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1 Introduction

The exclusive b — sy process is one of the most sensitive observables to new physics
in B physics: unlike many other b-hadron decays, it is described in the standard model
(SM) by a single operator, the electro-magnetic type 5o, (1 + v5)bF*, which minimises
the uncertainties from hadronic effects. In the era of the LHC and the upgraded B-
factory experiment, Belle II, an interesting opportunity opens to investigate the circular-
polarisation of the photon in b — sy process and gain additional insight into its nature. In
the standard model, the photon polarisation of b — s is predicted to be predominantly
left-handed (v7) due to the operator mentioned above. Several new-physics models contain
new particles that couple differently from the SM, inducing an opposite chirality operator
50, (1 — v5)bF*; these models predict an enhanced right-handed photon contribution
(vr). Examples of such new physics models are given in refs. [1-4]. The photon polarisation
in b — sy transitions is therefore a fundamental property of the SM, and its experimental
determination may provide information on physics beyond the SM.

Photon polarisation measurement is a challenge in B physics, and much effort has been
put into it in recent years. Two types of methods to determine photon polarisation have
been proposed and carried out: measuring the angular distribution of the recoil particles
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Figure 1. Schematic description of the time-dependent CP asymmetry of B — K,egy — (nm)K%y.
The factors f_(t) and fi(t) are the time-dependent oscillation and non-oscillation probabilities,
respectively, of a B? or a B® meson. The ¢ and p are the B — B oscillation parameters, which
correspond to q/p =~ (ViiVia)/(VisVy) = e~ %# in the SM. The coefficients ¢ and ¢’ represent the
ratio of the standard operator contribution 3o, (1 + v5)bF'*” and that of the non-standard one
S50, (1 — 75)bF", respectively. In the SM, ¢’/c ~ mg/my(~ 0) leading to an expected CP asym-
metry to be almost zero.

(see [5-13] for theoretical proposals and [14-16] for experimental results), and measuring
the time-dependent CP asymmetry (refs. [17-20] and [21-25] for theory and experiment,
respectively). In this article, we discuss the second method.

Obtaining information on photon polarisation from the time-dependent CP asymmetry
measurement is illustrated with the promising mode B — Kyesy — (nm) K27y, where Kies
is a kaonic resonance and nm designates either 7° or 777 ~. The illustration is depicted
in figure 1. The time-dependent CP asymmetry originates from the interference of the
B = Kiesy — (nm)K% and B — Kyesy — (nm) K9y amplitudes, one of which emerges as
a result of B-B oscillation. The key point is that interference occurs only when photons
coming from B and B amplitudes are circularly polarised in the same direction. Let us
define the rate of B (B) mesons decaying into left- (right-) handed photons to be ¢, and
the rate of B (B) into right- (left-) handed photons to be ¢. The former process is induced
by the standard operator contribution S, (1 + v5)bF*, and the latter is induced by the
non-standard operator 5o, (1 — v5)bF*”. Knowing that in the SM ¢/c ~ mg/my ~ 0,
that is, the left- (right-) handed photon is nearly forbidden for a B (B) meson decay, the
interference of B and B is expected to be nearly zero. Therefore, observation of non-zero
CP asymmetry signals new physics. Once non-zero CP asymmetry is observed, one can
further determine the “photon polarisation”, by measuring the ratio of ¢’/c using as input
the oscillation parameters q¢/p ~ (ViVia)/(VipVy) = e 2% in the SM. In this article, the
notation used for the weak BY-B° mixing phase is 8 rather than its equivalent, ¢;. Its
numerical value is obtained from sin 23 measurements determined in other modes [26], such
as B® — Jhp KQ.

The simplest decay mode to study in this regard is B? — K*9(892)y — K279,
for which the first measurements of the mixing-induced CP violation were reported
by the BABAR [21] and Belle [22] experiments: S —0.03 + 0.29 + 0.03 and
S KOm0y = —0.32f8:§§ 4 0.05, respectively. As these measurements are statistically limited,
they can be significantly improved by the Belle II experiment, which plans to accumulate

K9m0y

a data sample 50 times as large as those accumulated by the first-generation B factories.



In this paper, we discuss two methods to obtain information on the photon polarisation
via the measurement of the mixing-induced CP violation in the decay B — Ki.gy —
P’ K%y — 7t 7~ K%y. The main difficulty comes from the fact that the final state 7+7~ K9
can originate not only from the CP eigenstate p’KY but also from other intermediate
states. In order to disentangle these contributions, such as K**7 T, a detailed amplitude
analysis is required. Such an analysis has been pioneered by the Belle collaboration [23]
and extended by the BABAR collaboration [27].

In this paper, motivated by these developments, we re-visit the method to obtain the
mixing-induced CP asymmetry in B® — Koy — 777~ K2y decays to gain more insight
on the photon polarisation. One essential ingredient of the method is the way to relate the
B and B decay amplitudes for left- and right-handed photons in the final state, considering
the dominant intermediate decay modes

K1(1270), Ki(1400) (JF =17),
K*(1410), K*(1680) (J¥ =17),

for the kaonic resonances and

BY = Kresy = (0°KJ)y = K(n 7 )y,
BY — Krosy — (K*+7T_)'y — (K2W+)7T_’y,
B = Kyesy — (Km)§n )y — (Ko )m 7,

for the K7 or 7w intermediate states. The notation (K)o designates the Km S-wave.
In practice the relation between amplitudes is obtained by studying the transformation of
each intermediate state by parity (P) and charge conjugation (C).

In section 2 we introduce the time-dependent CP asymmetry formulae for
BY = Kisy — 777~ K%y decays. In section 3 we derive the CP-sign for the decay
amplitudes with different intermediate states, which is required in order to extract the CP
asymmetry. Using these results we derive the time-dependent CP asymmetry expression
for BO — Kresy — 7T+7T_K2’)/ and B — Kiegy — ,oOKgfy decays in section 4. In section 5
we present two methods to obtain information on the photon polarisation. Finally, in sec-
tion 6 we discuss the future prospects for these measurements at Belle II, and we conclude
in section 7.

2 Time-dependent CP asymmetry for B® — ntn~ K2y

In the limit where the rate I' 47— s -(t) comes only from the amplitude for BY — Kiesy —
pOKg'y decays, we define the time-dependent CP asymmetry as

T ogo(t) =T 050 (t)
_P R PR S0 k0~ sin(Amt) — C o 0., cos(Amt), (2.1)
FpOKg'y(t) + FpOKgxy(t) s s




with

* oKoi OKO
2Im <q/ >y dp>

PJ X=L,R
Spng,y = 7p0K0 B poKO 5 5 (22)
/ > [M/\ o +‘M>\ s }dp
A=L,R
050 07-0 2
[ = ([ = a4 a
A=L,R
CPOng’y = — 7p0KO D) poKO 2 5 (23)
J 3, [T
A=L,R

where Mfng and Mﬁng correspond to the BY — Koy — p* K2y and B® — K o5y — p° K2y
decay amplitudes, respectively, with the left- and right-handed photon polarisation, des-
ignated by A\ = L, R. For simplicity, we first consider the contribution of a single kaonic
resonance during the development of the formalism used in this article. This simplification
is justified in section 4 where it is shown that, depending on the considered phase-space
region, the mixing-induced CP-violation parameter expression does not depend on the
kaonic resonance quantum numbers. The definitions of the considered integration regions
are detailed in sections 4 and 5. In this article we adopt the convention CP|B°) = +|B°).
This convention is equivalent to C|B°) = —|B%). The mass eigenstates are defined as

|B1/2) = p|B°) £ ¢| B®) with
M*, — LT
-4 27512 (2.4)
p Mig — 5112

and the mass difference is taken such that

Am =M, — M; = —2Re <Z <M12 - 11;12» . (2.5)

From the expression for S, K%y in eq. (2.2), the numerator is zero, and no mixing-
induced CP violation is expected, unless the B? and B° can both decay into final states
with the same photon polarisation A. If the interference is non-zero, mixing-induced CP
violation may have observable effects. The dependence of the CP parameters from the
measurement of S Ky O1 the CP signs inherited by the decay of the kaonic resonances is
studied in section 3.

As discussed in section 1, other intermediate states than p°KY are expected in

BY — Ky — ntn~ K2y decays, and these need to be carefully separated. Including
all contributions, the time-dependent CP asymmetry expression becomes

!

=Ky () = Dt g5 (1) .
T = - sin(Amt) —C 4 — cos(Amt), 2.6
7T+7F—Kg,y(t) + FW*W*Kgfy(t) mtr— K9y ( ) mHr— K%y ( ) (2.6)

=



with

2Im <Z/)\:ZL7R [M;M,\} dp)

Sﬂ*W*Kg«y: 5 5
UM,\\ + | M| } d

| 5 I ] ap
=L

_/A [\MA\ + | M,y }dp

Cw*w*Kg'y

The B? and B® decay amplitudes, My and M y, respectively, are now sums over the three
considered intermediate states

0 70 . O
My = MPES 4y FmoT (2.9)

OK%  —K* (K7r)07r

My =M, "% + M, +M (2.10)

3 Relations between amplitudes

In this section, we derive the CP sign, establishing relations among the four amplitudes
My, Mgr, M and Mpg. For each resonance K,e, the decay amplitude My (H,\) can be
written as the sum of products My = 3, Ay x A} (M, =3, Ay x Ay), where Ay (4,) is
the decay amplitude of BY (B?) to Kiesy (Kresy), and A (X;\) is the decay amplitude of
Kres (Kres) to the intermediate state i

0 KO + - 0 10 et 4+
My = M{RS o METTT 4 I 4, x <A§KS+A§< AT ) (3.1)

—— —p0 KO —K* gt —(Knm),nt — — K9 —K*~rt —(Km)ynt
My =015 55 431y " 4 e :A)\X(.A/;\KS—F.A)\ + Ao > (3.2)

We keep A in the strong decay amplitude, A};, though, as discussed later in this section,
the squared amplitude does not depend on A.
3.1 B — K¢y amplitudes

First, we consider the B decay part. In the SM, the B(B) — Kiyes(Kres)y transition comes
from the penguin diagram with a top quark and a W boson in the loop. These interactions
can be written by the matrix elements

ZR = <KFGSVR‘H7‘E>3 ZL = <Fre5’7L|/H+|-§>u (33)
AR = <Kres'YR‘,H+T’B>7 Ap = (Kre57L|H_T’B>a

where the effective Hamiltonians, at leading order in QCD, are

Gr e
HE = \/516 Vi Vimye [0 (14 75)bEy) (3.5)
_ Gr e
H = \/5 To3 VaVimud (50" (1= 15)bFu] (3.6)



and 1 1
ms
Cc = —iFQ(mt), C/ = —§F2(mt) E, (37)

where Fy is the Inami-Lim function that includes the top quark loop contribution [28].
The ¢’ contribution, which is proportional to a small factor ms/my, is often neglected in

the literature.

Including the one-loop QCD correction to this contribution, ¢ becomes
simply the Wilson coefficient CQY)QH. By including the right-handed contributions from
new physics, the ¢’ coefficient can be affected as mentioned in the introduction. Note that

for b — 3y transitions, the Hamiltonians are given by the Hermitian conjugate

G e * * [7. v

M= _Tgm?‘ftbvtsmbc (b0 (1 = 5)Fyw] (3.8)
G

H = T Vi Viemye™ [bo™ (14 5)sFpw] - (3.9)

/2 1672

We can also find the relations among the B decay amplitudes Az and Ap g by
applying the parity (P) and charge-conjugation (C) operators. We first consider the case
where K is a JP = 17 state. Inserting the unit matrix PP yields

Ar = (Kresyr|PIPH-PIP|B)
/

=P (B (o 0) 13 () (Rera 7 |B)

— () AL (3.10)

C

where j; is the total spin of the initial (i = 0) and the final (i = 1, 2) particles, and 77 (X) is
the intrinsic parity of particle X. Here we used P3o*" (1 —v5)bF,, PT = +30"" (1 + v5)bF, .
Similarly the relation between Ay, g and A g can be obtained by applying a C transfor-
mation. Inserting the unit matrix C'C yields

ZR = <fres'YR|CTC/H_CTC’§>

Cl

B Rt 0) (£ ) (Bl =415)

SEPH 1)

where 7°(X) is the charge-conjugation eigenvalue of particle X. Here we used
C50, (1 —v5)bEHCT = —bo,,, (1 —75)sF*. The phase convention of the C transformation
of Kies is chosen to be C|Kyes) = —|Kyes) throughout this article. For the amplitudes of B
mesons decaying into J¥ = 17 kaonic states we finally obtain:

J— cl _ C* o C/
Arp=+|— ) AL, Ap=+\— | AL, Ar=+|- | AL,
C C C
/

(3.12)

_ C — C

AR:+<*> AR, AL:‘F(?) AL.
C C

! Apart from the term that is proportional to ms, the right handed contribution, ¢’, also receives some
small contributions from the charm quark loop (see refs. [29-34] for more details).



Following the same formalism, for the J” = 1~ and J¥ = 2% kaonic states we obtain:

— A\ — c* — d
AR =~ () Ap,  Ap=- (,ﬂ() Ap,  Ar=- <,*> Ag,
& C C

/

(3.13)

_ C - C

AR:+<*) AR, AL:_{—(W) AL.
C C

3.2 Kies — 7r+7r_K2 amplitudes

First, we find a relation between .A/{ and Xf\, which are related by the C transformation. The
amplitude X;\ corresponds to the same point in phase space as A)i\, since we are interested
in the interference between the two. To start, the amplitude of the decay Kyes — p°KY
can be written in terms of the product of the matrix elements:

ALKE k() () [HA10°) (0 K O (8) M K res), (3.14)
ISt (1) (o) HL0°) (O K2 () M Roves), (3.15)

where Hs and H/, are the Hamiltonians describing the two corresponding strong decays.
Applying a C transformation gives

A = (o (p)|CTEHLCTC]) (0 KO [CTCHLCICl e
= (1 (pO)7 " (p2) [ Hel 0°) (0" K G (p3) [ M| Kres)
= —(m " ()7 (p1)[Hi] %) (0" K3 (03) [ Hs | K res), (3.16)
where Hy and H/, are invariant under charge conjugation. In this development we used
Clp% = —|p%), C|KY) = —|K?), related to the approximation CP|K?) = |K9), and
C|Kres) = —|Kres), according to the convention given above. In the second line of eq. (3.16),

the C transformation swaps the 7+ and 7~ momenta. Since p° — 7+7~ is a P-wave decay,
interchanging p; and po leads to an overall minus sign in the third line of eq. (3.16). Thus,
writing explicitly the momentum assignment of 747~ KY we obtain

OKO 70K0
AL (prupo,p3) = AL TS (92,01, p3)

(3.17)
P OKO
= —Ai S(p17p2>p3)-
The amplitude describing the K,.s — K™*m process can be written as
AR = (K (ps) ™ (o) L K ) (K7 (pa) M| Kes),
— K*— gt _ o— — J—
A)\ = <Kg(p3)7T (pg)‘/HHK ><K 7r+(p1)|HS‘KrCS>> (3'18)

and applying the C transformation results in

AST™ (o1, 2. ps) = (K2(ps) ™ (p1) |ICTCHLCTCL K ) (K 7 (p2) ICTCHLCTC) Kes)
= (KS(p3)m™ (p1) ML K*7) (K7 (p2) [ Kres)

— K* gt

= A, (P2, p1,P3), (3.19)



where the momentum assignment is explicitly written for clarity. This reflects the gen-
eral strong-interaction dynamics, where no simple relation allows to interchange p; and
p2 when the 77 and 7~ are swapped. Thus, the relation between Af\wﬂrf (p1,p2,p3) and
Xf*iﬁ (p1, P2, p3) is unknown, except for the trivial case where p; = pa. A similar conclu-
sion applies when considering the process Kyes — (K)o.

It is possible to obtain relations between A} and A}, and between A; and Ap. Indeed,
since the decay of the kaonic resonances only depend on the strong interaction, the former
and the latter relations are expected to be the same. Furthermore, since decays with left-
and right-handed photons do not interfere, only relations between products of amplitudes
with the same photon polarisation are needed. The explicit computation for three kaonic
resonances shows that, after integrating over the decay angles, these products do not depend

on the left or right polarisation of the resonances:
A = A AL A Al = Ay A (3.20)

where 4,7 = p° K9, K** 7T, (Kw)oiﬂ'jF.

4 Expression of the time-dependent CP asymmetry

The expressions of the mixing-induced CP violation parameters, S K%y and S+, K%y
given in egs. (2.2) and (2.7), respectively, can be rewritten using the relations between
the amplitudes describing B? — Koy — 777~ K97y decays, obtained in section 3. The
aim Is to express S0, and S 4 - K%y in terms of amplitudes corresponding to a single
B-flavour (choosing BY) and a single polarisation (choosing A = L). The squared BY and
BY amplitudes, |M ,\]2 and ‘M;f, respectively, are written for a single K,es contribution as

0
i = g

‘MK o

i

+2Re( MRS i >+2R < M g Ema > :

* - s +7r*
+ 2Re (M;K (Ko ) : (4.1)

M| =

_ *_7'('+
+ ]MA

2 —— 7r_71'+2

+2Re< NS >—|—2Re< s ’“+>,

+ 2Re (M’;K T ”+) : (4.2)



and the cross term by

MM, = M FSEEES it e g e g ma
M O KO o — ot ——— 0
+ |y Rsary™ ™ + MK KS}
n —M:pOKgME\Kﬂ) T +M*(K7r)07r M§0K2:|
IOV s Vi SR Vil LA ] (4.3)

where the shortened notation |M,|?* and |M>\‘2 are used instead of |M)(p1,p2,p3)|* and

— 2
’M)\(pl)pZapfi) )
The next step consists in replacing, in eqs. (4.2) and (4.3), the B® decay amplitudes

respectively.

by those corresponding to the BY decay. This is done by using the results obtained in
section 3 for the CP signs of the B decay part, in egs. (3.12) and (3.13), and the K¢ decay
part, in egs. (3.17) and (3.19). For A = L we obtain

M 1(p1,p2,p3)|”
2

c|? 0 K9 2 S 2 Kr)§n™
= ‘Mf S(p27p1,p3)‘ +’M5 " (P27P1,P3)’ +’M£ 0T (pa, pr, o)
+ 2Re (M PK (p2,p1,p3)MK*+ﬂ_(p2,p1,p3))
Km)Tn—
+ 2Re <Mp (pg,p1,p3>M( Jo (p2,p1,p3))
o+ — Kr)tn—
+ 2Re <M£( o (P27P1,P3)M£ Mo (p2,p1,p3)>]
2 2
= |7 ‘ML(p27p17p3)’ ) (44)
and
* AT c *
M7 (p1,p2,p3) M 1(p1, p2,p3) = (F) M7 (p1,p2, p3) ML (p2, p1,p3)- (4.5)

Furthermore, we express all the amplitudes in term of one polarisation, choosing A = L
To do so, we obtain relations between left and right amplitudes using eq. (3.20), together
with egs. (3.12) and (3.13)

Mg (p1,p2, p3)M g(p1,p2, p3) = Mj(p1,p2,p3)M L (p1, P2, p3)

2 2
| M1, (p1,p2,p3)]|

2
‘ML(p17p27p3)|2‘ (46)

C
|Mg(p1,p2,p3)|° = 7

Cl

‘MR(phpz,pza)‘Q =



Using these relations, eq. (2.7) can be re-written as

qg o

S7T+7T_Kg~’y - 4IH1 EW

/Zm' [M}j"(p17p27p3)M{(pz,p1,ps)]dp

X
/Zi,j [Mi"(pbpz,pa)Mi(phm,ps)JrMi"(pz,pl,p3)Mi(p2,p1,p3)]dp

qg cc

e+

/ZM [A* (p1,p2,p3) A’ (p2,p1,p3)] dp
y , (4.7)

/Z%] [A*i(p17p25p3)"4j (p17p2ap3) +A*i(p27p17p3)“4j (p27p17p3)]dp

where i, j run over pY KO, K** 7~ (Kﬂ){ﬁr*. Here we also used the fact that the weak-decay
part of the total amplitude can be factored out, as M}'(p1,p2,p3) = ApA*(p1,p2,p3),
and thus cancels out in the ratio. The notation A*(p1,ps,ps) corresponds to the strong
part of the amplitude, averaged over the K,es helicity states. Similarly, eq. (2.8) can be
re-written as

/Zi [|Ai(291,p2,p3)|2 - ‘Ai(pQ,Pl,Ps)‘z] dp
C7r+ﬂ'_Kg~’7 =

5 (1422, + 1. P

(4.8)

where the phase-space dp represents the two Dalitz-plot variables and the K
invariant mass.

We emphasise that the expressions of S+ - o, and Cr+ - o, obtained in egs. (4.7)
and (4.8), respectively, are independent of the intermediate kaonic resonance. Further-
more, the interferences of JX = 11,17, 2" kaonic resonances cancel out after integrating
over the polar and the azimuthal angles of the photon direction with respect to the Kuw
decay plane (i.e. # and ¢ in [8]). This means that eq. (4.7) can be extended to yield the
value of S_+ .- K9y including the contributions from all kaonic resonances by simply replac-
ing the numerator and the denominator of the last line of eq. (4.7) by the sum of them
for JP =1%,17,2%. Thus, eq. (4.7) can be used by experimental studies in two ways: i)
if the different kaonic resonances can be distinguished experimentally, the amplitudes in
eq. (4.7) can be considered as those of a given kaonic resonance decaying into the corre-
sponding isobars; ii) if the kaonic resonances are not distinguished experimentally, then
the amplitudes can be considered as sums over all the kaonic resonances decaying into the
corresponding isobars.

~10 -



Expanding the sum over the hadronic amplitudes in the expression of S_4 - K%y in

eq. (4.7), we obtain

> [A*(p1,p2, p3) A (p2,p1,ps)] =

i!j

and

> [A*(p1,p2, p3) AT (p1,p2, p3)]

/Z:7j

A*p (pl,p2 P3)Ap (p2,p1,p3) (4.9)
+ AT (o1 o, p3) AKTTT (o, pi, ps)

+ AEDET (o o, pg) ABTET (py i, )

+ APKS (py, po, p3) AKX (pa, p1, ps)

+ AT (1, po, ps) AP K (pa, pi, ps)

+ A K (p1, pa, p3) AKTS T (g, pr, pa)

+ AT (51 o, p3) APKE (o, pr, p3)

+ AT (1, pa, p3) AKTT (g, py, ps)

+ AT (5 o, pg) AR (b, 1, )

‘2 (4.10)

‘Ap (p1,p2,p3)
* =
+ AT (o1, p2, p3) AR (pa, pi, ps)
* T +7r_ T +7r_
+ A (K )0 (p17p27p3)A(K )0 (anphp?))

o0 KO o
— 2Re (A 7K (pr,pa,p3) AT (pl,p2,p3))

-
—2Re (A*”OKg (p1,p2,p3) AK™o ™ (pl,pz,ps))

(Kfr)srﬂ"

4+ ATKTT (p1,p2,p3)A (p2,P1,p3)

+ A*(Kﬂ o7 (p17p27p3)~/4 Ketme (p27p17p3)7
2
’AP pl)p27p3)‘ (411)
P 2
+‘A (pl,P2,P3)‘
3 2
+ ‘A(K”)g’r (pl,m,ps)‘
+ 2Re (A*f’ $(p1,p2,p3)A *+“7(p1,p2,p3))
1 2Re (A*pOKg (p1, p2, ps) ALK (p1,p2,p3))

* — + -
+ 2Re (A*K +7T (101,jng,pg)A(K”)O7r (P1,p27p3)) .

The minus signs in eq. (4.10) originate from the relation in eq. (3.17). On the other hand,
as shown in section 3, there is no general symmetry relation between AX *+”_(p1,p2,p3)
and AK™ "7 (p2, p1,p3), and similarly for (Km)o. Thus the second, third, sixth and seventh
terms in eq. (4.10) cannot be further simplified.

From eqgs. (4.10) and (4.11), it follows that in a time-dependent amplitude analysis,
the CP asymmetry measurement can be directly related to the photon polarisation for the

- 11 -



P K2 amplitude as

2Im (%cc’ )

SpOKg’Y = —7‘0’2 n ’C"Q ) (4.12)
which means that the time-dependent CP asymmetry of BY — p®K%v decays has an op-
posite sign of that of B® — 7% K%y decays (see appendix A), i.e. Spng7 = —SWngv. Note
that since both decay channels arise from the same quark-level transition, b — s, and that
all the hadronic effects cancel out in this formula, this equality is valid at a high precision.

5 Proposed experimental strategies

In this section two methods are described to obtain information on photon polarisation
from mixing-induced CP violation parameter measurements. The first, suitable in the
context of limited-size data samples, like those used by the BABAR and Belle collaborations,
is described in section 5.1. Using a similar logic to that employed by BABAR and Belle,
this is the first time that a clear theoretical development of the CP-violation parameters
expression is proposed in this context. Then, in section 5.2, we propose a novel method
that is better suited to a larger data-sample, as expected in the Belle IT experiment.

5.1 Phase-space integrated analysis

A time-dependent amplitude analysis to extract the CP asymmetries for individual reso-
nances is currently not feasible at the B factories due to the limited sizes of the available
data samples. Indeed, only the CP asymmetry of the full K77 system is measured [23, 24].
After integration over the whole Dalitz plane of the Knm system, the expressions of the
time-dependent CP asymmetry parameters can be expressed as

oTm (gccf> Re (A*(p1, p2, p3) A(p2, 1, p3))dp
Srr+7r*KgV = 2 g /12 o , (5'1)
lc|” +|¢| |A(p1, 2, p3)|*dp
tot

CTI'+7T_K2"Y - 0 (52)

As shown in figure 2 and figure 3, the imaginary part of A*(p1, p2, p3).A(p2, p1,p3) cancels
after integration over the whole Dalitz plane and thus does not appear in the numera-
tor of eq. (5.1). Furthermore, the factor 2 in the numerator of eq. (5.1) originates from
the fact that [, ]A(pl,pg,p3)|2 dp = [io \A(pg,pl,p3)|2 dp. Then, the mixing-induced CP
asymmetry of the p° K mode, given in eq. (4.12), is obtained via the dilution factor

SW*N*Kg'y

D

(5.3)
SpOKg’y

/tRe(A*(pl,pz,pg)A(pz,prz))dP
ot

/ |A(p1, p2, p3)|*dp
tot

)
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where
Re (A*(p1, p2, p3)A(p2, p1,p3)) )Ap P1,P27P3)‘2 (5.4)
— 2Re (A PPKG (pl,pz,pg)AKHf(p17p27p3)>
— 2Re (A*POK% (p1, P2, p3) ALK ™ (pl,pmpg))
+ Re (A*K*ﬂrf (p1,p2, p3) AT (p27p17p3))
+ Re (A* )67 (py, pa, p3) AE™o (p27p1,1>3)>
+ Re (A 7 (p1, pa, p3) AT (p2,p17p3))
+ Re (A* O™ (p1, pa, p3) AKX (p2,p1,p3)> :

and

2
|A(p1, 2, p3)|” ’Ap (p1, p2,p3)‘ (5.5)
_ 2
o+ |AE T (1, o )|
. 2

+ ‘A(K”)gﬂ (p1,p2,p3)‘
+2Re (A*”OKg (p1,p2, p3) AT (pl,pz,ps))

+ 2Re (A*pOKg (p1,p2,p3)A(K”)gﬂ7 (p1,p27p3)> .

Note that the last term in eq. (4.11), which represents the interference between the K**7~
and (Kn)d 7~ amplitudes, does not appear in eq. (5.5). This is due to the fact that this
term cancels after integration over the Dalitz plane, as the interference between P- and
S-waves is a linear combination of odd- and even-order Legendre polynomials.

The measurement of the dilution factor of eq. (5.3) can be performed via a time-
integrated analysis. As proposed in refs. [23, 24], in order to obtain the best sensitivity for
Ty
decays,? assuming isospin symmetry. Indeed, a larger data sample is expected for the

D, its value can be measured from an amplitude analysis of Bt — Kt~y — Kt n~r

final state K7~ 7ty comparing to the neutral isospin partner K97~ 7+, due to a larger
branching fraction, as well as better experimental reconstruction and selection efficiencies.

From the detailed expressions in eq. 46 and 47, which are explicitly given for the first
time in this paper, it is clear that the expression of S_+ - K%y given in eq. (4.7), and hence
of the dilution factor, are valid across the whole K7w phase space and can be integrated.
On the other hand, as the sensitivity to the CP parameters is higher for larger values of the
dilution factor, an optimised integration region needs to be considered. For instance, the
K1(1270) has a larger branching fraction to p° K9, which leads to a larger dilution factor
comparing to higher-spin resonances. Thus, an optimised set of cuts in the m g, spectrum
needs to be considered when measuring the dilution factor. Note that any requirements on
the phase space must be symmetric under 7+ <+ 7~ interchange.

2Charge conjugation is implicit here.
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We emphasise that the measurement of the dilution factor D, which does not require
the study of CP asymmetries but only that of the intermediate resonance amplitudes,
can be obtained independently, for instance from the LHCb experiment, benefiting from a
larger data sample of BT — K+t7~ 7T~ decays comparing to the B factories.

5.2 Time-dependent amplitude analysis

Considering that a larger data sample is available, as that expected in Belle II, we assume
that a time-dependent amplitude analysis of BY — Koy — 777~ K97y decays becomes
feasible. In this section, we show that considering different regions of the Kzmw Dalitz
plane separately, provides more information that significantly improves the sensitivity to
new-physics contributions to the photon polarisation.

The expression of S+, o, can be re-written with the integration being performed
over a region in the Dalitz plane, dp, such as

5 g ¢ /5AT23A213dP
SF =4Im | = P , 5.6
mtr— K9y p1+‘§|2 9 5 ( )
; |Ajos]” + [Agy3|” dp
P

using, for simplicity, the conventions

Alpz Az = Z [A*i(p1,p2,p3)«4j(292,pl,p3)] )

i7j
|«4123|2 + |«4213’2 = Z [A*i(P17p2,p3)Aj(P17p27p3) + A*i(Pzapbp3)«4j(P2,p17p3)],
Y]
£ cc

LHIEP fef® + e

where we introduced the notation £ = ¢’/¢* as the ratio of right- to left-handed amplitudes,
and where the expression of the amplitudes are taken from egs. (4.10) and (4.11). Writing
the hadronic decay amplitude as

vy va
Ajog = |Ajas] e, Agis = [Ags) ei2s, (5.7)

the real and imaginary parts of the hadronic contribution in eq. (5.6) can be expressed as

/.A’{23A213dp / |A123||A213|cos(5§13—6f23)dp
op _ dp
2 2 2 2
/ |Ajos]” + [Agy3|” dp / |Aos]” + [Agy3 " dp
op op
E;ﬁp

/ |A123| |A213| Sin(5]2g13 - 5}1)23)6517
1op

2 2
/5 | A 93]” + [ Ay 3| dp
I3

= hoP
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so that eq. (5.6) can be re-written as

S® =4l (q < > 4 4R <q $ ) boP 5.9
Tt Ky m p1+]§\2 a’ + € p1+|€|2 ( )
— 4 op _ i op ;
=T e (a [Im¢ cos 23 — Reg sin 23] 4+ b°? [Ref cos 23 + Imé sin 23] )
= N +4’§‘2 (Ref [b‘s” cos 23 — a’Psin 25} + Im¢& [aép cos 23 + b% sin 26} )

Thus, measuring the real and imaginary parts of the hadronic part in eq. (5.8) in different
regions of the Dalitz plane provides a more precise determination of £. Indeed, in a similar
way as in ref. [35], it is possible to define symmetric regions of the Dalitz plane: I above
the bisector line mi3 — mo3 and I below. In these symmetric regions, the relations

al =al, and bl =-bl, (5.10)
hold, from which the following relations are obtained:
7 8
+ _ oI T _ _ : 1
St = SW+7F,Kg,Y + Sﬁr}(gy -1 P (Im cos 23 — Re€sin23) a’, (5.11)
7 8
- _ ol T _ . I
8 = Sﬂ_+7r,Kg,y — Sﬂ'+ﬂ'7Kg~’y = W (Reé- COS 26 + Imf S11n 2B) b . (512)

From egs. (5.11) and (5.12) it follows that by measuring separately the time-dependent CP
asymmetries in the regions I and I it becomes possible to independently constrain the real
and imaginary parts of £. Note that eq. (5.11) is strictly equivalent to eq. (5.1), and that
D = —2al. Using eqs. (5.11) and (5.12), Re¢ and Im¢ are expressed as

Re¢ 1 (5— St . )
— - (= 28 — —sin28 |, 5.13
= ’£|2 s\ B cos 203 " sin 23 ( )
Imé 1 /8 . St )
=—| —sn28+ — 28] . 5.14
T kB8 (bf sin 23 T C08 B (5.14)

Similarly to section 5.1, the hadronic parameters, al and b’, need to be obtained from an
amplitude analysis of Bt — K v — K7~ 7"~ decays. The partition scheme of the Dalitz
plane must be optimised as a function of the amplitude content in the different regions and
the available data sample. From the anti-symmetric relation shown in eq. (3.17), it follows
that the integrals of eq. (5.8) with the p°K? amplitude are real and independent of the
integration region, with the values

aigKg = —% and bfngg =0. (5.15)
On the contrary, as shown in figure 2, the real and imaginary parts of eq. (5.8) with the
K*m amplitude vary as a function of the Dalitz-plane position. Furthermore, it clearly
appears that the real (imaginary) part of the K*m amplitude exhibits a symmetric (anti-
symmetric) distribution with respect to the Dalitz plane bisector. Similar behaviour is
observed for the (K)om amplitude. As shown in figure 3, when including the amplitudes
of all the intermediate states, these symmetry properties with respect to the Dalitz plane
bisector remain.
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Figure 2. Normalised distributions of the real (left) and imaginary (right) parts of eq. (5.8)
with K;(1270) — K*7m — 777~ K9 decay amplitudes. While the real part (a’?) is symmetric with
respect to the Dalitz-plane bisector, the imaginary part (b°P) exhibits an anti-symmetric pattern.
The axes correspond to si13 = m?r+ K9 and so3 = mi_ K9 in GeV2/04. A similar behaviour is
observed for all kaonic resonances.

04 06 08 10 12 04 06 08 10 12
S13 S13

Figure 3. Normalised distributions of the real (left) and imaginary (right) parts of eq. (5.8)
with K7(1270) — 77~ K9 decay amplitudes, including all the intermediate resonances. The axes
correspond to s13 = m?2, 0 and s93 = m?2_ K0 in GeV?/c*. A similar behaviour is observed for all
kaonic resonances.

6 Constraints on new physics and future prospects

Finally, the constraints on ¢’ /¢, which can be obtained from the time-dependent measure-
ment of BY — 777~ KOy decays, are discussed. The common name of ¢//c is C/Cq; we
use this notation hereafter.

Currently, the most stringent constraints on C}/C; are obtained from the time-
dependent CP asymmetry in B — Kgm'v decays, the angular coefficients of B — K*eTe™
decays at ¢*> — 0, Ag? ) and AlI™ and the branching fraction of the inclusive B — X v
process. In figure 4, we show the constraints on Re (C%/C7) and Im (C%/C7) at the three

standard-deviations level, obtained from the available measurements. The figure also shows
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Figure 4. Constraints on Re (C%/C7) and Im (C%/C7) at the three standard-deviations level. The
light red region is the constraint obtained from the current measurement of time-dependent CP
asymmetry in B® — 7°K%y decays, Swng,Y = —0.15 £+ 0.20 [26], overlaid with the constraint
(dark red) obtained from the expected precision at Belle IT with integrated luminosities of 10 ab™!
(left) and 50ab ™' (right). The dashed green contour is the constraint obtained from the angular
coefficients of B — K*eTe™ decays at ¢> — 0, measured by LHCb [14], A(T2) = —0.23 £0.24
and A = 0.14 £ 0.23, overlaid with the contraint (full green line) obtained from the expected
precision at LHCb Run II (8fb~!) and Run III (22fb~1!). The grey circular contour is the con-

straint obtained from the branching fraction measurement of the inclusive B — X processes with

B(B — X,y)e 09V = 3.27 4 0.14 [26] and B(B — X)o7~ 0%Y = 3.36 +0.23 [36).

the constraints that can be obtained with the expected precision at Belle IT with datasets
of 10ab™! (foreseen by the year ~2023) and 50 ab™! (~2027) and at LHCb with datasets of
8fb~! (current) and 22 fb~! (~2023). The expected constraints are obtained by using the
current central values of the observables, and assuming the measurements to be limited by
the statistical uncertainties. As it is well known, S o K9y provides a precise determination
of C%/C7, even though it cannot disentangle its real part from its imaginary part.

Next, let us show the expected constraint from S_; - K9y integrating over the whole
Dalitz plane, as described in section 5.1. The determination of Re (C%/C7) and Im (C}/C7)
via 8+, ko, depends on the value of the dilution factor, hence on the amplitudes of in-
termediate states and on the integration region. In figure 5, we show the constraints for
different values of the dilution factor, D = {1,0.6,0.3}. For the sake of demonstration, the
central values are arbitrarily chosen as S+ .- ko, = {0.15,0.09,0.05}, to facilitate the com-
parison with the constraints on C%/C7 from S o K0y 85 shown in figure 4. The experimental
uncertainties are obtained by scaling the statistical uncertainty, o (S, +,- K9 ) = 0.25, from
the latest BABAR analysis [24] with a dataset of ~ 0.5 ab~!, to the precision expected with
integrated luminosities of 10ab™! and 50 ab~! at Belle II. The uncertainty on the dilution
factor, o(D) = 0.18 [24], is scaled in the same way. Note that D = 1 corresponds to the
case where the intermediate mode B — pYK%y dominates and the effect of other reso-
nances is negligible. The contributions of the other intermediate modes, i.e. B — K*ny
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Figure 5. Prospects for constraining, at the three standard-deviations level, Re (C%/C7) and
Im (C%/C7) from a measurement of S+ - K9 integrating over the whole Dalitz plane. The colour
changes from dark blue to light blue for decreasing values of the dilution factor D = {1,0.6,0.3}.
For each of these, a central value of S+, - KOy I8 chosen arbitrarily to be, respectively, S, .+, - KOy =
{0.15,0.09,0.05}, and the current experimental uncertainty is scaled by the increase of integrated
luminosity. The grey and green contours are described in figure 4.

and B® — (K)omy, decrease the value of D, resulting in looser constraints on Ch/Cx.
This result shows the importance of carefully optimising the phase space region in the
measurement of S_4 - K9 to ensure the best interplay between the dilution factor and the
number of events.

Let us now consider the proposed observable S~ of eq. (5.12), representing the dif-
ference of the time-dependent CP asymmetries measured in two regions of the Dalitz
plane. The observable ST in eq. (5.11) yields a similar constraint as that from the
integrated analysis, which is shown in figure 5. On the contrary, S~ leads to a dif-
ferent kind of constraint; an example is shown in figure 6, with the central values
S~ ={0.30,0.18,0.10}, chosen to match those of STFJrrKg7 in figure 5, and with the
hadronic parameter values b! = {=0.5,—0.3,—0.15}. The uncertainties on S~ are obtained
assuming o(S7) = o(ST) = \/ﬁa(Sﬁngy), where n = 2 corresponds to the number of
Dalitz-plane regions, and neglecting the correlations between S’ and ST. The uncertain-
ties on b’ are obtained assuming o(b!) = o(al) = o(D)/y/n. The relation o(b!) = o(al) is
obtained assuming that the uncertainty on the magnitude of the hadronic decay is similar
to that on the arc-length corresponding to the phase difference.

It is remarkable that the constraint on C%/C7 obtained from S~ is orthogonal to that
from ST. From egs. (5.11) and (5.12), it is clear that this orthogonality does not depend
on the values chosen for this demonstration. Thus, by combining the two observables it is
possible to obtain stringent constraints on both the real and imaginary parts of C%/C7. On
the other hand, it is not possible to obtain such contraints from a time-dependent analysis
of BY — m9K 9y decays, where S~ and ST are not defined.
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Figure 6. Prospects for constraining, at the three standard-deviations level, Re (C%/C7) and
Im (C%/C%) from the proposed observable S~. The colour changes from dark blue to light blue
for increasing values of the hadronic parameter b! = {-0.5,-0.3,—-0.15}. The corresponding
values of S~ = {0.30,0.18,0.10} are chosen to match those used for Syt o, in figure 5, with
similar uncertainties. The uncertainty on the hadronic parameter b’ is accounted for, assuming
o(b!) = o(D)/v/2. All uncertainties are further scaled according to the increase of integrated
luminosity. The grey and green contours are described in figure 4.

We finally show, in figure 7, an example of the combined constraints from egs. (5.11)
and (5.12). As before, the central values of ST, S, al and b’ are chosen arbitrarily, and
the uncertainties are estimated from the BABAR measurements of S 4 - K9y and D [24].
The sets of central values used in figure 7 are {S*,S5~,a’, b’} = {0.17,0.13, -0.5, —0.15},
{0.13,0.04, —0.3,—0.3} and {0.13,—0.03,—-0.15,—0.5}. Even though the obtained con-
straints depend on the hadronic parameters, it is clear that combining the information
from St and S~ measured in B® — 777~ K%y decays allows to independently constrain
both Re (C%/C7) and Im (C%/C7).

7 Conclusion

In this paper, we derive the formula for the time-dependent CP asymmetry of
BY — Kiesv — [p°KY, K*Tn—, (Km)§n ]y — nta~K2v; it is the first time that this
formula is derived including all these intermediate states. As it turns out, the formula
is the same for all K. states with J© = (17,17,2%). This allows to extract the time-
dependent CP asymmetry S KOy by measuring the phase-space integrated S+ .- K9y and
the dilution factor D. The constraint from this measurement on the C%/C7 complex plane
is similar to that obtained from the measurement of S o K it corresponds to a diagonal
band. The dilution factor can be obtained from the charged decay mode BT — ntn~ K1+,
which benefits from a higher branching fraction and a better detection efficiency compared
to the neutral decay mode. In particular, the LHCb experiment is currently in the best
position to provide additional information on D.
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Figure 7. Prospects for constraints on Re (C5/C7) and Im (C5/C7), at the three standard-
deviations level, obtained from the two observables S~ and St. The central value of
S~ is chosen arbitrarily, while its uncertainty is estimated using results from ref. [24].
Three sets of central values, yielding different contraints on Re(C%/C7) and Im (C%/C7), are
chosen: {S*,87,al,bl} = {0.17,0.13,-0.5,-0.15} (blue), {0.13,0.04,—0.3,—-0.3} (red) and
{0.13,—0.03, —0.15, —0.5} (green). The uncertainties are taken as o(S7) =0 (S7) = Vo (Sptr-ko4):
and o(al)=0(b!)=0(D)/\/n, where n = 2 corresponds to the number of Dalitz-plane regions. All
the uncertainties are further scaled according to the increase of integrated luminosity. The grey
and green contours are described in figure 4.

We also show that performing a time-dependent amplitude analysis of B® — 777~ K%y
decays gives access to a new observable, S~, which allows, when combined with ST, to
obtain stringent constraints on both the real and imaginary parts of C%/C7. This is the
main result of this paper. Such an analysis is not currently feasible due to the limited size
of the available data samples, whereas it will become accessible with the dataset expected
from the Belle II experiment. We present prospects for the determination of C%/C7 from a
time-dependent analysis of BY — 777~ KUy decays at Belle 11, considering two approaches:
a phase-space integrated analysis and an amplitude analysis using information from the
K97+ 7~ Dalitz-plane.

The analysis of B® — 77~ K%y decays should provide stringent constraints on the
photon polarisation in the upcoming years. In particular, the constraints on C%/C7 from
this measurement are complementary to those obtained from the time-dependent CP asym-
metry of B® — 70K %y and the angular analysis of B — K*eTe™ at low ¢
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A The time-dependent CP asymmetry in B® — K*%y — n°K?%y and
0 —
B° — ¢y > KtK™v
For comparison, we include the CP formulae for the B — K*9y — 7%KY%y and
BY — ¢y — K+ K~ in this appendix.
Let us obtain the amplitude relations, as done in section 3. The relations between the

right and left handed amplitudes in eq. (3.13) hold also in the cases of BY — K*9y and
BY — ¢y decays. For the strong amplitude K** — 79K, the C transformation leads to

AL TS = (K (p1)m (p2) ML K)
= (K2 (p))m" (p2) HL K,
where we assigned C|K*0) = —]F*()) for consistency. For ¢ — KK~
K- —
AR = (K (p0) K (p2)[H59)
= —(K~(p) K" (p2)|Hsl)
= (K~ (p2) K" (p1) [Hil9),
where the last line is explained by the fact that the ¢ decays trough a p-wave. For the
parity transformation, eq. (3.20) holds here as well. Using these relations, for BY — K*y

and B? — ¢ decays we find
2

#m0 K9 ——mO K2 c 0K
My SIS = () g | (A1)
+r-=7KTK™ c +g—|?
MR TR (?) ‘Mf K7 (A.2)
and eq. (4.6) holds here as well. As a result, we find for B® — K*~y
2Im (pcc )
CWOKg’y = 0, SWOKg’y W (Ag)

For the BY — ¢y — KT K~ decay, eq. (2.6) has an additional term due to the large AT,
with respect to AT'y [26] such that

T(t) -T(t) _ Sk+x-sin(Amt) — Cx+ - cos(Amt) A
il ATt ALt ’ ( 4)
NGENGEE cosh =5 AK+K_ sinh =5
where .AK+ Ky is given by
. 2Re (g = [M;M,@)
Ak+g-y = — N (A.5)
2 DMA\ + | M| }
Then, we find
2Im ( cdcd) A 2Re ( cdcd)
Crtr-—=0, Skig—=—"F""3" KtK=—~ = " 12 1,12 (A.6)
jcal® + |ey|* cal® + |¢|”
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where ¢/ps indicates the B? — BY mixing phase and ¢y indicates the coefficient of the

b — d~v transition amplitude. Integration over the whole phase space is implicit. The

first measurement of A%, K-~ Was obtained by the LHCb collaboration [37]. This result

was recently superseded by an updated analysis also including the first measurements of

SK""K_'y and CK+K_’y [25]
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