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ABSTRACT: We argue that in order to study the magneto-transport in a relativistic Weyl
fluid, it is needed to take into account the associated quantum corrections, namely the
side-jump effect, at least to second order. To this end, we impose Lorentz invariance to
a system of free Weyl fermions in the presence of the magnetic field and find the second
order correction to the energy dispersion. By developing a scheme to compute the integrals
in the phase space, we show that the mentioned correction has non-trivial effects on the
thermodynamics of the system. Specifically, we compute the expression of the negative
magnetoresistivity in the system from the enthalpy density in equilibrium. Then in analogy
with Weyl semimetal, in the framework of the chiral kinetic theory and under the relaxation
time approximation, we explicitly compute the magneto-conductivities, at low temperature
limit (7" < p). We show that the conductivities obey a set of Ward identities which follow

from the generating functional including the Chern-Simons part.
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1 Introduction

Studying chiral effects in quantum many body systems has attracted much interest during
recent years. It has in fact opened a window to macroscopically observe the anomalies
of the microscopic quantum field theory. In the hydrodynamic limit, such macroscopic
manifestation occurs through the anomalous transport [1]. Although the main idea comes
from the gauge/gravity computations, specifically form the fluid/gravity correspondence [2,
3], the anomalous transport has also been directly studied in the field theory [4].

Since the anomalous transport is basically non-dissipative [5], another way to explore
it is to study the thermodynamic equilibrium in the system. In [6, 7] the dependence of the
anomalous transport coefficients on the triangle anomaly has been found via constructing
the equilibrium partition function. As shown in [8], the mixed gauge-gravitational anomaly
coefficient may contribute to the anomalous transport, too, even in flat space-time. In
fact, the mixed gauge-gravitational anomaly contributes to the coefficients at two orders of



derivatives lower than what expected from the equations of motion. Such contribution had
been observed in free field theory of fermions [9, 10] as well as in gauge/gravity duality [11].}

In an ideal Weyl gas, the anomalous transport has been related to the continuous in-
jection of chiral states and their subsequent adiabatic flow driven by vorticity [10]. This
injection of states is shown to be corresponded with the flux of the Berry curvature through
the Fermi surface in a Fermi liquid [17]. Putting a Berry monopole in the origin of momen-
tum space, then a non-equilibrium kinetic equation can be derived for the classical massless
Weyl particles [18]. Using this so-called chiral kinetic theory, the anomalous transport can
be studied beyond the hydrodynamic limit, specifically, one shows that the Berry cur-
vature leads directly to the chiral magnetic effect. The effect of Berry curvature on the
dissipative transport has been also studied. In [19], it is shown that how the Berry flux
through the Fermi surface in a Weyl metal gives rise to a large negative magnetoresistance,
quadratically depending on the magnetic field.

On the other hand, it has been shown that in the presence of magnetic field, the
Lorentz invariance dictates the energy dispersion of Weyl fermions gets a spin-magnetic
correction [21, 22]. This correction is actually a quantum correction and is necessary for
showing the Lorentz invariance of the action of the massless spin—% particles. The latter is
realized by a modification of the Lorentz transformations; imposing a shift orthogonal to
the boost vector and the particle momentum (side-jump effect). This ensures the angular
momentum conservation in particle collisions.

In the computation of the magneto resistance in the non-relativistic Weyl fluid in [19],
the quantum correction to the energy dispersion has not been considered. As the first part
in the current paper, we will compute the magneto-conductivities (including the magneto-
resistance) in a relativistic Weyl fluid. To this end, we argue that one must take into
account the second order correction to the energy dispersion. The reason is that this effect
itself quadratically depend on the magnetic field, so the second order correction which is
itself quadratic in the magnetic field unavoidably contributes to it. However, due to the
form of the correction, some infrared divergences appear in the computations. By proposing
a scheme for regulating the divergences, we will analytically perform the computations in
the limit x4 > T. While to first order in corrections, the thermodynamics of the system
is not influenced, the second order correction turns out to have non-trivial effects on it.
Specifically, we will discuss how one can compute the magnetoresistance in the system just
by knowing the enthalpy density in equilibrium.

Recently, the observation of a positive longitudinal magnetothermoelectric conduc-
tance in the Weyl semimetal NbP has been realized as the sign for the presence of the
mixed gauge-gravitational anomaly in the condensed matter [23]. Following this obser-
vation and to explore the effect through the chiral kinetic theory, we couple our system
to a background temperature gradient and compute the thermoelectric coefficient as well.
Using the linear response method, we then read the conductivities in the system under the
relaxation time approximation. We consider that the dissipation effectively occurs at time

!The mixed gauge gravitational anomaly has been realized as the origin for some interesting transport
phenomena both in high energy and condensed matter physics [12-16].



scale 7.2 Analogous to what was found in Weyl semimetal, we observe the positive lon-
gitudinal conductivity in the relativistic Weyl fluid. Then by computing the heat current
we confirm the validity of the Onsager reciprocal relation. We also compute the thermal
conductivity coefficient.

The interesting point with our results in the kinetic theory is that the value of each
conductivity, e.g. the electric conductivity, turns out to be 6.25% less than its value in
the absence of quantum correction of the energy dispersion. Since the energy correction
is related to the side-jump, this simply shows that due to the side-jump effect, the time
between the successive scatterings in the system may decrease on average.

On the other hand, the same decrease in the value of all conductivities suggests that
there might be some linear relations between them. In a 2 4+ 1 dimensional (non-chiral)
system, it has been shown that the latter actually happens. Using the Ward identities, the
authors of [24, 25] find a set of relations between the electrical conductivity o, thermoelec-
tric @ and thermal conductivity  coefficients.

In order to find the probable relations between conductivities in the anomalous system
we do as the following. Considering the standard inflow mechanism [8, 27], we first specify a
generating functional which generates the stress tensor and charge current, in the presence
of the anomalies. In a system which is covariant under gauge and diffeomorphism variations,
the charge current and stress tensor are uniquely defined from the covariant generating
functional of the system. In our case, however, due to presence of the anomalies, one
can choose whether to work with “consistent” or “covariant” currents [28]. By coupling
the system to an external weak electric field and a weak background thermal gradient, we

7

identify the “covariant current” as the one which responds to the electric field® and specify
the form of the heat current as well. We then derive a set of Ward identities between
one- and two-point functions of the covariant current and covariant stress tensor at zero
momentum limit £ — 0. Using them, we would find two constraint equations between
the transport coefficients like those of [24, 25]. As a check of our computations in kinetic
theory, we will show that the associated conductivities obey the constraints obtained from
the Ward identities.

This consistency check shows more clearly the importance of the second order correc-
tions coming from the chiral kinetic theory. It is not hard to show that without considering
them, the constraints between conductivities will no longer be satisfied.

Finally, as the last evidence in favor of our results in this paper we compare them with
those obtained from the covariant hydrodynamic model of Weyl semimetals developed
in [26]. While the model developed in [26] is suitable for more general cases, in one special
case, its authors have applied their results to a system of weakly interacting Weyl gas

2The DC transport in this case is like that of a Weyl semimetal. In a Weyl semimetal, in the regime that
intervalley scattering time Tinter is much larger than the intravalley scattering time Tintra (Tinter > Tintra),
the dissipation of momentum, energy and charge all are characterized with Tinter. This is due to the fact
that the electron mean free path Tmg, is essentially of the order of 7intra and in the intervals of the order
t ~ Tinter > Tmsp the system is locally thermamilzed and therefore the transport occurs just through the
anomaly effects [19].

3Let us denote that in contrast to this rigorous statement, most of the computations in the ccontext of
the transport are performed by using the “consistent” current and stress tensor.



with weak intervalley scattering. They have then found two constraint equations between
magneto-conductivities. We show that our conductivities obey the constraints obtained in
the mentioned paper. This consistency suggests another approach to derive the magneto
electrical resistivity in our system. To this end, by comparing the constraints obtained from
Ward identities with those obtained in [26], we will be able to find the electrical resistivity
from a first order differential equation, once the charge density in equilibrium is given.

In the rest of the paper we do as it follows. In next section (section 2), we first derive
the second order correction imposed by the side-jump effect in the kinetic theory. Using
that, we then compute the stress tensor components as well as the charge density. We
compute the magneto-conductivities in the p > T limit. We end the section by comparing
the results with those of a Weyl semimetal. In section 3 we first introduce the generating
functional which generates the stress tensor and charge current in the presence of both
chiral and mixed guage-gravitational anomalies. Then by deriving the associated Ward
identities in the limit £ — 0, we find two constraints between the magneto-conductivities
coefficients. We end in section 4 with concluding and giving some future directions.

2 Transport in chiral kinetic theory

In what follows we consider an ensemble of right-handed chiral fermions. Due to charge
conjugation, we have to consider the anti particles as well. The latter are the left-handed
chiral fermions with opposite charge. The kinetic equation for the above two species of
particles is given by
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where from chiral kinetic theory we may write [18]
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In the expressions given above A = +1/2 is the helicity associated with the right- and
left-handed particles. In the following we will be interested in the case in which the system
is coupled to an external magnetic field in equilibrium. In the subsequent subsections, we
would like to study the magneto-transport in the framework of chiral kinetic theory.

2.1 Relativistic corrections to energy dispersion of Weyl particles

Relativistic invariance in a physical system forces the energy-momentum tensor of the
system to be symmetric in every arbitrary Lorentz frame. Let us consider the rest frame



of the system which is in our present case is the laboratory frame as well. The above
statement then says that the energy flux density 77°° must be equal to the momentum
density 7% in this frame. In what follows we first derive the corresponding expression for
these two objects. Let us rewrite the energy density as

3
TV =¢= / ((217:;3\/5 e(p) np. (2.5)
Then we multiply equation (2.1) by v/Ge(p) and afterwards, integrate over p. Since v/Ge(p)
is a collision-invariant object, the integral of the right-hand-side of the kinetic equation van-
ishes, when summing over particles and anti-particle contributions [29]. Considering (2.5),
the integrated equation then takes the form 9,7% + 9,70 = E'j* with the following ex-
pression for the energy flux density

TiO — _/ d3p
(2m)3

On the other hand, analogous to what is defined in the classical kinetic theory, the mo-
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mentum density can be simply defined as

0i — i _ d’p VG ©
Here p; = p; — sgn(e) % €ijkP;0k is the modified momentum in phase space [30]. In our
case however, the system is non-rotational and so in both the formula of p and (2.6) the
spacial partial derivative, namely O, vanishes in the equilibrium. Now by equating (2.6)
with (2.7) and integrating by part in (2.6), we arrive at

O¢(p)
op’

T =T — (67 4 eB'Q)e(p) = (1+eB-Qp)p". (2.8)
As shown in [21], the above Lorentz invariance condition implies that the energy dispersion
of particles in phase space gets correction due to spin-magnetic coupling. In the men-
tioned paper, the corresponding correction has been found to first order in the magnetic
field. According to our discussion in the introduction, in order to compute the magneto-
conductivities, we have to find the second order correction to the energy dispersion as well.
To this end, we take the following ansatz

e(P) =p+7(p)B-p+12(p) (B-p)°. (2.9)

To find the two unknown functions 71 (p) and ~2(p), we insert the above ansatz in the
equation (2.8) which leads to the two following equation

F(p) (B-p)’p; + G(p)(B-p)Bi =0 (2.10)

with F' and G being as the following

F(p) = pv3(p) + 7v2(p) + 11 (p)7i(p) (2.11)
G(p) = 2m(p) + plmm + ;pvi () + 1) (2.12)



Since B is independent of p, for (2.10) to be held, it is needed both F' and G functions
vanish identically. Solving the coupled differential equations, we obtain®
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2.13
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While v1(p) was already found in [21], the ~2(p) is our first new result in the current
paper. We will make clear the importance of such corrections in the next subsections,

when computing the conductivities in a Weyl fluid.

2.2 The effect of the quantum corrections on thermodynamics

In this subsection, using the modified energy dispersion of Weyl particles, we compute some
thermodynamic quantities in a thermal system of such particles, in the presence of a weak
background magnetic field. The equilibrium distribution function for fermionic particles

and anti-particles is simply given by

() _ 1
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where é denotes sgn(e) = +1 corresponding to particles and anti-particles, respectively.
As we found in previous subsection, the energy dispersion, €(p), to second order in the
quantum corrections is given by

B p 2(B- P)2

e(p)=p-—ce 2 e S5 (2.15)

To perturbativley perform the computations, we expanded the equilibrium distribution
function to the same order

~(e) 2 92=(e)
(&) _ ~(e) _(.B-p , ,(B-p)*\ 9y »(B-p)? 9°ny
Np’ = Np L(p):p (e o2 +e 8p5 De " +e It 9e2 "
€(P)=p €(P)=p

(2.16)
We use the above distribution function to compute the thermodynamic quantities.
Let us start by computing the anomalous currents equilibrium. It is well-known that in
a chiral fluid, there are energy and charge currents in the equilibrium. These current are
purely anomalous and in a fermionic system, they will no longer flow if the Dirac equation
has no zero modes [31]. Taking (2.16), we can simply compute the energy and charge
currents in the direction of magnetic field in a fermionic system with massless fermions.
The coefficients, as one expects, are the anomalous transport coefficients in the Laboratory
frame [32], namely

J|
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4We work in the relativistic system of units with i = ¢ = 1.




Here sum is over particle and anti-particle contributions. The integral [ b= (‘;BTI)’?, is per-
formed over the allowed regions in the momentum space (see below). The splitting of the
fractional factors in front of o has been made for the following clarification. If one took
the energy dispersion simply as €¢(p) = p, he would obtain just 1/3 of the total energy
current. The additional 2/3 contribution comes from the first order correction in (2.15).
The same situation was found for the coefficient of the chiral vortical effect in a rotating
system of chiral fermions [22]. Let us denote that up the third order in the magnetic field,
the second order correction in (2.15) does not contribute either to op or to of;.

One important place wherein the second order correction of the energy dispersion
(given in (2.15)) makes a non-trivial role is the diagonal components of the energy momen-
tum tensor T". Let us follow the issue by computing the T°° component. The energy
density in equilibrium is given by

T =¢ = Z/ VG e(p) il (2.19)
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Due to presence of the 1/p® term in (2.16), the integral in (2.19) is obviously IR divergent.
(See the second term in the brackets.) In fact, what may remove the divergence is that
the magnitude of the momentum in the phase space has to be bounded from below. Let
us recall that in order to put the chiral fermions in the framework of the kinetic theory,
we have already assumed that the value of the background magnetic field to be such small
that the particles move on classical trajectories [18]. For the latter to be acquired, the
necessary condition is veB < p which simply states that the momentum integrals have
to be regularized by considering an IR cut-off Ag < p. Let us recall that according to
expansion given by (2.16), we perform the computations perturbatively, in powers of B.
Our scheme is to treat with the non-magnetic parts of the integrals differently compared
to the magnetic parts which come from the interaction of the Berry flux with fermions.
For the former in p > T limit, we consider the quasi-particles with all momenta inside
the Fermi sphere while for the latter, we restrict the computations to be performed for the
quasi-particles with momenta higher than the cut-off inside the sphere. (See figure 1.) The
scheme is basically originated from the derivation of the chiral kinetic theory in [18]. It
turns out that this scheme leads to physical results.

Since the cut-off arises due to the magnetic field, in T' < p limit then it is reasonable
to take the cut-off as being of the order VeB < Ap < T. Therefore, the order of scales
may be written as

VeB < Ap < T < p. (2.20)

This is also in complete correspondence with the hydrodynamic limit, which we arrive at
later on. Under the above considerations we find
4 2 2 2R2 2 2 4 2R2
T e“B 7 7 T T e’B
TW=e=rt(_L_ 4+ 2 T — (g -2+ o0(=])%=
‘ gr27i T a7? T 120 ) T oag T 18 2 O\t ) e
(2.21)




Figure 1. In the low temperature limit 7" < p, the quasi-particles occupy the states inside the
Fermi sphere. When considering the interaction with Berry monopole located at the origin, the
states within the inner sphere with radius |p| = Ap are excluded. In this region, the quantum
mechanical effects are dominant. The outer sphere shows the Fermi surface in the limit p > T.
While the kinetic theory works for |p| < pu, chiral kinetic theory is a valid picture in the range
Ap S pl S

where the term including Ap appears to cancel out the contribution of the excluded region
in figure 1. (See appendix A for details.) However, the log term is comparable with the
leading correction. We will see in the following that this dependence on the cut-off will
vanish in the enthalpy density and so do happen in all the conductivities.

Before proceeding to compute the other diagonal components of the stress tensor, let
us first consider the thermodynamic pressure. From the equilibrium partition function and
by using the method developed in appendix A we find

p= TZB: /p VG log (1+ e=B(ep)- u)) (2.22)
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Interestingly, while both energy density and pressure get logarithmic correction in the
presence of the magnetic field, the sum of them, namely the enthalpy density, reads

4 2 2 2R2 5
7 I G e’B T
— — 74 o —(14+0(— . 2.23
w=¢€e+p (6ﬂ2T4+3T2+ 90)+ 167T2< + (u5>> (2.23)

Note that in all expressions given above (and also those that come below in the current
subsection), we give each quantity, like the energy density, pressure and. .., as the sum of
two parts; the first part is the exact form of the quantity in the absence of the magnetic
field; the second part reads the quadratic quantum correction of the magnetic field to the



quantity in the limit T" < p. This is the regime in which the computations are analytically
performed. Interestingly, (2.20) insures that all terms in the first part of each quantity are
leading compared to the second part terms. So, we keep all the first part contributions
without truncating them in the % expansion.

Let us now turn back to the computation of the spacial diagonal components of the
stress tensor. In a magnetic system, one naturally expects to see difference between the
value of the diagonal components of the stress tensor in the direction of the magnetic
field compared to those of the transverse directions. To make the difference clear, we now
compute the diagonal components of the stress tensor. In a non-rotating equilibrium state,
like the one under study in the current paper, we may write [21]

Tij:—Z/

e p
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Considering the magnetic field being in the 3-direction, 733 turns out to be exactly equal
to the thermodynamic pressure obtained from the partition function (2.22) and 722 = T*!

reads
1 [T dp prefle—n
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Performing the above integrals one finds
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Another thermodynamic quantity which is influenced by the second order correction

of energy dispersion is the charge density
3T PBl—w) P (Blo—n) _1)
Y 2 T (P M)
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As before, the last term can be drooped. One can also simply check that this relation might

(2.26)

be obtained via n = (8p/8u)T by using (2.22). The appearance of the B? contributions in
the thermodynamic quantities associated with Weyl fermions, although observed as a new
result in the current paper, is not surprising. The quasi-particles in the system are weakly
interacting with the magnetic field and consequently the system becomes magnetized. The
situation is similar to what is studied in the magnetohydrodynamics [33]. We come back
to this point in the next subsection.



Before ending this subsection, let us make a point about the entropy density in equi-
librium. Considering the thermodynamic relation € + p = T's + pun and by using the
thermodynamic quantities found above, we arrive at

T p? e?B%T T2
=73 — — 1 — 2.2
’ (90 +6T2> 247T2u2< +O<u2>> @20

which simply shows that the presence of magnetic field has decreased the entropy density in

the system. The same situation was observed in a strongly coupled system before. In [34],
it has been shown that in a A/ = 4 SYM gauge theory, the presence of magnetic field
reduces the entropy density. It suggests that the decrease in the entropy density due to
the magnetic effects might be a universal behavior in chiral systems.

2.3 More about the thermodynamics of the system: a physical prediction

In the previous subsection in the framework of kinetic theory, we computed the thermody-
namic quantities of the system of free massless fermions with considering the second order
quantum corrections. In order for the chiral kinetic theory be applicable, we demanded the
magnetic field be sufficiently weak, eB < T2. In the language of magneto-thermodynamics
developed in [33] our system is described by the following free energy density

F = p(T, 1, B%) + 0(8%). (2.28)

While in [33] with the assumption B ~ O(1) the free energy p(T, i, B?) would be a zero
derivative object, in our construction it is in fact as a corrected quantity to second order in
derivatives. Interestingly as we showed, this is exactly the order to which we have to keep
terms to study the magneto-transport. The stress tensor and charge current in equilibrium
are given by

1
THY — (6 + H)u“u” 4 Hn’w + app (B’MBV _ 3A’“’B2) , JH = nut (2_29)

with II = p — %aBBBQ. Here ¢, p, agp and n are functions of (7T, u, B?) in general.
agp(T, i, B?) is the magnetic susceptibility. In the above expressions, u# is the velocity
of the rest frame of the equilibrium state and B* is the magnetic field in the rest frame.
Using the definition A = n* 4+ ufu”, equation (2.29) is rewritten as

T = (e+p— appB*)u'u” + (p — apB*)n"” + app B*B". (2.30)

Then by taking u* = (1,0,0,0) and B* = (0,0,0,B), one obtains 7% = ¢ and T3 = p.
The energy and pressure satisfy the following relations

¢+p=T(0p/0T), + n(Op/Op)r (2.31)

and n = (dp/Ou)r. Now as an example we consider the thermodynamics of the free
fermionic system studied in the previous subsection. The mentioned system could be re-
garded as the magneto-thermodynamic state given above, however, with a special equation
of state and consequently with a specific apg. In the following we discuss on two points in

,10,



this system. First, we physically motivate that the B2 dependence of the enthalpy density
is in relation with the longitudinal magneto-conductivity. Then by constructing a covariant
formula for agg, we find its value for our system.

Taking € and p as given by (2.19) and (2.22), one can simply check that the rela-
tion (2.31) identically holds. This can be regarded as a check for our thermodynamic
computations. There is another point, however, with the B2-dependent in (2.23). This
term has a nice relation with the electrical conductivity. We follow the interesting discus-
sion on “chiral battery” in [35] and explain the relation in the following.

Let us consider the system in the magnetic field B and at a chiral chemical potential
p. As shown in (2.17), the magnetic field induces an electric current in the chiral system
JI = e2uB /472, This is in fact the statement of chiral magnetic effect. On the other hand

if the conductivity of system is finite,” say o = p~*

with p being the resistivity, according
to the Ohm’s law this current induces potential difference between the points, VI = p Jl.
Since existence of potential difference is equivalent to having an electric field E, one expects
this field together with B, turn on the axial anomaly and decrease the density of chiral
charges. Due to this anomalous non-conservation of chiral charges, the corresponding
chemical potential, namely p, will no longer be constant. Let us take the time scale over
which the chiral chemical potential approaches zero as 7. If 7 is much larger than all
microscopic time scales,® then the rate of change of y can be taken as constant being equal
p/7 (up to corrections of order 1/72). This is nothing but the electric field E discussed
above, so we can write eE = u/7.” Considering the electrical conductivity as oy, the mean
heat power produced in the system then would be J - E = (0,E)E = opu?/e?72.8 Thus
the amount of heat produced in the time 7, is (J - E)7 = o, u?/e?>7. When the pressure is
constant, this heat is equivalent to the enthalpy density and gives rise to the B?-dependent
term in it. Considering (2.23), one writes

M2 62 B2 7'€4B2
_— = O], — ———F -
e2r 1672 L 16722

orL (2.32)
This is an interesting result about the magneto-conductivity, or inversely about the negative
magnetoresistivity, which we obtained from thermodynamic arguments. In next subsec-
tions, we confirm this physical discussion via studying the linear response of the system to
an external electric field.

Let us now compute the magnetic susceptibility agpg. We can take the longitudinal and
transverse pressure, respectively as p; = p and p, = p—M B where the magnetization vector
is defined by M = appB [36]. It is obvious that the magnetic susceptibility represents the
relative difference between | and p;. To find a covariant formula for agg one can find

5A finite conductivity is always the sign for the presence of a microscopic scattering mechanism in the
system. In the case of WSM, the latter may be related to inter-valley scattering in the momentum space [19].

5This is our basic assumption in the whole of this paper.

"Let us recall that the electric field induced due to the change in temperature and chemical potential is
given by eE =TV (u/T) [26]. When temperature is constants, it simplifies to eE = V.

8The chiral magnetic effect current gradually decreases due to non-conversation of chiral chemical po-
tential p. Its mean value, namely J, is the response to the constant electric field E as J = o E.
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two operators acting on (2.30) that project out the transverse and longitudinal pressures
p=p) =bub, T" (2.33)
p—MB=p, = (b, — A)TH (2.34)

where b* = B*/B.” As a result we find
app B? = %(3 buby — Apy) TH . (2.35)

Applying the above formula to the equilibrium state given below (2.30) and by using (2.22)
and (2.25), the susceptibility in the system of free massless fermions turns out to be as the

following
2
e
2472’

In summary, in this subsection we explained how to describe the thermodynamics of the

aBB (2.36)

system of free massless fermions in the framework of magneto-thermodynamics developed
in [33]. As an example to general arguments of the latter reference we showed that in our
fermionic system, the B?-dependent of the enthalpy density is related to the longitudinal
electrical conductivity (2.32). We also explicitly computed the magnetic susceptibility in
the system (2.36).

2.4 Dynamics towards equilibrium

Let us suppose in a system of non-interacting Weyl fermions, the dissipating dynamics
towards equilibrium is governed by a relaxation time approximation with parameter 7

8n§f ) . 8n£)e ) ) 812%,6 ) ngf ) _ ﬁgf )
. . = — . 2.
ot X 0x P op T (2.37)

We are interested in a steady state case, i.e. w = 0, wherein, the system is homogeneous as
well. Under such considerations and in the presence of a weak magnetic field B < 172,10
we use linear response theory to study the response of the system a probe electric field.
So (2.37) can be written in the following linearized form

1 , S IS N R R MO
ﬁ(eE—i—e Q, (E-B)) - - = (2.38)

Let us denote that ﬁ%e) is the equilibrium distribution function, while ngz) is the linear

response of the system to the electric field fluctuation E.

In the present case where the system is assumed to be uniform and time independent,
6n§,e) = ng;) — ﬁ;e) in the r.h.s. of (2.38) can be written in terms of the hydrodynamic
variables. In the simple case with just one single chirality in the system, the hydrodynamical

°Tt should be noted that B*B, = B? and B = |B|.
10T this paper, we consider a low temperature system of chiral fermions, i.e. T < p.
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variables are the three components of fluid velocity u”, temperature T and the chiral
chemical potential p. One may write

a~(e)

p
o (2.39)

ﬁng) 8n1(f ) anﬁf) B T 9

By computing the moments of this equation then one finds the conservation equations for

energy, momentum and charge in the hydrodynamic regime.
What we are going to do in the following is a little different from this point of view. We
get 5n§f ) from (2.38) without entering any hydrodynamic variable. Using this, we compute

the thermal and electrical conductivities in the system.

2.5 Transport from chiral kinetic theory

In the presence of a background magnetic field we couple the system to weak electric field
together with a weak temperature gradient. Then we compute the electric current as well
as heat current. They take the following form:

T
J.=oE+Ta (—VT> , (2.40)
T
Jinh =T E+Tk <_YI‘> . (2.41)

In the relation above, o is the electrical conductivity and k is the thermal conductivity
coefficient. The other coefficient, namely a1 = aq, is the thermoelectric effect coefficient
which is related to induction of an electric (or thermal) current as the response to the
presence of a temperature gradient (or electric field) in the system. In what follows for
simplicity we get ( = —VT/T.

Since the temperature is being assumed to have a gradient in the system, it has to
be well-defined as well in the whole of the system. This means that its variation should
be such long-wavelength that one can locally define the temperature at each point in the
system. This is simply acquired in the hydrodynamic limit. So in order to enter the
background temperature gradient, we limit the following discussion to a special case in
which the equilibrium configuration of the system is a zero order hydrodynamic profile.
The out of equilibrium distribution function is then given by

€ _ (e (e) _ 1 (e)
np’ =Np (X)+0np’ = ey R + onp . (2.42)

Let us recall that we would like to study the response of the system with respect to the

two external sources; first the external electric field which appears in (5n§f) in the equation

above. Second, a source of temperature gradient which comes with the gradient of ﬁgf ) (x).
Let us elaborate on the latter. One may expand ﬁg,e) around equilibrium state whose

temperature is constant 7' = 1/5. We obtain

e e 877L(e) e . aﬁ(e)
né)(x) = nﬁ,) + 8;“ x-VT = nl([,) + (e(p) — ép) 8; x-C. (2.43)
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(e)
The explicit dependence on x will vanish once one finds 675)‘: in (2.37). In order to use the

linear response theory in the presence of the above-mentioned sources, it is required that
VaaY ~ BEAY ~ onl < nl). (2.44)

Now, substituting (2.42) (with (2.43)) into (2.37), we get new contributions from the second
term of (2.37) in the Lh.s., even in the steady and uniform case. One writes

snl — _\Lﬁg [(eE'vp+e2(Qp.vp) E-B)+(€(P)—éﬂ) (C'Vp+€(ﬂp‘vp> C'B)} 821%6)
(2.45)

with the group velocity of the quasi particles being as vp = g—;. Having found the deviation
from the equilibrium, in the two following parts in this section, we compute the electric
and thermoelectric conductivities.

We first neglect the temperature gradient in the system and consider only the response
of the system to the external electric source. According to (2.38), the deviation from

equilibrium has two parts; first the Ohm contribution 5ng), which is simply due to work

done on the charged particles in the system by the electric field. The second, 6nf:) is due
to the anomaly. One may write

o re an')

o' = 6nl? + n'd) = — gy, T . P

P (0] A \/é p ap \/a

Considering (2.17), we multiply (2.46) with ev/G4 and then integrate over the momentum

space. To proceed, it is also needed to use (2.2). For clarifying, in the following, we bring

(2.46)

the detailed computations in this case. The electric current parallel to the magnetic field,
linearized in E is given by

. ony
JlI = —ze:/pTeQX” (E-vp—l— e(ﬂp-vp)E-B) 3;
I S [ SN g

3T Jo 2727 (14 eflp—m)2 10T Jo 272 p? (1 4 ePlp—m))2

N T2 [® @64/3(13—“) — 4e38(p—n) 1 28(p—4) 2BE
4073 Jo 2m2 (1 + eBlp—p))4

2 oo gy q B(p—p) 2 0 gn 1 e28(—n) _ oBlp—n)

s AL / DL € ¢’B’E
67 Jo 272p? (1 + eP0—m) 1272 Jo 27%2p (1 +efo—m)

Te? S e’B? e?B? 17 re? [ 2B?  e?B%T7?

9 M72+7jL 5,2+ 4 9 5,2+ 4 E. (2.47)

3 \27 6 1674 p 16 3 \8m=u 81

Let us briefly explain the nature of the different contributions appearing above. In the
first line, the first term in parentheses is due the work done on the charged particles by
the electric field (~ E - vp) to move them along an effective trajectory with velocity vp.
The integrals in the second and third lines correspond to this term. The second term in
the parentheses of the first line, which corresponds to the integrals in the fourth line, is
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purely originated from the anomaly (~ E - B). Finally in the fourth line we have split
the contributions of Ohm and anomaly transport, receptively. (See appendix B for more
details.) Let us also denote that in writing the lower band of integrals we have considered
the scheme introduced below (2.19).

Collecting all contributions together, the longitudinal electrical conductivity oy, in the

low temperature limit is given by:

JH 2 2 T2 2Rp2 272 T4
O.L:ezef(u+)+627 e <1+7r2 +o<4)>, (2.48)
I It

E 3 \272 6 1672 2

The first parentheses in this formula is basically the ordinary electrical conductivity in a

system of massless spin—% particles in the absence of magnetic field [37]. In a kinetic system
of such particles with ¢(p) = p and under the RTA approximation, the conductivity is given

by [38]

X==-—=—. (2.49)

In the system under the consideration in this paper, the above formula can simply be
evaluated via using (2.26). While by neglecting the anomaly corrections in (2.26) we
obtain exactly the first parentheses in (2.48), the magnetic corrections of oy cannot be
found by the formula (2.49). This simply shows that our system, when is coupled to the
magnetic field, will no longer behave conformally.!! It would be interesting to investigate
more on this issue in the framework of the quantum kinetic theory [39, 40].

Another important point with (2.48) is the positive sign of the correction term. This
is sometimes referred to as the Negative Magneto Resistivity, NMR, (or positive magneto
conductivity) [19, 20]. The quadratic dependence of the NMR on the magnetic field was
first found in the context of chiral kinetic theory in [19] for the Weyl semimetal. Compared
to [19], here, we have not only considered the necessary corrections of the energy dispersion
coming from the Lorentz invariance, but also we have taken into account all the sources
contributing to the current, either the Ohm contribution and the anomaly one. Due to the
generalizations were made here, the numerical factor in front of the B? differs from that
of found in [19]. In section 2.7, we will carefully compare the conductivities in our case to
those of a Weyl semimetal.

Now let us consider a system in a uniform and steady state in the presence of a
background temperature gradient. According to the well-known Seebeck effect, if the
matter in equilibrium is electrically charged, i.e. n # 0, the charged particles flow from the
higher temperature region to the lower one, simply due to the heat current driven by the
temperature gradient.

As mentioned earlier, the temperature gradient in the present case makes a role like
what the electric field made in the previous subsection. So considering the second part
in (2.45) and multiplying it with v/G%, we compute the thermoelectric current as the

1We Thank N. Yamamoto for discussing on this point.
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following

_ 5 (@)
gl = Z/Tex” o (VT-vp+ e(Qp - vp) VT-B) ag;, (2.50)
= E > @pz(p — )ﬂ Te > dp (p ’u) eﬁ(P_,U«) 62B2C
3T Jo 277 WA eBo-m2® “8T Jy 207 p2 (1+eBo-m)2 ‘

Collecting all terms in (2.50), the longitudinal thermoelectric conductivity in the presence
of the magnetic field reads

Il 2R272 2

er e“B*T T
Tap =25 =— 1% - 1+0(=)). 2.51
T T T T s <+ <u2)> (250

Again, like the conductivity formula (2.48), the first term in (2.51) is related to the non-
anomalous conformal matter [37]. The correction term with the negative sign is the

so-called positive magneto thermoelectric resistivity. Similar to what happens in a Weyl
semimetal [23], this simply shows that the anomalous effects in a Weyl fluid decrease the
thermoelectric transport.?

When energy is pumped into the system by the external sources, in addition to the elec-
tric current, a current of heat does flow in the system as well. The electric field participates
in the flowing of the heat through the Peltier effect, while the gradient of the temperature
contributes to the thermal current via ordinary thermal conduction [37]. Clearly, due to the
Onsager reciprocal relations, the coefficient of Peltier effect is equal to that of the Seebeck
effect, s. So in this subsection, in addition to the coefficient of thermal conductivity, i.e. &,
we reproduce the previously found Seebeck coefficient as a check of the Onsager reciprocal
relation in our system.

In the kinetic theory, the thermal current is formally given by [37]:
Jin = Z/ VG % (e(p) — ép) 5n1(o). (2.52)

To evaluate it in our system, it is sufficient to multiply (2.45) with v/G%(e(p) — éu) and
then perform ), fp. Let us start firstly by computing the thermal current induced by the
external electric source. One writes

. . 8ﬁ(e)
JtHh = z@:/peﬂq (e(p) — éw) (E vp+ e(Qp-vp)E- B) T; (2.53)
which is nothing but (2.50) by replacing the —VT /T with E. This simply means that

a1, = «gr, which is the manifestation of the Onsager reciprocal relation. The second
contribution to the heat current comes from the thermal conduction effect. One writes

: - (e)
_ (e(p)—ép)? dnigy
e /P p
_ i & dp p2(p_u)2ﬂ<~+ dp (p_M)Q eﬁ(p—#) 62B2<~
3T Jy 2m? (14+ef=m)2 > " 8T Jo 272 p>  (1+efo-n))2 '
12Compared to the coefficient Gr = é—lflT defined in [23], our thermoelectric coefficient is given

by a1 = —GT.
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So the thermal conduction coefficient in the system may be then given as the following

I 2 2 2 2n2 2

T) o T e“B T
T, — Jth _ (@) (w7 T2 1co0(2)). 255
RLE o 2210 ) T e T\ 2 (2.55)

As before the first part of this relation is the thermal conductivity in the system of non-

interacting massless fermions in the absence of the magnetic field [37]. The anomalous
part, however, indicates that the chiral anomaly intensifies the thermal conduction in the
system. In analogy with NMR, This might be called as the positive thermal conductivity.

2.6 Revisiting the Wiedemann-Franz law

According to the Wiedemann-Franz law, at the low temperature limit, the Lorenz ratio
of the thermal conductivity, k, and the electrical conductivity, o, is constant in a Fermi
liquid [41]:

L=—=—.
To  3e?

To investigate whether the above relation holds in our present system, let us recall that

(2.56)

the regime of applicability of the kinetic theory setup in our system was given by (2.20).
On the other hand, as mentioned earlier, we are interested in the low temperature regime,
i.e. T'< u, in the whole of the paper. Combining the two constraints specifies the regime
of validity of our results, i.e. vVeB < T < u. Now to check the Wiedemann-Franz law
in this regime, let us ignore about the non-anomalous parts of the conductivities and just
consider the B dependence of them:

2R2 4 212 4
B_ ¢ B T B_ o ¢B T
HL—TT 48“2 <1+O<M4>), O'L—e 7'1671_72’“2 <1+O<H4 . (257)
Obviously
B 2
K ™
L=t — 2.58
TQO'E 3e2 ( )

which shows that the Wiedemann-Frans law does hold in our present regime of study for
the anomalous conductivities. Physically it means that the quasi-particles in our system
in the mentioned regime, scatter from the impurities in the fluid, elastically. We give more
comments on this point in the summary of section 4.

2.7 Side-jump and comparison with Weyl semimetals

The negative magneto resistant in a Weyl fluid was firstly computed in [19] and then more
accurately in [42]. However in both of these works the system under the study was a Weyl
semimetal without having the Lorentz symmetry on the Lattice. Due to this reason, the
authors of [19, 42] ignored the corrections of the energy dispersion given in (2.9) when
computing the electrical conductivity. In this subsection and under the same assumptions
considered in [19, 42], we find the other conductivity coefficients, namely s and k. (See
appendix C for detailed computations.) Then by comparing them with those obtained in
section 2.5, we discuss about the physical consequence of ignoring the corrections.
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e . . relativistic with
Longitudinal relativistic without i
. . . WSM | quantum corrections
Conductivity quantum correction
to second order
ol _ %1 ?B? 3 15
Electrical: o, 0= 55 Voo 60
. 2R272
Thermoelectric: oy, o= —%% v3a %a
Sy
. _ w21 2B2T 2 15
Thermal: kj, K= "5z VK 6K

Table 1. Longitudinal conductivities in the presence of magnetic field in the limit 4 > T. v is the
Fermi velocity in the unit of the light velocity. We are working in the relativistic system of units
with h=c=1.

In table 1 we have written the value of the magnetic-conductivities either with consid-
ering the corrections to the energy dispersion and without that in the context of relativistic
kinetic theory. We have also given the value of the same quantities for a non-relativistic
case, the Weyl semimetal case. The value of the electrical conductivity o for a Weyl
semimetal, namely (%)3 o, has been previously found in [42].13 All other coefficients are
our results in the current papers.

An interesting point with the results reported in the table is that, by considering
the corrections to the energy dispersion, the value of each coefficient (given in the fourth
column) turns out to be less than its counterpart which is computed with € = p dispersion
(given in the second column). More interestingly, the energy corrections leads to the
same decrease in the value of all three conductivities; each of them is 6.25% less than its
value without energy correction. This common behavior among all conductivities might
be physically explained as it follows.

As it has been shown in [22], in a system of spin—% particles with definite helicity,
the Lorentz invariance implies a non-trivial modification in the Lorentz transformations.
The modification is so that not only ensures the conservation of the angular momentum in
the collisions, but also implies a non-locality in the collision term in the Lorentz invariant
kinetic theory, due to the side jump. Although it is always possible to find a Lorentz frame
in which the side jump in one collision does not happen,'? it is hard to think about a frame,
e.g. the laboratory frame, in which the side jump does happen in none of the collisions in the
system. Consequently, the decrease in the value of conductivities might be related to the
side-jump effect. One may conclude that side-jump in collisions has effectively decreased
the scattering time 7 by 6.25%. As a result, the scatterings are happening on average in
shorter intervals than what the classical description predicts.

In the case of Weyl semimetals, the Fermi velocity is much smaller than the velocity
of light v < 1; so one simply accepts that transport is weaker than that of a relativistic
Weyl fluid, either without considering the relativistic corrections or with taking them into
account.

1311 this Reference, the authors have scaled the Fermi velocity to unity and so what exactly they have
written as the electrical conductivity is o.
1Such frame is called the no-jump frame [43].

,18,



3 Ward identities: relations between conductivities

In this section we are going to derive the set of Ward identities between one- and two-
point functions in a four dimensional theory with anomalous gauge and diffeomorphism
transformations. The Ward identities in a covariant theory can be simply derived by taking
the derivative of the generating functional of the theory with respect to the background
gauge and metric fields. Similarly, in an anomalous theory, it is convenient to consider
the desired theory as a theory living on the boundary of a one higher dimensional space
time (M) within which, a topological theory, invariant under gauge and diffeomorphism
transformations, lives. The covariant generating functional of such theory may be written as
Weoy = W[OMs] + / IS, (3.1)
Ms
where Igs is the five-form Chern-Simons associated with the gauge field, metric and a
probable combination of them in five-dimensions:

2
IS5 = AN [cF A F+(1—a)cmtr(R/\R)}—i—acmF/\tr [F/\dF+3I‘/\I‘/\F . (3.2)

Here c is the coefficient of triangle U(1)? anomaly and c¢,, is the mixed U(1)-gravitational
anomaly coefficient. For a four dimensional system of chiral fermions, these two coefficients
are well known [7]. « is a coefficient coming through a local gauge and diffeomorphism
non-invariant contact term; it determines how the mixed anomaly is shared between U(1)
and the gravitational transformations and clearly does not appear in non-conservation
equations of covariant energy and momentum currents (see equations (3.14) and (3.15) in
the following).

The so-called consistent stress tensor and consistent charge current in the four dimen-
sional theory (living on dMs5) are defined by varying the generating functional W with
respect to the metric and gauge field on 9 M5, respectively

Tma= s, Tt = 2O (33
V=904, V=909

One can also define a pair of stress tensor and charge current by varying the Wee, (associ-

ated with M) with respect to the metric and gauge field variation on OMs5. To proceed let
us consider an arbitrary gauge and diff transformation on the four dimensional boundary
theory denoted by djy:

5)\Au = auA + Ay augy + (a,,AM)fV (34)
5)\.g;w = vufu + vufu' (35)

Under such transformations, the covariant generating function formally transforms as

5)\Wc0v:5)\W+5)\/ Igs
Ms
1w
= 5)\W+/ d4:L'\/—g {P]gz 5/\AH+7P]§Z 5)\9/“,}—1-/ ( . ) (3.6)
OMs 2 Ms

1
- / d*z\/—g { (Jéf)ns+P§z)5AAu+§ (Tc‘f)’;ls+P§;)5,\gW}+ inflow contribution.
OMs
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In above, P&, and P&, are the Bardeen-Zumino polynomials constructed out of the Chern-
Simons generating functional [28]. These terms appear in the variation of the Chern-Simons
five-form on the boundary. Note that the bulk variation of the Chern-Simons term, namely
the last term in the second line, vanishes in the bulk but induces an anomaly inflow; a flow
of conserved currents from bulk to the boundary. The inflow contribution is given by [10]

/ Prv=gs (J“(SAa n chabC(sgab) (3.7)
Ms

where Latin indices run over four dimensional boundary theory coordinates as well as L,
the fifth coordinate of M. Let us note that while all terms in the last line of (3.6) depend
explicitly on either d,A or 9,§,, the inflow contribution includes terms just depending
explicitly on the parameters A and ¢,,, and not on their derivatives. So in order to factorize
A and &, from the integrand, just the non-inflow contributions in (3.6) need to be integrated
by part. As a result, keeping the inflow contribution aside, one may define the following

so-called covariant stress tensor and covariant charge current (given in (3.3))

1 oW,
woo_ cov 1 n
Jcov - \/TQ 5AM - Jcons + PBZ (3 8)
y 2 Weoy y y '
wo= —— T =Tk 4+ PL.

cov \/TQ 5g,w cons

These currents covariantly transform under gauge and diff transformations. Using the
explicit expressions of the inflow contribution given in [7], the variation of the generating
functional (3.6) can be simply rewritten in terms of the covrainat objects

1
A Weov = / d'zy/=g {J“ ONAp + 5Tl Orgu + AT-+ @VVLW} (3.9)
OMs5
where [10]°
Ji—lﬁ“’aﬁ 3cF,, F R . RX 3.10
- ZE & j 4 Oéﬁ+ Cm Haﬁ Aaﬁ 9 ( . )

1
Liw — S6m €7 Feg R 5. (3.11)

Since the five dimensional theory is by construction invariant under any gauge and diff
transformations, including those just acting on its four dimensional boundary theory, one
can derive the anomaly equations as the following [7]. In order to obtain the Ward identities
between the two-point functions we would rather working with the following two modified

currents:
() = V=5 (o)) = S (3.12)
(T (@) = V=g (T2(2)) = 2% (3.13)

The superscript L points out to the direction of the fifth dimension which is perpendicular to the field
theory coordinates.
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After performing computations, we find that the anomaly equations can be rewritten in
terms of the modified currents as the following

1
DT = TG [30 FagFor + cm RVWR@M} (3.14)
1
8MTW + szjup = FLTY 4+ 2v/—=gcmVy LeaﬂpAFang“ZA] (3.15)

with I'}, being the Christoffel symbol. Let us denote that J# and T#” are tensorial objects
while J* and TH¥ are densities. However, once fixing the background to be Mankowski
space-time, the two descriptions coincide identically.

The above anomaly equations are basically the Ward identities for the one-point func-
tions (Jtoy) and (Ttov) which we write them for brevity as Jloy and Tiov, respectively. It is
clear that the anomaly terms in the right hand side of the above two equations are coming
from the anomaly inflow explained earlier.

3.1 System coupled to the external sources

We would like to compute the electric end heat currents in our system in the linear response
regime. So we need to turn on the corresponding weak source fields, namely an electric
field which induces the charge current together with a temperature gradient generating the
heat current. We wish the electric field and temperature gradient vary with time as e =7
in the Euclidean coordinates. To proceed, one can consider the thermodynamic state of

the system in the presence of following background metric and gauge field:

ds® = grr(x,7) d7? + 0;j da'da? (3.16)
A= ppdr + Ay(x,7)dx’ (3.17)

It is necessary for the functions g, (x,7) and A;(x, 7) to be such slowly varying in the space
that the system is in equilibrium in every patch-wise region. The temporal component of
the background gauge field, u, is the chemical potential in grand canonical ensemble.

Considering A;(x,7) = dA;(x)e BT is equivalent to turning on the background elec-
tric field B; = —iwgdA;. We assume wg < Ty with T being the equilibrium temperature
at static flat region. The condition wg < Tj ensures that V' = 0; is a Killing vector in every
patch whose size is comparable with the inverse temperature of the system 7}, ! The 77
component of the metric then induces a local temperature in the system T' = Ty /+/g-- ().
Consequently, a small temperature gradient is related to a small gradient of the g, com-
ponent of background metric. Considering 7' — T + x*V;T implies

22V, T
—€

—WwBT 3.18
7 (3.18)

grr(®,7) =1+ 0grr = 1 —

At this point let us recall that the variation of the metric may be regarded as the source for

the energy momentum tensor. The associated link between them is the retarded Green’s
function

T ~ G §g.5. (3.19)
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Following our earlier requirements, a constant temperature gradient is needed (or a con-
stant back ground electric field) to turn on the stress tensor (or charge current) components.
However, it would not be the case with the variation of the 77 component given in (3.18).
In order to remove the x-dependence of g,(x), one may demand an appropriate diffeo-
morphism act on (3.16) and (3.17). It is readily shown that the transformations (3.4)
and (3.5) with

& = (12'V,T/wgT,0) e ™E7, A =0 (3.20)

give rise to the following changes in the background metric and gauge field (denoted by ')

20"V, T _; viT
8 grr = le e WET 8 gri = —ﬁe”w’” (3.21)
T T .
8 A, = g %G_ZMET, 3 A; = —pg Z.Z;TG_WET. (3.22)

Obviously, dg, + 8 g-- = 0. So the variation of the generating functional (given by (3.9))
simplifies to

, . _W.T . F;
5mm:/fmm/w{mg+wﬂw,lﬂmf}. (3.23)
wgT WE
By replacing 7 = it, wg = —iw, pg = —ip and E; — —iE; we can go back to the Minkowski
space-time
. , . _V.T B
5Wcov =1 / dedt\/ ) {(Tctév - :U’Jéov)ﬁ + Jéoviuj} : (324)

It should be noted that we have dropped the terms explicitly depending on @ from the
integrand, since they do not contribute to the integral. One can also simply show that for
the same reason, guv,,LLW hes been ignored to be written in the integrand.!

The above computation has an important outcome. It is well-known that in a non-
anomalous system, the heat and electric currents coupled to the background temperature
gradient and the electric field are Q° = T — pJ* and J?, respectively [24, 25]. We have
shown that in an anomalous system, the same expression can be used for the heat and
electric current, however, we have to be careful to write such currents for the covariant
stress tensor and covariant current.

3.2 Conductivities and Ward identities

Since we consider the theory at a finite chemical potential, the finite charge density then
mixes the heat and electric currents. So the Ohm’s law must be generalized to

J; oi; Toyj E;
= . (3.25)
Qi Tajj; Triy | \=V;T/T

6The time dependent factor e~ has been absorbed in the background fields and the imaginary time
has been transformed back to the real one.
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From now on we omit the subscript “cov” from J& and Tl and simply refer to them
as J¥ and TH”. Inserting F; = —iw(0A; + udgy) and —V,;T/T = iwdgy in (3.25) and
considering'”

g 0T

0Q;
Cr’=5ap -

JA;’

QiQ; _ 0Q;
GR = 5gtj (3.26)

G =

with J% = /—¢J" and Q' = \/—¢Q?, one simply reads the conductivities as

e? G%Jj (w) e G%Jj (w) G%Qj (w)
oij(w) = B Ta;(w) = — Tkij(w) = — (3.27)

In the following we will show that the longitudinal conductivities o33 = 0, ass = ay and
k33 = k1, are not fully independent; once specifying one of them, the Ward identities ensure
that the other two are immediately specified.

Since we are interested in relations between the longitudinal conductivities, we assume
the system to be in the presence of a constant magnetic field B directed in the 3-direction
and find Ward identities for the two-point functions. Before proceeding, let us recall that in
the equilibrium of our system, the only non-vanishing components of the energy-momentum
and charge one-point functions are as the following'®

(TN =n, (I =0pB, (T =c+p, (TP =0%B. (3.28)

In order to evaluate (3.26), let us couple the system to background fields JA, and dg;..
Varying equation (3.15) with respect to dA, and dg;, we find the two following identities
at k=0

G +(J°%) =
GRATos 4+ (T)

0 (3.29)
0. (3.30)

Now we are able to show how the coeflicients aj and x; depend on ;. From the Kubo
formulas (3.27) and by using (3.29) and (3.30) we arrive at

€ TosJ JsJ. en  H
T :f{gosz_ Gss}:_,ﬁ_f 3.31
ar, o R ep G P p or, ( )
1 -2 §
Tky = E {GgBTos _ QMG%SJB _|_M2 Gafsz:a} — _HPZ'TW + %0L~ (3‘32)

In [24, 25], similar relations were found in a 24 1 dimensional non-anomalous system. We
have however shown that in an anomalous system while two new equilibrium currents are
induced, namely J° and 792, the relation between longitudinal conductivities will not get
change compared to the non-anomalous case studied in [24, 25].

"Here by §A4; and dgs;, we mean the total variation of A; and g, including both 6 and &' variations
mentioned in previous subsection.
8The anomalous transport coefficients o and ¢§ will be introduced in the next section.
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3.3 Ward identities and consistency with the chiral kinetic theory results

Let us recall that in section 2 we computed the longitudinal conductivities in a system
of right-handed Weyl fermions coupled to an external weak magnetic field. On the other
hand, the constraint relations obtained in the previous subsection have to be satisfied by
the longitudinal conductivities in every arbitrary anomalous system, including the system
of free massless fermions earlier studied in the current paper. To investigate the latter, let
us start by considering the right hand side of (3.31). Using (2.26) and (2.48) and replacing
i/w with 7, we may write

3 2 212 22 4
W w wl e’B T T
Ten——oL=Te (67r2+6>+7_€167r2u<1+ 32 +O<M4
2 2 T2 2B2 2T2 T4
_Hei L_i_i _H627_6 1_|_7T +O J—
e 3 \2r2 6 e 16m2p2 12 it
2B2T2 T2
= g,uTz —erS <1 +0 <2)> = Tay, (3.33)
u 1

which coincides with (2.51). Analogously, one can show that (3.32) holds for the results

obtained in section 2. The consistency between our kinetic results with the Ward identities
in the limit & — 0 simply shows that the computations performed in section 2 are all valid
in the hydrodynamic limit by replacing the relaxation time parameter 7 with i/w.

One central point in section 2 was that the quantum corrections had to be taken into
account to second order to observe the phenomena like the negative magneto-resistivity.
In the above we saw that such corrections are indeed important for the conductivities
to obey the Ward identities as well. This means that the conductivities found in Weyl
semimetals without quatum corrections, like what computed in [21, 42, 44] and developed
in appendix C, do not satisfy the constraint relations (3.31) and (3.32).

3.4 Comparison with Lucas et al. [26]

In [26], a “covariant” theory of thermoelectric transport in weakly disordered Weyl
semimetals has been presented. Their hydrodynamic theory consists of relativistic fluids at
each Weyl node which are coupled together by small inter-valley scattering, and long-range
Coulomb interactions. They enter the dissipation via adding the relaxation terms to the
right hand side of the hydrodynamic equations. The mentioned terms characterize the
rate of the intervalley transfer of charge, energy and momentum due to relative imbalances
of the temperature or chemical potential between the nodes. While their conductivities
contain quadratic contributions of the magnetic field, the authors ignore the second order
corrections of hydrodynamics. It is apparently due to the regime of parameters assumed
in that paper.'?

Demanding physical requirements in a simple case of a Weyl semimetal with 2 valley
fluids, the authors of [26] reduce all the unknown coefficients in their model just to three
ones. The latter can be analytically computed in a weakly intercating Weyl gas with weak

19We thank R. Davison for pointing this out to us.
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intervalley scattering; a case similar to what studied in the current paper.? Finally, in the
limit p > T, the leading order magneto-conductivities are reported to satisfy the following
relations in [26]

72T dor(u, T = 0)
= ! 3.34
T o (3:34)
72T

At this point we would like to investigate whether the magneto-conductivities found in our
paper satisfy the above relations. From eq. (2.48), the longitudinal electrical conductivity
may at T' = 0 is written as

2B2

W, B (3.36)

2
oLl T =0) = T 272 16722

whose derivative with respect to p (multiplies with 72/3e) is given by

e2B2T

72T Oor,(u, T 0) er
wl —er——— P

%0 o r = qy, found in (2.51).

This simply shows that our results obey the equation (3.34). The second relation,
namely (3.35), was already verified when we was studying the validity of Wiedemann-
Franz law in section 2.6.

Now we may be tempted to conclude that the constraints (3.34) and (3.35) are related
to the general constraints (3.31) and (3.32), obtained from Ward identities. Let us recall
that the latter were obtained for a general system in the presence of anomalies. To show the
existence of such relation, by comparing (3.31) with (3.34) in the system of free massless
fermions, we interestingly find o, just by knowing the expression of the charge density in
equilibrium. To proceed, let us equate (3.31) with (3.34) at T'= 0 by considering (2.26)
and replacing —iw with 1/7. We find the following differential equation

3 212 22
i e“B i 1% dor(p, T = O)
—_— _— — T == == .
e <67r2 + 167?2,u> T eoL(u, 0) % on (3.37)

Solving this equation we find in general

2 22 2 2 2
Y 2m4T _8p? 3e?B? 3u
O'io =€ 6? (1 — 3#]2 ) + e 2n2T2 <C + 6 7'32 4T2 EXpIntegralEl W (338)

with C being a constant. Since the equation (3.37) is valid in the limit 7" — 0, we take the
same limit from the above solution
,LLQ 2 €2B2

or(u, T=0)=e*r— + e

3.39
672 167r2,u2 (3.39)

This is obviously nothing but the expression (2.48) at 7' = 0.

20Tp fact, like 7 in our kinetic computations, the time scale set by the relaxation coefficients of [26] is the
longest one in the problem.
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In summary, in this subsection we showed that our results about magneto-transport in
a Weyl fluid are consistent with the hydrodynamic model of [26] in the same limit. That
the comparison between the constraint equation of [26] in the special system of free Weyl
fermions, i.e. (3.34), with our general ones, i.e. (3.31), gives precisely the previously found
or, in (2.48) shows the importance of the general relations found in previous subsection.
In other words, once the charge density of the fermionic system is given, we can find
the longitudinal conductivity just by considering the Ward identities together with the
constraint equations of [26].

4 Summary, conclusion and outlook

Let us firstly review what we found in this paper. The main idea for starting this work was
to study the magneto-transport in a “relativistic” Weyl fluid in the framework of (chiral)
kinetic theory. Compared to the analogous study in a non-relativistic Weyl semimetal [19],
we needed to compute the appropriate quantum corrections to the dispersion of Weyl par-
ticles in the phase space. Since the magneto-conductivities were expected to quadratically
depend on the magnetic field, we were to find the second order correction to the energy
dispersion as well. Doing so, in section 2.1 we arrived at our central result in (2.13). Let
us denote that such corrections were originally coming from the Berry flux of a Berry
monopole located at the origin of the momentum space.

Then we argued that such correction would affect on the thermodynamic quantities
of the system. To show the latter rigorously, we computed the energy-momentum tensor
and the charge current components (2.21), (2.22), (2.24) and (2.26). The main problem
which we encountered with throughout the computations, was the emergence of some IR
divergences in the phase space integrals. To overcome this, we divided each integral into two
parts; 1. a no B-dependent part and 2. a magnetic part. While the first part had nothing to
do with the Berry monopole, the second part was actually a quantum mechanical correction
caused by its Berry flux. Then in accordance with the chiral kinetic theory requirements,
we gave a scheme to regulate the divergences and compute the integrals.

Our scheme is simply that to the first part of the integrals, namely the no-B dependent
part discussed in previous paragraph, all the states in the momentum space contribute.
(See the lower bound of the integral (A.2) for instance.) For computing the second part of
integrals, however, our scheme is that, not only it would be needed to exclude the states
with momenta less than ~ v/eB [18], but it would be necessary to get an IR cut-off Ap
in the momentum space so that veB < Ag. Only states with Ag < p contribute to the
second part of the integrals. (See the lower bound of the integrals in (A.3) and (A.4).) It
can be also seen that this scheme works truly when B — 0.

As an application of the thermodynamic quantities obtained by the above scheme,
specifically the enthalpy density, we then computed the magneto-electrical conductivity in
the system. Our computation was based on the fact that in the presence of the magnetic
field, due to the chiral magnetic effect (CME) current, the density of chiral charges could
not remain conserved. We computed the heat density produced by the CME current during
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the annihilation of the chiral charges. Then by relating the produced heat to the enthalpy
density (2.23), we read the magneto electrical conductivity (2.32).

The main part of our computations about the magneto-transport has been done in
section 2.5. In this section by use of the linear response theory and under the relaxation
time approximation we computed not only the electrical conductivity (2.48), but also the
thermo-electric (2.51) and the thermal (2.55) conductivities as well. All of the computations
were done analytically in the limit u > T'. Interestingly, the magnetic part of the electrical
conductivity (2.48) was turned out to be in complete agreement with the one obtained
from the enthalpy density in (2.32).

Our results show that in the limit p > T the Wiedemann-Franz law identically holds.?!
Consequently the relativistic Weyl fluid at low temperature limit behaves like a Fermi lig-
uid. In fact the main reason behind this behavior is the special type of the relaxation
time approximation we assumed in the system. In the language of the Weyl semimet-
als, this corresponds to weak intervalley scattering in system of weakly interacting Weyl
fermions [26].

By repeating the computations of section 2.5 for a system of Weyl fermions without
energy corrections, namely by taking e(p) = p, we arrived at an interesting result. Let
us refer to such conductivities by a superscript “nc” denoting that they are non-corrected.
We found that (see appendix C and table 1)

oL ar KL 15

o N aj’ N K7€ T 16
This observation is in agreement with the side-jump picture. Due to the side-jump in
scatterings of particles, the scattering time 7 decreases on average. Since the side-jump
comes from the quantum corrections, one expects the scattering time and consequently the
conductivity decrease

Quantitatively, the above common ratio, 15/16, for all the conductivities suggests that
they might be linearly dependent to each other. To confirm the idea we found anomalous
Ward identities at infinite long wave length limit and thereby, obtained the expected linear
constraint relations between conductivities (3.31) and (3.32). To our knowledge, such
relations had not been obtained for a 34+1 dimensional anomalous system before.

As a first consistency check, we showed the conductivities found in (2.48), (2.51)
and (2.55) obey the constraint relations (3.31) and (3.32). This confirms the necessity
of the second order correction of the energy dispersion as well as the scheme we developed
to regulate the integrals in the kinetic theory. We also checked that the conductivities com-
puted without the quantum corrections, namely those corresponded to a non-relativistic
WSM, would not obey the constraints mentioned above (see appendix C).

As another consistency check, we compared our results with those of the “covariant”
model of [26]. Their system is a WSM that becomes the same as our system if considered

n [44] the general structure of the magneto-conductivities have been found in Weyl metal, although,
no explicit result has been reported. With no considering the quantum correctins It has been also argued
that the Wiedemann-Franz law breaks down in general in the Weyl metal.
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with weakly intervalley scattering. In this limit, the general magneto-conductivities ob-
tained from their model, are constrained by two relations. These relations differ from the
constraints obtained from Ward identities in our paper. We showed that once the charge
density in equilibrium is found (2.26), the comparison between two latter sets of relations
gives rise to a differential equation for the electrical conductivity. Its solution at u > T
is exactly the expression for the electrical conductivity we obtained previously in (2.48)
and (2.32).

In summary, while we computed the magneto-conductivities, o7, ar and kr,, via the
linear response method, the electrical conductivity o7, was computed, additionally, via two
another approaches as well. First, from the enthalpy density of the equilibrium and second,
from the comparison of the constraints of Ward identities with the relations of [26].

In addition to its necessity for studying the chiral transport, the second order correction
found in this paper might be important for further developments of chiral kinetic theory.
Recently the chiral kinetic theory of Weyl fermions has been derived from quantum filed
theory in [39]. In the mentioned paper, the first order quantum correction of the energy
of Weyl particles has been found via finding the following modified on-shell condition
for them??

p? —e(p)? + heB-p = O(h*e?B?). (4.1)

Interestingly, when €(p) in this formula is replaced with the second order corrected one,
namely (2.15), the equality does still hold! It means that the right hand side of the above
equation vanishes at least to O(h® e3B3). Two questions arise immediately; first, does it
mean that no side-jump term is needed in the perturbative solution of Wigner function at
second order in [39]? Second, how about the higher orders? Does the above equation hold
to all orders in quantum corrections? If yes, could that be related to non-renormalization of
chiral anomaly [45]7 Answering to each of these questions may help to better understanding
of the relation between chiral kinetic theory and quantum field theory anomalies.

As discussed around (2.39), the regime of study in this paper is nothing other than
the hydrodynamics. Let us recall that in the standard hydrodynamic derivative expansion,
the magnetic field is counted as a one derivative object. So in order to study the magneto-
transport in the universal framework of the hydrodynamics,?? it is needed to keep the
derivatives to second order in the constitutive relations.?* Once having found the magneto-
conductivities from the second order hydrodynamics, then one can simply apply them
to well-known physical systems. An interesting example in the weak coupling regime is
the system of free fermions studied in the current paper. At strong coupling, there are
certain holographic systems dual to an anomalous system in the presence of the magnetic
field [34].2° We leave more investigation on the magneto-transport from hydrodynamics to
a future work [40].

22For the sake of concreteness, we have restored the factor /& and its powers.

ZIn [46] such study has been done, however, just for the case of electrical conductivity and just by
considering the first order hydrodynamics. See also [47-50] for similar studies.

24The first and second order hydrodynamic corrections and constraints on their corresponding transport
coeflicients have been widely studied in the literature [1, 5, 32, 33, 51-56].

?The thermo-electric transport in strong coupling has been studied in a lot of papers including [57-60].

— 28 —



Finally, it would be also interesting to repeat the computations of the current paper
in a more realistic case in which the Weyl fluid contains two types of chiral fermions with
opposite chiralities at different chemical potentials. This might be more relevant to quark
gluon plasma physics in the heavy ion collision experiments.

Acknowledgments

We would like to thank M. Chernodub, R. Dantas, R. Davison, D. Kharzeev, K. Land-
steiner, S. Pu and N. Yamamoto for useful discussions. We would also like to thank
S. Ben-Abbas, A. Ghazi, P. Janghorban, K. Kiaei, K. Naderi, P. Rezaei and A. Shahrabi
for discussion. We are grateful to A. Davody for reading the manuscript. N.A. would like
to thank Prof. F. Ardalan for his encouragements. N.A. would also like to thank M. Al-
ishahiaha and M. Mohammadi for their supports. O. Tavakol would like to thank school
of particles and accelerators of IPM for hosting during this work. N.A. would like to thank
University of Tours for hospitality when some part of the current work was being done.

A Regularizing the integrals

We first split the integral of energy density to the three parts.

Too_/Jrooalp1 3_52+ B? e0=i)(T + p) + 2®=1(T — p)
" Ja, 2021+ ef0-m [P T 8p T 247 (1 + P12
=L+DL+13. (A1)

The first part is in fact the non-magnetic contribution to the energy in the region between
two spheres in figure 1. In the p > T limit the anti-particle states do not contribute and
we find

4

T ’ 37" 272 7274
= =L = - By = L H 4_—Bp
h /0 972 14-eB—1) qz PolyLogld, "] = o gt —F o~ +OTe™™).
(A.2)

The second part in (A.1) is the divergent one and needs more explanation. To perform

this integral, we first make an integration by part to change the distribution function to a

symmetric function around p = u. We may write

I B2 logp o g2 oo dp ePp—en)
27 T 16m2 \ 1 1 eBlo—en)

n, 8T Ja, 272 CEP (1 cBlomem)?

B2 B2 [t Tdz e
— log Ag — — | Tx) ——— + O(B2e A1
1672 BT 8T ) on2 og(p + T) teo (Be™™)
B2 N B2 [t dz | N Tx T3z N T323 Tt et
— [e) _ R [0) PR — P - @
16m2 BCPT g ) oz \BH T T T e Ty T T 1+ e7)2
B? pw o wrT? TRt Tt 5
- — log— -~~~ +o0(=~)). A3
167> <Og Ap 62 60 gt (u5>) (43)
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In the second line we have changed the integrand variable as x = S(p — eu). It is obvious
that in the limit p > T, the lower bound of x goes to —oco. Similar to what often used in
condensed matter physics, we have exploited the Sommerfeld expansion [41] and expanded
log(p 4+ T'z) in powers of z in the integrand (third line above).

Finally we compute the third part of (A.1) as the following

P B2 /*‘X’dp T BP—1) N B? /+OO dfpp(emp_ﬂ) — e2Bp=w)
PTUT? fy, 2 (14 ePo-m)2 T 2UT? [y 272 (14 ePw)3
B2 too g T B(p—p) B2 too g Be—n) _ o28(p—n)
“ar ), wasewer o), e rammy tOB)
2472 J, 272 (1 + efP—w) 24772 J, 27 (14 ePlp—m)
B2 +o00 T T e* B2 +o00 T T r _ 2z
- 2 / d5217 - g+ 2 / d:; o)t 2 ) +O(B% )
2472 J_ o 2w (1+e*)2 2472 J_ 2« (1+e%)3
B2
= 013 +O(B%e ). (A.4)

Collecting (A.2), (A.3) and (A.4), T% turns out to be as given in (2.21).

It should be noted that the expressions of pressure (2.22), T and T?? in (2.25) and
also the charge density (2.26) have all been found through the above procedure in this
paper.

In summary, what forced us to treat with I differently in comparison with I; and I3
is that the Sommerfeld expansion just works well whenever the phase space integral takes
the following form

/+O<> dp enB(p—w)

An 272 g(p (1 —|—eﬁ(p—ﬂ«))m m n ( )

In the limit p > T, by changing the variable as x = (p — u)/7, the above integral can be

+o0o Tdzx , TQQJ‘Z " ene
/Oo W(Q(M)+T$9(M)+ o1 Q(M)‘i‘"‘)mex)m (A.6)

written as

and can be performed analytically.

B Longitudinal conductivities in Weyl fluid

In this subsection we will compute the longitudinal electrical conductivity in detail. The
main steps of the computations of the other conductivities would be then the same. As
it can be seen, all the integrals in (2.47) are in the form of (A.5). So by considering
x = (p—p)/T, we may write

e?B%E

Sl ﬁ T Tdx e* Te? /+oo Tdzx 1 < 3T2z2) ev
° (

el T2 2 2 E e e
a7 | e ) e or 212 12 12 ) (1ter)?
n Te2 /+°° Tdx e*® —4e3% 42
4073 272 (1te®)t

?B%E

— 00
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Te? [ Tdx 1 31°%a” __.p2g
6T | . 272 p2 w2 (1+e7)?

+ T62 /oo del _2T£L‘_4T3$3 62'7"_6:? €2B2E (Bl)
1212 | o 20\ o p ) (14em)?

where we have kept contributing terms to the power of four in the expansion over 1/u.
After evaluating the integrals, one arrives at the last line of (2.47).

It is worth-mentioning that while in the above computation we find the result with
corrections that correct o7 (B = 0) to the order of B>T?/uS, for the other conductivities
like (2.51) and (2.55), we keep just terms that correct the non-magnetic part to the order
of B?/u*. The reason for this is that we need to have the expressions to the orders which
consistently satisfy the constraints (3.31) and (3.32).

C Conductivities in WSM

In the absence of the quantum corrections to the energy dispersion (e(p) = p), the electric
current in (2.47) turns out to be as the following

WSM_T@/*“ dp o 0T 5 2°B /+°° dp 1 o
or, 3T Ap 27r2p (1 + eﬁ(p—u))Q T 15T AL 272 p2 (1 + eﬁ(p_#))g
2 +oo ac
TE Tdx e
= — - T 2
37, 2 (1+ev)? (C.1)
52e2B% [T Tdx 1 2Tx 31722 o :
+Te (= )
15T J_ 2m2 p? U 2 (1+ev)2

2 2 2 2R2 2
Tes [ T 5 €°B T
=— | =+ —— (140 ).
3 <27r2 % ) e 15722 < * <,u2
Again as before the contribution of the cut-off is negligible. So the lower bound of integrals
goes to zero. In performing the second integral above in the limit pu > T, it was only

sufficient to get the leading term in the Sommerfeld expansion. This is equivalent with the
following replacement

eBP—n)
Similarly the thermoelectric coefficient reads
T WM _ T oo dipg(p_ﬂ) ePo=n) +6T262B2 /+°°dpp,u eBp—n)
t 312 Ja, 272 (1+eBP—1))2 1572 Jo, 272 p2 (1+4eB0—n))2

er 2 e2B272 T2
= —uT’4+er——— (140 [ =
R <+ (u2>>

(C.3)
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and finally the thermal conductivity reads

+
T WSM _ T *dp ,

_ T dp eBp—n) 2¢2B2 [t dp (p—p)? eB(p—p)
L 3T2 Ap 27T2p

TreomE T TI5T2 [y, 207 p2 (11 efm)e
T(nT)? [ p? 7T , €?B? T2
- Koy Ve 22 (140(5 ).
9 <2w2+ 10 ) " mee UTO\ 2

At this point, it is worth-mentioning that the above conductivities do not satisfy the con-
straints obtained from the Ward identities, namely (3.31) and (3.32). This shows the
importance of the above computations, since the three different conductivities are inde-

@—mQ

(C.4)

pendent in this case. Although the Onsager reciprocity does still hold and Seebeck and
Peltier coeflicients coincide identically.
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