Available online at www.sciencedirect.com

ScienceDirect NUCLEAR[Z]
PHYSICS

CrossMark

ELSEVIER Nuclear Physics B 885 (2014) 583-599
www.elsevier.com/locate/nuclphysb

Gauged WZW-type theories and the all-loop anisotropic
non-Abelian Thirring model

Konstadinos Sfetsos *, Konstadinos Siampos **

& Department of Nuclear and Particle Physics Faculty of Physics, University of Athens, Athens 15784, Greece
b Meécanique et Gravitation, Université de Mons, 7000 Mons, Belgium

Received 8 June 2014; accepted 11 June 2014
Auvailable online 16 June 2014
Editor: Stephan Stieberger

Abstract

We study what we call the all-loop anisotropic bosonized Thirring o-model. This interpolates between
the WZW model and the non-Abelian T-dual of the principal chiral model for a simple group. It has an
invariance involving the inversion of the matrix parameterizing the coupling constants. We compute the
general renormalization group flow equations which assume a remarkably simple form and derive its prop-
erties. For symmetric couplings, they consistently truncate to previous results in the literature. One of the
examples we provide gives rise to a first order system of differential equations interpolating between the
Lagrange and the Darboux—Halphen integrable systems.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.

1. Introduction

The change in the behavior of a field theoretical system is encoded in the way the coupling
constants of the theory alter with the energy scale. This is studied mathematically under the gen-
eral frame of the renormalization group (RG), a systematization started in the early seventies [1].
These investigations typically give rise to a system of first order coupled non-linear differential
equations, the RG flow or B-function equations, for the couplings of the theory (for a thorough
introduction and a review of the subject see [2]). Typically one starts from an asymptotically free
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theory in the UV or from a conformal field theory (CFT) and then flows away by perturbing with
relevant operators. In traditional approaches the RG flow equations are determined order by order
in perturbation theory. It is a natural question to ask if it is possible to compute these equations
exactly in the coupling constants or at least for some of them. This is important from a physics
view point since one could discover new fixed point theories towards the IR. Mathematically it
is a very difficult task since in doing so one has to take into account irrelevant operators as well.

Given the above comments it is always exciting if we can obtain the exact RG flow equations
for (at least some of) the couplings of a theory. Intuitively we expect that this could be feasible
if the perturbed theory is highly symmetric. Such cases arise when the starting point is a two-
dimensional CFT with infinitely dimensional current algebra symmetries for the left and the right
movers.

A model where this is possible to a certain extend is the bosonized version [3,4] (and refer-
ences therein) of the non-Abelian Thirring model [5]. We will call in short this the non-Abelian
Thirring model which has an action of the form

kA
S=s0+—/1jt]f, (L)
T

where So describes a CFT containing right and left affine Lie algebras both at level k& with cur-
rents J{ and J¢, respectively. The S-function for this theory was computed in [6] to all orders in
A and to leading order in % The generalization of this computation to the anisotropic non-Abelian
Thirring model in which the current—current interaction in (1.1) is replaced by an arbitrary sym-
metric coupling matrix was performed in [7]. In these cases the computations were performed
using current-algebra techniques without much reference to the geometrical details of the back-
ground in (1.1). It is very interesting to obtain an effective action in which all effects of the
parameter A have been incorporated exactly and where the only perturbative expansion is with
respect to 1/k.

In a recent development a large family of o -models was constructed in [8] by a gauging pro-
cedure. It interpolates between the Wess—Zumino—Witten (WZW) model and the non-Abelian
T-dual of the principal chiral model (PCM) model for a simple group G. In the simplest case this
o -model action was shown to be integrable [8] by demonstrating that certain algebraic constraints
for integrability [9] were satisfied. It incorporates non-trivially a single parameter, for small val-
ues of which it coincides with (1.1). Remarkably, the RG flow equation to leading order in the
1/k expansion was computed in [10] and coincides with the one in [6]. Based on that, it was
proposed that this action is the all loop effective of the non-Abelian Thirring model (1.1). In fur-
ther support, both actions share the same global symmetries and roughly speaking both possess
an additional symmetry under the inversion of the deformation parameter A. This is manifest for
the action of [8] but also arises implicitly from path integral considerations involving (1.1) and
symmetry arguments, in [11].

The initial aim of this work was to compute the RG flows for the anisotropic G = SU(2) case,
with diagonal coupling matrix A, and then to compare the results with the analogue ones in [12]
which were found using [7]. Nevertheless, we managed to compute the RG flow equations for the
most general class of the o-models of [8] containing a general deformation matrix A, and for
general simple group G, and present the result in a remarkably simple and compact form. In the
above SU(2) case the derived RG-flow interpolate, between the Lagrange and Darboux—Halphen
integrable systems, naturally explained by the interpolating nature of our o -models.

We believe, but we do not have a proof, that our general RG-flow equations coincide with
those of [7,13] when such a comparison can be made, i.e. when A, = Ap,. However, we provide
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three non-trivial examples, and found agreement with results following by using the expressions
of [7,13]. In that sense the general o-model of [8] can be thought of as the effective action for
the most general anisotropic non-Abelian Thirring model where all effects related to the coupling
matrix Agp (Which may have an antisymmetric part) have been taken into account. As a byproduct
of our work we obtain the RG flow equations of the non-Abelian T-dual of the general PCM and
we prove that they match those of the general PCM.

The organization of this paper is as follows: In Section 2 we set up the general class of inter-
polating o-models as suited for our purposes. In Section 3 we study various of its symmetries
and limits as well as the resulting constraints for the RG flow equations for the coupling matrix
Aap- In Section 4 we compute the generalized spin-connection and Ricci tensor corresponding
to the metric and antisymmetric tensor of our o-models. In Section 5 we derive and study the
B-function for the couplings A,p. In Section 6 we present two examples based on the anisotropic
SU(2) and on the symmetric coset G/H space. In Section 7 we compare with existing literature
results. We end up our work with a wrap up and a discussion on future directions in Section 8.

2. Setting the frame

In this section we present the two-dimensional o-models of interest to us, in a way suitable
for studying their behavior under RG flow in subsequent sections.

We will study the o-models of [8] which we first briefly review for the reader’s convenience.
Consider a general compact simple group G and a corresponding group element g parametrized
by X*, u=1,2,...,dim(G). The right and left invariant Maurer—Cartan forms, as well as the
orthogonal matrix relating them, are defined as

J¢=—iTr(t"0;8¢7") = R%0, X", J=—iTr(t"¢'9_g) = L%d_X",
R*=DuL?,  Dap=Tr(tagtog™"), @.1)
which obey
1 1 ‘
dL® = 5 fareL” AL, dR% = -3 fareRP A R (2.2)

The matrices t* obey the commutation relations [f,,#,] = ifupcte and are normalized as
Tr(#,tp) = 845. Then the form of the general o-model action is given by [8]

k2 _
Sk.e(8) = Swzw.r () + — / J(E — k(D" - I[))ab‘JE, (2.3)

where E is a real matrix parameterizing the coupling constants of the theory. The first term is the
WZW action for a group G which can be explicitly written as'

k k ,
SWZW k(g) = — / La L38+XM8_XU + — / fabcLa AN Lb VAN LL. (24)
' 2n " 127
B
The J¢ are the chirally and antichirally conserved currents of the WZW model.

' The relative coefficient of the quadratic and cubic terms is completely dictated by the Polyakov—Wiegmann (PW)
formula [14]

k _ _
Swzw k(8182) = Swzw k(81) + Swzw,k(82) = — /Tr(gl Yo_g1048285 ),

which is also very practical in evaluating the action for specific parameterizations of g € G.
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It is better for our purposes to reparametrize the couplings by introducing the matrix
A=k(kI+ E)~". (2.5)

Then the action (2.3) becomes

k _
Sk.1.(8) = Swzw .k (8) + - / Je( - DT)mb1 JL. (2.6)

If the matrix A is proportional to the identity, then the corresponding o -model is of special interest
since it is actually integrable. This was proven in [8] by showing that the corresponding metric
and antisymmetric tensor fields satisfy the algebraic constraints for integrability of [9] and [15].
In addition, in [15] an S-matrix for the SU(2) case was put forward and checked successfully
against perturbation theory. A form of the action similar to (2.6) has appeared before in [16],
along with related to this action discussion.

3. Symmetries and limits of the RG flow

In this section we study various symmetries, properties and limits of (2.6) as well as the
emerging constraints on the RG flow.

The action (2.6) has a remarkable symmetry under the inversion of the matrix A, of the group
element g and a simultaneous flip of the sign of the overall scaling k. This is encoded mathemat-
ically in the relation

S_ia1(87") = Sk (e). (3.1)

We note that both terms in (2.6) with the precise coefficients are necessary for the proof, which
is otherwise quite straightforward.

Consider the limit where all the entries of the coupling matrix A are small and go to zero
at the same rate, i.e. the ratio of any two entries is finite. In this limit the action (2.6) can be
approximated by

k
Sk,2(8) = Swzw .k (8) + - / Aap IS T +0O(0?), (3.2)

corresponding to the WZW theory perturbed by the current bilinear J{ J b with arbitrary coupling
matrix Ayp. The first two terms define what we will call the anisotropic non-Abelian Thirring
model in analogy with the non-Abelian Thirring model [5,4]. It becomes already apparent in this
limit that the left-right current algebra symmetry of the WZW model breaks down completely
for a generic matrix A implying that the o-model (2.6) has no isometries whatsoever. However,
if we allow for a simultaneous transformation of the coupling matrix A then the o-model action
(2.6) (and of course its limit (3.2)) is invariant under

g§— 8 880, A — DIADy, (3.3)

where go € G is a constant group element and Dy is defined in (2.1) using go. If X is invariant
under the above transformation for all constant group elements g¢ then, from Schur’s lemma, X is
necessarily proportional to the unit matrix, i.e. A5 = Ad,p. In that case the action (2.6) becomes

ki, _1
Se.r(8) = Swzw.k(8) + — / Je(@—aD") Ik (3.4)

and has a true isometry associated with the transformation g — g, ! £80-
We believe that this action can be uniquely determined under certain assumptions and by sym-
metry considerations. The argument goes as follows: assuming that such an action contains the
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WZW action term and that any additional term preserves two-dimensional Lorentz invariance
and contains two world-sheet derivatives, implies a term of the form F(D)y,J{J b The matrix
F (D) has to transform covariantly under the global symmetry g — g, lego (perhaps accom-
panied by a transformation of the coupling constants that F (D) contains). If we subsequently
demand that F(D) contains a single coupling parameter A and invariance under the symmetry
(3.1) then we find no other possibility but the action (3.4). Generalizing to a general coupling
matrix A leads rather straightforwardly to the more general action (3.4).

The symmetry (3.1) is very powerful and restricts the form of the RG flow equations for the
Aab’s. The corresponding B-function at one-loop in the 1/k expansion is clearly of the form

I A )
Pea T
where ¢ = Inu, with u being the energy scale and where f(A) is a matrix to be determined as
we will explicitly do so in Section 4. Here we note that due to the symmetry (3.1) we have the
relation

Af(A A= FO, (3.6)

which severely constrains the matrix f(A).

In fact when A, = Adyp this symmetry together with CFT arguments allowed for the al-
most complete determination of §,. In this case, the B-function computed in [ 10] coincides with
the all-loop (and leading order in 1/k) result for the non-Abelian Thirring model found in [6].
The map A — 1/ and k — —k (for large values of k) was also noted in [11] without however
an explicit realization for the action such as the one in (3.4). It was rather deduced though path
integral and symmetry considerations.

In addition, invariance under the symmetry (3.3) implies that

: (3.5)

f(D§ 2Do) = D§ f (2 Dy. (3.7)

Finally, we note that for £ > 1 we may show that the action (2.6) becomes the non-Abelian
T-dual of the o -model action

1 1
SpeMm = ;/EabLiLé = ;/EabLZL{,’BJrX"B_X”, (3.8)

which is the PCM action with general coupling matrix E,p, a fact proven in [8]. We reproduce
the proof here for the reader’s convenient. Expanding the matrix elements of A in (2.5) near the
identity we have that

1 1
Mab = Oap — EEab-I—O(k—Z). (3.9

To get a finite result in the limit kK — oo in the action (2.6), one is forced to also expand the group
element near the identity as

v 1
g:]H—lE—i-(’)(k—Z), v=uv,t% (3.10)
This effectively introduces a non-compact set of variables v, in place of the original ones X*.
In that limit we have that

0tV 1 1
Ji:%-i—(?(ﬁ), Dab=6ab+%+o<k_2)v fabzfabcvc- (311)
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Then in the limit K — oo the action (2.6) becomes

1 -
Snon-Abel (V) = = / a4+ v (E + f)abla_vb’ (3.12)

which is indeed the non-Abelian T-dual of the PCM action (3.8) [17] (for the case with E,p = 845
this was shown before for SU(2) in [18] and for a general group in [19]).

4. The generalized spin connection and Ricci tensor

In this section we compute the generalized spin connection that includes the torsion and the
associated Ricci tensor for the background corresponding to the o-model (2.6). These are neces-
sary in order to determine the S-function equations for the couplings A,;. Our computation will
parallel, in a sense, the one in [10] for the case with A, = Adgp.

From the metric corresponding to the action (2.6) we extract the frame fields

4o { gabe’e,  gap=(—2T ), ¢ = (D=1 R,

e " ~ . “4.1)
8abe"e",  Gap=T—raT)ap, &= (DT —2T) ) LP.

Hence, depending on the frame we will use, we will bear in mind the use of the metric in rais-
ing and lowering indices. This will be done with the metrics g, and g,5 and their inverses which
will be denoted by g® = ga_b1 and g% = ga—,}. It turns out that the corresponding background is
non-singular if and only if these metrics are positive-definite. We also note that the frame fields
transform under (3.1) as (e, €) — (ie, AT€) and that the metric picks up an overall minus sign
since we have not included % in its definition.

The matrix relating the above frames reads

& =Awpe®, A=(1-D2") (D -1 = (D" -2")(1-D"1). 4.2)
It transforms under (3.1) as A — AT Axr~! and satisfies the condition?
AT(@ =) A=1-2T2. 4.3)

We note that A is an orthogonal matrix only when A is proportional to the identity.
From the action (2.6) we also read off the antisymmetric two-form

k k

B=—(Bo+R"Ane)=—(Bo—L 1" n?), (4.4)
b4 b4

where By is the antisymmetric two-tensor corresponding to the WZW model action. The three-

form field strength associated to By is

1 . 1 .
Ho = —gfabCL“ ALY ALS = —gfabCR“ A RP A RC. 4.5)
In the following we will use the e* frame and we will notationally supply the geometric
quantities associated with it with a tilde. The spin-connection &g, is equal to

1

E5ab = 5ah\céca 511}7 = _5ba’ CN()ablc = E(Cahc - Ccah + Cbca)7

~

R PR . .
de = Ecabceb NeEe, Cabc = _Cacb, Cape = gadcdbc" (4.6)

2 To prove this we found useful to make use of the identity

I—T = ([=aDT)(1- DAT) + (D —rT +4(DT =aT).
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A simple computation shows that

ce f
Using fape Dia Djbp Dikc = fijk and the first of the identities
(DT —2") = (1 =) (AT 4 ),
(DT =) =A@ -aTa) (4.8)

de? = —%(DT - )\T);b] foea(DT =2T) (DT +2T), & n&l. 4.7

with notation A7 = (A~1)T, we may further write that
P L
dé? = —Efabceb net = (1= M)A +2))

X (Med febe — Mperef faef)& N E°. (4.9)

After some further manipulations we arrive at

- 1. _ b e
de = —Eg“m (fmbc — AmeAbntece fene + Am; ()‘effebc — Abnhee ffn@))eb ne, (4.10)

from which we compute @yp|c-
Next we turn to the computation of the field strength of the two-form (4.4). Using the identities

(M= 22T) A+ ([T =2T2) " = a7T 42,
(D—=ATAMD =) '=A"T)T, 4.11)

this is found to be
1 _ “a  ~h o~
H= _g[fabc — hadrberef faef + 34 g fabm — kadrve faep)JE€ A& NE. (4.12)

Then the generalized spin connection @_, that includes the torsion

~ 1~

Wup = 5;b‘céca aa_b\c = 5ahlc - EHabCa (4.13)
is found to be

5;b|c = AZdT (Amd fmab — amAbn famn)- (4.14)

To proceed with the computation of the Ricci tensor we require the exterior derivative of the
matrix A~7. We found that

_ -1
dAabT = (]I - )MT)‘)mb(()Ldmfadf - )‘ac)tfefcme) — Agm (fdaf - )Ldn)tac)\fefnce)
+ A;cT ()‘fefmce - )\dm)\ncfdnf) - A;cTAdm ()\ncfdnf - )\dn)\fefnce))éf~
4.15)

Finally we compute the generalized Ricci tensor by employing the general formula for an anti-

symmetric spin-connection
+ _ +c _* Fdlc _ £, *c + _ F _
Rab =0cw alb wacldwb Vb @ ales wab\c 60ac|b = Cabe, (4.16)

where 9, = e, d,,. We have used this particular form since, as will see, it will make manifest the
appearance of diffeomorphism terms in the RG flow of the coupling matrix elements A,p. Using
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(4.16) and (4.10), (4.14) and (4.15) after some manipulations we find that the generalized Ricci
tensor is

ﬁ;b = _()\Zifaip - )&aq)\pifqiﬁ)(kcefrme - )\nrka’mfndc)gimgpc/‘r_bl - ebaica\c- 4.17)

Note that in computing the relevant part of the generalized Ricci tensor for the RG flow it was
not necessary to know the precise form of R_;, let alone to know first the exact expression of
the generalized Riemann tensor. These would have required a much more involved computation.
The reader will appreciate this remark if he or she gives a glance at Egs. (A.11) and (A.12) of
[10] for the simplest case with A, = Adgp.

4.1. Single coupling

We specialize to the case with A, = A8,p. Then the previous expressions simplify drastically
and we find that

- 1 .~
de’ = _E(Cl + 2 A)ab focad® A&,

C . C ~ - —~
H= —(l — AZ) <€lfabcéa nebl AEE + ngabdAcd@a NN ec>,

Waple = (1 - )LZ)CZAcdfdah,
dAgp =i fachdbéC + c2(fabe — Aae febe + AaeAdbfedc)gC,

2 ~—c

_ 1 S -
Rab = _CGczAab - Vb © “acs @ “gc = —¢2 fabe Abe, (4.18)
where we note that in this case A~! = AT and that

141+ a2 Y
o= AT = —. (4.19)
[y [y

The above equal the corresponding expressions in [8] and [10] (up to an appropriate rescaling of
the vielbein and a rewriting of dAgp).

5. Computation of the RG flow equations

In this section we derive the RG flow equations for (2.6) and then study various properties
and limits.
The one-loop B-function equations for a general o-model are given by [20-22]

dG,, dBy,,
dr dr

where the second term corresponds to diffeomorphisms along £/. Passing to the tangent space
indices with the frame ¢* = ¢/ dX* and using the definitions

=R+ Vi b, G-

dG Y dB o
5 =Badiel, g =Paeel (52)
we have that
B8 + BB =R~ +V & (5.3)
ab ab — “ab b 5a- .
b

Associate to the matrix g,, we also define a two-form bap from Buy, = Eubé,‘iév.
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We next compute the left hand side of (5.3). In this computation we reinsert the parameter k
into the definitions of G, and B,,. Since the WZW model term in (2.6) does not depend on the
matrix A we immediately obtain that

dGuv | dBu d -1 T\=lrb
=2%k—(R(Ax"'=D") L
dt dt dt( il Jap 1)
_1da _
=2%R%| (1-2D") ' Z(1=2D")"| L2,
a dr ab
di dx
=2ke? (AT =) =2kt =a"") &, (5.4)
H dr ) R\ dr ab

where in the last steps we used (4.1) and (4.2). For completeness we note that if we had not
assumed that & is fixed, we would have obtained the expression

BS + BE 2k<dAA_1) + ldk(~+1§) (5.5)
b b= E 75,8 b- :
ab ~ Fa dr W kdt ‘
Using the latter, (4.17) and (5.3) we conclude that
d)‘ab 1 im~pc
dr = _ﬁ()\éifaﬁp - Aaq)‘pffqif)()\cefbme — AnbAdm fndc)8 " 8", (5.6)

where £, = @~ “4)c and that k does not flow. Thus the topological nature of its quantization, due to
the WZW limit (achieved when A — 0) [3], persists at one-loop.
We can write the above system in terms of matrices NV, (A) with elements

(Na ()‘))pm = ()\ac)‘pdfcdi - fapc)\ci)gim = N()M)apm. (5.7)
Then?
dAg 1 1 m
dtb = T WNa Ny (A7) = SN W "N ()., 7 |- (5.8)

Comparing with (3.5) we find that the matrix f (%) has elements
fap () = —% Tr(Na (WNG (AT)). (5.9)
5.1. Properties of the RG flow equations
There are several properties of the RG flow equations (5.8) which we list below:

1. The system (5.8) satisfies the condition (3.6) due to the transformation

NOYap™ — x;jx;jxm,,/\/(x)cd". (5.10)
2. In addition it respects the symmetry (3.3) due to the transformation
N()L)apm — (Do)ca (DO)qp(DO)nmN()L)cqn‘ (5.11)

3. It holds its form under A — AT,

3 In this rewriting of B-equations, it becomes apparent that N'(1),,¢ play the role of deformed, by the matrix A,
structure constants.
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4. A symmetric coupling constant matrix A remains symmetric under the RG flow. This is
readily seen from (5.8) if we use that A7 = A. Hence it is consistent to restrict to symmetric
couplings as in [7] which we examine closer in Sections 6 and 7 below.

5. A purely antisymmetric coupling matrix is not consistent with the RG flow equations. Hence,
if at some energy scale the matrix A,y is antisymmetric this will not persist along the flow.

6. In the special case of Agp = Adgp Or Agp = A(Do)ap (for constant group elements), we find
that

da cGM2
dr — 2k(14+1)?’
where c¢ is the quadratic Casimir in the adjoint representation, defined from the relation

Jacd foca = cGBab-
7. The system (5.8) is in agreement with general CFT considerations

dz:b :_%facefbdf)\cd)\ef‘i‘o()ﬁ)y (5.13)
where a CFT is perturbed with operators of mass dimension equal to two as in our case.
8. Finally, we note that (5.8) encodes the RG flow equations for the non-Abelian T-dual of the
PCM given in (3.12). We provide some details below.

(5.12)

5.2. RG flows in the general PCM and its non-Abelian T-dual

In the limit (3.9) the system (5.8) becomes

dEul7 1 pe i
dt 8G G (Eplfall + anfqlp Eli falp)(Enbfnmc + Edmfba’c - Ecefbme)v
(5.14)

where G, = %(Eab + Ep,) and G = Ga_bl. These are the RG flow equations corresponding to
the limit action (3.12). Since this action is equivalent to the PCM action by a classical canonical
transformation* we expect that the physical information contained in the -function equations
will be preserved. That implies that the -function equations for the general PCM should be given
by (5.14) as well. This is already proven due to the equivalence of RG flow system of equations
in Poisson-Lie T-duality related o -models in [23]. In this context non-Abelian T-duality is a par-
ticular case. Nevertheless, we present for completeness an independent proof that (5.14) also
follow from the B-function equations of the PCM models action (3.8). For this action we can
derive the metric and the two-form

1
ds?> =G LLY, B = EBQ,,L“ ALP, (5.15)

with G = %(E +ET)yand B = %(E — ET) and where we have omitted a factor of % It can be
easily shown that the generalized spin-connections are

;Lbk (Eda Jave — Eca faap + Eab faca),

1
Ogple = 2(Eadfdbc — Egc faab + Ebd faca)- (5.16)

4 This was first shown for the PCM with E,p = 84p: For the case of SU(2) in [18] and for a general group in [19].
For general coupling matrix Ej, the canonical equivalence was established in [17].
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Using (4.16) and the latter, we can easily find that

— 1 pc ~mi
Rab:ZG G (Eplfai[+anfqip_Elifalp)

X (Enb fume + Edm fode — Ece fome), (5.17)
with no appearance of diffeomorphisms. Plugging the latter into the RG flow equations
1 /dG,, dB,, | dE;, 1
n ( dr dr 2 M e~ 279 (5.18)

we readily find (5.14). Thus the RG flow equations of the general PCM are the same with its
non-Abelian T-dual as stated above.

6. Applications

In this section we focus on cases of particular interest which involve a truncation of the form
of the matrix A. This has to be done with care since setting arbitrarily entries of the matrix A to
zero will not be preserved by the flow (5.8).

6.1. The SU(2) case: Lagrange and Darboux—Halphen systems
Consider the simplest case with G = SU(2) and
A =diag(r1, A2, A3). (6.1)

Oq
ﬁa
due to our normalization conventions, for the structure constants to fypc = /284pc. Then from
(5.8) we find the system of differential equations
dir 22 —21A3)(A3 — A1h2)
dr ko (1= -2D

Using for representation matrices f, = where o,, a = 1,2, 3 are the Pauli matrices leads,

(6.2)

and cyclic in 1, 2, 3. It turns out that dg;,- =0, Vi # j, so that the restriction (6.1) to a diagonal

matrix is a consistent one. Note the symmetry of the system under the transformation

1
k — —k, Ai_)k_’ i=1,2,3, (6.3)
i
which follows from (3.1).
For A; « 1 this system behaves as
dirg 2 3
— =—=A3+O(A 6.4
” PR +0(2°) 6.4)
and cyclic in 1, 2, 3, which is the Lagrange system.
In the opposite limit, when 1, — 1, let

Xq 1
Aazl—?—i—(’)(p), a=1,2,3. (6.5)
Then in the limit K — oo we obtain
dx; 1 2 2 2
— =14+ — — x5 — 6.6
dr + 2x7x3 (xl 2 x3) 6.6)

and cyclicin 1, 2, 3, which is the Darboux—Halphen system. This system also follows from (5.14)
with E,;, = diag(x1, x2, x3). It first appeared in RG flows for the PCM for SU(2) with the above
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diagonal matrix E,p in [24]. The Lagrange and the Darboux—Halphen systems arose before in
general relativity by imposing the self-dual condition on the Bianchi IX with SU(2) isometry
four-dimensional Euclidean metrics [25].

In conclusion the system (6.2) interpolates between the Lagrange and the Darboux—Halphen
systems. These have a Lax pair formulation, i.e. [26]. It is very interesting to investigate if this is
the case for the interpolating system (6.2) as well.

6.2. The two coupling case using a symmetric coset

Let’s split the group index into a part corresponding to a subgroup H of G and the rest
belongings to the coset G/H. We will keep denoting by Latin letters the subgroup indices and
by Greek letters the coset indices. Consider the case in which the matrix A has elements

Aab = AH8ab, rap =AG/HOap- (6.7

It turns out that the above restriction is consistent with the system (5.8) only for symmetric coset
spaces G/H, for which the structure constants fyg, = 0. Using that for symmetric spaces

cG
fabe fabd = cHOca, faﬂcfaﬂd = (cG — CcH)dcd, fcﬂyfcﬂS = 78)/87 (6.8)
we find the system of equations

g _ché/H(l =23+ en gy — 3G ) (= AAG )

dr 2k(1+ Ap)2(1 —,\%;/Hﬂ '
digm  coromCn =2 ) ©9)
dt 2k(1 4+ Ap)(1 —AZG/H)' '

In the limit of Ag,;y = 0 they consistently truncate to the RG flow equation (5.12) with (A, cg)
replaced by (A, cgr).” For small couplings these read

diy 1
= = (endy + (c6 — i) + O(R).
dig/H cG
dt/ =5 MHrG/H T+ 0%, (€10

which is in agreement with general CFT expectations, i.e. with (5.13). Note that for groups
for which their rank can be taken arbitrarily large the exact expression for the running of cou-
plings can be simply obtained from the perturbative result. This can be seen by noting that
when cg — 00 and cyg — 00 so that their ratio remains finite we may define xg = cgAy and

5 In fact this is the case for general cosets and for coupling matrices of the block diagonal form A = Ay © Og, g,
where A g is a general dim H square matrix. To prove this we observe that the non-vanishing components of the matrices

Ny are

WNa)p© = (Aadrpe fdef — fabe)hef)gfcv (Na)ﬂc = *faﬁd)hdege€~

Then clearly the RG flow equations (5.8) become that for a subgroup H € G with A replaced by Az . Consistent to these
is the fact that the action (2.6) retains its form but with A replaced by Ay and with the indices a, b taking values in H.
The interpretation of this new more general than (2.6) action is of the all-loop action of the anisotropic non-Abelian
Thirring model for a group G where the perturbation is by a general current bilinears in H € G.
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XG/H = ¢GAg/u- Then the running of the x’s coincides with that we would have obtained from
the leading terms in (6.10).

6.2.1. Flows from coset CFTs

Recall that in [8] a second class of o-models was constructed interpolating between coset
CFTs realized by gauged WZW models and the non-Abelian T-dual of coset PCM models. This
construction is based in a limiting procedure in which the part of the coupling matrix E (taken
to have a block diagonal structure in the subgroup H and the coset G/H spaces) in (2.3) with
subgroup indices is taken to be zero. Then the action (2.6) depends actually not on all of the
dim(G) variables X* but on dim(G/H) variables. For more details the interested reader is refer-
eed to [8]. Returning to our case note that in this decoupling limit of the subgroup the parameter
Ay = 1. Then we find from (6.9) that

dig/n _  ccrg/H

T
which again is in agreement with general CFT expectations. It is interesting that the all-loop
result is identical to the one-loop in Ag,y perturbative CFT result, at leading-order in the 1/k
expansion. The result in (6.11) is essentially the same as that obtained in [10] for the simplest
case with G = SU(2) and H = U (1). In addition the RG flow will be the same no matter what
the subgroup H is, as long as the coset G/H is a symmetric space. We note that Ay =1 is a
fixed point, only if the subgroup is Abelian, see also [23].°

(6.11)

7. Comparison with literature

The purpose of this section is to compare results following from our general formula for the
B-functions (5.8) with existing ones in the literature.

The authors in [7,13], considered the anisotropic Thirring model action given by the first two
terms in (3.2) with symmetric coupling matrix A and computed the corresponding B-functions
using current algebra CFT techniques. The general formula they obtained is not apparently the
same as (5.8) and in fact it looks more complicated. Given our completely different approach
it is important to make a comparison. First we briefly review the results of [7]. One considers
a perturbation of the form

dim G

SperthZhAoA, Z bJa (7.1)
A

a,b=1

where d fb are pure numbers and define the perturbation. In this work the d “;‘b’s were taken to be
symmetric in the lower indices a, b = 1,2, ..., dim(G). The upper index A takes as many values
as the number of independent coupling constants / 4 (denoted by g4 in [7]). Hence, comparing
with our notation we have the identification A, = h Ad . Due to that d g‘b =d Aa the comparison
with our results can only be made for symmetric matrlces A

6 It turns out that A H = 1 corresponds to a fixed point of the group G since LG,y = 1 is also enforced. To prove this,
we use (6.9) for Ly — 1~ and we find for Abelian subgroups that
dgp  (I=2g)?
dig " 2hg/H(1—Ap)?

1-2
— gml- H o1 —ay)?

Hence, the o-model flows towards the IR to the non-Abelian T-dual of the PCM for the group G.
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One assumes that the operators @4 form a closed set. Then, from the double pole in the
operator product expansion

1
|z|2

one extracts the structure constants CA?¢. The following three conditions ensure closeness of
this algebra and renormalizability at all orders

04(z,2)08(0,0) = —C*8-0€(0,0) + - - -, (7.2)

A d? face frap =C*Pcd$y,  djdf =D cd,

dﬁ[faecfehd = ’RABdf[y (7.3)
These relations define the set of coefficients D48 - and R4 . Note also the consistency relations

CABC :CBAC, DABC :DBAC, DACDDDBE :DABDDDCE. (74)

Finally one defines the vector and the matrix

Calx,y) =CBC yxpyc, D =D phe, (7.5)
for any two vectors x and y, as well as

ha=hg((1-D*) """, (7.6)
Then the B-function equations are given by [7,13]

dh 11 - . -

=7 [503 (h. ) (1+D?)" 4 — C(hD, hD)D® 4 + hzz(DRD)BA] (1.7)

where (ﬁD) A= h sDE4. Finally we note that it is consistent to truncate to a subgroup H € G,
by considering d L‘;‘b’s with lower indices only in the Lie algebra of H. This is congruous with the
discussion in footnote 5.

In the following we concentrate on two non-trivial examples, namely the SU(2) and the sym-
metric coset G/H cases, where we will use (7.7) to compute explicitly the RG flow equations
for the couplings. We will find perfect agreement with (6.2) and (6.9) we have found using our
general formula (5.8). Based on that we believe that the system (7.7) becomes identical to that in
(5.8) for the case of a symmetric, but otherwise general, coupling matrix A. The proof should be
a nice mathematical exercise.

7.1. The SU(2) case

For the case of SU(2) consider turning on just three couplings, 14, A = 1,2, 3 a case that has
been considered in [12]. Referring to (7.1) and choosing as the non-vanishing daAb those with

di, =dj=dj; =1, (7.8)

implies, by comparing with (6.1), that A; = &1, etc. Then the non-vanishing CA8¢’s, DAB’s
and R4 p’s are

Cl2, =y = o, Pl =1, R, =R2, =2,
Ci(x,y) = —2(x2y3 + x3y2), DYy =1 (7.9)

and cyclic permutations in 1, 2, 3. Then plugging these into (7.7) we find (6.2), a result consistent
with that in [12] (after relabeling and rescaling).
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7.2. The two coupling case using a symmetric coset

Let us concentrate on the case of symmetric coset spaces for which f,8, = 0. We turn on
two couplings, one for the subgroup 4y and one for the coset g,y . As before let Latin indices
denote the subgroup and Greek ones the coset. Hence, we have that
dap=abs  dig =up, (7.10)

a o,

where 1 and 2 refer to the subgroup and coset, respectively. Then the non-vanishing C4% ’s and
DAB -’s are
c
¢ =cu. C122=C212=76, C*1 =cG —cn,
D' =D*, =1, (7.11)

where cg, cy are the quadratic Casimir in the adjoint representation of G and H, respectively.
Also

c

RIIZ_CH, R12:R22:—TG’ R21:—CG+CH. (7.12)
In deriving the above we used (6.8). Plugging these into (7.7) we find precisely (6.9) with the
identification Ay = hy and A,y = hg/H.

Non-diagonal case Finally, the reader might also require a further example, involving a non-
diagonal (symmetric) coupling matrix, so to strengthen the declared equivalence between (5.8)
and (7.7). We did so for a consistent truncation in the SU(2) case, i.e. A2 = A1 and A33 and the
results followed from these two expressions are in perfect agreement.

8. Conclusion and outlook

The main result of the present paper is the proof of the one-loop renormalizability and the
computation of the RG flow equations for the coupling matrix A, of the action (2.6). This
computation was achieved using the standard expression for the one-loop renormalizability of
two-dimensional o-models of [20-22] and the explicit expression for the S-function equations is
given in (5.8). We used this result to further claim that the action (2.6) is the effective action en-
coding all loop effects in the coupling matrix A, of the fully anisotropic non-Abelian Thirring
model action defined by the first two terms in (3.2). The basic support for the above claimed
equivalence is the fact that in some highly non-trivial cases our RG flow equations are the same
as the ones we have found using a general formula for the running of couplings of the anisotropic
symmetric non-Abelian Thirring model action given by (7.7). This formula was obtained in [7]
using current-algebra techniques and is an all order in the couplings result (but leading in 1/k).
Even though we have not proven the equivalence of (5.8) and (7.7) in general we believe this to
be the case for the case (of course when A, is symmetric). Our result (5.8) has the advantage
of being more general since it includes cases of non-symmetric X, and in addition it has a re-
markably much simpler form. It will be interesting to investigate the RG flow equations (5.8) for
specific low dimensional groups.

We have found a particularly interesting result for the anisotropic SU(2) case with diagonal
coupling matrix A,p. The RG flow equations interpolate between the Lagrange and Darboux—
Halphen integrable systems of differential equations. It will be interesting if the integrability
property of the system is maintained in general beyond the these limit cases.
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Finally we note the existence of the all-loop RG flow equations for the anisotropic bosonized
non-Abelian Thirring model with different left and right levels of the current algebra [27]. In par-
ticular, using Eq. (4.6) of this work we have computed the S-function for left and right currents
with different levels k; and kg. The result is

dip (ke +kR)A (3 +43) — 2(1 4+ kpkrADA2A3
dr — (1 — kpkra3)(1 — kpkgr2)

and cyclic in 1, 2 and 3. This is the analogue of (6.2) to which reduces for the special case
with k; = kr =k and A; — X;/k. We have also computed the analogue of (6.9) for the case of
symmetric cosets G/H with different levels for the left and right current algebras but will not
present here the result. Such models are not captured by our all-loop action Eq. (2.6), since the
WZW action provides a left and a right current algebra with equal levels. It is will be interesting
to realize the above RG flow systems of equations with specific o -models.

As mentioned, for the general o-model action (2.6) only the case with A,, = A8, corre-
sponding to (3.4) has been proven to be integrable. It is likely that other choices for A,, may
correspond to integrable models as well. A necessary condition for a model to be integrable is
that the non-Abelian action (3.12) to which it tends in the limit (3.9) is integrable. Since non-
Abelian T-duality preserves integrability (see Appendix D of [8]) this is equivalent to looking
at cases with proven integrability in PCM which have been worked out in the literature. Such
a case is the anisotropic with diagonal A, coupling matrix SU(2) PCM for which integrability
was shown in [28-30]. It will be highly non-trivial if this model is integrable.
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