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We study a model with a down-type SU(2) singlet vector-like quark (VLQ) as a minimal extension
of the standard model (SM). In this model, flavor-changing neutral currents (FCNCs) arise at tree
level and the unitarity of the 3 × 3 Cabibbo–Kobayashi–Maskawa (CKM) matrix does not hold.
In this paper, we constrain the FCNC coupling from b → s transitions, especially Bs → μ+μ−

and B̄ → Xsγ processes. In order to analyze these processes we derive an effective Lagrangian
that is valid below the electroweak symmetry breaking scale. For this purpose, we first integrate
out the VLQ field and derive an effective theory by matching Wilson coefficients up to one-loop
level. Using the effective theory, we construct the effective Lagrangian for b → sγ (∗). It includes
the effects of the SM quarks and the violation of CKM unitarity. We show the constraints on the
magnitude of the FCNC coupling and its phase by taking account of the current experimental
data on �MBs , Br[Bs → μ+μ−], Br[B̄ → Xsγ ], and CKM matrix elements, as well as theoretical
uncertainties. We find that the constraint from Br[Bs → μ+μ−] is more stringent than that from
Br[B̄ → Xsγ ]. We also obtain a bound for the mass of the VLQ and the strength of the Yukawa
couplings related to the FCNC coupling of the b → s transition. Using the CKM elements that
satisfy the above constraints, we show how the unitarity is violated on the complex plane.
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1. Introduction

After the discovery of the Glashow–Iliopoulos–Maiani mechanism [1], this suppression mechanism
of the flavor-changing neutral current (FCNC) has been firmly verified in K , D, and B meson systems.
The unitarity of the Cabibbo–Kobayashi–Maskawa (CKM) matrix [2–4] has also been verified. As
investigated in Refs. [5,6], CKM unitarity is consistent with current data, which characterizes one
of the most successful aspects in the standard model (SM).

As an extension of the quark sector, the vector-like quark (VLQ) is considered. Here, a VLQ is a
quark whose representations in the gauge group for left- and right-handed components are the same.
As models including VLQs, some new physics scenarios have been considered in the literature.
Such vector-like extensions of the SM include the universal seesaw model [7–12]. This scenario
introduces gauge singlet vector-like fermions to explain the hierarchical structure of fermion masses.
Furthermore, in the context of left–right symmetry, the seesaw mechanism induced by vector-like
fermions gives a solution to the strong CP problem [13].

The model with VLQ leads to rich phenomenology that can be testable in experiments [14–19]. In
particular, FCNCs induced by VLQ give rise to deviation from the SM prediction. Furthermore, the
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unitary relation of the CKM matrix, e.g. V ∗
ubVus +V ∗

cbVcs +V ∗
tbVts = 0, no longer holds. The unitarity

triangle is modified as a quadrilateral due to the correction that arises from FCNCs. On the other hand,
the direct detection of the VLQ is under way in collider experiments [20,21]. Then, the predictions
and constraints on the mass and couplings of VLQ from the flavor observables provide important
information.

In this paper, a model including one additional down-type VLQ is discussed. Integrating out the
VLQ, one can find that tree-level FCNC arises from interaction with the Z and Higgs bosons. On the
basis of the effective field theory (EFT), we derive loop functions that correspond to the Inami–Lim
functions in the SM. In order to examine the FCNC, phenomenological analysis is carried out for
the b → s transition. Specifically, experimental data for B̄ → Xsγ , Bs → μ+μ−, and the mass
difference in the Bs–B̄s system are utilized to constrain the model. The constraints on the magnitude
of the FCNC coupling and its phase are shown by taking account of the current experimental data
as well as theoretical uncertainties.

This paper is organized as follows: In Sect. 2, we integrate out the down-type VLQ and determine
the Wilson coefficients of the EFT up to one-loop level. The loop functions are summarized in Sect. 3.
In Sect. 4, a phenomenological analysis for the b → s transition is given. Section 5 is devoted to
summary and discussion.

2. Integrating out VLQ fields

In this section, we derive a low-energy effective Lagrangian by integrating out the VLQ fields. For
this purpose, we show a full Lagrangian which includes one down-type SU(2) singletVLQ in addition
to the SM quarks. We assume that the mass of the VLQ is much larger than the electroweak (EW)
scale. Then the Lagrangian LFull that is invariant under SU(3)c × SU(2) × U(1)Y is

LFull = qi
Li /DLqi

L + ui
Ri /Du

Rui
R + di

Ri /Dd
Rdi

R + d4
Li /Dd

Rd4
L + d4

Ri /Dd
Rd4

R

− [yij
d qi

Lφdj
R + yi4

d qi
Lφd4

R + M4d4
Ld4

R + yii
u ui

Rφ̃qi
L + h.c.], (1)

where i = 1, 2, 3 denotes the indices for generations, d4
L,R are VLQs, and yu and yd representYukawa

couplings of up-type and down-type quarks respectively. The matrix for the Yukawa coupling of up-
type quarks is taken to be real diagonal, while that of down-type quarks is a 3×4 matrix. M4 denotes
the mass of the VLQ. Note that the mixing term between the left-handed VLQ d4

L and right-handed
SM down-type quarks di

R is allowed in general. However, we can remove the mixing term by rotation
of the down-type quarks. Hence we can take the Lagrangian as Eq. (1). The covariant derivatives are
defined as follows:

DLμ = ∂μ + igs
λa

2
Ga

μ + ig
τ I

2
W I

μ + ig′ YqL

2
Bμ, (2)

Du
Rμ = ∂μ + igs

λa

2
Ga

μ + ig′ YuR

2
Bμ, (3)

Dd
Rμ = ∂μ + igs

λa

2
Ga

μ + ig′ YdR

2
Bμ, (4)

where λa, τ I , and YX are Gell-Mann matrices, Pauli matrices, and the U(1)Y hypercharge of a field
X (X = qL, uR, dR), respectively.
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Fig. 1. The Feynman diagrams for the scattering of a quark / anti-quark pair into a Higgs pair (qiqj → φφ†).
The left figure shows the diagram of the full theory in which the VLQ is exchanged, while the right figure
shows the diagram of the effective theory where the VLQ is absent and already integrated out.

2.1. Matching full theory and effective theory

In order to obtain the higher-dimensional operators that represent the effect of the VLQ in the energy
scale between M4 and the EW scale, we integrate out the VLQ fields d4

L,R in Eq. (1). At first, we
perform tree-level matching at VLQ mass scale M4. In Fig. 1, we show the Feynman diagram (left
figure) for the scattering of a quark / anti-quark pair into a Higgs pair (qiqj → φφ†), in which
the VLQ is exchanged. We assume that the external particles have momenta much smaller than the
mass of the VLQ. Then the amplitude of the left figure can be reproduced up to O(M−2

4 ) accuracy
by computing the Feynman diagram of the right figure with the following low-energy effective
Lagrangian [18,19,22–24]:

Ltree
Eff = i

yj4
d yi4∗

d

M 2
4

(
qj

Lφ

)
/Dd

R

(
φ†qi

L

)
, (5)

where i, j = 1, 2, 3.
The effective Lagrangian is written in terms of a dimension-six operator, and its coefficient is

determined so that it reproduces the amplitude of the left figure in Fig. 1 within the precision of
O(M−2

4 ). By using the equations of motion derived from the SM Lagrangian, we can rewrite the
effective Lagrangian of Eq. (5):

Ltree
Eff = yj4

d yi4∗
d

2M 2
4

[
i

2

(
qj

Lτ I γ μqi
L

){(
Dμφ

)†
τ I φ − φ†τ I (Dμφ

)}

+ i

2

(
qj

Lγ μqi
L

){(
Dμφ

)†
φ − φ† (Dμφ

)}

+
(
φ†φ

)(
yik

d qj
Lφdk

R + yjk∗
d dk

Rφ†qi
L

)

+1

2

(
φ†τ I φ

){
yjj

u

(
qj

Lτ I φ̃

)
uj

R + yjj∗
u uj

R

(
φ̃†τ I qj

L

)}

+1

2

(
φ†φ

){
yjj

u qj
Lφ̃uj

R + yjj∗
u uj

Rφ̃†qj
L

}]
. (6)

Next we consider one-loop level matching between the full theory and the effective theory to
obtain effective interactions that contribute to the radiative transition of the quarks. The procedure
is as follows:

(i) We calculate the amplitudes of the Feynman diagrams for the decay of qi
L into qj

L and one of
the gauge fields B, W I , or Ga at one-loop level (see the top figures in Fig. 2). These diagrams
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Fig. 2. The Feynman diagrams for the decay of qi
L into qj

L and one of the gauge fields B, W I , or Ga at one-
loop level with the full theory (top figures) and the effective theory (bottom-left and bottom-center figures).
The circular marks denote the tree-level effective operator and the square mark denotes the new effective
operators.

include the VLQ in the internal line. In this calculation, we renormalize the amplitudes with
the MS scheme.

(ii) We calculate the same transitions as those of step (i) with the effective operator in Eq. (5)
obtained by tree-level matching (see the bottom-left and bottom-center figures in Fig. 2). In
this calculation, we also renormalize the amplitudes with the MS scheme.

(iii) We introduce new effective operators and determine their coefficients so that the renormalized
amplitudes in step (ii) match with those of the full theory computed in step (i)—see the bottom-
right figure in Fig. 2.

We can obtain the following effective Lagrangian Lone−loop
Eff at one-loop level:

Lone−loop
Eff = LK

Eff + LB
Eff + LW

Eff + LG
Eff , (7)

where

LK
Eff = i

yj4
d yi4∗

d

16π2

(
1

2
ln

μ2

M 2
4

+ 3

4

)
qj

L /DLqi
L

+ i
1

16π2

yj4
d yi4∗

d

3M 2
4

(
yjl∗

d dl
Rφ† + yjj∗

u uj
Rφ̃†
)

/DL

(
yik

d φdk
R + yii

u φ̃ui
R

)
, (8)
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LB
Eff = g′2 yj4

d yi4∗
d

16π2M 2
4

{
YdR

2
· 7

36
− Yφ

2

(
1

6
ln

μ2

M 2
4

+ 11

36

)}

×
(

qj
Lγ μqi

L

)[
YlL

2
lLγμlL + YeR

2
eRγμeR + YqL

2
qLγμqL + YuR

2
uRγμuR

+ YdR

2
dRγμdR + i

Yφ

2

{
φ†Dμφ − (Dμφ)†φ

}]

+ g′ 1

16π2M 2
4

(
YqL

2
· 1

12
− YdR

2
· 1

8

)[
yj4

d yi4∗
d qj

Lσμν

(
yil

d φdl
R + yii

u φ̃ui
R

)
Bμν + h.c.

]
, (9)

LW
Eff = −g2 yj4

d yi4∗
d

16π2M 2
4

(
1

6
ln

μ2

M 2
4

+ 11

36

)
qj

Lγ μ τ I

2
qi

L

×
[

lL
τ I

2
γμlL + qL

τ I

2
γμqL + i

{
φ† τ I

2
Dμφ − (Dμφ)† τ I

2
φ

}]

+ g
1

16π2M 2
4

· 1

12

{
yj4

d yi4∗
d qj

L
τ I

2
σμν

(
yil

d φdl
R + yii

u φ̃ui
R

)
W Iμν + h.c.

}
, (10)

LG
Eff = g2

s
yj4

d yi4∗
d

16π2M 2
4

· 7

36

(
qj

Lγ μ λa

2
qi

L

)(
qL

λa

2
γμqL + uR

λa

2
γμuR + dR

λa

2
γμdR

)

+ gs
1

16π2M 2
4

(
− 1

24

){
yj4

d yi4∗
d qj

L
λa

2
σμν

(
yil

d φdl
R + yii

u φ̃ui
R

)
Gaμν + h.c.

}
. (11)

To derive the above expressions, we use the equation of motion in the leading order of the expansion
with respect to 1/M 2

4 , namely that of the SM. In Eqs. (9)–(11), Fμν
B , W Iμν , and Gaμν are the field

strength of U(1)Y, SU(2), and SU(3)c, respectively. The matching scale μ is typically taken to
be the VLQ mass scale M4. The lepton doublet is denoted by lL. The effective Lagrangians LB

Eff ,
LW

Eff , and LG
Eff contain the effective operators that contribute to the decay of qi

L → qj
LB, W I , and

Ga, respectively. Since we use the equations of motion, the effective Lagrangians also contain the
operators such as the four-Fermi operators that do not contribute to these processes.

Finally, the whole Lagrangian LEff obtained by integrating out the VLQ fields is given as:

LEff = LSM + Ltree
Eff + Lone−loop

Eff , (12)

LSM = qi
Li /DLqi

L + ui
Ri /Du

Rui
R + di

Ri /Dd
Rdi

R − [yij
d qi

Lφdj
R + yii

u ui
Rφ̃qi

L + h.c.], (13)

where Ltree
Eff is given in Eq. (5) or Eq. (6), and Lone−loop

Eff is given in Eqs. (8)–(11). In Eq. (12), the
kinetic term of the SM quark doublet qL is

Lq
K = qj

L

{
δji + Zji(μ)

}
i /DLqi

L, (14)

Zji(μ) = yj4
d yi4∗

d

16π2

(
1

2
ln

μ2

M 2
4

+ 3

4

)
, (15)
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where the term Zji(μ) comes from the first term in Eq. (8). To rewrite the kinetic term into a canonical
form, we perform the following rescaling of qL:

q′k
L ≡

{
δki + 1

2
Zki(μ)

}
qi

L. (16)

Then the kinetic term of the quark doublet becomes

Lq
K = q′k

L i /DLq′k
L . (17)

In terms of the rescaled fields introduced in Eq. (16), theYukawa interactions in Eq. (13) are changed:

yii
u qi

Lφ̃ui
R =

{
δki − 1

2
Zki(μ)

}
yii

u q′k
L φ̃ui

R ≡ Y ki
u q′k

L φ̃ui
R, (18)

yji
d qj

Lφdi
R =

{
δkj − 1

2
Zkj(μ)

}
yji

d q′k
L φdi

R ≡ Y ki
d q′k

L φdi
R, (19)

where we redefine the SM Yukawa coupling as

Y ki
u ≡

{
δki − 1

2
Zki(μ)

}
yii

u , Y ki
d ≡

{
δkj − 1

2
Zkj(μ)

}
yji

d . (20)

The rescaling of the field in Eq. (16) is absorbed into the Yukawa couplings. After the diagonaliza-
tion of the mass matrices based on these couplings, it contributes to the CKM matrix as one-loop
corrections. Since we only consider the charged current interaction in one-loop diagrams in the next
section, these corrections lead to two-loop order effects and they are neglected.

The tree-level effective operator in Eq. (5) is also changed by the rescaling in Eq. (16):

i
yj4

d yi4∗
d

M 2
4

(
qj

Lφ

)
/Dd

R

(
φ†qi

L

)
=
{
δkj − 1

2
Zkj(μ)

}
i
yj4

d yi4∗
d

M 2
4

{
δil − 1

2
Zil(μ)

}(
q′k

L φ
)

/Dd
R

(
φ†q′l

L

)

≡ i
Y k4

d Y l4∗
d

M 2
4

(
q′k

L φ
)

/Dd
R

(
φ†q′l

L

)
, (21)

where we redefine the Yukawa coupling between the SM quarks and the VLQ as

Y k4
d ≡

{
δkj − 1

2
Zkj(μ)

}
yj4

d . (22)

As we will see in the next subsection, this redefinition of the Yukawa coupling in Eq. (22) adds
O( 1

16π2M 2
4
) corrections to the CKM matrix and the FCNC coupling. In the next section we will take

into account only leading-order contributions in 1/M 2
4 , and these corrections are neglected.

For the one-loop effective Lagrangian, the rescaling in Eq. (16) leads to two-loop order corrections
and we can simply take q′

L � qL in the one-loop effective Lagrangian.
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2.2. Electroweak symmetry breaking

In this subsection, we derive the Lagrangian for the broken phase of the SM gauge symmetry. We
substitute the following forms for the Higgs doublet in the Lagrangian Eqs. (6)–(11):

φ =
(

χ+
(v + h + iχ0)/

√
2

)
, (23)

φ̃ =
(

(v + h − iχ0)/
√

2
−χ−

)
. (24)

Here we do not take into account the running effect from the VLQ mass scale to the EW scale for
the coefficients in the effective interactions in Eqs. (6)–(11). For the effective Lagrangian Ltree

Eff in
Eq. (6), we obtain

Ltree
Eff = v2

4M 2
4

[
hji

dmik
d dj

Ldk
R + h.c.

]
+ g

2MW
· 3v2

4M 2
4

[
hji

dmik
d dj

Ldk
R(h + iχ0) + h.c.

]

− g√
2MW

· v2

4M 2
4

[
hji

dmii
udj

Lui
Rχ− + h.c.

]
+ g√

2MW
· v2

2M 2
4

[
hji

dmik
d uj

Ldk
Rχ+ + h.c.

]

+ g√
2

· v2

4M 2
4

[
hji

duj
Lγ μdi

LW +
μ + h.c.

]
− g

2cw
· v2

2M 2
4

hji
ddj

Lγ μdi
LZμ + · · · , (25)

where the ellipsis represents the terms including more than four fields, hji
d represents yj4

d yi4∗
d , and cw

(sw) denotes the cosine (sine) of the weak mixing angle θw. The mass matrices of the up-type and
down-type quarks which correspond to LSM in Eq. (13) are denoted by mu,d ≡ vyu,d/

√
2. Adding the

tree-level effective Lagrangian in Eq. (25) to the SM Lagrangian LSM in Eq. (13), the mass matrix

of the down-type quarks changes into
(

δji − v2

4M 2
4

hji
d

)
mik

d . We diagonalize this mass matrix. At first,

we introduce 3 × 3 unitary matrices KL and KR. These unitary matrices diagonalize the matrix md :{
di

L = Kim
L d ′m

L

di
R = Kim

R d ′m
R

→ (K†
LmdKR)mn ≡ m′m

d δmn, (26)

where the prime indicates the mass basis of the SM. In this mass basis, the mass matrix of the
down-type quarks changes into

K†mj
L

(
δji − v2

4M 2
4

hji
d

)
mik

d Kkn
R =

(
δmn − v2

4M 2
4

h′mn
d

)
m′n

d , (27)

where

(K†
LhdKL)mn = K†mj

L yj4
d yi4∗

d Kin
L ≡ y′m4

d y′n4∗
d ≡ h′mn

d . (28)

The mass matrix in Eq. (27) is not diagonal. In order to diagonalize the mass matrix including the
contributions of O(v2/M 2

4 ), we introduce unitary matrices VL and VR,{
d ′m

L = V mp
L d ′′p

L

d ′m
R = V mp

R d ′′p
R

→ V †pm
L

(
δmn − v2

4M 2
4

h′mn
d

)
m′n

d V nq
R ≡ m′′p

d δpq, (29)
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where the double prime denotes the mass basis of the model with VLQ. The physical masses of the
down-type quarks are denoted by m′′p

d = (m′′
d , m′′

s , m′′
b). The mixing angles of these unitary matrices

are of the order of O(v2/M 2
4 ). Hereafter we omit the double prime on the quark fields of the mass

basis and hd denotes the h′
d in the right-hand side of Eq. (28). Finally, we obtain the following

Lagrangian after the transformation in Eqs. (26) and (29):

LSM + Ltree
Eff = L0 + LA + LW + LZ + Lχ± + Lh + Lχ0 + · · · , (30)

where the ellipsis represents the terms that contain more than four fields. Each part of the Lagrangians
is given below:

L0 = uii /∂ui + dpi /∂dp −
[
mi

uuiui + mp
ddpdp

]
, (31)

LA = −e
[
Quuiγ μui + Qddpγ μdp

]
Aμ, (32)

LW = − g√
2

uiγ μV iq
CKMLdqW +

μ + h.c., (33)

LZ = − g

cw

[
uiγ μ

(
1

2
L − Qus2

w

)
ui − dpγ μ

(
1

2
Zpq

NCL + Qds2
wδpq

)
dq
]

Zμ, (34)

Lχ± = g√
2MW

uiV ip
CKM

(
mi

uL − mp
dR
)

dpχ+ + h.c., (35)

Lh = − g

2MW
dpZpq

NC

(
mq

dR + mp
dL
)

dqh, (36)

Lχ0 = − ig

2MW
dpZpq

NC

(
mq

dR − mp
dL
)

dqχ0. (37)

In Eqs. (31)–(37), L and R denote the chiral projection operators, L ≡ 1−γ5
2 , R ≡ 1+γ5

2 . The elec-
tromagnetic charges of up-type and down-type quarks are denoted by Qu and Qd , respectively. The
3 × 3 CKM matrix VCKM is defined as

VCKM ≡ KL

(
1 − v2

4M 2
4

hd

)
VL. (38)

The FCNCs arise from the 3×3 non-diagonal matrix ZNC in the Z , h, and χ0 interactions in Eqs. (34),
(36), and (37). The matrix ZNC in the neutral currents is defined as follows:

ZNC ≡ V †
L

(
1 − v2

2M 2
4

hd

)
VL � 1 − v2

2M 2
4

hd + O(v4/M 4
4 ). (39)

Using Eqs. (38) and (39), we obtain the relation between the CKM matrix VCKM and the matrix ZNC

up to O(v2/M 2
4 ): ∑

i=u,c,t

V ip∗
CKMV iq

CKM = Zpq
NC. (40)

Equation (40) shows that the unitarity of the CKM matrix for the three generations does not hold
due to the deviation from the unit matrix of the matrix ZNC in Eq. (39). Taking the limit of M4 → ∞,
the unitarity relation is restored.
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Next we rewrite the one-loop level effective Lagrangian Eqs. (8)–(11) in terms of the mass basis
defined in Eq. (29). Below we write the part of the dipole operators and omit the other parts of the
effective Lagrangian:

LB
Eff + LW

Eff = g

16π2cw
· GF

6
√

2

(
1 − 7

2
Qus2

w

)
uj

LV jp
CKM

(
δpq − Zpq

NC

)
V iq∗

CKMmi
uσμνui

RZμν

+ g

16π2cw
· GF

6
√

2

(−1 + Qds2
w

)
dp

L

(
δpq − Zpq

NC

)
mq

dσμνdq
RZμν

+ e

16π2 · 7GF

12
√

2
Quuj

LV jp
CKM

(
δpq − Zpq

NC

)
V iq∗

CKMmi
uσμνui

RFμν
A

− e

16π2 · GF

6
√

2
Qddp

L

(
δpq − Zpq

NC

)
mq

dσμνdq
RFμν

A

+ g

16
√

2π2
· GF

3
√

2
dp

L

(
δpq − Zpq

NC

)
V iq∗

CKMmi
uσμνui

RW −μν

+ g

16
√

2π2
· GF

3
√

2
uj

LV jp
CKM

(
δpq − Zpq

NC

)
mq

dσμνdq
RW +μν + h.c., (41)

LG
Eff = − gs

16π2 · GF

6
√

2
uj

LV jp
CKM

(
δpq − Zpq

NC

)
V iq∗

CKMmi
u
λa

2
σμνui

RGaμν

− gs

16π2 · GF

6
√

2
dp

L

(
δpq − Zpq

NC

)
mq

d
λa

2
σμνdq

RGaμν + h.c., (42)

where the field strengths Zμν , Fμν
A , and W ±μν are defined as

Zμν = ∂μZν − ∂νZμ, Fμν
A = ∂μAν − ∂νAμ, W ±μν = ∂μW ±ν − ∂νW ±μ, (43)

respectively. Note that the coefficient of the photon dipole operator with the down-type quarks is
consistent with the case of the full theory calculation up to O(M−2

4 ) [25].

3. Effective Lagrangian for �B = 1, 2 and b → sγ (∗) processes

In order to analyze the B meson system, we derive the effective Lagrangian for the �B = 1, 2
and b → sγ (∗) processes in the model with VLQ. Here we focus on contributions derived from
the effective Lagrangian in Eq. (30). There are three sources for the effective Lagrangian. The first
contribution is the same as the case of the SM. The second contribution corresponds to the diagrams
that include the FCNC couplings. The third contribution comes from the violation of CKM unitarity.
In the following computations, we use the ’t Hooft–Feynman gauge.

3.1. �B = 1 process

First we consider the �B = 1 process to calculate the branching ratio of the Bs → μ+μ− process in
the next section. The diagrams that contribute to the effective Lagrangian up to O(ZNC) are shown
in Fig. 3.

The b̄s → μ+μ− process occurs at tree level in the model with VLQ since there is the tree-level
Z FCNC among the down-type quarks. In one-loop level, the contribution comes from the Feynman
diagrams in Figs. 3(a) and (b) that are also present in the SM. However, these amplitudes include
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(a) (b) (c)

Fig. 3. The Feynman diagrams that contribute to the bs → μ+μ− process. Diagrams (a) and (b) are the same
contributions as the SM. Diagram (c) is the new contribution in the model with VLQ.

(a) (b) (c)

Fig. 4. The Feynman diagrams that contribute to the �B = 2 process in the model with VLQ. Diagram (a)

is same as in the case of the SM, but the additional contribution arises from Diagram (a) by the violation of
CKM unitarity.

the additional contributions due to the violation of CKM unitarity. Since these contributions are
suppressed by the loop factor e2/(16π2) compared with the contribution of the tree diagram in
Fig. 3(c), we neglect the contribution from the violation of CKM unitarity in the computation of the
b̄s → μ+μ− process. Then the effective Lagrangian for bs → μ+μ− is given as follows:

LEff (bs → μ+μ−) =
√

2GFαem

πs2
w

λt
bsY0(xt)

{
1 − πs2

w

αemY0(xt)
· Zbs

NC

λt
bs

}[
bLγ μsL

] [
μLγμμL

]
, (44)

where λt
bs ≡ V tb∗

CKMV ts
CKM, and αem = e2/(4π) denotes the fine structure constant of the

electromagnetic interaction. The Inami–Lim function Y0(xt) is [26,27]

Y0(xi) = 1

8
xi − 3

8

xi

xi − 1
+ 3

8

x2
i

(xi − 1)2 ln xi, (45)

where xi ≡ (mi
u/MW )2. The first term in Eq. (44) comes from the diagrams in Figs. 3(a) and (b)

with the CKM unitarity relation for the SM (
∑

i=u,c,t λ
i
bs = 0), that is, the SM contribution. The

second term of Eq. (44) comes from the diagram in Fig. 3(c), so this term is the new contribution in
the model with VLQ.

3.2. �B = 2 process

Next we show the effective Lagrangian for the �B = 2 process in order to compute the mass
difference of the Bs meson in a later section. In Refs. [28–31], the �B = 2 process was computed up
to O(Z2

NC) and O(ZNC · αem/(4π)). The diagrams that contribute to the �B = 2 process are given
in Fig. 4.

From the diagrams in Fig. 4, we obtain the effective Lagrangian for the bs ↔ sb process as [28–31]:

LEff (bs ↔ sb) = GF√
2

αem

4πs2
w

(
λt

bs

)2
S0(xt)

×
⎧⎨
⎩1 + 8Y0(xt)

S0(xt)
· Zbs

NC

λt
bs

− 4πs2
w

αemS0(xt)

(
Zbs

NC

λt
bs

)2
⎫⎬
⎭
[
bLγ μsL

] [
bLγμsL

]
, (46)
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(a) (b) (c)

Fig. 5. The Feynman diagrams that contribute to the b → sγ (∗) process. The diagrams in (a) are the same
contributions as the SM. The additional contribution arises from the diagrams in (a) by the violation of
CKM unitarity. Diagram (b) is the new contribution in the model with VLQ. Diagram (c) is the counterterm
determined by the quark self-energy and Z–photon, χ0–photon mixing diagrams in Fig. 6.

where

S0(xi) = −3

2

(
xi

xi − 1

)3

ln xi − xi

{
1

4
− 9

4

1

xi − 1
− 3

2

1

(xi − 1)2

}
(47)

is the Inami–Lim function [26].Also, Y0(xt) is given in Eq. (45). The first term in Eq. (46) comes from
the diagram in Fig. 4(a) with the CKM unitarity relation. The second term in Eq. (46) is obtained
from the violation of CKM unitarity in the diagram in Fig. 4(a) in addition to the contribution from
the diagram in Fig. 4(b). The CKM unitarity relation is used for the one-loop Z FCNC vertex in
Fig. 4(b) since the O(Z2

NC · αem/(4π)) contribution is neglected. The third term comes from the
diagram in Fig. 4(c). Note that the effective Lagrangian in Eq. (46) contains only the Inami–Lim
functions which are gauge-parameter independent [31].

3.3. b → sγ (∗) process

Finally we derive the effective Lagrangian for the b → sγ (∗) process to evaluate the B̄ meson
radiative decay B̄ → Xsγ . In addition to the contribution from the effective Lagrangian in Eq. (41),
the diagrams in Fig. 5 also contribute to the b → sγ (∗) process. The effective Lagrangian for the
b → sγ process has been calculated in terms of the full theory [25,32], while the effective Lagrangian
for the b → sγ ∗ process has not been calculated. Here we will give the effective Lagrangian for
both b → sγ and b → sγ ∗ in terms of the effective theory.

In the model with VLQ, there are no FCNCs by the quark–quark–photon interaction at tree level.
Therefore the leading-order contributions that contain the FCNC couplings come from the violation
of CKM unitarity in the diagrams in Fig. 5(a) and the one-loop diagram in Fig. 5(b) [25,32]. In
order to obtain the effective Lagrangian for the b → sγ (∗) process, we compute the amplitudes
of the diagrams in Fig. 5. We introduce several counterterms when we renormalize amplitudes for
Figs. 5(a) and (b). As mentioned in Ref. [25], the counterterms of the renormalization for the quark
fields remove the divergence of the diagrams in Fig. 5(a) with the CKM unitarity and that of the
diagram in Fig. 5(b). However, these counterterms cannot remove all the divergence arising from
these diagrams. There still remains the divergence that comes from the violation of CKM unitarity
in Fig. 5(a). Therefore we have to introduce another counterterm. We consider the renormalization
for the neutral gauge bosons Z and A [33]. The bare fields Zμ

0 and Aμ
0 are related to the renormalized

fields as follows:
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Fig. 6. The diagram where a photon mixes with a Z or χ0 at one-loop level. c± denotes the Faddeev–Popov
ghost.

(
Zμ

0
Aμ

0

)
=
(√

ZZZ
√

ZZA√
ZAZ

√
ZAA

)(
Zμ

Aμ

)
, (48)

where
√

Zij (i, j = Z , A) are the renormalization constants. The divergence coming from the violation
of CKM unitarity in the diagrams in Fig. 5(a) is exactly cancelled by the counterterm given as

Zsb
NCs̄γμLbZμ

0 → √
ZZA · Zsb

NCs̄γμLbAμ. (49)

The renormalization constants
√

ZZA and
√

ZAZ are determined by the diagrams in Fig. 6, where the
Z (or χ0) and photon mix at one-loop level.

The finite part of the transition amplitude of the diagram in Fig. 6 contributes to the effective
Lagrangian for the b → sγ ∗ process. Finally, we can obtain the effective Lagrangian LEff (b → sγ )

for the on-shell photon and the effective Lagrangian LEff (b → sγ ∗) that vanishes for the on-shell
photon as follows:

LEff (b → sγ ) = LCC
Eff (b → sγ ) + Luv

Eff (b → sγ ) + LNC
Eff (b → sγ ), (50)

LEff (b → sγ ∗) = LCC
Eff (b → sγ ∗) + Luv

Eff (b → sγ ∗) + LNC
Eff (b → sγ ∗) + LMix

Eff (b → sγ ∗), (51)

where the indices “CC” denote the contributions from the diagrams in Fig. 5(a) with the CKM unitar-
ity relation, namely the SM contributions. Also, the indices “uv” and “NC” imply the contributions
from the violation of CKM unitarity and the diagram in Fig. 5(b), which include the neutral current
respectively. The index “Mix” indicates the contributions from the Z–photon and χ0–photon mixing
diagrams. Concretely, these effective Lagrangian are obtained as:

LCC
Eff (b → sγ ) = − GF e

8
√

2π2

∑
i=c,t

λi
sb {QuFu(xi) + FW (xi)} sσμν (mbR + msL) bFμν

A , (52)

Luv
Eff (b → sγ ) = GF e

8
√

2π2
Zsb

NC

(
2

3
Qu + 5

6

)
sσμν (mbR + msL) bFμν

A , (53)

LNC
Eff (b → sγ ) = GF e

8
√

2π2
Qd

∑
p=d,s,b

{
Zsp

NCZpb
NCFZZ(rp, wp)

+Zsb
NCQds2

w(δsp + δpb)FZ(rp)
}

sσμν (mbR + msL) bFμν
A

− GF e

4
√

2π2
Qd

∑
p=s,b

Zsb
NCQds2

wF ′
Z(rp)sσμν

(
δpbmbR + δspmsL

)
bFμν

A , (54)
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and

LCC
Eff (b → sγ ∗) = − GF e

8
√

2π2

∑
i=c,t

λi
sb {Qufu(xi) + fW (xi)} sγνLb∂μFμν

A , (55)

Luv
Eff (b → sγ ∗) = − GF e

8
√

2π2
Zsb

NC

{
Qu

(
−2

9
+ 4

3
ln xu

)
− 16

9

}
sγνLb∂μFμν

A , (56)

LNC
Eff (b → sγ ∗) = GF e

8
√

2π2
Qd

∑
p=d,s,b

{
Zsp

NCZpb
NCfZZ(rp, wp)

+ Zsb
NCQds2

w

(
δsp + δpb

)
fZ(rp)

}
sγνLb∂μFμν

A , (57)

LMix
Eff (b → sγ ∗) = GF e

8
√

2π2
Zsb

NC

{(
10c2

w + 1

3

)
ln

μ2

M 2
W

+ 4

3
c2

w

−2Qu
(
1 − 4Qus2

w

)
ln

μ2

m2
t

}
sγνLb∂μFμν

A . (58)

The Inami–Lim functions in Eqs. (52) and (55) are given as follows [26]:

Fu(xi) ≡ xi(2 + 3xi − 6x2
i + x3

i + 6xi ln xi)

4(xi − 1)4 , (59)

FW (xi) ≡ xi(1 − 6xi + 3x2
i + 2x3

i − 6x2
i ln xi)

4(xi − 1)4 , (60)

fu(xi) ≡ −xi{18 − 29xi + 10x2
i + x3

i + (32 − 18xi) ln xi}
6(xi − 1)4 + 4

3(xi − 1)4 ln xi − 4

3
ln xu, (61)

fW (xi) ≡ xi{12 − 11xi − 8x2
i + 7x3

i + 2xi(12 − 10xi + x2
i ) ln xi}

6(xi − 1)4 , (62)

where the subscripts “u” and “W ” indicate the contributions that are proportional to the electromag-
netic charge of the up-type quarks and the W boson respectively. The functions FZZ, FZ, and F ′

Z in
Eq. (54) are given as1

FZZ(rp, wp) ≡ F1(rp) + F2(rp) + F3(wp), (63)

FZ(rp) ≡ 2F1(rp), (64)

F ′
Z(rp) ≡ 1 − r2

p + 2rp ln rp

(1 − rp)3 , (65)

1 The terms linear to Zsb
NC in Eq. (54) and the loop functions FZ(rp) and F ′

Z(rp) in Eqs. (64) and (65) do not
agree with the corresponding terms of Eqs. (23) and (24) and the loop function FNC

1 (rα) of Ref. [25].
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where rp ≡ (mp
d/MZ)2 and wp ≡ (mp

d/Mh)
2. The functions F1, F2, and F3,

F1(rp) ≡ 4 − 9rp + 5r3
p + 6rp(1 − 2rp) ln rp

12(1 − rp)4 , (66)

F2(rp) ≡ rp
−20 + 39rp − 24r2

p + 5r3
p + 6(−2 + rp) ln rp

24(1 − rp)4 , (67)

F3(wp) ≡ −wp
−16 + 45wp − 36w2

p + 7w3
p + 6(−2 + 3wp) ln wp

24(1 − wp)4 , (68)

come from the diagram Fig. 5(b) where the exchanged particles are Z , χ0, and h, respectively. The
functions fZZ and fZ in Eq. (57) are obtained as follows:

fZZ(rp, wp) ≡ f1(rp) + f2(rp) + f3(wp), (69)

fZ(rp) ≡ 2f1(rp), (70)

where

f1(rp) ≡ 2 + 27rp − 54r2
p + 25r3

p − 6(2 − 9rp + 6r2
p) ln rp

18(1 − rp)4 , (71)

f2(rp) ≡ rp
−16 + 45rp − 36r2

p + 7r3
p + 6(−2 + 3rp) ln rp

36(1 − rp)4 , (72)

f3(wp) ≡ f2(wp). (73)

The effective Lagrangians for the b → sg(∗) process can be obtained by replacing the external photon
line which attached to quarks with the gluon line in Fig. 5. They are obtained as follows:

LCC
Eff (b → sg) = − GF gs

8
√

2π2

∑
i=c,t

λi
sbFu(xi)sσμν (mbR + msL)

λa

2
bGaμν , (74)

Luv
Eff (b → sg) = GF gs

8
√

2π2
· 2

3
Zsb

NCsσμν (mbR + msL)
λa

2
bGaμν , (75)

LNC
Eff (b → sg) = GF gs

8
√

2π2

∑
p=d,s,b

{
Zsp

NCZpb
NCFZZ(rp, wp)

+Zsb
NCQds2

w(δsp + δpb)FZ(rp)
}

sσμν (mbR + msL)
λa

2
bGaμν

− GF gs

4
√

2π2

∑
p=s,b

Zsb
NCQds2

wF ′
Z(rp)sσμν

(
δpbmbR + δspmsL

) λa

2
bGaμν , (76)
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and

LCC
Eff (b → sg∗) = − GF gs

8
√

2π2

∑
i=c,t

λi
sbfu(xi)sγνL

λa

2
b∂μGaμν , (77)

Luv
Eff (b → sg∗) = − GF gs

8
√

2π2
Zsb

NC

(
−2

9
+ 4

3
ln xu

)
sγνL

λa

2
b∂μGaμν , (78)

LNC
Eff (b → sg∗) = GF gs

8
√

2π2

∑
p=d,s,b

{
Zsp

NCZpb
NCfZZ(rp, wp)

+ Zsb
NCQds2

w

(
δsp + δpb

)
fZ(rp)

}
sγνL

λa

2
b∂μGaμν . (79)

4. Analysis of Bs–Bs mass difference, Bs → μ+μ− and B̄ → Xsγ processes, and
violation of CKM unitarity

In this section, we will make numerical calculations for the mass difference of the Bs meson �MBs ,
the branching ratio of Bs → μ+μ− and the branching ratio of the inclusive radiative decay of the B̄
meson B̄ → Xsγ in the model with VLQ. In addition to these processes, we consider the constraint
from Eq. (40). We will use the new physics parameters defined as

rsb ≡
∣∣∣∣∣Z

sb
NC

λt
sb

∣∣∣∣∣, θsb ≡ arg

[
Zsb

NC

λt
sb

]
(80)

in the following computations.

4.1. Bs–Bs mass difference

We can obtain the mass difference of the Bs meson in the model with VLQ as [28–31]:

�MBs = GF√
2

αem

6πs2
w

ηBBsf
2

Bs
mBs |S0(xt)|

∣∣λt
sb

∣∣2 |�1(rsb, θsb)|, (81)

where ηB, Bs, and fBs represent the QCD factor, the bag parameter of the Bs meson, and the Bs meson
decay constant, respectively. Here we use the QCD correction of the SM. The numerical values for
the parameters in Eq. (81) are shown in Table 1.

Table 1. The input parameter values.

α−1
em (mb ∼ MW ) 130.3 ± 2.3 [40] αs(MZ) 0.1181 ± 0.0011 [44]

MW 80.385 ± 0.015 GeV [44] MZ 91.1876 ± 0.0021 GeV [44]
GF 1.16638 × 10−5 GeV−2 [44] sin θw 0.23129 [44]
mc,MS 1.28 ± 0.03 GeV [44] mb,MS 4.18+0.04

−0.03 GeV [44]
mt,pole 173.5 ± 1.1 GeV [44] mμ 105.6584 MeV [44]
mB 5.27963 ± 0.00015 GeV [44] mBs 5.36689 ± 0.00019 GeV [44]
τBs (1.505 ± 0.005) × 10−12 s [44] �MBs (1.1688 ± 0.0014) × 10−8 MeV [44]
Br[B̄ → Xceνe]Exp (10.1 ± 0.4) × 10−2 [44] ηY 1.0113 [35]
ηB 0.5510 ± 0.0022 [34] fBs 225.1 ± 1.5 ± 2.0 MeV [5]
Bs 1.320 ± 0.016 ± 0.030 [5] Vus 0.22508+0.00030

−0.00028 [5]
Vub 0.003715+0.000060

−0.000060 [5] Vcs 0.973471+0.000067
−0.000067 [5]

Vcb 0.04181+0.00028
−0.00060 [5]
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The function �1(rsb, θsb) is given as

|�1(rsb, θsb)| =
[

1 + 16Y0(xt)

S0(xt)
rsb cos θsb +

{∣∣∣∣8Y0(xt)

S0(xt)

∣∣∣∣
2

− 8πs2
w

αemS0(xt)
cos 2θsb

}
r2

sb

− 64πs2
w

αemS0(xt)

Y0(xt)

S0(xt)
r3

sb cos θsb +
∣∣∣∣ 4πs2

w

αemS0(xt)

∣∣∣∣
2

r4
sb

] 1
2

. (82)

We cannot use the SM value for the product of the CKM matrix elements |λt
sb| in the model with

VLQ since the new physics parameters rsb and θsb affect the determination of the CKM matrix
elements. Instead, we determine |λt

sb| by using Eq. (81) in the following computations. Therefore,
|λt

sb| is obtained as a function with respect to the new physics parameters rsb and θsb.

4.2. Branching ratio of Bs → μ+μ−

The branching ratio of the Bs → μ+μ− process in the model with VLQ is given as follows:

Br
[
Bs → μ+μ−]

VLQ

= τBs

G2
F

16π

(
αem

πs2
w

)2

|ηY Y0(xt)|2
∣∣fBs

∣∣2 mBsm
2
μ

√√√√1 − 4m2
μ

m2
Bs

∣∣λt
sb

∣∣2 |�2(rsb, θsb)|2 , (83)

where ηY is the next-to-leading-order (NLO) QCD correction [34,35]. The lifetime of the Bs meson
is denoted by τBs . These values are shown in Table 1. The function �2(rsb, θsb) is

|�2(rsb, θsb)| =
[

1 − 2πs2
w

αemY0(xt)
rsb cos θsb +

{
πs2

w

αemY0(xt)

}2

r2
sb

] 1
2

. (84)

4.3. Branching ratio of B̄ → Xsγ

The B̄ meson inclusive radiative decay B̄ → Xsγ is governed by the effective Hamiltonian at the
b-quark mass scale μ = O(mb) [34,36],

HEff (b → sγ ) = −GF√
2
λt

sb

[
6∑

i=1

Ci(μ)Oi(μ) + C7γ (μ)O7γ (μ) + C8G(μ)O8G(μ)

]
, (85)

where Oi and Ci (i = 1, . . . , 6) denote the four-Fermi operators and their Wilson coefficients,
respectively. The effective operators O7γ and O8G are given by

O7γ = e

8π2 mbsσμν(1 + γ5)bFμν
A , (86)

O8G = gs

8π2 mbs
λa

2
σμν(1 + γ5)bGaμν . (87)

In the calculation of the branching ratio for B̄ → Xsγ , it is convenient to introduce the so-called
“effective coefficients” C(0)eff

i [37,38]. The effective coefficient for the effective operator O7γ at the
scale μ = O(mb) is given as [34,38,39]

C(0)eff
7γ (μ) = η

16
23 C(0)

7γ (MW ) + 8

3

(
η

14
23 − η

16
23

)
C(0)

8G (MW ) + C(0)
2 (MW )

8∑
i=1

hiη
ai , (88)
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where η = αs(MW )/αs(μ) with αs = g2
s /(4π) and

hi =
(

2.2996, − 1.0880, − 3

7
, − 1

14
, − 0.6494, − 0.0380, − 0.0185, − 0.0057

)
, (89)

ai =
(

14

23
,

16

23
,

6

23
, − 12

23
, 0.4086, − 0.4230, − 0.8994, 0.1456

)
. (90)

In Eq. (88), the indices “(0)” mean the leading-order contributions. Since we do not take into account
the running effect from the VLQ mass scale to the EW scale, we obtain the Wilson coefficients C(0)

7γ

and C(0)
8G at the EW scale (taken as MW ) as:

C(0)
7γ (MW ) = CSM

7γ (MW ) + CNP1
7γ (MW ) + CNP2

7γ (MW ), (91)

C(0)
8G (MW ) = CSM

8G (MW ) + CNP1
8G (MW ) + CNP2

8G (MW ), (92)

where the Wilson coefficients,

CSM
7γ (MW ) = −1

2
[QuFu(xt) + FW (xt)], (93)

CSM
8G (MW ) = −1

2
Fu(xt), (94)

come from the SM contributions in Eq. (52). The Wilson coefficients

CNP1
7γ (MW ) = CNP1

7γ (M4) = Qd

24
· Zsb

NC

λt
sb

, (95)

CNP1
8G (MW ) = CNP1

8G (M4) = 1

24
· Zsb

NC

λt
sb

, (96)

are obtained from the VLQ contributions in Eqs. (41) and (42). The Wilson coefficients CNP2
7γ and

CNP2
8G are given as follows:

CNP2
7γ (MW ) = Cuv

7γ (MW ) + CNC
7γ (MW ), (97)

CNP2
8G (MW ) = Cuv

8G(MW ) + CNC
8G (MW ), (98)

where

Cuv
7γ (MW ) = 1

2

(
2

3
Qu + 5

6

)
· Zsb

NC

λt
sb

, CNC
7γ (MW ) = Qd

3

(
1 − Qds2

w

) · Zsb
NC

λt
sb

,

Cuv
8G(MW ) = 1

3
· Zsb

NC

λt
sb

, CNC
8G (MW ) = 1

3

(
1 − Qds2

w

) · Zsb
NC

λt
sb

.

(99)

The Wilson coefficients with the suffix “uv” come from the effective Lagrangian in Eq. (53), whose
origin is the violation of CKM unitarity. The Wilson coefficients with the suffix “NC” are obtained
from the effective Lagrangian in Eq. (54) by taking the limits rp → 0 and wp → 0. Here we neglect
O(Z2

NC) terms. The Wilson coefficients Cuv
8G and CNC

8G can be obtained from the effective Lagrangian
corresponding to the b → sg diagrams.
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In our numerical calculation, we use the NLO expression for the branching ratio Br[B̄ → Xsγ ]
given as [40]

Br[B̄ → Xsγ ] = Br[B̄ → Xceνe]Exp · Rquark(δ)

(
1 − δNP

sl

m2
b

+ δNP
rad

m2
b

)
, (100)

where δNP
sl and δNP

rad are non-perturbative corrections for the semi-leptonic and radiative B̄ meson
decay rates, respectively. The quantity Rquark at NLO is summarized in Ref. [40] as

Rquark(δ) = �[b → Xsγ ]Eγ >(1−δ)Emax
γ

�[b → Xceνe] =
∣∣λt

sb

∣∣2∣∣V cb
CKM

∣∣2 6αem

πg(z)
F(z)

{|D|2 + A(δ)
}
. (101)

The function g(z) with z = m2
c,pole/m2

b,pole corresponds to the phase space factor for the semi-leptonic
decay. The function F(z) contains the NLO correction for the semi-leptonic decay and the difference
between the pole mass and the MS mass of the b-quark. The δ is the lower cut on the photon energy
in the bremsstrahlung correction:

Eγ > (1 − δ)Emax
γ ≡ (1 − δ)

mb

2
. (102)

The term A(δ) originates from the bremsstrahlung corrections and the virtual corrections [40–43],

A =
{

e− αs(μb)

3π
(7+2 ln δ) ln δ − 1

} ∣∣∣C(0)eff
7γ (μb)

∣∣∣2 + αs(μb)

π

8∑
i,j=1
i≤j

C(0)eff
i (μb)C

(0)eff
j (μb)fij(δ), (103)

where the functions fij(δ) can be found in Ref. [40]. The term |D|2 in Eq. (101) is constituted by
the NLO Wilson coefficient for O7γ and the virtual corrections for b → sγ [40–42]. Here, D is
defined as

D = C(0)eff
7γ (μb) + αs(μb)

4π

[
C(1)eff

7γ (μb) +
8∑

i=1

C(0)eff
i (μb)

{
ri + γ

(0)eff
i7 ln

mb

μb

}]
, (104)

where C(1)eff
7γ (μb), ri, and γ

(0)eff
i7 can be found in Ref. [40].

In our numerical calculation, we take μb = mb, Eγ > 1.6 GeV, and neglect the O(αs) correction to
the new physics contributions. Therefore the Wilson coefficients CNP1

7γ ,8G and CNP2
7γ ,8G are only included

in the first term in Eq. (104).

4.4. Violation of CKM unitarity

The violation of CKM unitarity is shown in Eq. (40). For p = b, q = s, we obtain the following
relation:

λu
bs + λc

bs + λt
bs = Zbs

NC. (105)

This relation can be rewritten as follows:∣∣∣∣λc
bs

λt
bs

∣∣∣∣
2
(

1 − 2

∣∣∣∣λu
bs

λc
bs

∣∣∣∣ cos γs +
∣∣∣∣λu

bs

λc
bs

∣∣∣∣
2
)

= 1 − 2rsb cos θsb + r2
sb, (106)
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Fig. 7. The violation of CKM unitarity, Eq. (105), in the complex plane. We multiply the relation in Eq. (105)
by a factor of 1/λc

bs.

where we define

γs ≡ arg
[
−λu

bs

λc
bs

]
. (107)

The relation in Eq. (105) leads to a quadrilateral in the complex plane, as shown in Fig. 7.

4.5. Numerical analyses

In the following numerical analyses, we obtain constraints on FCNC couplings by using the current
experimental data of rare B decays, Bs → μ+μ− and B̄ → Xsγ . We also take account of the
quadrilateral constraint Eq. (106) and Fig. 7. The values of the input parameters used in the numerical
analyses are shown in Table 1.

At first we analyze the branching ratio of the Bs → μ+μ− process by using the expression in
Eq. (83). Note that the branching ratio depends on the new physics parameters rsb and cos θsb. We
equate Br[Bs → μ+μ−]VLQ in Eq. (83) with the experimental value,

Br[Bs → μ+μ−]VLQ = Br[Bs → μ+μ−]Exp. (108)

As the experimental value, we adopt the branching ratio measured by LHCb [45]:

Br[Bs → μ+μ−]Exp =
(

3.0 ± 0.6+0.3
−0.2

)
× 10−9. (109)

In Fig. 8, we show the dependence of Br[Bs → μ+μ−]VLQ on the absolute value of the FCNC
coupling

∣∣Zsb
NC

∣∣. The different colors of the dots in the scattered plots represent the different ranges for
the value of the new physics parameter |θsb|. The colored region satisfies the quadrangle constraint
Eq. (106) with 0 ≤ γs ≤ 2π . Note that the expression of the branching ratio and quadrilateral
constraint depend on θsb through its cosine, and the plotted regions do not depend on the sign of θsb.
The experimentally allowed range of the branching ratio in Eq. (109) is shown as the gray shaded
region. The horizontal solid line corresponds to the central value of the experimental branching ratio
in Eq. (109). In Fig. 8, as

∣∣Zsb
NC

∣∣ approaches zero, Br[Bs → μ+μ−]VLQ comes close to the SM
prediction [35],

Br[Bs → μ+μ−]SM = (3.23 ± 0.27) × 10−9. (110)

As
∣∣Zsb

NC

∣∣ increases from zero to 3 × 10−4, Br[Bs → μ+μ−]VLQ decreases for |θsb| < π/2, while it
increases for π/2 < |θsb| < π . As

∣∣Zsb
NC

∣∣ becomes larger, Br[Bs → μ+μ−]VLQ increases regardless
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Fig. 8. The dependence of Br[Bs → μ+μ−]VLQ on the FCNC coupling
∣∣Zsb

NC

∣∣. The different colors of the dots
represent the different ranges for the value of |θsb|. The colored region satisfies the quadrilaterl constraint
Eq. (106) with 0 ≤ γs ≤ 2π . The experimentally allowed range of the branching ratio in Eq. (109) is shown as
the gray shaded region. The horizontal solid line corresponds to the central value of the experimental branching
ratio in Eq. (109).

of the range of |θsb| since the third term in Eq. (84) is dominant. The dependence on |θsb| for
smaller

∣∣Zsb
NC

∣∣ can be also understood from Eq. (84), since the coefficient of the term linear in rsb is
proportional to cos θsb.

Next we analyze the branching ratio of the B̄ → Xsγ process by using the expression in Eq. (100).
Here we denote the branching ratio in the model with VLQ as Br[B̄ → Xsγ ]VLQ. The new physics
parameters rsb and θsb are included in the Wilson coefficients in Eqs. (91) and (92). In order to obtain
constraints on rsb and θsb, we take account of the current average [46],

Br[B̄ → Xsγ ]Exp = (3.32 ± 0.15) × 10−4, (111)

of experimental data [47–53]. In Fig. 9, we show the dependence of Br[B̄ → Xsγ ]VLQ on |Zsb
NC|. The

different colors of the dots in the scattered plots represent the different ranges for the value of the
new physics parameter |θsb|. The colored region satisfies the quadrilateral constraint Eq. (106) with
0 ≤ γs ≤ 2π . The experimentally allowed range of the branching ratio in Eq. (111) is shown as the
gray shaded region. The horizontal solid line corresponds to the central value of the experimental
branching ratio in Eq. (111). In Fig. 9, as |ZNC| approaches zero, the value of Br[B̄ → Xsγ ]VLQ

comes close to that of the SM prediction at NNLO accuracy [54],

Br[B̄ → Xsγ ]SM = (3.36 ± 0.23) × 10−4. (112)

We note that the number of light-blue dots is much less than that of the red ones, since the quadrilateral
constraint for π/4 ≤ θsb ≤ π/2 is tighter than that for 0 ≤ θsb ≤ π/4. For the smaller

∣∣Zsb
NC

∣∣, the
filled regions with colored dots are almost the same as each other. Thus, Br[B → Xsγ ]VLQ depends
on |θsb| weakly compared with Br[Bs → μ+μ−]VLQ.

In the left figure of Fig. 10, we show the region allowed by the experimental data for the parameters
rsb and θsb. The blue dots satisfy both the constraint from Br[Bs → μ+μ−]Exp and the quadrilateral
constraint Eq. (106) with 0 ≤ γs ≤ 2π . The green dots satisfy both the constraint from Br[B̄ →
Xsγ ]Exp and the quadrilateral constraint. The values of rsb and θsb in the region where the blue and
green region overlap satisfy all three constraints. The blue region has the shape of a ring. The region
inside the ring is excluded because rsb and θsb in this region lead to predictions of Br[Bs → μ+μ−]
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Fig. 9. The dependence of Br[B̄ → Xsγ ]VLQ on |Zsb
NC|. The different colors of the dots represent the different

ranges for the value of |θsb|. The colored region satisfies the quadrilateral constraint Eq. (106) with 0 ≤ γs ≤ 2π .
The experimentally allowed range of the branching ratio in Eq. (111) is shown as the gray shaded region. The
horizontal solid line corresponds to the central value of the experimental branching ratio in Eq. (111).

Fig. 10. (Left): The region allowed by the experimental data for the parameters rsb and θsb. The blue dots satisfy
both the constraint from Br[Bs → μ+μ−]Exp and the quadrilateral constraint Eq. (106) with 0 ≤ γs ≤ 2π .
The green dots satisfy both the constraint from Br[B̄ → Xsγ ]Exp and the quadrilateral constraint. (Right): The
constraint on the VLQ mass M4 and the product of the Yukawa coupling |ys4

d yb4∗
d |. The blue region satisfies the

constraints from Br[Bs → μ+μ−]Exp and the quadrilateral constraint Eq. (106).

smaller than the experimental value. One finds that the stringent constraint on the parameters rsb and
θsb comes from Br[Bs → μ+μ−]Exp.

Using the definition of ZNC in Eq. (39), we obtain a constraint on the VLQ mass M4 and the product
of the Yukawa coupling |ys4

d yb4∗
d |. This result is shown in the right figure of Fig. 10, where we use

v = 246 GeV [44]. Since the constraint on rsb and θsb from Br[Bs → μ+μ−]Exp is stronger than that
from Br[B̄ → Xsγ ]Exp (see Fig. 10 left), we show the region with blue dots where (M4, |ys4

d yb4∗
d |)

satisfy the constraint from Br[Bs → μ+μ−]Exp and the quadrilateral constraint Eq. (106). One finds
that the lower limit on the VLQ mass is around 5.5 TeV for

∣∣ys4
d yb4∗

d

∣∣ ∼ 1.
Finally, we show the violation of CKM unitarity on the complex plane in Fig. 11. The definition

of each side is the same as that of Fig. 7. In order to obtain Fig. 11, we choose rsb = 0.018 and
|θsb| = π/6 and use the central values of the CKM matrix elements in Table 1. The side for λt

bs is
connected with the real axis at (1, 0). The left figure is the case of θsb = π/6, while the right figure
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Fig. 11. The violation of CKM unitarity on the complex plane. In order to obtain these figures, we choose
(rsb, θsb) = (0.018, π/6) in the left figure and (rsb, θsb) = (0.018, −π/6) in the right figure.

is that of θsb = −π/6. One can see that the side for Zsb
NC can be as large as that for λu

bs, and the sign
of θsb affects the value of the angle βs in Fig. 7.

5. Summary and discussion

We have studied the model that includes one down-type SU(2) singlet VLQ in addition to the SM
quarks and shown the constraints on the model parameters from Br[Bs → μ+μ−], Br[B̄ → Xsγ ],
and the quadrilateral relation. In order to analyze this model, we used the effective theory derived by
integrating out the VLQ field. We assume that the mass of the VLQ is much larger than the EW scale.
We matched the effective theory with the full theory not only at tree level but also at one-loop level,
and obtained the effective operators related to the radiative transition of the quarks. These operators
correspond to the contribution from the diagrams including the VLQ in the internal line. One can
find that the coefficient of the photon dipole operator with the down-type quarks is consistent with
the case of the full theory calculation given in Ref. [25].

The other contributions to the radiative transitions come from the violation of CKM unitarity and
the diagrams that include the FCNC couplings among the SM quarks. We obtained the effective
Lagrangian for the b → sγ (∗) process arising from these contributions.

From our numerical results, we obtained the constraints on the FCNC coupling Zsb
NC and the new

physics parameters (rsb, θsb) defined in Eq. (80). We found that the dependence of Br[B̄ → Xsγ ]VLQ

on θsb is weaker than that of Br[Bs → μ+μ−]VLQ, and the constraint on the model parameters rsb

and θsb from Br[Bs → μ+μ−] is more stringent than that from Br[B̄ → Xsγ ]. One can discriminate
the cases of different |θsb| through Br[Bs → μ+μ−], as shown in Fig. 8. When |Zsb

NC| is of the order
of 10−4, Br[Bs → μ+μ−] becomes small (large) for |θsb| � 0 (|θsb| � π) compared with that of
the SM. In Fig. 11, we showed the violation of CKM unitarity on the complex plane when we chose
rsb = 0.018 and |θsb| = π/6. The difference in the sign of θsb affects the angle βs, therefore we
have to investigate the constraint from the observables related to βs to further restrict the form of the
violation of CKM unitarity.

Although we focused on the case of b → s transitions, the effective Lagrangian obtained in
this paper can be applied to the FCNC transition for other combinations of the down-type quarks.

22/24



PTEP 2018, 043B10 T. Morozumi et al.

The four-Fermi operators in Eqs. (9)–(11) and the effective Lagrangian for the off-shell photon
contribute to b → sl+l− processes, including B̄ → K̄∗l+l−.

Finally, we add a comment on the renormalization group effect. One cannot neglect the effect
when the VLQ mass is much heavier than the EW scale. When M4/MW ∼ 100, one may expect
about 10% corrections to the Wilson coefficients. Moreover, the expressions for the FCNC coupling,
CKM matrix elements, and down-type quark masses will be modified. Including them, we will carry
out the precise analysis elsewhere.
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