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Abstract

We study a model of neutrino within the framework of minimal extended seesaw (MES), which plays 
an important role in active and sterile neutrino phenomenology in (3+1) scheme. The A4 flavor symmetry 
is augmented by additional Z4 × Z3 symmetry to constraint the Yukawa Lagrangian of the model. We use 
non-trivial Dirac mass matrix, with broken μ − τ symmetry, as the origin of leptonic mixing. Interestingly, 
such structure of mixing naturally leads to the non-zero reactor mixing angle θ13. Non-degenerate mass 
structure for right-handed neutrino MR is considered so that we can further extend our study to Leptoge-
nesis. We have also considered three different cases for sterile neutrino mass, MS to check the viability of 
this model, within the allowed 3σ bound in this MES framework.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Followed by the discovery of the Higgs Boson, the Standard Model (SM) of particle physics is 
essentially complete, although there are some insufficiencies in the theory. One needs to extend 
the SM in order to address phenomenon like origin of neutrino mass, dark matter, strong CP 
problem and matter-antimatter asymmetry, etc. Several neutrino oscillation experiments like SK 
[1], SNO [2] MINOS [3], T2K [4], RENO [5], DOUBLE CHOOZ [6], DAYABAY [7], etc. have 
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Table 1
The latest global fit 3σ range and best fit results from recent active neutrino parameters 
[19]. The current sterile neutrino bounds are from [39,67].

Parameters NH (Best fit) IH (Best fit)

�m2
21[10−5 eV2] 6.93-7.97(7.73) 6.93-7.97(7.73)

�m2
31[10−3 eV2] 2.37-2.63(2.50) 2.33-2.60(2.46)

sin2θ12/10−1 2.50-3.54(2.97) 2.50-3.54(2.97)

sin2θ13/10−2 1.85-2.46(2.14) 1.86-2.48(2.18)

sin2θ23/10−1 3.79-6.16(4.37) 3.83-6.37(5.69)

δ13/π 0-2(1.35) 0-2(1.32)

�m2
LSND

(�m2
41or�m2

43) eV2 0.87-2.04(1.63) 0.87-2.04(1.63)

|Ve4|2 0.012-0.047(0.027) 0.012-0.047(0.027)

|Vμ4|2 0.005-0.03(0.013) 0.005-0.03(0.013)

|Vτ4|2 <0.16(-) <0.16(-)

established the fact that neutrinos produced in a well-defined flavor eigenstate can be detected 
as a different flavor eigenstate while they propagate. This can be interpreted as, like all charged 
fermions, neutrinos have mass and mixing because their flavor eigenstates are different from mass 
eigenstates. The existence of neutrino mass was the first evidence for the new physics beyond 
the Standard Model (BSM). Some recent reviews on neutrino physics are put into references [8,
9,16].

In standard neutrino scenario three active neutrinos are involved with two mass square dif-
ferences,1 three mixing angles (θij ; i, j = 1, 2, 3) and one Dirac CP phase (δ13). Earlier it was 
assumed that the reactor mixing angle θ13 is zero but later in 2012 it was measured with incredi-
ble accuracy: θ13 ∼ 8.50 ± 0.20 [7]. If neutrinos are Majorana particles then there are two more 
CP violating phases (α and β) come into the 3-flavor scenario. Majorana phases are not mea-
sured experimentally as they do not involve in the neutrino oscillation probability. The current 
status of global analysis of neutrino oscillation data [17–19] give us the allowed values for these 
parameters in 3σ confidence level, which is shown in Table 1. Along with the Majorana phases, 
the absolute mass scale for the individual neutrino is still unknown as the oscillation experiments 
are only sensitive to the mass square differences, even though Planck data constrained the sum of 
the three neutrinos, 
mν < 0.17 eV at 95% confidence level [20]. Due to the fact that absolute 
scale of the neutrino mass is not known yet, as the oscillation probability depends on the mass 
square splittings but not the absolute neutrino mass. Moreover, neutrino oscillation experiments 
tell that the solar mass square splitting is always positive, which implies m2 is always greater than
m1. However, the same confirmation we have not yet received regarding the atmospheric mass 
square splittings from the experiments. This fact allows us to have two possible mass hierarchy 
patterns for neutrinos; Normal Hierarchy (NH: m1 � m2 < m3) as well as Inverted Hierarchy 
(IH: m3 � m1 < m2).

In past few decades, there has been successful achievements in solar, reactor and accelera-
tor experiments whose results are in perfect agreement with only three active neutrino scenario 

1 Order of 10−5 eV2 and 10−3 eV2 for solar (�m2 ) and atmospheric (�m2 /�m2 ) neutrino respectively.
21 23 13
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meanwhile there are some anomalies which need explanation. The very first and most distin-
guished results towards new physics in the neutrino sector were from LSND results [21–23], 
where electron anti-neutrino (νe) were observed in the form of muon anti-neutrino (νμ) beam 
seemingly νe was originally νμ. Moreover, data from MiniBooNE [24] results overlap with 
LSND results and give an indication towards extra neutrino hypothesis. To make sure that these 
data are compatible with current picture one needs new mass eigenstates for neutrinos. These 
additional states must relate to right-handed neutrinos (RHN) for which bare mass term are al-
lowed by all symmetries i.e. they should not be present in SU(2)L × U(1)Y interactions, hence 
are Sterile. Recently observed Gallium Anomaly observation [25–27] is also well explained by 
sterile neutrino hypothesis. Although there are few talks about the non-existence of extra neu-
trino, but finally reactor anti-neutrino anomaly results [28,29] give a clear experimental proof 
that the presence of this fourth non-standard neutrino is mandatory. Moreover, cosmological 
observation [30] (mainly CMB2 or SDSS3) also favor the existence of sterile neutrino. From 
cosmological consequences, it is said that the sterile neutrino has a potential effect on the entire 
Big-Bang Nucleosynthesis [31]. LSND results predicted sterile neutrino with mass ∼O(1) eV. 
To be more specific with the recent update with MiniBooNE experiment results [32], which 
combine the νe/νe appearance data with the LSND results to establish the presence of an extra 
flavor of neutrino upto 6.0σ confidence level. However these results from LSND/MiniBooNE 
are in tension with improved bounds on appearance/disappearance experiments results from 
IceCube/MINOS+ [33]. Further discussion on this argument is beyond the scope of this pa-
per. Although �m2

41 ∼ 1 eV2 is consistent with global data from the νe disappearance channel 
which supports sterile neutrino oscillation at 3σ confidence level. Thus, hints from different 
backgrounds point a finger towards the presence of a new generation of neutrinos.

Sterile neutrino is a neutral lepton which does not involve itself in weak interactions, but 
they are induced by mixing with the active neutrinos that can lead to observable effect in the 
oscillation experiments. Furthermore, they could interact with gauge bosons which lead to some 
significant correction in non-oscillation processes e.g., in the neutrinoless double beta decay 
(NDBD) amplitude [34,35], beta decay spectra. Since RH neutrinos are SM gauge singlets [36], 
so it is possible that sterile neutrinos could fit in the canonical type-I seesaw as the RH neutrino 
if their masses lie in the eV regime. Some global fit studies have been carried out for sterile neu-
trinos at eV scale being mixed with the active neutrinos [37–39]. While doing this the Yukawa 
Coupling relating lepton doublets and right-handed neutrinos should be of the order 10−12 which 
implies a Dirac neutrino mass of sub-eV scale to observe the desired active-sterile mixing. These 
small Dirac Yukawa couplings are considered unnatural unless there is some underlying mecha-
nism to follow. Thus, it would be captivating to choose a framework which gives low-scale sterile 
neutrino masses without the need of Yukawa coupling and simultaneously explain active-sterile 
mixing. In order to accommodate sterile neutrino in current SM mass pattern, various schemes 
were studied. In (2+2) scheme, two different classes of neutrino mass states differ by eV2, which 
is disfavored by current solar and atmospheric data [40]. Current status for mass square differ-
ences, corresponding to sterile neutrinos, dictates sterile neutrinos to be either heavier or lighter 
than the active ones. Thus, we are left with either (1+3) or (3+1) scheme. In the first case, three 
active neutrinos are in eV scale and sterile neutrino is lighter than the active neutrinos. However, 
this scenario is ruled out by cosmology [30,41]. In the latter case, three active neutrinos are in 

2 Cosmic microwave background.
3 Sloan Digital Sky Survey.
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sub-eV scale and sterile neutrino is in eV scale [42,43]. Numerous studies have been exercised 
taking this (3+1) framework with various prospects [28,39,44,45].

The seesaw mechanism is among one of the most prominent theoretical mechanism to gen-
erate light neutrino masses naturally. Various types of see-saw mechanisms have been put in 
literature till date (for detail one may look at [9–15,46–51]). In our study, we will focus our 
model to fit with (3+1) framework where the sterile neutrino is in the eV range and the active 
neutrinos in sub-eV range. Study of eV sterile neutrino in Flavor symmetry model have been 
discussed by various authors in [53,56,60–62]. There has been plenty of exercises performed 
in order to study eV scale sterile neutrino phenomenology through the realization of Froggatt-
Nielsen (FN) mechanism [63] adopting non-Abelian A4 flavor symmetry in seesaw framework 
[56,59,65,66]. Similar approaches using type-I seesaw framework have been evinced by some 
authors [56,65,67], where type-I seesaw is extended by adding one extra singlet fermion, which 
scenario is popularly known as the minimal extended seesaw (MES) model. This extension gives 
rise to tiny active neutrino mass along with the sterile mass without the need of small Yukawa 
couplings. There are few literature available for model termed as νMSM [54,55], where SM is 
extended using three right handed (RH) neutrino (with masses smaller than electroweak (EW) 
scale), which is a simplest and most economical extension of Standard Model to explain keV 
scale sterile neutrino with other BSM phenomenons. Our considered MES framework is more or 
less analogous to the νMSM framework which is also extended with three RH neutrinos along 
with a chiral singlet. However within νMSM sterile neutrino mass scale is fixed within keV 
range while in with MES we can tune the range of the sterile neutrino mass from eV scale to 
keV scale. This unique feature of MES encourages us to study sterile neutrino over the νMSM

framework. Parallel with the MES and νMSM , inverse seesaw (ISS) framework is quite popular 
in literature to study sterile neutrino phenomenology [51,52]. Although in this work we are quite 
focused with MES framework to study sterile neutrino, however for readers choice, a generalized 
comparison between ISS and Extended seesaw is provided in the appendix B.

In this paper, we have studied the active and sterile neutrino mixing scheme within the MES 
framework based on A4 flavor symmetry along with the discrete Z4 and Z3 symmetry. There are 
few works on MES based on A4 are available in literature [56,65]. Those studies were carried out 
prior to the discovery of non-zero reactor mixing angle θ13. In our model, we have considered 
different flavons to construct the non-trivial Dirac mass matrix (MD), which is responsible for 
generating light neutrino mass. In this context, we have added a leading order correction to the 
Dirac mass matrix to accumulate non-zero reactor mixing angle (θ13), in lieu of considering 
higher order correcting term in the Lagrangian as mentioned in the ref. [69]. As mentioned, in 
spite of having MD, MR, MS matrices, we have introduced the new leading order correction 
matrix MP which is produced from a similar kind of coupling term that accomplish the Dirac 
mass matrix (MD). MP is added to MD , such that there is a broken μ − τ symmetry which 
leads to the generation of the non-zero reactor mixing angle. The MD matrix constructed for 
NH does not work for IH, the explanation of which we have given in the model section. Thus, 
we have reconstructed MD by introducing a new flavon (ϕ′) to the Lagrangian to study the case 
of IH pattern. A most general case also has been introduced separately where the non-zero θ13
is automatically generated by a different MD constructed with the help of a most general kind 
of VEV alignment. A non-degenerate mass structure is considered for the diagonal MR matrix 
so that we can extend our future study towards Leptogenesis. As mentioned, we find two such 
frameworks very appealing where neutrino masses considered to be of μ − τ symmetric type 
[56,65]. But here in our work we have extensively studied the consequences brought out by 
taking the sterile mass pattern via altering the position for the non-zero entry in MS . All these 
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MS structures have been studied independently for both the mass ordering and results are plotted 
in section 4. In the phenomenology part, we have constrained the model parameters in the light 
of current experimental data and also shown correlation between active and sterile mixing by 
considering three different MS structures.

This paper is organized as follows. In section 2 brief review of the minimal extended seesaw 
is given. In section 3 we have discussed the A4 model and generation of the mass matrices in the 
leptonic sector. We keep the section 4 and its subsections for numerical analysis in NH and IH 
case respectively. Finally, the summary of our work is concluded in the section 5.

2. The minimal extended seesaw

In the present work we have used Minimal extended seesaw (MES) which enable us to connect 
active neutrino with sterile neutrino of a wider range [56]. In this section, we describe the basic 
structure of MES, where canonical type-I seesaw is extended to achieve eV-scale sterile neutrino 
without the need of putting tiny Yukawa coupling or any small mass term. In MES scenario along 
with the SM particle, three extra right-handed neutrinos and one additional gauge singlet chiral 
field S is introduced. The Lagrangian of the neutrino mass terms for MES is given by:

−LM = νLMDνR + 1

2
νc
RMRνR + ScMSνR + h.c.. (1)

The neutrino mass matrix will be a 7 × 7 matrix, in the basis (νL, νc
R, Sc), reads as

M7×7
ν =

⎛
⎝ 0 MD 0

MT
D MR MT

S

0 MS 0

⎞
⎠ . (2)

Here MD and MR are 3 × 3 Dirac and Majorana mass matrices respectively whereas MS is 
a 1 × 3 matrix. As per the standard argument [57] the number of massless state is defined as 
n(νL) + n(S) − n(νR), within our framework it is one (3 + 1 − 3 = 1), which is also verified by 
taking the determinant of the matrix (3) in the next paragraph of this section. The zeros at the 
corners of the 7 × 7 matrix of (2) has been enforced and motivated by some symmetry. This can 
be achieved with discrete flavor symmetry due to which it is clear that right handed neutrinos and 
S carry different charges. Moreover, the MES structure could also be explained with the abelian 
symmetry. For example, one may introduce additional U(1)′ under which along with the all SM 
particles we assumed and 3 RH neutrinos to be neutral. The RH singlet S on the other hand 
carries a U(1)′ charge Y ′ and we further introduce a SM singlet χ with hypercharge −Y ′. The 
matrix MS is generated by the gauge invariant coupling ScχνR after χ acquires a VEV, while the 
Majorana mass for S (i.e., ScS) and a coupling with the active neutrino νL are still forbidden by 
the U(1)′ symmetry at the renormalizable level [56,58,59]. This explains the zeros in the 7 × 7
matrix. In the analogy of type-I seesaw the mass spectrum of these mass matrices are considered 
as MR � MS > MD , so that the heavy neutrinos decoupled at low scale. After diagonalizing, 
4 × 4 neutrino mass matrix in the basis (νL, Sc), is given by,

M4×4
ν = −

(
MDM−1

R MT
D MDM−1

R MT
S

MS(M−1
R )T MT

D MSM−1
R MT

S

)
. (3)

Here in M4×4
ν matrix (3), there are three eigenstates exists for three active neutrinos and one for 

the light sterile neutrino. Taking the determinant of Eq. (3), we get,
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det(M4×4
ν ) = det(MDM−1

R MT
D)det[−MSM−1

R MT
S + MS(M−1

R )T MT
D(MDM−1

R MT
D)−1

× (MDM−1
R MT

S )]
= det(MDM−1

R MT
D)det[MS(M−1

R − M−1
R )MT

S ]
= 0.

(4)

Here the zero determinant indicates that one of the eigenvalues is zero. Thus, the MES formalism 
demands one of the light neutrino mass be exactly vanished.

Proceeding for diagonalization, we face three choices of ordering of MS:

• MD ∼ MS : This indicates a maximal mixing between active and sterile neutrinos which is 
not compatible with the neutrino data.

• MD > MS : The light neutrino mass is obtained same as type-I seesaw i.e., mν �
−MDM−1

R MT
D and the sterile neutrino mass is vanishing. Moreover, from the experimental 

active-sterile mass squared difference result, the active neutrino masses would be in the eV 
scale which would contradict the standard Planck limit for the sum of the active neutrinos.
Finally, we have the third choice,

• MS > MD : which would give the possible phenomenon for active-sterile mixing.

Now applying the seesaw mechanism to Eq. (3), we get the active neutrino mass matrix as

mν � MDM−1
R MT

S (MSM−1
R MT

S )−1MS(M−1
R )T MT

D − MDM−1
R MT

D, (5)

and the sterile neutrino mass as

ms � −MSM−1
R MT

S . (6)

The first term of the active neutrino mass does not vanish since MS is a vector rather than a square 
matrix. It would lead to an exact cancellation between the two terms of the active neutrino mass 
term if MS were a square matrix. In our study the ms mass scale is in eV range whereas MS scale 
is slightly greater than MD scale, which is near to EW scale.

3. The model

3.1. Normal hierarchy

Non-Abelian discrete flavor symmetry like A4, S4 etc. along with Zn have played an important 
role in particle physics. In particular, A4 is more popular in literature in explaining neutrino mass 
[53,56,59–62,64–66,68]. A4 being the discrete symmetry group of rotation leaving a tetrahedron 
invariant. It has 12 elements and 4 irreducible representation denoted by 1, 1′, 1′′ and 3. The 
product rules for these representations are given in appendix A. Our present work is an extension 
of A4 × Z4 × Z3 flavor symmetry. Here, we have assigned left-handed (LH) lepton doublet l
to transform as A4 triplet whereas right-handed (RH) charged leptons (ec, μc, τ c) transform as 
1, 1′′ and 1′ respectively. The flavor symmetry is broken by the triplets ζ, ϕ and two singlets ξ
and ξ ′. Besides the SM Higgs H , we have introduced two more Higgs (H ′, H ′′) [64,67] which 
remain invariant under A4. We also have restricted non-desirable interactions while constructing 
the mass matrices. The particle content and the A4 × Z4 × Z3 charge assignment are shown in 
the Table 2.



P. Das et al. / Nuclear Physics B 941 (2019) 755–779 761
Table 2
Particle content and their charge assignments under SU(2), A4 and Z4 × Z3 groups.

Field l eR μR τR H H ′ H ′′ ζ ϕ ξ ξ ′ νR1 νR2 νR3

SU(2) 2 1 1 1 2 2 2 1 1 1 1 1 1 1
A4 3 1 1′′ 1′ 1 1 1 3 3 1 1′ 1 1′ 1
Z4 1 -1 -1 -1 1 i -1 -1 1 1 -1 1 -i -1
Z3 1 1 1 1 1 ω 1 1 1 1 ω2 1 ω2 1

Table 3
Scalar singlet fields and their transforma-
tion properties under A4 and Z4 × Z3
groups.

Charges S1 S2 S3 χ

A4 1′′ 1′ 1′′ 1′
Z4 -i 1 i i
Z3 1 ω 1 1

The leading order invariant Yukawa Lagrangian for the lepton sector is given by,

L = LMι
+LMD +LMR +LMS

+ h.c.. (7)

Where,

LMι
= ye

�
(lHζ)1eR + yμ

�
(lHζ)1′μR + yτ

�
(lHζ)1′′τR,

LMD =y1

�
(lH̃ϕ)1νR1 + y2

�
(lH̃ ′ϕ)1′′νR2 + y3

�
(lH̃ ′′ϕ)1νR3,

LMR =1

2
λ1ξνc

R1νR1 + 1

2
λ2ξ

′νc
R2νR2 + 1

2
λ3ξνc

R3νR3.

(8)

We have extended our study with three variety of MS structures, which is generated by the 
interaction of a singlet field Si and the right-handed neutrino νRi . The A4 ×Z4 charge alignment 
for the scalar fields are given in Table 3. The effective mass term for each of the above three cases 
are as follows,

LM1
S

=1

2
ρχSc

1νR1,

LM2
S

=1

2
ρχSc

2νR2,

LM3
S

=1

2
ρχSc

3νR3.

(9)

In the Lagrangian, � represents the cut-off scale of the theory, yα,i , λi (for α = e, μ, τ and 
i = 1, 2, 3) and ρ representing the Yukawa couplings for respective interactions and all Higgs 
doublets are transformed as H̃ = iτ2H

∗ (with τ2 being the second Pauli’s spin matrix) to keep 
the Lagrangian gauge invariant. Following VEV alignments of the extra flavons are required to 
generate the desired light neutrino mas matrix.4

4 A discussion on minimization of VEV alignment for the triplet fields (ζ and ϕ) is added in the appendix section.
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〈ζ 〉 = (v,0,0),

〈ϕ〉 = (v, v, v),

〈ξ〉 = 〈ξ ′〉 = v,

〈χ〉 = u.

Following the A4 product rules and using the above mentioned VEV alignment, one can obtain 
the charged lepton mass matrix as follows,

Ml = 〈H 〉v
�

diag(ye, yμ, yτ ). (10)

The Dirac5 and Majorana neutrino mass matrices are given by,

M ′
D =

⎛
⎝a b c

a b c

a b c

⎞
⎠ ,MR =

⎛
⎝d 0 0

0 e 0
0 0 f

⎞
⎠ ; (11)

where, a = 〈H 〉v
�

y1, b = 〈H 〉v
�

y2 and c = 〈H 〉v
�

y3. The elements of the MR are defined as d =
λ1v, e = λ2v and f = λ3v.

Three different structures for MS reads as,

M1
S = (

g 0 0
)
, M2

S = (
0 g 0

)
and M3

S = (
0 0 g

)
. (12)

Considering only M1
S structure, the light neutrino mass matrix takes a symmetric form as,

mν =

⎛
⎜⎜⎜⎝

− b2

e
− c2

f
− b2

e
− c2

f
− b2

e
− c2

f

− b2

e
− c2

f
− b2

e
− c2

f
− b2

e
− c2

f

− b2

e
− c2

f
− b2

e
− c2

f
− b2

e
− c2

f

⎞
⎟⎟⎟⎠ . (13)

As we can see, this mν
6 is a symmetric matrix (Democratic) generated by M ′

D, MR and M1
S

matrices. It can produce only one mixing angle and one mass square difference. This symmetry 
must be broken in order to generate two mass square differences and three mixing angles. In 
order to introduce μ − τ asymmetry in the light neutrino mass matrix we introduce a new SU(2)

singlet flavon field (η), the coupling of which give rise to a matrix (15) which later on makes the 
matrix (13) μ − τ asymmetric after adding (15) to the Dirac mass matrix (M ′

D). This additional 
flavon and thereby the new matrix (15) have a crucial role to play in reproducing nonzero reactor 
mixing angle. The Lagrangian responsible for generating the matrix (15) can be written as,

LMP = y1

�
(lH̃η)1νR1 + y2

�
(lH̃ ′η)1′′νR2 + y3

�
(lH̃ ′′η)1′νR3. (14)

The singlet flavon field (η) is supposed to take A4 × Z4 × Z3 charges as same as ϕ (as shown in 
the Table 2). Now, considering VEV for the new flavon field as 〈η〉 = (0, v, 0), we get the matrix 
as,

MP =
⎛
⎝ 0 0 p

0 p 0
p 0 0

⎞
⎠ . (15)

5 M ′
D

represents the uncorrected Dirac mass matrix which is unable to generate θ13 
= 0. The corrected MD is given 
by equation (16).

6 We have used M ′ in lieu of MD and M1 instead of MS in equation (5).

D S
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Hence MD from eq. (11) will take new structure as,

MD = M ′
D + MP =

⎛
⎝ a b c + p

a b + p c

a + p b c

⎞
⎠ . (16)

3.2. Inverted hierarchy

Earlier in the work [65], author have explained the necessity of a new flavon in order to 
realize the IH within the MES framework. In our present work, we also have modified the 
Lagrangian for the MD matrix by introducing a new triplet flavon ϕ′ with VEV alignment as 
〈ϕ′〉 ∼ (2v, −v, −v), which affects only the Dirac neutrino mass matrix and give desirable active-
sterile mixing in IH. The invariant Yukawa Lagrangian for the MD matrix will be,

LMD = y1

�
(lH̃1ϕ)1νR1 + y2

�
(lH̃2ϕ

′)1′′νR2 + y3

�
(lH̃3ϕ)1νR3. (17)

Hence the Dirac mass matrix will have the form,

M ′
D =

⎛
⎝a −b c

a −b c

a 2b c

⎞
⎠ , (18)

with, a = 〈H 〉v
�

y1, b = 〈H 〉v
�

y2 and c = 〈H 〉v
�

y3.
This Dirac mass matrix will also give rise to a symmetric mν like the NH case. Thus, the 

modified MD to break the symmetry will be given by,

MD = M ′
D + MP =

⎛
⎝ a −b c + p

a −b + p c

a + p 2b c

⎞
⎠ . (19)

Other matrices like MR, MP , M1
S, M2

S, M3
S will retain their same structure throughout the in-

verted mass ordering.

4. Numerical analysis

The leptonic mixing matrix for active neutrinos depends on three mixing matrices θ13, θ23 and 
θ12 and one CP-violating phase (δ) for Dirac neutrinos and two Majorana phases α and β for Ma-
jorana neutrino. Conventionally this Leptonic mass matrix for active neutrino is parameterized 
as,

UPMNS =
⎛
⎝ c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

⎞
⎠.P . (20)

The abbreviations used are cij = Cosθij , sij = Sinθij and P would be a unit matrix 1 in the 
Dirac case but in Majorana case P = diag(1, eiα, ei(β+δ)).

The light neutrino mass matrix Mν is diagonalized by the unitary PMNS matrix as,

Mν = UPMNS diag(m1,m2,m3) UT
PMNS, (21)

where mi (for i = 1, 2, 3) stands for three active neutrino masses.
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Since we have included one extra generation of neutrino along with the active neutrinos in our 
model thus, the final neutrino mixing matrix for the active-sterile mixing takes 4 × 4 form as,

V �
(

(1 − 1
2RR†)UPMNS R

−R†UPMNS 1 − 1
2R†R

)
, (22)

where R = MDM−1
R MT

S (MSM−1
R MT

S )−1 is a 3 ×1 matrix governed by the strength of the active-

sterile mixing i.e., the ratio O(MD)
O(MS)

.
The sterile neutrino of mass of order eV, can be added to the standard 3-neutrino mass states 

in NH: m1 � m2 < m3 � m4 as well as IH: m3 � m1 < m2 � m4. One can write the diag-

onal light neutrino mass matrix for NH as mNH
ν = diag(0, 

√
�m2

21, 
√

�m2
21 + �m2

31, 
√

�m2
41)

and for IH as, mIH
ν = diag(

√
�m2

31, 
√

�m2
21 + �m2

31, 0, 
√

�m2
43). The lightest neutrino mass is 

zero in both the mass ordering as demanded by the MES framework. Here �m2
41(�m2

43) is the 
active-sterile mass square difference for NH and IH respectively. As explained in previous sec-
tion, the non-identical VEV alignment for the Dirac mass matrix in NH and IH produces distinct 
pattern for the active neutrino mass matrix. The active neutrino mass matrix is obtained using 
equation (5) and the sterile mass is given by equation (6). The complete matrix picture for NH 
and IH are presented in Table 4 and Table 6 respectively.

For numerical analysis we have first fixed non-degenerate values for the right-handed neutrino 
mass parameters as d = e = 1013 GeV and f = 5 × 1013 GeV so that they can exhibit successful 
Leptogenesis without effecting the neutrino parameters, which is left for our future study. The 
mass matrix arises from eq. (21) give rise to complex quantities due to the presence of Dirac and 
the Majorana phases. Since the leptonic CP phases are still unknown, we vary them within their 
allowed 3σ ranges (0, 2π ). The Global fit 3σ values for other parameters like mixing angles, 
mass square differences are taken from [19]. One interesting aspect of MES is that if we consider 
MS = (

g 0 0
)
, structure, then eventually the parameters from the first column of MD and 

MR matrices goes away and does not appear in the light neutrino mass matrix given by (5). 
The same argument justifies the disappearance of the model parameters in the other two cases 
also. Hence the active neutrino mass matrix emerging from our model matrices is left with three 
parameters for each case. Comparing the model mass matrix with the one produced by light 
neutrino parameters given by eq. (21), we numerically evaluate the model parameters satisfying 
the current bound for the neutrino parameters and establish correlation among various model and 
oscillation parameters within 3σ bound.7 Three assessment for each distinct structures of MD

for both normal and inverted hierarchy cases are carried out in the following subsections.

4.1. Normal hierarchy

For the diagonal charged lepton mass we have chosen a non-trivial VEV alignment resulting 
a specific pattern in Dirac mass hence a broken μ − τ symmetry along with non-zero reactor 
mixing angle is achieved. The complete picture for active neutrino mass matrices and the sterile 
sector for different cases are shown in Table 4 and 5 respectively. For each MS structure, three 
variables are there in the light neutrino mass matrix. After solving them by comparing with the 

7 The evaluated model parameters are complex in nature as they are solved using the complex matrix. While plotting, 
we have used the absolute values for the parameters.
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Table 4
The light neutrino mass matrices and the corresponding MD and MR matrices for three different structures of MS under 
NH pattern.

Mass ordering Structures mν

NH(Case-I) MR =

⎛
⎜⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎟⎠ mν = −

⎛
⎜⎜⎜⎝

b2

e
+ (c+p)2

f
b(b+p)

e
+ c(c+p)

f
b2

e
+ c(c+p)

f

b(b+p)
e

+ c(c+p)
f

(b+p)2

e
+ c2

f
b(b+p)

e
+ c2

f

b2

e
+ c(c+p)

f
b(b+p)

e
+ c2

f
b2

e
+ c2

f

⎞
⎟⎟⎟⎠

MD =

⎛
⎜⎜⎝

a b c + p

a b + p c

a + p b c

⎞
⎟⎟⎠

M1
S =

(
g 0 0

)

NH(Case-II) MR =

⎛
⎜⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎟⎠ mν = −

⎛
⎜⎜⎜⎝

a2

d
+ (c+p)2

f
a2

d
+ c(c+p)

f
a(a+p)

d
+ c(c+p)

f

a2

d
+ c(c+p)

f
a2

d
+ c2

f
a(a +p)

d
+ c2

f

a(a+p)
d

+ c(c+p)
f

a(a+p)
d

+ c2

f
(a+p)2

d
+ c2

f

⎞
⎟⎟⎟⎠

MD =

⎛
⎜⎜⎝

a b c + p

a b + p c

a + p b c

⎞
⎟⎟⎠

M2
S =

(
0 g 0

)

NH(Case-III) MR =

⎛
⎜⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎟⎠ mν = −

⎛
⎜⎜⎜⎝

a2

d
+ b2

e
a2

d
+ b(b+p)

e
a(a+p)

d
+ b2

e

a2

d
+ b(b+p)

e
a2

d
+ (b+p)2

e
a(a+p)

d
+ b(b+p)

e

a(a+p)
d

+ b2

e
a(a+p)

d
+ b(b+p)

e
(a+p)2

d
+ b2

e

⎞
⎟⎟⎟⎠

MD =

⎛
⎜⎜⎝

a b c + p

a b + p c

a + p b c

⎞
⎟⎟⎠

M3
S =

(
0 0 g

)

Table 5
Sterile neutrino mass and active-sterile mixing matrix for three different MS

structures under NH pattern.

Case MS ms(eV) R

I M1
S

=
(

g 0 0
)

ms � g2

104 RT �
(

a
g

a
g

a+p
g

)T

II M2
S

=
(

0 g 0
)

ms � g2

104 RT �
(

b
g

b+p
g

b
g

)T

III M3
S

=
(

0 0 g

)
ms � g2

5×104 RT �
(

c+p
g

c
g

c
g

)T

light neutrino mass, we obtain some correlation plots which redefines our model parameters 
with more specific bounds. Correlation among various model parameters in NH are shown in 
Fig. 1. One would notice the fact in the active mass matrices from Table 4 and 6 is that, in the 
limit p → 0 and all the model parameters become equal to one, the matrix takes the form of 
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Fig. 1. Variation of model parameters among themselves for the NH pattern.

a democratic mass matrix. Hence the p parameters brings out a phenomenological change and 
plays an important role in our study. Various plots with the model parameter p are shown below 
in Fig. 3 and 7.

As ms depends only on MR and MS , so due to the non-degenerate value of MR , the ms

structure let us study the active-sterile mixing strength R. The active-sterile mixing matrix also 
have a specific form due to the particular MS structure.

4.2. Inverted hierarchy

In this section we will discuss the inverted mass ordering (i.e., m2 > m1 > m3) of the neutri-
nos. Referring to [65], we have introduced a new flavon as, 〈ϕ′〉 = (2v, −v, −v) in the Yukawa 
Lagrangian for the Dirac mass term, so that this model can exhibit inverted hierarchy. A detailed 
discussion has already been carried out in previous section 3.
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Table 6
The light neutrino mass matrices and the corresponding MD and MR matrices for three different structures of MS under 
IH pattern.

Mass ordering Structures mν

IH (Case-I) MR =
⎛
⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎠ mν = −

⎛
⎜⎜⎜⎝

b2

e
+ (c+p)2

f
b(b−p)

e
+ c(c+p)

f
−2b2

e
+ c(c+p)

f

b(b−p)
e

+ c(c+p)
f

(b−p)2

e
+ c2

f
−2b(b−p)

e
+ c2

f

− 2b2

e
+ c(c+p)

f
− 2b(b−p)

e
+ c2

f
4b2

e
+ c2

f

⎞
⎟⎟⎟⎠

MD =
⎛
⎜⎝

a −b c + p

a −b + p c

a + p 2b c

⎞
⎟⎠

M1
S =

(
g 0 0

)

IH(Case-II) MR =
⎛
⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎠ mν = −

⎛
⎜⎜⎜⎝

a2

d
+ (c+p)2

f
a2

d
+ c(c+p)

f
a(a+p)

d
+ c(c+p)

f

a2

d
+ c(c+p)

f
a2

d
+ c2

f
a(a +p)

d
+ c2

f

a(a+p)
d

+ c(c+p)
f

a(a+p)
d

+ c2

f
(a+p)2

d
+ c2

f

⎞
⎟⎟⎟⎠

MD =
⎛
⎜⎝

a −b c + p

a −b + p c

a + p 2b c

⎞
⎟⎠

M2
S =

(
0 g 0

)

IH(Case-III) MR =
⎛
⎜⎝

d 0 0

0 e 0

0 0 f

⎞
⎟⎠ mν = −

⎛
⎜⎜⎜⎝

a2

d
+ (b2

e
a2

d
− b(−b+p)

e
a(a+p)

d
− 2b2

e

a2

d
− b(−b+p)

e
a2

d
+ (b−p)2

e
a(a+p)

d
+ 2b(b−p)

e

a(a+p)
d

+ −2b2

e
a(a+p)

d
− 2b(b−p)

e
(a+p)2

d
+ 4b2

e

⎞
⎟⎟⎟⎠

MD =
⎛
⎜⎝

a −b c + p

a −b + p c

a + p 2b c

⎞
⎟⎠

M3
S =

(
0 0 g

)

Table 7
Sterile neutrino mass and active-sterile mixing matrix for three different MS

structures under IH pattern.

Case MS ms(eV) R

I M1
S

=
(

g 0 0
)

ms � g2

104 RT �
(

a
g

a
g

a+p
g

)T

II M2
S

=
(

0 g 0
)

ms � g2

104 RT �
(

−b
g

−b+p
g

2b
g

)T

III M3
S

=
(

0 0 g

)
ms � g2

5×104 RT �
(

c+p
g

c
g

c
g

)T

Numerical procedure for IH is analogous to the NH. Here also we have considered three 
distinguished cases for MS , which is responsible for three separate mν matrices. A brief picture 
for the matrices has shown in Table 6.

In Table 7, three different MS structures are shown, which lead to various ms and R values. 
Unlike the normal ordering, a deviation from the common track is observed in R matrix for 
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the second case (M2
S = (0, g, 0)). This occurs due to the change in MD matrix structure for 

non-identical VEV alignment.

5. Summary and conclusion

In this paper we have investigated the extension of low scale SM type-I seesaw i.e., the 
minimal extended seesaw, which restricts active neutrino masses to be within sub-eV scale 
and generates an eV scale light sterile neutrino. A4 based flavor model is extensively studied 
along with a discrete Abelian symmetry Z4 and Z3 to construct the desired Yukawa coupling 
matrices. Under this MES framework the Dirac mass MD is a 3 × 3 complex matrix. The Ma-
jorana mass matrix MR , which arises due to the coupling of right-handed neutrinos with the 
anti-neutrinos is also a 3 × 3 complex symmetric diagonal matrix with non-degenerate eigenval-
ues. A singlet Si (where i = 1, 2, 3) is considered which couples with the right-handed neutrinos 
(νRi; i = 1, 2, 3) and produces a singled row 1 × 3 MS matrix with one non-zero entry. In earlier 
studies like [65,67], the A4 flavor symmetry in MES was implemented with a little description. 
In our phenomenological study, we have addressed non-zero reactor mixing angle with a detailed 
discussion on VEV alignment of the flavon fields, which were discussed under the light of flavor 
symmetry within this MES framework. Three separate cases are carried out for both NH and IH 
for three MS structures. Within the active neutrino mass matrix, the common μ − τ symmetry is 
broken along with θ13 
= 0 by adding a new matrix (MP ) to the Dirac mass matrix.

Both normal and inverted cases are analyzed independently for three MS structures in this 
work. We have used similar numerical techniques for solving model parameters in both the cases 
(NH & IH) and plotted them among themselves as well as with the light neutrino parameters. 
The plots in Fig. 1, 2, 5, 6 show constrained parameter space in the active neutrino sector in 
case of NH and IH for various MS structure. In most of the cases the parameter space is narrow, 
which can be verified or falsified in future experiments. In the mν matrix, the μ − τ symmetry 
is broken due to the extra term added to the Dirac mass matrix. The variation of Sin2θ13 with 
p plotted in Fig. 3 and 7 for NH & IH respectively. Within NH, the first structure of MS shows 
a better constrained region for the model parameter (p) than the other two structures. Whereas 
in IH case, the third MS structure gives a relatively narrower region than that obtained for the 
other two structures. In Fig. 9 we have plotted sine squared of the reactor mixing angle against 
the atmospheric mixing angle. Within the NH mode M1

S and M3
S structures favors the upper 

octant of Sin2θ23 accommodating more numbers of data points whereas within IH mode, M2
S and 

M3
S structures are more favorable in the lower octant. The M1

S structure in IH mode is heavily 
constrained within the upper octant of the atmospheric mixing angle. On the other hand the 
second structure of MS in the NH case is showing deviation from the maximal atmospheric 
mixing, having dense regions in either octant hence not constrained for Sin2θ23.

The active-sterile mixing phenomenology is also carried out under the same MES framework. 
The fourth column of the active-sterile mixing matrix is generated and solved the elements with 
an acceptable choice of Yukawa coupling. Apart from generating non-zero θ13, the matrix ele-
ment of MP has an important role to play in the active-sterile mixing. As we can see in Table 5
and 7, p has an active participation in differentiating the elements of R matrix. We have plotted 
the mixing matrix elements (Ve4, Vμ4, Vτ4) within themselves as shown in Fig. 4 and 8. The SK 
collaboration limits |Vμ4|2 < 0.04 for �m2

41 > 0.1 eV2 at 90% CL by considering |Ve4|2 = 0
[70]. For �m2

41 ∼ 1 eV2, the IceCube DeepCore collaboration suggested that |Vμ4|2 < 0.03 with 
|Vτ4|2 < 0.15 and |Ve4|2 is around 0.012 at 90% CL [71,72]. In particular, for various mass range 
of �m2 there are more fascinating results about active-sterile mixing however this is beyond the 
41
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Fig. 2. Correlation plots among various model parameters and light neutrino parameters (within 3σ bound) in NH. The 
Dirac CP phase shows a good correlation with the model parameters than the other light neutrino parameters.
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Fig. 3. Variation of Sine of reactor mixing angle with p, which is responsible for the generation of reactor mixing angle 
(θ13) for NH.

Fig. 4. Allowed bound for the active-sterile mixing matrix elements in NH. The green line is the lower bound for |Ve4 |2
and the blue line in the first plot gives the upper bound for |Vτ4|2 while in the third plot it gives the lower bound for 
|Vμ4|2. (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 5. Constrained region of model parameters in case of IH pattern.

scope of this paper. These bounds are consistent with some of our model structures. In NH case, 
the first and the third MS structure show an allowed 3σ range for the mixing parameters but no 
such mutual allowed range is obtained for the second structure of MS . The plots in Fig. 8 show 
the IH case for the mixing elements. The first structure of MS covers a wider range of allowed 
data points within the 3σ bound than the other two case. We have not shown any plots relating 
active-sterile mass squared difference with the active mass and active-sterile mixing elements, 
because from Tables 5 and 7 one can see that the sterile mass is emerging as g2/104, g2/104

and g2/5 × 104 for respective M1
S , M2

S and M3
S structures and the active sterile mixing matrix 

also contains g exclusively. Since g is evaluated using active-sterile mass squared difference so a 
comparison of this mass squared difference with the active-sterile mixing matrix would be need-
less within this numerical approach. Since we are focusing on model building aspects and here 
we are taking bounds for the light neutrino parameters from global fit data to verify/predict our 
model. Plot between any two light neutrino observable would be simply a presentation between 
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Fig. 6. Correlation plots among various model parameters with light neutrino parameters in IH pattern.



P. Das et al. / Nuclear Physics B 941 (2019) 755–779 773
Fig. 7. Variation of p with the Sine of reactor mixing angle for IH. The third structure of MS shows a constrained region 
for the model parameter.

Fig. 8. Allowed bound for active-sterile mixing matrix elements in IH. The blue solid line gives the upper and lower 
bound for |Vμ4|2 along the y-axis while solid green line gives the lower bound for |Ve4|2 along the x-axis.
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Fig. 9. Variation of Sin2θ13 vs. Sin2θ23 in both the mass ordering for all the three MS structures.

two global fit data sets which does not carry any significance in our study. This argument also 
support why we haven’t shown any plot between active-sterile mass squared differences/angles 
with the active neutrino masses/angles. Moreover the active-sterile mixing matrix elements and 
mixing angles are more or less represent the same phenomenology but we prefer to show correla-
tion among the matrix elements over the mixing angles as the bounds for the mixing elements are 
more auspicious than the angles (although the mixing elements depends on the mixing angles).

Authors in [56,65] have discussed active and sterile phenomenology by considering the same 
MES framework under A4 flavor symmetry. The light neutrino mass matrix (mν) is diagonalized 
using the tri-bimaximal mixing matrix and it is found to be μ − τ symmetric matrix. On the 
other hand, as per current experimental demand [7], in our current work, we have addressed 
non-zero reactor mixing angle by adding a correction term in the MD, which break the trivial 
μ − τ symmetry in mν , that was considered zero in earlier studies. The extra correction term 
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(that is added to MD) has substantial influence to the reactor mixing angle, which is discussed 
in the last paragraph. In addition to their previous work [56,65], we have constructed our model 
with new flavons and extensively studied three non-identical MS structures separately in NH as 
well as in IH mode.

In conclusion, the low scale MES mechanism is analyzed in this work. This model can also be 
used to study the connection between effective mass in neutrinoless double beta decay in a wider 
range of sterile neutrino mass from eV to few keV. Study of keV scale sterile neutrino can be a 
portal to explain origin of dark matter and related cosmological issues in this MES framework.
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Appendix A. Product rules and vacuum alignment under A4

A4, the symmetry group of a tetrahedron, is a discrete non-Abelian group of even permutations 
of four objects. It has 12 elements with four irreducible representations: three one-dimensional 
and one three-dimensional which are denoted by 1, 1′, 1′′ and 3 respectively. Cube root of unity 
is defined as ω = exp(i 2π

3 ), such that 1 + ω + ω2 = 0. A4 can be generated by two basic permu-
tations S and T given by S = (4321) and T = (2314) (for a generic (1234) permutation). One 
can check immediately as,

S2 = T 3 = (ST )3 = 1.

The irreducible representations for the S and T basis are different from each other. We have 
considered the T diagonal basis as the charged lepton mass matrix is diagonal in our case. Their 
product rules are given as,

1 ⊗ 1 = 1;1′ ⊗ 1′ = 1′′;1′ ⊗ 1′′ = 1;1′′ ⊗ 1′′ = 1′

3 ⊗ 3 = 1 ⊗ 1′ ⊗ 1′′ ⊗ 3a ⊗ 3s

where a and s in the subscript corresponds to anti-symmetric and symmetric parts respectively. 
Denoting two triplets as (a1, b1, c1) and (a2, b2, c2) respectively, their direct product can be 
decomposed into the direct sum mentioned above as,

1 � a1a2 + b1c2 + c1b2

1′ � c1c2 + a1b2 + b1a2

1′′ � b1b2 + c1a2 + a1c2

3s � (2a1a2 − b1c2 − c1b2,2c1c2 − a1b2 − b1a2,2b1b2 − a1c2 − c1a2)

3a � (b1c2 − c1b2,a1b2 − b1a2, c1a2 − a1c2)

(A1)

Here we will investigate the problem of achieving the VEV alignment of the two flavons. 
We will take the minimization potential and try to solve them simultaneously. In general, total 
potential will be consisting of the contribution from the field ζ and ϕ and their mutual interaction. 
However, interaction among the fields are forbidden by the discrete charges. The total potential 
will be,
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V = V (ζ ) + V (ϕ) + Vint., (A2)

with,

V (ζ ) = −m2
1(ζ

†ζ ) + λ1(ζ
†ζ )2

and

V (ϕ) = −m2
2(ϕ

†ϕ) + λ1(ϕ
†ϕ)2

Vint. term will not appear in our case.
The triplet fermions will have the form,

〈ζ 〉 = (ζ1, ζ2, ζ3),

〈ϕ〉 = (ϕ1, ϕ2, ϕ3)
(A3)

Using the A4 product rules from equ. (A1), the potential for ϕ will take the form,

V (ϕ) = − μ2
2(ϕ

†
1ϕ1 + ϕ

†
2ϕ3 + ϕ

†
3ϕ2)

+ λ2[(ϕ†
1ϕ1 + ϕ

†
2ϕ3 + ϕ

†
3ϕ2)

2 + (ϕ
†
3ϕ3 + ϕ

†
2ϕ1 + ϕ

†
1ϕ2) × (ϕ

†
2ϕ2 + ϕ

†
1ϕ3 + ϕ

†
3ϕ1)

+ (2ϕ
†
1ϕ1 − ϕ

†
2ϕ3 − ϕ

†
3ϕ2)

2 + 2(2ϕ
†
3ϕ3 − ϕ

†
1ϕ2 − ϕ

†
2ϕ1)

× (2ϕ
†
2ϕ2 − ϕ

†
3ϕ1 − ϕ

†
1ϕ3)]

(A4)

Taking the derivative w.r.t. ϕ1, ϕ2 and ϕ3 and equate it to zero gives us the minimization condition 
for the potential. Three equations are solved simultaneously and various solutions are found out 
as,

1. ϕ1 → μ2√
10λ2

, ϕ2 → 0, ϕ3 → 0 ⇒ 〈ϕ〉 = μ2√
10λ2

(1, 0, 0);

2. ϕ1 → μ2
2
√

3λ2
, ϕ2 → μ2

2
√

3λ2
, ϕ3 → μ2

2
√

3λ2
⇒ 〈ϕ〉 = μ2

2
√

3λ2
(1, 1, 1);

3. ϕ1 → 2μ2√
51λ2

, ϕ2 → − μ2√
51λ2

, ϕ2 → − μ2√
51λ2

⇒ 〈ϕ〉 = μ2√
51λ2

(2, −1, −1).

Similar solutions will be generated for the ζ field also. We have used the first set of solution in 
order to generate charged lepton mass matrix and solution (2) and (3) for the generation of the 
Dirac neutrino mass matrix within NH and IH mode respectively.

Appendix B. Comparison among extended seesaw

• Inverse Seesaw (IS): The neutral mass matrix in the basis (νL, νc
R, Sc) takes the form

MIS
ν =

⎛
⎜⎝

0 MD 0

MT
D 0 MT

S

0 MS μ

⎞
⎟⎠ . (B1)

In this case, μ, MD << MS and this scenario has been termed as the inverse seesaw. Typi-
cally here n(νL) = n(νR) = S = 3 however n(νR) = n(S) = 2 is also viable.

• Extended Inverse Seesaw (EIS): Here the mass matrix is extended within the same basis 
as ISS with an extra mass term
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MEIS
ν =

⎛
⎝ 0 MD 0

MT
D μ1 MT

S

0 MS μ2

⎞
⎠ . (B2)

This is an extended inverse seesaw mechanism for μi, MD << M . This scenario is more or 
less similar to the inverse seesaw mechanism and works with same number of states.

• Extended Seesaw (ES): The mass matrix of extension of type-I seesaw is already defined 
in equation 2 as,

MES
ν =

⎛
⎝ 0 MD 0

MT
D μ MT

S

0 MS 0

⎞
⎠ . (B3)

In spite of the fact that Extended Seesaw looks like the Extended Inverse seesaw, however 
this is not an inverse seesaw mechanism. For this extended seesaw scenario as μ � MS > MD , 
analogous to the type-I seesaw. We have considered the number of states as n(νL) = n(νR) = 3
and n(S) = 1 and this is the minimal extended seesaw picture. Even though three different S
were considered within our study, but they independently generate three different MS matrices. 
Hence, our model still behaves as a minimal extended seesaw. The RH neutrino mass scale is 
near to the GUT scale for MES (or ES), whereas for the inverse seesaw case, the RH mass scale 
is much smaller as compared to the earlier one, hence the lepton number violating scale also.
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