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Abstract

We study the two-body charmed nonleptonic weak decays of the bottom meson to an axial-vector meson 
and a pseudoscalar meson using the non-relativistic quark model. We employ the factorization hypothesis 
to obtain the branching ratios of these decays. First, we calculate the axial-vector (JP = 1+) emitting form 
factors for B → D1/D1 transitions in the non-relativistic Isgur-Scora-Grinstein-Wise quark model. Later, 
we use the heavy quark symmetry constraints to obtain the B → D

1/2
1 /D

3/2
1 form factors and consequently, 

calculated their branching ratios. For a comparative analysis, we extract τ1/2(ω) and τ3/2(ω) form factors 
from the recent lattice QCD results to get a qualitative estimate of B → D

1/2
1 /D

3/2
1 form factors. We find 

that the calculated branching ratios are in fair agreement with the available experimental data in both the 
scenarios. Also, we observe that, despite of 1/mQ suppression in heavy quark limit, the color-suppressed 
contribution to these decays can not be ignored.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The phenomenological analyses of the bottom (B) meson decays provide exciting opportuni-
ties to test several models and the approaches within and beyond the Standard Model (SM). The 
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understanding of B physics serves as a tool to study the interplay of strong and weak interaction 
dynamics in the SM and also a test of the new physics beyond the SM. The time to time compari-
son between the theoretical predictions and the experimental results help in better understanding 
of the hadronic structure in heavy bound states. In heavy flavor hadrons, the theoretical interpre-
tation of the nonleptonic decays are still under progress for being non-perturbative in nature. The 
factorization hypothesis has been successfully used to study such decays as it suits the descrip-
tion of B decaying to heavy mesons [1–8]. Also, the mass of b-quark is much heavier than the 
quantum chromodynamics (QCD) scale, where the dynamics becomes much simpler in the light 
of heavy quark symmetries [3,4,7]. The heavy quark symmetry (HQS) proves to be a very useful 
tool to provide symmetry relations for the heavy meson decays, however, one still has to use some 
model to obtain the explicit expressions for the decay rates. There are several models like Bauer, 
Stech & Wirbel (BSW) [3,4], Isgur-Scora-Grinstein-Wise (ISGW) [5,6], and covariant light front 
(CLF) [9] which can efficaciously be used in the light of heavy quark effective theory (HQET). 
Unlike the present study, in heavy to light decays the final state mesons have large energy, where 
the approaches like light cone sum rules (LCSR), soft collinear effective theory (SCET), and per-
turbative QCD have worked reasonably well to understand the experimental data [7,8]. Several 
theoretical frameworks based on the factorization hypothesis, relativistic quark model, HQET, 
CLF approach, perturbative QCD, etc. has been employed to study the charmless axial-vector 
meson emitting decays of B mesons [9–16]. It is worth remarking here that the dominant modes 
in the charmed sector of these decays proceed mainly through the tree level diagrams and thus, 
are least influenced by the penguin pollution. Hence, the charmed p-wave meson emitting de-
cays are considered using the factorization scheme and HQS in the non-relativistic quark models, 
CLF approach, SCET, perturbative QCD based modeling, HQET, and Bakamjian-Thomas (BT) 
relativistic quark model [16–30]. In recent past, several attempts have been made to determine 
the form factors of B → D∗∗ transitions in heavy quark limit [28–38]. The importance of the-
oretical uncertainties arising from the �QCD/mQ corrections, in all the form factors for heavy 
quark expansion, has been emphasized. Since, in the heavy quark limit some form factors could 
be suppressed at zero recoil, therefore such corrections could be decisive. Most recently, it is 
pointed out that the contributions from the corrections of O(�QCD/mQ) to the new physics 
matrix elements could be dominant [39].

On the experimental side, recent observations, especially, of many strange charm resonances, 
and many proposed experiments (see for review [40]) has revived the interests of hadronic physi-
cists to study the orbitally excited mesons. In the weak decay sector, the branching ratios of many 
of the decay modes involving charm meson in the final state e.g. B− → D0a−

1 , B− → π−D0
1, 

B− → π−χc1, B̄0 → D+a−
1 , B̄0 → χc1π

0, B̄0 → K̄0χc1 etc. [41] have been measured to be 
O(10−3) ∼ O(10−5) (as shown in Table 1). Therefore, we will focus our study to analyze the B
→ PA decay modes involving charmed meson in the final state.

In this work, we have investigated the axial-vector meson emitting decays of B meson in-
volving charmed mesons in the Cabibbo-Kobayashi-Maskawa (CKM) allowed and suppressed 
modes. In scenario-I, we employ the improved version of ISGW [6] quark model, to evaluate the 
B → A/A′ transition form factors. It is worth mentioning that the ISGW II incorporates heavy 
quark symmetry constraints and hyperfine distortions of the wave functions. For a long time, 
beside the recent CLF model, ISGW II quark model has been the only model to give the reli-
able transition form factors from the ground state s-wave mesons to a low-lying p-wave mesons. 
For B → P transition form factors, we rely upon the lattice QCD results, which are also con-
sistent with the LCSR calculations [42–45]. Using the factorization scheme, we calculated the 
branching ratios of these decay modes. We found that the calculated branching ratios of the 
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Table 1
Experimentally measured branching ratios for B → PA decays.

Mode Experimental Branchings [41]

B− → D0a−
1 (4 ± 4) × 10−3

B− → π−D0
1 (1.5 ± 0.6) × 10−3

B− → π−D0
1 (7.5 ± 1.7) ×10−4[19]

B− → π−χc1 (2.2 ± 0.5) × 10−5

B− → K−χc1 (4.79 ± 0.23) × 10−4

B− → K̄0a−
1 (3.5 ± 0.7) × 10−5

B− → π0a−
1 (2.6 ± 0.7) × 10−5

B− → π−a0
1 (2.0 ± 0.6) × 10−5

B̄0 → D+a−
1 (6.0 ± 3.3) × 10−3

B̄0 → χc1π0 (1.12 ± 0.28) × 10−5

B̄0 → K̄0χc1 (3.9 ± 0.4) × 10−4

B̄0 → K−a+
1 (1.6 ± 0.4) × 10−5

B̄0 → π∓a±
1 (2.6 ± 0.5) × 10−5

B− → D−
s a0

1 < 1.8 × 10−3

B− → π−K̄0
1 (1270) < 4.0 × 10−5

B− → π−K̄0
1 (1400) < 3.9 × 10−5

B̄0 → D−
s a+

1 < 2.1 × 10−3

B̄0 → π+K−
1 (1270) < 3.0 × 10−5

B̄0 → π+K−
1 (1400) < 2.7 × 10−5

B̄0 → π0a0
1 . < 1.1 × 10−3

Cabibbo-favored modes such as, B− → D0a−
1 , B− → π−D0

1, and B− → π−D0
1 are in very 

good agreement with the experimental numbers.
Another, aim of the present analysis is to discuss the effects of heavy quark symmetry on 

axial-vector meson emitting decays involving D1 and Ds1 mesons. Based on the HQS analyses, 
the importance of color-suppressed contributions has been pointed out in the past [19,21]. It has 
been indicated that the larger magnitude of the color-suppressed contributions is necessary to 
explain the existing experimental data. Therefore, in scenario-II, we extend our calculation to 
obtain the B → D1/2/D3/2 transition form factors in the ISGW II model within HQS constraints. 
In addition to this, we use the lattice QCD results for the Isgur-Wise form factors, τ1/2(1) and 
τ3/2(1), at zero recoil to extract a crude guess of B → D1/2/D3/2 form factors, phenomenolog-
ically. It is interesting to note that the calculated form factors are in reasonably good agreement 
with the τ1/2(ω) and τ3/2(ω) extracted from the experimental data. We understand that the 1/mQ

corrections could be essential but at the same time the lattice QCD results could be trusted for 
their systematic approach to QCD. We found that the calculated branching ratios in HQS, for 
both ISGW II and lattice QCD inspired calculations, compared well with the existing theoretical 
and experimental results. Comparison with the experimental observations reveal that the magni-
tude (as well as the sign) of the color-suppressed contributions in these decays could be larger 
than the theoretical estimates. Also, we find some of these decay channels, especially involving 
Ds1 states, have large branching ratios i.e. comparable to that of the s-wave mesons emitting 
decay modes and are well within the reach of future experiments.

The paper is organized as follows. In sec. 2, the meson spectroscopy is discussed. Methodol-
ogy for the framework is presented in sec. 3. In sec. 4, we discuss the decay constants and form 
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factors in the light of heavy quark symmetry constraints. Numerical results and discussions are 
presented in the sec. 5 and the summary and conclusions are given in the last section.

2. Meson spectroscopy

The both types of axial-vector mesons, 3P1 (J PC = 1++) and 1P1 (J PC = 1+−), behave well 
with respect to the quark model qq̄ assignments. Strange and charmed states are most likely a 
mixture of 3P1 and 1P1 states, since there is no quantum number forbidding such mixing. In 
contrast, diagonal 3P1 and 1P1 systems have opposite C-parity and cannot mix. Experimentally 
[41], the following non-strange and uncharmed mesons have been observed:

i. for 3P1 multiplet, isovector a1(1.230) and two isoscalars f1(1.282) and f ′
1(1.426);

ii. for 1P1 multiplet, isovector b1(1.229) and two isoscalars h1(1.170) and h′
1(1.386). C-parity 

of h′
1(1.386) and spin and parity of the hc1(3.526) remains to be confirmed.

Numerical values given in the bracket indicates mass (in GeV) of the respective mesons. In 
the present analysis, mixing of the isoscalar states of (1++) mesons is defined as

f1(1.282) = 1√
2
(uu + dd) cosφA + (ss) sinφA,

f ′
1(1.426) = 1√

2
(uu + dd) sinφA − (ss) cosφA,

χc1(3.511) = (cc̄),

(1)

where

φA = θ(ideal) − θA(physical).

Similarly, mixing of the two isoscalar mesons h1(1.170) and h′1(1.386) is defined as:

h1(1.170) = 1√
2
(uu + dd) cosφA′ + (ss) sinφA′ ,

h′
1(1.386) = 1√

2
(uu + dd) sinφA′ − (ss) cosφA′ ,

hc1(3.526) = (cc̄).

(2)

Proximity of a1(1.230) and f1(1.282) and, to lesser extent, that of b1(1.229) and h1(1.170)

indicates the ideal mixing for both 1++ and 1+− nonets, supported by their decay patterns i.e.,

φA = φA′ = 0◦. (3)

States involving a strange quark of A(JPC = 1++) and A′(J PC = 1+−) mesons mix to gen-
erate the physical states in the following manner:

K1(1.270) = K1A sin θ1 + K1A′ cos θ1,

K1(1.400) = K1A cos θ1 − K1A′ sin θ1,
(4)

where K1A and K1A′ are the strange partners of a1(1.230) and b1(1.229), respectively. Par-
ticle Data Group [41] assumes that the mixing is maximal, i.e., θ1 = 45◦, whereas τ →
K1(1.270)/K1(1.400) + ντ data yields θ1 = ±37◦ and θ1 = ±58◦ [9,18,19]. Furthermore, the 
study of D → K1(1.270)π, K1(1.400)π decay rules out positive mixing-angle solutions and 
θ1 = −58◦ [9] is experimentally favored. However, in a recent phenomenological analysis [46], 
it has been shown that the choice of angles for f − f ′ and h − h′ mixing schemes (that favors 
ideal mixing) are closely related to the choice of the mixing angle θ1, therefore, a mixing angle 
∼ 35◦ is preferred over ∼ 55◦. Hence, we use θ1 = −37◦ in our numerical calculations.
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The mixing of charmed and strange-charmed state mesons are given in a similar fashion,

D1(2.427) = D1A sin θD1 + D1A′ cos θD1,

D1(2.422) = D1A cos θD1 − D1A′ sin θD1,
(5)

and

Ds1(2.460) = Ds1A sin θDs1 + Ds1A′ cos θDs1,

Ds1(2.535) = Ds1A cos θDs1 − Ds1A′ sin θDs1 .
(6)

However, in the heavy quark limit, the physical mass eigenstates with JP = 1+ are P
3
/

2
1 and 

P
1
/

2
1 rather than 3P1 and 1P1 states as the heavy quark spin SQ decouples from the other degrees 

of freedom, so that SQ and the total angular momentum of the light antiquark are separately a 
good quantum numbers [47]. Therefore, we can write

|P 1
/

2
1 >=

√
1
3 |1P1 > −

√
2
3 |3P1 >,

|P 3
/

2
1 >=

√
2
3 |1P1 > +

√
1
3 |3P1 > .

(7)

Hence, the states D1(2.427) and D1(2.422) can be identified with P
1
/

2
1 and P

3
/

2
1 , respectively. 

However, beyond the heavy quark limit, there is a mixing between P
1
/

2
1 and P

3
/

2
1 denoted by

D1(2.427) = D
1
/

2
1 cos θ2 + D

3
/

2
1 sin θ2,

D1(2.422) = −D
1
/

2
1 sin θ2 + D

3
/

2
1 cos θ2.

(8)

The mixing angle θ2 = (−5.7 ± 2.4)◦ is obtained by the Belle through a detailed analysis [48]. 
However, we use a positive mixing angle θD1 = 17◦ based on the study of D1(2427)π production 
in B decays [18]. Likewise for the strange axial-vector charmed mesons,

Ds1(2.460) = D
1
/

2
s1 cos θ3 + D

3
/

2
s1 sin θ3,

Ds1(2.535) = −D
1
/

2
s1 sin θ3 + D

3
/

2
s1 cos θ3.

(9)

θ3 ≈ 7◦ is determined from the quark potential model [18,19,49]. For η and η′ pseudoscalar 
states, we use

η(0.547) = 1√
2
(uu + dd) sinφP − (ss) cosφP ,

η′(0.958) = 1√
2
(uu + dd) cosφP + (ss) sinφP ,

(10)

where φP = θideal − θphysical , θphysical = −15.4◦. ηc is taken as ηc(2.979) = (cc̄).

3. Methodology

3.1. Weak Hamiltonian

For the bottom changing �b = 1 decays, the weak Hamiltonian involves the bottom changing 
current,

Jμ = (c̄b)Vcb + (ūb)Vub, (11)



6 N. Sharma, R. Dhir / Nuclear Physics B 946 (2019) 114718
where (q̄iqj ) ≡ q̄iγμ(1 − γ5)qj denotes the weak V-A current. QCD modified weak Hamiltonian 
is then given below:

a. for decays involving b → c transition,

HW = GF√
2

{
VcbV

∗
ud [a1(cb)(du) + a2(db)(cu)] + VcbV

∗
cs[a1(cb)(sc) + a2(sb)(cc)]

+ VcbV
∗
us[a1(cb)(su) + a2(sb)(cu)] + VcbV

∗
cd [a1(cb)(dc) + a2(db)(cc)]}, (12)

b. for decays involving b → u transition,

HW = GF√
2

{
VubV

∗
cs[a1(ub)(sc) + a2(sb)(uc)] + VubV

∗
ud [a1(ub)(du) + a2(db)(uu)]

+ VubV
∗
us[a1(ub)(su) + a2(sb)(uu)] + VubV

∗
cd [a1(ub)(dc) + a2(db)(uc)]}. (13)

By factorizing matrix elements of the four-quark operator contained in the effective Hamilto-
nian (12) and (13), one can distinguish three classes of decays [3,4]:

1. The first class (Class I) contains those decays which can be generated from the color singlet 
current; and the decay amplitudes are proportional to a1, where a1(μ) = c1(μ) + 1

Nc
c2(μ), 

and Nc is the number of colors.
2. The second class (Class II) of transition consists those decays which can be generated from 

the neutral current. The decay amplitude in this class is proportional to a2 i.e. for the color-
suppressed modes, a2(μ) = c2(μ) + 1

Nc
c1(μ).

3. The third class (Class III) of decay modes can be generated from the interference of color 
singlet and color neutral currents i.e. the a1 and a2 amplitudes interfere.

Hence, we use Nc = 3 to fix the effective QCD coefficients:

a1 = 1.03 and a2 = 0.11, (14)

where c1(μ) = 1.12, and c2(μ) = −0.26 at μ ≈ m2
b [4,7].

It may be noted that the decay amplitudes can be expressed as a factorizable contribution 
multiplied by the corresponding ai’s that are (renormalization) scale dependent, however are 
expected to be process independent. In addition to the 1/Nc terms in naive factorization, the a1

and a2 evaluated at sub-leading orders in 1/Nc receive contributions from the nonfactorizable 
effects that are non-perturbative in nature [50–52]. Analyses of B → Dπ shows that the ratio 
of effective a1 and a2 i.e. a

eff
1 and aeff

2 to confront the experimental measurements for B → Dπ

data is expected to be |aeff
2 /a

eff
1 | ∼ (0.45 − 0.65)e±i60 [53]. Furthermore, a2 parameter cannot be 

calculated in the QCD factorization for B̄ → D∗∗π type decays because D meson being heavy 
and slow cannot be decoupled from (Bπ ) system. Thus, soft interaction between (Bπ ) system 
and the charm quark of D meson will be considerably different from the interaction between the 
(Bπ ) system and light spectator quark of D meson [54].

As we have mentioned earlier, B decays either only via tree diagrams or are tree dominated, 
therefore we neglect the expected small penguin contributions in our formalism.
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3.2. Decay rates

The decay rate formula for B → PA decay is given by

(B → PA) = p3
c

8πm2
A

|A(B → PA)|2 , (15)

where pc is the magnitude of the three-momentum of a final-state particle in the rest frame of B
meson and mA denotes the mass of the axial-vector meson.

The factorization scheme express the decay amplitudes as a product of the matrix elements of 
weak currents (up to the weak scale factor of GF√

2
× CKM elements × QCD factor) as

〈PA|Hw |B〉 ≈ 〈P |Jμ |0〉 〈A|Jμ |B〉 + 〈A|Jμ |0〉 〈P |Jμ |B〉 , (16)〈
PA′∣∣Hw |B〉 ≈ 〈P |Jμ |0〉 〈

A′∣∣Jμ |B〉 + 〈
A′∣∣Jμ |0〉 〈P |Jμ |B〉 . (17)

Using the Lorentz invariance, matrix elements of the current between meson states can be ex-
pressed [6] as

〈P |Jμ |0〉 = −ifP kμ, (18)

〈A|Jμ |0〉 = ε∗
μmAfA, (19)〈

A′∣∣Jμ |0〉 = ε∗
μmA′fA′, (20)

〈A(PA)|Jμ|B(PB)〉 = �ε∗
μ + c+(ε∗ · PB)(PB + PA)μ + c−(ε∗ · PB)(PB − PA)μ, (21)〈

A′(PA′)
∣∣Jμ|B(PB)〉 = rε∗

μ + s+(ε∗ · PB)(PB + PA′)μ + s−(ε∗ · PB)(PB − PA′)μ, (22)

and

〈P(PP )|Jμ |B(PB)〉 = (PBμ + PPμ − m2
B − m2

P

q2 qμ)FBP
1 (q2) + m2

B − m2
P

q2 qμFBP
0 (q2).

(23)

4. Decay constants and form factors

4.1. Decay constants

In this work, we are using the following values of the decay constants [38,41,55] for pseu-
doscalar mesons (0−) those are well known:

fπ = 0.131 GeV, fK = 0.160 GeV,

fD = 0.212 GeV, fDs = 0.249 GeV,

fη = 0.133 GeV, fη′ = 0.126 GeV, and fηc = 0.400 GeV.

However, for axial-vector mesons (1+), the decay constants for JPC = 1+− mesons may 
vanish due to the C-parity behavior. Under charge conjunction, the two types of axial-vector 
mesons transform as

Ma
b (1++) → +Mb

a (1++)

Ma(1+−) → −Mb(1+−) (24)
b a



8 N. Sharma, R. Dhir / Nuclear Physics B 946 (2019) 114718
where (a, b = 1, 2, 3) and Ma
b denotes meson 3 × 3 matrix elements in SU(3) flavor symmetry. 

Since the weak axial-vector current transforms as (Aμ)ab → +(Aμ)ba under charge conjunction, 
only the (1++) state can be produced through the axial-vector current in the SU(3) symmetry 
limit [56,57]. Particle Data Group [41] assumes that the mixing is maximal, i.e., θ = 450, whereas 
τ → K1(1.270)/K1(1.400) + ντ data yields θ = ±370 and θ = ±580.

To determine the decay constant of K1(1.270), we use the following formula:

(τ → K1ντ ) = G2
F

16π
|Vus |2f 2

K1

(m2
τ + 2m2

K1
)(m2

τ − m2
K1

)2

m3
τ

,

which gives fK1(1270) = 0.175 ± 0.019 GeV. The decay constant of K1(1.400) can be obtained 
from fK1(1.400)

/
fK1(1.270) = cot θ . A small value around 0.011 GeV for the decay constant of 

K1B may arise through SU(3) breaking, which yields fK1(1.400) = fK1A
cos θ1 − fK1B

sin θ1 =
−0.232 GeV for θ1 = −37◦ (−0.087 GeV for θ1 = −58◦) [9]. Similarly, decay constant of 
a1(1.260) can be obtained from B(τ → a1ντ ). However, this branching ratio is not given in the 
Particle Data Group [41], although the data on τ → a1ντ → ρπντ have been reported by the 
various experiments. We take fa1 = 0.203 ± 0.018 GeV from the analysis given by J.C.R. Bloch 
et al. [58]. For the decay constant of f1(1.285), we assume ff1 ≈ fa1 . The decay constants,

fD1A
= −0.177 GeV, fD1B

= 0.060 GeV,

fDs1A
= −0.160 GeV, fDs1B

= 0.042 GeV, and fχc1 ≈ −0.207 GeV.

have been taken from [9,38].

4.2. The B → A/A′ transition form factors in ISGW II quark model

We used the improved ISGW II quark model which describes a more realistic behavior of the 
form-factor at large momentum transfer i.e. (q2

m − q2). In addition to this, the ISGW II model 
includes various ingredients, such as the heavy quark symmetry constraints, the heavy quark 
symmetry breaking color-magnetic interaction, relativistic corrections, etc. The form factors have 
the following expressions [6].

q = − md

2m̃AβB

(
5 + ω̃

6
)F

(q)

5 ,

� = −m̃BβB [ 1

μ−
+ m2m̃A(ω̃ − 1)

β2
B

(
5 + ω̃

6m1
− m2β

2
B

2μ−β2
BA

)]F (�)
5 ,

c+ + c− = − m2m̃A

2m1m̃BβB

(
1 − m1m2β

2
B

2m̃Aμ−β2
BA

)
F (c++c−),

c+ − c− = − m2m̃A

2m1m̃BβB

(
ω̃ + 2

3
− m1m2β

2
B

2m̃Aμ−β2
BA

)
F (c+−c−),

r = m̃BβB√
2

[ 1

μ+
+ m2m̃A

3m1β
2
B

(ω̃ − 1)2]F (r)
5 ,

s+ + s− = − m2

2m̃BβB

(
1 − m2

m1
+ m2β

2
B

2μ+β2
BA

)
F (s++s−),

s+ − s− = − m2

2m1β

(
4 − ω̃

3
− m1m2β

2
B

2m̃ μ β2

)
F (s+−s−),

(25)
B A + BA
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Table 2
The parameter β for s-wave and p-wave mesons in the ISGW II quark model.

Quark content ud̄ us̄ ss̄ cū cs̄ ub̄ sb̄ cc̄

βs (GeV) 0.41 0.44 0.53 0.45 0.56 0.43 0.54 0.88
βp(GeV) 0.28 0.30 0.33 0.33 0.38 0.35 0.41 0.52

where

F
(l)
5 = F

(r)
5 = F5(

m̄B

m̃B

)1/2(
m̄A

m̃A

)1/2,

F
(c++c−)

5 = F
(s++s−)

5 = F5(
m̄B

m̃B

)−3/2(
m̄A

m̃A

)1/2, (26)

F
(c+−c−)

5 = F
(s+−s−)

5 = F5(
m̄B

m̃B

)−1/2(
m̄A

m̃A

)−1/2.

The t (≡ q2)dependence is given by

ω̃ − 1 = tm − t

2m̄Bm̄A

, (27)

and

F5 =
(

m̃A

m̃B

)1/
2

(
βBβA

BBA

)5/
2

[
1 + 1

18
h2(tm − t)

]−3

, (28)

where

h2 = 3

4mcmq

+ 3m2
d

2m̄Bm̄Aβ2
BA

+ 1

m̄Bm̄A

(
16

33 − 2nf

) ln[αS(μQM)

αS(mq)
],

with

β2
BA = 1

2

(
β2

B + β2
A

)
, (29)

and

μ± =
(

1

mq

± 1

mb

)−1

.

m̃ is the sum of the mesons constituent quarks masses, m̄ is the hyperfine averaged physical 
masses, nf is the number of active flavors, tm = (mB − mA)2 is the maximum momentum trans-
fer and μQM is the quark model scale. The subscript q depends upon the quark currents q̄γμb

and q̄γμγ5b appearing in different transitions. The values of the parameter β for different s-wave 
and p-wave mesons are given in the Table 2. We use the following constituent quark masses (in 
GeV)

mu = md = 0.31 ± 0.04, ms = 0.49 ± 0.04, mc = 1.7 ± 0.04, and mb = 5.0 ± 0.04,

to calculate the form factors for B → A and B → A′ transitions. The obtained form factors are 
given in Tables 3 and 4. It is worth noting that the calculated form factors are sensitive to the 
choice of quark masses. Therefore we allow the above given variation, particularly in light-quark 
sector, which may lead to uncertainties in the form factors.
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Table 3
Form factors of B(0−) → A(1+) transition at q2 = m2

π in the ISGW II quark model.

Transition l c+ c−
B → a1 −2.01+0.17

−0.66 −0.011+0.000
−0.001 −0.0014+0.0005

−0.0007

B → f1 −2.03+0.18
−0.66 −0.011+0.0000

−0.001 −0.0015 ± 0.0005

B → K1 −1.77 ± 0.01 −0.013 ± 0.001 −0.0013 ± 0.0004

B → D1 −1.10 ± 0.05 −0.034 ± 0.004 −0.0016+0.0004
−0.0001

Table 4
Form factors of B(0−) → A′(1+) transition at q2 = m2

π in the ISGW II quark 
model.

Transition r s+ s−
B → b1 1.10+0.40

−0.14 0.017+0.002
−0.000 −0.007 ± 0.001

B → h1 1.10+0.46
−0.15 0.015+0.003

−0.000 −0.006+0.000
−0.001

B → K1 0.89 ± 0.04 0.025 ± 0.002 −0.011 ± 0.001

B → D1 0.66 ± 0.02 0.068 ± 0.004 −0.023 ± 0.002

Table 5
Form factors of B → D

1/2
1 , D3/2

1 transitions at q2 = m2
π in the ISGW II quark 

model and LQCD estimates using τ1/2(1) = 0.296, τ3/2(1) = 0.526.

Transition � c+ c−
ISGW II with HQS Constraints

B → D
1/2
1 0.57+0.00

−0.09 −0.066+0.013
−0.001 0.071+0.000

−0.015

B → D
3/2
1 −1.20+0.05

−0.00 −0.092+0.012
−0.001 −0.067+0.010

−0.001

LQCD based estimates

B → D
1/2
1 0.54 ± 0.06 −0.066 ± 0.006 0.066 ± 0.006

B → D
3/2
1 −0.64 ± 0.03 −0.057 ± 0.002 −0.036 ± 0.001

4.3. The B → A/A′ transition form factors in ISGW II quark model in HQS

Aforementioned, the ISGW II quark model incorporates HQS constraints and employs HQET 
for systematical treatment of the perturbative QCD corrections and 1/mQ expansion. The ISGW 
II model defines the form factors �1/2(3/2), c+1/2(3/2), c−1/2(3/2), and q1/2(3/2) analogous to (25)
under the heavy quark spin SQ coupling (the exact expressions for the form factor can be found 
in Appendix C of the original work [6]):

D
1/2
1 (PA)|Vμ|B(PB)〉 = i[�1/2(q

2)ε∗
μ + c

1/2
+ (q2)(ε∗ · PB)(PB + PA)μ

+ c
1/2
− (q2)(ε∗ · PB)(PB − PA)μ],

D
1/2
1 (PA)|Aμ|B(PB)〉 = −q1/2(q

2)εμνρσ ε∗ν(PB + PA)ρ(PB − PA)σ ,

D
3/2
1 (PA)|Vμ|B(PB)〉 = i[�3/2(q

2)ε∗
μ + c

3/2
+ (q2)(ε∗ · PB)(PB + PA)μ (30)

+ c
3/2
− (q2)(ε∗ · PB)(PB − PA)μ],

D
3/2

(PA)|Aμ|B(PB)〉 = −q3/2(q
2)εμνρσ ε∗ν(PB + PA)ρ(PB − PA)σ .
1
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The calculated formfactors are given in the rows 3 and 4 of Table 5.

4.4. LQCD inspired form factors in HQS

The biggest advantage of the HQS is that, in the infinite mass limit, all the heavy to heavy 
transition form factors are reduced to some universal Isgur-Wise functions, ξ(ω), τ1/2(ω), and 
τ3/2(ω) (for extensive review see [59]). The function ξ(ω) occurs in s−wave to s−wave transi-
tions while τ1/2(ω) and τ3/2(ω) are involved in s−wave to p−wave transitions, thus, the matrix 
elements of B → D

1/2
1 , D3/2

1 transitions in the heavy quark limit are of the form:

〈D1/2
1 (v′, ε)|Vμ|B(v)〉 = −i 2τ1/2(ω)

[
(1 − ω)ε∗

μ + (ε∗ · v)v′
μ

]
,

〈D1/2
1 (v′, ε)|Aμ|B(v)〉 = −2τ1/2(ω)εμναβε∗νv′αvβ, (31)

〈D3/2
1 (v′, ε)|Vμ|B(v)〉 = i

1√
2

τ3/2(ω)
{
(1 − ω2)ε∗

μ − (ε∗ · v)[3vμ + (2 − ω)v′
μ]

}
,

〈D3/2
1 (v′, ε)|Aμ|B(v)〉 = 1√

2
τ3/2(ω)(1 + ω)εμναβε∗νv′αvβ,

where ω(≡ v · v′) = (m2
B + m2

D1
− q2)/(2mBmD1). The form factors for B → D

1/2
1 transition 

are related to τ1/2(ω) as follows [9]:

�1/2(q
2) = 2

√
mBm

D
1/2
1

(ω − 1) τ1/2(ω),

q1/2(q
2) = τ1/2(ω)√

mBm
D

1/2
1

,

c
1/2
+ (q2) − c

1/2
− (q2) = − 2τ1/2(ω)√

mBm
D

1/2
1

,

c
1/2
+ (q2) + c

1/2
− (q2) = 0. (32)

Similarly, the form factors for B → D
3/2
1 transition are related to τ3/2(ω) by

�3/2(q
2) = −

√
mBm

D
3/2
1

2
(ω2 − 1)τ3/2(ω),

c
3/2
+ (q2) + c

3/2
− (q2) = −3

√
m

D
3/2
1

2m3
B

τ3/2(ω),

c
3/2
− (q2) − c

3/2
− (q2) =

√
m

D
3/2
1

2m3
B

(ω − 2)τ3/2(ω),

q3/2(q
2) = −1 + ω

2
√

2

τ3/2(ω)√
mBm

D
3/2
1

. (33)

It is desirable to check the behavior of the form factors (in any model) in heavy quark limit to 
see the consistency of the results. Conventionally, the Isgur-Wise functions are parameterized as 
a function of ω and shape parameter ρ2.
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In the present work, we follow M. Atoui et al. [36,37] lattice QCD framework based results to 
extract the qualitative estimate of the B → D

1/2
1 , D3/2

1 form factors. M. Atoui et al. has parame-
terized the Isgur-Wise function τ3/2 using the Bakamjian-Thomas (BT) model [59] as :

τ3/2(ω) = τ3/2(1)

(
2

1 + w

)2 ρ2
3/2

. (34)

In [59], following ISGW, τ3/2(1)  0.54 and ρ2
3/2  1.50 has been used. The same shape 

parametrization can be used for τ1/2:

τ1/2(ω) = τ1/2(1)

(
2

1 + w

)2 ρ2
1/2

, (35)

with ρ2
1/2  0.83 [59]. It is worth noticing that ρ2, τ1/2, and τ3/2 are related by Uraltsev [60] and 

Bjorken [61] sum rules, respectively:∑
n

|τ (n)
3/2(1)|2 −

∑
n

|τ (n)
1/2(1)|2 = 1

4
, (36)

ρ2 = 1

4
+

∑
n

|τ (n)
1/2(1)|2 + 2

∑
n

|τ (n)
3/2(1)|2 , (37)

where τi(1) represents the values at zero recoil (ω = 1) and n stands for the radial excitations. It 
is well established that in these sum rules the ground state dominates. B. Blossier et al. [35], in 
lattice QCD based analyses, has shown that the Uraltsev’s sum rule receives ∼ 80% contributions 
from the ground state, consequently, they obtained:

τ1/2(1) = 0.30 ± 0.03, τ3/2(1) = 0.53 ± 0.02, (38)

which are in reasonably good agreement with the other theoretical works (e.g. see [29,62]). 
Moreover, their results based on the unquenched computations and better analyses procedure are 
expected to be more reliable. Thus, using the lattice QCD results (38) and HQS based relations 
(32)-(33), we obtain the qualitative guess for B → D

1/2
1 , D3/2

1 transition form factors. The nu-
merical values of the calculated form factors are given in rows 6 and 7 of Table 5. It may be 
noted that the B → D1/2 transition form factors in this case are comparable to the ISGW II (in 
HQS), however, the B → D3/2 transition form factors are much smaller (roughly by a factor of 
2). We wish to remark that it may appear a phenomenological simplification to extract the form 
factors directly from the HQS relations and Isgur-Wise functions τ1/2(1), τ3/2(1). Also, it has 
already been pointed out in the literature that 1/mQ corrections may be large and play essential 
role in heavy flavor physics. However, at the same time, the advantage of lattice QCD to have a 
systematic approach leading to the true results of QCD cannot be ignored. Moreover, with im-
provements in LQCD calculations, the errors could be estimated in near future. Further, it may 
be noted that the estimates drawn from the lattice QCD for τ1/2(ω) and τ3/2(ω),

|τ1/2(1.32)| = 0.23 |τ3/2(1.32)| = 0.34 (39)

are in good agreement with the results extracted from the experimental data [19,21] and other 
theoretical models (see for details [62]).

For B → P transition, we use the lattice QCD form factors [42–44] as shown in column 2 of 
Table 6. These form factors are consistent with the LCSR values, thus we use the recent LCSR 
based form factors for B → η(′) in our calculations [45].
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Table 6
LQCD based form factors of B(0−) → P(0−) tran-
sitions.

Transition FBP
0 (0)

B → π 0.27 ± 0.05
B → K 0.32 ± 0.06
B → D 0.66 ± 0.03
B → η/η′ 0.17 ± 0.04/0.13 ± 0.03

Table 7
Branching ratios for B → PA decays in CKM-favored (�b = 1, �C =
1, �S = 0) mode. Numbers in [ ] are experimental values.

Decays Branching ratios

B− → π−D0
1 (7.0 ± 0.8) × 10−4[(7.5 ± 1.7) ×10−4]

B− → π−D0
1 (2.0 ± 0.4) × 10−3[(1.5 ± 0.6) × 10−3]

B− → D0a−
1 (1.2 ± 0.1) × 10−2[(4.0 ± 4.0) × 10−3]

B− → D0b−
1 (1.3+0.7

−0.2) × 10−4

B̄0 → π0D0
1 (4.3 ± 1.8) × 10−8

B̄0 → π0D0
1 (5.4 ± 1.9) × 10−6

B̄0 → π−D+
1 (6.4 ± 0.7) × 10−4

B̄0 → π−D+
1 (1.6 ± 0.3) × 10−3

B̄0 → ηD0
1 (1.0 ± 3.0) × 10−8

B̄0 → ηD0
1 (1.2 ± 0.4) × 10−6

B̄0 → η′D0
1 (3.3 ± 1.5) × 10−9

B̄0 → η′D0
1 (4.1 ± 1.9) × 10−7

B̄0 → D+a−
1 (8.5 ± 0.8) × 10−3 [(6.0 ± 3.3) × 10−3]

B̄0 → D+b−
1 (7.6 ± 0.6) × 10−8

B̄0 → D0a0
1 (1.2+0.5

−0.2) × 10−4

B̄0 → D0f1 (1.1+0.5
−0.2) × 10−4

B̄0 → D0b0
1 (6.4+3.7

−1.1) × 10−5

B̄0 → D0h1 (6.8+3.4
−1.2) × 10−5

5. Numerical results and discussions

We have calculated the branching ratios (which are expected to be tree dominant) of B and 
B̄0 mesons for the various decays in CKM-favored and CKM-suppressed modes. The results 
based on scenario-I in ISGW II model (without heavy quark symmetry constraints) are given in 
Tables 7, 8, 9, and 10. In scenario-II, we have obtained the form factors and branching ratios for 
the decays involving charm meson in the light of heavy quark symmetry constraints (in ISGW II 
and LQCD) are given in Tables 11 and 12. Our results are as follows:

Scenario-I: B → PA decays in ISGW II quark model

1. �b = 1, �C = 1, �S = 0 mode:

B− → D0a−
1 , B̄0 → D+a−

1 , B− → π−D0
1, and B̄0 → π−D+

1 are the dominant decays with 
branching ratios of the order of O(10−2) ∼ O(10−3). The highest branching ratio is B(B− →
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Table 8
Branching ratios for B → PA decays in �b =
1, �C = 1, �S = −1 mode.

Decays Branching ratios

B− → K−D0
1 (5.0 ± 0.6) × 10−5

B− → K−D0
1 (1.4 ± 0.3) × 10−4

B− → D0K−
1 (5.5 ± 0.4) × 10−4

B− → D0K−
1 (6.0 ± 0.5) × 10−4

B̄0 → K̄0D0
1 (5.3 ± 2.0) × 10−9

B̄0 → K̄0D0
1 (7.5 ± 3.0) × 10−7

B̄0 → K−D+
1 (4.6 ± 0.5) × 10−5

B̄0 → K−D+
1 (1.1 ± 0.1) × 10−4

B̄0 → D+K−
1 (3.6 ± 0.3) × 10−4

B̄0 → D+K−
1 (5.2 ± 0.4) × 10−4

B̄0 → D0K̄0
1 (1.3 ± 0.1) × 10−5

B̄0 → D0K̄
0
1 (6.8 ± 0.6) × 10−7

Table 9
Branching ratios for B → PA decays in �b = 1, �C = −1, �S = −1
mode. The numbers in [ ] are experimental values.

Decays Branching ratios

B− → π0D−
s1 (3.2 ± 1.3) × 10−6

B− → π0D−
s1 (1.1 ± 0.5) × 10−6

B− → ηD−
s1 (7.1 ± 2.5) × 10−7

B− → ηD−
s1 (2.5 ± 0.9) × 10−7

B− → K−D̄0
1 (2.4 ± 0.9) × 10−10

B− → K−D̄
0
1 (1.6 ± 0.6) × 10−7

B− → η′D−
s1 (2.4 ± 1.1) × 10−7

B− → η′D−
s1 (8.5 ± 0.4) × 10−8

B− → D̄0K−
1 (2.2 ± 0.1) × 10−6

B− → D̄0K−
1 (1.1 ± 0.1) × 10−7

B− → D−
s a0

1 (1.0+0.6
−0.1) × 10−4 [< 1.8 × 10−3]

B− → D−
s f1 (1.0+0.5

−0.1) × 10−4

B− → D−
s b0

1 (5.8+3.4
−0.9) × 10−5

B− → D−
s h1 (6.1+4.0

−1.0) × 10−5

B̄0 → π+D−
s1 (5.9 ± 2.8) × 10−6

B̄0 → π+D−
s1 (2.1 ± 0.9) × 10−6

B̄0 → K̄0D̄0
1 (2.3 ± 0.8) × 10−10

B̄0 → K̄0D̄
0
1 (1.5 ± 0.8) × 10−7

B̄0 → D̄0K̄0
1 (2.0 ± 0.1) × 10−6

B̄0 → D̄0K̄
0
1 (1.0 ± 0.1) × 10−7

B̄0 → D−
s a+

1 (1.9+1.1
−0.2) × 10−4 [< 2.1 × 10−3]

B̄0 → D−
s b+

1 (1.1+0.6
−0.1) × 10−4
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Table 10
Branching ratios for B → PA decays in �b =
1, �C = −1, �S = 0 mode.

Decays Branching ratios

B− → π0D−
1 (4.9 ± 2.1) × 10−10

B− → π0D−
1 (2.5 ± 1.1) × 10−7

B− → π−D̄0
1 (1.2 ± 0.5) × 10−11

B− → π−D̄
0
1 (6.1 ± 2.7) × 10−9

B− → ηD−
1 (1.1 ± 0.4) × 10−10

B− → ηD−
1 (5.7 ± 2.0) × 10−8

B− → η′D−
1 (3.7 ± 1.7) × 10−11

B− → η′D−
1 (1.9 ± 0.9) × 10−8

B− → D−a0
1 (4.1+2.4

−0.5) × 10−6

B− → D−f1 (3.8+2.2
−0.5) × 10−6

B− → D−b0
1 (2.2+1.3

−0.3) × 10−6

B− → D−h1 (2.4+1.6
−0.4) × 10−6

B− → D̄0a−
1 (1.0+0.7

−0.1) × 10−7

B− → D̄0b−
1 (5.6+3.9

−0.9) × 10−8

B̄0 → π+D−
1 (9.1 ± 4.0) × 10−10

B̄0 → π+D−
1 (4.7 ± 2.0) × 10−7

B̄0 → π0D̄0
1 (5.5 ± 2.4) × 10−12

B̄0 → π0D̄
0
1 (2.8 ± 1.2) × 10−9

B̄0 → ηD̄0
1 (1.2 ± 0.5) × 10−12

B̄0 → ηD̄
0
1 (6.4 ± 2.2) × 10−10

B̄0 → η′D̄0
1 (4.2 ± 1.9) × 10−13

B̄0 → η′D̄0
1 (2.2 ± 1.1) × 10−10

B̄0 → D−a+
1 (7.7+4.3

−1.0) × 10−6

B̄0 → D−b+
1 (4.2+2.5

−0.7) × 10−6

B̄0 → D̄0a0
1 (4.9+3.1

−0.7) × 10−8

B̄0 → D̄0f1 (4.5+2.8
−0.7) × 10−8

B̄0 → D̄0b0
1 (2.6+1.8

−0.4) × 10−8

B̄0 → D̄0h1 (2.8+2.2
−0.5) × 10−8

D0a−
1 ) = (1.2 ±0.1) ×10−2. Four of the decay channels are experimentally measured which are 

discussed as follows:

i. For B̄ → πD1 type decay modes, the branching ratios of Class III decays are

B(B− → π−D0
1) = (2.0 ± 0.4) × 10−3 (1.5 ± 0.6) × 10−3 [41] (Expt);

B(B− → π−D0
1) = (7.0 ± 0.8) × 10−4 (7.5 ± 1.7) × 10−4 [19] (Expt).

The calculated branching ratios are in good agreement with the available experimental val-
ues. Fig. 1 shows the variation of branching ratios, B(B− → π−D0

1) and B(B− → π−D0
1), 

w.r.t. mixing angle, θD1 , that supports our choice of positive mixing angle. The effect of the 
positive mixing angle is such that both the decay amplitudes receive contributions from the 
constructive interference between the color-favored and color-suppressed transitions. Both, 
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Table 11
HQS constrained branching ratios for B → PA decays in CKM-favored mode. The values 
in [ ] are experimental values.

Decays This work [18,19]

ISGW LQCD

�b = 1,�C = 1,�S = 0

B− → π−D0
1 (4.1+1.7

−1.1) × 10−4 (5.7 ± 2.0) × 10−4 3.6 × 10−4

[(7.5 ± 1.7) × 10−4]

B− → π−D0
1 (2.3 ± 0.3) × 10−3 (0.9 ± 0.1) × 10−3 1.1 × 10−3

[(1.5 ± 0.6) × 10−3]

B̄0 → π0D0
1 (6.9 ± 2.8) × 10−5 (6.9 ± 2.8) × 10−5 1.4 × 10−4

B̄0 → π0D0
1 (3.6 ± 1.5) × 10−6 (3.6 ± 1.5) × 10−6 3.5 × 10−5

B̄0 → π−D+
1 (0.6 ± 0.2) × 10−4 (1.3 ± 0.3) × 10−4 0.8 × 10−4

B̄0 → π−D+
1 (2.6 ± 0.3) × 10−3 (1.0 ± 0.1) × 10−3 1.0 × 10−3

B̄0 → ηD0
1 (1.5 ± 0.5) × 10−5 (1.5 ± 0.5) × 10−5 –

B̄0 → ηD0
1 (7.9 ± 2.8) × 10−7 (7.9 ± 2.8) × 10−7 –

B̄0 → η′D0
1 (5.3 ± 2.5) × 10−6 (5.3 ± 2.5) × 10−6 –

B̄0 → η′D0
1 (2.7 ± 1.3) × 10−7 (2.7 ± 1.3) × 10−7 –

Fig. 1. Plot of the branching ratios vs mixing angle. Experimental branching ratio ranges are shown as shaded regions: 
gray for B(B− → π−D0

1) and colored for B(B− → π−D0
1).

B− → π−D0
1 and B− → π−D0

1 , decays receive dominant contributions from the color-
favored transition, however, the color-suppressed contribution in later are such small that 
it, roughly, behave like a color allowed decay. On the other hand, branching ratios of the 
(Class I) color allowed decays resulting from the internal W-emission tree processes are 
B(B̄0 → π−D+

1 )= (1.6 ± 0.3) × 10−3 and B(B̄0 → π−D+
1 ) = (6.4 ± 0.7) × 10−4.

ii. For B̄ → Da type decays, the calculated branching ratios are:

B(B̄0 → D+a−
1 ) = (0.85 ± 0.08) × 10−2 (0.60 ± 0.33) × 10−2 [41] (Expt);

B(B− → D0a−
1 ) = (1.2 ± 0.1) × 10−2 (4.0 ± 4.0) × 10−3 [41] (Expt).

Both the calculated branching ratios are consistent with the experimental results within the 
errors. The most dominant B̄0 → D+a− decay receive contribution from the color-favored 
1
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transition only, however, the B− → D0a−
1 decay get contributions through the destructive 

interference between the color-favored and color-suppressed transitions resulting in smaller 
branching ratio. The next order decays: B̄0 → D0b−

1 /D0a0
1/D0f1/π

−D+
1 have branching 

ratios of the O(10−4) well withing the reach of current experiments.

2. �b = 1, �C = −1, �S = −1 mode:

i. The dominant decays in present mode have B(B̄0 → D−
s a+

1 ) = (1.9+1.1
−0.2) × 10−4, B(B− →

D−
s f1) = (1.0+0.5

−0.1) × 10−4, B(B− → D−
s a0

1) = (1.0+0.6
−0.1) × 10−4, and B(B̄0 → D−

s b+
1 ) =

(1.1+0.6
−0.1) × 10−4.

ii. Calculated branching ratios for the B̄0 → D−
s a+

1 and B− → D−
s a0

1 decays are consistent 
with the experimental upper limits [41] < 1.8 × 10−3 and < 2.2 × 10−3.

3. �b = 1, �C = 1, �S = −1 mode:

The branching ratios for these decays range from (10−4) ∼ (10−9), as shown in Table 7. Some 
of these decays could be of experimental importance. Decays B− → K̄0D−

1 /K̄0D−
1 /D−K̄0

1 /

D−K̄
0
1/D

−
s f ′

1/D
−
s h′

1 are forbidden in the present analysis. Annihilation and FSIs may generate 
these decays.

4. �b = 1, �C = −1, �S = 0 mode:

The decay channels in �b = 1, �C = −1, �S = 0 mode are highly suppressed with the 
branching ratios of O(10−6) ∼ O(10−13).

Scenario-II: based on heavy quark symmetry constraints in ISGWII and LQCD

To compare our results with the existing theoretical analyses, we have calculated the branching 
ratios of B meson decay to charm mesons in the light of heavy quark symmetry constraints. 
We follow two different approaches to evaluate the form factors involved in B → D

1/2
1 , D3/2

1
transitions. Firstly, we employ the ISGW II quark model with HQS constraints (for details see 
[5,6]) to calculate these form factors as given in Table 5. Secondly, we use the recent lattice 
QCD results for τ1/2(1) and τ3/2(1) to get the qualitative estimates of these form factors as 
shown in Table 5. It may be noted that the signs of the calculated form factors are consistent 
with the heavy quark expectations. For B → P transition, we use the form factors from the 
lattice QCD framework (Table 6). The values of the decay constants used are f

D
1/2
1

= 0.179

GeV and f
D

3/2
1

= −0.053 GeV [38]. The experimentally determined D1/2
1 − D

3/2
1 mixing angle 

−5.7◦ [48] is used to calculate the branching ratios. As we have already seen in scenario-I, the 
color-favored and color-suppressed diagrams can interfere constructively or destructively based 
on their relative signs. After the signs of form factors and decay constants being fixed in theory, 
the relative signs of a1 and a2 are very important to explain the experimental data. At Nc = 3, 
both a1 and a2 are positive as shown in (14), which gives:

B(B− → π−D0
1) = 3.1 × 10−3 (1.5 ± 0.6) × 10−3|Expt ;

B(B− → π−D0
1) = 1.4 × 10−5 (7.5 ± 1.7) × 10−4|Expt ,

for ISGW model within HQS. Being Class III modes, these decay channels receive contribu-
tions from both the color-favored and color-suppressed tree level diagrams. The color-favored 
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Fig. 2. The branching ratio of B− → π−D0
1 decay w.r.t. the parameters a1 and a2 in heavy quark symmetry constraints. 

The intersecting parallel planes represent the upper and lower limits of experimental branching ratio [19].

Fig. 3. The branching ratio of B− → π−D0
1 decay w.r.t. the parameters a1 and a2 in heavy quark symmetry constraints. 

The intersecting parallel planes represent the upper and lower limits of experimental branching ratio [41].

and -suppressed amplitudes in B− → π−D0
1 interfere constructively, while they interfere de-

structively for B− → π−D0
1 . It is worth pointing out that the color-suppressed contributions in 

the B− → π−D0
1 decay are comparable to the color-favored amplitudes, however, these con-

tributions are negligibly small in B− → π−D0
1 decay. Therefore, a careful investigation of the 

branching ratio for B− → π−D0
1 decay, and its comparison with experiment demands negative 

sign and larger magnitude of a2.
In order to get a clearer picture of effective dependence on a1 and a2, we plot the theoreti-

cal branching ratios of B− → π−D0
1 and B− → π−D0

1 decays w.r.t. the parameters a1 and a2
as shown in Figs. 2 and 3, respectively. These plots show that the experimental branching ratio 
for B− → π−D0 decay demands effectively larger magnitude and negative sign for the color-
1
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suppressed amplitude proportional to the parameter a2 and relatively, smaller magnitude for the 
color-favored amplitude proportional to a1. Therefore, we use effective aeff

1 and aeff
2 , such that, 

a
eff
1 should have smaller magnitude (|aeff

1 | < |a1|) with positive sign and aeff
2 should have larger 

magnitude (|aeff
2 | > |a2|) with negative sign. It is interesting to note that the same choice of mag-

nitude and signs of the parameters, aeff
1 and aeff

2 , can also be used in case of B− → π−D0
1 decay 

for which experimental branching ratio shows a large overlap region (see Fig. 3) with respect to 
the color-suppressed and color-favored contributions. Here, B− → π−D0

1 decay is nearly inde-
pendent of the color-suppressed contributions. As mentioned earlier, the experimental data for 
B → Dπ yields |aeff

2 /a
eff
1 | ∼ (0.45 −0.65)e±i60 [53]. Also, the color-suppression parameter, aeff

2 , 
is hard to calculate for B̄ → D∗∗π type decays in the QCD factorization due to D mesons being 
heavy and slow cannot be decoupled from (Bπ ) system. Moreover, in the absence of experimen-
tal information on B → D∗∗π decays, it is difficult to explain the relative phase between |aeff

1 |
and |aeff

2 |. Thus, acquiring the estimate of color-suppression is even more difficult task in the ab-
sence of more and precise experimental results. Therefore, in order to explain the experimental 
results, we fix (for HQS calculations hereafter)

a
eff
1  1.0 and a

eff
2  −0.30 (40)

based on the non-perturbative corrections [21,50–52]. Following this, we get the branching ratios:

B(B− → π−D0
1) = (2.3 ± 0.3) × 10−3 B(B− → π−D0

1) = (4.1+1.7
−1.1) × 10−4.

The branching ratios for B− → π−D0
1 and B− → π−D0

1 are in fair agreement with the ex-
perimental expectations within the errors. Since, B− → π−D0

1 get dominant contribution from 
the color-favored amplitude, the effect of destructive interference is negligibly small. In fact, its 
branching ratio is equivalent to B̄0 → π−D+

1 which is a class I decay. However, the B− →
π−D0

1 decay receives comparable contribution from both the color-favored and -suppressed 
amplitudes, despite of constructive interference B− → π−D0

1 decay have, relatively, smaller 
branching ratio. The Class I - B̄0 → πD1 type decays which receive contribution from the 
color-favored diagrams only, have branching ratios B(B̄0 → π−D+

1 ) = (2.6 ± 0.3) × 10−3

and B(B̄0 → π−D+
1 ) = (0.6 ± 0.2) × 10−4, respectively. Interestingly, H. Y. Cheng [19] use ∣∣∣aeff

2

/
a

eff
1

∣∣∣ = 0.53 obtained from the experimental data of B → Dπ which leads to aeff
1 = 0.88

and aeff
2 = −0.47. Once taken in to account, we get

B(B− → π−D0
1) = 2.0 × 10−3, B(B− → π−D0

1) = 7.3 × 10−4,

which are in good agreement with the experimental data. The branching ratios of B̄0 → πD1
modes become: B(B̄0 → π−D+

1 ) = 2.2 × 10−3 and B(B̄0 → π−D+
1 ) = 0.6 × 10−4, respec-

tively.
The small inconsistency with the experimental results point to the fact that, in Class III decays, 

contribution from the constructive and destructive interferences of the color-favored and color-
suppressed transitions are important and cannot be ignored. We wish to remark that, in heavy 
quark limit [47], the contributions from color-suppressed amplitudes are further suppressed by 
a factor of 1/mQ. However, the mismatch with experiment in case of B− → π−D0

1 decay in-
dicates large contribution from the color-suppressed amplitude. Also, the implications of HQS 
framework are such that the theoretical results would become merely independent of the color-
suppressed contributions. Therefore, yielding the relations:



20 N. Sharma, R. Dhir / Nuclear Physics B 946 (2019) 114718
B(B− → π−D0
1) = B(B̄0 → π−D+

1 ), (41)

B(B− → π−D0
1) = B(B̄0 → π−D+

1 ), (42)

in heavy quark limit. However, these relations may not be satisfied in some of the cases owing 
to relatively larger contributions from the color-suppressed amplitudes. Thus, the experimental 
measurement of the ratio B(B− → π−D0

1)/B(B̄0 → π−D+
1 ) could provide useful information 

on relative signs of the form factors in HQS.
In order to compare our results with the available theoretical works [18,19,21] in heavy quark 

limit, we listed results from [18,19] in column 3 of Table 11. These analyses are mainly focused 
on CKM-favored decays. Note that the inconsistencies, in comparison, arise mainly due to the 
decay constants, mixing angle and their signs, and partially due to the difference of form-factors 
(owing to the different constituent quark masses) [18,19]. It has been pointed out, in CLF ap-
proach, result for B(B− → π−D0

1) decay could only be explained if a positive sign is taken 
for f

D
3/2
1

decay constant, which conventionally should be negative (as taken in our results). It 

is worth mentioning that the CLF approach [19] also supports a large contribution from the 
color-suppressed amplitudes. Moreover, Jugeau et al. [21] and Cheng et al. [19] have used the 
experimental branching for B− → π−D0

1 decay to estimate the decay constants and form fac-
tors. It could be seen that the heavy quark corrections may result in the large deviations from the 
theoretical expectations in the present scenario.

Comparison with the LQCD inspired results

Now, we will focus on the results obtained by using the lattice QCD form factors, with 
a

eff
1 and a

eff
2 (40), which in turn yields the following branching ratios:

B(B− → π−D0
1) = (0.9 ± 0.1) × 10−3, B(B− → π−D0

1) = (5.7 ± 2.0) × 10−4.

The calculated branching ratios for B− → π−D0
1 and B− → π−D0

1 decays are in good agree-
ment with the experimental observations. Here also, B− → π−D0

1 receives dominant contribu-
tion from the color-favored transition and its branching ratio is roughly same as that of Class I 
B̄0 → π−D+

1 decay. The branching ratios of the color-favored decays are B(B̄0 → π−D+
1 ) =

(1.0 ± 0.1) × 10−3 and B(B̄0 → π−D+
1 ) = (1.3 ± 0.3) × 10−4.

We find that the lattice QCD inspired estimates are in good agreement with the experimen-
tal results and compare well with the other theoretical expectations [19,21,62]. It may be noted 
that the branching ratios in most of the theoretical works are calculated by ignoring the color-
suppressed contributions under HQS. In this case, the branching ratios are compared with the as-
sumption that D1 is primarily D1/2

1 , while D1 is predominately D3/2
1 . For instance, the recent pre-

dictions based on the BT model gives B(B− → π−D0
1) = 1.25 × 10−3 and B(B− → π−D0

1) =
1.20 × 10−4. Here also the discrepancy in comparison arise for B(B− → π−D0

1) decay where 
color-suppressed contributions can play significant role. Jugeau et al. [21] has used a similar ap-
proach to extract the form factors τ1/2(ω) and τ3/2(ω) from the data and predicted the branching 
ratios for Class II decays: B(B̄0 → π0D0

1) = 2.2 ∼ 2.8 ×10−4 and B(B̄0 → π0D0
1) < 3 ×10−4. 

Concurrently, Jugeau et al. [21], has also been extracted τ1/2(ω) and τ3/2(ω) from the B → D∗∗π
data by [19],

B− → π−D0
1 |τ3/2(1.32)| = 0.30 ± 0.03

B− → π−D0 |τ1/2(1.32)| < 0.19,
1
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Fig. 4. The form factor dependence of the branching ratio of B− → π−D0
1 decay as a function of τ1/2(1) and τ3/2(1).

Fig. 5. The form factor dependence of the branching ratio of B− → π−D0
1 decay as a function of τ1/2(1) and τ3/2(1).

which compares well with the present work,

|τ3/2(1.32)| = 0.34 |τ1/2(1.32)| = 0.23.

A thorough review of the literature shows large range of the form factors, τ1/2(1) and τ3/2(1), at 
zero recoil (ω = 1) based on the various theoretical approaches. Thus, it is reasonable to plot the 
branching ratio as a function of τ1/2(1) and τ3/2(1) to view the form factor dependence, as shown 
in Figs. 4 and 5. Different form factor values without any particular trend can give a reasonable 
guess on the type of uncertainties induced by the 1/mQ corrections which could be pretty large. 
It can be argued that vanishing B → D∗∗ transitions at zero recoil in the infinite mass limit, 
might give rise to non-vanishing results in the finite mass limit. This reflects the importance of 
the size of zero recoil contribution which may affect the branching ratios, significantly.
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Table 12
HQS constrained branching ratios for B → PA decays in CKM-suppressed 
mode.

Decays This Work

ISGW LQCD

�b = 1,�C = 1,�S = −1

B− → K−D0
1 (2.9 ± 1.0) × 10−5 (4.0 ± 1.2) × 10−5

B− → K−D0
1 (1.8 ± 0.2) × 10−4 (6.6 ± 0.4) × 10−5

B̄0 → K̄0D0
1 (9.6 ± 3.8) × 10−6 (9.6 ± 3.8) × 10−6

B̄0 → K̄0D0
1 (4.8 ± 1.8) × 10−7 (4.8 ± 1.8) × 10−7

B̄0 → K−D+
1 (4.3 ± 1.2) × 10−6 (0.9 ± 0.2) × 10−5

B̄0 → K−D+
1 (1.9 ± 0.3) × 10−4 (7.3 ± 0.7) × 10−5

One can also see that the relation (41) do hold true for color dominant decay modes i.e.
B̄ → πD1 due to 1/mQ suppression of the color-suppressed contributions. However, it may be 
emphasized that the comparison with experimental results point towards the need of a deeper 
understanding of the color-suppressed contributions for B̄ → πD1 type decays. This indicates 
that the nonfactorizable contributions to color-suppressed transitions will be dominated by the 
nonperturbative effects.

On the other hand, in SCET, unlike naive a2 factorization, the Class II decays are shown to 
be factorizable into a pion light-cone wave function and a B̄ → D∗ soft distribution function 
[17,27]. Later, they have extended their formalism to the color-allowed and color-suppressed 
B̄ → D1M and B̄ → D∗

2M decays in the light of HQS constraints and give the relations for 
branching fractions in leading order (for equal strong phases in both channels):

B(B̄ → D∗
2π)

B(B̄ → D1π)
= 1 (0.54 ± 0.18)Expt .

Clearly, this equality does not compete well with the existing experimental observation of 
0.54 ± 0.18 by Belle [63]. Lastly, we list our results for CKM-favored and CKM-suppressed 
modes in the Table 11 and Table 12, respectively.

Estimates of nonfactorizable terms

In the scarcity of experimental data, the size of nonfactorizable contributions could be esti-
mated from the recent model independent factorization assisted topological diagram analysis for 
B → D∗P decays [64]. S.H. Zhou et al. has used only four universal non-perturbative parame-
ters, namely, χC, φC, χE, and φE to describe the contribution of the color-suppressed tree and 
W-exchange diagrams for all the B → D∗P decay channels in b → c transition. The amplitude 
expressions, in such case, can be given as [64],

T = √
2GF VcbV

∗
uqa1(μ)fV mV FB→P

1 (m2
V )(ε∗

V · pB),

C = √
2GF VcbV

∗
uqfP mV AB→V

0 (m2
V )(ε∗

V · pB)χCeiφC

, (43)

E = √
2GF VcbV

∗
uqmV fB

fP fV

fDfπ

χEeiφE

(ε∗
V · pB),
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Table 13
Branching ratios for B → PA decays for nonfactorizable estimates.

Decays Amplitude Branching ratios Expt.

with phase without phase

B− → π−D0
1 T + C (6.85 ± 0.80) × 10−4 (6.90 ± 0.80) × 10−4 (7.5 ± 1.7) × 10−4

B− → π−D0
1 T + C (1.8 ± 0.4) × 10−3 (1.9 ± 0.4) × 10−3 (1.5 ± 0.6) × 10−3

B− → D0a−
1 T + C (1.0 ± 0.1) × 10−2 (1.1 ± 0.1) × 10−2 (4.0 ± 4.0) × 10−3

B̄0 → D+a−
1 T + E (8.0 ± 0.8) × 10−3 (9.3 ± 0.8) × 10−3 (6.0 ± 3.3) × 10−3

where, V denote vector meson. The T, C, and E represents the color-favored tree, color-
suppressed tree and W-exchange diagram amplitudes, respectively (see for details [64]). The 
tree level amplitudes will depend mainly upon the choice of form factors, decay constants, and 
the parameters a1 and a2. The color-favored tree diagrams are evaluated from the factorization 
only, while color-suppressed tree and W-exchange diagrams involve universal parameters also. 
Their analysis yields the following numerical values for universal parameters χC, φC, χE , and 
φE for B → D(∗)P (V ) [64],

χC = 0.48 ± 0.01, φC = (56.6+3.2
−3.8)

◦, χE = 0.024+0.002
−0.001, φE = (123.9+3.3

−2.2)
◦. (44)

Expecting that the analysis would also give reasonable estimate for the size of nonfactorizable 
terms in decays involving D∗∗(≡ D∗, D1, D′

1, D2) mesons, we proceed in scenario I as follows. 
We obtain the expressions similar to (43) by replacing V → A. Later, we calculate the branch-
ing ratios for experimentally known CKM-favored decays by using the universal coefficients of 
emission and exchange terms, with and without phases (φC(E)), to include the nonfactorizable 
contributions in our analysis. Although, in order to have precise estimate in a model independent 
manner more experimental information is required. The results obtained in this scenario have 
been given in Table 13. We wish to point out that the branching ratios are smaller, in general, 
once the phases of the color-suppressed tree and W-exchange diagrams are included indicat-
ing the importance of nonfactorizable amplitudes as well as the signs of decay constants and 
QCD coefficients. For the decays obtaining contributions from the color-suppressed diagram, the 
amplitude decreases simply due to fact that the product χCφC does not change sign and the mag-
nitude of color-suppressed amplitude is reduced by a factor of χCφC . However, the contribution 
from the W-exchange amplitude interfere destructively with tree level contribution to give larger 
suppression in the branching ratio of B → D+a−

1 decay. It is evident from the results that the 
nonfactorizable contribution though appear small, but have improved the agreement with respect 
to the experimental expectations.

Thus, the discrepancy between experimental and theoretical expectations in various formalism 
is evident. The resolution of all these issues require tremendous experimental and theoretical 
efforts in the near future.

6. Summary and conclusions

In this paper, we have studied the hadronic weak decays of bottom mesons emitting a pseu-
doscalar and an axial-vector mesons. We have employed the ISGW II [6] quark model to 
determine the B → A/A′ transition form factors in, both, non-relativistic quark model frame-
work as well as heavy quark symmetry constraints. Consequently, we obtained the branching 
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ratios of B → PA decays in CKM-favored and CKM-suppressed modes. Firstly, we draw our 
observations in simple non-relativistic ISGW II framework as follows:

1. We apply the non-relativistic framework to determine the form factors and the branching 
ratios for B̄ → πD1/Da1 decay modes. The branching ratios for these modes are of the 
order 10−2 ∼ 10−4 which are in good agreement with the experimental results for θD = 17◦. 
It is interesting to note that the theoretical expectations favor the positive sign of mixing 
angle when compared with the experimental results.

2. Most of the branching ratios for the color-suppressed B̄ → K̄(1)D̄(1) type of decays are of 
the order O(10−4), which could be observed in near future. The CKM-suppressed, �b =
1, �C = −1, �S = −1, mode also have few branching ratios in the range 10−4 ∼ 10−6, 
which are well within the reach of current experiments.

In addition, we have analyzed the charm axial-vector meson emitting decays in ISGW II quark 
model and using the lattice QCD based form factors in heavy quark symmetry constraints. We 
obtained the branching ratios in CKM-favored modes and we list our findings as follows.

1. We have calculated the branching ratios for Class III type B̄ → πD1 decays. The B(B− →
π−D0

1) and B(B− → π−D0
1) decays in ISGW II framework are consistent with the ex-

perimental numbers within the error. Although, these decays get dominant contribution 
from the color-favored transition, still the color-suppressed contributions in B− → π−D0

1
decay can not be ignored. In heavy quark limit, the color-suppressed amplitudes are fur-
ther suppressed by a factor of 1/mQ. Nonetheless, the experimental values require a larger 
contribution from the color-suppressed transitions. Therefore, the branching relations ob-
tained in the heavy quark symmetry expectations: B(B− → π−D0

1) = B(B̄0 → π−D+
1 )

and B(B− → π−D0
1) = B(B̄0 → π−D+

1 ) may not be satisfied for the Class III type of de-
cays. The experimental measurement of the ratio B(B− → π−D0

1)/B(B̄0 → π−D+
1 ) could 

provide a useful test for the heavy quark limit.
2. Furthermore, the analysis of B̄ → πD1 decay channels (in ISGW II) favors the choice of 

larger magnitude and negative sign for aeff
2 , which is further supported by comparison with 

the experimental observations. Moreover, the experimental data based on B → Dπ decays 
indicates the need of larger color-suppressed contributions. Thus, the large magnitude for 
the color-suppressed transition amplitude, aeff

2 , and a relatively smaller magnitude for the 

color-favored amplitude, aeff
1 , aid the experimental branching results for B− → π−D0

1 and 
B− → π−D0

1 decay channels. It may also be pointed out that the smaller magnitude of color-
favored Class I contributions bring our results closer to the other theoretical expectations.

3. In the lattice QCD inspired analysis, we find that the form factors extracted from the lat-
tice QCD based τ1/2(1) and τ3/2(1) using the proper shape parameters match surprisingly 
well with the values extracted from the experimental data as well as some theoretical models. 
Hence, the obtained branching ratios match well with the experimental values. Here also, the 
analysis indicates relatively larger contribution from the color-suppressed transition ampli-
tudes. At the same time, we wish to point out that the uncertainties in such phenomenological 
calculations could be large due to the expected 1/mQ corrections.

Thus, the understanding of Class III decays which receive contributions from the constructive 
and destructive interferences of the color-favored and color-suppressed transitions, are of utmost 
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importance to resolve the puzzle of larger magnitude of a2. The theoretical uncertainties arising 
from the �QCD/mQ corrections to all the form factors in heavy quark expansion can be sig-
nificant. Therefore, more precise experimental information on such decays will help the theory 
to assess the nonfactorizable contributions as well as the model independent phenomenological 
analyses of these processes.
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