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ABSTRACT: We develop the formalism of supersymmetric localization in supergravity using
the deformed BRST algebra defined in the presence of a supersymmetric background as
recently formulated in [1]. The gravitational functional integral localizes onto the cohomol-
ogy of a global supercharge Qcq, obeying ng = H, where H is a global symmetry of the
background. Our construction naturally produces a twisted version of supergravity when-
ever supersymmetry can be realized off-shell. We present the details of the twisted graviton
multiplet and ghost fields for the superconformal formulation of four-dimensional N = 2
supergravity. As an application of our formalism, we systematize the computation of the
exact quantum entropy of supersymmetric black holes. In particular, we compute the
one-loop determinant of the Q¢qV deformation operator for the off-shell fluctuations of
the Weyl multiplet around the AdSs x S? saddle. This result, which is consistent with
the corresponding large-charge on-shell analysis, is needed to complete the first-principles
computation of the quantum entropy.
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1 Introduction

The program of computing the exact macroscopic quantum entropy of supersymmetric
black holes in string theory has made good strides since its inception [2, 3]. In the simplest
cases one can go much beyond the leading asymptotic analysis of [4, 5], and compute ex-
act integer degeneracies from a continuum calculation in macroscopic string theory, thus
providing valuable lessons about the quantization of the gravitational degrees of freedom
of a black hole. This has been made possible by the application of the technique of super-
symmetric localization to supergravity in the near-horizon AdSs region of BPS black holes.
The remarkable success of this idea indicates that it may be very useful in a larger class of
situations beyond that of BPS black holes in asymptotically flat space considered in [2, 3.
One could think of applying similar ideas to other BPS black holes or, more broadly, to
calculate exact bulk functional integrals in a generic AdS;y1/CFTy setting, thus giving
rise to an exact understanding of a sector of holography.

The main idea of localization, as is well-known by now, is to consider a fermionic
operator ) that is a symmetry of the theory [6-10]. One deforms the theory by a Q-
exact operator and the functional integral reduces to an integral over the set of critical
points of this deformation QV. With an appropriate choice of V, one obtains the critical
points to be the set of all off-shell field configurations annihilated by . Equivalently,
one twists all the fields by the spinorial generator of (), and then the functional integral
can be written as an integral over the space of twisted or cohomological variables that are
in manifest representations of the supersymmetry algebra. The twisting procedure also
greatly simplifies the calculation of the one-loop determinants of the deformation operator
involved in localization. In its most powerful equivariant version, we have a supersymmetric
theory defined on a background space that admits a fermionic charge obeying the off-shell
algebra Q% = H, with H being a compact bosonic generator acting on the background
space as well as the field space [11].

Despite its successes mentioned above, localization in supergravity has always suffered
from some formal issues as well as practical problems. In this paper we address and resolve
two of the foundational issues: (1) What is the meaning of @) in supergravity? (2) What
are the correct twisted variables of supergravity? The heart of the difficulties in both
these problems lies in the non-linear nature of supergravity. As we explain, the answers
to both questions depends on the existence of a supersymmetric background, which we
assume to be a non-compact space with an asymptotic boundary, that is used to define
the global symmetries. We focus on asymptotically Anti de Sitter space here, but our
construction should also apply to other spaces like asymptotically flat space. In the rest of
the introduction, we explain these two questions, their resolution, and their consequences
in some detail.

1.1 A global supercharge Q.q in supergravity

The main formal issue underlying localization in supergravity is how to define a rigid super-
charge in the quantum theory of supergravity in which the metric and gravitini are fluctuat-
ing in the functional integral. This is sometimes expressed as the slogan that all symmetries



in supergravity are gauge symmetries, or that there is no global (super)symmetry in (su-
per)gravity. One can of course overcome this by considering a space with a boundary,
interpreting the boundary conditions on the fields as a fixed background, and integrat-
ing over the fluctuations. The (super)symmetries of the background are now our global
symmetries.

The question really is how to implement these background symmetries on all the fluc-
tuating quantum fields of the gravitational theory. In ordinary gauge theories, there is a
well-understood method to split the gauge transformations between the background and
quantum fields. In contrast, the background field method in supergravity has not been
well-developed until now, the technical hurdle being the field-dependence of the structure
functions of the gauge algebra of supergravity. The general formalism to perform covariant
quantization in the presence of a background/boundary for generic gauge algebras was put
forward in the paper [1]. Here we flesh out this idea in the context of supergravity. In par-
ticular, by choosing a background field configuration that admits a global supersymmetry
algebra, we construct a rigid fermionic generator QQeq which is a deformation of the BRST
algebra and obeys qu = H with H being an isometry of the background. We then use
this fermionic symmetry to localize the functional integral.

1.2 The variables of twisted supergravity and Q¢q-cohomology

The core problem with the construction of the twisted variables is that fixing a metric
background partially fixes the gauge in the gravitational multiplet, and the gauge-fixing
condition is generically not compatible with supersymmetry. This incompatibility shows
up, for example, as a mismatch between the off-shell bosonic and fermionic degrees of
freedom. There are three ways in which this problem is fixed in rigid supersymmetric gauge
theories: (i) use the full superfield, (ii) fully fix the gauge symmetry (explicitly breaking
covariance), or (iii) do a covariant quantization by introducing ghosts, and choosing a
combination of the global @ and the BRST charge Qp,st to perform the twist [12]. In our
current situation, (i) we do not generally have a superfield formalism for supergravity,' and
(ii) fully gauge-fixing the gauge symmetries of supergravity is not technically easy, nor is it
particularly elegant. The third route is general and systematic, but unlike for Yang-Mills
theory, generically we only have the nilpotent BRST charge Qs in supergravity. Once
again, the introduction of a background with its global symmetry Qeq solves this problem.

In this paper we construct the cohomological classification of the fields of the Weyl-
multiplet of A/ = 2 superconformal gravity [15-17] combined with the ghosts for the gauge
symmetries of the theory. We find that this is a multiplet consisting of 94 bosonic +
94 fermionic degrees of freedom, paired up under the fermionic generator Qeq.2 This is
our construction of twisted supergravity. There have been previous discussions involving
supergravity fields and ghosts, and their twisting, from different points of view, mainly

'In special cases like N' = 1 supergravity in four dimensions, one can exploit the superfield formulation
of supergravity as in [13, 14].

2Representations of superalgebras in Yang-Mills theories preserving various fractions of supersymme-
try [18, 19] have been used in a powerful manner for the localization of these theories [20]. As far as we are
aware, the analogous construction in supergravity around non-trivial supersymmetric backgrounds is new.



involving relations to topological theories [21-24]. As far as we are aware, the explicit
construction of the transformation rules of the rigid supercharge in the supergravity-ghost
system around non-trivial supersymmetric backgrounds is new. The papers [22, 24| also
consider applications to localization relating to the problem of finding backgrounds obeying
the localization equations, on which rigid gauge theories can be defined. In contrast, our
construction here allows us to go beyond the supersymmetric solutions and actually perform
the integral over all fluctuations of supergravity.

As a consequence of our formalism, we can exhibit the equivariant cohomology in
the AdSs x S? near-horizon background of BPS black holes. In this case the algebra
is ng = Lo—Jo = H where Ly is the rotation of the Euclidean AdS, Poincare disk and Jj is
arotation of S2. Around the fixed points of H the symmetry generators can be embedded in
the SO(4) rotation group, and the equivariant cohomology becomes that of the rigid theory.
We use our cohomological classification of fields to compute, using index theory, the off-
shell one-loop determinant of the deformation operator @V in the localization procedure
for the Weyl multiplet, following the formalism of [20, 25]. In the black hole context, there
is an additional subtlety due to the non-compactness of AdSy and the related “boundary
modes” [26]. A careful treatment of these modes leads to a modification of the usual
index analysis. Combined the corresponding one-loop computation for vector multiplets
and hypermultiplets [27, 28], this gives a complete answer for A/ = 2 supergravity coupled
to vector multiplets.

The plan of the paper is as follows. In section 2 we review the construction of the
deformed BRST algebra presented in [1], and apply it to generic off-shell supergravity the-
ories. In section 3 we focus on d = 4, N’ = 2 supergravity in the superconformal formalism
and present the twisted variables and the complete set of transformations under Q¢q. In
section 4 we apply our formalism to the AdSs x S? near-horizon background of supersym-
metric black holes and compute the one-loop contribution of the Weyl multiplet to the
localization formula. This includes an analysis of the boundary modes of AdSs in our su-
persymmetric formalism. In section 5 we conclude with an outlook and some speculations
about how our ideas can be useful in various directions. In the appendices we record our
conventions and the details of the superconformal supergravity that we use, in an attempt
to make this paper reasonably self-contained.

2 Deformed BRST cohomology in supergravity

In this section we summarize our ideas of equivariant cohomology in supergravity. We
begin this section by a review of [1] in which the formalism for an equivariant BRST
cohomology for an arbitrary gauge algebra in the presence of a background is constructed.
We briefly review the set up and the key equations of [1], and make some comments on
the physical interpretation of the BRST variation equations. In the second subsection we
review the formulation of supergravity as a gauge theory and write down the general form
of the variations of all the fields and ghosts, ending with the twisted algebra. In the third
subsection we consider supergravity coupled to vector multiplet matter fields and show
how we can recover known results as a limit of our formalism.



2.1 Review of the general formalism

We work in the context of a gauge theory whose fields are generically denoted by ¢!. We
follow the notations and conventions of [29] unless explicitly mentioned otherwise. The
infinitesimal gauge transformations are of the form:

(M)Z = faRai(¢) ’ (2'1)

where R,‘ may include derivatives acting on the (bosonic or fermionic?) parameters £*(x#).
We consider theories where the gauge transformations obey off-shell closure, which is ex-

pressed by
j i1 ap i
EpELRs OB, = 38 & f5," Ra' - (2.2)
The gauge transformations also obey the Jacobi identity:
616 E) Ry 0 F5a” — E7€5'6] 1,57 fa” + eyelic in (1,2,3) = 0. (2.3)

The equation (2.2) defines the structure functions f,57(¢"). In Yang-Mills theories, these
reduce to the structure constants of the gauge group. In supergravity, these functions
depend in a non-trivial manner on the fields, and many of the complications of supergravity
arises from this dependence.
We are interested in a set up where the fields are decomposed into background and
quantum fields as
="+ (2.4)
Correspondingly we can restrict some of the gauge transformations to a subgroup param-
eterized by f @ and get background transformation of the form
0¢' = £*R(9)a’ (2.5)
The action of the background transformations on the quantum fields 5 ¥ is then a difference
of the transformation (2.1) on the full field and the background transformations (2.5).
The BRST transformation rules for the background and quantum fields are derived
in [1] by promoting the gauge transformations (2.1), (2.5) to BRST variations, and then
showing that these transformations form a closed algebra, thus leading to a nilpotent
operator. Below we include a slightly different presentation using the idea of background-
freezing.? The usual BRST transformation rules on the full (background + quantum fields)®
are

Sbrst &' = A (é+¢)* R(d)a' (2.6)
Sorw, (& €)% = =3 (&4 A (+0)° f(6)a" (27)

30ur conventions for placement of the Grassman variables is different from [1]. Tt is chosen to allow us
to take away the Grassman parameter easily when we define the charge from the variation rules.

4This idea was inspired by its use, with great effect, in various contexts in field theory and string
theory [30]. The new point here is to apply it to the ghost system.

5We use the notation ¢ rather than ¢ to denote the quantum ghost as there is only one such field in
any theory. The field ¢, although formally playing the role of the background ghost at the moment, will
become a fixed parameter rather than a ghost field in our treatment below.



We now insert a factor of mp to separate the classical and quantum parts as® ¢ = gg+ m%%
and ¢ .= &+ mipc. The limit mp — oo isolates the BRST transformations acting only on
the background fields. Upon subtracting these background transformations from the full
field, we obtain the transformation laws of the quantum fields:

Sorst &' = A (c+ )" R(@)a’ — AE* R(0)a (238)
Sorsi ¢ = =3 (c+ A (e &) F(O)a + 5N f(B)at (29)

It is clear that the charge dp,; is nilpotent, as the transformation rules on the full fields as
well as on the background is exactly the usual BRST variations, and the variation on the
quantum part is simply the difference of the two.

The next step is to deform this BRST charge to a new charge deq as follows. First
we freeze the background to some fixed values, which we will take in our application to
be the boundary value of the fields, typically a solution of the equations of motion of the
theory. This can be thought of as a partial gauge-fixing procedure, and the corresponding
background ghosts should be set to zero in order for the BRST variations to be consistent.
The only background ghosts that can still have non-zero values are the ones corresponding
to isometries of the background, which obey

Y R($)a' =0. (2.10)

In the AdS/CFT type situation mentioned in the introduction, the background fields are
fixed by the boundary conditions and are not allowed to fluctuate in the functional integral.
The isometries above are parameterized by background ghosts that are non-normalizable
in spacetime, and are therefore also fixed in the functional integral. In situations where the
isometries are normalizable, e.g. when the spacetimes are compact, we need to introduce
ghosts for ghosts and so on, we will not consider such situations here in this paper.

The required deformation is obtained by combining this isometry condition with the
BRST rules (2.8), (2.9):

Seq @' = Alc+ &) R(d)a', (2.11)

Sac® = — e+ A (4 &) f(B)as" +5-¢TAE (s (2.12)

Here we have inserted a parameter x multiplying the deformation term. The equivariant
rules are obtained at x = 1, while the ususal BRST rules on the full field (2.6), (2.7) are
recovered in the limit kK — co. The equivariant charge obeys the algebra

0oy = O¢ (2.13)

where Sé is the background isometry transformation parameterized by the bilinear”

. 1. . ) o o
Y = B} Ao ¢TAy Cﬁf(@ﬁ’y ) (2~14)

SHere we have assumed that the dimension of ¢° is one, but it is a general fact that the quantum
fluctuations are suppressed by a positive power of mp and the heuristic argument below goes through. The
algebra of BRST transformations can be verified independent of these arguments.

"The order of the grassmann parameter A; and Ao is for 5§q = Geqq0eqo-



acting on the quantum fields as

0¢¢' =€ R(9)a (2.15)
G == P f(9)sy” (2.16)

These transformations are exactly what we expect according to the representations of the
fields and ghosts under the isometry transformation around an invariant background: the
quantum matter fields qz~5Z transform® in the representation R’ and the c®-ghosts transform
in the adjoint representation.

Now we turn to the anti-ghost b, and the Lagrange-multipliers B,. Since we have
frozen the background fields, the background values for these fields can be set to zero. At
this point we specialize to our situation of interest, namely supergravity backgrounds in
which the only background ghosts ¢ are those corresponding to fermionic transformations.
In this case we can write the transformations on the quantum anti-ghost fields:

Seqbe = A B, (2.17)
1.,.. o
6eq B, = 5 & Ac(s f(@)&fﬁ f(qs)ﬁoc’y b’y . (218)

One can check that the commutator of two transformations on these fields also obeys the
algebra (2.13) where the background transformations d¢ act as

562q bo = éﬁf(¢)ﬂa7 b'y s (2.19)

as consistent with the fact that b, transforms in the adjoint representation of the full gauge
algebra, in parallel with the situation for the quantum fields ¢’ and ghosts ¢®. The algebra
also closes in the same way for the Lagrange-multiplier B,, i.e.

5 Ba = 1(6)5a" By (2.20)

but this deserves a comment. In a generic theory, if we assume that B® transforms as
in (2.18), then the square of two transformations does not close on 55 (and contains extra
terms with derivatives of the structure functions). In the construction of [1], the closure
of the algebra is guaranteed by choosing deqBn to only involve the background structure
constant f(¢) 3a’, instead of the full structure function f(¢)ss" as in (2.18), and as a conse-
quence, the background transformation (2.20) also only involves the background structure
functions. In our supergravity situation, this tension between the closure of the algebra and
the“natural” transformation of the B field (as a representation of the full gauge algebra)
does not arise because the relevant function f(¢)g.’ in (2.18) is actually constant. This is
because the only functional dependence appears in the commutator of two supersymme-
tries, while the other structure functions are constants. Since we only allow non-zero ¢ for

fermionic transformations, the index § in the transformation of B is necessarily bosonic,

8The quantum fields generically transform according to the difference of the full transformation R (2.1)
and the background transformation (2.5), but in our situation the background transformations are isometries
and therefore have a vanishing action (2.10).



which therefore implies the constancy of f(¢)sa’. Thus the quantum and background
values are equal, and so (2.18) is consistent with the general construction of [1].
The final algebra can be written simply as

o

0oy = 0z (2.21)

where the background transformation 55 acts on any quantum field of the theory according
to its representation under the full gauge algebra.

2.2 Application to supergravity

As is well-known, supergravity can be formulated as a gauge theory. The gauge algebra is
slightly more complicated compared to rigid supersymmetric theories, but falls within the
general formalism of the previous section. The main technical complication for our purpose,
as mentioned in the introduction, is the fact that the commutators of the algebra involve
structure functions rather than structure constants. The precise details of the structure
functions depends on the theory under consideration, but there is a general structure which
we now review. (See e.g. the textbook [31] for a nice introduction.) Our interest is in off-
shell supergravities, and we follow the construction of the conformal supergravity.

The key symmetries present in any supergravity theory are general coordinate trans-
formations (diffeomorphisms) and local supersymmetry transformations. In addition there
are other local (bosonic and fermionic) symmetries required by consistency. The general
coordinate transformations play a special role in the algebra and we denote them by dgc((£)
where the parameter £#(z") is the vector field generating the diffeomorphism. We collec-
tively denote the rest of the (bosonic and fermionic) gauge transformations by d4(e4). Of
these, the local supersymmetry transformations are special, they are denoted by dg(e) and
parameterized by the spinor field €,(z"). The general form of the algebra is as follows:

[5gct(£1) gct(§2)] = 5gct([€2a 51]) y
[04(™), 0e()] = 0a(€#Due™), (2.22)
[64(e1') . 05(e8)] = 0ot (0)9" + 8a(e3)

where the parameters on the right-hand side are given by

v =ePelfapt(0), i =efel fre(9). (2.23)

It is clear from the relations (2.22) that the softness of the algebra only appears in
the third line, i.e. in the (anti-)commutator of the gauge transformations d(s?). We
now briefly review the origin of this softness, as this will be important in the following.
The starting point to construct the off-shell supergravity gauge algebra is a regular rigid
super Lie algebra which always includes local translations P* and local Lorentz transfor-
mations M? (here a is the local tangent space index), which is then gauged. One then has
to impose “conventional” constraints on the various curvatures. This is a supersymmetric
generalization of the bosonic constraint which identifies the gauge fields e}, for the local
translations and wzb for the local Lorentz transformations with the vielbein and the spin



connection, respectively [32]. As a consequence of imposing these constraints, the local
translations P® turn into general coordinate transformations, and the algebra is modified
at a non-linear level. The (anti)commutators in the third line of (2.22) that are modified
are precisely those that involve a translation on the right-hand side, i.e. the anticommutator
of two supersymmetries. This anticommutator now contains the general coordinate trans-
formation involving the vielbein, as well as the various other gauge transformations of the
theory involving the corresponding gauge fields. The rest of the d4(¢4) transformations are
homogeneous transformations which rotate the fields and do not produce any translations
in their commutators. A further field-dependence appears because of the auxiliary fields
that are needed to close the supersymmetry algebra off-shell (again this only appears in the
anticommutator of two supersymmetries). The bottom line is that the softness of the alge-
bra is manifested only in the structure functions fag#, fag® with A, B both corresponding
to the fermionic transformations. This is explicitly illustrated for the case of d = 4, N’ = 2
conformal supergravity in the algebra of transformations (B.26) with (B.14) and (B.27).

In addition to the fields of supergravity, we introduce, for each of the local symmetries,
a ghost system consisting of ghosts ¢, anti-ghosts b, and Lagrange multiplier B. The
ghost b and anti-ghost ¢ for bosonic (fermionic) gauge symmetries are fermionic (bosonic),
and the Lagrange multiplier B is bosonic (fermionic). Now we write the transformations
of all the fields under the equivariant supercharge Qeq, following the prescription of the
previous section. We choose a background ¢ which admits some rigid supersymmetry and
a corresponding Killing spinor, and set all the background value of the ghost fields to be
zero except for the ghost of the local supersymmetry variation. The equation (2.10)

E*R($)a" =0
is simply the condition that the background has a fermionic isometry, i.e. a rigid super-

4 is simply the corresponding Killing spinor.

symmetry, and the corresponding parameter ¢
Here we assume that we have a non-compact background so that all the isometry param-
eters are non-normalizable, otherwise we would need an additional gauge fixing procedure
by introducing ghost for ghosts.

In this situation, the deformed BRST transformation given in (2.11), (2.12), (2.18)

and (2.18) is
Jeq @ = Lacnd’ + A(E+ ) R’ (),

1 1
Seq ' = A0, e — 5(& + ¢)BA(E+ ) faph(0) + 5éBA&A fas™(9),

1 1 .
g 4 = MO (6+ ¢ = e+ ) OAE + 0P o (9) + 37N fc(6)
Seq by = AB,,,
Seqba = ABy4, (2.24)

1 SO A o 0

Ocq By = L1anneap, pud)bu+ 50 (CCACBfBCA(@)bA :
L,p, . .

5quA = E%éBAéAfABu(ég)bA + §CLACCfCLB(¢)fBA#(¢)bu

+ A f10P(8) fsa% ()b



Now we express the equivariant cohomology without the formal grassmann parameter A,
by defining deq = AQeq. Since we only have background ghosts for supersymmetry, the
surviving background bilinears are the Killing vector

1 .
oM = §éBéA fas™ (), (2.25)

and the parameters for bosonic transformations

. 1.0, i
¢ = S0 fnct(3). (2.26)
Now, recalling the discussion after equation (2.22) that fg*(¢) = 0 and that fpa©(¢)
is constant whenever the index B labels a bosonic symmetry transformation, we find that
some of the structure functions in the transformations (2.24) are actually constant. A
direct calculation of the various commutators results in the algebra:

Q2 =Li+ > dal&s), (2:27)
A€bos

where the sum in the second term is now over all bosonic symmetries except general
coordinate transformations.

It is worth re-emphasising that the deformed BRST transformations (2.24) are con-
sistently defined around an arbitrary supersymmetric background. The consequent alge-
bra (2.27) depends on the choice of background through its rigid symmetry parameters.
On specializing to a flat background, we recover the algebra discussed in [21, 22, 24].

2.3 Matter multiplets coupled to supergravity

The general formalism explained in the previous section can also be applied in the same
manner when matter multiplets are coupled to supergravity. Many such examples of such
constructions have been discussed recently (see e.g. the review collection [33]). In this
subsection, we show that our general formalism gives a uniform explanation for the various
constructions.

Suppose a matter multiplet is accompanied by internal gauge symmetry G which we
take to be generic non-abelian Lie group. Then the superconformal symmetry gets the
central extension; in general, anti-commutation of two supercharges ) generates the inter-
nal gauge symmetry G with field dependent parameter. Thus the structure functions are
enlarged to include the internal gauge algebra, {fpc?(¢)} — {fc(d), fBc’(8), frx'},
where I,J, K are the gauge index and f;x! is constant. In addition to the matter multi-
plet {¢¢.}, we include the ghost multiplet {c’,br, Br} of the internal gauge symmetry G
to the Weyl multiplet and its ghost multiplets. As in the previous section, we use the
deformed BRST transformation as in (2.24) to get the algebra (2.27).

In order to consider the matter fields on rigid supergravity background, we suppress
all the quantum fluctuations of the Weyl multiplet and its ghost fields and set them to



their background values. Thus we have
Qeafin = "R’ (& + 6m) + ' R (0 + 6m)
1.0, o~ . 1
Qeqc’ = —icccB(fBCI(ﬁb + ém) — [ (9)) + §CKCJfJKI
Qeqbr = Br (2.28)

l.p. :
QquI = ‘C%EBC"AfAB”(J))bI + §CBCAfABJ(¢)fJIKbKa
and the algebra closes equivariantly to

2=Lot+ D 6aE) +da(a), (2.29)
A€bos

where the parameters v* and é’g‘ are the Killing vector (2.25) and rigid bosonic symmetry
parameters (2.26), respectively, and the a! is rigid parameter for the internal gauge group
G defined as

&l = JePe fanl(6). (2.30)

We now illustrate the simple example of an abelian vector multiplet coupled to N = 2
supergravity background that we use in the following. The vector multiplet consists of a
vector field A, a scalar X, two gaugini A’ which form an SU(2) doublet of chiral fermions,
and the auxiliary scalars Y% which form an SU(2) triplet. The algebra that is used for
localization is that of a rigid supersymmetry Q2 which squares to bosonic symmetries with
field dependent parameters:

Q* = L; + Gauge(a), (2.31)

where we have assumed that there are no other bosonic transformations on the right-hand
side, just to make the discussion simpler. Here, a is the U(1) gauge parameter given by
a=—0rA, —2i(¢_¢" X + é&4¢, X). Note that this includes the background value as well
as fluctuation of fields. In order to get a rigid symmetry algebra, one introduces the ghost
system (¢, b, B) for the U(1) gauge symmetry, and uses the combination @ =Q+ Qust- In
this case one has to additionally work out the transformations of ) on the ghost system
demanding consistency of the algebra (see [12, 20, 25, 34] for details of this procedure in
some examples).

Our formalism above systematizes this procedure, and the transformation rules of @
are precisely those of QQeq. The transformations of the rigid supersymmetry () correspond
to the terms involving ¢, and the other terms correspond to the BRST transformation
Qurst-” In this case one obtains

QeqCc = —a, Qeqa = —Lyc, (2.32)
Qeqb:B7 Qquzﬁﬁba

9The constant gauge transformation parameter ' = %EBEAfABI(qoﬁ) in (2.30) corresponds to the param-
eter ap that appears in (4.12) of [20] or (4.9) of [25]. In the (2.28), it naturally appears as a part of the
rigid supersymmetry () transformation of the ghost fields. A difference is that since we do not consider the
zero mode of the ghost fields, the multiplet of ghost for ghost is absent. i.e. @p = ¢o = co = bp = 0 in [20].
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in agreement with the construction of the combined cohomology @ in each case. The
algebra closes to bosonic symmetries with field independent rigid parameters,

ng = Ly + Gauge(a) , (2.33)

as can be read off directly from (2.28).

3 Twisted fields and algebra of N/ = 2 conformal supergravity

In this section we implement the twisting procedure described above on all the fields of
the N' = 2 supergravity (Weyl) multiplet. We then classify all the twisted fields as repre-
sentations of the supersymmetry algebra (2.27). This representation, called the cohomology
complez, is of the form (®,Qeq®, ¥, Qeq¥V). Here & and ¥ denote the collection of some
of the bosons and fermions, respectively, of the theory which we shall call elementary. The
rest of the bosonic and fermionic fields are in the collections Qeq¥ and Qcq®, respectively.
We can think of this procedure as a change of variables in the (matter+ ghost) field space
from the fields labelled as usual under local Lorentz indices to a set of fields that are paired
up under the operator (Qoq. This change of variables will be very useful when we compute
the functional integral using localization, as the algebra (2.27) is then manifestly satisfied
on these variables removing any issues caused by gauge choices.

In order to achieve such a classification we need, firstly, an operator Qeq with a well-
defined off-shell action in the theory. This is precisely what we achieved in the previous
sections for N' = 2 supergravity around any supersymmetric background that admits a
Killing spinor €, we shall refer to Qeq as the supercharge from now on, and the transfor-
mations as supersymmetry transformations from now on. The next step is to twist the
various fermionic fields, i.e. construct linear combinations with the Killing spinor so as to
obtain a set of fields with purely bosonic quantum numbers. Having done that the prob-
lem reduces to tracking the supersymmetry transformations on all the fields and classifying
them into the four sets listed above. This classification of course only respects the super-
algebra (2.27) and, in particular, the local Lorentz components of the same field can end
up in different sets.

We reorganize the variables through the following procedure. We consider a local
change of variables. We also demand that this change of variables is invertible, as otherwise
the functional integration measure would be singular.

1. We choose a particular twisting of all the spinorial fields, and make sure that it is
invertible. The way of twisting may not be unique, but the following procedure will
ensure if our choice of twisting is good for the cohomological classification.

2. We start with a given component, say ¢, of a bosonic field ¢ in some representation R
of the gauge group, and consider the variation Qeq¢r which is clearly in the same
representation, and may be a composite combination of bosonic fields and the twisted
fermionic fields with coefficients consisting of bilinears of the Killing spinor &°.
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3. We find a term where the twisted fermionic field ¢z in the same representation as
the boson ¢g linearly appears. The constraints we impose are that this fermionic
field should not contain derivatives — otherwise the change of variables will not be
invertible (as the constant modes will not be present) — and that the coefficient of
this term should be regular everywhere for the invertibility. If we can find such a g,
then we classify ¢r as an elementary bosonic variable in ® and Qeq@r in Qeq®. We
may exclude the ¥ from the set ¥ of elementary fermionic variables.

4. In the same way, we find the fermionic variables in ¥ and the corresponding bosonic
variables in Qeq V.

5. Keep the process going until all the variables are classified. If we fail, then we
reconsider the other way of twisting.

This procedure yields a consistent set of twisted variables which smoothly fall into repre-
sentations of QJeq. The nature of the change of variables from the original quantum field
variables to the cohomological variables is of the form linear transformation + non-linear
transformation. Here the coefficients of the linear term always include the background
spinors, while the non-linear terms can be thought of as fluctuations. Thus, at least for
small fluctuations, the Jacobian is a constant. This is one of the big advantages of the
background field method, and is an important difference with the discussion in [21, 22, 24].
In the applications that follow, we assume that this is the case in the full transformation
and there is no Gribov-type singularity.

We now use these ideas to classify the cohomology complex of N' = 2 supergravity.
We begin by reviewing the simpler and known case of the vector multiplet fields [12] to
set up the formalism and notations. Our conventions for spinors and gamma matrices are
presented in appendix A.

3.1 Vector multiplet

The N = 2 vector multiplet (A“ XL, X N Y ) consists of a vector field A,,, two scalars X
and X, two gaugini A’ which form an SU(2) doublet of chiral fermions, and the auxiliary
scalars Y/ which form an SU(2) triplet. The vector field A, is a gauge field for U(1) gauge
symmetry, and correspondingly we introduce the ghost system (b, ¢, B). The ghost b and
anti-ghost ¢ are fermionic, and the Lagrange multiplier B is bosonic.

First we write the spinorial gaugini fields \? in terms of bosonic variables by projecting
against the fixed Killing spinors ¢! using (y5e*, v’ , eijej ) as a basis. The resulting twisted
variables are

A=A, Aa=g A, AT = 2000 (3.1)
where the matrix C' is the charge conjugation matrix, and the inverse relation is
A= (55e) H(yse A+ et Ay + € e AY) (3.2)

Here we assume that the coefficient g; ¢’ is non-singular, which ensures the invertibility of
the twisting, so that the 8 gaugini degrees of freedom are now encoded in the bosonic coef-
ficients (A, A, M), Here, we could also choose a different twist using (e, v*ys5’ , €;575¢7),
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but we shall not work it out. As we will see that the choice (3.2) reads to a consistent
cohomological classification.
We start with the gauge field A,. The variation of the quantum fluctuation of A, is

Qeq ;{,u = )\# + a‘uc . (3.3)

Here the twisted variable A\, appears without derivative, and so A, belongs to ® and A, is
excluded from V. Indeed, the variation of A,

Qeqhu = Ly Ay + 80 (3.4)

with
a:=—vlA4, —iX (ie") — Xo(Eivse") (3:5)

does not contains any term without derivatives of other bosonic variables. Here we let X7 :=
X + X and X5 := —i(X — X). Next, we consider the variation of the quantum fluctuation
of Xs:

Qeq X2 = . (3.6)

It does not contain any derivatives, and thus the variable X, belongs to ¥ and A is excluded
from W.'0 The remaining twisted gaugino field A varies into

Qeq NI =g eh Yy 4 2€(i07u€j)8ﬂX2 (3.7)
+ EE&C’Yabé“i_) Fa_b . g(Xl . 1X2)Ta—b:| + E(jcfyabgj_) |:F(:l_7 — §<X1 + 1X2)T;l_7 .
Since the auxiliary field Y% appears without derivative and with a regular coefficient &;*.
the field A¥ belongs to ¥ and Y% does not belong to ®.

The bosonic variable X is not yet classified. For this we look at the variation of ghost
fields which were already presented in (2.32):

Qeqc = —a, Qeqa = —L;c,

Qeqb - B, Qqu = E{,b .

From the expression (3.5), we see that the field @ includes the field X; without derivative
and with non-singular coefficient g;et. Thus ¢ belongs to W and it is natural that X; is not
part of ®. Finally, the classification of the anti-ghost and the auxiliary field is trivial. The
b varies into B with no derivative. Thus b belongs to ¥ and B is not in ®. From these
transformation rules, we see that the cohomological variables for the bosons and fermions
variables are organized as in table 1. This above discussion was simply a review of known
results [12, 20, 25], which we went through in order to explain our systematics. Our real
interest is of course in the Weyl multiplet, to which we turn now in order to achieve a
similar classification using these ideas.

107f we started from )?1, then we would get Qeq)Nfl = i(Ejsj)fl (Ei'yg,si)\ —&—Ei’y“ai)\u) which has a singular
coefficient Z;vse’, and thus the change of variable (A, A\, ,A¥) = (Qeq X1, QeqAL , A¥) would be singular.
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A, Xy NI b e

Table 1. The elementary variables (5 bosons and the 5 fermions) in the cohomological represen-
tation of the vector multiplet fields, including the ghost system. The rest of the fields are in Qcq
variations of the elementary variables.

Local symmetry Gauge fields Degrees of freedom
g.c.t €y 16B
Dilatation D AP 4B
Sp. conf. K¢ I composite
Lorentz M, wzb composite
SO(1,1)r Aft 4B
SU(2)r Vi 12B
Q-susy 1[),3 32F
S-susy gbﬁ composite
Auxiliary fields | Degrees of freedom
T 6B
D 1B
x° 8F

Table 2. The 43 bosonic(B) and 40 fermionic(F) matter fields of the Weyl multiplet.

3.2 Weyl multiplet

The independent physical fields of the Weyl multiplet consist of 24+ 24 independent degrees
of freedom, as reviewed in appendix B. We collect them in table 2. Here we are interested
in the off-shell counting of the degrees of freedom in a covariant manner, i.e. without taking
into account the redundancies due to gauge transformations. This gives a count of a total
of 43 bosonic and 40 fermionic degrees of freedom. This mismatch, as we have discussed,
is due to the gauge symmetries not commuting with supersymmetry, and it will be cured
by the addition of ghosts. Thus we introduce, for each of the local symmetries, a ghost
system consisting of ghosts ¢, anti-ghosts b, and Lagrange multiplier B. The ghost ¢ and
anti-ghost b for bosonic (fermionic) gauge symmetries are fermionic (bosonic), and the
Lagrange multiplier B is bosonic (fermionic). These are presented in table 3. Together,
the matter and ghost fields of the Weyl multiplet consist of 94 + 94 degrees of freedom.
We now present the details of the twisting and the representation of these fields as
pairs under the supercharge QQeq. The twisted fermionic variables for w;iz % ,ciQ ,cg are

Yu =Ensty, Yt =Y = —2eC0y), (3.8)

X =&’ Xt =gsrx, X7 =200y, (3.9)
cs = Eivscd, cd =Ecd, cfgj = —25“00? , (3.10)
cQ = Emg)cé , cg = Eﬂacé , cg = *26“065} , (3.11)
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Local symmetry Ghosts Degrees of freedom
g.c.t (c*, by, By) 8F 4B
Dilatation D (¢cp,bp, Bp) 2F 1B
Sp. conf. K¢ (c,b2,B) 8F 4B
Lorentz M, (c‘}\ﬁ’[ , b‘}\f’[ , Bﬁ/[b) 12F 6B
SO(1,1)r (cr,br, Br) oF 1B
SU(2)r (i >biis Bri) 6F 3B
Q-susy (cé ,bé 7Bé) 16B 8F
S-susy (ck,bi, BY) 16B 8F

Table 3. The 51 bosonic(B) and 54 fermionic(F) ghosts of the Weyl multiplet.

with inverse relations:

= Ee") [ burse’ + 0t vae" + 0 ere®) (3.12)
X' = @) 7 (xe" + X Yarse’ + X7 erse”) (3.13)
cg; = (Eiei)_l (cs’)’5€i + csafya&?i + cgj ejksk) , (3.14)
ch = (Eie") s + edvas’ + e ejne”). (3.15)

The spinorial anti-ghosts bg, bs and Lagrange multipliers Bg, Bg corresponding to the
fermionic transformations can be twisted in the same way as the ghosts.

The classification of the cohomological variables of the Weyl multiplet is a little more
involved than those of the vector multiplet, but follows exactly the same general principles.
We recall the general definition of Qeq given in (2.24). The details can be read off from
the algebra, which we present in appendices B.1 and B.2. As in the previous subsection
we focus on terms that are linear in the fields with no derivatives and with non-singular
coefficient. This allows us to go through the whole multiplet and classify the various fields.
In this discussion below, we use ellipses to denote other terms that appear in the variations.
Once we finish the full classification, we present all the detailed fields variations.

We begin with the defining field of the Weyl multiplet, namely the vielbein e,%. The
variation is

Qeq €, =0, + - (3.16)

Since the gravitino twisted variable 1),,* appears linearly without derivative, we classify €,*
into ® and exclude v,* from ¥. Now consider the other gravitino twisted variables:

Qeq @Z}u = _CSaéZ + Avﬁgigi + -, (3.17)
Qeq ] = VuUpe* + o (3.18)

As the right-hand sides contain pure bosonic variables in the same representation, we
classify 1, and v,/ into ¥ and exclude Vuij from ®. In the first equation above, it is not
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immediately clear which one among the cg, and AR can be excluded from ®. However, we
can exclude cg, from ® by observing that the varlatlon of AR gives

Qeq u = —Xabu" + . (3.19)

Thus Eﬁ belongs to ® and x® can be excluded from W.
Now consider the other auxiliary fermion twisted variables y and x%. Since variation
of the x gives the auxiliary scalar D as

Qeq X = DEic’ + -+, (3.20)

we put x into ¥ and exclude D from ®. We can find the x“ from the variation of the
tensor field T;g orT , as

Qeq b_41(€l ) ! (C’Yab'75€)X'Lj + e, (321)

where xi; 1= €ir€j X . At present the mapping looks nontrivial because the fields have
different representation under the local Lorentz and R-symmetry group SU(2)4 xSU(2)_
SU(2)g: while the T;z; and fa_b have representation (1,3, 1) and (3,1, 1), the x;; has (1,1, 3).
The right hand side of (3.21) provides the twisting procedure such that the representation
of xi; is converted to the representation of the correct combination of Tvgb and TV;Z depending
on the point of the manifold. At the point where ¢ = 0 the Tvi maps to x;;, and at the
point where &’ % =0 the TJr maps the x;;. Therefore one of the TjE belongs to ® and the
X% is excluded from W. The other one of the T o, can be found from the variation of the
ghost for Lorentz symmetry as

1 . L . 4 .
Qeq = —Zi(§i+€l+Tab+ + ?i_g,Tabi) — (gﬁz)il 6(20’}/ab’}/5€]) Csij + -0 (3.22)

This variation in fact includes the ghost for the S symmetry cgj as well. Again, by the
twisting procedure, at the point where & = 0 the ¢*® maps to T(;z and cgj, and at the point
where si =0 the ¢ maps to Ta_b and cg Thus the ¢® belongs to ¥ and the other one of
fajl[) and ng can be excluded from ®.

Consider the yet unclassified twisted variable for the S supersymmetry ghost field cg.
From the {Q, S} algebra (B.28), we find

QeqCcp =C5+ - . (3.23)

Thus cp belongs to ¥ and cg can be excluded from ®. Now from the [Af, Q] and [V/{%, Q]
algebra, we read off

1
Qeq cQ = _§CR +---, (324)
Qeq cg; = c]g 4+ (3.25)

(0 ek

where cR := cp k€!’". Thus the ghost for supersymmetry cg and c(a2 belong to ® and cp

and cR can be excluded from W. The rest of the supersymmetry ghost cQ can be found
from the variation of the translation ghost c*,

Qeq = -2 Cé e+ (3.26)

Thus the ¢ is in ¥ and céj is excluded from &.

~16 —



P R

~a AR ZD gt/— i
eﬁvA,uvA,u’Tab @Duﬂﬁu”,x,

CQ,Cg7 cﬂac](\l/?7cD7
bQ , bQas b bu b . bp
bs, bsa, bg’ be br,bk;

Table 4. The elementary variables (47 bosons + 47 fermions) in the cohomological representation
of the Weyl multiplet fields and ghosts. Here T;;/ ~ refers appropriate combination of T(;E and T,
depending on the spacetime point as explained around (3.21).

Finally consider the transformation of g}? :
Qeq AVD = CKaéZ + - (3.27)

Thus we finish the classification of matter and ghost fields by putting the Zﬁ) into ® and
excluding cg from W.

The classification of all the anti-ghosts b and the Lagrange multiplier fields B is
straightforward since they form a closed multiplet under the Qeq by themselves. The
algebra takes the form

Qeqb = B, QeqB = Lsb+ -+, (3.28)

where the rest of the terms in the variation of B are given in (2.24). Since B linearly
appears without derivative on the right-hand side, we classify the anti-ghost b in ® (or V)
and the Lagrange multiplier B into Qeq® (or Qeq¥) when b is bosonic (or fermionic).
The final classification of all the Weyl multiplet fields is presented in table 4.
Now we turn to the full transformation rules. It will be useful to define the following
field-dependent parameters:

vt =% Mt = Einyelte

1 , 1 . .
g — —v“wzb + iZEHdFT“b* + izgi—EiTabf +E7" s’
Ep = —v“AfB — &5, (3.29)
a __ W ra -17' ZD Tab+ ~17, zD Tab— 3 ap 1_ a, i
ex = —v'fi — i Eirey Dy —iyE-e Dy 1Y + S
. 1 . . 1 -3 P 3 P
ed = *51’#@[’;’ ed = *50#% + §§j+sﬂxz_ - 553;5]_)(1,
ER = —U“Aff +zm',

) 1 . L
z’:‘le = 51)“1)”1]‘ + 25]")/577Z — 5;-§k’y5nk .

These bilinears are all constructed out of the background values of the Killing spinors for
supersymmetry ¢’ and conformal supersymmetry 7. The field-dependence of the gauge
algebra occurs because of the field-dependence of these bilinears. We see here that, indeed,
it only occurs in the anticommutators of two fermionic transformations, consistent with
the discussion in section 2.2.
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Our goal now is to write down the transformation rules for all the (elementary) variables
of the theory which we classified above. The transformations should be expressed in terms
of the twisted variables which we also defined above. It turns out that it is easier to actually
write out the equivalent transformation rules in terms of the original variables for a couple
of reasons. Firstly, some of the equations involve derivatives, and the derivative operation
does not commute with the twisting as our Killing spinors are not constant. This of
course can be overcome if we express everything in terms of covariant derivatives — which
do kill the Killing spinors — and write out the non-covariant terms with connections.
The second (and real) reason we use the original fields stems from the non-linearity of
supergravity. Almost all terms on the right-hand side of the gauge variations involve at
least bilinears of fields, if not higher powers. To rewrite the bilinears we have to insert a
spinorial basis that we used to twist, which is 8 dimensional. Doing so makes the equations
much longer. Therefore we present all the equations in terms of the original field variables.
In any discussion of the twisted theory, one should use the twisted variables presented
in (3.12), (3.8), which is a linear transformation of the original fields.

We write some of the transformation rules below to illustrate their form, and record
the full list in appendix C. We begin with the transformation rules of the (b, B) ghost fields
for general coordinate transformations, Lorentz transformations, and supersymmetry:

Qeqby = By, QeqBu = Liby + 3,8%ap + 800D + 0,E%bica + 04 RbR + 0uéDbrij
Qeqbab = Bab s Qquab = £ﬁbab + gacbcb + EObcbac + éK[bbKa} )
S . R P I R ,
Qeabg = Bg» QeaBg = Libg + 76" abg + €'3bg + 5€pbg + 585G + € 7a75bs
(3.30)

The rest of the (b, B) transformations follow a similar pattern and are presented in (C.1).
The transformation rules of ¢ ghost fields for the same transformations are as follows (here

ed =ed' —éd'):
o = AQa S SIS g VNN S gy 1) Vo o m o aa Iz
Qeqc! = =255y cQ €4 — 2%y g€, —Einee, +c¢ Oy —Cgiy cQey s

1 .~ 1 o~ . L o .
Qeqcab = —115i+6’+T‘1b+ — 116¢_£Z_T ab— _ eify“b%cls — chfy“b%n’ - i’y“b’yg)cls
1

N THS S e A S N NUN S G,
—1§5i+cZQ+Ta —1§€¢,cb_Ta —1Zch+cb+T“ —1ZchicZQ_T“

+ 10,c™ + (+2g)iv" (e + cQ)iwzb — Ei’ycaiéc“d’)zb + et

. 1 : 1 1 ,
QeqCy = —5037551 +cpjel — 5€D et + anbfyab(e +cg)"

| o 1 ) o 1 )
+ 0, (e +cq) + 5(? + Q)" (e + c@)iy, — 50}375022 + crjcy — §chZQ .

(3.31)
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The rest of the ¢ ghost transformations are presented in (C.2). The transformation
rules for the vielbein and gravitini are

~ _ i b _ ;
Qeqe'ua = 517a¢ﬁ+cyauez+aucyeg+ca eub_CDeZ‘FCQi’ya p,z 3

. . . -1 o1 1 ;
Qeq¥,, =2Dp(e+c@) +c"0uih,/ +0uc" P, + Zc“b’yabw,f — §CD¢“Z - §CR751M
1

+Cij¢’,j+1ETab7ab'Yu(5+CQ)i+'Yu’75(77+05)i>
~ . o . . .
= 2Du61+7“'y5cs+lﬁyab(T“byu—Tabyu)sz+2Ducb+c”8y¢};+6ﬂc”w,}
1 | 1 A | — o .
+ anb’Yabd’,j — 5DV~ CRY Y Uy +1T67abTab7uCZQ +AuY5C5+ A5’
(3.32)
where the covariant derivative Dusi is
Duei = (9, - % w Lap an Vi Ly (3.33)
ue' = Ou = JWnab 5 A T 5 A5 ) e+ gVlel .

In the variation of the gravitini, we have defined 7% = T+ 4 T~ the fluctuation of the
covariant derivative 13“ =D, — Zo)u, the fluctuation of the gamma matrix 7, = v, €', and
used the fact that the (&', 7") obey the background Killing spinor equation. The rest of the
transformation rules for the Weyl multiplet fields are presented in (C.3).

We end this section with a couple of comments. Firstly, as an illustration of our
discussion about why we use the original variables, we can look at the variation of the
vielbein in terms of twisted variables:

Qeqbn® =" + Love + ey, — cpel (3.34)
+ (?i€i)_2 [—(gﬂ%i)ccﬂm + (?i755i)CQ¢Ha + (5i0757a5j)CQ¢mj
o . o . .
+ @5t edi + Eme)ebvl + 2Eme)clvd — 10y e )bty
— ('Cy 587 )eqijibp — (£'Cy e )eqijth) + 2 (Ery e )cqit | -
As we discussed above, we see that one bilinear term in the original variables has become
ten terms in terms of the twisted variables. Secondly, we can now explicitly see the promised

linear + non-linear form of the eq-variations of the elementary fields. The linear part is
the twisted variable which we have presented as the first term in the above variations.

4 Equivariant cohomology and black hole functional determinants

In this section we discuss the functional integral for the exact quantum entropy of half-
BPS black holes in A/ = 2 superconformal gravity coupled to vector multiplets. Using the
formalism developed above, we show how the functional integral reduces to an ordinary
integral using supersymmetric localization filling in a gap in the formal derivation of the
result for the graviton multiplet. We then compute the one-loop determinants of the
deformation operator over the non-BPS fluctuations of the Weyl and vector multiplets in
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the localization formula. This determinant was computed in [27, 28] for vector and hyper
multiplets using index theory. The symmetries of the problem combined with consistency
with the on-shell computations at large charges [35] also pinned down the determinant for
the graviton multiplet. Here we give a first-principles calculation for the off-shell graviton
multiplet, using the covariant formalism developed in the previous sections. As part of
this calculation we need to deal with the subtleties of the so-called boundary modes first
discussed in [37]. To this end we develop a treatment of the boundary modes consistent
with our formalism based on supersymmetry.

4.1 Review of exact quantum entropy of BPS black holes

The underlying theory we consider is N' = 2 superconformal gravity coupled to a number
of matter multiplets that we discussed in sections 2.2 and 2.3. This theory has extra fields
that transform under gauge transformations compared to the physical fluctuating fields
around the black hole. As in any gauge theory, in order to make contact with the physics
(in this case, of the black hole), one has to consider gauge-invariant combinations. In
particular, we consider the Weyl multiplet coupled to n, 4+ 1 vector multiplets, labelled
by I =0,---ny, and one hyper multiplet. Of these, one vector multiplet and one hyper
multiplet act as the so-called compensating multiplets, and can be gauged away if required.

This theory has a black hole solution which preserves 4 out of 8 supercharges. The near-
horizon configuration is a fully supersymmetric solution in its own right. The geometry
is AdS, x S? with equal and opposite scalar curvatures. The near-horizon configuration
has an SL(2) x SU(2) bosonic symmetry, the two factors acting on the AdSs and S? parts
respectively. Each gauge field has a fixed electric and magnetic field strengths consistent
with the bosonic symmetry, and constant scalars. The above bosonic symmetries together
with the eight supersymmetries form an SU(1, 1|2) superalgebra. The curvatures, fields
strengths, and the scalar values are all fixed by the attractor equations, or equivalently, by
the supersymmetry equations.

The problem of computing the exact quantum entropy of the original black hole was
proposed in [36] as the computation of the functional integral of the gravitational theory
whose fields ¢gugra asymptote to the near-horizon background just discussed:

exp(Sg(e:p)) = W(g,p) = /AdS

[D¢sugra] exp <_i qr % AI - Ssugra(¢sugra)> . (41)

There are various infra-red divergences that arise from the infinite volume of AdSs, which
are taken into account by appropriate counterterms.

The idea of solving this integral exactly by localization methods was put forward
in [2, 26], which we review briefly below. This endeavor is different at a conceptual level
from using localization to solve functional integrals in quantum field theory as there is no
good a priori definitions because of the usual UV problems of gravity. Nevertheless, treating
it as a formal object which is consistent with supersymmetry, the idea of [2, 3] was to reduce
it to a sensible integral which can then be compared to microscopic string theory. Even
with this philosophy, we have to deal with the question posed in the introduction, namely
what is a good choice of supercharge with which to localize. The route pursued in [2, 3]
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is to choose the attractor solution as a background and use one of the supersymmetries
of this background, and hope that all the gauge-invariances of the supergravity theory are
consistently fixed in the quantum theory.

We can now give a more systematic treatment of the Weyl multiplet and the gauge-
fixing procedure in the quantum theory using the formalism developed in the previous
sections. We write down a symmetry generator QQeq as in section 2.2 coming from the su-
persymmetry variations of the classical attractor background, and promote it to a covari-
ant operator in the full quantum theory including the ghosts for all the gauge symmetries.
According to the discussion in [1] we should consider the original gauge-fixed functional
integral Z using the action

Seugra = / Az (cgggfa — Geq (ba Fa)) : (4.2)

where the gauge-fixing conditions F'* are assumed to completely fix all the gauge invariances
of the theory.!!

In order to localize, one begins by choosing a Killing spinor in the background attrac-
tor geometry, which we present in the appendix D, that generates a fermionic symmetry
obeying the algebra

2 ="Lo—Jo, (4.3)

where Ly and Jy are the Cartan generators of the SL(2) and the SU(2) algebras, respec-
tively. Next, one deforms the action as

Seugra = S(0) = S(A) = 5(0) + A Qeq V., (4.4)

with

V= / 'z /G ) Qeqt) (4.5)
P

summed over all the physical fermions of the theory. Since Ly — Jp is a compact U(1)
isometry, this deformation obeys the condition ngV = (. This leads to the result that
the functional integral reduces to an integral over the critical points of the deformation
term, weighted by the original action times a one-loop determinant of the deformation
action Qeq V. The critical points are given by the localization equations

Qeq? =0, for all physical fermionsy, (4.6)

to be solved along with the gauge conditions F¢ = 0.

The variables for these localization equations are the metric and matter fields, as well
as the bosonic ghosts for supergravity. In other words, the problem reduces to finding all
metric and gauge field configurations which asymptote to the attractor background and
admit some supercharge that asymptote to the background supercharge Q¢q. It was shown
in [37] that the solution to this problem'? was parameterized by an n, + 1-dimensional

"1n the black hole context we will adopt a covariant gauge as in [26].
12This is true modulo an assumption in [37] regarding the SU(2)r gauge field which can probably be
removed upon coupling to charged hyper multiplets and repeating the localization calculation.
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manifold, whose points label the off-shell BPS fluctuations of the scalar field in each vector
multiplet in a gauge of \/g = \/go where gq is for the AdSy x S? metric with unit radius.

The localizing manifold is thus labelled by (ny+1) real parameters {¢'}, I = 0,--- ,ny.
The result [2] of evaluating the functional integral (4.1) is

wertqp) = [ Lo e (= mard! +antwr (6! +i6)/2)) 2560, (@)
Ma 1=

where F is the holomorphic prepotential of the supergravity theory (which can contain
terms with arbitrary derivatives). The superscript “pert” indicates that this is an all-order
perturbation theory result around the attractor configuration. There may be additional
non-perturbative contributions, for example from orbifold configurations [38-40].

The problem thus reduces to evaluating the one-loop determinant in the expres-
sion (4.7). It was argued in [28] that since there is only one scale set by e ™~ := —i(XT F—
X'F 7) in the localization background, where K is called Kéhler potential and F' is the holo-
morphic prepotential, the functional determinant will have the symplectically invariant
form (ignoring infinite constants):

Z1100p(97) = exp(—ao K(¢" +ip')) . (4.8)
The number ag receives contributions from each multiplet of the N' = 2 supergravity
theory:

ap=af " + (ny + 1) af™ + ny, algyp , (4.9)

where (ny + 1), ny are the number of vector and hyper multiplets in the off-shell theory,
respectively.'®> When all the electric and magnetic charges of the black hole scale equally
to be very large, we can do a saddle-point analysis of the integral (4.7) to obtain

A
5§;=TH+aologAH+..-. (4.10)
The number ay was calculated for vector and hyper multiplets in [27, 28] to be
ay® = —a® = —1/12. (4.11)

We now move on to compute the number ag for the Weyl multiplet, after first reviewing
the fixed-point formula for the computation of the determinant.

4.2 Functional determinants from a fixed point formula

An elegant formalism to compute the one-loop determinant was given in [20, 25, 41, 42].
The idea is to first organize all the fluctuating fields of the theory into cohomological
variables, i.e. representations of the form (®,Qeq®,¥V,QeqV) of the equivariant alge-
bra ng = H. This is exactly what we achieved in section 3 for the case of supergrav-
ity, where we arranged all the fields as elementary bosons ® and fermions ¥ and their
respective Qeq—partners.

13 Any other multiplets like spin 3 /2 multiplets will also contribute linearly.
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The supercharge (QQeq pairs up the fields algebraically at each point in space, and
therefore all the contribution to the superdeterminant can be understood as a mismatch
between the elementary bosons and elementary fermions, which is kept track by the oper-
ator Dig : & — W. This follows from an algebraic analysis which we repeat below because
there are subtleties when we apply it to our problem. We begin by writing the QQeq) action

as follows,
- Doy Doy @
V:/d4x q®, U 4.12
\/gl(Qq )<D10 D11>< eq‘If) (412)
- P eq P
= QeqV = / d4x\/§ [(@,Qeq\I/)Kb (Q \p> + (Qeq®, V) Ky <Q\; ) , (4.13)
eq
where
_ T NT
Ky = HO Doo Do i D%0 D%F0 HO 7 (4.14)
T NT
K= 1 0 D%0 D¥) _ Dgo Do 10 ' (4.15)

It is clear from these expressions that

(3 S)mem(57). (119

and therefore the ratio of determinants of the fermionic and bosonic kinetic operators
in Qeq V' reduces, up to a sign, to the ratio'?

QeqV det Kf dety H
Zwear =4/ ) 4.17
1-loop \/ det K dete H ( )

Now, the operator Dig pairs up the elementary bosons and fermions, and therefore any

mode which is not in the kernel or cokernel of D1y does not contribute to this ratio. Thus
the ratio of determinants on the right-hand side can thus be computed from the knowledge
of the index

ind(Dlo)(t) = TrKerDlo 6tH — TrCOkeer etH . (4.18)

Writing the index as a series,

ind(D1o)(t) =Y a(n) e, (4.19)

n

The last ratio is well-defined in that the modes with zero eigenvalue of H do not contribute to it. As
can be seen from equations (4.14), (4.15), the determinant of the kinetic operator on H = 0 modes is the
square of determinant of Dio equally for both bosons and fermions. Further, this determinant is non-zero
as the modes under consideration are orthogonal to the localisation locus. Therefore the determinant for
those modes is completely cancelled between bosons and fermions.
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we can read off the eigenvalues \,, of H, as well as their indexed degeneracies a(n), and
the ratio of determinants in (4.17) is

—La(n
Zrtoop = [ 22", (4.20)

where the infinite product is regulated in a suitable manner.

Our computation thus reduces to the computation of the equivariant index (4.18), with
respect to the action of H. This can be done in an elegant manner using the Atiyah-Bott
fixed-point formula [43], which says that it reduces to the quantum-mechanical modes at the
fixed points of the manifold under the action of H. Denoting this action by = +— 7 = e'f 2

we have
Trg et — Trg et?

det(1 — 0z /0x)

ind(Dl()) = Z

{z|T=x}

(4.21)

We therefore simply need to compute the charges of the various modes under this rotation,
which can be read off from our presentation of the twisted variables in section 3.

Our goal now is to compute the one-loop determinant in (4.7) and, in particular, the
number ag defined in (4.9) for the Weyl multiplet. We will do so using the fixed-point for-
mula outlined above, but before doing so we remind the reader that there are some caveats
and subtleties in applying the formula to the black hole problem, as discussed in [27, 28].
The main issue is that we are in a non-compact space and we should be careful about the
boundary conditions on the various fields. These issues have been addressed in similar
contexts in [34, 44, 45]. In particular, it was shown in [45] that normalizable boundary
conditions are not always compatible with supersymmetry, even for scalar multiplets. In
our analysis, we would like to have a set of boundary conditions consistent with supersym-
metry. In order to achieve this we impose normalizable boundary conditions for all the
elementary cohomological variables. Supersymmetry then requires that a mode ¢ and its
superpartner (Qeq¢ have the same boundary conditions. Here we do not explicitly construct
these boundary conditions — this is an important issue that needs to be addressed — but
our results seem to be consistent with their existence. Amnother technical caveat is that
we need to show that the Dqy operator in the black hole context is transversally elliptic
with respect to the action of H. We postpone the details of these issues to future work.
However, there is one important subtlety for the black hole problem that may affect the
answer crucially, which is the existence of the so-called boundary modes [35, 46], we now
turn to a detailed discussion of this matter.'”

4.3 Boundary modes and their effect on the 1-loop determinant

Boundary modes are normalizable modes of gauge fields that are formally pure gauge
but whose gauge parameters are not normalizable. For example there are normalizable
modes of the 1-form gauge field Azdry = 0, with non-normalizable A. These modes
are not gauge redundancies and should be considered physical degrees of freedom because

15WWe thank the referee for emphasizing their importance, which led us to include the following subsection
in the present version of the paper.
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we have assumed a normalizable boundary condition on all the elementary cohomological
variables, which includes the ¢ ghost fields. The presence of these boundary modes makes
the functional integral (4.1) ill-defined. This is because the gauge fields only appear in the
physical action through the field strengths, which vanish for these modes. These modes also
respect the covariant gauge condition that we adopt, so that they are genuine zero modes
of the action in (4.1). Further, as we will see below, the Q¢qV-deformation also vanishes
when evaluated on these modes. The deformed functional integral thus remains ill-defined.
Therefore we must remove these modes from the naive computation and consider their
effect separately. In our treatment we continue to denote the critical points of the QcqV
action in the space of bulk modes as the “localization manifold”, and take into account the
effect of the boundary modes in the one-loop determinant, that is,
2y = 2P 28 (4.22)
where the two terms on the right-hand side denote the contribution to the one-loop determi-
nant by the boundary modes and the quadratic fluctuations of the bulk modes, respectively.
The main reason for the subtlety concerning the boundary modes in our formalism is
that Qeq is nilpotent on these modes instead of obeying the equivariant algebra ng =H.
We can check this explicitly using the definition of the cohomological variables and by
noting that the normalizable boundary condition on the ghost field ¢ implies that the
boundary mode cannot be written as a covariant derivative acting on a ghost mode. For
example, the 1-form gauge field A, generically obeys Qeq A, = A,+0,c but for the boundary
mode the second term is absent, and therefore we have

QAN = VPt = 0. (4.23)

This fact plays an important role below.

Now we look at the details of the deformation action. We use the 1-form gauge field
with boundary modes ABdry as an example. The quantity V in (4.12) actually vanishes for
these boundary modes because it is built out of field strengths — this can be seen easily
from (4.5) and the supersymmetry variation of the gaugino in appendix B.3 — which
vanishes for the boundary modes as they are pure gauge. This implies that Q¢q) also
vanishes for the boundary modes, and we have to treat it separately as mentioned above.
Now, the fact that V vanishes for the boundary modes implies that QcqV also vanishes
for the superpartner QquBdry7 so it would seem that these are also zero modes of the
deformation action. In fact, these modes can be lifted in a supersymmetric manner by
choosing the relevant term in (4.13) directly as the definition of the deformed action for
the fermionic superpartners of the boundary modes. Denoting the set of bosonic boundary
modes by ®PIY we have

QeaVlitmmion = ~(Qea®”™) H (Qeq @), (4.24)

fermion

where the corresponding kinetic operator is nothing but the left-upper block diagonal
part Dgg of the fermionic kinetic operator in (4.15). Now, with this definition it is not
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obvious that the deformation action is Qeq-exact. However, one can easily check that it is
the case. Indeed we have

fermion

Qeqv bdry — Qeq [(I)bdry H (Qeqq)bdry) , (4‘25)

by using the nilpotency of the boundary modes. (We can also regard this as replacing Dgg
in (4.12) by H for these modes.) Note, in particular, that this does not lift the bosonic
boundary modes themselves because of the nilpotency condition (4.23). The above argu-
ments were made for the example of the 1-form gauge field, but it applies to any bosonic
boundary mode. We will therefore take the action (4.24), or equivalently (4.25), for the
fermionic partners of all bosonic boundary modes ®Pdw.

Now we turn to the determinant (4.22). For the moment we assume that there are

1QeqV
Zl—loccl)p
nant over the bosonic boundary modes ®” it does include the determinant over their

no fermionic zero modes. Although the bulk part does not include the determi-
partners Qeqébdry because these partners are not zero modes of the Qcq) action by our
construction. Now we want to reduce the ratio of the determinant of bosons and fermions
similarly to (4.17) using the relation (4.16). But here we should note that the relation (4.16)
makes sense only when the operators on the left- and right-hand side of the equation act on
the space excluding the boundary modes ®”Y as well as their partners Qeqq)bdry. There-
fore a reduction similar to (4.17) happens after splitting the determinant of Ky into the
determinant over Qqu)bdry and the rest of the modes, so that we obtain

det K det' K dety H
Z8a> = | I — . /det W H I — \/detgpary H : 4.26
1-loop det/ Kb € Qeqébd Y det/ Kb Clgbdry det&) H ( )

For the last equality, we use that the determinant of H over Qequbdry is equal to the

determinant over ®P4Y. We can write the logarithm of this determinant in an integral
representation as follows,

1QeqV L[> dt tH tH I tH
log Z =—= —(Trq)bdrye + Trge™ — Trge )

1-loop — 2 t
< dt 1 [>dt
= _/ t Trgvarye' ™ — 2/ t (Trge' — Tree'™)
€ €
o dt 1 [>dt.
=- [ Fabury [ FundDw. (427)
€ €

To reach the second line, we add and subtract half the trace over ®”4Y so that the trace in
the second term is now over the complete normalisable function space. In reaching the third
line we have denoted the difference of the traces in the full spaces ® and ¥ as ind(Djp).
Here we have defined the number of boundary modes by

: (4.28)

n%)dry = TI'(I)bdry etH 10

where the notation |;0 means that we pick the constant (t°) term in a Laurent expansion
around zero. This definition will pick out the e-independent term in the first integral,

— 96 —



similar to the bulk calculation. Further, the traces involved in this definition will turn
out to be actually regular around ¢ = 0 for every field ¢ with a boundary mode, and
therefore we can replace the above definition by nﬁ dry = limy_,0 Trd)bd,-yetH . This is simply
a regulated version of nffdry = Trypary1, which justifies the terminology “the number of
boundary modes”. This regulator is not exactly the same as the one used in the on-shell
calculation [35], and is more suited to our off-shell localization calculation. However, as we
shall see, our actual answers for nyqr, agree with the on-shell values of the “the number of
zero modes” defined in [35].

So far we have discussed elementary bosons. There are three more types of modes
in our complex, namely non-elementary bosons, elementary fermions, and non-elementary
fermions. There are gauge fields, and corresponding boundary modes, in each of these
spaces, to which we turn now one by one. We begin with non-elementary bosons. The
non-elementary bosons are generally combinations of auxiliary fields and derivatives of
elementary fields. For example, in the vector multiplet we have the combination (3.7)
of Y% and the field strength. In this simplest example, it is well-known that the quadratic
term in the Lagrangian for Y% is non-propagating. This is in fact more general, and we
can check that the kinetic term Dj; for the non-elementary bosons in the action (4.13) is
simply 1. This means that even when there are gauge fields like the auxiliary SU(2) gauge
field V;aj for the Weyl multiplet, they are not zero modes of the (QQeq) action. So in this
case there is no modification to our regular treatment.

Next we move to the boundary modes coming from fermionic gauge fields. We shall call
such elementary fermions UP4Y and composite fermions Qeqq)pre‘bdry. The corresponding
superpartners are Qeq\lfbdry and ®P*PIY regpectively. As in the case of the bosonic gauge
field (4.23), the supercharge Qcq squares to the field strength of the fermion, which is zero
for pure gauge modes. Thus Qg is nilpotent on the boundary modes. If we take the
deformation action defined by QeqV with V given by (4.12), we find that the kinetic terms
of the fermionic boundary modes are:

\I,bdry ng \Ijbdry , (Qeqq)pre—bdry) ng (Qeqq)Pre—bdry) ’ (429)

corresponding to the diagonal part of the lower-right block and upper-left block of (4.15),
respectively, which vanish because of the nilpotence of Qeq. The corresponding superpart-
ners have the following kinetic terms,

(Qeq\pbdry) 1 (Qeq\pbdry) , q)pre—bdry H2 (I)pre—bdry, (430)

corresponding to the diagonal part of the lower-right block and upper-left block of (4.14),
respectively, which is well-defined. Thus we see that we do not need any modification to
the action for the fermionic boundary modes and their superpartners.

Now an analysis similar to the one that leads to (4.26), in the case that there are no
bosonic zero modes, leads to the following determinant,

1QoqV |det’ K¢ _1 |det' Ky 1 [dety H
Zl—lo(cl)p - det Kb = (detq)pre—bdryH2) 2 det/ Kb - (detq)pre-bdryHQ) 2 det&) H .

(4.31)
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As before, we can write this in an integral representation as follows,

1QeqV L[> di tH 1 tH ! tH
log 2,550 = —— —(—2Trq>pre-bdrye + Trge™ — Trge )

1-loop 9 t
1 [>°dt 1 [>dt
= / — (TrQ (I)pre—bdryetH + Tr\ljbdryetH) - / — (Tr\I/etH - Trq>€tH)
2 ). t ed 2 ). t
=5 [ Godent 4y [ FndDw, (4.3
€ €
where we have defined the number of (elementary and composite) fermionic boundary
modes as
v H Qeq® H
nbdry = Trqudry et ’to y nbd?y = TrQeqq)prc—bdry et 0 . (433)

The general formula when there are both bosonic and fermionic zero modes is found
by putting together the full discussion. We thus reach the final formula for the modified
one-loop determinant:

0 0 )

0wy dt 1 [odt . 1 [®dt,

log Zlﬁoc(l)p - - / 7 nggiy + 5 / ? n{fdry =+ 5 71Hd(D10)(t) ) (434)
€ € €

where nﬁgiy and n{féry are the total number of bosonic and fermionic boundary modes,

respectively. In appendix E, we calculate the number of zero modes for the various fields
in our problem.

The whole discussion above has been done based on the assumption that the boundary
modes of the bosons and fermions are not paired by Qeq. It is easy to see that our final
formula (4.34) remains unchanged even if we relax this assumption and there is such a
pairing. Let us start with the bosonic case and consider the determinant (4.26). In this
case if the fermionic mode Qeqq)bdry is also a boundary mode, then there is no lifting of
this mode, so that the ratio (4.26) does not have the term y/detgbary H. This means that,
in the trace formula (4.27), the first term of the first line is absent, which implies that the
first term of the second line has a factor of % and thus we get —%ng’dry in the first term of
the last line instead of —ng’dry. This result can be understood as a cancellation between
the number of bosonic boundary modes and fermionic boundary modes, i.e.

L g o L g

1
[ Qeq®
= 53"bdry = “Mbdry T 5Mbdry = ~hdry T §nbdfy - (4.35)

Thus, by adding a fermionic zero mode term and subtracting a bosonic zero mode contri-
bution, each with a factor of %, we reach precisely the formula (4.34). The same analysis
holds, mutatis mutandis, for the fermionic case.

4.4 Computation of the black hole determinant in supergravity
Qeqv
1-loop
discussed in [27, 28], the 1-loop determinant depends on the coordinates of the localization

In this subsection we evaluate the one-loop determinant Z given in (4.22). As was

manifold only through one combination of fields called £. In order to see this, we note

that the metric that enters the index theorem calculation should be the physical metric,
whose kinetic term is given by the Einstein-Hilbert Lagrangian. In terms of the metric g,
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and the scalar fields X' that enter the action of N = 2 supergravity [15-17], the physical

—K(xT)

metric is the composite e guv- The AdSy x S? line element is thus given by

ds* = (*(dn? + sinh? ndr?) + €2 (dip* + sin® 1 dg?) (4.36)

where ¢ is the overall physical size of the AdSs x S? metric governed by the above field-
dependent physical metric. The calculation is simplified by going to complex coordinates

in which the metric is

4 w 4 Z
dwdw dzdz > ‘ (4.37)

ds® = (?
y <(1—-wu02+(1—+zzf

At the fixed points, i.e. the center of AdSs, the overall size is given by ¢ = e~ K@ +ip"),

The one-loop determinant Z,2> is divided into the bulk part Z;4%" and the boundary
/Qeqv
1-loop

formula (4.34). By changing the variable of integration to the dimensionless parameter

part Z°%Y | which we now evaluate in turn. First we turn to Z which is given by the
t := t/{, we obtain an integral whose range of integration runs from e/¢ to infinity, and
one then extracts the e-independent term, which we now proceed to do. The contribution
of the bulk modes, i.e. the third term in the formula (4.34), is captured by the index

ind(D19)(t) = Trye'? — Tree' (4.38)

This can be computed using the Atiyah-Bott fixed point formula applied to the field
space with our prescribed boundary conditions. Using these methods, the calculation
of ind(D1p)(t) reduces to the contribution from the fixed points of AdSs x S? under the
action of H. Computing the ¢ — 0 expansion of ind(D10)(t):

1 a_
Zmammw:m+7;+ﬁm+@ﬁ+~n (4.39)

the e-independent term is given by the constant term in this expansion. In this manner we
obtain that the third term of (4.34) equals

205" log ¢ . (4.40)

Using the definition of the boundary modes, the first two terms in (4.34) give
bos 1 fer
— nbdry — §nbdry logf . (441)

The computation of the zero mode part in (4.22) has been performed in [35] by asso-
ciating these modes to asymptotic symmetries, and computing the Jacobian in transform-
ing the variables to the parameters labelling the symmetries. This procedure yields the
formula!®

1
log 27 = <ﬁb°sn'£8iy - 25fernfbe5ry) log ., (4.42)

1Here we make the assumption that the same £ as for the bulk modes is also the relevant scale for the
boundary modes. As we shall see the final answer is consistent with this assumption.
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where 3 and npqry are numbers associated with each type of field that has boundary modes,
and is obtained on a case by case basis for each field, that we discuss in appendix E.
Summarising the equations (4.40), (4.41), and (4.42), we get the 1-loop partition

function
eqV .
Zﬁlgop = exp(—ao IC(QSI + lpI)) ) (443)
with
1 1
ag = agulk + agdry 7 a’gdry — 5(5bos _ l)nlﬁﬁiy _ Z(Bfer - l)n{igry _ (4.44)

In the rest of this section we calculate the contribution agulk to the one-loop determinant
for a generic multiplet. In the next subsection we will assemble all the pieces to get the
results for the full ag for the various multiplets.

Contribution of bulk modes through the index

Thus we focus on the fixed points of the U(1) action H = (9; — 04) = Lo — Jo. The fixed

points are given by w = 0, and z = 0 or 1/z = 0 which are the center of AdSs, with

the North Pole or South Pole of S? respectively. The action of the operator e/t on the

spacetime coordinate is (w, z) — (e*/‘w , e~ 1/¢z). Therefore the determinant factor in the

denominator of (4.21) is, with ¢ = e/*,
det(1 — 0% /0x) = (1 — q)*(1 — ¢~ 1)2. (4.45)
Near the fixed points the space looks locally like R*, so we can assign the local
coordinates
w =z +iz9, z=ux3+ iz at NP,
b s (4.46)
w = w1 +iro, 1/z=x3+1ixqy at SP.

For each local coordinates, we have an associated SO(4) = SU(2)4 x SU(2)_ rotation
symmetry. A representation of the chiral and anti-chiral parts of the rotation generator,
i.e. J&) of SU(2)<, can be given by

1 1 1
S Yab (1 =+ 75) =~ YabF 76abcd’76d ) (447)
8 4 2
for our convention of chirality matrix 5 = ~y1234. Therefore, since the representation of Lg
and Jy is . .
LO = 1’712, J() = :|:Z’734 at NP/SP, (448)

the action of H is identified with the Cartan generator of SU(2)4 at the North Pole, and
with the Cartan of SU(2)_ at the South Pole:

H=1Ly—Jo=2J" at NP, H=1ILy—Jo=2J" atSP. (4.49)
Furthermore, for a representation (m,n) of the SU(2) x SU(2)_, at the north pole we have

Tr(m’n)etH —n <q_\m_1\ fogIm2 L g ime =2 +q|m—l|) , (4.50)
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while at the south pole we have
T n)etH —m <q7\n71\ g2 gint=2 q\n71|> ‘ (4.51)

In the next subsection we compute the trace in numerator of the formula (4.21) by
computing the charges of all the fields under these symmetry generators. For all the
supergravity multiplets the index takes the form

a(@P+qa ) +alg+qa )+
(1—=q)*(1 —q1)? ’

for some coefficients c2109. In order to compute the coefficient ag, we see from equa-

ind(Dlo) =2

(4.52)

tion (4.39) that we only need to compute the constant term in ¢ — 0 expansion. We thus
obtain

bulk __ 50202 — 3801 + 11 Co
Qg =

1440 (4.53)

4.5 Results

Near the fixed points i.e. the north and the south pole, our local twisting construction
of the previous section reduces to the twisting construction of [11] with respect to the
usual global symmetries of N = 2 theories in flat space. As we present in detail in the
appendix D, the Killing spinors play the role of locking the SU(2)r symmetry with one
of the SU(2)4+ x SU(2)_ local Lorentz rotation at the fixed points. In terms of the real
coordinate system given by (4.36), at n = 0 and 1) = 0 (north pole), the chiral and anti-
chiral part of the Killing spinor reduces to

ey =0, el = <03 exp [i (r+9) 0-3:|)10.£7 (4.54)

and at 7 = 0 and ¥ = 7 (south pole),

Eia = (—iag exp [i (r+¢) 03])1 as 530} =0. (4.55)

2
Therefore, a representation of SU(2) x SU(2)_ x SU(2)p is twisted to the representation
of SU(2);+ x SU(2)_r and SU(2)4+r x SU(2)_, at the north pole and the south poles,
respectively. Here we denote the diagonal of SU(2)+ x SU(2)gr as SU(2)1r. We can now

compute the trace in the numerator of (4.21) for an arbitrary representation (m,n) at the
north pole and south pole according to the (4.50) and the (4.51).

Vector multiplet. The twisted representation of the cohomological variables of the vec-
tor multiplet can be simply read off from the representation labels in table 5. We have
that the charges of the fields in ® are (1,1), (2,2), and those of ¥ are (1,3), (1,1), (1,1)
at the north pole and (3,1), (1,1), (1,1) at south pole. Therefore the index is

2¢+2¢ ' —4

nd(Dio) =2 3 =g

(4.56)
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NP: SU(2)4 x SU(2)_g rep

Elementary boson/fermion
SP: SU(2)+r x SU(2)_ rep

Ay 2,2)
Xa ( ’ )
P (1,3)at NP/ (3,1) at SP

(1,1)
(1,1)

)

Table 5. The twisted representation labels of the elementary bosons and fermions of the vector
multiplet.

From equation (4.53), we obtain that the aj*” ™" =

—1/12 for the vector multiplet. The
only potential boundary contribution to the vector multiplet comes from the 1-form field,
for which S1form = 1 (see appendix E). This implies that ag bty — 0, and equation (4.44)

now yields

1
ay = —=. (4.57)

Weyl multiplet. Similarly the twisted representation of the cohomological variables of
the Weyl multiplet can be read off from the representation labels in table 6. Based on
these charges, the index is

20°+q %) —6(qg+q')+8

nd(Dw) = = g2

x 2. (4.58)

Using equation (4.53), we see that the bulk contribution to the one-loop determinant (4.8)
is governed by

11
Weyl, bulk _ 4.59
ag 12 (4.59)
The boundary contribution comes from the graviton for which n%ﬁivy = —6 and Bgray = 2,

and the gravitini for which nﬁdry = —8 and 3y = 3 (see appendix E). Putting all this

together we obtain, from equation (4.44), a Weyl bdry — 1. and therefore
23
a/XVeyl = ﬁ s (460)

which is consistent with the on-shell computations [35].

5 Outlook and speculations

We hope that this work brings some clarity to the idea of twisting and localization in
supergravity, and that it may be useful in other directions. We briefly list some interesting
directions that we think it may be related to.
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® NP: SU(2)4+ xSU(2)_g rep v NP: SU(2)+ xSU(2)_g rep
SP: SU(2)4+rxSU(2)_ rep SP: SU(2)+r*xSU(2)_g rep
ee (3,3)4+(1,3)+(3,1)+(1,1) | ¥, (2,2)
Al (2,2) 71 (2,4) at NP/(4,2) at SP + (2,2)
AD (2,2) X (1,1)
T4/~at NP/SP | (1,3) at NP/(3,1) at SP | ¢, (2,2)
cQ (1,1) c2b (1,3)+(3,1)
& (1,3) at NP/(3,1) at SP | ¢p (1,1)
bQ (1,1) br (1,1)
bou (2,2) bR} (1,3) at NP/(3,1) at SP
b (1,3) at NP/(3,1) at SP | b, (2,2)
bs (1,1) bp (1,1)
bsp (2,2) bfc (2,2)
bs' (1,3) at NP/(3,1) at SP | b2} (1,3) + (3,1)

Table 6. The twisted representation labels of the elementary bosons and fermions of the Weyl

multiplet.

1. Observables of quantum supergravity. Our underlying assumption throughout this
calculation is that there is a UV complete theory (like string theory) for which we
can write an effective action that commutes with a cutoff, with which we perform
localization. This effective action is a formal object as it can contain an infinite
number of terms with arbitrary derivatives. The results [47-49] allows us to reduce
the problem to a more controllable problem of an (infinite) series of F-terms. We
can thus regard the right-hand-side of (4.7) and its non-perturbative completion as a
definition of the functional integral. With this viewpoint, we have a good definition
for the class of observables in the Q¢q-cohomology for any off-shell supergravity. The
details of the functional integral measure remain to be worked out — in this regard
our BRST procedure may be useful, as the measure should also be BRST-invariant.

2. Integers from supergravity. Perhaps the most remarkable feature of the localization of
quantum black hole entropy is the fact that one gets the integer degeneracies starting
from a continuum calculation. The smooth localization configurations capture the
summed-up perturbation series [2, 3], and the orbifold configurations [38-40] make
up the remaining bit of the integer degeneracies. This suggests that our continuum
results could be really some invariants of the AdSs x S? manifold (with a dependence
on the prepotential F') that is computed by the twisted supergravity. The results
about the positivity of black hole degeneracies [50-52], further suggests that this
may actually be a counting problem.
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3. Quantum Black Hole entropy. The OSV conjecture [53] promoted the semi-classical
observations of [54] to a bold quantum statement relating the microscopic black hole
degeneracies and the topological string partition function Zgy = |Ziop|?. In the last
ten years, we have begun to understand this equation as relating the microscopic and
macroscopic computations of black hole entropy as a function of black hole charge
(with a priori different definitions):

7B (@) = ZBE(0). (5.1)

The results of this paper suggest that both sides can be thought of as topological
invariants (presumably the same!) computed at different points in moduli space.

4. Relation to automorphic forms. The left-hand side of Formula (5.1) reduces to an
(indexed) counting problem in string theory. To see that the right-hand side is an
integer is more difficult. In the cases where we do understand it, the integer appears
though an intricate relation to automorphic forms and analytical formulas for their
Fourier coefficients [3, 40, 55], thus underlining their importance.

5. Twisted supergravity. In this paper we construct the variables and transformation
rules of twisted supergravity around a non-trivial supersymmetric background. The
observables of the theory are in the cohomology of the operator Q.q that obeys the
equivariant algebra. One could regard this theory as a generalization of the pure
topological gravity studied in [56]. One interesting difference with [56] is that the
action of our twisted theory contains an infinite number of higher-derivative terms,
and can be thought of as capturing a protected sector of the full string theory.

6. Ezact AAS/CFT. The formula (5.1) is of course the special case d = 1, using
Sen’s quantum entropy function [36], of the equality Zcrr, = Zads,,,- It should
be clear that our construction of (Qeq applies equally well in any dimension. We hope
that the ideas of this paper contribute to the understanding of an exact sector of
AdS;441/CFT,4 holography, in which we can compute exact quantities using super-
symmetry on both sides of the correspondence, and directly relate them. This idea
has been recently discussed in the context of classical gravitational theories in [57],
and in the context of topological worldsheet string theory in [58]. Here we have a
third angle on the story with a quantum bulk spacetime description, which may serve
as another example of a “missing corner” of string theory in the sense of [58].
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A Gamma matrices and spinors

In Euclidean four dimensions we use the following gamma matrix conventions,
v = o y ) (A1)
vi=Al =Cy,07t, Cf=C"!, CT=-C & C*C=-1,
with chirality operator
V5 = Y1234 - (A.2)
The Weyl condition of the spinors is compatible with the symplectic Majorana condi-
tion such that
W) =, (A.3)
where the barred spinor with lower SU(2) index i is defined as the symplectic Majorana
conjugate
Gig = et} C, (A.4)

and the subscript 4+ means chiral and anti-chiral projection of the spinors.

Useful relations.

(Cyrm) T = = ()" D20, (A.5)
(Cy5)" = =Crs. (A.6)
For two symplectic Majorana spinors €’ and n?,'"
(ﬁj’yalaQ--~an€i)* = Eikejl(ﬁ17a1a2wan5k) ; (A7)
(Maraz-an€)* = N Yaras--an€’ - (A.8)
For the grassmann odd spinors,
ﬁj'yalaQ...anei = —(—1)"("71)/26]'/%6” El'yala2...annk, (A.9)
or for the grassmann even spinors,
ﬁjfyalaz...ansi = (—1)71(”71)/26]']661'[ ?Z’YalananT]k. (A.10)
The (A.10) is followed by examples,
TiVaya,e = (—1)"" V284, o0t (A.11)
EiYabe’ = 0 = EiYanes’ , (A.12)
g6l = %5?@5"3, Eivee’ = %6g§k7a£k. (A.13)
For the choice of 75 in (A.2),
Ya V5 = %Eabcdvbc‘i, VabYs = *%Gabcdfda Yabe¥s = —€abedV" (A.14)
which is followed by
T er =0, (A.15)

where T+ = :I:%eadeT;ci.

1"We use convention (0162)* = 07605 for two grassmann numbers. If we want to use (0162)* = 03607 and
keep the reality (A.7) and (A.8), then we can use the symplectic Majorana condition i(¢*)" = %), instead
of (A.3).
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B Four-dimensional Euclidean N = 2 supergravity

In this appendix, we review the off-shell Euclidean d = 4 and N' = 2 supergravity. The
N = 2 supergravity was formulated as a gauge theory via the so-called superconformal
calculus [15-17]. In particular, the Euclidean four dimensional supergravity was recently
constructed in [59] by performing time-like dimensional reduction of 5-dimensional super-
gravity. In the following subsections, we will present the superconformal algebra, and briefly
review the superconformal construction with the Weyl multiplet and the vector multi-
plets. In the last subsection, we will present the relation to the Minkowskian 4-dimensional
supergravity.'®

B.1 Superconformal algebra

The superconformal algebra for d = 4 and N = 2 is composed of the coformal symmetries,
P, , My, D, K,, supersymmetries, Q°, S, R-symmetries, SO(1, 1)z, SU(2)g, and possible
central symmetry Z. The symmetry transformations are

6 =E"Py+ %My + ApD + ALK, +5Q" +7;S" + Ayv'; VI, + AaA+iaZ.  (B.1)

The conformal algebra is

[P, Mye] = Pyna [Map , Mea) = 21jq(cMyq) , (B.2)
[Ka ) Mbc] = K[bnc]a ) [Pa 7Kb] = z(nabD - 2Mab) ) (B3)
[D,P]=P,, D, K] = —K,. (B.4)

The commutators with supercharges are

[Map, @) = @ (Map 5] = 15", (B.5)
Vi, Q) = i(o0)'5Q Vi, ST = i(oa)'87 (5.6
D.Q=5a", D57 = 38", (B.7)
4,0 = 37@". 4,87 = ~3%8' (B3)
(K", Q"] = 74755, [P, 5" = —%’YﬂsQi- (B.9)

Anticommutatiors are

{Q",Q;} = (V' Pu+i2)5, (B.10)
{5°,5;} =7"KJd}, (B.11)
{Q", 8} = =65(v**May, + D — 5 A) +2V7; . (B.12)

80ur presentation will follow the convention in appendix A. The difference from [59] is that while we use
the charge conjugation matrix satisfying (A.1) and the symplectic Majorana condition by (A.3), the [59]
uses the charge conjugation matrix satisfying 7. = —C7v.C~' and the symplectic Majorana condition
by ¥, = —€ij(1?)TC where 1, := (1*)T. From what we present in this section, we can easily recover the
results of [59] by changing C' — —C'ys, i.e. by replacing ¢, — 1,75 for any spinor %’, and redefining the S-
symmetry parameter n° — —iysn®. These changes force us to use (ﬁj’yal...anai)* = —(=1)"€;k€" T Vay -an °
instead of (A.7) for two grassmann odd spinors.
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generator T P M® D KT @ St (Va)y A

. 1., i 14 1y i
Connection h,(T) | e,* wzb AIIB o svu' 39, —3Vu'i Aﬁ

parameter ¢ e Ap Ay € n Av'i  Aa

Table 7. Table of superconformal gauge fields and transformation parameters.

B.2 Weyl multiplet

The starting point is to construct superconformal gauge theory by promoting all the N' = 2
superconformal symmetries as local symmetries. The corresponding gauge fields and the
symmetry parameters for each symmetry generators are listed in the table 7. The generic
gauge field hj; transforms under a generic gauge transformation with parameter € as:

S(e)hS = Oue™ + ' b f3,” (B.13)

where ]7570‘ is the structure constant for the superconformal symmetries.

At this stage, the gauge fields are all independent fields. For the supergravity inter-
pretation, the relation between them should be obtained by imposing “conventional con-
straint”, which we present in (B.20). This determines wa , ngL and f in terms of the other
fields, so that e}, and 1;, become the vielbein and the gravitini respectively. The constraints

read to representing the translation P, as ‘covariant general coordinate transformation’!”

éaPa = 5Cgct(§) = 5gct(£u) - Z 6A(€Mh‘ﬁ) ) 5“ = gaeg ’ (B14)
A

where the summation over A denotes all the gauge symmetries except the translation. In
fact the transformation (B.13) of the vielbein e, is equivalent to the covariant general
coordinate transformation (B.14) under the conventional constraint. For non-gauge fields,
P, acts as what we will call the covariant derivative

Py = Dot = ea" (8¢ — Sa(h)9) . (B.15)

This induces a change in the commutation relations of the original superconformal alge-
bra. While translations in the original algebra did commute, now the covariant general
coordinate transformation do not commute and instead give rise to the curvature:

[Da, Dy) = —64(R2). (B.16)

Thus we see that the structure functions of the algebra are modified. Using this, we can
also check that the transformation (B.13) with the translation parameter {* of the other
gauge fields is equivalent to the covariant general coordinate transformation (B.14).

To match the fermionic and bosonic degrees of freedom we add the auxiliary tensor,
fermions, and scalar field, (T;Z,Xi,D). Thus we get total 24 + 24 physical degree of

9Note that &% is the symmetry parameter of the covariant general coordinate transformation and the &*
is composite of the parameter and the inverse vielbein. If we treat £* as a parameter, then Jeget(§) would
not be covariant.
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e Yl AD ARy LoTE oy D|wi® feogl, | el nh
wl-1 -+ 0 o o 1 3 o0 1 % |—-3 3
c|l 0 F 0 0 0 £ F5 0] 0 0 5 |Fi +3

Table 8. Weyl weight w and SO(1,1)g weight ¢ for each the Weyl multiplet component field and
supersymmetry parameters.

freedoms. Now the independent fields are?”

(e 0, A AR VI T v\ D). (B.17)

This is called the Weyl multiplet.

The table 8 shows the charges of the Weyl multiplet fields as well as the composite
fields and each supersymmetry parameters. The auxiliary tensor field satisfies self-dual
and anti self-dual conditions

1
TE = iieabchCdi , el =1, (B.18)

And the SU(2) gauge fields V,,*; satisfy the anti-hermitian and traceless condition

Vuij + Vﬂji =0, Vuii =0, where Vuji = (Vfﬂ)* = —Ejkvukleli- (B.19)
Conventional constraints. In order to relate wzb, L, f/i with other fields, we impose
the following constraints,

R, (P)* =0,
~ | )
ol (RW(Q)Z + 2%»&) =0, (B.20)
YR (M)a — ~epans RV (AR) + =17~ —3pe, =
ep” Ry (M)q _§6uaAp ( )"‘E ab pb T g €ua = 0.

Here, the modified field strengths are
Ry (Q)' = 2Dyl + 8% + i%v“b(TaE + Tty »
(AT) =20, A - %E[Wﬁbi} - Z@[Mﬂu]%xi ;
(V)5 =200,V)"5 + VeV + ZE[M%WV] + 305X’
- %5; <2E[HW5¢’;] + 3@[%%})(’“) ; (B.21)
ﬁ;w(M)ab = 26[#”5}1) - 2wﬁwa]cb - 4f[u[ael/]b - %@[uﬂab%gbi}
- ii@[uH%HTabJr - ii@[mf ,i]_Tab_ - zi[m%wabxi - @[uﬁu]ﬁab(@i ;

R,
R,

20The gauge field for the dilatation symmetry D is usually denoted by by, but in this paper we use AE
to avoid confusion with the anti-ghost field for the diffeomorphism.
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where the D, is defined as a covariant derivative with respect to M, D, A, V. Under the
conventional constraints, (B.20), the composite fields are expressed in terms of Weyl mul-
tiplet,

wfjb = —26”[“8[ e ]b] — eloe b]"e,wa e’ — Zeu[“eb}”Al?
- 1(2%%%“@ + ™)
% ( - ’W’Y ) Y5 (Dpwé +1i 12 (Tab + T, )'pra + lean > (B.22)
Ju® %E ( R) - iﬁuaApﬁi/\p(AR) + 31 T, T
where R R L
R, = R(M)u"ep” |10, R=R,%.". (B.23)

The transformation laws and the superconformal algebra. The Q — S — K—
transformation rules for the elementary Weyl multiplet fields are

5(3“& = 51’7&1/1,3 )
. , 1 . .
0y, = 2Dy’ + i Yan (T + T )y’ + 375’
p_ 1 3 I .
5A, = emdm awx oMY+ Ageua,
(SAR T =41 gf' 7 T
y = 261% + 18X+ 277i1/};“

. _ . _ . . . 1 .. _ _ .
OVu'j = — 28750y — 35X + 20759 — 50 (—2€k75¢’; — 3Eevux” + 2%%#},’3) ;

ST = —i82i+ Rup(Q)% (B.24)
3 = i BT + TN 4 SRV jur™ed — L R(AR) 0 5et
+D€Z+i2—14(Tb+T )’y st
6D =&, Dx".
For the composite fields we have:
w,, = %a’yab%qﬁi—kiiT b+j+¢]++14T“b’&?Z '_+Z€fy,ﬁabx"
+27 R (Q) - %ﬁi7“b75wz+2A[;éeu”} ,

S’ = —2fvay5E" — lD(TcZJrT )75t

16
3r_ —_— ‘ 13 B . ,
+§[(xjﬂ“6+)7a%’+—(Xjﬂ“%ﬁ)%beﬂ 2[(xjw & )Vat, — (XY, ) Ve
1~ . 1~ . . .
+ ZR(V)chﬂCdVWS’SJ + QR(AR)chde%el +2Dun" + A VaV5¥y
1 ; 1 ; _ 3 .3 ,
5ff = 115¢+1/1J+DbTba++115i_¢”’,DbTba - ZeuasiDXl— Zaifya@bLD

1 .
070, +Dul .

+§Z")/MDb§ba(Q)i+ 5
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X X N A, Y
w|/ 1 1 2 0 2
c|-1 1 F5 0 0

Table 9. Weyl weight w and SO(1, 1) weight ¢ for each vector multiplet component field.

where the covariant derivative D,, is defined as (B.15) and D,, for the covariant derivative
with respect to M ,D, A, V. In particular

Dyue' = (fh - 1%m“b + §A5 + 2A5%> e+ 5Vu'ie- (B.25)

Supersymmetry algebra.

[00(€1), 0q(€2)] = deget () + dnr(e) + 0k (Ak) + 05(n) + Fgauge » (B.26)
where Ocget (€) is defined in (B.14), the composite parameters are

g = 28y Mel
1 ’ 1 ,
€ab = i§§2i+€ll+Tab+ + iiggi_z’le_Tab_ s
a . i ab+ - 1_ i ab— 3_ a_i (B27)
AK = —1§€2i+€1+DbT — 1§€2i_61_DbT — 5821")/ ElD,

0= 3EpsEn X — 3 X

and the dgayge in general includes additional abelian, non-abelian or central charge gauge

transformations.
[65(n),dq(e)] = dm (@’Y“b%ni) +6p (—&isn') + 64 (Ein") (B.28)
+ oy (2?ﬂ577i - 5§?k7577k) ,
[05(m),0s(n2)] = 0k (A%) with A% = 75,771 , (B.29)
[0k (Ak),0q(e)] = 0s(V157ae"AK) - (B.30)

B.3 Vector multiplets

Consider an abelian vector multiplet, which is consist of two scalars X and X, SU(2)g
doublet fermion \¢, a vector gauge field A, and SU(2)pg triplet auxiliary scalars Y. Here
the auxiliary fields satisfy

YU =Y, Vi = emei Y™, (B.31)

where Y;; = (Y¥)*. The field contents and their charges are listed in the table 9. The
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supersymmetry variations are:

6X =iz Ny,
0X =iz AL, (.32
5AM = gi’yﬂ)\i , ’
§Y9 = —2:(42 D M)
. 1 . , .
ON} = —2iy" Dy Xel — o Y Pel + Y eeh 21Xk
. | . - .
OAL = 29" DaXel — 5 el + Yiepeh — 21Xt
where the covariant derivatives are
1 .
D R .
DHX = <8H - AN + AN)X — liwui-‘y—Al y
_ 11— .
DX = (9, — A — AIHX — 5P AL
. 1 3 1 1.
DyXy = <au - Z"Juawab - 5‘45 + 2AI}E> AL+ §Vu1j)‘j+
(B.33)

, . 1 . 1. ... .
DXV + L F ety — 5V epttn — X6,
3
4 2

; 1 1 ) 1 .
DyA” = <au L i i 2145) AL+ ivulj/\]_ ;

. 1 . 1 .. .
DX+ LT vt — SY Vet +iX e,
and the covariant field strength F,, is defined as

1— 1 _ P — . R .
—F,uzx = F,uu - <4X T,uu + ZXTIj—V - wi[/f}/u} A +iX ¢m+¢u@+ +iX %nJM_) ) (B34)

so that its variation is
0Fab = =28V Dy A" — TiYap s\’ - (B.35)

The algebra (B.26) now includes the central charge gauge symmetry with its parameter,
5gauge(a) R a=—4i (ggi_EliX + §2i+€1i+7) . (B.36)

B.4 Relation to Minkowskian supergravity

In this subsection we present the relation to Minkowskian supergravity using the analytic
continuation. We will relate our supergravity with the one presented in [60]. Once we make
the relation manifest, we can safely utilize a solution obtained in Minkowskian theory as
the solution of Euclidean theory.

The complication comes from the fact that theories in different spacetime signatures
have different reality properties for their field contents. Particularly for fermions, while
4-dimensional Minkowskian spacetime can allow Majorana and symplectic-Majorana rep-
resentation yet not compatible with Weyl spinors, the Euclidean space can allow symplectic
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Majorana representation which is compatible with Weyl spinors. The reality conditions
for other bosonic fields can be set in order to be compatible with supersymmetries, and
these are again in general different in Minkowkian and Euclidean theories. Therefore, to
map the Euclidean to Minkowskian theory we first need to release the reality properties
not imposing Majorana or symplectic Majorana conditions.

The Euclidean supergravity presented in this appendix does not contain complex con-
jugation. Thus the action invariance and the algebra are free from what reality condition
we would impose. They are also free under the change of spacetime signature by

xy = —izy . (B.37)

Once we change the spacetime signature, we can impose a reality condition that is allowed
in Minkowskian spacetime. For generic spinors U, we can impose the symplectic Majorana
condition, which is not compatible with the chirality,

(V)0 = e;(¥%)7C, (B.38)

using the same charge conjugation matrix C' that we have used in our Euclidean super-
gravity. The other bosonic fields will satisfy the reality condition in such a way that it is
compatible with supersymmetries.

The resulting Minkowskian supergravity is equivalent to the one presented in [60]
by following field redefinition. For fermions, starting from our Euclidean supergravity
variables, we perform the redefinition as

. E1q ] ;
e}l = +iej el eMt =t
M __ i _ . Ej Mi __ 1 Ei
i = e, Yu' =t
M _ i . . EJ Mi __ . Ei
Xi = +161]X— y X = X+
M : Ej Mi Ei (B.39)
N, = €Ny noo=n-
M __ . Ej Mi __ 4 Ei
wi _lﬁzj(b‘u«k d)u - gbu— ’
M \Ej Mi __ :\Ei
O = =€ Ay QY =iAZ",

together with the redefinition of the charge conjugation matrix as C = iCvs to satisfy

AT = —C'%C‘_l , CT = —C. Then the symplectic Majorana condition (B.38) is converted

into the Majorana condition

T = (U = (U)TC, T = (W) g = (WTC (B.40)
For the bosonic fields, we redefine the abelian R-symmetry gauge field as
A = —iA7, (B.41)

to reflect that the Minlowskian theory has U(1)gr symmetry while the Euclidean theory
has SO(1,1)r symmetry.

For the Minkowskian spacetime, the self-duality condition should be re-expressed (See
the appendix of [26]). Since the self-duality relation (B.18) is covariant, the same expression
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could be used after the coordinate change (B.37). However we note that 1 = ¢!23% = {1230

with the coordinate change (B.37), and thus €°'23 = i. Therefore, it is better to redefine

bed _ :_ abed
€V = e, (B.42)
such that we set €123 = 1. Tt is followed by the self-duality condition in Minkowskian
spacetime as
1
TMEab - ii§e;bcd TM=, e — 1. (B.43)

The superconformal algebra presented in appendix B.1 is also converted to the
Minkowskian expression. As we redefine the supersymmetry parameters as (B.39), the
supercharges are redefined as

QMi _ Ei, in _ ifz’jQij 7 (B.44)
gMi _ Sii7 SzM _ —ieiij] , (B.45)

such that the Euclidean expression of the symmetries § = £8,_ Q"' + &7, Q¥' 4+ n%;, ST" +
n¥._ S becomes Minkiowskian expression § = eM;QM* + WQ;” + M, SM WS{” For
the abelian R-charge, following the redefinition (B.41) the parameter is redefined as A =
—iA , and thus the generator is redefine as

AM = A" (B.46)

These also recover the algebra presented in [60].

C Full transformation rules under Q.q

In this appendix we present the full transformation rules of all the matter and ghost fields
under the equivariant supercharge Qoq. Some of these equations are already present in
section 3.2.

The transformations of the (b, B) ghost fields are:

Qeqbu=Bu,  QeqByu=Libu+0,Ebap+8,Epbp+0uE%bica+0uE RbR+0ERbRij
Qeqbab = Babv Qquab = Ei’)bab +§acbcb +§bcbac+§K[bbKa] )
QeqbD=Bp,  QeqBp=Libp+EgbKa,
QeqbKa:BKa7 QquKa:»Ci')bKa"i_éabbe_éDbKa;

Qeqbr=Br,  QeqBr=Lsbr,

S . 1 P D ,
Qeqbé = BQZ s QquQZ = ﬁibé—FzEab’yabbé-i-SPfjbé +§€Dbé+§€R’V5bé+Elg’ya’Y5bs? s

. v . 1 T .
Qeqbg =By,  QeqBg = Eébs“rfab%bbsl +Egjbd —§6Db¢§ — §€R’75b§-

(C.1)
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The transformation rules of ¢ ghost fields are (with &/ := ed* — é/'):

Qeqc! = =287 cQé’ — 27 ch“—sl'y ee 4 ¢o Lt — iy cha ,

1 1 .
Qeqc™ = —izgiﬁiTaH - 11@—€1Tab7 — i7" vscl — e Y P’ — 20, sch

1

1_ 1_ : 1 :
—igBin e T — B o T —ijoq, cu T™" — i tq;_co-T""

+ 0™ + (E+2g)i" (e + cQ)l ab _ zieie “w + e’
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(C.2)
The transformation rules of the Weyl multiplet fields are (with ﬁu =D, — Zo?u and
T = bt 4 T~ 5, = 5,80, 7, = 70 6,
Qeq€pn” :éﬂawﬁ—|—C”81,ez+6#c”e$+cabeub—cDeZ +@ﬂa¢) ‘
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Here the covariant derivative D' is given in (B.25), the curvatures ﬁuy(Q)i, EW(AR)
R'j,, (V) are in (B.21) and the composite field ¢/, is in (B.22).

D AdS,; x S? and the Killing spinor
The Euclidean AdSy x S? configuration in unit radius is

ds® = (dn? + sinh® ndr?) + (dy? + sin® ¢ d¢?) , (D.1)
F = —ielsinhy, Fj,=p'siny, X'=X! T, =—idsinhy,

with all other fields not related by symmetries set to zero. Here F;fu is the field strength
of the U(1) vector field in the vector multiplet I with electric field and magnetic charge
given by (el,p!), respectively. The constant values X! of the scalar fields are given by the
attractor equations:

xIaX=el, X -X'=ipl, F-Fi=iq. (D.2)

The killing spinor equations are obtained from the variation of the gravitino. On the
AdSy x S? configuration given by (D.1), the equation becomes

. 1 .
D,u62 = _57127;152 . (D.3)
With the choice of gamma matrices,

V=nel, Y=nel, Y¥=n80, Y'=mR0, =14=-T3Q03, (D.4)
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the equation (D.3) is solved by 8 sets of symplectic Majorana spinors. We choose a set of
Killing spinors,

cosh & cos % sinh 7 sin %
A Lei(7+¢>)/2 —icosh 7 sin % 2 iefi(ﬂr@ﬂ isinh 7 cos % (D.5)
V2 isinh 7 cos % ’ V2 icosh 3 sin % ’
sinh 7 sin % —cosh 2 cos 2

satisfying the symplectic Majorana condition,
(Ei)* = —iqj(’l'l &® (72)€j . (D.6)

Then, the corresponding the Killing vector is

010, = EiyMe'd, = 0, — Oy, (D.7)
and fermionic bilinears are
gie' = coshn, Zivse' = —cos 1. (D.8)
At n =0 and ¥ = 0 (North Pole), the chiral and anti-chiral part of the Killing spinor
reduces to ;
£ha=0, ety = <03 exp [i (r —g ¢) 03]) & (D.9)
and at 7 = 0 and ¥ = m (South Pole),
eia = (—iag exp [i (r —12_ ?) 0'3:|>Z o sid =0. (D.10)

Therefore, the SU(2)r symmetry is identified with the inverse of SU(2)_ of the rotation
symmetry SO(4) at North Pole, and with the inverse of SU(2) at the South Pole.

E Counting the number of boundary modes

In this appendix, we shall count the number of boundary modes for the 1-form field Zﬂ,
the graviton g, and the gravitino @Z)L on AdSs x S2. Denoting a generic field as ¢ and its
boundary modes as ¢PdY, the number of the boundary modes for each field can be counted
using the definition
nd = Trypay e (E.1)
bdry * Pbdry 40 .

which we justified in the main text. As we see below, the trace for each field turns out to
be regular at ¢ = 0 and therefore we can use

. H
ndb)dry = }LI}’(l) Tr¢bdry€t , (E.2)

using the bosonic generator H coming from the equivariant algebra. The value of S has
been calculated [61] for a 1-form field, the graviton, and the gravitino ¢ in four dimensions
to be, respectively,

ﬁl—form = 1) 5grav = 27 /81,0 =3. (E3)

Once we calculate npqry for each field, we can evaluate the formula (4.42).
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The number of boundary modes for each field on AdS; x S? can be counted by decom-
posing the field into various two dimensional fields on AdSs, i.e. 1-forms, scalars, graviton,
and spinors on AdSs, and looking at the massless fields among them. For example, the 1-
form Avu, is decomposed to a vector v, and two scalars ¢,, where p is the four-dimensional
index and m is the two-dimensional AdSy index. As explained in [26, 61], a more concep-
tual manner of understanding these boundary modes is to associate them with asymptotic
symmetries on AdSs which can be summarized as the modes of currents. In the 1-form
example, we should associate a U(1) current with modes j,,, n € Z. Here n is the eigenvalue
of Ly which is equal to H in our formalism. The zero mode jj is a global symmetry and
so we should not count it as a zero mode. Thus we obtain:

1-form: Spin-1 current (j,)

1-f .
Mgy = 1im > ¢" (E.4)
o
q q!
tgr(l)[l—q—i_l—q—l] ’

where we used the geometric summation over ¢ and ¢~ .

The symmetries associated with the Weyl multiplet are present in every theory and
are generated by L,, n € Z, Gy, u=1,--- 4r € Z+ %, and J?, a =1,2,3, n € Z, which
obey the chiral N' = 4 algebra of a two-dimensional SCFT in the NS sector. The global
part of this algebra is generated by Lo 41, Gi 1, J§ and these should be not be counted as
boundary modes. This we obtain: ’

Graviton: Spin-2 current (L,,)

nhay =l > " ()

Graviton: Spin-1 current (J2, a =1,2,3)
npgt =3 x (—1), (E.6)

where we have used the above calculation of a generic spin-1 (1-form) field. Note that this
spin-1 current is really a part of the graviton and therefore should have the same 5 as the
graviton. In the spacetime picture, this can be thought of as the graviton g,,,, decomposed

into a graviton h,,, and 3 massless vectors v,,k,, where k, are the three Killing vectors
of S2.
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The boundary modes of the gravitino are associated with the fermionic currents:

Spin-3/2 current (G¥, p=1,---,4)

(U] _ .
Mary = 4 % lim g (E.7)
TEZ+%

r;éj:%

2 -1
_ : -1/2 (4 q
4><%gr[1)q (1—q+1—q_1>

=4 x lim ¢~ ?(=1 - ¢) = 8.
t—0

To summarize, the final result for the number of zero modes for 1-form, graviton, and
gravitino are
1-f
mhin = <1, nhiy =<6, nha, = 8. (E8)

These results agree with the results obtained in [61] which used a different regularisation
scheme suitable to the on-shell analysis.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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