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Abstract

In the framework of light-cone formulation of relativistic dynamics, arbitrary spin massless fields propa-
gating in the four-dimensional AdS space are studied. For such fields, the complete list of light-cone gauge
cubic interaction vertices is obtained. Realization of relativistic symmetries on space of light-cone gauge
massless AdS fields is also obtained. The light-cone gauge vertices for massless AdS fields take simple
form similar to the one for massless fields in the flat space.
© 2018 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Light-cone gauge formulation of field dynamics in the flat space developed in Ref. [1] has
turned out to be successful for a study of many important problems of field/string theory. Perhaps
one of the attractive applications of the light-cone formalism is the construction of the light-cone
gauge (super)string field theory in Refs. [2,3]. The light-cone gauge superfield formulation of
N = 4 supersymmetric Yang-Mills theory was built in Refs. [4], while the light-cone gauge
superfield formulations of the supergravity theories in ten and eleven dimensions were studied
in Refs. [5-7]. Another attractive application of the light-cone formalism is the construction of
interaction vertices in the theory of higher-spin fields propagating in flat space [8—12]. Recent
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interesting applications of light-cone gauge formalism for the study of various dynamical system
in flat space may be found in Refs. [13,14].

Light-cone gauge formulation of field dynamics in AdS space was developed in Refs. [15,16].
In Refs. [15,16], we studied free light-cone gauge fields propagating in AdS space. Our aim in
this paper is to develop light-cone gauge formulation for interacting massless fields propagat-
ing in four dimensional AdS space. We develop the systematic method for building interaction
vertices for arbitrary spin massless AdS fields and use this method to find explicit expressions
for cubic interaction vertices. We find the complete list of cubic interaction vertices for massless
AdS fields.! As is well known the light-cone approach has turned out to be useful for the study of
interacting superstring theory. By analogy with this, we believe that the light-cone gauge inter-
action vertices obtained in this paper will be useful for better understanding of higher-spin field
theory.

This paper is organized as follows.

In Sec. 2, we introduce our notation and describe the light-cone gauge formulation of free
arbitrary spin massless fields propagating in AdS4 space.

In Sec. 3, we start with the discussion of n-point interaction vertices for massless AdS fields.
We find restrictions imposed on the n-point interaction vertices by the kinematical symmetries
of the so(3, 2) algebra. After that we restrict our attention to cubic vertices. Using a particular
choice of momentum variables which suit the cubic vertices, we provide the convenient form of
restrictions imposed on the cubic vertices by the kinematical symmetries of the so(3, 2) algebra.

In Sec. 4, we discuss restrictions imposed on the cubic vertices by dynamical symmetries of
the so(3, 2) algebra. After that, requiring the light-cone locality and using field redefinitions, we
find the complete list of equations which admits us to determine cubic vertices uniquely.

In Sec. 5, we present our method for solving the complete list of equations for the cubic
vertices, while in Sec. 6 we summarize our final results for the cubic interaction vertices. We
discuss various representations for the cubic vertices.

In Sec. 7, we summarize our conclusions and suggest directions for future research.

Notation, conventions, and various technical details are collected in Appendices. Appendix A
is devoted to the basic notation and conventions we use in this paper. In Appendices B and C, we
discuss various technical details of our method for solving equations for the cubic vertices.

2. Free light-cone gauge arbitrary spin massless fields in Ad S4 space

s0(3,2) algebra in light-cone frame According to the idea in Ref. [1], the problem of finding a
new dynamical system amounts to the problem of finding a new (light cone gauge) solution for
commutation relations of a basic symmetry algebra. For fields that propagate in the AdS4 space,
basic symmetries are associated with the algebra so(3, 2). Light-cone gauge formulation of free
fields propagating in AdS space was developed in Ref. [15]. Using the light-cone gauge approach
in Ref. [15], we now discuss the light-cone gauge realization of the so(3, 2) algebra symmetries
on space of free arbitrary spin massless fields propagating in Ad S, space.

The so(3,2) algebra is spanned by translation generators P*, dilatation generator D, con-
formal boost generators K and rotation generators J*” which are generators of the Lorentz
algebra so(2, 1). The commutation relations of the so(3, 2) algebra take the form

1 Full equations of motion for higher-spin gauge AdS field were obtained in Refs. [17]. Recent discussion of this theme
may be found, e.g., in Refs. [18]. Discussion of AKSZ action for higher-spin gauge field may be found in Ref. [19].
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[D, PH]=—PH, [PH, JYP]=nt" PP —ntP PV,
[D, K#]=KH, [KH, JP]=n""KP — P K, 2.1
[PH,KV]=n*"D — JHV, [JHV, JPO) = VP JH° 4+ 3 terms,

where n**V is the mostly positive flat metric tensor. The vector indices of the so(2, 1) Lorentz al-
gebra take values u, v, p,o =0, 1, 2. The generators P* and K* are considered to be hermitian,
while the generators D and J"V are assumed to be anti-hermitian.

We use the Poincaré parametrization of AdSs space,

R2

ds* = 5
Z

(—dx%dx° + dx'dx" + dx*dx* + dzdz) . 2.2)

To discuss the light-cone formulation, we introduce, in place of the Lorentz basis coordinates
x9, x! x2, 7, the light-cone basis coordinates x, x~, x1, z, where the coordinates x* are defined

as

1
+ 240
xT=—x"*£x"). (2.3)
V2
The coordinate x T is considered as an evolution parameter. Use of the coordinates (2.3) implies
that the so(2, 1) Lorentz algebra vector X* is decomposed as X+, X, X 1 while a scalar product
of the so(2, 1) Lorentz algebra vectors X* and Y* is decomposed as

X Y =XTY" + X vt 4 x'r!. (2.4)

From decomposition (2.4), we conclude, that in light-cone frame, non vanishing elements of the
flat metric 1, and its inverse n**" are given by
N—=1, ny=1, ny=1 gt =1 pt=1 =1 (2.5)
Relations (2.5) imply that the covariant and contravariant components of vectors are related as
Xt=X_,X"=X,,X'=X,.
In light-cone approach, generators of the so(3, 2) algebra are separated into the following two
groups:

pt, pP', bp, J*t', Jt, kT, k!, kinematical generators; (2.6)

p-, J' Kk, dynamical generators. 2.7

For xt = 0, in the field theoretical realization, kinematical generators (2.60) are quadratic in
fields,” while, dynamical generators (2.7) involve quadratic and higher order terms in fields. In
light-cone frame, commutation relations for the generators (2.6), (2.7) are obtained from the ones
in (2.1) by using the non vanishing elements of the n*" given in (2.5).

To provide a field theoretical realization for the generators of the so(3,2) algebra on a space
of arbitrary spin massless fields we exploit a light-cone gauge description of the fields.

2 For arbitrary xT # 0, kinematical generators (2.6) can be presented as G = G| + x+ Gy + xTx+G3, where a
functional G is quadratic in fields, while functionals G, G3 involve quadratic and higher order terms in fields.
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Arbitrary spin-s massless fields In light-cone gauge, physical degrees of freedom of a massless

spin-s field, s > 0, propagating in AdS4 space are described by two complex-valued fields ¢;
and ¢_ that are hermitian conjugated to each other,

¢S(-x+7x_’-xlvz)a ¢—S(x+’-x_3xl’z)v ¢:(x+,x_,x1,z)=¢_X(x+,x_,x1,z),

(2.8)

while spin-0 field (scalar field) can be described by real-valued field

doxt x 7 xh ), gitxT xl ) =goxt,xT 2 2). (2.9)

We prefer to deal with fields obtained from the ones in (2.8), (2.9) by using the Fourier transform
with respect to the coordinates x~ and x 1

2

In other words, to discuss spin-s field, s > 0, and spin-0 field we use the following respective
fields

dpldg . _
¢A(x+,x—,x1,z>=/p—ﬁel(””‘l*ﬂx ot Bl A=0.%s.  (2.10)

os(p.2),  G—s(p.2),  Bl(p,2)=d—s(—p,2), (2.11)
P0(p,2),  By(p.2) =o(—p,2), (2.12)

where, in (2.11), (2.12), the argument p stands for the momenta p!, B and the dependence on
the evolution parameter x* is implicit.
In order to discuss the light-cone gauge formulation of a massless field in an easy-to-use form
we introduce the creation operators a®, o’ and the respective annihilation operators a*, a¥,
[@f,a1=1, [a*af1=1, a®0)=0, a*0)=0, off=a", of=a*.

(2.13)

Throughout this paper, the creation and annihilation operators will be referred to as oscillators.
Sometimes, we prefer to use oscillators with lower case indices defined by the relations

C(LZ(YR, (673 Z(XL, C_(L Z&R, &R =C_(L. (214)

Using such notation for the oscillators, we introduce the following ket-vectors:

1 ,
ps (P, 2, 00)) = ﬁ(alsﬂbs(l)’ 2) + o35 (p, 2))10) s >0, (2.15)
[P0) = po(p, 2)|0) (2.16)

and in order to treat arbitrary spin fields on an equal footing we use an infinite chain of massless
fields which consists of every spin just once. Such chain of massless fields is described by the
ket-vector

6 (p, 2. @) =D I¢s(p, 2, @), @.17)
s=0

where the ket-vectors |¢;) are defined in (2.15), (2.16). Often, we prefer to use the alternative rep-
resentation for ket-vector |¢) (2.17). Namely, using (2.15), (2.16), it is easy to see that ket-vector
|¢) (2.17) can be represented as
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o A

aH
lo(p, z,)) =A:2_joo T

where we use a quantity a,ﬁ defined by the relations

.(p,2)10), (2.18)

aﬁ‘ forA >0;

ap=11  fora=0; (2.19)
a;k forA <O0.

It is easy to see that ket-vector (2.18) satisfies the algebraic constraint
ata'|g) =0. (2.20)
Throughout the paper we use bra-vector (¢| defined as (¢ (p, z, @)| = (|¢(p, z, @)))". Using
the expansion (2.17), we get

0 A
(¢(p,z. )| =0 D $1(p.2), (2.21)

A=—00

&H
VIAL!
where we use a quantity @, defined by the relations

ak  forr>0;
1 forA=0; (2.22)
&L_’\ for <O0.

Qi
x>

Field-theoretical realization of so(3,2) algebra Now our aim is to provide a field theoretical
realization of the so(3, 2) algebra on the space of massless AdS fields. In our approach, massless
AdS fields are described by the ket-vector |¢) (2.18). A realization of kinematical generators
(2.6) and dynamical generators (2.7) in terms of differential operators acting on the ket-vector
|¢p) is given by

Kinematical generators :

P'=p', Pt =8, (2.23)
Tt =ixTpl +9,8, JPT =it P 498, (2.24)
D=ixtP™ —dgB—0,p' +20.+1, (2.25)
1
Kt = z(2ix+aﬂ - a,%l +2)B+ixD, (2.26)
1
K!'= 5(2ix+a,g - 812,1 +2)p' =0, D+ M +iM' " xT, (2.27)
Dynamical generators :
1,1 82
p=_P2Pr % (2.28)
26 28
J ' =—dgp' +o, P+ M, (2.29)
K™ = 1(2ix+a — 02, +7HP" — 9D+ l(a 3,1 —zpHYyM + 1p (2.30)
2 B pl . B ﬂ 29 g ,3 ) .

where we use the notation
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9
m! E—M“Ez, B=-M'M",  M'"=-M"', (2.31)
B=pt. og=0/0B. 3, =d/op. (2.32)

In (2.31) and below, a quantity M3! stands for a spin operator of the so(2) algebra. On space of
ket-vectors (2.17), the operator M zl s realized as

M = MRt MR =oRat —ota®. (2.33)

Relations (2.23)—(2.33) provide the realization of the generators of the so(3,2) algebra in
terms of differential operators acting on the ket-vector |¢) (2.18). Using these relations, we are
ready to present a field theoretical realization for the generators of the so(3, 2) algebra in terms of
the ket-vectors |¢) (2.18). This is to say that, at the quadratic level, a field theoretical realization
of the generators given in (2.6), (2.7) takes the form

Gm=/ﬁdzdzp(¢(p,z,a)|G|¢(p,z,a)>, d*p=dpdp", (2.34)

where G, stands for the field theoretical generators, while G stands for the differential operators
presented in (2.23)—(2.33).
By definition, the ket-vector |¢) satisfies the Poisson—Dirac commutation relations

;o 82(p+ p'
L1¢(p. 2, 00), 19 (P, 2 )>]|equalx+:%5

where I (o, @) stands for the projector on space of the ket-vector given in (2.18). Using relations
(2.34) and (2.35), we check the standard commutation relation

[6). Gerl|equar += G19) - (2.36)

In terms of the component fields ¢, (p, z), the Poisson-Dirac commutation relations take the
form

(z—2)(a, '), (2.35)

1
(63,20, 80 (0 | gqua = 550° (P + P3G = Do 2.37)
All commutators between fields ¢, (p, z) and their hermitian conjugated q)l( p,2) = (¢r(p, z))*
are obtained from (2.37) by using the hermicity condition ¢_, (—p, z) = ¢I (p,2) 2.11).

For the reader convenience, we note that, in the framework of the Lagrangian approach, the
light-cone gauge action takes the form

S=/dx+dzd2p <¢(p,z,a)|iﬂa—|¢(p,z,a)>+/dx+P—, (2.38)

where 3~ = 3/0x™" and P~ is the Hamiltonian. Expressions for the action given in (2.38) is valid
both for the free and interacting light-cone gauge fields. In the theory of free light-cone gauge
fields, the Hamiltonian P~ is obtained by plugging the operator P~ (2.28) into (2.34).

1
Sy = E/dﬁdzdzp (@(p,z,0)|(2iBd~ — p'p' +82)1p(p, 2, @) . (2.39)

Incorporation of a internal symmetry for massless AdS fields can be done by analogy with the
Chan—Paton method used in string theory [20] and in massless arbitrary spin fields in [21] (see
remark at the end of Sec. 6 in this paper).
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3. Restrictions imposed on n-point interaction vertices by kinematical symmetries of
so(3,2) algebra

Our aim in this Section is to discuss restrictions imposed on the dynamical generators (2.7) by
the kinematical symmetries. Namely we are going to find equations obtained from commutators
between the kinematical generators given in (2.6) and dynamical generators given in (2.7).

In theories of interacting fields propagating in AdS space, the dynamical generators receive
corrections involving higher powers of physical fields. Namely, the dynamical generators (2.7)
can be presented in the following way

o0
d
G = § G, (3.1
n=2

where Gﬁ,y]n (3.1) is a functional that has n powers of physical fields |¢). Dynamical generators
at quadratic approximation are given by expressions (2.28)—(2.30) and (2.34). Now we discuss
the general structure of the generators Gﬁ%n when n > 3. We discuss restrictions obtained from
commutators between the kinematical generators (2.6) and dynamical generators (2.7) in turn.
Note that, in what follows, without loss of generality, we study the commutators of the generators

of the so(3, 2) algebra for x™ =0.

Pl-and P*-symmetries restrictions Using the commutators between the dynamical generators

(2.7) and the kinematical generators P! and P+, we find that the dynamical generators G([iy]n with
n > 3 can be presented as

Py = [ ars @), (32)
-1 _ .—1 1 —

I _/drn (Ppl iy s +(X <(D[nJ|)|P[,L]>3, 3.3)
_ _ . 1 _

K[n] = /drn (CD["]lk[n])é‘ - (Xl(q)["]l)|][n]1)5 - 5(X1X1<(b[n]|)|p[n]>3 5 (34)

where bra and ket-vectors appearing in (3.2)—(3.4) are defined as

n

(Dl = [ [ (Pas 2ar @a)l, (3.5)
a=1

i) =/dz|p[:]>az,

|Ppn) = Piny(Pa» 020 Ba» 2, 4a)0) , (3.6)
i )s = f dz1j,")8: .

i) = i (Pas 324> Bas 2 @a)10) 3.7
ki) = f dz k) 5.

ki) = ki (P 020 Ba» 2, @) 10) (3.8)

while the remaining quantities appearing in (3.2)—(3.8) are given by



R.R. Metsaev / Nuclear Physics B 936 (2018) 320-351 327

n n 2
d
dTy=@n% (Y pa) [ | Sotdza.  d*pa=dpidpa. (39)
a=1 a=1
1 n
X' = n Z py - Ip1 = 3/0py . Oz =0/024, (3.10)
a=1
n n
s.=[[6G-z2). 10)=]]10- (3.11)
a=1 a=1

In relations (3.5)—(3.11) and below, we use the indices a,b =1, ..., n to label n interacting

fields. The Dirac §-functions appearing in (3.9) imply conservation laws for the momenta pé
and B,. Densities p,, j[n_ll, and k;,, appearing on r.h.s. in relations (3.6)—(3.8) depend on the
momenta p;, Ba, the radial derivatives d,,, the radial coordinate z, and spin variables denoted by
o, in this paper. We note that the shortcut «, stands for the oscillators «f, ;. Sometimes, the
density p,; will be referred to as an n-point interaction vertex (or cubic interaction vertex when
n=3).

J 1~ -symmetry restrictions Using the commutators between the dynamical generators (2.7) and
the kinematical generator J ™, we get the equations

n

> Badp, 1pp)s =0, (3.12)
a=1

n

> Badp, i )5 =0, (3.13)
a=1

n

> Badp, ks =0. (3.14)
a=1

D-symmetry restrictions Using the commutators between the dynamical generators (2.7) and
the kinematical generator D, we get the equations

n
D " (Badp, + Phdyy — 02,20l Py = B —m)pyy)s (3.15)
a=1

n
D (Badp, + Padpr — O,z Vs = Q=i s s (3.16)
a=1

n
D Badp, + Padyy — 04z lhi)s = (1= m)lky,)s (3.17)
a=1

J 1 -symmetry restrictions Using the commutators between the dynamical generators (2.7) and
the kinematical generator J !, we find the equations

n
> Badyy 1P} =0, (3.18)
a=1
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n

> Badyy lig' s =0, (3.19)
a=1

n

> Badyy ks =0. (3.20)

a=1

K -symmetry restrictions Using the commutators between the dynamical generators (2.7) and
the kinematical generator K+, we get the following equations

n

> BazE = 0,10, P =0, (3.21)
a=1

n

Y Ba(@Z = 3,10, )5 =0, (3.22)
a=1

n

> Bazz = 8,18, lk,)5 =0, (3.23)
a=1

where for the derivation of equations in (3.21)—(3.23) we use equations (3.18)—(3.20).

K '-symmetry restrictions Using the commutators between the dynamical generators (2.7) and
the kinematical generator K ', we get the equations

K po)s + X p)s = Lig' s =0, (3.24)
. _ 1 _ _
Ky = KT X 1pg)s + XX pi)s + Tkig)s =0, (3.25)
_ _ . 1 .
K1k = X gy + KT X = 5 XX, =0, (3.26)
where X! is defined in (3.10), while K!' is defined as
n
K=Y kT, (3.27)
a=1
1
K= Ep;(zg — 37+ DJd, + M 'z, (3.28)
D} = Badp, + Padpy — 020+ 1. (3.29)
Using relations given in (3.10), (3.27), we find the helpful relation
1 n
1t 17 2
K'". X' = %;(zﬁapéapé). (3.30)

Note that, for the derivation of equations given in (3.24)—(3.26), we use restrictions imposed by
D-symmetry (3.15)—(3.17) and restrictions imposed by J ‘H—symmetry (3.18)—(3.20).
We summarize our consideration in this section by the following two remarks.

i) The use of the commutators of the dynamical generators (2.7) with the kinematical generators
P!, P leads to relations (3.2)—(3.4), while the use of the commutators of the dynamical gener-
ators (2.7) with the kinematical generators J*—, J*! D, K*, K! leads to the equations given
in (3.12)—(3.26).
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ii) Equations (3.18)—(3.20) tell us that the densities p,;, j[n]l , and k,; depend on the momenta pé
through the new momenta ]P"ll ,, defined by the relation

P, = piBy— phBa- 3.31)

In other words, the densities p,,, j[;]l, k,, appearing in (3.6)—(3.8) turn out to be functions of
P!, in place of p/,

P[;] :P[;](P;b, azas ,Bay Z,0q) , (332)
gt = e @Ly 820 Bas 20 ) (3.33)
ko = ki (Phys 324 Bas 20 0ta) - (3.34)

Using the momentum conservation laws, we check that not all momenta PL p (3.31) are in-
dependent. Namely, it easy to check that, for the n-point vertex, there are n — 2 independent
momenta IP’; »- This implies that, for the case of n = 3, there is only one independent P;b. This

considerably simplifies analysis of equations for cubic densities py;, j[3_]1 s kg

3.1. Restrictions imposed on cubic interaction vertices by kinematical symmetries of so(3, 2)
algebra

J +1-symmetry restrictions As we have already said, for cubic vertices, the momenta IP’%Z, ]P%,
IP’;I are not independent. Namely, using the momentum conservation laws

pl+pi+pi=0, B+ +p3=0, (3.35)

it is easy to check that the momenta P}z, IP’é3, IP’_l,l are expressed in terms of a new momentum P!
as

Pj, =Py =P} =P', (3.36)
where the new momentum P’ is defined by the relations
1 . .
Pl=2 Y Farar Pa=Ber1—Bar2, a=Pass. (3.37)
a=1,2,3

The use of the momentum P! (3.35) is advantageous because this momentum is manifestly in-
variant under cyclic permutations of the external line indices 1, 2, 3. Thus, the densities p3, jg]l s
and k3, are eventually functions of P!, 0z, Ba, z and ag:

Py =Py (P, 0, Ba 2 ) (3.38)
it =i @ 8. ez ) (3.39)
kiy =k (P 0, Ba. 2. ) - (3.40)

Now our aim is to represent the kinematical symmetry equations (3.12)—(3.17) and (3.21)—
(3.26) in terms of the densities given in (3.38)—(3.40). To this end we should just plug
(3.38)—(3.40) in (3.12)—(3.17) and (3.21)—(3.26) and, upon differentiating over pé and B,, we
should take into account the dependence of P! on p; and B, (3.37). Doing so, we get kinemat-
ical symmetry equations for the densities given in (3.38)—(3.40). We now present the equations
obtained in turn.
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J T~ -symmetry restrictions For n = 3, equations (3.12)—(3.14) lead to the following equations
for densities (3.38)—(3.40):

(P'opi + Y Badp,) P =0, (3.41)
a=1,2,3

(P'opi + Y Badp,) Lig")s =0. (3.42)
a=1,2,3

(P'3p1+ D Badp,) lkiz)s =0. (3.43)
a=1,2,3

D-symmetry restrictions For n = 3, equations (3.15)—(3.17) lead to the following equations for
densities (3.38)—(3.40):

(P'op — > 0:,24)|pg)s =0, (3.44)
a=1,2,3
(Plop+1— > d,24)lim' s =0. (3.45)
a=1,2,3
(Plop +2— Y 8:,24)lkiy)s =0. (3.46)
a=1,2,3

Note that, for the derivation of equations (3.44)—(3.46), we use equations (3.41)—(3.43).

KT -symmetry restrictions For n =3, equations (3.21)—(3.23) lead to the following equations
for densities (3.38)—(3.40):

(Bop1dpt + Y Baza)|py)s =0. (3.47)
a=1,2,3

Bopdp + Y Baza)lip')s =0, (3.48)
a=1,2,3

(Boprdp + Y Baza)lky)s =0, (3.49)
a=1,2,3

where 8 = B18283.

K '-symmetry restrictions For n =3, equations (3.24)—(3.26) lead to the following equations
for densities (3.38)—(3.40):

K" pa)s = lig')s =0. (3.50)
K jghs — K, X" pg)s + k) =0, (3.51)
K"k + KT X750 =0, (3.52)

where, in (3.50)—(3.52), we use the realization of the operators K!" and [K!T, X!] on space of
densities (3.38)—(3.40),

1 « P! .
K'=(Ng—3 > ﬂazaaza)apl—@ 37 Baba+ Y Mz, (3.53)

a=1,2,3 a=1,23 a=1,2,3
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. A 1
It wly_ 28 2
(K, X1 = 01 01 + >z, (3.54)
a=1,2,3
1 y
Np=z > Babads,. Dp= ) Bi.  B=Fhhs. (3.55)
a=1,2,3 a=1,2,3

For the derivation of the realizations in (3.53), (3.54), we use the definitions given in
(3.27)—(3.30) and the relation [X!, P']=0.

From (3.50), (3.51), we see that the ket-vectors | j[;]l) s and |kp)), are entirely expressed
in terms of the |pp;)s. Using such representation for the | jgll) 5 and |kg;)s in terms of the
|pp), we verify that, if the vertex |p;), satisfies the J +t=., D-, K*-symmetry equations
(3.41), (3.44), (3.47), then the respective JT~-, D-, K*-symmetry equations for |j[§]l)(S and

|k3)) 5 in (3.41)—(3.49) are satisfied automatically. Thus we see that we can restrict ourselves to
study the J*~-, D-, Kt -symmetry equations (3.41), (3.44), (3.47) and K '-symmetry equations
(3.50)—(3.52).

Kinematical restrictions do not exhaust all restrictions imposed by commutators of the
s0(3, 2) algebra. The remaining restrictions imposed by commutators of the so(3, 2) are obtained
by considering commutators between dynamical generators. Such commutators are studied in the
next section.

4. Restrictions imposed on cubic interaction vertices by dynamical symmetries of so(3, 2)
algebra

Throughout this paper, restrictions obtained from commutators between the dynamical gen-
erators of the so(3,2) algebra (2.7) are referred to as dynamical symmetry restrictions. The
commutators between the dynamical generators of the so(3, 2) algebra (2.7) are given by

[P~,J =0, .1
[P~,K"]1=0, [J~L, K 1=0. (4.2)

Therefore our aim in this section is to obtain restrictions on the densities imposed by the commu-
tators (4.1), (4.2). We note then the following important feature of the so(3, 2) algebra. It turns
out that the study of the commutators (4.1), (4.2) amounts to the study of the commutator (4.1)
and the kinematical K1 symmetry equations (3.50)—(3.52). To see this we note that kinematical
K !'-symmetry equations (3.50)—(3.52) amount to the following commutators:

[P~ K =—-J", L k1=K, [K~,K'1=0. (4.3)

Now, by using the Jacobi identities, it is easy to check that, if commutators (4.1) and (4.3) are sat-
isfied, then the commutators (4.2) are satisfied automatically. Thus, if we respect K '-symmetry
equations (3.50)—(3.52), then we can restrict ourselves to study the commutator in (4.1). We now
study the commutator (4.1) in the cubic approximation.

In the cubic approximation, commutator (4.1) takes the form

[Py, I 1+ P5. J5'1=0. 4.4)

Using commutator (4.4) and relations (3.2)—(3.4) for n = 3, we get the following equation for
the ket-vectors of the densities given in (3.6)—(3.8) when n = 3,

Pl + I3 M pa)s =0, (4.5)
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where we use the notation

3 papy &
P = P, P=—-444 L (4.6)
a=12,3 2Ba 2Ba
d
J 0= 3" 0 17 =pdp, — Pro, + Mglﬁ. 4.7
a=1,2,3 “

Operators P~ and J~!T (4.6), (4.7) are expressed in terms of the momenta p;, Ba. Using defi-
nition of P! (3.37) and plugging (3.38), (3.39) into (4.5), we can express the operators P~ and
J~ ! in terms of the momenta P! and f,,

P!Pp! 92
P = TS + Z zz" , 4.8)

p a=1,23 Pa
J—”——lPlNﬂ— > Pa 07 Op1 + Y mit % (4.9)

- Za a ’ :
p a=1,2,3 6B a=1,23 Pa
where Ng and g are defined in (3.55).
Plugging | j[g]l) 5 (3.50) into (4.5), we get the equation for the cubic vertex |pp)) s,

(J—IT +P—K1T)|p[;]>8 =0. (4.10)

Now we are ready to summarize our study of restrictions imposed on the densities which are
obtained from commutators of the so(3, 2) algebra.

Complete list of equations imposed on densities by kinematical and dynamical symmetries of
s0(3,2) algebra As we have already said, for studying the kinematical symmetries of the
50(3,2) algebra we can restrict ourselves to study the J™~-, D-, K*-symmetry equations in
(3.41), (3.44), (3.47) and Kl—symmetry equations (3.50)—(3.52), while, for studying the dynami-
cal symmetries of the so(3, 2) algebra, we can restrict ourselves to study equations for the vertex
(4.10). This implies that the complete list of restrictions imposed on the densities (3.38)—(3.40)
by the symmetries of the so(3, 2) algebra takes the form

J T~ -symmetry

(P'opi + > Badp,) |pg)s=0: @.11)
a=1,2,3

D-symmetry

(P'op — > 0:,24)|pa)s =0: (4.12)
a=1,2,3

K*t-symmetry

(Bop1dp1 + Y Baza)lpp)s =0; (4.13)
a=1,2,3

Kl-symmetry
K" pa)s = lig')s =0. (4.14)
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KT jghs — KT, X p5)s + k) =0, (4.15)
K'lk5) s + (KT, X5, =0; (4.16)

P, J’l—symmetries
(J—1T+P—K1T)|pgj>8 =0; “4.17)

where the operators K'T, [K'T, X!], P~, and J~'T appearing in (4.14)—(4.17) are given in (3.53),
(3.54), (4.8) and (4.9) respectively.

Equations (4.11)—(4.17) do not admit to determine the densities p, jg]l, and k3, uniquely. To
determine the densities pp;, j[g]l, and k3, uniquely we should impose some additional restrictions
on the cubic vertex pp;. We now formulate these additional restrictions.

i) The vertex pp; should be finite-order polynomial in the momentum P! and the deriva-
tives 9, .
ii) The vertex p3; should satisfy the restriction

Ips)s ZP7|V)s, |V)s is finite-order polynomial in P! and 0z, » (4.18)
13178 8 8 a

where P~ is given in (4.8).

In the framework of light-cone approach, the assumption i) is a counterpart of locality con-
dition commonly used in a Lorentz covariant approach. We note also that the assumption ii) is
related to field redefinitions. Namely, if we ignore requirement (4.18), then we get vertices which
can be removed by field redefinitions. As we are interested to deal with the cubic interaction ver-
tices that cannot be removed by field redefinitions, we respect the requirement in (4.18).

To summarize the discussion in this section, we note that, for densities pp, j[g]l, ki3 in
(3.38)—(3.40), equations (4.11)—(4.17) supplemented by requirements i) and ii) constitute the
complete system of equations which admit to determine the densities pp;, j[g]l, ki3 (3.38)—(3.40)
uniquely.

5. Method for solving equations for cubic interaction vertex

Finding solution to the complete system of equations (4.11)—(4.17) turns out to be complicated
problem. The most difficult point in the analysis of equations (4.11)—(4.17) is related with the
treatment of the radial derivatives 9,,. We now describe our procedure for solving equations
(4.11)—(4.17). Our procedure is realized in the following eight steps.

Step 1. Our aim at this step is to introduce a convenient basis for the radial derivatives d,,. To
this end we introduce the following decomposition of the radial derivatives 9,,, a = 1,2, 3:

1| Balp Baba 1
3, = (= P, — P, + = B4P:, 5.1
W= G+ Tgp P~ 3g Bet 3PP (5.1)
P.= Y o, (5.2)
a=1,2,3
1 .
P.= 2 > Bad, (5.3)

a=1,2,3
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P= Y i’; (5.4)
3

where f,, B, Ap are given in (A.9)—(A.12) in Appendix A. Quantities P_, I’;, and P, defined
in (5.2)—(5.4) will be referred to as radial momenta. Relations (5.1)—(5.4) describe the one-to-
one mapping between the three radial derivatives d,,, a = 1,2, 3, and three radial momenta
P,, PP, P,. Comparing (5.3) with (3.37), we see that the radial momentum P; is defined by
analogy to the momentum P! (3.37). We will show that, in view of various reasons, the radial
momenta P, and P, can be eliminated from our consideration. First, we consider the radial mo-
mentum P.
Using decomposition (5.1) in (3.38), we see that the vertex p;, is represented as

pp = PP PP P, Ba. 2, ). (5.5)

As the vertex py is a finite-order polynomial in the radial momentum P, we can represent the
vertex py;, as

N
Pa =) PIVu(P' P P, B 2. ta) (5.6)
n=0

Now taking into account definition of the §, (3.11), we get the relation
P56, =—0;4;, 9, =10/0z. 5.7

Using relation (5.7) in (3.6), we see that, up to total derivative, the vertex |p;)s (3.6) having
density pp; as in (5.6) amounts to the vertex | pp;;)s having the density given by

N
Py =20 VaP P, Py, Bur 2, ). (5.8)
n=0
Relation (5.8) implies that the radial momentum P, (5.1) can be eliminated from our considera-
tion. In other words, without loss of generality, we can restrict our attention to the vertex which
does not depend on the P,

P[;]:P[;](PI,PZ,PZ,,Ba,Z,Ola). (5.9)
Using density pp3; (5.9), we now proceed to the next step of our procedure.

Step 2. Our aim at this step is to provide solution to the requirement in (4.18). As in the flat
space, this requirement can be solved by using field redefinitions. In the framework of light-cone
gauge formulation of field dynamics in flat space, the detailed discussion of field redefinitions
may be found in Appendix B in Ref. [11]. Analysis of field redefinitions in AdS space follows the
pattern of the analysis described in Appendix B in Ref. [11]. Therefore, to avoid the repetitions,
we briefly describe result of the analysis.

Under field redefinitions the vertex pp; transforms as

P~ Py — P S, (5.10)
f=f(IP’l,]P’Z,'PZ,ﬂa,z,aa), (511)

where vertex f given in (5.11) describes generating function of field redefinitions (see relations
B3 and B15 in Appendix B in Ref. [11]). As seen from (5.11), the vertex f depends on the same



R.R. Metsaev / Nuclear Physics B 936 (2018) 320-351 335

variables as the cubic interaction vertex p; in (5.8). Operator P~ appearing in (5.10) is defined
in (4.8). It is easy to check that, on space of the vertex f, operator P~ (4.8) is realized as
P'P'-P,P, Ap ., |
=——+ —0. + =P,0;. 5.12
28 368 ¢ 37 °F .12
We now introduce a definition of harmonic vertex. By definition, vertex p; that satisfies the
equation

p-

(031 — 05) Py =0 (5.13)

is refereed to as harmonic vertex. We recall that, by definition, the vertex py; is a polynomial in
the momenta P!, P,. As is well known an arbitrary polynomial in two variables P!, P, can be
made a harmonic polynomial in P!, P, by adding a suitable polynomial proportional to P!P! —
PP,IP,. From (5.10), (5.12), we see that it is the polynomial proportional to P!P! — PP, that is
generated by field redefinitions. This implies that, by using field redefinitions (5.10), the vertex
D3 can be made to satisfy the harmonic equation (5.13).

Summarizing the two steps above discussed, we note that we are left with vertex (5.8) which
satisfies the equation (5.13). Such harmonic vertex obviously satisfies the requirement (4.18).
Using (5.9), (5.13), we now proceed to the next step of our procedure.

Step 3. We now study restrictions imposed on the vertex (5.9) by K symmetry equation (4.13).

To this end we note that, for the ket-vector | py;) 5 (3.6) with pj;, as in (5.9), the following relation
holds true

- A -
Y Bazalpa)s =/dz(—,38]%z — 629, — 2—;87232)p[3]52|0). (5.14)
a=1,2,3

Making use of (5.13) and (5.14), we note that K *-symmetry equation (4.13) amounts to the
following equation for p;:

Ag _
(6z+ ﬁapz)apz P =0. (5.15)
For the vertex pp;;, which by definition is finite-order polynomial in the radial momentum P,
equation (5.15) implies that p; is independent of the radial momentum 7.,

Py =Py Pz, Ban 2. ata) - (5.16)

Thus, at this step of our procedure, we obtain vertex (5.16) which is independent of the radial
momentum P,. Summarizing the three steps of our procedure above discussed we note that we
are left with vertex (5.16) which is harmonic with respect to the momenta P!, P, (5.13). Using
such vertex, we now proceed to the next step of our procedure.

Step 4. Our aim at this step, is to represent J¥~- and D-symmetry equations (4.11), (4.12) in
terms of the harmonic vertex (5.16). Taking into account the definition of PP, (5.3), we verify that
in terms of the harmonic vertex p; (5.16), equations (4.11), (4.12) can be represented as

(Npi + Ne. + > Badp,) Py =0, (5.17)
a=1,2,3
(N: — Npi — Np. +1)p =0, (5.18)

N,=z9;, Np=Pop, Np, =P, . (5.19)
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Step 5. At this step we consider equation (4.17) for the ket-vector |p;), Which involves delta-
functions §; (3.6). Our aim is to represent equation (4.17) in terms the ket-vector |p;)) that does
not involve delta functions &, (3.6), where the vertex pp; takes the form as in (5.16) and satisfies
harmonic constraint (5.13). To this end we start with the presenting realization of the operators
K!f (3.53), P~ (4.9), U (4.9) on space of the harmonic ket-vector |p;) (3.6), (5.13), (5.16),

A
K'" = Ngop + Tf‘azapz Op1 — leapz + 23, (5.20)
__PP' PP, Ap
J7= —lIPlNﬁ - lM“IP’Z + —M“az + 2 P, dp1 0, + —J“a
B B 3 98 188
Ié 2 1 z1 22
+ %apl aZ + g,PZJ ) (5 )

where Ag, 8, ,é , Ng are defined in (A.9)—(A.13) in Appendix A and we use the notation

J = P9y —Pop + M, (5.23)
1 . 1

YoM M =2 30 faM M= Y0 'B—Mjl (5.24)
a=1,2,3 a=1,23 a=1,2,3"¢

Using (5.20)—(5.22), one can demonstrate that equation (4.17) amounts to the following two
equations (for details, see Appendix B)

No + 2D F + Nydgrd, — M 9.0, + L s 9p162) [ ps) = 0 5.25
(2 + 200"+ Npop1 0. — M 0p, 0 + 07,8102 ) = 0. (529)
A
(—P%hNﬁ — M Py, + gleaZ + T’SHDTh,ZaPI 9+ —lea + S%a]pla )Ip[a) =0,
(5.26)
where operators P%h, P, ; appearing in (5.26) are defined as
1
pl =p! — @'P' -P,P)——— & 5.27
Th ( b4 Z)szl—‘rZNPz—i-z P> ( )
1
Pr, . =P + (P'P' — P.P,) (5.28)

—_— 0,
2Np1 +2Np, +2 ¢
while Npi, Np, are defined in (5.19). For harmonic vertex (5.13), we note the following important
relations for the operators IP’%h, Pz,

(0p1 — 03)Php5 =0, (3 — 95)Pm.cpy =0. (5.29)

Relations (5.29) tell us that the operators ]P’Th, Py, ; respect the harmonic condition (5.13).

Step 6. At this step we analyze K'-symmetry equations (4.14)—(4.16) for ket-vectors | Dalss
| jgjl) s» |kap)s» which involve delta functions 8, (3.6)—(3.8). In terms of the ket-vectors |p;),

| jgll), |k3), which do not involve the delta-functions 8, (3.6)—(3.8), these equations take the
form
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K| ps) — iy =0, (5.30)
i L, oA o

KU j5h = 522 = 7”8]1%1 |p) + lk) =0, (5.31)
R PV S

K" lkiy) + 571" ) + Tﬂagﬂ izl =0, (5.32)

where realization of the operator K!™ on space of the ket-vectors | P | jgjl), |kp3) 1s given in
(5.20), while realization of the operator [K!T, X!] is given by
1 A
K'. X' = 222+ T2 @3, + ). (5.33)

Note that, from (5.30), (5.31), we learn that j[;J] , k3, are harmonic functions in P!, P, (5.13).

Equations (5.30), (5.31) are algebraic relations which tell us that ket-vectors | jg,l) and |k;))
are entirely expressed in terms of the cubic vertex |p;). We note then that, by using equations
(5.25), we can express the operators J°! as in (B.5) in Appendix B. This is to say that, using
(5.20) and (B.5), we can represent relations (5.30), (5.31) in a more convenient-to-use form

s =K pg), (5.34)
_ 1 _ P
k) = 5Zz|pm) — 2K |pg) . (5.35)
1 A
1 _ _ el 28
K= (Nppr — M0, + 0z, 2.). (5.36)
L1 A
ot — RV cd! )
K= (Np e, - M op1 + 205, 0.). (5.37)

Using relations (5.34), (5.35), we then verify that equation (5.32) is satisfied automatically. Thus
relations (5.34)—(5.37) provide the solution to the K !-symmetry equations.

Thus, we reduced the problem of solving of equations for ket-vectors |py))s., | j[g]l) 50 kpp)s
(4.11)~(4.17) to the problem of solving equations for the harmonic vertex |p;), where the py3
takes the form given in (5.16). The remaining equations for the harmonic vertex |p;) to be
studied are given in (5.17), (5.18) and (5.25), (5.26). Also we expressed the harmonic ket-vectors
|jl§11), |k;3)) in terms of the harmonic vertex | p;) (5.34)—(5.37).

Step 7. Our aim at this step is to represent the remaining equations for the harmonic vertex | pp;)
givenin (5.17), (5.18) and (5.25), (5.26) in terms of holomorphic momenta and anti-holomorphic
momenta which are defined below. The use of such momenta allows us to introduce holomor-
phic and anti-holomorphic vertices. It turns out that the remaining equations (5.17), (5.18) and
(5.25), (5.26) lead to decoupled equations for holomorphic and anti-holomorphic vertices and
this simplifies our procedure for finding the cubic vertices.

Holomorphic and anti-holomorphic momenta denoted by P* and P* are defined by the rela-
tions

1 1
Pt=—@P' +P,), Pf=—C -P,). 5.38
ﬁ( +P;) fz( ) (5.38)

In terms of momenta (5.38), equation (5.13) takes the form
BPL B]P,R P =0. (5.39)

General solution to equation (5.39) can be presented as
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P =Vie+V+V, (5.40)
VOO — v B, 2 a0,  V=VP Buzan),  V=VP B z,a0), (541)

where vertices V and V do not involve the respective terms of zero-order in P* and PX. Obvi-
ously, for vertices given in (5.41), the J™~- and D-symmetry equations (5.17), (5.18) turn out to
be decoupled and take the following form:

Z '3“ aﬂﬂ s%(;(l)ar =0 ’ (NZ + 1)Vs%g(l)ar =0 ’ (5‘42)
a=1,2,3
(Nge+ Y Badp,)V =0, (N, = Npz +1)V =0, (5.43)
a=1,2,3
(Npr 4+ Y Badp,) V=0, (N, — Npr +1)V =0, (5.44)
a=1,2,3
NZ = Zaz s NPL = PLSPL s NPR = PRaPR . (545)

In Appendix C, we outline the proof of the following two Statements.

i) Equations (5.25), (5.26) and (5.42)—(5.44) lead to the following solution for the vertex V9%

scalar*

o
000 __ scalar (5 46)

scalar — ’

where C% is a constant parameter (a coupling constant of three scalar fields).

scalar

ii) Equation (5.25) leads to the following decoupled equations for holomorphic and anti-
holomorphic ket-vectors | V) = V|0), |V) = V|0):

o
RL RL 2
(J +NZ+2(—ﬁNﬂapLaz J_M Bpr. 9, + 133PL ))lV) (5.47)
1o 1 )
R — MR, — - 4
(J +NZ+2(ﬁNﬂaPRaz+f2 dprd. 88 ))|v> 0, (5.48)

while the equation (5.26) leads to the following decoupled equations for the holomorphic and
anti-holomorphic ket-vectors | V) = V|0), |V) = V|0):

A A
<—PLNﬁ—MRLPL ‘/—ﬁM“a +“/;6ﬁNPLa +“/— Fnmeey, +£3PL8 )|V)=
(5.49)
A 2A
(—PRNﬁ—i-MRL]P’R fﬁM“a —*/;6 P Nprd. + ‘/;6 Enmerry, 4 iawaz)| ) =0,
(5.50)
where Ag, B, B Ng are given in (A.10)—(A.13) and we use the notation
1 . 1
RL RL __ RL RL __ RL
YoM, M _§ZﬂaMa, M —ZEMG,
a=1,2,3 a=1,2,3 a=1,2,3
(5.51)
J =PRopr — P OpL + MR-, MM =aofal —alal. (5.52)

Step 8. Our aim at this step is to find solution to equations for vertices V, V given in (5.43),
(5.44) and (5.47)—(5.50). The equations for the vertices V and V are similar. Therefore, to avoid
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the repetitions, we focus on the study of the holomorphic vertex V. To this end we introduce a
new vertex |Vp) which is related to the vertex | V') by the following invertible transformation:

V) =UlVo), (5.53)
Vo) = V6l0), Vo = Vo(P", Ba» 2, ¢a) , (5.54)
where the operator U is defined by the relations
1
e
Uu=T exp(/ dt u,), (5.55)
0
1 1 1 tA
=— —=Npdprd, — —=M"0p19, + —L 82,9 5.56
us NZ+2<ﬁ BOPL Oz ﬁ IP’LZ+ 8 ) ( )

while M**, Ng, Ag are defined in (A.7), (A.10), (A.13). Remarkable feature of the transforma-
tion (5.53) is that, in terms of the ket-vector |Vp), equation (5.47) takes the following simple
form:

J* Vo) =0. (5.57)

Equation (5.57) coincides with the one for cubic vertex of massless fields in flat space. Using the
expression for the operator J*- (5.52), we see that solution to equation (5.57) is given by

VoP", Bar 2, 00) = PYM V) V= Vi(Bar 2o o) - (5.58)

Thus, the dependence of the vertex V on the momentum P* is completely fixed.

Using solution in (5.58), we now analyze equations (5.43) and (5.49). To this end we note that
plugging (5.58) into (5.49), we find that equation (5.49) leads to the following simple equation
for the vertex | V) = Vj|0) (5.58):

(Ng +M*)|vg) =0, (5.59)
while, plugging (5.58) into (5.43), we obtain the equations
(M™ 4+ > Badg,)IVg) =0, (5.60)
a=1,2,3
(N; =M™ +1)|Vg) =0. (5.61)

Note that equations (5.59), (5.60) coincide with the ones for cubic vertex of massless fields in
flat space. Introducing a new vertex V|’ by the relation

M1
Vo= W%'» Vo' = Vo' (Bas 2, @) s (5.62)

B By By
we find that, in terms of the new vertex V{j, equations (5.59)—(5.61) take the form

NV =0, (5.63)
> Badp, Vg =0, (5.64)
a=1,2,3

N.V{ =0. (5.65)
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From equations (5.63), (5.64), we learn that the vertex Vé’ is independent of the momenta S1, 82,
B3, while equation (5.65) tells us that the vertex V" is independent of the coordinate z. In other
words, equations (5.63)—(5.65) imply that vertex V(;’ (5.62) depends only on the oscillators,

Vo =Cl(aq), g =0, ok, (5.66)

where, in (5.66), we recall that the argument ¢, stands for the oscillators ag, aé.

Thus, we exhaust all equations we imposed on the cubic vertex. We find that the general solu-
tion for the cubic vertex is governed by the vertex C (¢,;) which depends only on the oscillators.
Collecting relations (5.58), (5.62), (5.66), we see that general solution for the vertex V{y entering
the cubic interaction vertex in (5.40), (5.53) takes the following form:

(ZPL)MRL

= 7 C (@) . (5.67)
z ﬂfu 1 ,Béwz :8 éw 3
Note that the full expression for the holomorphic vertex V entering cubic vertex p; (5.40) is

obtained by using the relations given in (5.53)—(5.56).

The procedure above described can be used for the derivation of the explicit representation
for the anti-holomorphic vertex V. In next Section, we summarize our results for both the holo-
morphic and anti-holomorphic vertices.

6. Cubic interaction vertex for massless AdS fields

We now summarize our result for cubic interaction vertex we obtained in the previous sec-
tions. For the reader’s convenience, we present the representation for the cubic vertex in terms of
generating functions as well as the representation for the cubic vertex in terms of the component
fields.

Generating form of cubic vertex. Let us refer to cubic vertex that describes interaction of
spin-si, spin-sp, and spin-s3 massless fields as s;—so—s3 cubic vertex. We note then that solu-
tion for cubic interaction vertex we found is given by

000

- Cscalar (7
P = Z_+V+V’ (6.1)
where the C%% term describes the 0-0-0 cubic vertex, while the holomorphic vertex V and

anti-holomorphic vertex V describe the s1—s2—s3 cubic vertices when s; + s + 53 > 0, 51> 0,
s2 >0, s3 > 0. Explicit expressions for the holomorphic and anti-holomorphic vertices V, V are
given by

V=UVy, V=UVy, (6.2)
(ZI[DL)MRL
Vo= : (6.3)
MRL MRL pRL
BB, B; 3
(ZPR)iMRL
0= RL RL RL = ° (6.4)
-M —-M. -M
Z,Bl ! ,32 : ﬂ3 }
9] A A2 A3
c= ) M “1%m.2%0.3 ©65)

VIS

Al,A2,A3=—00
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00 ?»1 Ay A3

bo 3 v i e
e T

where the symbol o, is defined in (2.19), while the spin operators M, MK are defined below
in (6.14), (6.15). Definition of the momenta PX, PX is given in (3.37), (5.3), (5.38). In (6.5),
(6.6) and below, the quantities C*1*2*3 and C*1*2%3 are constant parameters. These constant
parameters are freedom of our solution. As we shall see below, the C*1*2%3 is a coupling constant
describing interaction of three massless fields having helicities —A1, —XAo, —A3 that satisfy the
restriction A1 + A> + A3 > 1, while CH1h243 i g coupling constant describing interaction of three
massless fields having helicities —A1, —A2, —A3 that satisfy the restriction —A; — A — A3 > 1.
In other words, the coupling constants C*1*2*3 and C*1*2*3 satisfy the restrictions

chrrs £ for Aj+ir+Arz>1, (6.7)
Chrrs £ for —A1—Ax—Az>1. (6.8)
Operators U and U appearing in (6.2) are given by

1 1

U= (Fexp(f dru,) , U= ?exp(/ drﬁ1> , (6.9)

0 0

where operators u,, i, are defined by the relations

1 A
= —=(-Ng + M)y — —Ly2Np, 6.10
1223 ﬁ( /3+ ) 13 PL ( )
1 _ tAg -
i, = — (Ng + MFOYY — 2L P2N 6.11
1223 \/E( ﬂ+ ) 13 PR ( )
1 a 1
— 0p, Y =—0.0p, 6.12
TN, 2% N, +2 <" (6.12)
NPL = P 8IPL s NPR ZP 8IF>R 5 NZ = Zaz 5 (613)

while the quantities M*", Ng, Ag are defined in (A.7), (A.10), (A.13) in Appendix A. We recall
also that the spin operators M and various quantities constructed out of M*" and the momenta
B1, B2, B3 are defined by the relations

M = ofGE — olak (6.14)

v

1
BaMF:.  MF= " — M (6.15)

M- — MRL MRL = l
3 Ba

a=1,2,3 a=1,23 a=1,2,3

Acting with the operator Ng on the quantities given in (6.15), we get relations which can be
helpful for the computation of the r-ordered exponentials in (6.9),

NgMAE =0, (6.16)
NpM* = g Y M (6.17)
NpMFE = EM“ BBppee (6.18)

98 3p
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Note that, when writing the solution for C and C in (6.5), (6.6), we use constraint (2.20). This
constraint implies that the cubic vertex does not depend on the («fo})"-terms for n, > 0.

Our cubic vertices for massless fields in Ad S, are simply related to cubic vertices for mass-
less field in flat space. Namely, if we multiply the holomorphic vertex Vj (6.3) by the factor
zl_MRL, then we get holomorphic vertex for massless fields in flat space. Also we note that,
if we multiply the anti-holomorphic vertex Vo (6.3) by the factor z”MRL, then we get anti-
holomorphic vertex for massless fields in flat space. This is to say that, by module of the overall
factor U ZMRL’I , the holomorphic cubic vertex V (6.2) for massless fields in Ad S4 coincides with
the holomorphic cubic vertex for massless fields in flat space, while, by module of the overall
factor U z’MRL’l, the anti-holomorphic cubic vertex V (6.2) for massless fields in Ad Sy coin-
cides with the anti-holomorphic cubic vertex for massless fields in flat space. For massless fields
in the four-dimensional flat space, the complete list of cubic vertices was obtained in Ref. [9].
Thus we see that all cubic vertices for massless fields in flat space obtained in Ref. [9] have their
counterparts in AdS space.

Alternative representation for operators U, U. Operator U (6.9) is realized as differential
operators with respect to the momenta -, 81, B2, B3, and the coordinate z, while, operator
U (6.9) is realized as differential operators with respect to the momenta P, 81, B2, B3, and
the coordinates z. Note that the derivatives of the momenta B1, B>, B3 enter the operators U, U
through the operator Ng. Using equation (5.49), we see that on space of the vertex V, the operator
Ng can be replaced by differential operator with respect to momentum P* and the coordinate z,
while, using (5.50), we see that, on space of the vertex V, the operator Ng can be replaced by
differential operator with respect to the momentum P%, and the coordinate z. Doing so, we get
the following alternative representation for the holomorphic and anti-holomorphic vertices V, V,

V=UVy, V=UpW, (6.19)

where Vp, Vj are given in (6.3), (6.4), while the operators Up and Up are defined by the relations
1 1

<~ - <~ _
Up=T exp(/ dTMIP’,r)’ Up=T exp(/ druP’r>, (6.20)
0 0
7: tAp tAp >V2p
=V2MRLY — ZpmRey? - P MRy - P YINL, — Y3 Npe |
“P 3 36 12 PP T 08 Pt 621)
_ ot ., tA — tAg - 1228 -
fip, = V2MY + ?MRLYZ + 3—6f3M“Y2 - 1—2’5Y2NPR + 1‘5;3 V3Npr,  (622)

and Y, Y are given in (6.12), (6.14). For the definition of various quantities appearing in (6.21),
(6.22), see relations (A.6)—(A.12) in Appendix A.

Expressions (6.20), (6.21) provide the realization of the operator U in terms of differential
operators with respect to the momentum P> and the coordinate z, while expressions (6.20), (6.22)
provide the realization of the operator U in terms of differential operators with respect to the
momentum P* and the coordinate z.

Component form of cubic vertex. Massless spin-s, s > 0, field in Ad S is described by two
complex-valued fields ¢, A = +s (2.18). Plugging vertex (6.1) into (3.2) and using the repre-
sentation of the bra-vector (¢| (2.21) and relations (3.5), (3.6), we can work out an explicit rep-
resentation for the cubic Hamiltonian (3.2) in terms of the component complex-valued fields ¢I.
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Computation of the component form of the cubic Hamiltonian is simplified by noticing the fol-
lowing relations for the spin operators M X*:

M oi0|0) = haoal0),  a=1,2.3. 623)
Using relations (6.23), we get the following component form for the cubic vertex:
o0
(G112l (@3lpm) = Phoo VIO + Y @] (VAR g ikl (6.24)
M ,A2,A3=—00

where we use the notation

000
VOOO — Cscalar

scalar — ’

(6.25)

LA F+A2+A3
ik _ chiiads ks CL) , (6.26)
2B BBy

( R)*)vl —A2—A3

"/M)»z)»s — C_‘)\IAZ)LS U)»l?»z)»a N (6.27)
- —Al p—A2 =23’ :
Zﬁl :32 /33
@ L =01 (p1.2e, (P2, 22085, (93,23 (6.28)

and the coupling constants C*1%2*3 and C*1%2%3 should satisfy the restrictions in (6.7), (6.8).
Operators U*! 52A3 and U*1*2%3 appearing in (6.26), (6.27) are obtained from the respective
operators U and U by using the replacement implied by the relations (6.23)

UMM = Uy re R RE S RL AR pMEL (6.29)
ghirahs — U|MRL_>M§L,MRL—>M§L,MRL—>M5L , (6.30)

where we use the notation
MEE= ", M';L:% > Bara M= 3" 2—” 6.31)

a=1,2,3 a=1,2,3 a=1,2,3

Alternative representation for vertices yriiahs yrirds (6.26), (6.27) associated with the ones
in (6.19) can be obtained by making on r.h.s. in (6.26), (6.27) the following replacements:

U)Ll)uz)»g — UH};I)QKS , 0)\1)»2)'3 — 01;1)‘2)‘3 , (632)

where operators U]I); 17243 and Uﬁ”‘z“ are obtained from the respective operators Up and Up by
using the replacement implied by the relations (6.23),

AA2A3
Up'™™ = Uplyre _ MRL MRL_ MRE ARE AMRL » (6.33)

TAIA2A3 7
Up = U]p|MRL_)M}ILQL’MRL_)M){\’L’MRL_)M§L . (6.34)

The following remarks are in order.
i) Field ¢, (2.18) describes a massless field having the helicity equal to A, while the hermitian-

conjugated field qbi (2.21) describes a massless field having the opposite helicity equal to —A.

Note that it is the fields qﬁil , q&L, qﬁL that enter the cubic vertex (6.24), (6.28). Therefore the
cubic vertex (6.24) describes interaction of three fields having the helicities —A1, —A2, —X3.
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ii) By definition, vertex V*1%2*3 (6.26) is polynomial in IP*, while vertex V*142*3 (6.27) is poly-
nomial in PX. Below we demonstrate that the vertex V414223 (6.26) does not involve terms of
zero-order in PX, while vertex V*1%2%3 (6.27) does not involve terms of zero-order in PX. Tak-
ing this into account, we get the restriction A 4+ Ay + A3 > 1 for the vertex VMA243 and the
restriction —A; — Ay — A3 > 1 for the vertex V41243 Thus, as we stated earlier, the C*1%2%3 g
a coupling constant describing interaction of three massless fields having helicities —A1, —A»,
— A3 that satisfy the restriction A1 + Ao + A3 > 1, while C*1*2*3 is a coupling constant describing
interaction of three massless fields having helicities —A1, —A2, —A3 that satisfy the restriction
—Al—Ap—A3>1.

iii) Using expressions for the operators u;, i, given in (6.10)—(6.12), we see that powers of the
momenta PX, PR decrease upon acting on the vertices Vj, Vo with the operators u;, i,. This
implies that maximal number of powers of momentum P* appearing in the vertex V*1%2%3 (6.26)
is equal to A1 + A2 + A3, while a maximal number of powers of the momentum P* appearing in
the vertex V*142%3 (6.27) is equal to —A; — A2 — A3. Taking this into account we now note that
vertices (6.26), (6.27) have the following expansions in the momenta PX, P¥, and the coordinate z

Alt+Ar2+A3
V)Ll}LZ)G — Z (PL)nZn_IVn}Ll)LZAS , fOI' )\'] + )\'2 + )\'3 2 1 , (6.35)
n=1
—A1—A2—A3
A S | L A for —Al—A2—A3>1, (6.36)
n=1

where the expansion coefficients YRk and yhiets depend only on the momenta B1, B2, B3

and the helicities A1, A2, A3. Note that in the expansions (6.35) and (6.36) there are no terms of
zero-order in PX and P® respectively. Absence of the terms of zero-order in PX and P in the
respective expansions (6.35) and (6.36) can be verified by using (6.26), (6.27) and the following
respective relations for the operators u;, it;:

Ug, ... U, (PLymzm=1

=0, forn>0, m=>1, (6.37)
PL=0

-0, forn>0, m=>1, (6.38)
PR=0

where operators u;, u; are defined in (6.10)—(6.12).

iy, . .. ity (PF)" 7M1

iv) The coupling constants C200 | C*14243 C*142%3 appearing in (6.25)—(6.27) are dimensionless.

Obviously, these coupling constants turn out to be dimensionless in view of the particular powers
of the radial coordinate z appearing in vertices (6.25)—(6.27).

v) For the case of internal algebra o(N), incorporation of a internal symmetry into the theory of
massless AdS fields can be realized in the same way as for massless fields in flat space. Namely,
first, in place of fields ¢, , we introduce fields ¢§b, where the indices a, b are the matrix indices
of the o(N) algebra, a,b =1, ..., N. By definition, the fields satisfy the relation qﬁib = (—)"cﬁfa.
Hermicity property of fields are as follows (¢2°(p,z))" = ¢®,(—p, z). Second, in scalar prod-

ucts, the expressions ¢I¢A are replaced by ¢ibT¢§b, while, in cubic vertices, the expressions

¢>T»| ¢>;;2 q’)L are replaced by ¢;?T¢§;T¢K?T. Finally, in place of commutator (2.37), we use

T/ 1 ’ / / /
[¢§b(p, Z), ¢i/b (p/’ Z/)]|equalx+: Eaz(p + p/)S(Z _ ZI) (5aa 3bb + (_))»aab Sba )8)»+)\/,0 .
(6.39)
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Note also that hermicity of the cubic Hamiltonian leads to the following relations for the coupling
constants: COOO* — COOO C)\.])\.z)h:;* — (_)M—H»Q—H@ C_'—Al—)uz—}g.

scalar scalar?
7. Conclusions

The light-cone gauge formulation for free fields propagating in AdS space was developed
in Ref. [15]. In this paper, we extended the formulation in Ref. [15] to the case of interacting
massless fields propagating in AdS4 space. Using such light-cone gauge formulation, we built
cubic interaction vertices for arbitrary spin massless fields in AdSs. We found the complete
list of such cubic interaction vertices. We expect that our results have the following interesting
applications and generalizations.

i) We built the cubic vertices for light-cone gauge massless AdS fields. Extension of our study
to quartic vertices might shed light on our understanding of the locality in the framework of
light-cone gauge formulation of higher-spin field theory. As our cubic vertices for massless AdS
fields are similar to the ones for massless fields in flat space [9], we expect, in view of results in
Refs. [22,23], that the solution for the cubic coupling constants for massless fields in flat space
found in Ref. [22] will be valid for massless AdS fields too. Discussion of various methods for
analysis of quartic vertices may be found, e.g., in Refs. [24-26].

ii) We considered interaction vertices for bosonic AdS fields. It is well known that a supersym-
metry leads to additional constraints on interactions vertices. Such constraints might simplify
interaction vertices considerably. Therefore, in this respect, it would be interesting to extend our
discussion to the case of supersymmetric theories. Recent investigations of various supersym-
metric higher-spin theories may be found in Refs. [27-29]. For interesting discussion of arbitrary
spin fermionic AdS fields, see Ref. [30]. Recent study of the superparticle in AdS background
may be found in Ref. [31].

iii) In this paper, we studied fields in AdS4 which, when considering in the framework of Lorentz
covariant formulation, are associated with totally symmetric fields of the Lorentz so(3, 1). As
is well known a string theory involves mixed-symmetry fields. Therefore from the perspective
of study of the interrelations between massless higher-spin AdS field theory and string theory
it seems important to extend our study to the case of mixed-symmetry fields. Interesting dis-
cussion of this theme may be found in Ref. [32,33]. Discussion of various interesting Lorentz
covariant formulations of free mixed-symmetry fields may be found, e.g., in Refs. [35].° The
complete list of cubic vertices for light-cone gauge massless fields in 6d flat space was found in
Ref. [36] (see also Refs. [11,12]). Particular examples of Lorentz covariant interaction vertices
for mixed-symmetry gauge AdS fields were discussed, e.g., in Ref. [37]. Light-cone gauge free
mixed-symmetry AdS fields were studied in Refs. [38—41]. We believe therefore that the method
developed in this paper will allow us to study light-cone gauge interacting mixed-symmetry AdS
fields.

iv) We studied tree-level cubic vertices for arbitrary spin massless AdS fields. Recently the quan-
tum corrections in the theory of higher-spin fields in flat space were studied in Refs. [42]. Use
of our results for the analysis of quantum corrections for higher-spin AdS fields along the lines
in Refs. [42] could be very interesting. We note also that use of our results for the study of

3 Recent interesting discussion of various group-theoretical aspect of mixed-symmetry (A)dS fields may be found in
Refs. [34].
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AdS/CFT correspondence along the lines in Ref. [43] might be helpful for better understanding
of AdS/CFT correspondence.

v) Lorentz covariant description of the vertices we obtained in this paper is of some interest.* At
present time, many promising approaches have been developed for studying Lorentz covariant
cubic vertices of AdS fields (see, e.g., Refs. [46,47]). As we noted, our light-cone gauge vertices
for massless AdS fields are closely related to the ones for massless fields in flat space obtained in
Ref. [9]. For the flat space, the discussion of various approaches for studying Lorentz covariant
vertices may be found in Refs. [48—50]. However it seems likely that, already for the massless
fields in the flat space, covariant description of all light-cone gauge vertices presented in Ref. [9]
is not an easy problem. Recent discussion of this theme may be found in Ref. [51].

vi) Application of light-cone gauge approach for a study of conformal fields propagating in AdS
space and general gravitational background could also be of some interest. Recent studies of
Lorentz covariant formulation of conformal fields in general gravitational background may be
found in Refs. [52]. Ordinary derivative formulation of free conformal fields in AdS background
was discussed in Ref. [53]. For recent interesting studies of conformal fields by using twistor-
like descriptions, see Refs. [54]. Discussion of higher-spin conformal fields in the framework of
world-line approach may be found in Ref. [55].
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Appendix A. Notation, conventions, and useful formulas
Throughout this paper, for any quantity x, the quantity o, stands for derivative with respect

to x, while the quantity N, stands for the homogeneity operator,

0

=g Na=xdc (A1)

We use the following notations for the various quantities constructed out of the momenta p;, the

radial derivatives 9., the spin operators M, [’1“, and the momenta 8,,a =1, 2, 3,

1 y
Pl=2 > fara (A2)
a=1,2,3
P.= > 0, (A3)
a=1,2,3
1 .
Rzg Badz, . (A4)
a=1,2,3
]
P, = —a (A.5)
a=1,2,3 "¢

4 Along the line in Ref. [44], the cubic vertex for spin-2 massless field corresponding to the Einstein gravity on AdS
background was discussed in Ref. [45].
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MRL — Z M;L’

a=1,2,3
1 .
RL __ RL
—g Z IBaMa )
a=1,23
1
M= 3" M
a=1,2,3 Pa
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(A.6)

(A7)

(A.8)

Various quantities constructed out of the momenta 1, 82, B3 and their derivatives are defined as

follows

Ba=PBa+1 —Basz,  Par3=Pa,
Ap=Bi+85+5
B=PB1B2B3,
Ié = 315233 ,
Z BaBadp, -
a=1,2,3
For the momenta B,, we have the following helpful relations:

Z ,Ba:()»

a=1,2,3

Zﬂa— :

(A.9)
(A.10)
(A.11)
(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A21)

(A22)

(A.23)

(A.24)
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Note that relation (A.14) is just the conservation law for the momenta 81, B>, B3, while all the
remaining relations in (A.15)—(A.24), with the exception of (A.15), (A.16), (A.19), are obtained
from (A.14). The relations (A.15), (A.19) are valid for arbitrary B, 82, B3 in view of definition
of Ba (A.9), while the relation (A.16) is just the definition of Ag (A.10).

Appendix B. Derivation of equations (5.25), (5.26)

In this Appendix, we show that equation (4.17) amounts to the two equations given in (5.25),
(5.26).

First, we derive equation (5.25). To this end, we use the representation for the operators K!f,
P, and J7!F given in (5.20), (5.21), and (5.22) respectively. Plugging relations (5.20)—(5.22)
into (4.17) and considering the zero-order and the first-order terms in P,, we get the following
two equations for the vertex

(' +8.K')|p;) =0, (B.1)
( PIN MZII[_D ﬁ z1 .BIP) z1 ﬁ
P'P! - P,P, Ap o\l
Tz ¥
( ——+3k Z)K 1p5) =0. (B.2)

Now, plugging K!* (5.20) into (B.1), we recast equation (B.1) into the form

N, 4+ 2F 4 Ngdoi 9. — M ap. 0. + 2B ap 9.192)[p=) =0 B.3
(z+)J+ﬂIP>12 PZZ+9PZP‘Z|p[3])—v (B.3)

which coincides with the one in (5.25).
Second, we derive equation (5.26). Making use of equation (B.1) in the last Ag Bf-term in the
equation (B.2), we recast the equation (B.2) into the following form

(—IPIN —ME'P, + ﬂM“a + 951? 3p1 9, + —ﬁlea + ;%apla )|p )
1 _
+ E(1P> P! —P.P.)K'|p;) =0. (B.4)
Multiplying equation (B.3) by (N, +2)~!, we get the equation
_ 1 A _
Flipg) = N3 (Nﬂap. 8, — ME'9p. 0 + 7"3@3 o1 af) ) (B.5)

while plugging (B.5) into (5.20), we get the following realization of the operator K! on space
of |py):

K'fps) = Npdp — MEL9p, + Tﬂap 3p1 0, )|p[;]>. (B.6)

il
N;+1
Plugging (B.6) into the last term in (B.4) and using (5.18), we get equation (5.26).
Appendix C. Derivation of relations (5.46)—(5.50)

Now we demonstrate that, by using equations (5.25), (5.26) and (5.42)—(5.44), we obtain
decoupled equations for the holomorphic and anti-holomorphic vertices (5.41), while for the
vertex V%% we obtain solution given in (5.46). We split our consideration into four steps.
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Step 1. Using the second equations in (5.42)—(5.44), we find that dependence of the vertices in
(5.41) on the momenta X, P¥, and the coordinate z can be presented as

N N
1 _ _
VL=V, v=Y @y, V=Y @Y, (eA))
< n=1 n=1
VOO = VI8 ), Ve=ValBauraa)s V= Va(Bur ), (C.2)

where, as displayed in (C.2), the vertices V(?OO, Vy1, V,, depend only on the momenta B, and the
oscillators o, = ek, ak, a =1, 2, 3. Note also that the first equation in (5.42) leads the following

a’~a’
equation for the vertex VOOO:

> Badp, Vg = (C.3)

a=1,2,3

Step 2. Plugging p;; (5.40) and (C.1) into (5.25) and considering z~! term, we get the equation

MV =0, V%) =1™10). (C4)
while, plugging p3; (5.40) and (C.1) into (5.26) and considering z~! and 772 terms, we get the
respective equations

NgVg® =0, M) =o, €5

MY =0, (C.6)

where we use the definitions for the spin operators given in (A.7), (A.8). We now note that
equation (C.3) and the first equation in (C.5) tell us that V(?OO is independent of the momenta S,

B2, B3.

Step 3. Equations (C.4), (C.6), and 2nd equation in (C.5) amount to the following three equations
MV =0, a=1,23. (C.7)

We note also that ket-vector |V(§)00) should satisfy the constraints implied by (2.20),
aklvd =0, a=1,2,3. (C.8)
From equations (C.7), (C.8), we learn that vertex V(?OO
a =1, 2, 3. Thus, we conclude that VOOO0 is a constant which we denote by C

is independent of the oscillators «f, o’
000

scalar*

Step 4. Taking into account that V(?OO is a constant and using expansions for V, V given in

(C.1), we verify that equation for |p;) (5.25) leads to decoupled equations for holomorphic and
anti-holomorphic vertices in (5.47), (5.48), while equation for |py) (5.26) leads to decoupled
equations for holomorphic and anti-holomorphic vertices (5.49), (5.50).
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