P@ Prog. Theor. Exp. Phys. 2018, 033B06 (17 pages)
DOI: 10.1093/ptep/pty022

Super Yang—Mills action from WZ W-like open
superstring field theory including the Ramond
sector

Mitsuru Asada' and Isao Kishimoto>*

' Department of Physics, Niigata University, Niigata 950-2181, Japan
2Faculty of Education, Niigata University, Niigata 950-2181, Japan
*E-mail: ikishimo@ed.niigata-u.ac.jp

Received December 25, 2017; Revised January 27, 2018; Accepted February 6, 2018; Published March 27, 2018

In the framework of WZW-like open superstring field theory (SSFT) including the Ramond (R)
sector whose action was constructed by Kunitomo and Okawa, we truncate the string fields in
both the Neveu—Schwarz (NS) and R sectors up to the lowest massless level and obtain the
ten-dimensional super Yang—Mills (SYM) action with bosonic extra term by explicit calculation
of the SSFT action. Furthermore, we compute a contribution from the massive part up to the
lowest order and find that the bosonic extra term is canceled and instead a fermionic extra term
appears, which can be interpreted as a string correction to the SYM action. This calculation is an
extension to the R sector of the earlier work by Berkovits and Schnabl in the NS sector. We also
study gauge transformation, equation of motion, and spacetime supersymmetry transformation
of the massless component fields induced from those of string fields.

Subject Index B16, B28

1. Introduction

It is expected that open superstring theory describes super Yang—Mills theory at low energy. Some
time ago, Berkovits and Schnabl [1] showed that the Yang—Mills action is derived from Berkovits’
Wess—Zumino—Witten (WZW)-like action for open superstring field theory [2] in the Neveu—Schwarz
(NS) sector. Recently, Kunitomo and Okawa have constructed a complete action for open superstring
field theory including the Ramond (R) sector as an extension of the WZW-like action [3]. Therefore,
it is natural to expect that the ten-dimensional super Yang—Mills (SYM) action can be derived from
it. Furthermore, an explicit formula for spacetime supersymmetry transformation in terms of string
fields has been proposed in Refs. [4,5] and hence we can compare the induced transformation of the
component fields and the conventional supersymmetry transformation of SYM.

As a first step toward the above issue, we adopt the level truncation method at the lowest level,
which corresponds to the massless component fields due to the GSO projection. We perform explicit
calculations in the superstring field theory in both NS and R sectors and obtain the SYM action with
extra bosonic term, O(Aﬁ), in terms of the component fields [6]. We compute a contribution to the
effective action of massless fields from the massive part of string fields in the zero-momentum sector,
up to lowest order with respect to the coupling constant, and find that the extra O(Ai) is canceled!
and, instead, an extra fermionic term, O(Ag), appears in the order of (a’)!, which can be interpreted
as a string correction to SYM.

! This result has already been obtained in Ref. [1] in computation in the NS sector.
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We also derive the induced gauge and supersymmetry transformations up to nonzero lowest order
and find that the resulting formulas are consistent with those of the conventional SYM.

The organization of this paper is as follows. In the next section, we briefly review the action
of open superstring field theory in terms of Kunitomo and Okawa’s formulation. In Sect. 3, we
derive the explicit form of the level-truncated action at the lowest level. In Sect. 4, we evaluate the
contribution from the massive part. In Sect. 5, we find the induced transformations from those of the
superstring field theory. In Sect. 6, we give some concluding remarks. In the appendix we summarize
our convention on spin fields, which is necessary for explicit computations.

2. A brief review of a WZW-like action for open superstring field theory
including the R sector

Let us first review Kunitomo and Okawa’s action [3] for open superstring field theory (SSFT).
As an extension of Berkovits’ WZW-like action in the NS sector, Kunitomo and Okawa proposed
a complete action for open superstring field theory including the R sector as follows:

S[®, W] = Sxs[b] + Sk [, W], @.1)
1
Sns[®] = — /0 At (A1), QA (1), 22)
1 1
SR[®, W] = — (¥, YOU) ~ /0 At (A1), (F (D) 0)?). 23)

The action is a functional of string fields: ® and V. (, ) and {, )) are the BPZ inner product in
the large and small Hilbert space, respectively. O is the BRST operator and 7 is the zeromode of
niz):n= %n(z). We use the relation of the superconformal ghosts between (8, y) and (&, 1, ¢)
as B(z) = ke ?(z) and y (z) = e®n(z). ® is a Grassmann even string field in the NS sector, whose
ghost number (ngp,) and picture number (7ic) are both zero, and expanded by the states in the large

Hilbert space. 4,(t), 4, (1), and F'(¢) are defined by

A1) = (3, ®)e " =@, A, (1) = (ne'®)e™?, (2.4)
FOW =W+ E{4,(), ¥} + E{4,(0), E{4,), ¥}} +--- (2.5)
=Y E{4,0),El4,®),...,Bld,t), ¥}...}}, (2.6)

k=0 A

where E = ©(fy), the Heaviside step function of By.> W is a Grassmann odd string field in the R
sector with (ngh, npic) = (1, —1/2), and it is expanded by the states in the restricted small Hilbert
space. Namely, the conditions for the R string field are

nv =0, XYV =W, (2.7)
X and Y are kinds of picture-changing operators with picture number 1 and —1, respectively:
X = —8(B0)Go + &' (Bo)bo = {Q, O (o)}, (2.8)
Y = —co8'(v0), (2.9)
where XYX = X and YXY = Y hold and therefore XY gives a projector: (XY)? = XY .

2 In Ref. [7], a better expression for E has been proposed.
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In the following, we consider SSFT on the N BPS D9-branes in the flat ten-dimensional spacetime,
and hence the string fields have the Chan—Paton factors implicitly and the GSO projection is imposed
on the string fields.

Gauge transformation The action in Eq. (2.1) is invariant under the following infinitesimal gauge

transformations:
Asynpg = QA +DyQ+{FV, FE({FY, A} — M)}, A5 = (8eP)e™?, (2.10)
Sea ¥ = OA + XnFED,({FW, A} — 1), (2.11)

where F = F(t = 1),
DyB =nB — [4,,B}, Ay =A,(t=1), (2.12)

and the gauge parameter A in the R sector is in the restricted small Hilbert space, namely,
ni =0, XYLr=A. (2.13)
A and €2 are gauge parameters in the NS sector in the large Hilbert space.
Equation of motion Taking the variation of the action in Eq. (2.1) with respect to the string fields,
® and W, we have the equations of motion as follows:
04, + (F¥)> =0, QU +XnF¥ =0. (2.14)
The second equation is consistent with the condition for W, which is in the restricted small
Hilbert space.
Spacetime supersymmetry In the ten-dimensional Minkowski spacetime, the SSFT action in
Eq. (2.1) is invariant under the spacetime supersymmetry transformation, which is given by [4]:3
Asg = e® SE(e P FWe®) e ® + (FU,FEAs),  As = (Se®)e ?, (2.15)
8s¥ = XnFESA,, (2.16)
where S is a derivation with respect to the star product of string fields and is given by a constant

Weyl spinor € and the spin field with npie = —1/2:

dz

We use a bosonized formulation of spin fields as in the appendix for the following explicit
computation.

3. Level truncation of string fields in the NS and R sectors

Here, we evaluate the SSFT action in Eq. (2.1) using the level truncation method explicitly. We
define the level of string fields as the eigenvalue of Lo = {Q, by}, except for a contribution from
momentum. We expand the string fields with component fields up to the lowest level in both NS and
R sectors.

3 Another form of supersymmetry transformation has been proposed in Ref. [5]. The difference does not
matter in our paper because we compute only the linearized one in Eq. (5.20).
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3.1. Level-truncated action in the NS sector

In the NS sector, we expand a string field ® with (ngp, npic) = (0, 0) in the large Hilbert space. The
lowest-level state is

ce "X (0))0), (3.1)

which corresponds to the tachyon, but it is excluded by the GSO projection of Eq. (A.5). The
lowest-level states on the GSO projected space are

eik-X(O) 0), ck wﬂe—(ﬁeik-)( (0)0), cacgaée_queik')((o) |0), (3.2)

which correspond to the massless level. The first one can be eliminated by the Q2-gauge trans-
formation in Eq. (2.10), which can be rewritten as e*¢8g(g)e¢ = n(e"®Qe®) and has an
expression for finite transformation: e® = e®g with ng = 0, because it can be rewritten as
e*X(0)10) = n (£€¢*¥(0)]0)). In the following, we take into account only the other two states and
their component fields as a level-truncated string field ®¢ in the NS sector. Namely, we use a partial

gauge-fixing condition, £§y® = 0. After Ref. [1], we use the notation

d'%k kX (22

@y = / ARV 0O10), Vi) = cke PP (z) N, (3.3)
10

q’B_/ (j )]foB<k>vB<k)<o>|0> Va(k) = ccsage > (2) X, (3.4

where 4, (k) and B(k) are the Fourier modes of component bosonic fields in the ten-dimensional
spacetime.

The NS action in Eq. (2.2), which is the same as Berkovits’ WZW-like action, can be expanded as
i (=DM (M + N)!

M N
M LN 12N 2o 2T 2T

Sns[P] =

M,N=0
1 1
= Z{0®.1®) + (0D, @ 7®) — (QP.7P P))
—( 0, q>2nq> 20D, D nd @) + (0D, n® %)) + O(d), (3.5)

and we truncate the string field @ in the NS sector to the sum of Egs. (3.3) and (3.4): &9 = &4+ $p.
Using the BRST transformations

[0, Vi (k)] = —a'Kcdcte Pyte™™
—2d'cC k- Yyt +i/8X“ + (g 3Pk RN 4 eyt X (3.6)
o
[0, Ve(k)] = —2a'cdctk - e ®e* X 4+ (—dc + 2¢(: né = +0¢))eFX (3.7)

on the real axis, where 0 = 9§ 7 (e(T™ + T + T5") 4 bcdc + e?nG™ — nane*?h), T™ =

8X“8X — —W“Bwu, and G™ = '\/Tw 0.X,., we can evaluate the kinetic term 5 (QCIDO, ndop).
For the interaction terms, we use the explicit form of the conformal maps, which deﬁnes the n-string
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term. Namely, for Ay = A4;(0)|0) (k = 1,2,...,n), we have

(A1, Ay - An) = (8" 0 41(0) g 0 A2(0) - -+ g 0 4,(0)) Unp, (3.8)

2k—=1-n

g @ =h" (ei” " (h(z))%) = tan (% arctanz + 2 (2k — 1 — ”)>, (-9)
n 2n

14iz
1—iz

with the map from the upper half-plane to the unit disk: 4(z) =
Hilbert space is given by

. The normalization of the large

(S(y)%cacazc(z)e_zd’(w)eik')( “O)unp = 2m)'%8'0 (k). (3.10)

In particular, with respect to the ¢-charge, the terms such as ®"~2n® Q® are linear combinations of
e?® with ¢ < 2 — nbecause y ~ e ?; ndy ~ e ?; g ~ e 29, ndp ~ e 2?; OOy~ e 2,1,
and Qdp ~ e~?,1, which imply that the higher-order interaction terms, O(P°) in Eq. (3.5), vanish
for &y = &4 + Pp. Then, we obtain

i 2!
2

/
Sns[®o] = /d“’x Tr [%Aﬂa%“ +iv2a'B3* 4, + B* + aMAU[Aﬂ,,Z”]} (3.11)

+ / 410,05 (01=837+@—04)) 1y

1 1
[gAu(X1)AV(X2)A“(X3)AV(X4)—EA;L(X1)AV(X2)A”(X3)A“(X4)] ;

where the trace is taken over the indices of the Chan—Paton factors, 7;; 4, (x) and B(x) are given by

a dlok ik-x a dlok ik-x
AM(x)zAM(x)Taz WAﬂ(k)e , B(x) = B“(x)T, =/W3(k)e ;o (3.12)

and A4 1 1s defined as

B

A0 =K%V 4,(x), K= (3.13)

5

3

We note that the reality condition for the NS string field, bpz~! o ®T = —® [8], implies the
(anti-)Hermiticity of the component fields: 4 M(x)T =4, (x) and B(x)" = —B(x).

Integrating out the scalar component field B(x) in Eq. (3.11),* or using the equation of
motion for B, B = —i\/oz’_/Z 0"4,, and taking the small-momentum limit: K=" ~1 and
2% (@104 -0)%) 1, we have

o i 2
Snsl®o] = —— f d'xTr (%Av — ddy — W[AM,AV])
o

1
4
The first line on the right-hand side corresponds to the ordinary Yang—Mills action and the second

1
/ d'x Tr[2 A, A, A" A" + 4, 4,441 (3.14)

line is the difference from it. Actually, it is known that the difference is canceled by the contribution
from massive component fields [1].

4 We note that @ does not contribute to the terms including the R string fields, up to the lowest level, as we
see in Sect. 3.2.
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3.2, Level-truncated action including the R string field

In the R sector, the string field W, which has (ngp, npic) = (1, —1/2), is in the restricted small Hilbert
space. The lowest-level states are given by spin fields with (—1/2)-picture:

SE 1 e X (0),  aSE e (0)]0), (3.15)

where o and ¢ are spinor indices with 16 components, and they correspond to the massless level.
By the GSO projection in Eq. (A.5), only the state with the dotted spinor remains in our convention.
Hence, we expand the level-truncated string field W as

dmk_ o @ & ik-X(z,z
Yo = / (2ﬂ)10)‘d(k)vx ((@)]0), Vik) = CS(—l/z)(Z) kX, ), (3.16)

where X4 (k) is the Fourier mode of a fermionic component field, which is the Weyl spinor in the
ten-dimensional spacetime. This string field Wy is Grassmann odd, and we find that it is indeed in
the restricted small Hilbert space: nWo = 0 and XY ¥y = Wy.

Similarly to the NS sector, we derive an explicit expression of the action including the R string
field in terms of the component fields. The action in Eq. (2.3) is expanded as

SR[®, W] = —%«xp, YOW)) — (@, W?) + O(P*W?), (3.17)

and we truncate the string fields up to the lowest level: the NS string field ® to &9 = &4 + $p and
the R string field ¥ to Wy given in Eq. (3.16).
The kinetic term in the R sector is evaluated using the normalization of the small Hilbert space:

1 — w) ik-X (x,x
((Ecacazc(z)e 20 i XXy e = (27) 10810 (k). (3.18)

It is convenient to use (W, YOW)) = (W, YnigQW)) [3] for calculation, where Yi,ig = Y (i) is the
midpoint insertion of the conventional inverse picture-changing operator Y (z) = cd&e™>%(z). With
the BRST transformation

[0 VE ()] = —a'K?cdeSE | )™ — iv/alky (D)% neSy) ) e~ (3.19)
on the real axis, we have
1 N s
5 00, TmigQo) = 55 [ a e a0 )99, | (3.20)
where
IOk "
)\.d(X) = )\.g(X)Ta = / W)\,d(k)el X, (321)

For the cubic interaction term, we find (®p, \Ilg) = 0 by counting the number of ¢ ghosts. With a
similar manipulation to the NS sector, the remaining term is evaluated as

i - o~ .
(D, WR) = ﬁ/dloxTr [Aukd(F“C)“ﬂkﬂ-], (3.22)
where
() = K25, () (3.23)
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as in Eq. (3.13). For higher interaction terms, we find that O(®?W?) in Eq. (3.17) with ® = ®( and
W = Y vanishes thanks to the normalization in Eq. (3.10) because &4 ~ ¢, ®p ~ cc, and ¥y ~ ¢,
with respect to the bc-ghost sector. From Egs. (3.20), (3.22), and (3.17), for the small-momentum
limit K=« ~ 1, we have obtained

Sr[®o, Wol = —@ / d"x T [i2(CT")opD, 3|, (3.24)

where
i = Py, (3.25)
Dyh = 9,5 — \/%[AM,)A\]. (3.26)

The above form of Sr[®g, Wo] just corresponds to the gaugino term of the ten-dimensional SYM
action.

4. Contribution from the massive part

Here, we consider a contribution to the effective action of massless fields, 4,, and A%, obtained in
the previous section, from the massive part of string fields, ® and W, in the same way as Ref. [1].
The SSFT action with the coupling constant g, which is obtained by replacing g ~2S[g®, g¥] using
Eq. (2.1) with S[®, W], can be expanded as

1
SI@, W] = —3 (n®, 0®) + %mcb, [®, 0®])

1
- 5w, Y0w) — g(®,¥?) + 0(g?). 4.1)

In this section we concentrate on the zero-momentum sector, and then the level-truncated string fields,
dg, Wy, satisfy Qndy = 0, QW = 0 because of Eqs. (5.17) and (5.18) with B = —i\/a//2 3" 4,,.
We also note that @ satisfies £gndg = Pg, namely, the partial gauge-fixing condition. Around the
massless part of the string fields, ®g, W, we expand the string fields &, ¥ as &y + R, Vo + S,
where R and S are the massive part in the NS and R sector respectively, and we have

1
S[Po + R, Yo + 5] = S[®o, Yol = =5 (nR, OR) + ‘%(nR, [0, 0Pol) — g (R, (¥0)*)

1
— 5 (5, YOS) — g{(S. {n®o, Yol +--- (4.2)

from Eq. (4.1). Here, (4 - - - ) denotes the higher-order terms in g when R and S are assumed to be
O(g). Varying the above with respect to the massive part, we have equations of motion

1
OnR=g (—5 {n®o, 0D} — (‘I’o)2> +e, OS =g (=X {n®o,¥o}) +---, (4.3)

and these can be solved by using the propagators in Ref. [9] as

Eobo (1 boXn
Ry = —g—z 0 (—n[cbo,cho] + (W) ) Sy = —g—= [@g, o), (4.4)
0 \2 Lo

up to lowest order in g, where R; satisfies the partial gauge-fixing condition: £gRs = 0.

717
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Expanding the massive part of string fields around Eq. (4.4)as R = R'+ Rs, S = §' + S5, we have

S[®g + R 4+ Rs, Vo + 8" + Ss] — S[Po, o]
1 / / 1 / /
= §<QR,77R ) — 5((S , YOS™)
1 1
— §<QRS, nRs) + §<<Ss, YOSs) + -+, 4.5)

where linear terms with respect to R” and S’ vanish and therefore the massive part decouples from
the massless part. The second line on the right-hand side gives a contribution to the effective action
of the massless fields, which can be computed as

1 1 g bo g’ 2 bo 2>>
_§<QR89 nRs) + E«Ss, YOSs) = 3 <[‘D0, 0], Lo {n®o, QCDO}> + X <<(‘IJ0) ' Tn (Wo)

2 2
8 g2 b0 & bo
> <(‘I’0) ,L0[¢0,Q¢0]> > <{Q¢07‘P0},L0[¢0,‘1’0]>-
(4.6)

In the computation for the term including Ss, we manipulated X as in Ref. [9]. Namely, we rewrote it as
2

1
7 (S5, YOSs) = g <<{n<1>o, Yo}, — {nq>o,‘l’o}>>

2
2 boX

g? <-§07)<1>0, Yy — {77<I>0, ‘1’0}> +& <§07)<1>0, 00 {n®o, Yo} ‘110>
g
?< Do, ¥Yol, — {TICDO,‘I’O}>
g’ bo
7< ®, Wy, Q {nd>0,\lfo}> <[<I>o,‘1’0] (1 QL_()) E{n%,%}>

2
= £ (100, W01, (10, o)) - <{Q<I>o,‘lfo} [<I>o,wo]> 4.7)

where the first term of the last expression vanishes due to the number of c-ghosts and the normalization
in Eq. (3.10).
The first term of the right-hand side of Eq. (4.6) has been evaluated in Ref. [1]:

1 b
¢ {[®0. 0% L_Z {n®o, 0Po})

00 1 P ,, VO WO Vo
10 —tf -2t 2 nen ntn
—/d xTr[AMAVApAo']/(; dte (e a — a—z) ((a—l —|—e_’a)4 + (a—l — e—ta)“)

1 1
- Z/dlox Tr [EAMADA“A" +AMAVA”A”}, (4.8)

where
a=tan%=«/§—1. 4.9)

Equation (4.8) cancels the extra term of Eq. (3.14) in the NS sector. We note that the component field
B in ®( does not contribute to the above thanks to the equation of motion, B = —i,/a’/2 "4, in
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the lowest order in g, which is negligible in the zero-momentum sector. The remaining terms of the
right-hand side of Eq. (4.6), which includes the R sector, do not shift the coefficient of the O(4 M):)A»)
term of Eq. (3.24). Furthermore, we can neglect the third and fourth terms in Eq. (4.6), namely

250

1
-= <(‘V0) —[®o, Q‘D0]> =0, —= <{Q<I>oa Yo}, [q’o, ‘IJO]> (4.10)

because of Eq. (3.10), noting that V/’f(k = 0) = cEe PyH, [0, ij(k =0)] = —i/2/a’ cOXH* +
ne®y, V‘f (k=0) = ch‘ 1/2)° The second term of Eq. (4.6) can be evaluated, in a similar way to
Eq. (4.8), as

ewer, 22w L[ g1oyr N s? S s
(Fo)" 7 ¢ 0)’ =5 XTr[Aahghy sl {{ S 1/2>*c< 12 T (c< 1/2) ¥ €5(-12)
1 . ;
= / lexTr[,\dexy-xg]<0|ch‘_l /2)(—\/§)ch_1 /2)(\/5)

b
U3 0 CSy

SHESRINEI

1 e 1 1 ; _ 5 _
= E/dloxTr[kdkﬁkykg]/o dt(S( 1/2) (--) Sf 1/2)( )S(y_l/z)(e fa)Sf_l/z)(—e ‘a))

X <0|c (—l> c (1) boc(e—’a)c(—e—’a)|0>, 4.11)
a a

where a is given in Eq. (4.9) and Uj is given in Refs. [10,11], which corresponds to the conformal
map tan (3 arctan z). For the bc-ghost sector, we have

<0|c (—l) c (l) boc(e_’a)c(—e_ta)|0> = —4¢! (e_Zta2 — iz) (4.12)
a a a

with the normalization (0|c_jcoc1|0) = 1. As for the ¢-ghost and the spin field sector, we note that’

<S?il/2) (z1 )S?l_zl/g) (ZZ)S?[_SUZ) (23)S?_41/2) (z4))

5 5
1 . . .7 1 .7 o7
= S sinririno | 1G4 exp i | 5037 40yl + 5 37 My + A
pP<q pP<qij=1 Jj=1
1 . . 1 . .
= (CHC)¥1*2 (I“MC)OBOI4 — —(F“C)a“al(FMC)“z%, (4.13)
2212213224234 2213214223224

where z,,, = z, — z,, and it leads to

i 1\ o6 1Y o7 —t Vb -
(S <‘;> S (;) S 1€ DSy (—e @)

et . . .. ..
— m(rﬂcwﬂ(rucw — THC)Y (T, C)P7 . (4.14)

2(a_2 _ e—2ta2)2(

5 The last expression is consistent with the formula in Ref. [12] using the Fierz identity:

(MO (I, 07 + (O (1,0 + (M O (I, 0 = 0.
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With the above and Eq. (4.12), Eq. (4.11) is rewritten as

1 bo 1 o0
5<<(w0)2,L—0(\p0)2>> = Z/dloxTr[meyxg]/o dt

—1 —t —t
a —e ‘a Ny .4 4e . .
(arrora.er - L% ool

ae”!

_l 10 T1u T /OO 2
_4/d xTr [ THCOH T, CA)] A dt 1+—a_1 i) 4.15)

However, the last expression includes the divergent integration fooo dt 1, which can be interpreted
as a contribution from the massless part (Lo = 0) in the integration LLO = fooo dt e~ In deriving
the equations of motion for the massive part, Eq. (4.3), we should multiply a projection P, which
subtracts the massless part, on the right-hand side, and this implies that we should replace LLO — L—IOP
in the above. Namely, inserting the projection, we can subtract the divergent term as

—t

1<<(\p0)2,@73<w0)2>> _! / d"xTr [T THC T, C0)] / S
2 Lo 4 0

al —ea
1 ~ A N
= - log (2(\/5— 1)) /dmxTr [(ATCFMA)(ATCFMA)], (4.16)
where we have used Egs. (4.9) and (3.25).

Eventually, including a contribution from the massive part to the massless effective action in both
NS and R sectors, Egs. (3.14) and (3.24), we have

l . 2 7 .
T B P IRCEYY R S
S = / d xTr|:—4 (B,LAV 3,4, W[AM,AVO -idcr <aux W[AM,A])
1 e
+ 5 log (2(ﬁ . 1)) 2GTerri)Gr crux)]. 4.17)

Rewriting va'd,, — A, (/)43 — A, and ﬁ g — g for the canonical form, we obtain

1 1. . .
S = / d'Ox Tr[—z (8 Ay — 0,4, — igld, A1) — EiAT CTH (aux - ig[AM,A])
+ log (2(«/5 — 1)) o' TerryGT CFMX)], (4.18)

where the first line is the same as the action of ten-dimensional SYM and the second line can be
regarded as an «’-correction due to a superstring.

Concerning the o’-correction, we comment on the term of the form /g Tr [F P VOF, M ] for the field
strength, F, = 9,4, — 9,4, —ig[A4,, A,], which was investigated in Refs. [13,14]. In this section,
we have included only the zero-momentum sector for contributions from the massive part, and then
if the above term exists, it should appear in the form o/g4Tr [i[AM,AV][A”,A"][AG,A/‘]], which is
a higher order in g than Eq. (4.18). In this sense, it is necessary to perform further computations
including the nonzero-momentum sector or higher-order terms in g in order to compare the action
from SSFT with the non-Abelian Born—Infeld action [15].
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5. Induced transformations at the lowest order

Here, we derive the gauge and spacetime supersymmetry transformations for massless component
fields from those of string fields given in Refs. [3—5]. We perform explicit computations up to the
lowest order for simplicity.

5.1.  Gauge transformation
The linearized version of Egs. (2.10) and (2.11) is given by

8O0 =0A+1nQ, QW =0 (5.1)

At the massless level, we have

d'k

(2 )mw(k)se’”wnm (5.2)

lek .
.= / oyt ecsase 0, Q=

for the gauge transformation parameter string fields in the NS sector, A and €2, and we have no states
for A-gauge transformation in the R sector at this level. In order to respect the partial gauge-fixing
condition £§o® = 0, we take the gauge parameter as w (k) = (k) = ¢%(k)T, and we have

410
k
OAe + 12 = / o )10 —o' ke (k)Vp(0) — «/Za/kue(k)Vj(O)) |0). (5.3)
Then, from the linearized gauge transformation at the massless level,
8 (@4 + ®p) = OA; + 7%, (5.4)

we have obtained the induced transformation for component fields:

10
SOB(x) =a'3%e(x),  8V4,(x) =iv2a'8,e(x),  e(x) = / (sﬂ)lfoe(k)e”‘*. (5.5)

For the gaugino field A (x), the transformation is trivial: 8§O) A% = 0 at the linearized level. In
order to get a nontrivial transformation, we should include the interaction term of SSFT in the gauge
transformation. Expanding Eq. (2.11) as

SgmyV = XnFED, {FW, A} = Xn{¥, A} + O(dW), (5.6)

we define
580w = X0 {Wo, A} (5.7)

Since the star product of Wy and A, has (ngp,npic) = (0,—1/2) and its ¢-charge is —5/2, we
expand as

(Wo, A / S () (€ (g™ (0. (Y0 Ay - (5.8)

at the massless level, where

% (k) = cOcEDE S5 10X (0)|0), ¢ (k) = enS{ )" ¥ (0)]0), (5.9)
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which satisfy the normalization
(% k), 9% (k) = C*42m) 8" (k1 + k). (5.10)
Using the relations

lekZ lek3
(2n)10 (2].[)10

(@ (k1), {Wo, Ae}) = (=1 [ (k2), €(k3)]

x COdg e RHEED) (27 5d () 4 ky + k3), (5.11)
Xnle® (k)) = —V§ (k)(0)[0), (5.12)
we have obtained
| lek | .
5w = f (2ﬂ)105§ s ()VE (k) (0)[0) + - - -, (5.13)

lekz d10k3
(27.[)10 (27.[)10

54 (k) = [hg (k2), & (k3)] K& A4 0yl s (jy + ks — k), (5.14)

and hence the induced gauge transformation of the component field is
s (x) = — [a(x),i“(x)] (5.15)

for small momentum: K¢ ®*+B+4) ~ 1. Equations (5.5) and (5.15) are consistent with the ordinary

gauge transformation of the SYM.

5.2, Supersymmetry transformation at the linearized level

First, we derive explicit expressions for equations of motion for component fields from those for
string fields. The equations of motion in Eq. (2.14) are linearized as

Ond =0, QW =0. (5.16)

At the massless level, we have

lek o i
Ondg = f o (26® —\/;k“AM<k))cnekX<0>|0>

/ .
— V2a (I B(k) — ,/%kZAM(k))cace_‘ﬁt//“e’k'X (0)|0>), (5.17)
410k 5 . . X
0w = | 5k (/k2edeSE ) + iVak (T15neSE 1)) XX O)10), (5.18)

which imply that the induced linearized equations of motion are

o o A
B+i 33%*/1“ =0, 08— 382@ =0, TI'*9,A=0, (5.19)

in terms of component fields. The first two equations correspond to the Maxwell equation for the
gauge field 4, and the last equation corresponds to the Dirac equation, and hence they are consistent
with SYM at the linearized level.
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The spacetime supersymmetry transformations in Eqgs. (2.15) and (2.16) are linearized as
0 - 0
5d =SEW,  §YW =x85y0. (5.20)
At the massless level, the first transformation is computed as

8P @y = SEW,

d% i .
= | ——5——=(e'T,CM)V/ (k)(0)]0) + 1<, 5.21
om0 75 THCRVEDO10) + 12 (5.21)
where Qo = £ S(E — &) W is a kind of 2-gauge transformation in Eq. (2.10). Then, up to 2-gauge
transformation, the induced linearized transformations of bosonic component fields are obtained:

1= .
—éryh, 8B =0, (5.22)

V2

where é = Ce and € = é7C. For the second equation of Eq. (5.20), we have calculated as follows:

(©)
894, =

50wy = XSndy

o d% \/? 1 Toapvn
= W( Ez(k,uAv(k) - kvA,u(k))(e ' g
+ (Bk) + \/gk’“‘Aﬂ(k))ed>V)‘f‘ (k)(0)]0). (5.23)

This implies that the induced linearized transformation of the fermionic component field is given by

R / 1 /
593 = i,/%E(BMAV — 0,4,)THE + (B + iy %aﬂAM)é. (5.24)

We find that the induced transformations of Eqs. (5.22) and (5.24) are consistent with the conven-
tional supersymmetry transformation in the ten-dimensional SYM, up to the equations of motion in
Eq. (5.19), at the linearized level.

6. Concluding remarks

In this paper, we have truncated the string fields in both NS and R sectors in the framework of
Kunitomo and Okawa’s SSFT up to the lowest level (massless level) and, by evaluating the action
explicitly in terms of the component fields, we have obtained the ten-dimensional SYM action plus an
extra O(Ai) term. We have also investigated a contribution from the massive part in the lowest order
in g in the zero-momentum sector and observed that the extra O(Ai) cancels in the NS sector and
instead an extra O(Aé) appears from the R sector, which can be interpreted as o’-correction.® We have
derived the gauge transformation and the spacetime supersymmetry transformation for the massless
component fields induced from those of string fields at the lowest order. Our explicit calculation
implies that the lowest-level truncation of Kunitomo and Okawa’s SSFT action is consistent with
the ten-dimensional SYM theory.

We have some remaining issues. At the present stage, we have no explicit formula for the reality
condition of the string fields including the R sector. We expect that the Majorana condition for the

® As noted at the end of Sect. 4, we should include the nonzero-momentum sector in order to discuss
O(a')-correction completely.
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massless component field in the R sector, ATT0 = A7'C, should be imposed by a consistent reality
condition for string fields. It would be interesting to perform similar calculations in other SSFTs such
as Aso-type SSFT and (modified) cubic SSFT. Our concrete computations in terms of component
fields might be useful to find new methods to construct solutions of the equation of motion such as
SSFT version of the BPS condition.

We hope that our work becomes one of the steps toward physical applications of SSFT.
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Appendix A. Convention of the spin fields

Here, we summarize our convention for explicit computations including the R sector, which is based

on the method developed in Ref. [ 12]. The worldsheet fermion ¥* (u = 0, 1, ..., 9) can be bosonized
using ¢% (¢ = 1,2,...,5) as

271200 F ) e ey, A1)

272 (Rt gyl v By, . a=2,3,4,5, (A.2)

where the operator product expansion (OPE) among ¢¢ is ¢%(z)¢’(w) ~ 8%’ log(z — w),

a,b = 1,...,5. Involving the bosonized ghost ¢ = #°, such as ¢°(z)p®(w) ~ — log(z — w),
the cocycle factor ¢) (A = Z?=1 Ale;) is defined by

) = &7 Yo )‘iMj[3¢/]0’ [0¢']0 = % 2d—Z a¢', (A.3)
i

where M;; (i,j = 1,2,...,6) is given by the matrix

o o0 o0 0 o0 0
1 0o 0 0 0 0
M= 1 1 0 0 0 O (A4)
-1 1 -1 0 0 0
1 1 1 1 0 0
-1 -1 -1 =1 1 0
The GSO (+) projection can be expressed as
6
14+ (=1° .
—— G= le[adﬂ]o. (A.5)
i
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The spin fields with ;. = 4-1/2 are expressed as

5
5 gigitl P 1 - j
Sty = e P ens A=, (=1,...5), HA’ >0, (A6)

5
; S digixl TR i
Sty = X AVE e A=, (=1,..5), HA’<O. (A.7)

In general, for S) = 6256:1 Xi‘i’ick with A = Z?:l Ale;, the OPE is
S)\. ()/)S)J (Z) — (y . Z))\.inij)»/j e)\"qbi(y)-i-)»’iqﬁi(z) ei?‘[)»iM,:/)\./jc)H_N, (A8)

where n;; = diag(1, 1, 1,1, 1, —1). Corresponding to the above convention, we define the I"-matrix as

MNM=—ioiLehe®ehel,, IN=nhehelh®l,, (A9)
MM=nnelhe1hel,, P=-nRn®Lel,el,, (A.10)
M=—000nR0 LIl MP=-0300Rmnd1Lel,, (A.11)
F6:—a3®o3®03®02®12, F7:o3 Qo3 R®03®0] R 1y, (A.12)
F8=a3®03®a3®03®01, 1"9=a3®a3®a3®03®02, (A.13)

and T = POTIP203r4r3rer’r8r? = o3 ® 03 @ 03 ® 03 ® 03, where o; (i = 1,2, 3) is the Pauli
matrix, and we take

C=elo @0 @m®@a ®m, Cl=-c, ct=c. (A.14)
Then, we have
(TH, TV} = 2nH, c7rtc = -+, Tt =rorero, (A.15)

In the same way as the linear combination of the bosonization, Egs. (A.1) and (A.2), we define

r = 2 r0Frh =vi 9 Lo Le L b, (A.16)
V2
1
r¥e — 2 xir?) = +V2i03 ® 0+ ®1L® 128 1, (A.17)
V2
1
rte — MFird)=-V20380300:®1,® 1y, (A.18)
ﬁ
1
M = T xil’) = 7v2i03 ® 03 ® 03 ® 05 ® 12, (A.19)
ﬁ
1
rs = — M xir’) = V203 03 ® 03 ® 03 ® 0, (A.20)
V2
where o = %(01 +iop), 0_ = %(01 — io2), and they can be rewritten as
I = (i)Y 'V2(030Y o (®1)°7  j=1,2,3,4,5. (A21)
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Using the above equations, we find

0 Fj:e‘j Ol_
r+e — Ny (=905 , j=1,2,3,4,5, (A.22)
(F:I:ej)aﬂ 0

(CFN% =8,y V2657 Tt M (TN =8,y 455V 25 i M (A23)

0 co
C= (cd P ) (A.24)
; : 6 i A i
CoP =5, poe T Rum M g = (4l 1)2), (A.25)
. . 6 Yy . ..

ceB — _5/.1_'_30 e i Zi,/‘:lA—MUA]—’ A=A, —1/2), (A.26)

o Zl | Mej A/ =i & Z/ | Mg 4 = i (FMC)Olﬁ — (FMC)ﬁO‘, (FMC)o}B — (FMC)/‘%’,
(A.27)

| 0o C}
and, furthermore, for C~' = | | ap )
Gt 0
6 i 6 i A

Ca_ﬂl = —84450€" Zijr My Cs /3 =38,4B0 o L My A (A.28)

chepl =5y, CHCpl =588, (CT'TMep = (€M, (CTTM)45 = (€71,

(A.29)
Here, we should note that the correspondence of the spinor index is
oo A= (x1/2,£1/2,+1/2,+1/2,£1/2) = Y "A'e;, [[4' >0, (A.30)
5
& o A= (x1/2,£1/2,4+1/2,+1/2,£1/2) = Y "A'e;, [[4 <0, (A31)
= i=1
for undotted and dotted spinors.
For the spin field with n;c = 7,
S 5 igi . ~
Sf‘r) — eXi=14'® +r¢CZ,-5:]?1"ei+res’ o= (a,a) < A4, (A.32)
we have the OPE:
n . G g
VIISHE ~ 0= ST s ).
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