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Abstract

We revisit earlier work by one of us which lead to a periodic table of Borcherds-Kac-Moody algebras that
appeared in the context of the refined generating function of quarter-BPS states (dyons) in N = 4 super-
symmetric four-dimensional string theory. We make new additions to the periodic table by making use of
connections with generalized Mathieu moonshine as well as umbral moonshine. We show the modularity of
some Siegel modular forms that appear in umbral moonshine associated with Niemeier lattices constructed
from A-type root systems and further show that the same Siegel modular forms appear for generalized
Mathieu moonshine in some cases. We argue for the existence of a new kind of BKM Lie superalgebras
that arise from the dyon generating functions for the Z5 and Zg CHL orbifolds.
© 2019 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The counting of BPS states in N = 4 supersymmetric four-dimensional string theories has
proved to be a playground that has lead to interesting and unexpected connections between au-
tomorphic forms, finite simple groups as well as Lie algebras. In these theories, the generating
function of half-BPS states is a modular form while the one for quarter-BPS states is a Siegel
modular form [1-3]. An unexpected connection to the largest sporadic Mathieu group M»4 ap-
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peared in this counting problem [4,5]. This is referred to as Mathieu moonshine. Connections
with Borcherds Kac-Moody (BKM) Lie superalgebras also emerged [6-8].

In [9] (referred to as Paper 1 in the sequel), one of us constructed a ‘periodic table of BKM Lie
superalgebras’ by associating a BKM Lie algebra to a pair of commuting elements of M»4. All
the examples that arose in this paper appeared independently in the construction of ‘dd-modular’
forms by Cléry and Gritsenko [10]. This paper aims to extend the results of Paper 1 in several
ways: (i) Extend the examples considered and (ii) make connections with developments such as
umbral moonshine [11].

A summary of our results is as follows.

1. We provide new formulae for Siegel modular forms that arise as the additive lift for Jacobi
forms of I'g(g, Nq) — these are the S-transform of the additive lift of Cléry and Gritsenko.
This directly provides the sum side of the Weyl-Kac-Borcherds (WKB) denominator formula
for Chaudhuri-Hockney-Lykken (CHL) Zy orbifolds [12].

2. Using a Hecke operator given in [13] for generalized moonshine, we obtain product formu-
lae for Siegel modular forms. This provides a uniform description for the product side of
the WKB denominator formula for all examples. In some cases, these are equivalent to the
Borcherds product formula of Cléry and Gritsenko described in Theorem B.1.

3. We provide the modularity of Siegel modular forms that arise with umbral moonshine as-
sociated with A-type Niemeier root systems. The zeroth Fourier-Jacobi coefficient which is
also the seed for the additive lift when it exists, is also determined. We also find two new
examples that correspond to twining by order two and three elements of 2. M1, at lambency
three. Some of these Siegel modular forms also arise in the context of generalized Mathieu
moonshine.

4. Contrary to the claim in [14], we show that the additive lift for the Zs orbifold explicitly
agrees with the product formula. This provides Macdonald type identities for the Z5 and Zg¢
CHL orbifolds. We argue that these identities provide evidence for the existence of a new
class of BKM Lie algebras associated with hyperbolic lattices with Weyl vector of hyperbolic
type.

5. We add two new rows and two columns to the periodic table of BKM Lie superalgebras
given in Paper 1.

The organisation of this paper is as follows. After the introduction section, section 2 reviews
the connection between walls of marginal stability and rank three Lorentzian lattices. We also set
up the notation to make connection with the data that is input in the construction of Lorentzian
Kac-Moody Lie superalgebras of Gritsenko and Nikulin. In section 3, we provide direct con-
struction of various Siegel modular forms so that their modular properties are evident and their
connection with generalized Mathieu moonshine is manifest. We also provide a uniform con-
struction of Siegel modular forms associated with umbral moonshine associated with Niemeier
lattices constructed from A-type root lattices. This is summarised in Table 2. In section 4, we
make the connection with BKM Lie superalgebras extending results of paper 1. Even for the
cases that already appeared in paper 1, we provide a uniform description. We provide some ev-
idence for the existence of new BKM Lie superalgebras that extend Lorentzian Kac-Moody Lie
superalgebras of Gritsenko and Nikulin to include Lorentzian root lattices with Weyl vector of
hyperbolic type. This is done with three examples associated with the Cartan matrices A and
A© The results are summarised in an updated periodic table of BKM Lie superalgebras (see
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Table 3). We conclude in section 5 with some remarks. Appendix A deals with the details of
the paramodular group and its subgroups. Appendix B provides three different constructions of
Siegel modular forms that we use in this paper. In Appendix C, we provide some details of a
computation.

2. Root systems from walls of marginal stability

We shall focus on CHL models with A/ = 4 supersymmetry obtained as the Zy orbifolds
of the heterotic string compactified on 7% for N € {1, ..., 6}. We discuss the hyperbolic root
systems of rank three that arise from the walls of marginal stability in these orbifolds.

2.1. Walls of marginal stability and hyperbolic polygons

The walls of marginal stability (where two-centred black holes decay) in these CHL models
are determined by its intercepts on the real part of the upper half plane (which is the moduli
space of the heterotic dilaton-axion fields) [15]. The precise curve (wall) however depends on
other moduli fields. These walls determine a hyperbolic polygon in the upper half-plane. It is
anticipated that there is a Lie algebra with a Weyl chamber whose intercepts are identical to
those of the hyperbolic polygon [6,8,4]. Let us denote this polygon by M™)_ The polygon for
N =1, 2,3 is given by set of vertices Vy:

iz (i 04 vz (b hice ) vi=(L 3 him O L) . @D
When N > 3, the polygons have infinite edges. It is preferable to use an algebraic method to
describe the polygon. For N € {1, 2, ..., 6}, let Ay denote any root of the quadratic equation

A2—(N=2r+1=0.

Define
T e N T
AL =1 Ay B,(n =A, +Am+1 .
m, for N =4,

Form the ordered sequence

Vy = m—zl\l,),%,formez )
NA," B

m

Explicitly one has

(1 52310113 1
V4_<2""’8’3’4’l’loo’l’4’3’8""’2)’

_(1(14L 340000114 (1
vi=((1+%). B i b L L g L (1-%)) . (22)

=(1 L 19451 ;5 011 5 1(1_ L
V6_<2<1+ﬁ)”"’24’5’6’l’loo’1’6’5’24""’2(1 ﬁ))

We indicate the limit points of the sequence at the start and end of the sequences. For N =4,
since the two end-points are equal to %, we obtain a closed polygon. For N =5, 6, the polygons
are open. We need to add a second set of vertices and edges to get a closed polygon.
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— —1 1—
Ay = A" = Ay A

AN — Ay

A= BV =

Form the ordered sequence

ﬁ JZ"(lN) E’;N)
N=\| <~ ==~
BV NADY

Explicitly, one obtains
Ve (L1(1- L 2 31213275 1 L
V5—<2<1 ﬁ)""’7’10’3’5’2’5’3’10’7""’2(1+ﬁ))
Vo= (Li(1- L 321112371 1 1
V6_<2<1 \/§)7"'7147974’ 3727374799 147"'72(1+ﬁ))

We define the polygon MN), for N =5, 6, from the vertices Vy U Vy with edges formed by
connecting adjacent points in the sequence of vertices.

, formeZ) .

2.2. Roots and Lorentzian lattices

A vector X € R>! can be represented by a 2 x 2 symmetric matrix

X:<t+y . ), x,y,teR
x t—y

with norm (X, X) := —2detX =2(—t* + x2 + y2). The inner product of two vectors X and Y
is given by

(X,Y)=—det(Y) Tr(XY ")
Define the positive (future) light-cone by the set of time-like vectors

vt = (x e R>!|det(X) > 0, Tr(X) > 0) . 2.3)

Further imposing det(X) = +1 gives a hyperboloid which can be mapped to the upper-half plane.
Figs. 1 and 2 are the hyperbolic polygons drawn in the upper-half plane model for the hyper-
boloid. Let H,, denote the hyperplane (X, &) = 0 for some space-like @ € R>!. The hyperboloid
given by det X = 1 always intersects the hyperplane H,. The edge of the hyperbolic polygon
appear in this fashion.

2.2.1. Roots from polygons

Following the observation of Cheng and Verlinde [6], we associate a simple root to each wall
of the hyperbolic polygons M ™). To each edge of the polygon with vertices (s, ‘L—{) we associate
a root (represented as a vector in R>!) using the mapping

a’c “=\ad +be 2ac ’

with norm (@, o) = 2(ad — bc)? = 2. For example, the following two edges appear for all MV):
0o -1 2 1
-1 0 11
(TyT)<—>OlOZ(_1 0) ) (T,5)<—>ﬂ0=(1 O) ) (2.5)

where we have represented i co by _Tl for the first case and by é for the second case. Let

(2.4)
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The Weyl chamber for N =5
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Fig. 1. The Weyl chamber with some of the (infinite) roots of the hyperbolic polygon M) The two dark circles indicate
the limit points of the infinite sets of roots.

The Weyl chamber for N = 6
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Fig. 2. The Weyl chamber with some of the (infinite) roots of the hyperbolic polygon M©  The two dark circles indicate
the limit points.

0 1 _ 2(N—-1) 2N -1
(%%)<—>ﬂ1=<1 ZN),(NT‘,%N—»a]:(zN_l ZN) 2.6)

denote the edges adjacent to the ones given above. The other roots are obtained recursively as
follows:

T T
a1 =y ™ oy - (V(N)) o Bur=v"™ B (V(N)> : 2.7)
where y ) = ( ]i/ 1 ilN>. Combining all the edges that appear from the vertices in Vy, we
define
XN = (...,x_l,xo,xl,xz, ) = (...,ﬁ_l,ao,ﬂo,a_l, ) , (2.8)

i.e., Xo;m = o—y, and x2,,4+1 = By for m € Z. The Cartan matrix for the real simple roots is given
by

AW = (@) Where  aun = (Xp,xm) =2 — T AN H AN =2) (2.9)

Remarks. (i) For N < 4, the matrices are finite dimensional and the values n and m are de-
fined modulo 3, 4, 6 (respectively) for N = 1,2, 3 (respectively). (ii)) When N = 4, the matrix
is determined by a limiting procedure leading to @, = 2 — 4(n — m)? where n, m € Z. (iii) For
N =5, 6, again n, m € Z but these correspond to only half of the real simple roots.
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For N =5, 6 the other sets of roots can be generated by defining [15,14]

Xy=0(..,.5 1, %0, %, %, ..0=C.., B_1,80, B0, G1,...) , (2.10)

where X_,, =™ - x,,, - (™) forall m € Z and

2 -1 1 (2 -1
®) _ ©_ L
= 2) 5 D)

Note that ¢ € I'y(5) while ¢© € PSL(2,R). For N = 5, for instance, one finds

~ 4 9 ~ 6 11
an(s 2) - wie(s Y

Similarly, for N = 6, one finds

~ 2 5 = 4 7
2 1 1 2

(5’5) — a0=<5 12) ’ (i*?) — Po= <7 12)
The following inner products hold

(xnsxm):(gm»fn)z(;m,xn)""cN s (2.11)

with ¢5 =20 and ¢ = 12.
Let sy,, denote the elementary (Weyl) reflection generated by the root x,, € Xy.
. (aﬂ xm)
Sxp, i O—=>0—2———— Xy,
(X s Xim)

for « € R>! and let W, be the group generated by these Weyl reflections. Similarly, let 5%,
denote the elementary (Weyl) reflection generated by the root %, € Xy. Let W be the group
generated by all elementary reflections generated by sy, and s3, for all m € Z.

2.2.2. Symmetries of the hyperbolic polygon
There is a dihedral symmetry with generators a and b satisfying

a’>=b*>=1and (ab)"™ =1, (2.12)

with m(N) =3,2,3 for N =1, 2, 3 respectively and m(N) = oo for N > 3. The generator a = §
acts on the roots as follows:

587 withs=( 1 ! , (2.13)

0 1
and « is any root. Note that 82 = —1 which has trivial action on the roots. Similarly, b = y(N ).8,
where the action of ¥y ™) on the roots is given in Eq. (2.7). Again the matrix »> = —1 which has

trivial action on the roots.

Let Dih(M™)) := (a, b). For N < 4, this dihedral group is the symmetry group of the hyper-
bolic polygon, MM which we denote by Sym(M ™). For N = 5 and 6, there is an additional
generator, o M), that has the following action on the generators of the dihedral group:

o™ g™ T=p | oM. p. (W) l=¢. (2.14)
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On the roots, the generators of the dihedral group act as:

a: oy < Bm &'m<—>/§m (2.15)
bi < Buot s Gm < Bt (2.16)

The generator o) is such that it acts as an order two element on the roots even though its matrix
realisation is such that (zr(N))4 = 1. Thus, for N =5 and 6 we have

Sym(M™M)y = (a, b, 0™y, 2.17)

where we assume (o ™)? = 1. Note that for N < 4, Sym(M®™M) = Dih(M™M)). Following,
Cheng and Dabholkar [8], we call the group (W4 x Dih(My)) as the extended S-duality group.

2.2.3. Root lattices with Weyl vector

We have seen that the hyperbolic polygons M) are determined by the vertices Vy and edges
(represented by the SL(2, Z) matrices) Xy for N <4. For N =5, 6, the vertices are Vy U Vy
and the edges are given by Xy U Xy.

Define the lattice in R>! for N < 4

LY =@y exyZxm (2.18)
and for N =5,6
£ = (@upexy Zxn) ® (@5, 5,25 ) - (2.19)
This is a rank-three Lorentzian lattice with a Weyl vector
I/N 1/2 . 1 2
N) — Ny Ny - _ 2
0 —<1/2 1 ) with (Q ,0 )—2 N (2.20)

The Weyl vector has the following properties:

1. The norm of o™ is (1;—&4) Thus, the norm is time-like for N < 4, light-like for N =4 and
space-like for N =5, 6.
2. The inner product of the Weyl vector with real simple roots are:

©™M,xm)=—1 VixneXy
and for N =5, 6, additionally one has
(Q(N)s ;m) =+1 me € )’ZN .

3. The generators of Sym(M y) act on the Weyl vector as follows:

a:0™ S5 o™ pio®™ oM ang gL g o)

Thus Dih(M y) preserves the Weyl vector.

e

The rank-three hyperbolic root lattices L) with a Weyl vector oY) and hyperbolic poly-
gons M®) that we obtain fit in with Nikulin’s classification of hyperbolic root systems of rank
three [16]. In particular, the lattices for N < 4 are with Weyl vector of elliptic type, the lattice for
N =4 is with Weyl vector of parabolic type and the lattices for N =5, 6 are with Weyl vector
of hyperbolic type.
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3. Siegel modular forms

In the previous section, we constructed a special family of root lattices that arose from the
study of walls of marginal stability in CHL Z y orbifolds. In this section, we will consider multi-
plicative eta products and Siegel modular forms that arise as the generating function of half and
quarter BPS states in the same CHL Z y orbifolds. Let g denote the discrete symmetry of order
N that leads to the CHL orbifold.

3.1. Mathieu moonshine

Mathieu moonshine refers to the connection between the sporadic simple group M4 and
a variety of modular forms. The first such moonshine mapped conjugacy classes of M»4 and
multiplicative eta products [17,18]. Conjugacy classes of M>4 can be represented by cycle shapes
as it is a sub-group of the symmetric group on 24 letters, S»4. Let p = 191 - .- NN be a conjugacy
class of an element, g, of order N in M»4. Then, the eta product associated with this conjugacy
class is given by the product

N
np(x) = nGin)Y . (€B)

j=1
is a multiplicative eta product. In [4], it was shown that the inverse of this eta product naturally
appeared as a refined generating function of %-BPS states in type II string theory compactified
on K3 x T?. These generating functions arise as four-dimensional indices given by a helicity
trace B4 which receive contributions from states that break half the spacetime supersymmetry
[19]. In [20], Sen introduced a refined index, Bf , by the insertion of a discrete symmetry g in the
helicity trace — we shall call this twining by the symmetry g. The observation of [4] is that when
g is a symplectic automorphism of K3, then the inverse of the multiplicative eta product is the

g-twined helicity trace.

Another helicity trace, Bg and its refinement Bé similarly receives contributions from i-BPS
states and is the inverse of a genus-two Siegel modular form [20]. In [4], it was shown that this
genus-two Siegel modular form (associated with the symplectic automorphism g) is given by the
additive lift of a Jacobi form constructed from multiplicative eta product for the same element g.
The Jacobi form is given by

B (1, 2)?
4 —
P (r,2) = (D)6

These Siegel modular forms, ®”(Z), have a second construction that leads to a product for-
mula generated by a weight zero, index one Jacobi form that is given by the g-twined elliptic
genus of K 3. This generalizes the observation of Eguchi, Ooguri and Tachikawa that the dimen-
sions of irreps of My4 appeared in the coefficients of the expansion of elliptic genus of K3 in
terms of characters of the two-dimensional ' = 4 superconformal algebra [5]. The construction
of the Jacobi forms for all conjugacy classes of M4 was completed in [21,22]. We denote them
by ¥*(z, z). The product formulae for all these Siegel modular forms were obtained in [13,23].
The proof of modularity of the product formula for all conjugacy classes was only completely
recently by one of us in [24] (see also [25,26]). The additive lift does not exist for all conjugacy
classes. However, the Jacobi form constructed out of the multiplicative eta product i.e., ¢” (7, z),
appears as the “zeroth Fourier-Jacobi coefficient”.

X (7). 3.2)
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3.2. Generalized Mathieu moonshine

In the context of Monstrous moonshine, Norton introduced the notion of generalized moon-
shine [27, see appendix by Norton]. In our context, this implies that given two commuting
elements of (g, h) € Maa, one associates a modular form that generalizes the eta product, Ja-
cobi forms and Siegel modular forms that appear for each conjugacy class of Mp4. We refer to
this as generalized Mathieu moonshine. In ref. [28], to a subset of such commuting pairs (g, /)
that he calls rational, Mason constructs eta products by associating a Frame shape to each pair.
We represent these eta products by n[8-1() — this is the eta product corresponding to twining
by the element g and twisting by the element & (see appendix B.1 for notation). In particular,
note that Mason has a different notation from ours. The same eta product is written as n[-¢1().).
The formula for the general case is complicated and hence we give them for the cases of interest.
First, we consider g has order N and let p = 19! -.- N%N be the cycle shape associated with it.
Then, for (a,b) =1,and y = (}, ) € SL(2,Z),

nt&"¢"1 () = (constant) n,(1)[xy. (3.3)

where the constant is determined on a case by case basis. In this notation, 5!¢!!(7) is the mul-
tiplicative eta product 1, () associated with the M>4 conjugacy class, p of g as defined in Eq.
(3.1). In the examples involving umbral moonshine that we consider,

&M () = n,(5) . (3.4)

The explicit eta product multiplied by 91 (z, z)2/n(z)® appears in the entries with lambency < 5
in column three of Table 2. The cycle shape, p, is also given as column two of Table 3.

Similarly, we represent the elliptic genus of K3 given by twining by the element g and twisted
by the element & by lﬂ(g‘?’l‘h](t, z) [29]. For instance, 1//5‘?’1’1] (1, z) corresponds to the Mathieu
moonshine Jacobi form, ¥*(t, z), for the My4 conjugacy class of g. For some pairs, the el-
liptic genus vanishes. In some of those cases, one finds a Jacobi form of higher index associated
with this pair as originally claimed in [9]. These higher index Jacobi forms turn out to be related
to umbral moonshine, a generalization of Mathieu moonshine [11]. To each commuting pair, one
naturally obtains a potential Siegel modular form that we denote by CD,Eg ’h](Z) given by a prod-
uct formula given in Eq. (B.6). When possible, we combine this with two other constructions to
prove modularity of the product formula for three families of examples.

3.3. The Z y CHL orbifolds

We have seen that Z CHL orbifolds of the heterotic string compactified on a six-torus are
associated to rank three hyperbolic lattices for N < 6. The generating function of quarter BPS
states in these theories which we will denote by ®!1:¢1(Z) is a Siegel modular form of a level
N subgroup of T'y := Sp(2,Z)." The generator of the Zy orbifold g is identified with a sym-
plectic automorphism of K3 in the dual type IIA picture as a symmetric orbifold of type ITA
compactified on K3 x T2. Thus g can be identified with an element of M>3 C M>4 and the or-

lz= (f :,) is a point in the Siegel upper half space. We also set ¢ = exp(2it), r = exp(27iz) and s = exp(2mit’).
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Table 1

Table of cycle shapes.

N 1 2 3 4 5 6

[g] € M3 124 1828 1636 142244 1454 12223262
[hl € Ly(11)p 112 1424 1333 - 1252 11213161

der of g uniquely fixes its conjugacy class or equivalently its cycle shape. In all these cases, the
square-root of the ®!!-¢1(Z) makes sense and we will write

q)[l,g](Z) — (A[l,h](z))z , 3.5)

where 4 is identified with an element of L, (11)p C My, for N # 4 (see Table 1). There are two
L, (11) sub-groups of M1, which are inequivalent under conjugation in M1> [30]. In the notation
introduced in [26], the subgroup L>(11)p is Lo(11)p C M1 C M13. L>(11) 4, on the other hand,
is a maximal subgroup of M;.

These modular forms are constructed in two different ways:

1. As a product formula that follows from moonshine: M»4 for ®!-¢1(Z) and L,(11)p for
AU-8l(Z),
2. Directly as a lift that is implied by the S-transform of an additive lift.

The equality of the two constructions proves modularity of the product formula given by moon-
shine.

Product formulae
Define the index one Jacobi form

_ 6i(1,2)?

[g”.g%] [g".g%]
¢ (t,2)= neEi(r) (3.6)
ol n(r)°

b ,d
and let w(gfl § ](r , ) be the g¢-twisted elliptic genus of K 3 twined by the element g’ defined in
Eq. (B.2). Consider the Fourier expansion

b ,d n
v = Y0 Y b 0 gF it (3.7)

neZ,n>00cZ

where g is of order N. Note that both b and d are only defined modulo N and that when the
order of (g?) < N, several coefficients might be zero. This enables us to write simpler formulae.
Explicit formulae for these are available for N € {1,...,5} in the literature [31-33] and we
give the formulae for N = 6 in section 3.4. The discrete Fourier-transform of the coefficient
c!?d(n, £) is given by

Nl dmiab
. (3.8)

P, )= M, £)exp <

a=0
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The product formula for @,El’g](Z) is then given by setting x =0 and y = 1 in Eq. (B.6), we
obtain

oo N—1

o2y =so' '@ x [T [T [T [Ta-a"rtsm™omvo. (39)
m=1 a=0 neZ— 4§ LeZ
n>0

The above formula follows from a computation starting from the twisted Hecke operator defined
in Eq. (B.3) and the formula for the Siegel modular form given in Eq. (B.5) applied to the specific
case at hand. For the square root to make sense, one needs (i) ¢!*”!(nm, £) to be even and (ii)
the multiplicative eta products appear with even powers. This is true in all the six cases and one
obtains the following product formula.

(0.¢]
[1,
A = 2o < [TTT T [Ja=amtsma oo o)
Z—4 teZ

=

—1

m=1 a=0 neZ—

Additive lift

The additive lift of Cléry and Gritsenko [10] begins with a Jacobi form of weight k and index
t e %Z for the sub-group I'n(Ng,q) € PSL(2,Z). For each m > 0 such that (m, q) = 1, they
define a Hecke-like operator 7_(m) defined by

T_(m):= Y Fl(Nq,q)aa<g bdq>, 3.11)

ad=m
(a,N)=1
a>0

—1 0
0 a
Jacobi form of weight k and index m¢. The additive lift of a Jacobi form ¢y (7, z) is then given
by

where o, = (“ ) mod N¢q. The Hecke-like operator maps the given Jacobi form to another

A,Eg'l](Z)z Z sm’¢‘k1T,(m)(r,z)

m=1 mod g

For all our examples, the index of the Jacobi form t = 1/2 and ¢ =2. The A,[(g 1 (Z)) are modular
forms with character of the level N subgroup I'1(N, 1, N, 1) of 'y = Sp(2,Z) as defined in
appendix A.

Recall that S - Tg(Ng, q) - S~! =To(g, Ng). So the additive lift for [o(q, Nq) is equivalent
to the S-transform of the above lift for I'g(g, Ng). Thus, one has the additive lift leading to a
Siegel modular form.

1‘ ~
A2y = Y ™ G (T.2)

m=1 mod ¢
=V E l)zx+2 Z ¢k t T_(m) : S) (r,2). 3.12)
m=1 mod ¢

The A,El’g](Z) are Siegel modular forms, with character, of the level N subgroup (S -
Ti(N,1,1,1)- §71) of I'y, where
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00-10
c_[01 0
§= 10 (U B

00 0 1

is the S-transform embedded into I"y. Explicitly the group consists of Sp(2, Z) matrices of the
form

ool

* ok Nk ok
(* Box *) , wherexeZ. (3.13)
k% k%
* Nx Nx 1

One needs to rewrite this transformed Hecke operator 7_(m) - S in terms of S - T_(m) and
possibly other terms. This is done by constructing new representations for the coset elements
similar to the one described, for instance, in [3, appendix C]. We illustrate with a few explicit
formulae focusing on the ones relevant for N =5, 6.

1. The Hecke-like operator takes the simple form when (m, N) = 1. Note that one also has
(m,q)=1.

d cN
T_(m)-S= Y. S-aa1~<0 aq> when (m, N) = 1 (3.14)
ad=m
a>0
(a,N)=1
cmod a

When (m, N) > 1, then extra terms appear for a|N as illustrated by the next two examples.
2. When N =m =5 and g =2, we get

50 1 2 1 -2
1 1 1 -1
+vays - <0 5) +vays - <0 5 ) (3.15)

where v,/ = (; I) € PSL(2,Z) mapsico to r/p. One has y,/5 = ST28T?S and Va5 =

ST~1ST*S. The detailed implementation of this Hecke operator for the Zs CHL orbifold is
described in appendix C.
3. When N =6and m =3,

30 1 1 1 -1
T—(3)'S=S'<0 1>+7/2/3-<0 3>+V4/3'<0 3> (3.16)

with yo/3 = ST1ST?ST and yu/3 = ST~ ST~*ST~!. The detailed implementation of this
Hecke operator for the Z¢ CHL orbifold is described in appendix C.

Such formulae are important in obtaining the Fourier coefficients of the Siegel modular forms
and thereby providing information on the sum side of the denominator formula.

3.4. Expansions of Siegel modular forms about other cusps

Let g be an element of M»3 of order N. The S-transform of the Siegel modular form ®[&-11(Z)
is the Siegel modular form associated with Z y CHL orbfifold, i.e., ®!!-¢1(Z). These have already
been considered earlier. When the order of g is prime, there are only two inequivalent cusps and
so we are done. However, for composite order, there are other cusps. We focus on the case of
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N = 6 where there are two other cusps. For the rest of the section, g has order 6 and is in the
conjugacy class 12223262, As we will show, these lead to two Siegel modular forms that we

2.3 3.2
denote by ® ¢1(Z) and o (7).

3.4.1. Product formula from Mathieu moonshine
The EOT Jacobi forms that correspond to twining by powers of g are

Yl 2 = dgoa(n.0) - (FEP @+ 1EQ @) = 30 (@) 921z, 2),
plE (e, 2) = 1901(1.2) + 3 E57 (1) ¢-2.1(7, 2),

yl& (7, 2) = 20.1(7,2) + %Eéz)(f) $—2,1(7,2) .

The Jacobi forms associated with generalized moonshine corresponding to twining and twisting
by various powers of g are then

ylele, ) = Lo 1 (v, 2) + (ﬁE?)(g) +1ED (@) - f—zEéﬁRg)) $-21(.2),

2%k 2 3
yle™8 (2, ) = Lo 1 (1. 2) = LES () 65 1 (7, 2),

1//[82’(71,82](.[’ 2)
= 1¢0.1(t,2) — 13 (E3(v) +4E}(27) + E5 (FHH) —4E5 (282=1)) 65 (7, 2),
3k+1 3

1p[g .81

= L9011, 2) — 5 (E5(0) + E3 () 1 9E531) — 9E; (3HEL)) ¢ 1 (1, 2),

3k 43 2
ple™8 (1, 2) = 20,1(1,2) — 2ESV (K ¢0.1(7, 2).
The product formula for the two Siegel modular forms are given by

oo N—-1
of @y =sofy < TTTT T [Ta-e " gmtsm™ono @
m=1 a=0 nez_% teZ
n>0
where ¢l (nm, €) is the discrete Fourier transform of the Fourier coefficients of the Jacobi
forms y[8"8"1(z, 7). The zeroth Fourier-Jacobi coefficient is given in terms of the multiplicative
eta product associated with the cycle shape for g, i.e., p = 12223262,

342 191 (‘L’, Z)Z gni/6
¢¥1 811, 7) = pveTe n,(t/3) = T¢[g,l]’2 RS T(z,7),
. ’ (3.18)
2g 91(t, 2)? emi/®
¢£§'l,g lt,2):= @ np(t/2) = T(lg[g,l]‘z R T(1,7),

with yy/, =—=ST~7S.

3.4.2. The additive lift and the square-root

The additive lift is given by carrying out the (y1/p, - T)-transform of the Hecke operator of
Cléry-Gritsenko given in Eq. (3.11). We do not provide explicit formulae for the transformed
operator as we did for the S-transform. The square-root continues to make sense as all the Jacobi
forms that appear in the product formula have integral coefficients. Further, the zeroth Fourier-
Jacobi coefficient has a square-root involving only integral powers of the Dedekind eta function.
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Define the Siegel modular forms Pl/ (Z) and }31’ (Z) via the relations:
2,3 2 3,2 ~ 2
o lzy=(P@) . o @y=(F@) . (3.19)

3.4.3. A second additive lift’

The additive lift of Cléry as given by Theorem B.2 using the additive seeds given in Eq. (3.18)
leads to Siegel modular forms for subgroups of the paramodular group at level # > 1 which is
clearly distinct from the ones we obtain as expansion about other cusps. We will discuss the lift
of the square-roots of the additive seeds.

1. We first consider the lift of the following Jacobi form.

19 9
,;Z)az)\/me Jl’%(ro(z, 3). x x o) .

This leads to a weight one Siegel modular form for the group I';r (6,3,2,1).
2. Next, we consider the lift of the following Jacobi form.

191(7:’ Z)
o Vno(t/2) e le%(l"o(3,2)) :

This leads to a weight one Siegel modular form for the paramodular group I‘;r 6,2,3,1).

These two Siegel modular forms are clearly distinct from Pl’ (Z) and 131/ (Z)). We have not deter-
mined the relationship, if any, between these two modular forms.

3.5. Umbral moonshine

Cheng, Duncan and Harvey proposed a generalisation of Mathieu moonshine that associated a
variety of objects (finite groups, mock modular forms, Jacobi forms) to each of the 23 Niemeier
lattices [11,34]. For instance, they conjectured (proved in [35,36]) the existence of an infinite
dimensional module for each of the Niemeier lattice such that graded traces correspond to mock
modular forms of a particular type. In this section, we will construct Siegel modular forms of the
paramodular groups for the subset of Niemeier lattices constructed out of root lattices of A-type.
In some cases, as we show these also appear in the context of generalised Mathieu moonshine. In
all cases that we consider, there is a product formula for the Siegel modular form and for some
there is an additive lift as well. We look for cases where the square root makes sense and these
turn out to be related to BKM Lie superalgebras as we will show in the next section.

Let?|24.1=1,2,3,4,6,8,12,24. Let m = 24/¢. There exists a Siegel modular form of the
full paramodular group I'; that can be obtained in two ways:

e As a Borcherd’s product formula with multiplicative seed, <pf€), which is a Jacobi form of
weight zero and index (¢ — 1) defined in [11]. € is referred to as the lambency.

2
e As an additive lift with seed 91’7((’—;3

1363 correspond to twining by elements 2B and 3A of the umbral group at lambency three,
2.My5.

x n(t)™ for t < 4. Two other cycle shapes 244* and

2 This section is based on a computation due to Cléry.
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3.5.1. Product formulae for umbral moonshine

Theorem B.1 of Clefy and Gritsenko (see appendix B.2) leads to a Borcherds product formula
for a Siegel modular form with the input being a Jacobi form. We refer to the Jacobi form as a
multiplicative seed. The Jacobi forms associated with umbral moonshine with lambency ¢ are
Jacobi forms of weight zero and index (£ — 1). Column 4 of Table 2 lists umbral Jacobi forms
associated with root lattices with A-type components. At lambency 3, we include two more ex-
amples that correspond to twining by elements 3A and 2B of the finite group, 2.M12, associated
with the root lattice Aéz. The umbral Jacobi forms were constructed using the McKay-Thompson
series for these conjugacy classes of 2. M1, given in Appendix C of [11]. In appendix C, we give
explicit formulae for these Jacobi forms. We obtain Siegel modular forms for the paramodular
group at level (£ — 1) i.e., T'y_1, (or its sub-group for the two twining examples) whose zeroth
Fourier-Jacobi (FJ) coefficient is listed in Column 3 of Table 2. This zeroth FJ coefficient de-
termines the modular properties of Siegel modular form. For instance, the weight of the Siegel
modular form is the same as the weight of the zeroth Fourier-Jacobi form.

3.5.2. Additive lift for umbral moonshine

If the Siegel modular form admits an additive lift, the zeroth Fourier-Jacobi coefficient given
by product formula discussed above in section 3.5.1 must be the additive seed for the addi-
tive/arithmetic lift given by Theorem B.2. For all the examples that we discuss with weight k£ > 0,
this turns out to be true. Let ¢ (7, z) be the zeroth Fourier-Jacobi coefficient listed in Table 2.
Let Ty 1 be a short form for @i 17— (£)(t, z) where T_(£) is the Hecke operator defined in
Theorem B.2. Then, the equivalence of the additive lift and the multiplicative lift requires

Tydr1(T,2)
Pr,1(7,2)

where ¢¥)(t, 7) is the weight zero Jacobi form that appears at lambency £. All examples with
k > 0 also appear as Siegel modular forms for generalized Mathieu moonshine associated with a
pair of commuting elements of M»4. We indicate the corresponding cycle shape as it appears in
Mason’s list of eta products associated with generalized Mathieu moonshine given in [28]. The
cycle shapes 8 and 24! appear in list of multiplicative eta products given in Dummit et al. [17]
but are not associated with Mp4.

o't 2) = (3.20)

3.6. Taking the square-root

In Table 2, we indicate that the coefficients of the umbral Jacobi form are even integers
by writing the umbral Jacobi form as 2¢. Further, if the square-root of the zeroth Fourier-
Jacobi coefficient also does not involve square-roots of the Dedekind eta function, there ex-
ists a Siegel modular form that is the square-root of the Siegel modular form. This Siegel
modular form can be constructed directly using the additive lift with the additive seed given
by the square-root of the zeroth FJ coefficient. The multiplicative lift is the same as before
with the seed being one half of the umbral Jacobi form which has integral coefficients. For
€, k)=1(2,5,@3,2),4,1),(5,1/2),(7,0), in Table 3, we denote the modular forms given by
the square-root by Ay (Z).

3.6.1. Properties of the square-root
Let ®&71(Z) denote the Siegel modular forms that we have constructed in this section with
h having order N and g having order M. When the square-root makes sense, let A(Z) denote
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Table 2

Siegel modular forms for umbral Moonshine: £ is the lambency, p is a cycle shape that we associate with it and the label,
when given, indicates the pair of M54 elements that appear in Table 3 of [28]. The last column gives the weight zero
umbral Jacobi form that is also the multiplicative seed.

l p, label Zeroth FJ coefficient Umbral Jacobi form

2 124 b10,1 = gln((%)zﬁ)z x 1(7) % 2@52) = %
22,2, x Z,A pa.1= L o) 20 = Tt

3 6323, Zy x ZgA = % x n(30) (1) 3:34) - %};j
244, 7y x Z4E = % x nQ20)*n(r)* 2p328) — %

4 38,73 x Z34 $21= % x (1) 20{? = T4l

5 4,24 x Z4C #1.1= LI ) 2" = B

7 64 bo,1 = 9‘;{% x (0t 2¢§7) = Txﬂ'l - 7($0.1)°

9 83 $—1/21= % x ()3 w}g)

13 122 11 = 9‘;{% x n(v)2 2{1)

25 241 $_3/2,1= 6'”((?)26)2 x 1(t) (pizs)

the square-root of ®!¢ hl(Z). For all N € {1, ..., 6}, the Siegel modular forms A(Z) transform
suitably under the extended S-duality group W x Dih(My) that was defined in Section 2. In
these cases, the following properties hold:

1. For y™ and 8 which generate Dih(M ™)), one has

AN . Z)=AZ) , AGS-L)=A®Z).
yM - Z:=MHTZ (W) Tands - Z:=@¢"HT 257"

. ForweWw,

A(w - Z) =det(w) A(Z) .

For N =5,6, W is replaced by W, — this is the group generated by elementary reflections
from simple roots that belong to Xy .

. Further,

AZ) =Y det(w) e @) 4.
weW
Again, for N =5, 6, W is replaced by W..
There is also a product formula
AZy=e" T (- eoymi@
OCEL+
with mult(e) = +1 forall o € Xy for N <4 and o € Xy U iN) for N =5, 6. The product

formula defines the set L+ which we interpret as the set of positive roots. This does not hold
for Ag(Z) for which the mult(o) = —1 for all roots in Xe.
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Table 3

The new periodic table of BKM Lie superalgebras. The modular forms P;, [N’l and ﬁ{ (shaded in blue) can be thought of
as expansions of P about inequivalent cusps. All entries except for A are associated with pairs of commuting elements
of Mp4 with N being the order of orbifolding element and M being the order the twining element. The entries in grey are
related to umbral moonshine. (For interpretation of the colours in the table(s), the reader is referred to the web version of
this article.)

N M
1 2 3 4 5 6 Cartan matrix
124 1828 1636 142244 1454 12223362

1 As V3 Vs Vi v, P AD
1528 22 12223362 iyt

2 % 4, P o > < A®
1636 12223362 38
T 5 3

3 % 7, A > > < A®
142244 2444 46

4 V32 01 > Al > > A®
1454

s v > > > > > a9

—_
™
[ 8]
zl\)
)
S
[
™
(=)
£

A©)

=)

s
>

S

Proof. The properties follow from the following observations.

(a) Let sp refer to the elementary Weyl reflection due to the root «g. This takes z — —z under
which the additive seed changes sign. It follows from the additive lift, that the Siegel modular
form given by the additive lift also changes sign. A similar conclusion follows from the
product formula of Cléry-Gritsenko. Next, the combination § - s is the element [1, 0, 0] of
the Heisenberg sub-group of SL(2,7Z) defined in Eq. (A.8). Under this, the additive seed
changes sign. It follows that the Siegel modular form is invariant under §.

(b) For the CHL Z y orbifolds, the element y(N ) belongs to the level N sub-group of Sp(2, Z)
(defined in Eq. (3.13)) under which the Siegel modular form is invariant. For the examples
of umbral moonshine where the Siegel modular forms are invariant under the paramodular
group of level r = N, again y ™) belongs to the group defined in Appendix A

(c) Since the action of the dihedral group on wg generates all elementary reflections generated
by real simple roots that appear in Xy, property 2 follows. It is important to emphasise that
the Siegel modular form is not invariant under o™ which is defined for N = 5, 6.

(d) Property 3 follows from property 2 when combined with the presence of the term e ¢ .

(e) In all the examples that we consider, the Cléry-Gritsenko multiplicative lift holds and hence
property 4 holds provided we establish the multiplicities of a subset of the roots. We do this
on a case by case basis. O

4. BKM Lie algebras

In this section, we construct BKM Lie superalgebras whose lattice of real roots are those
considered in section 2 and the Siegel modular forms A(Z) (of section 3) are their Weyl-Kac-
Borcherds denominator formulae.
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4.1. Lie algebras from Cartan matrices

Let AY) be the Cartan matrices defined in Eq. (2.9). For fixed N, let g(A(N ) represent the
following Kac-Moody (KM) Lie algebra in the Chevalley basis. The Lie algebra in the Chevalley
basis is

[hol,'sholj]zov [hot,-aeocj]:aji ea,’ I [eoz,-ve—c(,-]:ha,- ’

where AN) = (g ) is the Cartan matrix of the Lie algebra. The elements of R are generated
by multiple commutators of the simple roots subject to the Serre relations:

(1—a;;) times
—_—
[ea;s [€a;s -+ > [ea; eq;]---11=0 foralli # j .

For N > 1, the Cartan matrices are degenerate and one needs to extend them by adding additional
roots [37, Chap. 1]. This is similar to what is done in the case of the affine s/(2) algebra. For
example, the addition of a single root to A® would lead to the following non-degenerate Cartan
matrix. This corresponds to adding a row and column to A@.

2 -2 —6 -2 0

2 2 -2 -6 0
c=l-6 -2 2 20 4.1)

2 -6 -2 2 1

0 0 0 1 0

As is well known, determining the multiplicities of roots for a give KM Lie algebra is not easy.
For the affine case, the problem was solved by Macdonald by relating the Weyl character and
denominator formulae to Jacobi forms [38].

4.2. The Weyl denominator formula

The Weyl vector o has the property that (o, ;) = —%(ai, «;) for all real simple roots. It is
easy to see that (s; (0) —0) = «; € L. More generally, for any w € W, one has (w(o) —0) € L.
The Weyl-Kac denominator formula is given by

Z det(w) e~ W@ — 0 l_[ a1- e—ot)mult(a) ’

weW aecl

where L, is augmented by the addition of imaginary roots for affine KM algebras. The LHS
knows about the real simple roots as they generate the Weyl group. The RHS provides details
of the space of all roots. However, in general, it is hard to determine the multiplicities of roots.
For affine KM algebras, the answer is known by connecting the denominator formula to modular
forms [38,39].

Borcherds addressed this multiplicity problem by adding imaginary simple roots to KM al-
gebras. Imaginary roots have norm < 0. The diagonal elements in the (extended) Cartan matrix
now have non-positive entries. The denominator formula gets modified leading to the Weyl-Kac-
Borcherds denominator formula

A= Z det(w) w(ZG(a)eigﬂ”) — @ 1_[ (a1- efot)mult(a) ’

weW aJu0 ael
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where a is the sum of imaginary simple roots and €(a) = (—1)" if a is the sum of n pairwise
independent orthogonal roots and zero otherwise. Borcherds adds imaginary simple roots such
that the above sum/product becomes a suitable modular form, A that is referred to as the au-
tomorphic correction by Gritsenko and Nikulin. Such modular forms admit product formulae
(“Borcherd products”) leading to an explicit determination of root multiplicities. Gritsenko and
Nikulin extended Borcherds idea to the case of superalgebras.

4.3. Automorphic corrections and a no-go theorem

In [40, Sec. 1.4], Gritsenko and Nikulin develop the theory of Lorentzian Kac-Moody Lie su-
peralgebras, a class of BKM Lie superalgebras. This is based on their seminal work [41,42]. They
provide the modifications necessary to include fermionic imaginary simple roots to Borcherds’
denominator formula. The data that they associate with Lorentzian Kac-Moody Lie superalge-
bras are: (i) A hyperbolic lattice £, (ii) a reflection group, W C O (L), (iii) A set of simple roots
X, with a Weyl vector o, that bound a fundamental chamber and (iv) a holomorphic automor-
phic form on a symmetric domain that provides the automorphic correction to the Lie algebra
constructed from the Cartan matrix associated with data (i)-(iii). In particular, the ones that ap-
pear in section 2 with Cartan matrix A®N) for N = 1,2, 3 appear in their classification. These
considerations extend to the N = 4 case, where the Weyl vector is of parabolic type. Let o,
M@ and £LN) denote respectively, the Weyl vector, the hyperbolic polygon and lattice defined
in section 2. The Weyl denominator formula for Lorentzian Kac-Moody Lie superalgebras takes
the form [40]

AZ) = efni(g(zv),z/) 1—[ (1 _ eim(a’z,)>mult(a)
aely
= " det(w) (OB N @@ 0) 4
e acLMNR 4 MW

where Z/ = (fz _IZ> =det(Z)Z~" and W is the Weyl group generated by the real simple roots

that correspond to the edges of the hyperbolic polygon M®). The Siegel modular form A(Z)
determines the multiplicity of positive roots mult(c) as well as the correction due to imaginary
simple roots. In paper I, we showed the existence of several inequivalent automorphic corrections
to g(AM)) for N < 4. Some of the modular forms that appeared as the denominator formulae
were constructed by Cléry and Gritsenko [10]. Others appeared in the papers [7,4]. These results
were summarised in a periodic table of BKM Lie superalgebras in Paper 1. This table has been
updated with several entries as we will discuss next.

The case when the lattices have generalised Weyl vector of hyperbolic type are interesting.
There are no known examples of BKM Lie superalgebras associated with these lattices. In fact,
there is a no-go theorem due to Gritsenko and Nikulin that implies that there are no Lorentzian
Kac-Moody Lie superalgebras that satisfy the Weyl denominator formula as given in Eq. (4.2).
Needless to say, it is anticipated that there might be new class of BKM Lie superalgebras that
circumvent the no-go theorem. We provide evidence in the following sub-section that there exist
Macdonald-type identities that are associated with the Cartan matrices A® and A©. We inter-
pret them as Weyl denominator identities for the new class of BKM Lie superalgebras. These
appear as rows 5 and 6 of Table 3. Based on these two examples, we expect to see modifications
in the sum side of Eq. (4.2). First, we observe that the modular form transforms covariantly un-
der the Weyl group generated by the simple real roots & whose inner product with Weyl vector
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is such that (o™, @) = —1. Second, even though the other set of real simple roots which sat-
isfy (0™, a) = +1 appear on the product side with multiplicity +1, we expect that they should
provide additional terms that are similar in spirit to how Borcherds modified the sum side when
imaginary simple roots appeared. We do not have a precise characterisation of this modification.
Thus, we expect to find a new version of Eq. (4.2) that works when one has a rank three lattice
with Weyl vector of hyperbolic type.

4.3.1. BKM Lie superalgebras for AV

It was shown by us in [26] that there exist inequivalent automorphic corrections to g(A()
(associated with all conjugacy classes of two distinct L,(11) sub-groups of Mj, that we denote
by Lr(11)4 and Ly(11)p. In this paper, we focus only on the L>(11)p cases and these appear
in row 1 of Table 3. There is also one cycle shape, 122142 that does not belong to L (11) 3. The
only new entry (as compared to paper 1) corresponds to the modular form P; in the table.

4.3.2. BKM Lie superalgebras for CHL Z y orbifolds

These make up the entries for column 1 of Table 3. For N < 4, these have already appeared
in paper 1. The new results in this paper are (i) the use of moonshine to obtain product formulae
for Siegel modular forms and (ii) direct formulae for their additive lift.

For N =35, 6, we have explicitly verified that the additive lift and the multiplicative lift for
the modular forms, V; and P, agree to fairly high order. It was incorrectly argued in [14] that
the sum side did not agree with the product formula for N = 5 orbifold. This was based on
taking the square-root of the generating function of %—BPS states as given by [3] and looking
for some terms. However, our explicit construction of the additive lift has proven the match of
the two constructions. The modularity of the additive lift follows from the modularity of the
additive lift of Cléry and Gritsenko. However, the modularity of the product formula that follows
from moonshine is not obvious. One needs show that this formula is equivalent the analog of the
S-transform of Borcherds product formula of Cléry-Gritsenko. An all-orders proof of our claim
that goes beyond our checks needs us to prove modularity for the product formula. We have
implicitly assumed that this is true.’ These are the Macdonald type identities for the new kind of
BKM Lie superalgebras.

4.3.3. BKM Lie superalgebras for umbral moonshine

The diagonal entries in Table 3 correspond to Siegel modular forms that arise as multiplicative
lifts with seeds given by some of the Jacobi forms that appear in umbral moonshine. The diagonal
entry, Ag is a Siegel modular form that provides the automorphic correction to g(A®). The entry
corresponding to Q1 also corresponds to twining by an order 2 element in the conjugacy class
2B of the umbral group 2. M, at lambency 3.

4.4. Studying the Macdonald identities for A® and A©
The square-roots of the modular forms that are the generating function of Z CHL orbifolds
for N =5, 6 provide the first candidates that one can study in order to come up with a mod-

ification to the Gritsenko-Nikulin theory of Lorentzian Kac-Moody superalgebras. Once such
a modification is developed, one could, in principle, come up with many more examples that

3 We thank the anonymous referee for raising this issue.
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potentially arise from Nikulin’s examples of rank three hyperbolic lattices with Weyl vector of
hyperbolic type.

For all roots @ € Xy, one has (Q(N) o) = —1 while for roots & € XN, one has (Q(N) o) = +1
Due to this difference, one has [s, (Q(N)) Q(N)] =a € Xy and [sg (Q(N)) Q(N)] =—ac XN
The modular forms transform as expected under only the group generated by all simple roots that
appear in Xy . Let us denote this group by W,.. One has

A(w-Z) =det(w) A(Z), YweW,.

4.4.1. Parsing the product formula for Zny CHL orbifolds
We first focus on the following four simple real roots for N =5

0 -1 0 1 N 4 9 8 6 11
w={_; o) Ba=(] 190) =9 2) A1={11 20)

Similarly, for N = 6, we focus on the four simple roots

-1 1 (2 . 4
“02(—01 0)’ ’6—1=<(1) 12)’ “°=<5 152)’ ﬂ—1=(7 172)' “.3)

Under Weyl reflections due to the four simple roots on each other, one can generate the fol-
lowing twelve real roots (with ¢s =20 for N =5 and ¢ = 12 for N = 6)

oo + 21, 2000 + f1. a0+ (=2 +en) Go (=2 + ) @ + o, a0 + 2+ en)f-1,
Q2+ en)ao + Bt Bt + 2+ cn)@0, 2+ en)B1 + o, Bt +2B-1, 2B-1 + f-1,
o +2B_1 and 2ao + B .
We have checked that all these roots appear on the product side with multiplicity +1. For the
CHL Zg orbifold, the terms in bold below determine the multiplicity of the simple roots ao, @
and B_1.
yledl = (%+r)+~~-+ (r%+ 132 D91 9736 B2 4 31348+ 41 )q6

1 660 23592 256724 1344230 4047528 7633817 4.4
+ooe (G + S50 P2 2672 134000 A047508 _ 768 4.4)

+9393452+ - +17)g'?,

where fﬁ\[g’”(r, 7) = ﬁ ZZ:O ¥18:8°l(¢, z) is the relevant combination as follows from Eq.
(B.6)~. Hence, all roots that arise from the action of Dih(M®)), i.e., in particular those in Xy
and Xy, appear with the same multiplicity.

4.4.2. The sum side for Z y CHL orbifolds
The formula for the additive lift enables us to study the sum side of the formula. Let «[n, £, m]

22” 25;1) and make the formal identification e~®"-6" with ¢"r¢s™. We make

the following observations.

denote the matrix (

. N N . .

1. All simple roots o € X appear as sy (e’Q( )) = ¢=0"" ¢~ with coefficient —1.

2. There is no term corresponding "’ This is consistent with o™ not being a symmetry of
the Siegel modular form.
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3. Further, there are no terms of the form e =€ “e=4 for any o € X . This suggests that there
are amazing cancellations occurring on expanding the product side of the formula.

4. The & roots appear as sg (eQ(N)) = =0 20" =& with a coefficient of +1.

5. The additive seed generates some of the terms involving imaginary simple roots. For N =5,

let m(a) be defined as follows.

oo
[Ta-am"'a—45 )2—1+Zm(a) S=1-2¢""—g*P +2¢* 1 ...
a=1
Then, for all a > 1, m(a) denotes the multiplicity of the imaginary simple root (given by
a[%, 0, 0]) as it appears in the sum side of the denominator formula Eq. (4.2). Further, all
other imaginary simple roots are given by the action of the Weyl group on this root.
6. Under the action of symmetries one has:

o ®) ®) ®
y Y y
B q'0/5,8¢5 g\ q'/5r%53

All these roots appear with multiplicity —2 on the sum side. The generator o acts as follows
on a imaginary root
®
g5 &5 g415,25
and the root on the right appears on the sum side with multiplicity +4 and not —2. This is
consistent with the fact that o is not a symmetry of the modular form.
7. Similar considerations apply for the N = 6 orbifold but we do not present the details.

These are consistent with the following terms on the sum side:

> = Z det(w) w e Zm(n) e 4 Z N

weWy nel aeXy

where sum over [ represents the correction terms that appear from imaginary simple roots. The
ellipsis indicate that we do not, as yet, have a complete characterization of the sum side.

4.4.3. The case of Ao(Z)
This is the square-root of the Siegel modular form for umbral moonshine at lambency 7. We

only have a product formula with multiplicative seed given by the weight zero Jacobi form g0(7)
defined in Appendix A.2. The first few terms in its expansion are:

‘Pg):(%Jrr)JF(_,LsJF%‘H—rS)Q+(—r7 S+i+2r—r —I‘>q2+~~-

On the product side, we find that the roots o9 and B_; appearing with multiplicity +1 while the
simple roots @y and B_| appear with multiplicity —1. This is in contrast to what we observe for
the Ze CHL orbifold (see Eq. (4.4)). These terms are indicated in bold in the above equation.
Similarly, (cg + 2B_1) and (2dy + ,3 1) also appears with multiplicity —1. Since the Siegel
modular form transforms properly under W, it follows that all terms that lie in the W_. orbit also
have multiplicity —1. This is different from what we saw for the case of the Z¢ CHL orbifold.
This suggests that simple roots that appear in X¢ must be treated as fermionic simple roots. Since,
we do not have an additive lift, we do not have an independent formula for the sum side. That
does not preclude the existence of a BKM Lie superalgebra as was the case in some examples
studied in [26].
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5. Conclusion

We have seen how the physics of the walls of marginal stability when combined with gen-
eralized moonshine leads to Siegel modular forms that are potential candidates for the Weyl-
Kac-Borcherds denominator formulae for a class of Lorentzian Kac-Moody Lie superalgebras
in some cases for which the mathematical theory is well developed and a new class of BKM
Lie superalgebras for which such a theory doesn’t exist. While we do not provide the theory, we
have provided some evidence that there might be such a theory associated with hyperbolic root
lattices with Weyl vector of hyperbolic type. In [40], Gritsenko and Nikulin express a similar
sentiment: “... it seems, there is a more general class of Lie algebras (analogous to Lorentzian
Kac—Moody algebras which we consider here) such that for this class it is necessary to consider
reflective hyperbolic lattices and identities similar to (1.4.14) with a generalized Weyl vector p
having square with any sign.” The three examples that we have obtained here might lead to such
a theory. This is something we hope to report on in the future [43].

In [26], we have constructed several Lorentzian Kac-Moody Lie superalgebras — one for every
conjugacy class of two inequivalent L (11) subgroups of M1;. The real simple roots for all of
them have the same Cartan matrix, i.e., A", Our extended periodic table of BKM Lie superalge-
bras has two examples with Cartan matrix A® that are related to umbral moonshine at lambency
3. Are there more?

We have not considered examples of generalized Mathieu moonshine that reduces to elements
of Ly(11)4. We anticipate that the more general product formula given in [44] that takes into
account phases that arise due to the non-trivial third homology class of M4 i.e., H3(M24, Z) =
Z1,, will be applicable in these cases.
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Appendix A. The paramodular group

We follow the exposition given in the doctoral thesis of Cléry [45] that lead to the definition
of paramodular groups with level structures.

Sub-groups of SL(2,7Z):
FoN, M) =1{(24) € SL2, Z)|c =0 mod N and b =0 mod M}

For the group I'1 (N, M), one imposes the additional condition @ = 1 mod N. Note that 'o(N) =
[o(N, 1) and TO(M) = To(1, M).
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The paramodular group and its subgroups
For ¢ a positive integer, the classical paramodular group of level ¢, I';, is defined as follows:

* k[ ok *

-1
rt: k ko ok k[ esp(z’(@)

k kf ok %

allxeZ} . (A1)

*I okl ok ok

When ¢ = 1, then I'; = Sp(2,Z) = I'® is the usual symplectic group. For positive integers,
N, Ni, L and K, define the following subset of I’;

ap apLt byNy bK
azL as b3K b4N1171
ciN c¢yNLt d; dyL
c3NLt c4Nt diLt dy
If N\|LKt, LIKN, K|LNy and N|Lt, then I';(N, Ny, L, K) is a subgroup of I';. This subgroup
is called the paramodular group at level ¢ and level structure (N, Ny, L, K).
Let N1|N. We denote by I‘;L(N, Ni,L,K)=T,(N,N;,L,K)UT;(N, Ny, L, K)V; anormal

double extension of I';(N, N1, L, K) in Sp(2, R) with

0700

_ 1 {1000

Vl_$(0001>, (A3)
0070

with det(CZ + D) = —1. This acts on H as

I/(N,Ni,L,K)= ay,aq,dy,ds € (Z/NZ)* ; . (A2)

(t,z,0) —> (to,z,T/1) . (A.4)
The group I} (N, Ny, L, K) is generated by V; and its parabolic subgroup

a; 0b1Ny bK

(N, Ny, L, K) = szvéb;K ”45212" ai,dy € (Z/NZ)* V. (A.5)
00 O 1

Note that T;"(N, 1, 1, 1) was called I'; (N) in Paper 1.

The embedding of (ﬁ 5) e o(N, Ny) in T,(N, Ny, L, K) is given by
a 0 b O
a by _|0 1 0 O
(c d)z c 0 d 0 (A.6)
0 0 0 1
The above matrix acts on H as
atr+>b Z cz?
s &Ky 3 bl - ) A.7
(TZG)—)<ct+d ct+d “ cr+d> (AD

with det(CZ + D) = (ct + d). The Heisenberg group, H(Z), is generated by Sp(2, Z) matrices
of the form

1 0 0 pu
I I N VA .
A, u,k]= 00 1 —» with A, u,k € Z (A.8)
00 0 1
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The above matrix acts on H» as
(T.2,0) — (7, 24 AT+t 0 + 22T + 202+ A k) (A9)

with det(CZ + D) = 1.
Let ¢ m (7, z) be a Jacobi form of weight k and index m. We define the slash operation as
follows:

B,y (1.2 = det)* (et + d) e~ ¢km(‘;;is,c,1d) (A.10)

A.l. Jacobi forms

Theta functions
The genus-one theta functions are defined by
9 [Z] (t.2) = Zq%(u%)z pU+$) ginth (A1)

LeZ
where a,b € (0,1) mod2. We define & (t,z) = 9[ ](r 2, 02(1,2) = 9[ ](Zl 2),
U3 (r,z)z@[o] (7,2) and 194(1,1)56[1](7,1).

A.2. Jacobi forms corresponding to umbral moonshine

The Niemeier root systems containing only A-type components and the corresponding weight
zero Jacobi forms are as follows [34]:

Root system A%“ Aéz A§ Ag Aé Ag A%z Ans

. 2 3 4 5 7 9 13 25
Jacobi form <p§ ) ‘/)} ) (pi ) 90} ) (,0} ) W} ) </J§ ) <ﬂ§ )
where

0P =42+ 2+ fhH=(L+1047) 4,
(3) =20f7 5+ 5L +f4f2)—(1+4+r)+
(4) =4 =G 24r)+,
and f; = 9; (v, 2)/9: (z, 0) for i € (2,3, 4).
1
o)) = 4(¢(4)¢)§2) @)= (E+1+r) 4+,
o7 = o®p® (o2 — (1) 1.,

9 3) (7 5
o =Pl = G142

13 5 9 7
(pi ) (pi)(pi) 2(()0())2—(1—1—}—!’)—{--”,
1 2
25 5 21 7 (19 13
¢§ )——2‘.0{)905 )_‘P()% )+' (( ))2_—(%_3"' r)+

where
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21 17) (5 19) (13
wf) ‘Pi)() 2<p()§),

19 16) (4 13) (7 15) (5
o1 =01 + 20170 — 6P,

17 13) (5 ©
o107 — 4p(19,0 _ (02,

16 13) (4 10) (7 12) (5
(/)i ) 2(/)( )(p()—i-(p( ) E) (p( )<p()

15) (11) (5) 13) (3) (12) (4)

0 =9 + 69, —¢ o,
12 8 5 10 % 9 4
¢§>_¢§><>+3¢< >¢§) ng)()(),
11 7 5 9 3 8 4
wf) 3¢(><>+2¢<><> q)()(p()

8 6) (3
wf)—wi) 3 _ 54

6 2) (5 3) 4
(p() (p( )90() (p( )90()

) (5)

The weight zero Jacobi forms for cycle shape 2#4* and 2363 associated with twining with ele-
ments in conjugacy classes 2B and 3A, respectively, of the umbral group at lambency three are
given by

92(,0)

3 3 6
03 = o011, 07 + FED (@621 (1. 0901 (1.2 — (RES @2 + BELS ()

2 3 2 6 3 6
~HEP OEY @ + SEP OEY (1) = FEP OEL (0) 6217, 2
Appendix B. Three constructions of Siegel modular forms
B.1. Product formulae from generalized moonshine

In CFT’s on a torus on considers the following traces

gD=Tth(g~--), (B.1)
h

where g and A are (commuting) symmetries of the CFT and Hj, is a module % twisted sector.
We will also denote the same object by [g, 2] in a more compact notation. Let g and /& denote,
for simplicity, discrete symplectic automorphisms of K 3 that are commute with each other. For
instance, consider the elliptic genus in a twisted sector X, of an orbifold of the K3 CFT by the
element 4 twined by the element g.

N _
w&i l(,2) :=Trg, (g gto lrJL(—l)F). (B.2)

Following [13] (see also [44]), define the following twisted Hecke operator

h ap=b pd
v Vo (= — Ly Z i (e gz (B.3)

adth
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The second-quantized elliptic h-twisted genus twined by the element g is defined to be

o
gleh(zy .= exp |:— Z s™ w([)‘?'ih] ‘Vm (z, z)j| ) (B.4)
m=1
The Siegel modular form is obtained by
(D][(gsh](z) d)[g h] (T, Z) g[gvh](Z) , (BS)
where
2
[g,h] 01(z,2) (g.h]
o1 (T2 =——F— xn&"(7) .
! n(r)°

Specialising to the case when both when we consider a twisting by g” and twining by g*
where g is an element of order NV, we obtain the following product formula starting from Eq.
(B.3).

00 — .
(D[g & ](Z) [8 g’] l—[ l_[ l—[ l—[(l —62711(/ an@sm)cla’myj(nmN,Z) ) (B6)

neZ — m LeZ

B.2. Borcherds product formula of Cléry-Gritsenko

Theorem B.1 (Cléry-Gritsenko [10]). Let  be a nearly holomorphic Jacobi form of weight 0
and index t of To(N). Assume that for all cusps, e/f € P, of To(N) one has ]}\IJ—ZCf/e n,0)eZif

dnt — 02 < 0. Then the product

h
N Cffe(nm.£)
B"//(Z):qArBSC 1_[ 1_[ (1 _(anfstm)Ne>N ,
f/e€P n,t,meZ
(n,,m)>0

where (n,l, m) > 0 implies: if m >0, thenn € Z and £ € Z; if m =0 and n > 0, then £ € Z; if
m=n=0, then £ <0 and

1 1 1
A= > hecyre(0.0), B= > thecye(0.0), =7 Y Checye(0,0),

f/eeP fleeP fleeP
LeZ Lel~y LeZ

defines a meromorphic Siegel modular form of weight

=5 Z —cf/e(o 0)
f/eE'P
LeZ

with respect to T,(N)T possibly with character. The character is determined by the zeroth
Fourier-Jacobi coefficient of By (Z) which is a Jacobi form of weight k and index C of the Jacobi
subgroup of T;(N)™.

Remark. As discussed by Cléry and Gritsenko, the poles and zeros of By lie on rational
quadratic divisors defined by the Fourier coefficients ¢ /. (n, £) for 4n — £%2 < 0. The condition

f(,—"c f/e(n, £) € Z ensures that one has only poles or zeros at these divisors.
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B.3. Additive/arithmetic lift of Cléry-Gritsenko

We state below a theorem of Cléry that is a generalization of the additive lift of Cléry and
Gritsenko.

Theorem B.2 (Special case of Theorem 3.5 of Cléry [45]). Let ¢ € Jx (I'o(N, N1), x % v%[') and
keN,teN/2, N{|IN and x : To(N) — C* is a character of finite order such that Ker(x) D

I'1(Ng1,q1) and Ni|qi. Assume that q; is a divisor of 24 and x ((é })) =2/ Ifgit e N

or q1 = 1 and ¢(0, 0) = 0 where c(0, 0) is the constant coefficient in the Fourier expansion of ¢
at the cusp at infinity. Then the function

FoZy= Y. uT™Mm)(2),

m=1 mod q
m=>0

is a modular form of weight k for the group l";}'l,(N, N1, L, 1) with character x; and L is a
positive integer such that N|Lqit and L|N.

The character x;, is induced by the character x,, x v2 7, of the Jacobi group and the relations

271 <N

X W) = (D5 X (0,0, S =™ 4t (ke Z).

Appendix C. Simplifying the Hecke operators for the additive lift
Cl N=5

For N =5, the additive seed is given by
01(7,2)
(@)

We compute this Jacobi form at different cusps and they are given by

161(z, 2)2 .
01,128 () = =37 F O (/5" =4, 1 (7.2).

Bl 11,2725 (T2 = —112(x,2)
4’}1,1/23’4/5 (t,2) = ¢1,12(7, 2).

P1.12(t,2) = n(2)*n(57)* .

Then we have
¢}]]/2T7(5) S(t,2) ¢|11/2(01)(T Z)+¢|11/2(05)(T Z)+¢|11/2( )(7: 2)
—ol;, 1/2( )(t -9l 1/2(1 _1)(t 2)
~ 1
=¢1,1/2(57,52) + 3 ;451,1/2 (%2.2).

For the last four terms in the first line, the phases inside the arguments of ¢1,1,2(t, z) and the
signs outside combines to give the second term in the second line. Using the identity
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4
- 1
D brip(Hho) = —ghL1p2 (%.2) ,
b=0

we obtain

4 4
. . 1
¢|1,1/2T—(5) - 8(7,2) =¢1,12(57,52) + Z¢1,1/2 (ZEL,2) + 5 Z¢>1,1/2 (=2
b=0

b=0

(C.1)

which is a formula that is easier to implement in software as it corresponds to picking a particular
subset of coefficients in the Fourier expansion.

C2. N=6

For N = 6, the additive seed is given by

$1.1/2(x.2) = 1(( )? TN NICIICION
We compute this Jacobi form at different cusps and they are given by
16 2
S @9=—¢ 1(<T )23) (@O (T/Dn(/3m(T/6) = d1.1/2(t.2)

160 2

B,y (w0 =5 ‘((f )? NGOG0/ = 19] 1(x.2)
0 2

¢|1 1/2Y4/3 (r.2) = I(Z )Z3) nGBon(t)nBt/2)n(r/2) = ¢£,1/2(7¥Z)

Then we have

¢l11,T-(3).8(7.2)

¢|ll/2( >(f 2+ ¢|11/2<03)(r )+ ¢|11/2<171)(T 2)
= ¢1,12031, 3z)+ Z ¢11/2 H,z)

b12

2 2
~ ~ 1
= 1120730+ ) i (HL.2) + ¢ > i (HH.2)
b=0

b=0

Using the identity 2227:0 b1.12 (#, 7) = —%d)i 12 (5. 2), we can simplify the formula to

2
¢|1,1/2T—(3)~S(T, D =0112031.32)+ ) 11 (HLz Zcbl 12 (52, 2)

b=0

(C2)
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