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Abstract The recent study of the strong gravitational lens
ESO 325-G004 (Collett et al., Science, 360:1342, 2018)
leads to a new possibility for testing General Relativity and
its extensions. Such gravity lens observational studies can
be instrumental for establishing a limitation on the preci-
sion of testing General Relativity in the weak-field regime
and on the two gravity constants (the Newtonian and cos-
mological ones) as described in Gurzadyan and Stepanian
(Eur Phys J C 78:632 2018). Namely, we predict a critical
value for the involved weak-field parameter ., = 0.998 (for
M = 1.5 10" M lens mass and r = 2kpc light impact
distance), which remarkably does not depend on any hypo-
thetical variable but is determined only by well measured
quantities. If the critical parameter y,, will be established at
future observations, this will mark the first discrepancy with
General Relativity of the conventional weak-field Newtonian
limit, directly linked to the nature of the dark sector of the
Universe.

1 Introduction

High precision tests of General Relativity (GR) and of its
weak- and strong-field limits, along with of modified grav-
ity models have gained new content with establishing of the
dominating dark sector of the Universe. The models proposed
to describe the dark energy and dark matter observations are
being constrained by means of those tests. Weak-field Gen-
eral Relativity is continuously being tested in ever increasing
accuracy [3,4] including the frame-dragging measurements
with laser ranging satellites [5].

The use of the strong gravity lens ESO 325-G004 [1]
demonstrates the efficiency of the lens studies to constrain the
weak-field GR in the intergalactic scales. Given the increas-
ing accuracy and statistics of the gravity lensing observations
(e.g. [6]), those studies can become laboratories to test GR
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modifications along with the structure and dynamics of the
dark matter dominated configurations.

The idea of our approach to this problem is the follow-
ing. In recent studies [2,7] we have shown that the Newton
theorem on the identity of the gravity of a sphere and of a
point mass located in its center provides a natural way for the
weak-field modification of GR. Consequently, the constant
A appears both in the cosmological solutions describing the
accelerated expansion and at galactic halo scales cf. [8]) as
weak-field GR, thus linking dark energy and galactic scales.

Here we predict a critical value for the parameter of
the parametrized post-Newtonian (PPN) formalism [4] y =
0.998 (normalized to given lens mass and light impact dis-
tance) which if observed at gravity lenses with proper signif-
icance will, for the first time, reveal the weak-field modifica-
tion of GR differing from the conventional Newtonian limit.
It is important that the critical y does not depend on any open
parameter but involves only the fundamental constants and
well measured quantities.

2 Newton’s theorem and gravity lensing with A

In [2] it is shown that from the Newton theorem the weak-
field limit of GR follows involving the cosmological constant
A, so that the metric tensor components have the form

2Gm AR 26m A2\
goo=1- - ;o gr=\1- - .

rc? 3 rc2 3

ey

While this metric (Schwarzschild—de Sitter) was obviously
known before (e.g. [10,11]), with the A introduced by Ein-
stein to get a static cosmological model, the motivation based
on the Newton theorem essentially differs from that and
ensures the Newton potential with the A term as the weak-
field limit of GR.
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Namely, we take in our considerations the general function
for the force satisfying Newton’s theorem on the identity
of the sphere’s gravity and that of a point of the sphere’s
mass situated in its center. That function besides the r—2
term contains also a second term [9],

f(r)=Ar—? + Ar. (2)

When the modified Newtonian law (for the potential) is taken
as the weak-field limit of GR, one has the constant A as a
second gravity constant along with the classical Newtonian
constant G [2]. Thus, the second constant acts as a cosmo-
logical constant in the solutions of Einstein equations, and at
the same time it enters the low-energy limit of GR.

Turning to the strong lensing and following [1], it is con-
venient to deal with the parameter representing the ratio

y =¥/® 3)

of the two perturbing functions—of the Newtonian potential
@ and the curvature potential ¥ —entering the weak-field
metric

ds®> = (14 2®)c%dt*> — (1 = 2w)dr* — r?d2°. 4)

For GR y = 1, obviously.
In the weak-field limit of GR following from the Newton
theorem Eq. (1) [2,7], we obtain

6 —w— GM  Ar? 5)
T e 6
To find y the authors of [1] introduced the following
dynamical mass of the lens:

I+y
Mgy = TM, (6)
where consequently the light bending angle in the vicinity of
a mass of surface density X' is obtained:
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Upon the analysis of the observational data of ESO 325-G004
they finally obtain the value y >~ 0.97 £ 0.09.

Now, within our approach of the weak-field metric of Eq.
(1) the bending angle will be [12]

_4GM Ac?r3

0= — — —.
c2r 6GM
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Here, an important difference arises between the Newtonian
and the A-modified cases. Namely, the authors in [1] have
obtained
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Comparing this with Eq. (8), we get for the y-parameter

Actr?

=1 - Tenr (19)

Inserting the current value of the cosmological constant e.g.
that of the Planck satellite [13] A = 1.11 x 1072 m~2 we
obtain

M -2 r 4
— 1 —0.002 = 0.998 :
Yer <1.5 1011 M@> (2kpc>
(1)

where the data of [1,14] for ESO 325-G004, i.e. the Einstein
radius and the estimated mass inside that radius, were used for
the normalization. Obviously, the normalization and hence
the precise numerical value of y,, will vary from one lens
to another, and the principal point is the existence of a well
defined parameter enabling one to reveal the weak-field limit
of GR with the lensing effect.

The other key point of using ESO 325-G004 is that within
other available observational means it is technically impos-
sible to detect the contribution of the A term in the gravita-
tional lensing. For example, for the same effect within the
Solar System the value of y,, will be approximately (1-9.6
x 10723). Note that a limitation on y also will emerge due
to the proper motion of the lens, for it affects the measured
value of y as shown in [15].

3 Conclusions

The accurate measurements of strong lensing of extragalac-
tic objects provide important means for the study of pro-
found cosmological problems. The recent study of the lensed
object ESO 325-G004 [1] (cf. previous studies [6,16,17])
enables aremarkable test of General Relativity on extragalac-
tic scales. The observational surveys of lensing will definitely
proceed with ever increasing precision and statistics, which
will enable one to improve the available accuracy of the value
of the weak-field parameter y.

In view of that, here we derive a critical y,, for the strong
lensing of extragalactic objects which can be informative for
gravity theories. It is remarkable that y,, does not depend
on any hypothetical parameter of modified gravity models
(coupling constant, scalar field mass, etc.) but is determined
entirely by measured physical quantities. Since the needed
accuracy for measuring of y,, does not seem to be principally
unreachable given the variability range of the lense mass and
light impact scale, due to y,, the gravity lens measurements
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will get a similar importance to the renowned Solar eclipse
of 1919, which enabled one to distinguish GR from classical
Newtonian gravity. Thus, for the first time the detection of
a discrepancy with the conventional General Relativity can
become feasible, with a further intriguing relation to the dark
sector. While the breakthrough study [1] reveals the possibil-
ity of obtaining y, the observations of more distant objects
and hence the needed accuracy for y certainly is a matter of
future advances; however, let us recall the classical example,
i.e. Einstein’s skepticism as regards observing gravitational
lenses [18].
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