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We describe a compactified Supermembrane, or M2-brane, with 2-form fluxes generated by constant
three-forms that are turned on a 2-torus of the target space Mg x T2. We compare this theory with the
one describing a 11D M2-brane formulated on Mg x T2 target space subject to an irreducible wrapping
condition. We show that the flux generated by the bosonic 3-form under consideration is in a one
to one correspondence to the irreducible wrapping condition. After a canonical transformation both
Hamiltonians are exactly the same up to a constant shift in one particular case. Consequently both of

Keywords: them, share the same spectral properties. We conclude that the Hamiltonian of the M2-brane with 2-form
Supermembrane target space fluxes on a torus has a purely discrete spectrum with eigenvalues of finite multiplicity and
Fluxes it can be considered to describe a new sector of the microscopic degrees of freedom of M-theory. We
Backgrounds also show that the total membrane momentum in the direction associated to the flux condition acquires
Supergravity a quantized contribution in correspondence to the flux units that have been turned on.
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1. Introduction

Supermembranes, also called M2-branes, are 2 + 1 supersym-
metric extended objects that evolve in an eleven dimensional
target space [1]. They are described by a nonlinear interacting
field theory invariant under global supersymmetry, local diffeo-
morphisms and local kappa symmetry [2]. Supermembranes are
part of the building blocks of M-theory and they are sources of
11D supergravity [1,3], a relation that was emphasized in [4].
Moreover, in [5] it is shown that the supermembrane emerges
as an exact solution of supergravity field equations. A remark-
able property of supermembrane theory is that all the five string
theories at least at kinematical level and by double dimensional re-
duction can be obtained from it [7-10]. Recently it has been shown
that M2-brane toroidally compactified is U-dual invariant [11,12].

The Supermembrane theory was originally expected to describe
the microscopic degrees of freedom of M-theory however when
formulated on 11D Minkowski background [2], it was rigorously
proved in the context of matrix model regularization that it has
continuous spectrum from [0, co) [13]. This property led to the
community to re-interpret this theory as a second quantized the-
ory [14] and the compactification by itself does not change this
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behavior [15]. The string-like spikes at zero cost energy survive in
the classical potential [16]. Interestingly, the semiclassical quanti-
zation of the toroidally compactified supermembrane theory how-
ever exhibits a purely discrete spectrum as it was proven in [17].
There are just few cases described in the literature -up to our
knowledge- in which the complete formulation of supermembrane
theory exhibits discreteness of the spectrum: A first case the so
called supermembrane with central charges [20] that is irreducibly
wrapped [21] around a 2-torus whose full-fledged Hamiltonian has
also a purely discrete spectrum as rigorously shown in [18,19].
The case considered in [17], also has a discrete spectrum, since
it contains a particular realization of the central charge condition.
This condition that has been extended to other compactifications -
that adds a topological condition on the wrapping, see for example
[22-24], and a second type, corresponding the supermembrane on
a pp-wave background [25,26] whose matrix model regularization
corresponds to the BMN matrix model [27] and whose properties
of discreteness were proven on [19].

Since M-theory is a candidate for unification theory, at least a
sector of the theory will be described in terms of the Supermem-
brane theory degrees of freedom. Consequently it becomes increas-
ingly clear the need to obtain the M2-brane theory formulated on
more general backgrounds. Previous formulation of the M2-brane
in the Light Cone Gauge (L.C.G) on arbitrary curved backgrounds
in the formalism of the superspace to second order in Grassmann
variables was done in [28]. In this paper we analyze the quan-
tum properties of a simple but nontrivial case of a M2-brane on
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a Mg x T? background with particular target space 2-form fluxes
generated by the presence of non vanishing components of a con-
stant form C.. These backgrounds are consistent with supergravity.
Indeed, backgrounds with a constant C3 were considered by the
authors [5], corresponding to a M2-brane acting as a source, see
also [6]. The analysis that we do includes backgrounds correspond-
ing to the asymptotic limit of those considered in [29]. The paper
is organized as follows: In section 2 we obtain the Hamiltonian
and constraints of the M2-brane on Mg x T? with target space
fluxes. In section 3 we compare this theory with the M2-brane
theory irreducibly wrapped around the 2-torus. Based on this re-
sult we characterize its spectrum. In section 4 we establish the
relation between the two formulations and based on this result
we characterize its spectral properties. In section 5 we present our
conclusions.

2. M2-brane subject to 2-form fluxes induced by constant C3

In this section we will analyze the supermembrane theory in
the L.C.G. formulated on Mg x T? background with 2-form fluxes
induced by the presence of constant bosonic 3-form gauge fields
Cpvx- The supersymmetric action of the M2-brane on a generic
11D noncompact background was found by [1].

1 A 1
S=de3$[—5«/—gg”vﬂumnv”nmﬁ+5\/—g
(1)
1 ArBré
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where, g,y = Huml'lv "Nind with u,v,w,=0,1,2 the worldvol—
ume indices. (Here A B,C, are tangent superspace indices; m, f, l
bosonic tangent space indices and a, b, ¢, fermionic tangent space

indices.) Pullback of the supervielbein Eﬂ,

given by I/ = aazu EA where M is superspace index. In our study

we will focus on ﬂat metric G,y = 1y backgrounds but in the
presence of some constant components of the three-form:

to the worldvolume is

né =9,6°,
Cot,By = (éruv)(ot(éru)ﬂ(érv)y),
C;wa = (éF/LU)Ols

7 = 9, X8 +6T™ 3,0,
Cuap = OTu)@@)p),
Cpvp =const

(2)

The embedding coordinates in the superspace formalism are
(XM (&),0%()) with &Y the worldvolume coordinates and where
M, v, A and «, B, are bosonic and fermionic target space indices,
respectively. They are scalars under reparametrizations on &. In
this background the action of the supermembrane takes the fol-
lowing form:

_ 1 _
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(3)
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This background is consistent with supergravity in 11D dimen-
sions and in a particular case it corresponds to the asymptotic limit
of a supergravity solution generated by an M2-brane acting as a
source [5,29]. The line element in this case is given by

2 k2 5.5 ki1 &
ds” =1+ ) 3dx"dx nay + (1 + )3 dy"dy S (4)
where t =0,1,2, m=3,...,10 and r = /y™my™ is the radial
isotropic coordinate in the transverse space. On the other hand,
the ansatz for the 3-form produces:

k
Cave =€avs (1 + r—s)_1 , (5)

with the other components set to zero. When r — oo, the metric
(4) goes to Minkowski metric and (5) is constant. We may now
formulate the supermembrane action on a Mg x T2 target space
with constant gauge field C;,,» closely following the definitions of
[15]. We start the L.C.G fixing by taking, X+ (&) = X*(0) + 1, where
T is the time coordinate on the worldvolume, so that 9, X
and ' = 0. Now the supersymmetric action formulated in this
partial gauge fixing is

+:5ur.

= T/d3‘§{—\/§A — "9, X 9T 850 + C4 + 3, X C_
+9: X%Cq + C4_}
with!

Co=—€"0, X 8sXPC_qp + %g“arxbasxfcabc,
: (7
Ci= Es”arx“asxbcﬂb . Cy =0 X 0sXCh_a,
where o7, r =1, 2 are the spacelike coordinates of the base man-
ifold X x R, being X a torus. It is possible to fix the variation of
some components of the 3-form by virtue of its gauge invariance.
In particular it is possible to fix C;_4 =0 and C_g, = constant. The
Hamiltonian takes the form

1 1 2
_ 2 ¢ - 2 " fgrs a b
H_T/‘da{(Pi_C)[ (Pg — Ca)+4(e arxasx)}
+ "0 8500, X% — Cy )
(8)

subject to the primary constraints

Py X+ P_8, X" +58,6~0 , S+(P_—-CHI"0~0, (9)

with

Pa—\/ (arxa_ur_rsasxa)‘i‘caa
18 /g

P_= C., S=-— r-eo.
A + A

The contribution of C, to the Hamiltonian is a boundary term that
does not necessarily vanish since there exists a compact sector of
target space. X~ appears explicitly through C, in the Hamiltonian.
On the other side X~ can be solved from the constraint in terms
of the physical degrees of freedom. However non-locality is in-
troduced in the procedure. In order to achieve a local canonical
polynomial reduction of the Hamiltonian one may perform the fol-
lowing transformation

(10)

N ~

P_.—-P_ =P_—-C_, S—>S§=8§,
(11)

Py — Py=Py—Cq,

keeping invariant the rest of the canonical variables. These pre-
serve all the Poisson brackets, as it is a canonical transformation
on the phase space. In fact, the kinetic terms remain invariant un-
der (11),

T In order to be self-contained we include the definitions of [2]: A = —goo +
ug"%us being §7gy = 8" and g = detg = —Ag (with &% = &™), g =
&rs = 0 X 05X 8ap; Uy = gor = X" + X0 X080y + OT ;05 Foo = 200X~ +
30X XP8ap + 20T~ 3o0.
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/(PaX“+P_X_+§é)=/(f’a§“+ﬁ_j(‘+§§), (12)

and the new constrains are

Padr X® 4+ P_3, X~ + 53,0 = Paty X+ P_3, X~ + 58,6 ~0 (13)
X~S+(P_—CHI 0=85+P_Ir9~0 (14)

Now we may use the residual gauge symmetry generated by the
constraints to impose the gauge fixing condition p_ = POJ_ ,
where /w is a time independent scalar density and PO a zero
mode defined as in [2]. We may then eliminate X~ f’_) as canon-
ical variables and obtain a formulation solely in terms of (X?, P,).
The remaining constraint after the partial gauge fixing corresponds,
as usual, to the area preserving ones:

d(P.dX® + 6T~ dd) = /d(ﬁadk“ +0r-dd)=0, (15)
)

where the first constraint is the local integrability condition which
must be satisfied in order to have a solution for X~. The second in-
tegral constraint, is the condition that the periods dX~ are trivial
and hence dX~ is an exact one form. We then have the follow-
ing hamiltonian density for a membrane on a general background
field, after the elimination of the conjugate pairs (X—,P_) and
(X*, Py,

p 9 T 0 17 s can ob)2
Htotal=H_C+=f)_ 2PaP +4(8 orX asX)

eI 3,08, X% — Cs

(16)

Since we are considering a toroidal compactification of the target
space Mg x T2, the bosonic components decompose in the compact
and non-compact sector. The even embedding maps X associated
to the compact sector which always appear as closed one-forms in
the action. They decompose into an exact one-form, plus a har-
monic one-form. The latter may have nontrivial periods on the
basis of homology of the compact base Riemann surface X. The
odd embedding maps 6% we assume to be single valued on the
base manifold. The gauge fixing procedure is consistent under this
compactification since the local gauge transformations only involve
the exact part of X?. The Hamiltonian of the compactified theory
is the following one:

[#otn=[#or5z 3 () +3 ()
g [ o o f e
[x.

e

(17)

+ /W [0T T {X™, 0} + 07T

where the index m denotes the maps from the base ¥ to Mg and
i,j=1,2 the map from X to T2. Generically, dX' = M’jdXJ +dA',

M; are integers in order to have a map to cycles. dX/, is a nor-

malized basis of harmonic one-forms and dA! are exact one-form
components. There are no further requirements on M’] We notice
the differences between the above Hamiltonian and the one on a
Minkowski Mp; target space where no harmonic contribution is
present. We will give the complete expression of the Hamiltonian
in terms of dX', A\, dX™ in the next section. This Hamiltonian is

subject to the local and global constraints associated to the Area
Preserving Diffeomorphisms

d(P;dX' + PpdX™ +00'~d6) =0

yfd(PidX" + PpdX™ 46T~ dh) =0. (18)
Cs

In the compactified case, in contrast to the noncompact one, the
last term in (17) for constant bosonic 3-form is a total derivative of
a multivalued function (due to the harmonic contribution). There-
fore its integral is not necessarily zero.

Classically the dynamics of this Hamiltonian contains string-like
spikes which render the quantum spectrum of the theory contin-
uous. The main point to study in this paper is the behavior of the
theory when we add a flux quantization condition on the 3-form.
Given the target space Mg x T? a flux condition on it corresponds
to a closed two form F, whose integral on the compact sector is an
integer number. This flux condition is equivalent to the existence
of an U(1) principle bundle over T? and of a 1-form connection
on it whose curvature is F;:

/FzzkeZ/{O}. (19)
T2

In this paper we consider the closed two-forms generated by C
or C_. We will define them in the following sections. We are in-
terested in the quantum properties of the supermembrane on a
target space with nontrivial C+, under a flux condition generated
by them. In order to perform this analysis we are going to compare
the Hamiltonian (17) subject to a flux condition with the Hamil-

tonian of the M2-brane irreducibly wrapped on a target space
Mg x T2.

3. The M2-brane with irreducible wrapping

The M2-brane with irreducible wrapping is defined as follows.
The embedding maps satisfy winding conditions over the non-
trivial 1-cycles of the 2-torus with fcj dXi = M'j Mi. are winding
numbers integers and Cs the homological basis of the 2-torus. The
embedding maps associated to the wrapping on T, satisfy the fol-
lowing topological condition [21]

/dx" ~dX! =€nA, nez/{0}, (20)
M

with A denoting the area of the 2-torus (which we can be normal-
ized to 1) and n an integer that is chosen to be different from zero.
This condition is a quantization condition and ensures that the har-
monic modes appear in a nontrivial way in the expression of X'.
This condition is related with the existence of a central charge in
the SUSY algebra and for this reason this sector of the Superme-
mbrane has been denoted as Supermembrane with central charges.
Indeed, it implies that the supermembrane is a calibrated subman-
ifold [22]. Other studies analyzing the M2-brane on holomorphic
curves was considered in [30] and [31]. From a geometrical point
of view, irreducibility condition ensures the existence of a non-
trivial U(1) principal bundle over the worldvolume of the super-
membrane, characterized by the integer n associated to its first
Chern class. A particular n fixes and restricts the allowed class of
principal fiber bundle where it can be formulated. The canonical
connections are U (1) monopoles expressed in terms of the embed-
ding maps (which are minimal immersions) of the supermembrane
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in the compactified space. Indeed, this corresponds to have a non-
trivial 2-form flux over the supermembrane world-volume

/FzzneZ/{O}. (21)
D)

See [21] for further details. The Hamiltonian of a supermembrane
wrapped on a 2-torus subject to (20) found in [20] is the following
one

lered:/dZU\/W[%(P_m>2+1(&)24_1{ m xmy?

N RANT Y
D)
1 Ly, 2 1 -\ 2
+ 5 (DX™? + (7’
P; P
+/d20ﬁ[A(Dl(ﬁ) + [Xm, ﬁ}):l + (nzArea%Z)
D)
+/dzoﬁ[—ér,rmie — 0 Ty {X™, 0}
z
+afor-.e} ],

(22)
where there is a symplectic covariant derivative and symplectic
curvature defined

DiX™ =D X"+ [A;, X"}, Fij=DiA; — DjA; + |Ai, Aj},

(23)

with D; a covariant derivative defined in terms of the moduli of
the torus, the winding numbers Mi. and the harmonic one-forms,
see [11]. The symplectic connection transforming under area pre-
serving diffeomorphisms given by §cA = De. In [32], the authors
showed that this hamiltonian classically does not contain string-
like configurations. At a quantum level it has the remarkable prop-
erty of having a supersymmetric discrete spectrum with finite mul-
tiplicity, [18,19] in distinction with the supermembrane compacti-
fied on a torus without this restriction (20) which has continuous
spectrum from [0, oo) [13,15]. The irreducible wrapping condition
is a flux condition over the worldvolume that generalizes the Dirac
monopole construction to Riemann surfaces of arbitrary genus > 1
[33]. The theory defined in this way is a restriction of the super-
membrane theory. All configurations must satisfy, in addition, the
global constraint. The constraint (20) does not change the local
symmetries of the supermembrane theory since it is topological
condition. In particular, the invariance under area preserving dif-
feomorphisms is preserved.

4. Relation between both formulations

We start by considering a flux condition generated by Ci+ on
the base manifold X. Cy is a density with the dimensions of
the membrane momentum in the directions associated with co-
ordinates X*. It is defined on ¥, we then consider its associated
2-form
19X 9xPb

r N
2 ao_r m(‘iab dU A d(f

1
= - Carap dX%o,t)AndX (o, 1) (24)

Cido! Ado? =

Under the assumption that Cygp is constant, it is a closed two-form
on X. We impose the flux condition

/F2=/Cidol Ado? =ky € 7,/{0}. (25)
D) D)

The maps from £ — Mg x T2 decompose into maps from ¥ — Mg
and the ones from ¥ — T2. The former are labeled with an in-
dex m and the latter with index i, j. As we have stated the closed
one-forms dX! can always be expressed in terms of the harmonic
part Mg.d)A(f and its exact part. In the flux condition the exact one-
forms cancel and we are only left with the harmonic sector. We
then have for the flux condition

1 . PN ~
/F2:/ECﬂjMIICM,]ka/\Xm:ki € Z/{0}, (26)
z =

The normalized basis of harmonic one-forms on ¥, dX!, satisfy
Je, dX/ =8/, with C;, being the homology basis on T. Using the
bilinear Riemann relations we get [y dX' AdX? =1 It is conve-
nient to define the density /w introduced in the gauge fixing
procedure as /w = Sglr gﬁers it is a regular density on X, we
then have [y /wdo! Ado?=1. We can now change variables
from (o!,02) on X to local coordinates (X!, X2) on the 2-torus
T2, the map is defined by X' = Xi(o'!, 6'2). In fact, the Jacobian of
the change of variables is ./w which is nonzero on X. C+ defines
then a flux condition on T2,

~ ~ 1 L~ ~ ~
[Fz=cidetM/dX1/\dX2=/§CiijM}<M{kaAXm=/F2,

b T2 T2 T2
(27)

where we have expressed C.ijj = c+€;;, and denoted detM the
determinant of the matrix M‘J There is then a one to one corre-
spondence between the flux condition generated by C+ on ¥ and
on T2. The main point is that detM must be nonzero, that is the
condition of irreducible wrapping must be satisfied. There is then
a one to one correspondence between the supermembrane with ir-
reducible wrapping and the supermembrane on a background with
a flux condition on T2 generated by C.. In fact, given the latter it
implies that the supermembrane has an irreducible wrapping. Con-
versely given a supermembrane with irreducible wrapping there
always exists a three form with a flux condition compatible with
the nontrivial wrapping. Moreover, if there is no flux, (27) is equal
to zero, then supermembranes with reducible wrapping are admis-
sible in the configurations space and the spectrum is consequently
continuous from zero to infinity.

Furthermore the Hamiltonian of both theories differ at most
in a constant, arising from the C; term in the Hamiltonian (17),
hence the spectrum of the supermembrane with fluxes generated
by C. has also discrete spectrum with finite multiplicity, a remark-
able property. The effect of the C+ background produces a discrete
shift in some components of the momentum of the supermem-
brane, and in the Hamiltonian density. Comparing with the original
configuration variables (X%, P;) and considering the total momen-
tum of the supermembrane, we have

po = / P_do' Ado? = f(f), +C)do' Ado? =P +k_,
X )
(28)

PY /P+da1 Ado? :/(13+ + C)do! Ado?
P

(29)

P
/”ﬁzdal Ado? + k.,
X
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Pl =

a

Podo! Ado? = /(ﬁa +Co)do! Ado?
=

(30)
5 11

Wdo! Ado?,

where we have used (27) and fz Codo ' Ado? =0. H is the Hamil-
tonian density of the supermembrane with fluxes (analogously
with irreducible wrapping). We conclude that the interaction of
the supermembrane with the background we have considered has
rendered a quantized change of the membrane momentum on the
directions associated with the coordinate X* compared to the case
when the C4 fluxes are set off.

5. Discussion and Conclusions

In this paper we study the effects of fluxes in the quantum
properties of the M2-brane. We discuss the Hamiltonian formula-
tion of the M2-brane compactified on a torus with 2-form fluxes
induced by the 3-form C.. We study the effect of the fluxes on
the quantum properties of the theory. We establish an equivalence
relation between a theory that contains 2-form fluxes induced by
the C+ on the target space ‘M2-brane with fluxes’ and the super-
membrane satisfying a topological condition over the worldvolume
associated to an ‘irreducible wrapping’ where no reference to the
3-form background is present. When we consider the M2-brane
on a C+ background and the target space is noncompact or even
compactified on the 2-torus times Minkowski but no fluxes are
present, the spectrum of the theory is continuous. Classically it
can be understood from the fact that it contains -as in the un-
compactified case-, string-like spikes that can be attached to the
spectrum without any cost of energy. The case we analyze corre-
sponds to have 2-form fluxes on the target space induced by the
C+. In this case the spectral behavior of the theory changes drasti-
cally: its mass spectrum becomes discrete. The flux backreacts on
the worldvolume generating a induced flux on the worldvolume
associated to the presence of fixed nontrivial U(1) fiber bundle
whose first chern class is k. It acts as a new constraint on the
Hamiltonian and it is associated to the existence of a nontrivial
central charge condition. The Hamiltonian becomes the Hamilto-
nian of the Supermembrane theory irreducible wrapped on a flat
torus, shifted by a constant term proportional to k. An immediate
consequence of this equivalence between both actions is the fact
that a supermembrane formulated on a Minkowski background in
the presence of a three form C. toroidally compactified with an
induced 2-form flux condition has a purely discrete spectrum with
eigenvalues of finite multiplicity at quantum level. It represents a
new sector of M2-brane with this property. The membrane mo-
mentum becomes shifted by the flux units in the directions of the
X* or X~ coordinates corresponding to flux C, or C_ respectively.
This property had also been observed at the level of matrix theory,
see [34]. An old question posed by the authors in [35] was the re-
lation between the matrix model on a noncommutative torus and
its M-theory origin in terms of a M2-brane in the presence of a
quantization condition over a constant C_ [28]. We show that this
last theory corresponds exactly to the supermembrane with cen-
tral charges. The results shown in the paper suggest the interest
to generalize the precise relation between fluxes and quantization
properties of M2-brane in order to describe new sectors of the mi-
croscopic degrees of freedom of M-theory.
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