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Abstract

The Bannai—Ito algebra can be defined as the centralizer of the coproduct embedding of osp(1]2) in
0sp(1]2)®" . It will be shown that it is also the commutant of a maximal Abelian subalgebra of 0(2n) in a
spinorial representation and an embedding of the Racah algebra in this commutant will emerge. The con-
nection between the two pictures for the Bannai—Ito algebra will be traced to the Howe duality which is
embodied in the Pin(2n) x osp(1]2) symmetry of the massless Dirac equation in R2". Dimensional reduc-
tion to R” will provide an alternative to the Dirac—Dunkl equation as a model with Bannai—Ito symmetry.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The Bannai-Ito algebra B(n) can be presented in terms of generators and relations [1,2].
Let [n] ={1,2,...,n} denote the set of the n first integers and S = {s1, ..., sk} be an ordered
k-subset of [1]. The generators ['s of B(n) are labelled by all subsets for k =0, 1, ..., n. For any
two subsets A and B of [n], the relations between the generators I'4 and I'p that define B(n)
are:
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{Ta, T} =T aubn@ans) + 2L anBl aus + 2T a\(anB) I B\(anB)» (L.1)

where {X, Y} = XY 4+ Y X. By convention I'y = —1 /2, and the generators associated to a set are
simply labelled by the indices I'y;,,... i,y = ', ..., Moreover, I';, i € [n] and I';;) are central.

.....

For the rank one case which occurs when n = 3, the relations for B(3) are seen to be [1,3]
Ty, Tji} =Tix + 20Tk + 2T Ty, (1.2)

where i, j, k € [3] are all distinct.

We shall present in this paper a defining context for B(n) (and B(3)) as a commutant and
relate this result to a Howe duality framework.

The Bannai—Ito algebra B(3) was initially introduced in [4] to encode the bispectral properties
of the Bannai—Ito polynomials which were discovered by the researchers whose name they bear
in a classification problem in algebraic combinatorics [5]. B(3) was later seen [6] to be isomor-
phic to a degenerate double affine Hecke algebra (DAHA) of type (CY, C1). A key connection
between the Lie superalgebra osp(1]2) and the Bannai—Ito algebra was also made [3]. Indeed,
the Bannai—Ito polynomials were identified as forming the Racah coefficients for osp(1]2) [7].
It was then shown quite naturally that B(3) is realized by the intermediate Casimir operators
arising in the threefold tensor product of osp(1]2) with itself. Extending this construction to the
n-fold tensor product osp(1]2)®" led to the definition of B(n) [1]. (More details will be given on
this later.) A number of applications for B(n) were subsequently found. For instance, the con-
served quantities of a superintegrable model on the (n — 1)-sphere [8—11] were seen to satisfy
the commutation relations (1.1). Of particular relevance to the present study is the fact that B(n)
is also the symmetry algebra of the (massless) Dirac—Dunkl [1,12] equation in R”.

The Bannai—Ito algebra B(n) has much in common with the Racah algebra R(n) [13]. Like
B(n), R(n) can be defined in a tensorial fashion as the algebra formed by the intermediate
Casimir operators associated to the n-fold tensor product of the Lie algebra s((2) with itself.
R(n) is also the symmetry algebra of a certain generic superintegrable model on $”~! (without
reflections). The relation between the rank one version R(3) and the Racah polynomials [14] is
quite similar to the one between the Bannai—Ito algebra B(3) and the Bannai—Ito polynomials.
R(3) has three generators K1, K2, K3 which are subjected to the relations

(K1, K21 = K3 (K2, K31 = K2* + {K1, K2} + d K2 + e

(1.3)
(K3, Ki1=K1? +{K1, K2} +dK) + e

with d, ej, ep central. The defining relations for R(n) [13] are given in Section 7 where an
embedding of R(n) into B(n) will be identified.

We have recently observed that R(3) is the commutant in oscillator representations of the
universal enveloping algebra % (0(6)) of the subalgebra 0(2) @ 0(2) ® 0(2) of the Lie algebra
0(6) of rotations in six dimensions [15]. This was extended to R(n) in [16]. We shall provide
here an analogous description of B(n) and shall focus first on B(3).

After recalling in Section 2 how B(3) can be viewed as the centralizer of the coproduct em-
bedding of osp(1]2) into 0sp(1]2)®3, we shall show in Section 3 that B(3) is the commutant of
0(2) @ 0(2) @ 0(2) in the enveloping algebra of the spinorial representation of 0(6) associated to
the Clifford algebra in R®. By considering the (massless) Dirac equation, a Howe duality setting
will be brought up to explain the connection between the results of the two previous sections.
Dimensional reduction will be performed in Section 5 to complete the picture and will result in
a new class of model with Bannai—Ito symmetry. In Section 6 the generalization of these results
to the Bannai-Ito algebra B(n) will be obtained for n > 3. As mentioned above, an embedding
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of the higher rank R(n) Racah algebra in the B(n) Bannai-Ito algebra will be explicitly given
in Section 7, thus linking the construction presented here to the one in [16]. Brief concluding
remarks will follow. Finally, in Appendix A we indicate that our results offer as a byproduct a
derivation through dimensional reduction of the superconformal quantum Hamiltonian of Fubini
and Rabinovici which is known to be invariant under s{(2[1) [17].

2. The superalgebra osp(1]2) and the Bannai-Ito algebra as a centralizer

The superalgebra osp(1]2) can be presented as follows. Let Jy, J1+ be respectively the even
and odd generators of the algebra, obeying the relations

[Jo, J4] =£J+, {J+, J-} =2Jp. (2.1a)

The Z;-grading of the superalgebra can be encoded through a grading involution ., which
commutes with even elements and anticommutes with odd elements:

[, Jo] =0, {7, J£}=0. (2.1b)
The sCasimir operator of osp(1]2) given by

1
§=5 W=t 1-1 2.2)

commutes with all the odd elements and anticommutes with all the even ones, that is [S, Jo] =0,
{S, J+} = 0. It is then straightforward to define a Casimir of osp(1]|2) by combining the sCasimir
with the involution:

F:SY:%([J_,J+]— 1.7, (2.3)

This Casimir I' commutes with all the elements of osp(1/2).
There is a coassociative algebra morphism, the coproduct A, which acts as follows:

A :osp(1]2) — osp(112) ® osp(1]2)

AU =Jh®@1+1®J =J"+ U7,

AU =J: @S +10J=J 7P 4 J2, (2.4)
AS)=S Q.S =g g

where the superindex denotes on which factor of the tensor product the generator is acting.
Now consider the product of three copies of osp(1]2). The generators corresponding to em-
beddings in two factors are

Jéij) _ Jéi) + Jéj)’ ) — y(i)y(j)’ i,j=1,23,
Jjgz) = Jj(:l)y(z) + Jf), Jf” = Jf)yﬁ) + Jf), J:E:B) = Jj(tl)y(Z)y(?)) + Jf).

2.5)
Note the presence of .% @ in Jiw). Applying the coproduct twice yields
A(2)(JO) — Jo(l) + JéZ) + Jé3) — J0(123),
AD (1) = IV gD 50 4 @ o3 4 g _ j129), .

AD () = 7D @ g3 — 5123
with A® =(A®1)oA.
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The intermediate Casimirs I'4 associated to embeddings of 0sp(1]2) in osp(1]2)®3 labelled by
A C [3] can then be obtained from the sets above:

1 o .
=3 (0 s01-1) 7,

[z = ([me), 79 - 1) U2, (2.7)

1
1 ii i . b
Ly =5 (W9 01— 1) 7, ?
Even though the intermediate Casimirs I"'y commute with the action of osp(1]2), they do not all
commute with each other. A direct computation shows that they precisely obey the commutation
relations (1.2) of B(3) thereby proving that this algebra is the centralizer of A® (osp(1]2)) in

U (0sp(1]2)®3).
3. The rank 1 Bannai-Ito algebra as a commutant

We will now show how the Bannai—Ito algebra arises as the commutant of the subalgebra
0(2) ® 0(2) ® 0(2) of 0(6) in spinorial representations of % (0(6)).
Let Clg be the Clifford algebra generated by the elements y1, ..., e verifying the relations

V> v} = =280 (3.1

Denote by £,,,, ,v=1,...,6 the generators of 0(6) which obey

[Eﬂ,l)v epa] = 81/;)6;10 - 81}06;/,,0 - Supgua + 8[10'6110' (32)

We shall consider the following representation of the algebra of Pin(6) where

1
Jyy=—iLy, + EE“U’ (3.3)
with
0 0
Lyy=x,— —x,—, 34
H x“axv xvi)xﬂ 34

and X, =iy, the spin operators.
We are interested in the commutant of the 0(2) @ 0(2) @ 0(2) subalgebra of 0(6) represented
by the set of elements {J12, J34, J56}. First note that:

[Ju,v’ L;,Lp EHP + va Ev,o] =0. (35)

Remark also that [J,,, £,,] =0 and finally that [J,,,, 5] =0 for u, v, p, o all different.
It is observed that the commutant of the span of {J12, J34, J56} is generated by the operators
(see the remark below):

M= (Lizy1y2+ Lizyiys + Liayviva+ Lozyays + Loayoya + Laayzys) 212234
My = (L34y3ya + L3sysys + L3sv3ve + Lasvays + Lasvays + Lseysye) L3aXse  (3.6)
M3 = (Li2y1y2 + Lisyiys + Lievive + Lasyays + Lagva Ve + LseVsve) L12Zs6.

We can now see that these generate the (rank 1) Bannai-Ito algebra. It is convenient to first
introduce the shortened notation j = {2j — 1,2}, j € N. Take now the elements
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FT§=M1 —{-52122,
3 1

P33 =M+ 53335 Py=\Laj-12jv2j-1v2j + 5 ) Z2j-12) = D2j-12j-
3

T3 =M;+ 52723

3.7)
A straightforward calculation in the realization (3.4) shows that one has the defining relations of
the rank 1 Bannai—Ito algebra B(3)
{12, I3} =13+ 205135 + 2151,
{F33 I3} = M1z + 203053 + 200413, (3-8)
{13, I3} =T33 +2ITy33 + 21515,

where I'753 denotes the (Casimir) element

, 5

1<u<v=<6

and I'y53, I'7, '3, 'y are all central.

Proof. Let us explain how the expression for {I'73, I'53} is derived. (The other anticommutators
are obtained in a similar way.) Making use of the Clifford algebra properties (3.1) as well as the
0(6) commutation relations (3.2), one obtains

{T'13, T35} =3(L12y1v2 +2L34y3va + Lsevsve) +2L12Y1V2Ls6Y5Ye6
+2(Lisy1ys + Lisy1Ye + Losy2ys + Logyave) + %
+ Lisyiys + Luayviva+ Lazyays + Loayaya
+ L3sy3ys + L36v3ve + Lasyays + Lacyave
+2L3ay3va(Liaviva + Lisviys + Liaviva + Lozyays + Loayaya
+ L34y3va + L3sy3ys + L3evsve + Lasyays + Lacyays + L56V5V6)
—2(L13Las + L1aLs3)y3yay1ys — 2(L13Lac + L1aL36)y3YaY1V6

—2(Lo3Las + L2aLs3)y3yayays — 2(La3Las + LoaLse) Y3 vay2Ve.
(3.10)

The additional identity [18]
LapLea + LacLap + LagLpe =0 (3.11)
satisfied in our realization is then the required tool in order to rewrite (3.10) as the r.h.s. of (3.8)

using the definitions (3.7) and (3.9). O

Remark. It is fairly obvious that the elements {G', K"/ }1<; - j<3
i g2
G =L%_ 1,

i, 3.12)
2 2 2 2 2 2 (
KY =L5_y 5+ Ly 101+ Ly 105+ Lynj1+Lyo; + L3 10
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also belong to the commutant of {J12, J34, J56}. It can be seen that they are algebraically depen-
dent on the Bannai-Ito generators given above. It is interesting to observe however that these G
and K'/ realize the Racah algebra R(3) as shown in [15]. This highlights the fact that the Racah
algebra can be embedded in the Bannai—Ito algebra. The explicit embedding and a generaliza-
tion to the higher rank algebras will be given in Section 7. Operators G' and K obtained by
replacing L;; by %;; also belong obviously to the commutant of {Ji2, J34, Js56} but lead to trivial
operators.

4. The Dirac model and Howe duality

We now wish to shed light on the result of the previous two sections by casting in a Howe du-
ality context the observation that the Bannai—Ito algebra arises as the commutant of both osp(1]2)
in % (osp(1 |2)®3) and 0(2)6193 in the considered spinorial representations of % (0(6)).

To that end, we shall introduce a Dirac model where Pin(6) and osp(1|2) act as a dual re-
ductive pair [19] on the eigenfunctions so that their respective irreducible representations can be
paired through connections between the Casimir operators.

The Dirac operator D as well as x and E are defined in six dimensions as follows:

6

6 6
Q:Zy,ﬁu, 1:2)/“)%, E:Zxﬂau, 4.1)
n=1 n=1 n=1

with {y,, Yo} = —28,0.
These operators have osp(1]2) as their dynamical algebra. Indeed, with the Z-grading invo-
lution . given by

6
S =i T] v 4.2)
n=1

and
J_=—iD, Jy=—ix, Jo=E+3, (4.3)

the presentation (2.1) of the osp(1|2) algebra is realized, with the total Casimir given by

1
Py = 5 (U= T2l = 1) 7. 4.4)

It should be noted that to any subset A C [6] there corresponds a realization of osp(1|2). More
precisely, if one defines

. . A
Jf:—lZyuaﬂ, Jf:—lZnyﬂ, Jé*:lz—l—i-ZxMaM, 4.5)
neA neA HnEA
these generators obey the osp(1]2) relations (2.1) with the involution given by
SA=i"2 e (4.6)
neA
when |A| is even. The Casimir has then the expression

_1 A JA A
Pa=3 (A s21-1) 74 @7
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We will first couple the six representations pairwise (each pair will correspond to an osp(1|2)
and we can hence use the previous observations for |A| even). We will refer to those pairs using
the shortened index notation, j = 1,2, 3. The j’s will now label the representations we want to
pair next, in this two-step process.

The Casimirs associated to one or two such indices are easily calculated using the expression

(4.7) and they are found to be

. 1
-= —1L7 + 527,

IG5 = (Lai—1,2i v2i—1 v2i + Loi—1,2j—1 v2i—1 V2j—1 + Lai—1.2j v2i—1 2
+ Loigj—1 Y2 V2j—1+ Loi2jv2i vaj + Loj—1.2j V2j—1V2j + %)Ez;—l,zi X2j-1,2)-
458

They are immediately recognized as the generators (3.7) of the commutant of the set {J12, Ja4,
Jse} in the spinorial representations of %/ (0(6)) that were identified in the previous section.

It is here interesting to point out how the coproduct structure of 0sp(1]2) occurs in the Dirac
operator. In two dimensions, the gamma matrices are given in terms of the Pauli matrices:

y1 =ioy, 2 =ioy, Vi, wl=—28,0. 4.9)

The involution is simply . = i y1 2 = o3 and coincides with the spin operator which we denoted
21.

We observed that the Dirac equation in 4D provides an osp(1]|2) made out ot two subsystems
each realizing also an osp(1]2). It must hence result from the coproduct mapping:

M @), p@
Dy A(Dpp) = Dy ® &+ 1® Diyy = Dp) P + D). (4.10)

This connects with the construction of higher dimensional gamma matrices. Indeed, starting
with a realization of the Clifford algebra C¢, (generated for example by the 2 y;’s in (4.9)),
a systematic way to construct a realization of a Clifford algebra in two additional dimensions
(involving 4 p;’s) is [20] to take

Y1=y1® (iy1y2)=(io1) ® 03
n=1n® ({yy)=>0)® o3

R . “4.11)
3=1Qy =1 ®(®oy)
=10 =1 ® (o).

This construction can be iterated as many times as needed for higher dimensional Clifford algebra
realizations in even dimensions.
With this choice of gamma matrices, the Dirac operator in 4D reads:

Dy =101 + y202 + 303 + 404
= (31(io1) 4 02(i02)) ® 03 + 1 ® (31 (io1) + 02(i02)) (4.12)
22[2] ®y+ 1 ®Q[2]’

which checks with the expected coproduct result. The algebra involution .7 is realized by the o3
matrix and its occurence is made manifest in this fashion.
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5. Dimensional reduction

It is instructive to perform the dimensional reduction of the six-dimensional Dirac operator to
RR3. Introduce the cylindrical coordinates
X2i_1=pjcosBj, )
/ e j=1,2,3. 5.1
X2j = pjsinf;,

We then have transformed expressions for D, x and E. In particular,

3 9 13
D= <)72j—1—+172j——>, (5.2)
; Ipj pj 99;
where
Vi_1= ¢c0s8iyri_1+sinf;yri,
VJV . i V2 i V2 (5.3)
Y2j =—sin8; yrj—1 +cosb; y2;.

We can now bring the y,,’s back to their original form (the y,,’s) by means of a rotation in spin
space. Let

3 .
i0; .
S= HCXP (—TJZ]), Yr=iy2j-172) (5.4
=1

a straightforward calculation shows that
STWuS=yu.  1=p<6. (5.5

This rotation however leads to additional terms in the expression of D, which we can also elim-
inate with a gauge transformation depending on the radii and of the form e? = [T, fiCoo).
Requiring that after this additional transformation

3 9 1 9
B3 ()
;( 7 0p; "pj 86,

imposes that

3
1
B
e =|]—. (5.7
N7
The following transformation
O O=eBS 10685, (5.8)

with e? and S given by (5.7) and (5.4) respectively, is thus to be carried.
The angular momentum Jip (3.3) is one of the elements in the set whose commutant we
looked for. It is transformed into

Jio> Jin=e Bs7! —ii+1212 Se® (5.9)
36, 2 '

0 1 —i 0
=i+ I+ (=) =) =—i— 5.10
lael—lr2 12+ ( l)<2 12) 1891 (5.10)

and similar results hold for J34 and Js¢.
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‘We also have

x—>X=) pivj-i, (5.11)
j=1
L 9
E—E= — 12
~E=) p; Iy (5.12)
j=1

3 .
~ a ik;
D= E (sz—l—apj +sz—{>- (.14)

Note that these reduced operators still generate the same dynamical algebra since this is not
altered by conjugation or separation of variables.

It is now interesting to investigate what is the effect of the reduction on the Casimirs operators.
Recall that the reduced Casimir associated to the subset {i, ..., i,} = A C [6], with j = {2j —
1,2j}, is given by

(Fy. Dpl—1)Za.  Ea=]]=r (5.15)

l\)|>—‘

The reduced Casimirs:

I, I3, 5% (5.16)

(U5, Typ) =Ty + 205 5 + 2Ty (5.17)
with

I = ([x—, Djl-1)5;=T=k;. (5.18)

This should be compared with the system studied in [1], where the Dirac operator was given in
terms of Dunkl derivatives D; of the Z; type

Di=8i+g(1 —Ri), Ri f(xi) = f(=xi). (5.19)

The Bannai-Ito algebra was also seen to be the symmetry algebra in that case, with the one-
index Casimirs I'j equal to the deformation parameters k ;. Here, we started with ordinary partial
derivatives in twice as many dimensions and found the one-index Casimirs taking the values of
the angular momenta that are diagonalized in the dimensional reduction. Hence, the reduced sys-
tem obtained here offers a new model with Bannai—Ito symmetry in addition to the Dirac—Dunkl
one.
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6. The higher rank Bannai-Ito algebra as a commutant

Let us now show how one can extend the result of the previous sections to the higher rank
Bannai-Ito algebra B(n).

Take any triple of pairwise disjoint subsets of [2n] called K, L, and M. There is an obvious
isomorphism

0spX (112) ® 0sp” (112) ® 0sp™ (112) Z 0sp(1]2) @ 0sp(1]2) @ osp(1]2), (6.1)

so that the Casimir elements I'x, 'y, 'y, U'kur, Tkum, Uums and Tguruy will generate
B(3) and hence obey

{Tkur, Toum} =Trkum + 2T T kurum + 2Tk Ty (6.2)

Now we wish to know {I"4, I'p} for any two subsets A and B. To that end, take K = A \ B,
L=ANB, M= B\ A tosee that in view of (6.2) the corresponding Casimirs satisfy

{Ta, B} =T (auB)anB) + 2l anBT aus + 2T a\(anB)'B\(4NB) (6.3)

which are the structure relations of B(n) given in (1.1) [2].

Underneath this quick derivation of (6.3) is the fact that the entire algebra B(n) is generated
by the Casimirs associated to 2-subsets since the general relations are inferred from those of
B(3). Let us map as we have done the 2-subsets {2i — 1,2i},i =1, ..., n of [2n] to the elements
i of [7] so that obviously {i, j} € [17] corresponds to {2i — 1,2i,2j — 1,2} € [2n]. It follows
that the structure relations for the 4-subsets in [2n] are those of 2-subsets in [7]. Working with
the set of n integers viewed in this way and in light of the preceeding remark, it will suffice to
examine the generators F;;, namely the I'y;_1 2;2j—1,2; of the Dirac model in 2n dimensions.

We can now use Howe’s duality to conclude that B(n) is the commutant of the subalgebra
0(2)®". Let Cty, be the Clifford algebra generated by Yu» 1 =1,...,2n with relations as in
(3.1). The spatial rotation generators are the L, verifying the 0(2n) commutation relations
(3.2).

Replacing 6 by 2n in equations (4.1), (4.2) provides operators D, x, E and . realizing
0sp(1]2) in 2n dimensions.

Setting J_ = —iD, Jy = —ix, Jo = E + n, the presentation of osp(1|2) coincides with (2.1)
and the total Casimir is I'p2,) = % ([J=, J+]1— 1) 7. The Casimirs associated to one or two labels
j are easily calculated with the help of formula (4.7) which remains valid for A C [2#]. One finds

exactly the same operators F7 and F;7 with expressions as in (4.8) fori, j =1,...,n.
These Casimir operators are immediately recognized as the generators of the commutant of
the set {J12, ..., Joy—1.2,} in the spinorial representation of % (0(2n)).

Since we know that the intermediate Casimirs realize the commutation relations of the
Bannai-Ito algebra, it is necessarily also the case for the generators of the commutant. This
therefore confirms our claim to the effect that B(n) is the commutant of 0(2)®".

We can again perform the dimensional reduction of the 2n-dimensional model to obtain a
n-dimensional system whose symmetry algebra is B(n). Write D in the cylindrical coordinates
(5.1) with j =1,...,n and the p,’s defined as in (5.3). Exactly as was done in six dimen-

sions, rotate the y,’s to their original form with the help of an operator S extending (5.4) and

/

accompany this with the gauge transformation defined by e? = H?:l pj_] ?, thus performing

Or> 0 =eBS 10eBS. One then obtains for D, ¥ and E the same expressions as in (5.6),
(5.11) and (5.12) with the sum extending to n instead of stopping at 3.



236 J. Gaboriaud et al. / Nuclear Physics B 937 (2018) 226-239

The angular momenta J>; 1 2; (3.3) are then mapped to 72]'—1,2]‘ =—i 8%1_. Fixing .72]-_1,2]' ~

k; once the ignorable variable is eliminated, we can rewrite é as in (5.14) again extending the
sum to n.

Note that the reduced operators still generate the same dynamical algebra.

The reduction of the Casimirs is as described from (5.15) to (5.18), except that A is now a
subset of [2n].

The reduced model thus obtained offers a new n-dimensional system in addition to the Dirac—
Dunkl one, with the B(n) Bannai-Ito algebra as its symmetry algebra. The one-index Casimirs
in the different models respectively take the values of the angular momenta and the deformation
parameters in the Dunkl-derivatives.

7. An embedding of the R(n) Racah algebra in the B(n) Bannai-Ito algebra

The higher rank Racah algebra R(n) is an associative algebra with generators {C L piiy, <i<j<n
and defining relations [13]:

[P, piky =2 Fiik, (7.1a)
[Pk, Flik) = pikpik _ pikpii 4 o pikci _ppiick, (7.1b)
[PX, Fiiky = pikpil _ pil pik, (7.1c)
[Fik FiK) = pikl pii — pikl(pik 4 ocJ) — Flikpil, (7.1d)
[Fiik_pkim) — pilm pjk _ pik pjim (7.1¢)

where i, j, k,l, m € [n] are all different.

In [16] we identified the generators of the commutant of 0(2)®" (in oscillator representations
of % (0(2n))) which are the invariants {G’, K"/ }1<;<j<, given in (3.12). With the following
redefinitions

ci=_lg_1
T4 4’
Cl — _%Kij’ (7.2)

N o . 11, N
Pi=Cli—C'—Cl=—2KT+ (G +67) + 5,
35T\ O Y

a long but straightforward calculation in the oscillator realization showed that the defining rela-
tions (7.1) of the algebra R(n) were obeyed.

It has been seen in [21] that R(3) admits an embedding in B(3). We already noted in Section 3
that the commutant picture brought this inclusion to the fore and we shall exploit it here together
with the results in [16] to explicitly provide the embedding of R(n) in B(n).

The key point is that the intermediate Casimirs C' and C%/ generating the R(n) algebra can
be obtained from the intermediate sCasimirs of the B(n) algebra.

We will only need to use the sCasimirs associated to 2 or 4 indices. They are given as follows:

1
Sy = <L;w7/uyv + E) (7.3)

3
S;wpcr = <L;wV/LVv + Lupyp.yp + L;L(TV/LVG’ + vayuyp + Lye Vo + Lpaypya + 5)

(7.4)
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and a straightforward calculation in the realization (3.4) allows to recover the C >s and C’s as
defined in (7.2) through the following formulae:

: 1 3

C'=1 (S%_l,zi — Sai—12i — Z) , (7.5)
| 3

CY = Z (Sgi_in,zj_],zj - S2i—1,2i,2j—1,2j - Z) . (7~6)

This readily gives the embedding of R(n) inside B(n).
8. Conclusion

This paper has offered a novel presentation of the Bannai—Ito algebra B(n) as the commutant
of 0(2) @ --- @ 0(2) in the spinorial representation of 0(2n) associated to the Clifford algebra
Cty,. It has also indicated how this picture can be elegantly related to the definition of B(n) as the
centralizer in % (0sp(1]2)®") of the coproduct embedding of the Lie superalgebra osp(1|2) in
0sp(1]2)®" in the framework of the Howe duality associated to (P in(2n), 0sp(1 |2)). This called
for the introduction of a model involving the (massless) Dirac equation in 2n dimensions and
identifying the connection between the Casimir operators that describe the paired representations
of the two mutually commuting algebras on the solution space.

Invariance under the subalgebra of Pin(2n) allowed for dimensional reduction of the Dirac
equation under separation of variables. This resulted in a model in R"” with Bannai—Ito symmetry
without reflection operators that hence differ from the Dirac—Dunkl equation already known to
possess the same symmetry.

The commutant picture for B(n) made manifest the fact that the Racah algebra R(n) can be
embedded in B(n). This observation had been made for n = 3 [21] and could here be explicitly
extended.

Looking ahead it would be interesting to understand how various contractions of B(n) (and
R(n)) play out within the commutant presentation. The relation with superintegrable systems
would certainly be worth exploring [22,23].

The Racah algebra is associated to s[(2) and the Bannai—Ito algebra to osp(1|2). The Askey—
Wilson algebra [24] is similarly related to the quantum algebra %, (sl(2)). The rank 1 algebra
encodes the bispectrality of the Askey—Wilson polynomials. Efforts are now deployed to con-
struct the extensions to arbitrary ranks [25,26]. It is natural to think that the Askey—Wilson
algebra also admits a dual commutant presentation. We plan on examining this matter which
could shed useful light on the higher rank construction. We hope to report on these questions we
have raised in the near future.
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Appendix A. Connection with superconformal quantum mechanics

As an aside to our discussion, we wish to observe that the superconformal quantum Hamilto-
nian with s[(2|1) symmetry presented in [17] can be obtained by dimensional reduction from the
two-dimensional harmonic oscillator. The Dirac operator in 2D and the corresponding position
and Euler operators are given by

D =y101 + 202, X =y1x1 + y2x2, E =x101 + x20. (A1)

They generate the osp(1|2) dynamical algebra (2.1), precisely realized upon defining J_ = —i D,
J+ =—ix, Jo=E+ 1, and taking the algebra involution to be . = X1 = iy) y». The 2D har-
monic oscillator Hamiltonian is the algebra element
H, D? — x? 82+82 +<2+ 2) (A2)
hose. =D —x"=—| —S+—= xX]+x .
% - 8x12 Bxg ! 2

and hence possesses this 0sp(1|2) symmetry.

Performing the dimensional reduction (x1,x3) — p, carrying the transformation ¢5$ and
fixing the angular momentum to be J1» ~ k, as explained in section 5, one obtains

0 ik ~

~ - 0 ~
D=yi—+n—, X =Y1p, E=p—, X2 =Zp. (A.3)
ap P ap

With the gamma matrices realized in terms of the Pauli matrices as

y1=ioi, y2=io, Xy =o3, (A4)
the 2D harmonic oscillator Hamiltonian is “reduced” to
2 k(k—o03)
PSR S 5
ap P
which is identified with the superconformal quantum mechanical model introduced and analyzed
by Fubini and Rabinovici [17]. The supercharges are given by D and X. In [17] the Hamiltonian
(A.5) is actually observed to have the larger s[(2|1) or 0sp(2]2) symmetry. This follows from the

fact that ¥, is an additional even symmetry which generates two supplementary supercharges
when commuted with D and x.

Hhose. = — (A.5)
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