.2.2.  Action for the brane scalar ®3p and the Higgs mechanism
We consider the 5D brane terms for a brane scalar ®3;(x, v):

e = [ ARG 50) L

2
Ly, = —(Du®32) D" @35 — (D, @32) DY P35 — /\q>32(<1>§2<1>32 — lwl?)", (2.20)

where A¢,, and w are constants, and

. k
D, ®3; = (3M _ lgAiO(ll)) By = ZA(] )Tsp ®s,
]<k
Dy3z = (8, — igdSO1V) @3 = 1, ZA(”‘)TSp ®32. (2.21)
\/_ j<k

We denote the 5D brane scalar field ®3; as

D16
D3y = (2.22)
( P16 )

and assume that the component (1, 2,4) of Gps (= SUQ2)1 x SUQ2)r x SU4)¢) for @33 develops
the non-vanishing VEV:

04
0

(P16) = i Y
V4

04

, (P7e) =0, (2.23)

S oo o

where one component of (1,2,4) of Gps (C SO(10)) corresponds to 1,5 of SU(5) x U(1)z (C
SO(10)). The VEV breaks SO(11) to SU (5). Note that branching rules of SO(11) 32 and 55 represen-
tations for SO(11) D SO(10) D SU(5) are given by 32 = (16) ® (16) = (10050 1)@ (10H5d 1)
and55=(45d(10) = 2401001001 ® (5 5), respectively. (For further information see,
e.g., Refs. [42-44].)

We also use the 5D brane scalar field 532 related to ®3; by

s R(I)* 5> 2 3 2 3
D3y = , R=0"®0o°®oc“"®0c”. (2.24)
Rois
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For (®3;) # 0,

04 0

- 0 i 0

R(®%) = oi ST e (2.25)
7 0

The combination of the non-vanishing VEV (®33) on the UV brane (at y = 0) and the orbifold BCs
P; (j=0,1,2,3) reduces SO(11) to the SM gauge group Gsym (= SUQB)¢c x SU2), x U(1)y).

2.2.3.  Action for the singlet brane fermion xi
The action for xf (x,v), which satisfies the symplectic Majorana condition (2.11), is

S!Sjlr)mll)erane = /d()x v _detG(S(y)‘CXl’

1 1 s g
L, = Exf (Y9, + v%3,) xf — EM’% Xl (2.26)

where MPP is a constant matrix.

2.2.4. Brane masses and interactions
On the UV brane there can be SO(11)-invariant brane interactions among the bulk fermions, the
singlet brane fermion, and the brane scalar. We consider

Sfermion / d®x/—detGs () (£1 + Lo+ L3+ Lo+ Ls+ Lo+ L7+ £8>’

L1 = — kPUHT D3y - (W) — kB (W)@, T (W),
L2 1= — RPWET By - (W), — R (WF)uBL, T (W),
L3 = — 2P0 WP Wb

L4 = — K PUET B3 - (W) — P (W) 0T, T (W),
Ls = — RPUHMBa - (W) — T (W ])a® T (W)

//3/‘3 uPa'f
Le :=—2uq7 Y11¥1»

Ly:=— WﬁX{3CbT w3 — Naﬂ*‘ygz‘bn)(f’
Lo = — kP Pol we _ (P OT @, o P 2.27
8! Ky X1 nYn — K YiHPanX, (2.27)

where the «s and us are couphng constants. Note that \Il /ﬁ and W/ W 1 P17 are forbidden by the
parity assignment of lIJf‘l and \IJ“ shown in Table 3.
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2.2.5. Mass terms for fermions on the UV brane
From the action in Eqs. (2.26) and (2.27), the quadratic mass terms on the UV brane for the bulk and
brane fermions with (®3,) # 0 are given by

27TR6
Sorane mass = f d*x f Zﬁ’” +L7 . (2.28)
where
o= {—i2(é/al§“ﬂ SN — 2ae i+ ﬁéa&ﬁ} +he,
oy =—ps’ {iz(é_aEﬁ +veNPy —2d°DP + \/213’0@3} +h.,
oy = - 2ulf {50 + Bob? + BOE 4 Bk
+RER 4 ok + 5757,
= {—i2(é/"‘f§/’3 By — 2P 4 ﬁéas'ﬂ} +he,
P {iz(é_aE’ﬂ LN — g B 4 «/_216«15*’5} t+he,
g =—2uff {ﬁb’ﬂ/ + DPDP + EPEP 4 EPEP
+ VBN 4 NBNP 4 583 }
ml‘;ﬂ — — 5
£ == P 45 ),
7 \/%
~aff
g
£y == T B B,
1 r—
Lro=— EMﬁﬂ xB x?. (2.29)
Here 2,u,1 = 2k w, 2/7 = 2R w, 2M§,3 = 2k Pw, Zﬁg’g = 28", mgﬂ/\/% =
"1 w and mg ﬁ N Kl w. For the sake of 51mp11c1ty xlﬁ has been denoted as x”. All the

!/ . .
parameters are dimensionless quantities, whereas m Bﬂ , M, B , and MPP" have the dimension of mass.

2.2.6. Mass terms for gauge bosons on the UV brane
By replacing ®3; with its VEV (®33) in Eq. (2.20), the mass terms for the 4D components of the
SO(11) gauge fields 4, can be read off as

4D gauge g w 15 26 16 25\2
‘Cbranemass_ 8 {(A —4 ) +(AM +A/L)

+ (A}] _A%LS)2+(A[1L8+A}2L7)2+ (All? —Ai’lo)2+(A};lo+Ai9)2
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(A A1)+ (40— 42+ (4] + AT+ (4 - A7)
£+ AEO) (A — a2 4 ()] — A+ (4 4 AT)
(A = AR (A7 ALY (A = AR (A + )
is _AllL4) + (Ail _Ai4)2+ (A}f —AZ4+A,5,L6+AZLS+A?ZIO)2
(4" (") 4 () + () + ()

A G G 0 @30

where the notation is the same as in Ref. [35]. We omit them here. All the 31 components of
SO(11)/SU(5) obtain large brane masses via (®33) # 0. Each mass term changes the fifth-
dimensional BCs on the UV brane for the corresponding fields. Similarly, from the action in
Eq. (2.20), we find the mass terms for the sixth-dimensional component of the 4,:

e = €0 (s ey
i (A 17 Azg) (AIS A27) (Aig _143,10)2Jr (Ai’10+A§9)2
(A5 AR (40— 85 4 (4 4 A 4 (43— )’
(AP AV 4 (40— A0) 4 (47— A8+ (43 4 A7)

n (A 59 A610)2 (A5 10 As9) i (Az9 —A§’10)2+(Az’10+/1§9)2
A2 = A+ () = a2 (A = A A A
AT (T () () ()

+ (A 4 (AP 4 () () (a0 } (2.31)

These mass terms give masses for the corresponding fields by changing the BCs. We shall see more
details in Section 3.

2.3.  EW Higgs boson and twisted gauge

The orbifold BCs break SO(11) to Gps, and, further, the non-vanishing VEV of the 5D brane scalar
®3, reduces Gps to Gsm. The bilinear terms of the action of gauge fields in Eq. (2.13) are written
down as

gauge
(Sbulk ) quadratic

1 .
/d4xdv— E [ A(]k){A)‘p O+ *Ps + 0 ) (1 - 5)8)‘8"}14,(0]]{)
1 ; ; .
+ Eszéf") (O + KPP + 82) AP + 299 (O + 64>Ps + 82) U")],
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fip = 0™ = diag(—1,+1,+1,+1,+1),

19 d ,0 1
= Mva 8, a)»:")\.pa ,P — 2___’73 - = 2__.
" Ouoy o, 175 =2Z 9295 7 8ZZ 5722

Here, A, p tun over 0,1,2,3,6 so that 4,7*B, = A,n*'B, + A,B,. The fourth- and sixth-
dimensional components 4,, and A4, have additional bilinear terms that come from the 5D brane
scalar term Lo,, in Eq. (2.20) with (®33) # 0. The parity assignments of 4,,, 4., and 4, are summa-
rized in Table 1. The components (2,2, 1) of A, and A, have parity (+, +). The components (2,2, 1)
of 4, obtain masses through the brane mass terms in Eq. (2.31), so only the components (2, 2,1) of
A, which is identified with the SM Higgs scalar fields, have zero modes. Three of them are absorbed
by W and Z bosons. The remaining neutral component, the observed Higgs boson, also becomes

(2.32)

massive by radiative corrections through the Hosotani mechanism as shown below. We note that the
components (2,2, 1) of 4, get additional masses of order gR6_1 by radiative corrections at one loop.
The components (3,1,1), (1,3,1), and (1,1,15) of 4, have parity (+,+). Gps is spontaneously
broken to Ggym by the non-vanishing VEV of the component (1, 2, 4) of ®3,.

The zero modes of 4 are physical degrees of freedom which cannot be gauged away. By using the
KK mode expansion discussed in Appendix A.1, the sixth-dimensional # = 0 modes (v-independent
modes) of 42 T are expanded, in terms of mode functions {h,(fﬂ (z)} for the parity (4, 4+) boundary
condition, as

all_; a(0) o a(n) (++) } .
A _M{% (x)uH(z)+n§¢H D@t (@=1,2,3,4), (2.33)

where the zero mode function in the fifth dimension is given by ug(z) = [3 /k(zz — 1)]/222. The

four-component real field qb[‘fl(o) (x) is identified with the EW Higgs doublet field in the SM. We will

show later that the ¢ = ?{(0) dynamically obtain the non-vanishing VEV (¢g) # 0. The VEV

breaks Gsnv to SUB3) e x U(1)gMm. ¢111;2’3(0) are absorbed by ¥ and Z bosons.
Under a general gauge transformation 4, = QAN Q™ + (i/2)Q0y 27!, new gauge potentials

satisfy the following new BCs:

A A
) / " /—1
Ay | oy =y =) =P | =4, | 0y +p,vi + WP
4, —A,
. i
+ ip/ 9 P/—l
g VA R IV A
—d
14

P =Qx,y —y,v —WPQxy +y.vi+v) 7 (234)

It is convenient to work in the twisted gauge discussed, e.g., in Ref. [35]. With the following large
gauge transformation 2 (y; ), éH is transformed to 0/, = 0:

goufu (" . } .
Qy)=-exp1i dyii T. =explif(2)T. ,
) p{ T yup (V) Ta1 p {i0@)Ta11}
B33
0(z) = 05 forl <z<z. (2.35)
z; — 1
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The new BC matrices P; are given by

P = Q(0)°P; = *0rnlanip. (j =0,2),
Py =P (k=1,3). (2.36)

For fields in the SO(11) vector and spinor representations, the BC matrices are given by

cosfy  —sinfy )
in the 4—11 subspace,
—sinfy —cosfy
13(\)/ec —
I3 in the 1,2, 3 subspace,
—Ig in the 5-10 subspace,
cosd —sinf
_ 1 71 inthed-11 subspace,
Py = —sinfy —cosfy
Iy otherwise,
PP _ =+ cos QTH —isin GTH f s
0o — .. 91‘[ 0H or ~y
isin =3t Fcos Y
O i OH
~ Cos =5~ Fisin - v
PP = 2 2 for { s, 2.37
2 =4i sin QTH —cos 97H> ( )

where

SEHEEE) e
% e uj j

3. Mass spectrum of bosons

In this section we examine the spectrum of gauge fields, particularly for the sixth-dimensional n = 0

KK modes (v-independent modes), because we are interested in the mass spectrum of the SM particles

and the effective potential Vegr(0y). In the following we omit the modes which are odd under the

sixth-dimensional loop translation Us = PPy = P3P} = —1. Those modes have masses > %mKKé.
The BCs for gauge fields in the absence of the brane terms are given by

{ N : %AM =0 for parity = +,

D: A4,=0 for parity = —,

N : % <i2AZ> =0 for parity = +,

z

D: A, = for parity = —,
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N: 24,=0 forparity = +,
[ 9= (3.1)

D: 4,=0 for parity = —

atz=1( =0)and z = z; (y = L). In the presence of the brane mass terms |gAM(<I)32)|2 on the
UV brane, the Neumann BC N is modified to an effective Dirichlet BC De¢r for the fifth-dimensional
zero mode of the SO(11)/SU (5) components of 4,, and 4, [35]. The equation of motion for AZ in
the y-coordinate is given in the form

2

a a ?  gw 1
O4e W) —e300 _ 4 — _ 8() )44 — (1 —=)8,(8"4% +8,49) =---, (32
( T e T T g )L £ )o@, + 04y , (32

where the right-hand side involves interaction terms. Suppose that 47 is parity even, namely
A7, (x, =y, —v) = 447 (x,y,v). Note that A7 is parity odd so that 9,47 is parity even. By integrating
the equation [ ¢ dy--- and taking the limit € — 0, one finds 94}, /9y|y=e = (g*w? /HA} ly=0. In
the z-coordinate the Neumann condition is changed to the effective Dirichlet condition

2.2

9
Desi (@) : (5 - a)> A2 =0, 0= g4: atz=1% (3.3)

Note that in the current six-dimensional model the mass dimensions of g and w are [g] = M !,
[w] = M3/, so that w is dimensionless. When @ # 0, Aj, develops a cusp aty = 0. The lowest mode
of AZ becomes massive, with mass O(mkk;). The value of @ depends on the brane mass terms. The
BCs for the gauge fields are summarized in Table 5.

P, P
Table 5. Venn diagram for the symmetry-breaking pattern and summary of the BCs 2 P3 of'the SO(11)

0 1
gauge field. N and D stand for Neumann and Dirichlet conditions, respectively. D g represents the effective
Dirichlet condition given by Eq. (3.3).

so(11) ( SO0) ( SUGB)( Gsu Grs
3).6 [ @ @) ey (€)

s A
() Csw 12 (% %) (g g) (g g)
2) SU(5)/Gsw 12 (g g) (z?/ 2) (z?/ 2)
3) Grs/Gom 9 (Sg %) (g g) (g g)
@) SO(10)/(SUB)UGes) 12 (DBH ﬁ) (ze ﬁ) (DDH ﬁ)
5) 50(5)/50(4) 4 (8 8) (% %) (gii ff)
(6) SO(7)/S0(6) 6 (DDCﬁ ﬁ) (g g) (DBH g)
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In the twisted gauge Ay = Q)4 Q@) + giﬂ(z)aMQ(z)’l, where Q(z) = @741 _g(z)
is defined in Eq. (2.35). The (k,4), (k, 11), and (4, 11) components of the SO(11) gauge fields are
changed as

A% = cos0(2) A% — sin6 ()% (k £ 4,11),
A = 5in0(2)4%4 + sin 02451,

V2 32 22

0w, 3.4
T H (3.4)
while the other components remain unchanged. As in Ref. [35], the BCs at z = z; determine wave
functions for 4 1 ,le, and 1:1,,:

Ay N: C(z;h), D: S(z; M),
A; N: S'(z:0), D: C'(z;h),
A, N: S'(z: 1), D: C'(z;0), (3.5)

where C(z; 1) and S(z; 1) are defined by Eqgs. (A.2) and (A.3) in Appendix A.1.

From the BCs for the gauge fields summarized in Table 5, the components (2) SU (5)/Gsm, (4)
SO(10)/(SU(5) U Gps), and (6) SO(7)/SO(6) are parity odd under the sixth-dimensional loop
translation Ug, while the components (1) Gswm, (3) Gps/Gswm, and (5) SO(5)/SO(4) are parity even
under Us. Thus, we find that the low-lying modes of the components (2), (4), and (6) of 43, have
masses of O(mky,), while the low-lying modes of the components (1), (3), and (5) of 4/ have
masses less than or around O(mkks).

We summarize the formulas determining the mass spectrum of the sixth-dimensional # = 0 modes
of Ay, for which the arguments in Ref. [35] remain intact. We use the same notation as Ref. [35].
Aﬁ and A;f} (ar,agp = 1,2,3) stand for SU(2); and SU (2)g components of Ay, respectively.

© A, components.

(i) (;IZL,ZZR,X,';“) (a = 1,2): For W and W towers, there are sixth-dimensional # = 0 modes,
and there are also fifth-dimensional zero modes in the absence of brane terms. In the presence
of the brane terms in Eq. (2.30), their mass spectra of the fifth-dimensional modes are given
by

2C'(SC’ + A sin? 0y) — wC(2SC’ + A sin? ) = 0, (3.6)

where w = gzw2 /4k. Let us denote the average magnitude of C(1;1) and C’(1; 1) by C
and C’, respectively. When wC >> C’, the spectrum is determined by

W tower: 2S(1; A)C'(1; 1) + A sin” 6y = 0,
Wg tower: C(1;A) = 0. (3.7)

Indeed, in the typical cases examined below, C/C’ ~ 10° so that the condition wC > C’ is
well satisfied for w > (mKK5)3/ 2. The mass of the ¥ boson myy = myy o) 18 given by

3 —-3/2 . \/gsin O
mw >~ .| —kz sinfy = —— mgx-. 3.8
w \/; A it N KKs (3.8)

14/48



PTEP 2017, 023B05 Y. Hosotani and N. Yamatsu

(i1) (;1,3}, CM,E}; ,;1,3;11): For y, Z, and Zg towers, there are sixth-dimensional » = 0 modes,

and there are also fifth-dimensional zero modes in the absence of brane terms. Here, C,, =
VZT3ARA/BTPA)C and B = /375408 —2]345C , where 4] = (A30+478+49,19) /3.
In the presence of the brane terms in Eq. (2.30), the mass spectra of the fifth-dimensional
modes are given by

C'{2C"(SC' + asin? ) — wC(5SC’ + 4asin® O)} = 0. (3.9)
For wC > ?,
y tower: C'(1;1) =0,

Z tower: 5S(1; A)C'(1; 1) + 44 sin® 6y = 0,
Zp tower: C(1;A) = 0. (3.10)

The mass of the Z boson mz = mq) is given by

2 3
my ~ ,/?kzL 32 Gin 6y = C(’)’:ZW sin? Oy = = (3.11)

The relation for the Z tower in Eq. (3.10) can be written, by using cos? 8 = %, as

Z tower: 2S(1; A)C'(1;A) + sin? Oy = 0. (3.12)

cos? Oy

The value sin® Oy = % is valid at the GUT scale. The gauge coupling constants evolve as the

energy scale, following the renormalization group equation (RGE). It is not clear whether
sin? By evolves to the observed value at low energies as there are KK modes which do not
respect SU(5) below the GUT scale. We leave solving the RGE for future investigation.
When we evaluate the effective potential Ve (6) at the EW scale in Sect. 5, we adopt
the formula in Eq. (3.12), where the observed value, sin” 8 ~ 0.2312, at the EW scale is
inserted.

(iii) ;li’“: For the A* tower, there are sixth-dimensional » = 0 modes, but there are no fifth-
dimensional zero modes. The mass spectra of the fifth-dimensional modes are given by

A* tower: S(1;1) = 0. (3.13)

(iv) For SU(3)¢ gluons, there are sixth-dimensional » = 0 modes, and there are also fifth-
dimensional zero modes which correspond to 4D gluons. The mass spectrum of the fifth-
dimensional massive modes is given by

gluon tower: C'(1; 1) = 0. (3.14)

(v) For X-gluons, there are sixth-dimensional » = 0 modes, and there are also fifth-dimensional
zero modes in the absence of brane terms. In the presence of the brane terms in Eq. (2.30),
the mass spectrum of the fifth-dimensional modes is given by

X-gluon tower: C'(1;1) — wC(1; 1) = 0. (3.15)
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For oC > U,
X-gluon tower: C(1;4) ~ 0. (3.16)

(vi) For X-bosons, there are no sixth-dimensional » = 0 modes.
(vii) For X’-bosons, there are no sixth-dimensional » = (0 modes.
(viii) For Y, Y’-bosons, there are no sixth-dimensional » = 0 modes.
© A, components.
(1) Agb (1<a<b<3)and Aék (5 <j < k < 10): There are sixth-dimensional » = 0 modes,
but there are no fifth-dimensional zero modes. The mass spectrum of the fifth-dimensional
modes is given by

C'(1;1) = 0. (3.17)

(i1) A;"‘, A (g = 1,2, 3): There are sixth-dimensional » = 0 modes forA‘Z’4, A2 M@a=1,23).
There are no fifth-dimensional zero modes for 4%*, while there are fifth-dimensional zero
modes for 4¢ T The mass spectra of the fifth-dimensional modes are given by

S(1;1)C'(1; 1) + Asin® 6y = 0. (3.18)

(ii1) A?’“: Higgs tower. There are sixth-dimensional # = 0 modes, and there is also a fifth-
dimensional zero mode. The mass spectrum of the fifth-dimensional modes is given by

Higgs tower: S(1;1) = 0. (3.19)
(iv) Ag‘k (a=1,2,3, k=5,...,10): There are no sixth-dimensional » = 0 modes.
(V) A§4, Alz‘ ' (k = 5,...,10): There are no sixth-dimensional n = 0 modes.

° A, components.
(1) A‘V’b (1<a<b<3)and A];k (5 <j < k < 10): There are sixth-dimensional » = 0 modes,
but there are no fifth-dimensional zero modes. The mass spectra of the fifth-dimensional
modes are given by

C'(1;1) = 0. (3.20)

(ii) A‘v’4, AS ' (g = 1,2,3): There are sixth-dimensional » = 0 modes for A‘vz4 and A9 g =
1,2, 3). There are no fifth-dimensional zero modes for A‘v’4, while there are fifth-dimensional
zero modes for 4 (g = 1,2, 3) in the absence of brane terms. In the presence of the brane
terms in Eq. (2.31), one finds that at z = 1,

cos Oy C’ —sin 6y S’ a ) _ 0 (3.21)
sin 0 (C — wC’)  cosOy (S — wS’) ) ‘

Thus, the mass spectra of the fifth-dimensional modes are given by
C'(LM) S0 —wS'(1;0)} + Asin? 6y = 0. (3.22)

The average magnitude of S(1; 1) (= S) is much larger than that of S’ (1; 1) (= ). In typical
cases S/S’ ~ 10*. Hence the spectrum is determined by

C'(1; M)S(1; 1) + Asin? 6y = 0. (3.23)
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(ii1) A‘V"“: A,-Higgs tower. There are sixth-dimensional » = 0 modes, and there are also fifth-
dimensional zero modes in the absence of brane terms. In the presence of the brane terms in
Eq. (2.31), the mass spectra of the fifth-dimensional modes are given by

A,-Higgs tower: S(1; 1) — wS'(1; 1) = 0, (3.24)
which is well approximated by
A,-Higgs tower: S(1; 1) = 0. (3.25)

The components A% (@ =1,...,4) acquire large one-loop corrections of order gwMkx,
to their masses so that their contributions to the g-dependent part of Vg (6y) become
negligible and may be dropped.

(iv) Aﬁk (a=1,2,3, k=5,...,10): There are no sixth-dimensional » = 0 modes.

%) A’v‘4, A’v‘ ' (k = 5,...,10): There are no sixth-dimensional n = 0 modes.

4. Mass spectrum of fermions

In this section we determine the mass spectrum of quarks and leptons. For up-type quarks, there are
no brane interactions on the UV brane (y = 0) as in the 5D SO(11) GHGUT. For down-type quarks,
charged leptons, and neutrinos, both 6D bulk mass terms and brane mass terms on the UV brane are
important to reproduce the observed mass spectra.

In the following, we will calculate mass spectra for one set of a 6D SO(11) 32 Weyl fermion W3,
(@ = 1,2, or 3), 6D SO(11) 11 Dirac fermions W/, and W/ (8 = a), and 5D SO(11) singlet x¢,
which is identified with one generation of the SM quarks and leptons. We will also discuss mass
spectra for the 6D SO(11) 32 Weyl fermion \Ifg‘zz“ denoted by W3,. We will omit the superscripts «
and 8. We are interested in EW-scale physics and we keep only the sixth-dimensional n = 0 KK
modes because the masses of sixth-dimensional n # 0 modes are much larger than O(mgk;) as
mgK, > mKks. That is, we will discuss mass spectra for the Gps (2,1, 4) and (1,2,4) components
of W3y, the Gps (1,1, 6) components of Wy, the Gps (2,2,1) and (1,1, 1) components of \I—'il, and
the Gps (2,1,4) and (1,2,4) components of \Iléz. We will denote ci?, c{iu, 01511’ and c‘fl‘,;“
c1, ¢, and 06, respectively. In this paper we assume that ¢y, ¢1, 06 > () while ¢, can be negative. The
calculation method employed in the following is the same as employed in the 5D SO(11) GHGUT
discussed in Ref. [35].

as co,

4.1. Up-type quark

(1) Oem = +2/3: uj, u; (U32)
From the action in Eq. (2.19), we find the equations of motion for up-type quarks with y67 n = +1:

i v .
_i(S( Z/J%L > : (—kD_(Co) +i3v> < Z;"R )+Guaﬂ( Z;ﬁ-L ) —0,
+L +R +L
1 » .
i(S( iR ) :aﬂau( R )+ (—kD+(co) +i8v> ( ML ) —o. @0
u u

U, p +R +L
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Here, o* = (Ib,0), 0" = (=1, 0), and
A a c
Di(c) =%+ —=+i0"@DTs11 |+ -,
0z z

1

5T] for r,

Tan =1 7, . (4.2)
—571 for i,

where i, 1& are the pairs defined in Eq. (2.38). For an up-type quark with ygD = —1, namely for the

top quark, the equations become
-R ~L
, ) +0"9, ( , ) =0,
-R ~L

<k15+(00) - iav) (
70, ( ] ; ) n (kf)_(co) - iav) ( ,:Z ) —0. 4.3)

In the twisted gauge, the equations of motion become

S R«
S« <
=< < S [«

[ Euaua-i-R = (+kD+(C0) - iav) Z‘—FL; { E“auft;_R = (+kD+(C0) - iav) i‘l:’_La

GM8MQ+L = (+kD—(co) — i0y) 4R, O'Ma,u":l;_L = (+kD—(cp) — idy) Z’ZQ_R,

Euau’}—R = (=kD_(co) +idy) u—p, Eua,u’jl/_R = (—kD_(cp) + idy) Z/_La (4.4)
Uua,u'}—L = (—kD4(co) + i0y) g, Uua,u’jl/_L = (—kD4(co) + idy) a/_Ra ‘
where
d c
Di(c)=t—+ -, (45)
dz  z

and the relation between the twisted gauge and the original one is given by

<u/> _ ( cos %9(2) —isin %9(2)) (2) _. Q(z)_l (z) “46)
u —isin30(z) cos30(z) | \# u

. . . P, P
Let us check KK mode expansions for u; and ug. Since u; has the parity assignment <P2 P3) =
0 1

(i i) , we can expand it by using parity even combinations:

UL (6, y,v) = ) ug (0 ) + Dy () ()

n=0 n=1
1 o0
= > unx,y)e™ R, (4.7)
V2R
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where

1
E{MSL (x,y) — iuflL (x,y)} (n>0)

UL (x,y) = ul; (x,) (n=0)
1
ﬁ{uiu(x,y) + s, ()} (<0,
Un, (X, =Y) = U_p (X, ), Upp(xX,L —y) =u_p (x,L+y). (4.8)

Note that uSL (x,y) and ufl ; (x,y) satisfy the same parity property as 55 (x,y) and 5;? (x,») in
Eq.(A.13),and fnc W), fnS (v) are defined in Eq. (A.14). On the other hand, up has the parity assignment

P, P - =
(P2 P3 = so that one can expand it by using parity odd combinations:
0 I - =
o o0
up(6,y,v) = > g 0+ Y UG p)f ()
n=0 n=1
o0
= ! Z g (x, y)e™/R6 4.9)
V2rRe T
where

1
ﬁ{uﬁR(x,y) —iulxx, )} (>0

UnR(X,y) =  Udp(x,)) (n=0)

1
—{u‘inR(x,y) + iugnR(x,y)} (n <0),

V2

Upr (X, =y) = —u_pr(x,y), Upr(X,L —y) = —u_nr(x,L+y). (4.10)

To investigate the physics at energies < mgk,, we keep only sixth-dimensional n» = 0 KK modes,
and replace ug} r(x,7,v) by ”(()2 /R (x,»):

ur(x,y,v) uoL(x,)
uR(x,y,v) 1 uor(x,y)
N _ 4.11)
) (x,, ) V2mRs | u (x,¥)
U;g(xd’a V) uE)R(x’y)
They have the following BCs at (y,y1) = (0, Ls):
uor(x,y; —y) = Fuor(x,y; + ),
uor(X,y; —y) = —uor(x,y; + ), (4.12)

up, (X, y; —y) = —up (x,y; + ),
Uor(x,y; — ) = Fugp(x,y; + ),
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where j = 0, 1. The equations of motion in the twisted gauge of Eq. (4.6) for the V67D = +1 fields

become

ot a;ﬂi‘-kOR = +kD (CO)§1+0L:
o "8, iior, = +kD_(co)ityoR,

0" 0lly og = +kD+-(co)il o,
il o = +HD_ (O, op.

(4.13)

It follows that k2D+D_ft+0R = D§¢+0R = mzfuro]g, etc. The BCs at z = zz, in the twisted gauge are

the same as those in the original gauge:

~ ~ <) <)
u+0R - O, D+u+0L - O, u+0L - O, D_u_,’_OR = O

(4.14)

In terms of the basis functions Cg/1(z; A, ¢), Sg/L(z; A, ¢) given in Appendix B of Ref. [35], which

satisfy

CL N SR CR _ SL
o)1) »o(2) ()

Cr=Cr=1, S =8, =0 atz=z,

one can write the mode functions for y67 p = +1as

(i‘;rOR) _ (a%SR(Z;)"CO)>fR(x), 519,/r () = mfi (¥),

T ag Cr(z; A, co)

(L:‘+0L) _ (“ZCL(Z;A’CO))J(L(x), o9, fL(x) = mfr(x).

W or o)'Sp(z; A, co)

The equations of motion in Eq. (4.13) inthe bulk 0 <y < L (1 < z < z1) yield
. u
kam R\ — 0, etc.,
m  —k\| \aj

m= k.

so that one finds

The BCs at z = 1 in the twisted gauge follow from those in the original gauge:

~ O .., . Oy
ULOR = 0= U4oR COS 7 — lUuygp SIN 7 =0,

0 0
D_u gg =0 = —iD_iiyog sin 7H + D_il', g cos 2 —o.

2

We write the above equations in matrix form:
ol cos 489 —isin ZCY o
M, = =0
u . -0 0 2] 0 u ’
o _ /78 74 o
R isin ZLAC;  cos FAS) R
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where we have used shorthand notation such as SB standing for S7.(1; A, co). In the following we will
use the same notation. From det M,, = 0, we find the mass formula of the up-type quarks:

0
S9S9 + sin’ 7" = 0. (4.22)

The same formula holds for W3, with )/67D = —1. The formula in Eq. (4.22) is the same as in the 5D
SO(11) GHGUT in Ref. [35]. For Az; < 1, the up-type quark mass spectrum is given by

—1 2 i 1 1
kz; "\/1 = 4cj sin 50y forcp < 7,

My =~ (4.23)

=1/2—co [4 2 | 1
kz; dcy — 1 sin 58y forco > 5.

4.2.  Down-type quark

(i) Opm = —3: dj, d/, Dy, Dj— (W32, W)

Consider W3, with ygD = +1. Parity even modes at y = 0 with (Py, Py) = (+,+) are d4p, der,

D, and D_p. From the action in Eq. (2.19) and the £7" and L% terms in Eq. (2.28), one finds the
equations of motion for down-type quarks:

dt, ~ o (dir dir
—is () (— kD_(co) + idy) 5 +0"9, w )= 0,
d+L +R +L

T v W
|d _ dip A . dip 0
is AR oo () )+(_kD+(CO)+lav) (ﬁ ) =2m8() ( )
(df,) ' (der iy D

—i8D', (= kD_(c1) + idy)Dyr + 0", D1 =0,
i8D" z 170, D g + (— kD (c1) +i8,)Dip = 2011 8() Dy,
—i8D", : (kD (er) — i) D + 08D = 50) [2unDar + 21,

i8D! 1 5#8,D_g + (kD_(c1) — id,)D_, = 0. (4.24)

For sixth-dimensional » = 0 KK modes, the equations of motion reduce to

(a) A CVI'+R> dir
: —kD_(cp) <v +ot9, |~ =0,
(b) dp "\,

©)  _u dir Y, dir _ 0
@ 10"y, (;ler) kD4 (co) (ZIISFL> =2u18(y) (DL)’

() : —kD_(ct)Dyr +0"0,Dyp =0,

() : 378, Dsr — kD1 (c)D11 = 2un8 (D1,

() - kD (ct)D_g + 0" 8, D_ = 2118 0)Dsr + 218 () d g,

(h) : 518, D_g + kD_(c)D_ = 0. (4.25)
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To obtain BCs at y = 0, we integrate the above (a), (d), (f), and (g) in the vicinity of y = 0 for

parity-odd fields:

(a) = 2d,g(x,€) =0,

(d) = —2d\,(x,€) = 21D 1 (x,0),
() = —2Dy1(x,€) =2unD_1(x,0),

(@) = 2D r(x,€) = 2pu1Dir(x, 0) + 2p1d/ g (x, 0).

(4.26)

For parity-even fields, we evaluate the equations of motion at y = +¢ by using the above conditions:

(©) = Dydir(x,€) =0,

(b) = —kD_d/z + kD D_g = 0,
(€) = —kD_Dyg(x,€) + p11kD+D_g =0,

(h) = kD_D_p + pukDyDyp + pikDyd,; =0,

where we used the equations of motion (d) and (g) at y = +e.
We recall that in the twisted gauge all fields obey free-field equations in the bulk. Their eigenmodes
are determined by the BCs on the IR brane. The mass spectra can be fixed by the BCs at the UV

brane. In the twisted gauge the mode functions are given by

o
o
b
bor
éﬂ
7,
b

v

D_p

adSr(z; 1, co) \
o Cr(z; A, co)
ant Cr(z; hrc1)

aS(z3 2, c1)

a? Cp(z; 1, co)
@ Sp.(z; 1, co)
oy Sp(zi A cr)

af’CR(z;k,m)

(4.27)

fr(),

Ji(x), (4.28)

where fz(x), 1 (x) satisfy the relations in Eq. (4.16) and m = k\. The BCs at z = 17 in the twisted

gauge are converted to
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From det K = 0, we find the mass spectrum formula for the down-type quarks:

0 ZSoCoslcl
$959 +sin? 2 = - FUORTKLR (4.30)
2 M]](CR) - (SL)
The same formula is obtained for W3, with y67D = —1. For Az; < 1, the down-type quark mass
spectrum is given by
e 0
ko~ I ST 2 260)(1 + 2¢1) sin =% forco < 4,
M1 2
my >~ 0 (4.31)
kZL—m—l/ZE\/(Zco —1)(2cy + 1) sin TH for co > %
M1

Combining Egs. (4.23) and (4.31), one finds

1+2
Md _ jeo—er B 1 2CL (4.32)
my, m1 V14 2¢
4.3. Charged lepton

Parity even modes at y = 0 with (Po, P2) = (+,+) are ey, €/, p, E',;, and E’ ;. From the action
in Eq. (2.19) and the £% and £f' terms in Eq. (2.28), one finds the equations of motion for charged
leptons:

. elL A . C4R " ) . Ev'/_R
—is | F):(=kD=(co)+id) (., |+ .| =2i28(p) ,
eJr e e 0

+L +R +L

% . .
is (58 ) 50, () + (= kDateo) +id,) [ ) =0,
€+R €+R €t

—i8E', 1 (= kD_(c2) + i0)E' g + 00, E ;= 208 WE .

iSE g 7 9, E g + (— kDi(e2) + i) El, =0,
~i8E" ) (kDi(c) — i0,)E g + o"8,E =0,
i8E", 510, E g + (kD_(c2) — i9,)E" | = 8(») {—2iﬁzé+L + ZuhEiL} - (433

For sixth-dimensional » = 0 KK modes, the equations of motion for charged leptons reduce to

~ o % _ E/
O kbt () oo () = 2800 (%),
( €+R €tL 0

©) . _u [€+r A érr
: d — kD =0
(d) o " (é;R +(C0) é;_L s

(e : —kD_(c2)E g + 0", El; = 21118 0)E g,
(f) : 5" 9,E g — kDo (c2)E/; =0,
(2) : kD4 (c)E g+ o™8,E ;, =0,

~

(h) : T8, E 5 + kD_(c)E", = 5(y) {—2iﬁ2é+L + 2M’“E’+L} . (4.34)
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To obtain boundary conditions at y = 0, we integrate the above (a), (d), (e), (h) in the vicinity of
y = 0 for parity-odd fields:
(@) = 284 r(x,€) = 2iME  4(x,0),
(d) = —2&,;(x,€) =0,
(€) = 2/, p(x,€) = 2u}y E/ 4(x,0),
(h) = —2E ;(x,€) = —i2[2&41(x,0) + 2141 £/, (x,0). (4.35)
For parity-even fields, we calculate the equations of motion at y = +€ by using the above conditions:
(b) = D_& x(x,€) =0,
() = Dyéyp +ifuD_E ; =0,
) = D+E;L(x,e) + uyyD_E' , =0,

(@) = DyE g +ifiaD_&ip — pyD_E\ g =0, (4.36)

where we used the equations of motion (d) and (h) at y = +e.
By using the BCs on the IR brane, the mode functions of charged leptons in the twisted gauge are

given by
SR apSr(z; A, o)
& r oy Cr(z; 1, C0)
< =1 g JrR(),
Eig| | ok Srzren
s 5
E_p ap Cr(z; A, c2)
oL a; Cr(z; A, co)
§’+L s Sp(z; A, co) ; 37)
=1 . 1 (x). 37
Ep|l e G
EL, o)~ Sp(zi by C2)

As in the case of down-type quarks, the BCs at z = 17 in the twisted gauge are converted to

e
ap
e/
ap
K1 g | =0
op
E/
OR
cos 259 —isin 29 0 —il, C?
2 OR 2 “R H2Cr
s OF 0 OH 5 Q0
—isin TACL cos T)‘SL 0 0

K= (4.38)

0 0 Szza _:“lncg

il cos GTH)LCE Mo sin GTHASB —M/llkCg ASI%
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From det K = 0, we find the mass spectrum formula for the charged leptons:

0 NZsOcOsZcZ
SPSh+sin? = —— LR (4.39)
/Lll(CL) - (SR)

The mass spectrum of charged leptons, for which Az; < 1, is given by

/
L 0
k2 I+er—co ‘ill V@2co+ (1 — 2¢3) sin TH forc; < %,
w2
Mme =

(4.40)

—1_g 0
ke, e+ De —Dsin- forer > 4.
M2

Here we have made use of (m,/m¢)?, (mc/my)?, (my/me)* > 1, which assures |SPS9| < sin? %QH,

and have assumed that 12 < ,u’fl forcp > % and 22 « (,u/nzicz_l)2 forep < % so that M/lzl (C%)2 >

(SI%)2. Combining Egs. (4.23) and (4.40), one finds

/
_ 1 —-2¢
z} CO@ 1—22 forco<%, cz<%,
fa \ 1 —2co
1_co Wy [2¢c2—1
z} CO@ 2 forco<%, cz>%,
M 15%) 1 —2¢
— = (4.41)
m
! a-j by [1-2e 1 1
Zr - T for co > 75 ) < 25
m2 \ 2co—1
L [2c—1
@ 2 forc0>%, cz>%
m2 \ 2co—1
It will be seen below that in a typical example for the third generation ¢, = —0.7 and ,u/HC% /SIZe ~ 2.6.

One comment is in order about the masses of exotic charged leptons e, e’ ,E;E with charge
Oem = +1. No zero modes exist for ¢ and ¢/, and all modes have masses larger than %mKK(,.
On the other hand £/, have zero modes. They acquire masses through the Hosotani mechanism and
brane interactions. We suppose that ¢, < % and/or , is sufficiently large that their lightest masses
are O(mkks).

4.4.  Neutrino

(iv) Opm = 0: v, v/, N, N, ST, e (W32, Wi, x1)

The 6D SO(11) spinor and vector bulk fermion W3, and lIlil and a 5D SO(11) singlet symplectic
Majorana brane fermion x appear in this sector. From the action in Egs. (2.19) and L%, £, £7 in
Eq. (2.28), the equations of motion for the bulk fermions become

+ . . i~ N
Y RY A . V4R Vyp 2iurN”
—is [ #L) (= kD_(co) +ia,) [ 7%} +at8, | .75 ) =50 R
("iL) ( ’ ") Vg A\, v (mp/k) &

vl ViR A Vig
s\ )5 0| )+ (—kDy(co) +idy) | .,
T
ViR ViR ViL
Y B ,
—V20128" , + (mp /) n-
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oot X X X
NTTL . Nig (]Y—/i—L 2N
—is | N}, | - (= kD—(c2) +1id,) Nog| o 0u | N, | =80 [ 204N ¢ | -

/.{. v 4
S+L S/+R \Sii-L 0
N v v 0
R Nir . Nip
i8 | N | 300 [ N | + (= kDr(e) +ian) [ N7, | =8| o |,
SIR S N 2u148-,
AN N N,
—i8 | N, | - (kDy(co) —idy) | N7, | +0%0u [ N7,
rt & &
0
=5() 0 ,
—V2[iV g + 20,8 g
N,—TR ],\\]/—R R N/—L
is [N | 70, | N, | + (KD—(co) —idy) [ N7,
It pa pa
2y Ny .
=450 —Ziﬁzlv)+L+2u/llN_/|_L
0

The equations for the 5D brane symplectic Majorana fermion yj are

—i(SnT_ cot9n_ —idE_ — % v;R —MnC =0,
isel o — g — % v, — MEC = 0.

Note that n_ has a zero mode but £_ has no zero mode in the sixth-dimensional direction.

For sixth-dimensional » = 0 KK modes, the equations of motion become

(a A V4R ) 2ifiN”.
. —kD_ o) =34 R
(b) (CO) (ﬁ;R> +to 13 (“};L (y) 0 ’

(C) —M 1\}-f'R Ta 1\3+L 0
$070 — kD =3 .
(d) o 12 (DZ’_R +(CO) (DZ’_L) (y) (—«/ﬁﬁzS'_L + (mB/\/%) 7’]) s

~

© A ]:v-/I-R ]S/i 2/’L/11]S//—R
() —kD_te) | N | + "0 [ N7, | =600 | 2003,7, |
(8) S\ r Sty 0
W 0

() 3" | N | = kDsten) | A, [ =000 0 .
@ SZFR Sﬁi—L 2M/11S,_L

(4.42)

(4.43)
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(k) N’

N, 0
() :kDi(c2) | N/, | +0 0, | N, | =80 0 e E
(m) ST g ST, \_ﬁﬁz‘v’;R + 20118k g
(n) Ny X N, 2Ny
© 59 | N7, | +kD-(eo) [ A7, | =800 | ~2ifiaiies + 2014, |-
(p) S & \$", 0
mp
@ {a“aun, i Mnf}a(y) —0. (4.44)

Here, D4 (c) is given by Eq. (4.2). To find the form of D (cy) for (N',N’,S") in Wi, let us recall

that the original and twisted gauges are related by Wi, = Q(2) \I/il where Q(z) = €@ 7Tan

. Hence,
v = 1%’ w/f‘ _ cqs@(z) sin 4 (z) yf’l ' (4.45)
Y —sinf(z) cosO(z)) \ ¢y,
As
| N i A
| = — (N =N, f=—(NN + N, =25, 4.46
Yy ﬁ( ), Y3 ﬁ( ) Y1 (4.46)
one finds
N l=2a|~].
1 +cosf(z) 1—cosb(z) sin 0 (z)
2 2 2
. 1 —cosf(z) 1+ cosb(z) sin 6 (z)
oy _
Q7 (2) = 7 7 7 (4.47)
sin 6 (z) sin 0(z) c0s8(2)
— z
V2 V2
It follows that
(V) Ny
D_(c2) JY/+R =Q @ D) | Ny | (4.48)
SiR 5”+R
and so on.
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To obtain boundary conditions at y = 0, we integrate the above (a), (d), (e), (f), (j), (m), (n), and

(0) (% Afj: dy - - -) in the vicinity of y = 0 for parity-odd (in x> = y) fields v, VSFL’ N —,kR’N er’ S:LL’
! / /.
S o NN
(a) = 4+ 1\;’+R(x,€) = iﬁzﬂ]/_R(x: O),
« ﬁ2 & mp
@ = =V 06 = ——=5,(6,0) + —=n_(x),
+L N 2k
© = + Nz, €) = ujy N p(x,0),
() = + Nipx,€) = pjyN z(x,0),
() = =8, 06 = 1S (x,0),
(m) = _|_S’/_R(x’e) = —£§+R(X, 0) + /’Llllsfi-R(x’ 0),
V2
(n) = —NLL()C,E) = ,bL/HNJ/rL(xa 0),
(0) = — N, (x,€) = —iflaV41(x,0) + pfy Ny (x, 0). (4.49)

For parity-even (inx° = y) fields v, 7, Vo ](]er, NS g Sy N/_R, N’ p, we evaluate the equations

of motion at y = +€ by making use of the above conditions to find:

~ 2

) = —D_(co)i g — %fhﬁ’_R - ;"7% Vi — Zf—% n< =0,

(©) = Di(co)Vyr +iflD_N' | =0,

(@) = —D_(co)S,g+uy DS =0,

(h) = Dy (N + iy DN’ =0,

() = Di(co)Ny + uyD-N_ g =0,

K) = Dy(e)N g — wyD_N,p =0,

() = Dy(e)N! g+ ifiaD_Vyp — iy DN = 0,

() = D_(c)8 - %mm + 1y D18, =0 (4.50)

aty = +e.

There are nine fields in the neutral fermion sector which intertwine with each other. To simplify
the discussions, we consider the case in which m% /K2, mpM /K2, Wiy > Ho. Inthe 1 = 0 limit, the
equations of motion and boundary conditions in the neutral sector, Eqs. (4.44), (4.49), and (4.50),

/ v/
+R> V+
while the second sector, the neutrino sector-2, contains other components in W3 and lllil. wy #0

split into two parts. The first sector, the neutrino sector-1, contains v ; In W3 and 1 in i,

mixes the neutrino sector-1 and sector-2.
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In the twisted gauge, the mode functions are determined by the BCs on the IR brane. The mass
spectra can be fixed by the BCs on the UV brane. For the neutrino sector-1, by using the boundary
conditions at z = z;, their mode functions can be written as

VR aySR(z; A, o)

vp | = |iow Cr(zid,co) | fo(x), T 0ufk(x) = kifi(x),

r;g —ioc;’;/«/%

[ oy CL (2 1, o)

5| = | iewSL@nco) | ), o000 = k(). (4.51)

N oty |k
Here, fz/1 (x) are chosen in the neutrino sector-1 such that fLC (x) = —e%Ca2f; (x)* = fr(x) is satisfied
where ¢ is defined in Eq. (2.11). One can take o, @/, cr;; to be real. In this case, /9, n_ = —k)»nf

is satisfied so that equation (q) in Eq. (4.44) implies that

mp ., C _
ﬁv+R y:0+ (k)\,‘i‘M)T]_ = 0 (452)
With this identity the first relation in Eq. (4.50) can be rewritten as
s T . meh e
D_(co)V, p + —=D4+S" p — ——=n° =0. (4.53)
+R ﬁ R 2@
Setting ft; = 0, one finds that the BCs at z = 17 in the twisted gauge can be written as
a, cos 7SR n TCR 0 o
. On On mp
Ky oy | =] —sin TCE cos 7S2 A ay | =0. (4.54)
. 0 kx+M
% —sin 7HS2 cos THCI(% — &y
From detK,, = 0, we find the mass spectrum formula for the neutrino sector-1:
kx+M 0
detk,, = — 2T 1o0g0 4 n2 P L _ 7B 000 _ g (4.55)
mp 2 2k

This gives the gauge—Higgs seesaw mechanism for the small neutrino masses. For Az; < 1 and

kA < |M]|, the neutrino mass is given by
2cp+1
L 2mME (4.56)
(2co + Dynr

where m,, is given by Eq. (4.23). As shown in Ref. [38], the gauge—Higgs seesaw mechanism is
characterized by a 3 x 3 mass matrix

mp
mp mp (4.57)
mg M
in the 4D effective theory in which mp = m, and mp ~ mBzL_CO_l/ 2 The Majorana mass M may

take a moderate value.
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Next, we consider the neutrino sector-2. The BCs at the IR brane determine the mode functions in

the twisted gauge to be

Nir| (e Se@he))
Nig ay, Sr(z; A, 2)
kY ag Cr(z; A, c
sl I R R(Z' 2) 1o,
N, agr Cr(z; A, c2)
]f[/R ay' Cr(z; A, c2)
% ag Sz 1,¢2) )
-R
]Y:LL OerCL(Z;)\,CZ)
NY, ay, Cr(z; 4, c2)
kY ag Sp(z; A, ¢
S I A g(z( . 2)) £ 4.58)
X —Qg OR(Z; A, C2
N, v
N, —ay Sr(z; A, c2)
g,,_ —ag Cr(z; 4, c2)
—L
By making use of Egs. (4.47) and (4.48), the BCs at the UV brane are expressed as
T
K, (“M Ay Qg Ofr Q7 oy ) =0, (4.59)
where
A -y B
KV2 = , 5
—Hn B 4
1+ cosf 1 —cos@ sin 6
152 152 e
2 2 V2
l —cosby , 1+4cosby , sinfy _,
A= S S C
sinfy _, sinfy _, )
—-—0C —0C cosfyS
ﬁ L \/E L L
1 + cos Oy Cf 1 — cosfOy Cf sin Oy Sg
2 2 J2
l —cosby , 1+cosby , sinfy
B = C C —3S 4.60
2 L 2 L N (4.60)
sinfy sin Oy <2 0,2
- m—— cos
«/E R ﬁ R H%R
Note that
/ () S A —pyB
K"Z - Ky, )~ Y ’ ’
0 v 0 |4 —uy B A
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2—1/2 2—1/2 0
V = V—l — 2—1/2 _2—1/2 0

b

0 0 1
Sz 0 0
A=]10 cosOyS: sinOyCa |,
0 —sin QHCf cos OHSg
C? 0 0
B'=]|0 cosOyC; sinfyS? |. (4.61)
0 —sin OHSI% cos Oy C]%

From detK,, = detK], = 0 the mass spectra for the neutrino sector-2 are found to be
detK,, = (S383 — wA C2C3) { (S253 + sin2 0)”
+ i (2sin? Oy cos® Oy — CRCxSESE — CC7S7ST)
+ 0k (252 + cos? 0)’ } =0, (4.62)
In the uf; = 0 limit, or in the absence of the brane interactions, Eq. (4.62) becomes
(S3)7 (S22 + sin>0y)” = 0. (4.63)
For large j1},, it becomes
(C2) (S283 + cos® 0)” ~ 0. (4.64)

For [ty # 0 the neutrino sector-1 and sector-2 mix through the boundary conditions. One needs to
solve

T
K (oz,, ) A AL A aSr_) =0,

K, 0 —iflo D
K=1] 0 A —puyB |
it C —pyyB A

0 0 0
C— cos %GHCE sin %QHSE 0
3 sin %QH o COs %OH 0

2R Ty w0
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1 —cosby , 1+4cosby , sinfy
—FC —C - St
2 2 V2
D= _sin GHSZ sin Oy s2 cos Oy 2 |- (4.65)
0 0 0
det K is evaluated to be
detK = Fo + Fy (112)* + F4 (f1)*
Foy = detK,, - detK,, ,
F2: {E(SLSR‘FCOS %9}])"‘ mB CLSL

X {cfs,%(zx + sin® Gy7) (X + sin? 6p7)
—ul? [(c§)3sg (2X + sin® O) + C3(S2)° (2X + 1 + cos® Oy)

+ C2S2(X? — 2) sin” O cos? eH] + i 1C2S2(X + cos? ) (2X 4 1 4 cos? eH)}

kx+M

+
2mp

[SH? — nidchH?} { [(1 + uHX +sin? 0y + /3 cos? ey] cos Oy sin® Oy

+C0sY [CI%SI%(X +sin 6y) — /2 C2S2(X + cos? eH)] }

kx +M

Fy=—
4 32mg

(SPSR + cos® 16x)

X [(S§)2{16(Sg5§)2 + (20 — 4c0820y)S7S3 + 5 — 4 cos 20y — cos 49y }
— W (CHH16(SES3)* + (12 + 4 cos 20,)S7 SF — cos 40y }], (4.66)

where X = Sg S]%. In evaluating the effective potential Vegr (077), we shall use the approximate formula
detK ~ detK,, detK,, for small [i3.

4.5. Dark fermion

(V) W, = Wt

The 6D SO(11) 32 Weyl fermion \Iléz, which may be called a dark fermion multiplet, has sixth-
dimensional n» = 0 KK modes. For W}, one need not introduce brane interactions. We consider the
action in Eq. (2.19) for the dark fermion sector W3,. From the parity assignment shown in Table 2,
the mass formula for the dark fermions is found to be

/ 4 0
SYSY + cos? 7H = 0. (4.67)
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For Az; < 1, the dark fermion mass is given by

0
kzL_l,/l — 4cf COSTH for ¢ < 1/2,

MDark = e 9 (4.68)
kz, / CO,/4062 —1 COSTH for cj > 1/2.

As in the case of the 5D SO(11) GHGUT discussed in Ref. [35], the bulk mass parameter of the dark
fermions, ¢, must be relatively small not to become light exotic particles.

5. Effective potential

We evaluate the Higgs effective potential Vg (6 ) by using the mass spectrum formulas of the sixth-
dimensional » = 0 KK modes of the SO(11) gauge bosons and fermions. The evaluation is done in
the same manner as in Ref. [35].

One-loop effective potential from each KK tower is given by [9,45,46]:

Zln (0 + mn(O)?) (5.1)

Vetr (0r) = (2 )4

where my, (0 ) is the mass spectrum of the KK tower and we take the + and — sign for bosons and
fermions, respectively. When the mass spectrum {m,, = kX,} is determined by 1 + Q(kn)f Of) =0,
Eq. (5.1) can be written as

Vett (Or) = £1[0(9);f (0n)]

(kz 'y
(47)>

110@):/ 6] = /0 dg o In[1 + 0@)f @), (5.2)

where Q(q) = Q(iqzi 1. We utilize the mass spectra m; (0y7) of the SO(11) bulk gauge and fermions
obtained in Sects. 3 and 4. Note that only 87 -dependent mass spectra contribute to the 6y7-dependent
part of Vg (67). It contains the SO(11) bulk gauge field, SO(11) spinor, and vector fermion fields.

We summarize those mass spectra. The SO(11) gauge boson contribution is almost the same as
in the 5D SO(11) GHGUT. The difference from the 5D case is that the ¥ boson contributions can
be neglected in the current scheme as they have masses of O(mkx,). The relevant mass spectra of
SO(11) gauge fields 4, and A4, are given, from Egs. (3.7), (3.12), and (3.18), by

+ A )
W= tower: 1+ sin“ 6y =0,
2C(1; M)S(1; 1)
Zt 1+ * in? Oy = 0
OWET sin =0,
2082 Oy C'(1; MS(1; 1) "
A% A (a=1,2,3) 1++sin29H=0 (5.3)
2 U C'(1;0)8(1;0) ' '

The mass spectra of up- and down-type quarks, charged leptons, neutrinos, and dark fermions are
given, from Egs. (4.22), (4.30), (4.39), (4.55), (4.62), and (4.67), by

. 2 sin? lQH
(i): Q=431 1+ —55—

D1+ =0,
3 N
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. 1 sin? %QH
(i) : Opm = 3" 1+ L2S0C0STCl =0,
SOSO+ 1"R~R”L™~R
LPR 2 (1\2 N2
M]](CR) - (SL)
.21
sin“ 50y
(i) : Ogm=—1: 1+ 2 =0,
R T~ 0 o
MII(CL) (SR)
- 21
sin” 50,
(v-1): Opm=0: 1+ 2 — 0,
5050 4+ mg/k §000
LER T 2(kn + M) ™R8
%)
(iv-2): Oem =0: 1 +f1;H) =0,
2

fi0m) = (1= wiD {20 + wi)SESE + 21 + (1 — wi}) sin? 0y } sin® 0y,
fo = i+ 205 SESE + (L i) (SESR)” — i {(CRSR)” + (CISD’).

2 cos? g
Sl 2 (5.4)

2
(v): Opm = +3, W

-, -1,
373
where m%; /K%, mpM /k?, (yy > M2 has been assumed for (iv-1) and (iv-2). (v) is the dark fermion
mass spectrum. ¢, stands for the bulk mass of the 6D SO(11) spinor bulk Weyl fermion \113"2:4.

We evaluate the effective potential Vg (0) = Veg;luge Of) + Vefff“nion (Bm). In the Re gauge
Vegf?uge (fgr) is decomposed into

+ gt A2
Ver - Om) = Ve + Ve + Ve ™

VI ) = 26 — ED1[L00 (. 1) ;sin ],

Z _ 2 Qo (¢, 1) )
Veﬁf(QH) = (3 - %_ )1|:m,51n Oy 5
Aa4’Aall .
Vig ™ (On) =381 [00 (g, 1) ;sin® O] (5.5)
Here,
zr 1
QO (qa C) =

P EFQFT (@)

F(q) =I3i%,ci%(qzzl,q),

Fypu,v) = ly)Kg(v) — e " PTK, ()5 (v), (5.6)

where I, (1) and Kg(u) are modified Bessel functions.
The fermion part Vefl‘?f“nion (6) is evaluated in a similar manner. Following the decomposition in
Eq. (5.4), and taking into account four degrees of freedom for each Dirac fermion and the color
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factor 3 for quarks, one can write:

fermlon ) = V(l)

(ii) (iii) (iv— 1) (iv=2) W)
eff Veff + 7V, + 7 Veff + 7

eff eff eff »
Vi 6r) = —121[Q0 (9, o) s sin® 164]
Vi (6n) = =121 [Qity (4, co, €1, i1, wan); sin® 26041,
Ve(};l) On) = —41 [Qiiy (4, co, €2, 2, i) sin® 26p]
(v—1) _ 4. 1 .
Vg (Op) = — [Q(w 1y(q, co,mp, M;0p); 1],
(1V 2)
VP 0n) = —41 [Ov—2)(q. c2. why3 0105 1],
V& On) = =321 [0 (g, ¢h) scos® 164] (5.7)

where

A A ALa -1
2p—p—+p++p—+
I’LIFC() Fco Fcl Fcl ]
b

O (@) = F++F—_ + ~ =
O W ETHE 4 (A2

BESEL Py R }—1

Q(lu)(CI) F++F—_ + —__
co T co M]](Fc—g )2+(F2 )2

~1
202 12
imy/k 13'_+13'__]

()= = ptrE— —
Q(IV nq { co 2(iqZL_1 +M/k) co eo

Otiv—1y (3 01) = (Qgiv—1) (@) + Ogiv—1) (@)*) sin® L6y
+ (Qaiv—1) (@ Qiv—1)(@)*) sin* 16,

~ z2 hi(q,0)
o Q) = L 7H7
O(iv—2)(q,0m) 7 @

hy = (1 — ){ S+ wDFITEST 20+ (- 1) )sinzeH}sinZGH,

2
Zl, —— —
hy = q4““+2 Wi 2F++F + L+ pufDESTE)?

+ | FST T + EE R, (5.8)

As Qgv—1)(g) is not a real function, Ve(g _1)(911) has been converted to the integral involving
Oiv—1)(q; 0n).
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The Higgs mass my is determined, at the minimum 6y = 9}}“ of Vegr (6r), by

2 _ L Ve (0m)
H = 2 2 .
W 40 O =05"
V6 [2nRsk /6 k
Jo=— =

ok _ V6
gVl & Ja—zhEG -
k

e
¢ % 59
YT singy  ° 27Re(1 — 2, ) )

Note that the 4D neutral Higgs field H (x) is related to ¢z (x) in Eq. (2.33) by

¢n(x) = Oufy + H(x). (5.10)

We give results for the effective potential and the Higgs mass for typical sample values of the
parameters. In the following calculation, we take into account the sixth-dimensional » = 0 modes
of 6D bulk gauge bosons 4y, the third-generation SO(11) spinor and vector fermions \IJ§‘223, \Ilf 1:3,
\I!ﬁ:3, and dark fermions \IJ§‘2=4. Contributions coming from the first and second generations of
quarks and leptons are numerically negligible. Some of the parameters in the fermion sector are
fixed by the observed masses of quarks and leptons in their approximate forms given in Eqgs. (4.23),
(4.31), (4.40), and (4.56).

The calculation algorithm is almost the same as in 5D SO(11) GHGUT given in Sect. 5 of Ref. [35].
We are interested in the effective potential V. (67) at the electroweak scale. Some of the relations
derived in this paper are those at the GUT scale. The value of sin’ 8y evolves from % at the GUT
scale to the observed value at the electroweak scale by the renormalization group equation (RGE).
The RGE analysis of the coupling constants is beyond the scope of the current paper. In this paper
we content ourselves with inserting the observed value of sin? 0w into the formulas for m; and
Ver(Brr). As input parameters we take ozgl\l,l = 127.916, sin? Ow = 0.2312, my = 91.1876GeV,
m; = 171.17GeV, m, = 4.18 GeV, m; = 1.776 GeV, and m,, = 0.1 eV. The evaluation is carried
out in the following steps:

(1) We first pick the values for z; and 6. So far consistent sets of parameters have been found only
for 30 < z; < 40.

(2) From mz, Eq. (3.12), k and mkx are determined.

(3) co is fixed from m; by Eq. (4.23).

(4) Some of the parameters in the brane interactions on the UV brane remain free. We take
¢1 =0,cp = —0.7,and M = —107 GeV. These three parameters are kept fixed in the evaluation
below. We temporarily assign a value for 11 = ;L’ll. Then, 111, L2, and mp are determined by
Egs. (4.32), (4.41), and (4.56), or by

1y~ 1 + 2CIZCO—c1ﬂM
1 = 1+2C0 L mp 11,
~ 1— 2C2 cr—co nmy ,
~ z — ,
H2 V 1 —2¢g L my Hu
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M 2 _2co+1
mp= |- L (5.11)
m,. 1+ 2c¢

T

(5) Given the value of the bulk mass parameter ¢, of the dark fermion multiplet, the effective potential
Vefr (On) can be evaluated. We adjust the value of ¢, such that the minimum of Ve (677) is located
at the initial value of 6. In this manner a consistent parameter set has been obtained.

(6) The Higgs boson mass my is determined from (5.9), which can be viewed as a function of zz,
Oy and pyy, namely my (On, z1, Lyq)-

(7) By demanding that the resulting my is the observed value, namely my (zz,6y) = 125.09 £
0.24 GeV, M/ll is determined with the given 6y and zy.

(8) Take a different 6. By repeating the above procedure one finds a new value for j11;.

The physical value of 67 needs to be determined, for instance, from observation of the Z’ bosons (the
first KK bosons (), Z (1),2131)) and their masses. In the SO(5) x U (1) gauge—Higgs electroweak
unification many of the physical quantities depend on the value of 6, but not on the details of the
parameters in the theory. It has been shown that m ) 2 7TeV (mkk, 2 8.5 TeV) to be consistent
with the current LHC data [15,16].

The results for the effective potential Ve (y) in the Rg—o gauge are depicted in Fig. 1, for which
zr = 35,0y = 0.15, and mg = 125.1 GeV. The bulk and brane mass parameters are chosen as

z1 =35, Oy = 0.15, my = 125.12 GeV,

co =0.3325, ¢; =0, ¢a =-0.7, ¢5=0.5224,

w1~ 11.18, fi; ~0.7091, w1y = uhy = 0.108,

mp = 1.145 x 102 GeV, M = —107 GeV. (5.12)

The resultant mgg; = nkzL_l, k, and fz7 are given by
miKs ~ 8.236 TeV, k ~ 8.913 x 10* GeV, fi ~ 1.642 x 10° GeV. (5.13)

In Table 6, we have tabulated various sets of the parameters which yield my = 125.1 + 0.1 GeV.
As 0y increases, mgyk decreases. One sees 0y < 0.15 in order for mgx > 8TeV to be consistent
with the current LHC data. We have observed that 8y cannot be too small in order to reproduce
myg ~ 125 GeV.

In Figure 2, mgk 1s plotted as a function of 6. The data points in Table 6 are fitted by

o

sSin oy

MKKs ™~

in the range 0.05 < 6y < 0.30. A similar relation has been found in the SO(5) x U (1) gauge—Higgs
EW unification where o« = 1.352TeV and 8 = 0.786 [11,12]. The difference between the two is
expected to originate from the different gauge group structure of the models and the different matter
content. So far we have found consistent parameter sets only for ¢; = 0 and ¢, < 0.

6. Summary and discussions

In this paper, we discussed 6D SO(11) GHGUT in the 6D hybrid warped space. The GUT gauge
symmetry SO(11) is reduced to the Pati—Salam symmetry Gps (= SU(2); x SUQ2)r x SU(4)¢)
by the orbifold BCs, and the symmetry Gpg is spontaneously broken to the SM gauge symmetry
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CO=O.3325, C1=O., C2=—O.7, CO‘=O.5224
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Fig. 1. The effective potential Ve (6y) in the Rs—, gauge in which z; = 35 and the minimum of Ve (6y) is
located at 6;; = 0.15. For the top two figures, the blue solid line shows the effective potential with both gauge
and fermion effects, and the red and green dashed lines represent the contributions of fermions and gauge
fields, respectively. For the bottom left figure, the green solid line represents the total contributions of gauge
fields, and the red and purple dashed lines represent Z and ¥ boson contributions. In the bottom right figure the
red solid line represents the total contribution of all fermions, the green dashed lines represent contributions of
the top quark, the blue dashed line represents that of the neutrino sector-2, and the black dashed line represents
the contribution of dark fermions. Contributions coming from other fermions are negligible.
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Fig.2. The Kaluza—Klein mass scale mgx = mgg; as a function of 6. The red dots represent points in
Table 6 which reproduce my = 125.1 & 0.1 GeV. The blue thick dashed line represents the fitting curve given

in Eq. (5.14). The black thin dashed line indicates mgyg () found in the SO(5) x U(1) gauge—Higgs EW
unification [11,12].

Gsm (= SUB)c xSU((2)L x U(1)y) by the non-vanishing VEV of the 5D brane scalar field &3 on
the UV brane. Finally, the EW gauge symmetry SU (2)7 x U (1)y is broken to U (1)gm by the Hosotani

mechanism. The SM Higgs boson appears as a zero mode of the fifth-dimensional components of
the SO(11) gauge field.
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Table 6. Parameter sets which give dynamical EW symmetry breaking with my = 125.1 & 0.1 GeV. Here
z; = 35,¢; = 0.0,c;, = —0.7, and M = —107 GeV. ¢, can be varied without affecting myx, and co. For
0y = 0.05, for instance, a set of ¢c; = —0.9 and p;; = ,u‘fl = 0.1174 yields my = 125.05 GeV, ¢, = 0.6008,
and 1, = 0.4084.

On M = [y Mgk [TeV] <o ) my [GeV] I
0.05 0.1730 24.63 0.3289 0.5960 125.17 1.138
0.06 0.1590 20.53 0.3292 0.5828 125.07 1.046
0.07 0.1480 17.60 0.3294 0.5714 125.13 0.9736
0.08 0.1400 15.40 0.3297 0.5625 125.03 0.9208
0.09 0.1330 13.70 0.3300 0.5544 125.08 0.8746
0.10 0.1270 12.33 0.3303 0.5471 125.17 0.8350
0.11 0.1225 11.21 0.3307 0.5414 125.05 0.8052
0.12 0.1180 10.28 0.3311 0.5356 125.14 0.7755
0.13 0.1145 9.495 0.3315 0.5311 125.06 0.7523
0.14 0.1110 8.821 0.3320 0.5264 125.12 0.7291
0.15 0.1080 8.236 0.3325 0.5224 125.12 0.7091
0.16 0.1055 7.725 0.3331 0.5192 125.03 0.6925
0.17 0.1030 7.275 0.3337 0.5158 125.02 0.6759
0.18 0.1005 6.875 0.3343 0.5125 125.11 0.6593
0.19 0.0985 6.517 0.3349 0.5099 125.05 0.6459
0.20 0.0965 6.195 0.3356 0.5073 125.05 0.6326
0.21 0.0945 5.903 0.3363 0.5047 125.21 0.6192
0.22 0.0930 5.639 0.3371 0.5030 125.00 0.6092
0.23 0.0910 5.398 0.3379 0.5003 125.17 0.5959
0.24 0.0895 5.177 0.3387 0.4986 125.14 0.5858
0.25 0.0880 4.974 0.3395 0.4969 125.16 0.5758
0.26 0.0867 4,786 0.3404 0.4956 125.11 0.5671
0.27 0.0855 4.613 0.3413 0.4945 125.04 0.5590
0.28 0.0840 4.452 0.3423 0.4928 125.16 0.5490
0.29 0.0830 4.302 0.3432 0.4921 125.05 0.5423
0.30 0.0818 4.163 0.3442 0.4911 125.07 0.5342

The SM fermions are contained in W33, W11, ‘I’ip x1. The SM fermions as well as the W and Z
bosons acquire masses via the Hosotani mechanism. In Sect. 4, we showed that the quark and
lepton mass spectra can be reproduced by choosing the parameters of the bulk masses and the brane
interactions. In the 5D GHGUT in Ref. [35], there necessarily have arisen light exotic vector-like
fermions accompanied by SM fermions, which is experimentally unacceptable. In contrast to the
case of the 5D GHGUT, the non-SM fermions have masses of either O(mkx,) or O(mkk;) in the
current 6D model. Thus the problem of light exotic fermions has been solved.

From the analysis of the effective potential Vg (677) in Sect. 5, we have seen that the EW symmetry
is dynamically broken by the AB phase 6. The Higgs boson mass my = 125.1 GeV can be obtained
for 0.05 < 6y < 0.30, namely for 25 TeV 2 mkx; 2 4.1 TeV.

In the present paper we have treated each generation of quarks and leptons independently. It is
necessary to incorporate the flavor mixing in the gauge—Higgs grand unification. The mixing arises
from the brane interactions. For quarks and charged leptons the mixing would result from the matrix
structure of various «'s and us in the brane interactions in Eq. (2.27) of W33, Wq1, and ®3;. On the
other hand, the dominant mixing in the neutrino sector would arise from the matrix structure in the
mass M PP associated with the symplectic Majorana fields x1 in Eq. (2.26). The large mixing angles
observed in the neutrino sector might be related to this special circumstance.
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We would like to add a comment on the effective potential Veéff (92) of the AB phase 92 along the
sixth dimension. From Table 5, not only the SO(5) /SO(4) components of the fifth-dimensional gauge
field 4, but also those of the sixth-dimensional gauge field 4, have zero modes in the absence of brane
interactions. As in the effective potential Vg (6y) for the AB phase 6y along the fifth dimension,
the SO(11) bulk gauge bosons 4y and the SO(11) bulk fermions W%, WP, and W%, contribute
to Veéff (92). If there were only gauge fields, it can be shown that the minimum of Veéff (92) would
be located at 92 = %n (mod 7). In other words, the EW symmetry would be broken by the sixth-
dimensional AB phase ¢ and the W and Z bosons would acquire masses of O(mxk,). The situation
is similar to that in the effective potential Vg (077) in the SD SO(11) GHGUT [32,35]. Further, the
contribution from the SO(11) bulk spinor fermions W3, to Vfﬁc(Gg) has little 92 dependence, as is
inferred from Table 2. The Og—dependent contributions coming from a set of SO(11) bulk vector
fermions \Ilf ; and \Ili/i almost cancel each other, as can be deduced from Table 3. Hence, with the
minimal fermion content presented in this paper the minimum of Ve‘sﬁc 6 g) would be located at around
92 = /2 (mod 7). This undesirable result can be avoided by introducing additional SO(11) bulk
vector fermions \I—'{g 1 With appropriate boundary conditions.

The phase 6y plays a crucial role in the SO(11) gauge—Higgs grand unification. It is found that
the 5D KK mass scale mgy; is determined by 6y in a very good approximation by the formula
in Eq. (5.14). Similar relations are expected for the 4D Higgs cubic and quartic couplings as in
the SO(5) x U(1) gauge-Higgs EW unification. For mkx (6y) we have recognized the difference
between the gauge—Higgs EW and grand unification. We need experimental data to find which one
is preferred.

We will come back to these issues in the near future.
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Appendix A. Basics for 6D Kaluza—Klein expansion
We present KK mode expansions in 6D hybrid warped space with the metric given in Eq. (2.1).

A.1. 6D gauge fields
The equations of motion for free gauge fields in the 6D hybrid warped space are given by

1
AND 2 2\ _ “\argp _

{n (O + K2Ps + 92) (1 S)a 3 }A,,_o,

(O+ &P, +37) 4- = 0, (A.D)

where Ps and P, are defined in Eq. (2.32). These Ps and P; differ from P4 and P; in the 5d case.
Basis mode functions in the z-coordinate in the 6d case are given, except for zero modes, by
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Clz0) = +2323%2 2P | (hz,zp)
2 2°2
S(z30) = — 2223222 P s (zazy)
2 2°2
C'(z;0) = —I—zkzzyzzé/zFl 1(Az,Az) ,
2 2:2
S'(z: ) = —%)»223/22é/ *F) 3 0z,hz1) (A2)
where Fy g(u,v) = Ju (W) Yg(v) — Yo (w)Jg(v). They can be expressed as
B B B

1
C(z;A) =zcosh(z —zp) — 7 sinA(z —zp) ,

S(z;) = (z n L) sinA(z — zp) + (l - i) COSA(z —z7) »
Az A Az
C'(z;A) = —AzsinA(z —z1) ,
S'(z;A) = Azcosh(z —z1) + Z sin Az —1z1), (A.3)
1)

and satisfy

C/ d 2 d 1 C/ 2 C/
i =—z"—— =-A ,
P (S’) dZZ dz 72 (S/> (S/)
Clzr;A) =z, C'zp;A) =0, Sz;A) =0, S'(zp;0) = Az,

CS' — SC' = Az (A.4)

These basis functions have been employed in the text. We note that the basis functions for fermions,
Cr/r(z; A, c) and Sy /r(z; A, ¢), remain the same as in the 5d case defined in Ref. [35].

A.2. 6D scalar fields

The action of a massless 6D scalar field ® (x, y, v) is given by
scalar — / dSx/—det G GMN 3y, @ (x, y, ) Tay @ (x, ,v), (A.5)

where M, N = 0,1,2,3,5,6. The equation of motion for the scalar field ®(x, z, v) is given by

2 2, 2.4
Us+0; +k
Z{4+v+ 28“482

o190
———} P(x,z,v) =0. (A.6)
It follows that ¢ (x,z,v) = z7"®(x,z,v) (v = %) satisfies

5 5 92 10 2
D4+3v+k @—F;&_Z_Z (l)(x,z,v):O. (A7)
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The Bessel equation is given by

d? 1d 2
_+1_Z_2 M(Z):O,

2t

whose solutions are given by the Bessel functions J, (z) and Y),(z). Hence, a mode function can be
written as ¢ (x,z,v) = [a],(Az) + BY, (Az)]¢; (x, V), where ¢, (x, v) satisfies

{04 + 82 — K222} ¢ (x,v) = 0. (A.8)
The orbifold boundary condition for the scalar field ¢ is given by
S,y —y,vi —v) =P ®(x,y; +y,vi + V). (A.9)

In the y-coordinate, ¢ (x, y,v) = e V0P (x, v, v) satisfies the same boundary condition as Eq. (A.9),
and Eq. (A.6) becomes

{D4 482+ e2° (ay2 +vo" — u2a’2)} ¢ =0. (A.10)

Due caution must be taken as o”(v) = 2k{8215(y) — S21,(v — Ls)}. If ¢ is parity even in the
y-coordinate, the Neumann (V) condition becomes, in the z-coordinate (1 < z < z;),

9
N : ( +3>¢=0 atz= 1" orz;, (A.11)

8z 'z

as can be confirmed by integrating Eq. (A.10) over y from —¢ to +¢ (or from Ls — e to Ls + ¢). If
¢ is parity odd in the y-coordinate, it satisfies the Dirichlet (D) condition ¢ =0 atz =1 orzz.

(i) (Po = P1,P, = P3) = (+,+)
The 6D scalar field ® (x, y, v) is expanded as

D(x,y,v) =" {Z G W)+ D Gy ) 1 (A.12)
n=0 n=1
where (ZnC (x,y) and 55 (x,y) satisfy
{ o€ (x,—y) = o€ (x, ),
¢S (x,Ls —y) = ¢S (x, Ls + ),

5 (x, =) = =45 (x,y),
{ N’; Y " NSy (A.13)
¢n (X,LS _y) = _d)n (xaLs +y)a
and Fourier modes j%c (v) and fnS (v) are given by
: (n=0)
n=20),
C A/ 27TR6
S ) = 1 nv
cos — > 1),
VT Rg Rg (nz1
1 nv
S(y) = in — > 1). A.14
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anc and 5;2 satisfy the Neumann and Dirichlet conditions at z = 1, z;, respectively. There is a zero

mode for ¢7,§ :

A =0, @5 (x,2) = ¢Sz,

which corresponds to a mode constant in the fifth dimension. Other modes can be written as

65 (x,2) = Z,(A2) 5 (),

Z,02) = a3y (A2) + B Vo (h2).

(A.15)

(A.16)

Eigenvalues A > 0 and the relative coefficient a/8 are determined by the boundary conditions.

Noting a recursion relation

(d v)
— 4+ —)Z,(Az) = AZ,_1(A\2),
dz z

one finds eigenvalues {)\ZC’S} (£ > 1) from

¢S 1 Zyo1 (W) = Zum1(ASzp) = 0,

n

by : Zo(A)) = 2,0521) = 0.

n

Thus & is expanded as

O (x,z,v) =V {Z Z ¢nc,g (x)Z, (MCZ)fnC(V)

n=0 £=0

+ 3N 68, 0Z,05 5 L,

n=1 (=1

where anc ;ZS (x) satisfies
2
[0 = ()} o5 w0 =0,

2
(me)! = o + (k)
6

There is one massless mode ¢()Co (x) with mgo =0.

(i) (Po =P, P, =P3) = (—,—)
The expansion is given by

D(x,z,v) =€V 1NN ") ()2, 032)fy ()

n=0 (=1

+ Z Z b5 DZ, O (V) ¢

n=1¢=0

There is no massless mode.
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(iii) (Po = P1, P> = P3) = (+,—)

Pz v) =0 1D D (D2 GG ()

n=0 £=0
o e}
+Y Y e @Z0gES, ) 1, (A21)
n=0 (=1 ?
where
1 (n+ v 1 (n+ 1y
c _ 2 s _ . 2
8t V) = Ne 7 T 0= TiE TR (A.22)
Note that the mass spectrum is given by
1,2 2
cs\v2  (m+3) C,5\2 1
) =——=—+ kA7) = — ] . A23
(mn,e ) R% + ( l ) - 2R6 ( )
(iv) (Po = P1, P, = P3) = (—,+)
o (e}
O(x,z,v) = ") [Z DI ALC YA E AN
n=0 t=1 :
e} o0
+Y Y ez 0D, ) ¢ (A.24)
n=0 £=0 ?
A.3. 6D fermion field
Let us consider a free 6D Weyl fermion W (x, y, v) with y67D = +1:
§(x,z,v)
ey =0, e = [T
0
L
n ) —h
Yep = ( _[4> = Yip - (—=iy>y®), vip = A : (A.25)

Its action is given by
1= /d(’x«/—detGE Y EsM Dy + icky®} @

2nRe 2L dz —kD_(c) +id o"d £
_ [~ 4z et v n
_/d x/O dv/l ; il—n', & ][ 43, —kD+(c)+i8V] M (A.26)
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where D (¢) is defined in Eq. (4.5). As an example we consider the case in which the BCs are given

by
Wr,y; =y, = v) = =iy y PV, + 3,7 +v)
= YepVipPiV (x,y) +,v; + V).
The equations of motion are

(—kD_(c) +i9,)§ +0"d,n =0,
o"3,& + (—kD4.(c) + id,)n = 0.

To find the eigenmodes, we separate 4D and the fifth- and sixth-dimensional parts as

E(x,2,v) = E(z,V)f(X), T Ifr(x) = mfi(x),
N(x,z,v) = 7z, i), o™,/ = mfr(x).

It follows that

(—kD_(c) + id,)E + mij = 0,
mé + (—kD4(c) + id,)7 = 0.

In the y-coordinate, & and » satisfy the BCs

(i) x,y; —y,vj —v) =P, <—§77> 6y +y, v +v).

(i) (Po=P1,P2 =P3) = (+,+)
In this case,

ECe,yj —y,vi —v) =+EW, Y +y,vi +v),
N,y —y,vi —v) = =nx,y +y,v; +v).

The mode functions can be written as

Ey.v) =D ECOL 0+ Y E M) }fR ),

n=0 n=1

NP = 1 D OV W)+ DT 0 ) ]fLoo,
n=0

n=1

where the fnC(v), fnS (v) are defined in Eq. (A.14). gnc S and ﬁ,?’s satisfy the BCs

EC — ) = +EC i+ 1), B —1) = —ES + ),
W@ —») =+ 0 +»), B —») =0 +»).
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(A.28)

(A.29)

(A.30)

(A31)

(A32)

(A.33)

(A.34)
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By inserting Eq. (A.33) into Eq. (A.28), one finds equations for ~,,C ’S, ?]’,?’S in the z-coordinate (1 <

—kD_ m EOC _o
m —kD+ ﬁg o

z <zr):

—kD_ i m 0 3
-n S JS

_lR_o —kD_ 0 m i’lg — (n > 1) (A35)
m 0 —kDy ié% M B
0 m _iRL(, —kDJ,_ ﬁl?

It follows that
(K*DyD_ — m*)ES =0,

(K*D_Dy —m*) 75 =0,

2kenl  n? ~ ~
DD F ———+ — — m2> EC+iE) =0
2 >
( Rg z R n n
2ken1  n? e
<k2D_D+ T e 2 + R—% — m2> (M £iH5) =0 (n>1). (A.36)

The equations for the zero (n = 0) modes in the sixth dimension, EOC and 'ﬁg , are reduced to the
Bessel equation. In terms of the basis functions Cg//(z; A, ¢), Sg/1(z; A, ¢) given in Appendix B of
Ref. [35], solutions satisfying the BCs are given by

g(f() = CZOZC, /ﬁg,() = 03 mgy = 0:
E(fg = ayCr(z; e, ©), o = aeSL(z; hes ),
SL(1;Ae,¢) =0, mg =kiy > 0, (A.37)

where a, is a normalization constant. There is one massless mode for the right-handed component.
For the n # 0 modes the solutions are more involved.

(i) (Po = P1,P, = P3) = (—,—)
In this case the mode functions of & and n can be written as

E(x,p,v) = {ZES GIE ™)+ Y ECOIS () }fR ),
n=0 n=1

n(x,y,v) = {Z TS OUEO + D B ) }fL(x). (A.38)
n=0

n=1

The equations for the zero (n = 0) modes in the sixth dimension, Eg and 'ﬁoc , are

—kD_ m Eg .
( o —kD+> <ﬁ€> =0, (A.39)
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and solutions satisfying the BCs are given by
g(io = 0’ ﬁ(g/:() = aOZ_Cs moy = 03
TS _ . ~C __ .
g(),{f - GKSR(Za )"Eac)a n(),(f - aECL(Z, )\.({,C),
Sp(1;Xe,¢) =0, meg=kip >0, (A.40)

where a, is a normalization constant. There is one massless mode for the left-handed component.

(i) (Po = P1,P, = P3) = (+,—)
In this case the mode functions can be written as

E(x,y,v) = {ZE,? Mgy, 00+ 8 (y)g,fH(v)]fR(x),

n=0 n=0
o0 o0
N, y,v) = {Z gy, 0) + YT g, () }fm, (A41)
n=0 n=1
where g}i’rsl (v) are defined in Eq. (A.22). There are no zero modes in the sixth dimension.
2

(iv) (Po = P1,P» =P3) = (—,+)
In this case the mode functions can be written as

§(r,y,v) = {ZES Wgr, 1 00+ D& (y)g,fH(v)}fR(x),

n=0 n=0

0 o
n(x,y,v) = {Z T 0gy )+ T0g, ) () }fL(x)- (A42)
n=0 n=1
There are no zero modes in the sixth dimension.
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