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ABSTRACT: We provide a systematic treatment of the previously discovered power-
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couplings for the matrix element of the semileptonic weak effective operator Q9. We pro-
pose a treatment of the B-meson decay constant and light-cone distribution amplitude in
the presence of process-specific QED corrections. Finally we include ultrasoft photon ra-
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1 Introduction

The purely leptonic B-meson decays B,, — ¢y and By s — {10~ (¢ = e, 1, T) are among the
most valuable probes of the quark-mixing parameters in the Standard Model (SM), namely
the parameters of the Cabibbo-Kobayashi-Maskawa (CKM) matrix. The charged-current
mediated tree-level decays B, — (iy give direct access to the CKM element |V,;|, whereas
the flavour-changing neutral-current-mediated By, — €7~ decays allow to determine the
combination ]th‘/&t | up to a perturbatively calculable short-distance factor that depends
on the top-quark mass [1]. Moreover the helicity suppression of the decay rate leads to a
high sensitivity to scalar- and pseudo-scalar interactions beyond the SM.

Their importance derives from the fact that the nonperturbative hadronic bound-
state effects of the B, mesons due to the strong interaction (QCD) appear in theoretical
predictions at leading order (LO) in electromagnetic (QED) interactions only in the form
of the B-meson decay constant fp,. The most recent lattice-QCD values of fp, , and fg,
of the FNAL/MILC Collaboration [2] have now reached the relative precision of about
0.7% and 0.5 %, respectively. It is expected that this precision will be confirmed by other
lattice groups and reduced even further in the future thus paving the way to very precise
determinations of CKM parameters in the SM. Such a degree of theoretical control on
the QCD hadronic uncertainties in FCNC flavour physics is currently only available for
K — mvw decays [3] and will be for the mass differences AM, in neutral B-meson mixing
once lattice calculations achieve the required precision.

Given the small uncertainties due to fp,, it is mandatory to control all other correc-
tions, which arise from several energy scales spanned by the SM, at the percent level. Such
control is already achieved for perturbatively calculable higher-order QCD and electroweak
(EW) corrections in the framework of the effective theory (EFT) of electroweak interac-
tions of the SM for AB = 1 decays [4]. This comprises i) the decoupling of the heavy
W and Z bosons and the top quark at the electroweak scale py ~ myy for b — ulp, [5-
7] and b — ¢¢T¢~ [8, 9] and i) the resummation of large logarithms under evolution of
QCD and QED down to the scale pup ~ mp of the order of the bottom-quark mass using
renormalization-group (RG) improved perturbation theory [10, 11].

On the other hand, a consistent simultaneous treatment of QCD and QED correc-
tions is lacking for scales below pp. On general grounds, it is well understood that only
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Figure 1. Scheme of the multiple scales and the respective tower of effective theories applicable
to By — (T~ transitions and more generally also other b-hadron decays. See text for more
explanations. The range of AE is indicated for the case AE <« Aqcp that we consider here. The
degrees of freedom (dof) are hadronic at low energies in HHYPT.

a suitably defined decay rate I'|B; — (T¢7] +'[B; — (¢~ + ny(E, < AE)] that in-
cludes real and virtual photon radiation is infrared-finite and well-defined. It is subject
to the experimental setup in the form of a photon-energy cutoff AFE that requires to in-
clude in theoretical predictions an arbitrary number of additional undetected real photons
with energy Ey < AE. The soft-photon emission from the final-state leptons is currently
simulated in experimental analyses [12-17] with tools like PHOTOS [18], such that the
measured branching fraction is interpreted as the non-radiative one [19]. Further, the soft
initial-state radiation has been estimated to be very small based on heavy-hadron chiral
perturbation theory (HHXPT) [20] provided AE < 60 MeV. Thus the present knowledge of
QED corrections below the scale p, is restricted to very low (ultrasoft) scales p,s < Aqcp
below the QCD confinement scale, where virtual photons cannot resolve partons in the B,
meson. Moreover, it relies entirely on a description in terms of hadronic degrees of freedom
(i.e. mesons), which, although it permits a perturbative treatment of QED effects, requires
in principle the knowledge of low-energy constants (LEC). The LECs include the impact of
the dynamics above the ultrasoft scales, but conceptually little is known of the consistent
theoretical treatment of the scales up to up to reliably control the theoretical uncertain-
ties to the percent level. Although one might work perturbatively in a partonic picture
even below scales (i, at least at the (hard-collinear) scale pp. ~ 1 GeV, a nonperturbative
regime sets in below up. that still requires to use the partonic picture because photons
continue to resolve the constituents of the hadrons. In the nonperturbative regime, QED
corrections need the evaluation of non-local time-ordered products of the electromagnetic
quark currents. This spoils naive factorization of the QED and QCD effects based on
the soft-photon approximation. A more elaborate treatment based on effective field the-
ory (EFT) approach is necessary to perform the systematic expansion of the higher-order
QED matrix elements in powers of Aqcp/my. The theoretical treatment will also depend
on the actual magnitude of AFE and its place within the hierarchy of the above scales. The
above discussion is summarized schematically in figure 1. The nonperturbative matching
to HHYPT and hence the hadronic picture at very low virtualities is optional if one param-
eterizes the low-energy physics in terms of matrix elements of the previous EFT, SCETYy;.
However, in this case the point-like coupling of ultrasoft photons to mesons is not manifest.



The first step towards a systematic treatment of QED effects below the scale up has
been taken in [21] exploiting the special kinematic situation of the By — utpu~ decays. The
final-state muons are energetic, low mass (“collinear”) modes. Their dynamics at scales
below uy is described by soft-collinear effective theory (SCET). In a two-step decoupling,
similar to the treatment of QCD effects in heavy-to-light form factors and hadronic decays
(see, for instance, the review [22]), first hard virtualities O(m?) and subsequently hard-
collinear virtualities O(myA) are removed perturbatively to arrive at SCET]; that describes
muons with (collinear or soft) virtualities of at most O(A?). The scale A ~ O(100 MeV)
represents a typical scale for the muon mass, the spectator quark mass and at the same
time hadronic bound-state effects Aqcp.

The one-loop calculation of electromagnetic corrections below the scale pp performed
in [21] resulted in the expression (notation explained there)

Qe
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for the By — p™p~ decay amplitude. A surprising feature of the electromagnetic correc-
tion in this expression is that in the expansion A/my it is power-enhanced by a factor of
myp/A relative to the well-known amplitude in the absence of QED effects, thereby par-
tially compensating the suppression with the electromagnetic coupling cien,. The virtual
photon exchange between the final-state leptons and the spectator quark in the B; meson
leads to a non-local annihilation over distances (myA)~'/2 inside the B, meson, different
from the local annihilation through weak currents. Whereas the latter is described by
fB,, the former involves the B-meson light-cone distribution amplitude (LCDA) ¢4 (w),
showing that strong interaction effects cannot be solely described in terms of fp, once
QED effects below the scale pu; are included. The power-enhanced QED contribution in-
volves two competing terms in the curly brackets, one from the semileptonic operator Qg
and one from the dipole operator Q7. Both terms are further enhanced by large logarithms
In(mpw/m?) ~ In(mpA/m?), and interfere destructively, which reduces the size of the power
enhancement. It was also found that in b — ufvy the structure of the semi-leptonic weak
currents does not give rise to such a power enhancement in B, — uv,.

In the present work, the SCET interpretation underlying the above result, which was
only briefly mentioned in [21], is provided in detail, together with the EFT treatment of
QED and the summation of logarithms. The SCET approach to QED differs from standard
QCD applications in several details and factorization theorems for QED effects are not
well established, unlike the case for the pure QCD corrections. Two crucial differences are
the presence of masses for leptons that regularize the collinear divergences in QED, and
the presence of electromagnetically charged external states. Additionally, the soft-photon
cutoff is typically below the scale of lepton masses, and thus real collinear photon radiation
may be excluded, while virtual collinear corrections can be still present. An additional



challenge is related to the proper treatment of QED radiation from light quarks, where
nonperturbative QCD has to be consistently treated. Here we use SCET to resum the
leading logarithms for the power-enhanced contribution, which arises entirely from virtual
effects between the hard and soft/collinear scales. We focus on the contribution of the
semileptonic operator (Jg, since one of the two logarithms enhancing the dipole operator
Q7 term is not a standard RG logarithm, in which case the summation with SCET methods
is presently not understood. However, from the numerical point of view, our main finding
is that higher-order QED logarithms appear to be negligibly small. The principal effect of
resummation arises from QCD evolution on top of the one-loop QED effect shown above.
This observation will allow us to also estimate the effect of resummation on the contribution
of the dipole operator.

As a by-product of this investigation, we find that hadronic matrix elements in the
presence of QED are less universal than is usually assumed. For example, the nonperturba-
tive matrix elements defining “the” B-meson decay constant and the LCDA depend on the
charges and directions of the outgoing energetic particles through light-like electromagnetic
Wilson lines.

The outline of the paper is as follows. After a short introduction to the conventions
for the AB = 1 EFT of b — ¢/*¢~ decays in section 2.1, we introduce the power counting
set by the external kinematics of B, — ¢7¢~ decays in section 2.2 and provide the power-
counting of the SCET fields in section 2.3. Section 2.4 briefly recapitulates and interprets
the findings of the fixed-order calculation [21] relevant to the SCET approach and provides
a short outlook on the various contributions in SCET, discussed in the main part later. We
proceed with the decoupling of hard virtualities and the RG evolution in SCET] in section 3
and further the decoupling of hard-collinear virtualities and the RG evolution in SCETy;
in section 4. The definition of the B-meson decay constant and LCDA in the presence
of QED corrections is discussed in section 5. The factorization of the power-enhanced
amplitude is presented in section 6 and the combination with the leading amplitude together
with the ultrasoft parts given in section 7. Eventually we present the numerical impact
of QED corrections and updated calculations of the non-radiative and radiative branching
fractions in section 8. Technical details on SCET conventions and definitions as well as the
construction of SCET operators have been relegated to appendices.

2 Preliminaries

2.1 AB =1 effective theory for b — q¢T¢~

The effective theory for |[AB| = 1 decays b — ¢/T¢~ with ¢ = d, s in the framework of
the SM,

2

= VubVJq
Lap=1=Nap=1|Y_ Ci(m) Qi+

2 Cilm) Qi — QF) | +hee., (2.1)
i=1 VisVig i=1 ( )

includes operators @;, which are charged-current (i = 1,2), QCD-penguin operators (i =
3,...,6), dipole operators (i = 7, 8) and semileptonic operators (i = 9, 10). These operators



are sufficient for the treatment of the QED effects in By — ¢/~ discussed in this paper.
We follow the operator definitions of [23] and give only those of the three most relevant
operators for our purposes

€
Q7 = me [QU“ PRb] Fuv, (2:2)
Qem ,_ z
Qo = -~ (¢y"Prb) % Oyl (2.3)
Qem ,_ z
Qu =7~ (@ Prb) > byuyst, (2.4)

14

where aen = €?/(47) and iy, denotes the running MS b-quark mass. The overall normaliza-
tion factor is Map—1 = 2\/§GFV;%VF;. The term proportional to Vuqu*q enters B, — 00—
only through the QED correction. The Wilson coefficients C;(up) and running quark masses
need to be evaluated at the renormalization scale u; ~ my of the order of the b-quark mass.
In the SM they include NNLO QCD matching corrections [9, 24] at the electroweak scale
pw ~ myy of the order of the W-boson mass, and C1¢ further includes the NLO EW
matching corrections [8]. The resummation of large logarithms between the scales py and
ty has been taken into account to the corresponding order following [10, 11], see also [8]
for further details. Especially the inclusion of NLO EW corrections [8] to Cig requires
care in the choice of the numerical input of the electroweak parameters. It must respect
the adopted renormalization scheme as for example myy is not an independent parameter
any more.

2.2 Kinematics of B, — £T£~ and power counting

The two-body decay B,(pp) — £ (p;)¢~ (p¢) implies lepton energies E, = E; = mp,/2,
such that for light leptons £ = e, i the hierarchy my; < Ey implies that the leptons are
actually “collinear” particles. At the partonic level,

b(pe) +allg) — €F(pg) + £ (po), (2.5)

the mesonic bound state restricts the initial-state quarks to be soft. Writing py, = mpv + 1,
both quarks move inside the B, meson with soft residual momenta [y, [; ~ Aqcp of the
order of the strong binding energy Aqcp. In the decomposition of py, v is a normalized
time-like vector, v2 = 1, which can be interpreted as the four-velocity of the B, meson.
The soft scaling of the residual b- and light-quark momenta can be expressed as

Iy, lq ~my )\g (26)

in terms of the small dimensionless quantity

A
A = ﬁ <1 for Aqep = (0.2 — 0.4) GeV. (2.7)
b

In this picture both quarks are bound in the B, and annihilate via the AB = 1 opera-
tors (2.1). The energy stored in the b-quark mass is released in the form of the energetic



lepton pair, which is emitted back-to-back in the B, rest frame thereby singling out a par-

ticular direction. This direction can be described by a pair of light-like vectors ni =n? =0

and n4 -n_ = 2 and any four-vector can be decomposed as
. ntt
P = (”+P)7 +pl + (n,p)7. (2.8)

The components p ~ (n4p, p’i, n_p) of the lepton momenta then exhibit the scaling
pe ~ my(L, A7, A, pg ~ mp(Ag, A7, 1), (2.9)

referred to as collinear and anti-collinear, respectively. Here we introduced the small di-
mensionless quantity

Ao =4 [T <1 for L=e,p. (2.10)
mp

The two cases of £ = e and £ = u are quite different, given that
Ae K Ag, AR As = A (2.11)

Subsequently we focus on ¢ = u. We note that experimental prospects are best for the
decays B, — ptp~, in particular for the CKM-enhanced mode ¢ = s. The following
different virtualities are set by the kinematic invariants

Py ~ pe-pp ~ Db Dei ™~ mp, (2.12)
po-lg ~ lg-ppg ~ M, (2.13)
i ~pf ~pf ~ A, (2.14)

where A = (m,, Aqcp) stands for either of the two small scales, the muon mass m, or
Aqcp, which we assume to be parametrically of same size. Besides the hard virtuality mg
and the soft and collinear virtuality A? there is also the hard-collinear virtuality msA. In
consequence we will go through a two-step matching of EFT's,

full QED — SCET1 — SCETyg
hard: ug ~ m% hard-collinear: M}% o~ mpA soft /collinear: 2 ~ p2 ~ A?

involving two versions of SCET. We note that given the symmetry of the final state under
an exchange of n4 and n_, whenever a (hard-) collinear contribution exists the correspond-
ing (hard-) anti-collinear contribution from the configuration with lepton and anti-lepton
interchanged is implied.

The decay rate into the exclusive final state £7¢~ discussed up to now is not infrared
(IR) safe in the presence of QED. The IR-safe definition includes the emission of real
photons with energies below a certain value AE. Throughout we will restrict the discussion
to the case of AF < A that is we assume AF to be below the soft and collinear scale of
SCETy;. Therefore only virtual corrections need to be considered above and at the scale A,
and for the most part of the paper we therefore focus on the non-radiative amplitude. Ultra-
soft photons, i.e. photons with virtuality much smaller than ,@’c ~ A2, will be taken into
account at the very end when we put together the final expression for the QED-corrected
decay width.



Field | heavy quark | light quark | leptons photon (gluon)
hy Xc Xe s |l Lo | Ac(Ge)  Ac(Ge)  As(G)
Scaling A3 A2 N (LAY (LAY A (1,1,1)

Table 1. Fields and their power counting in SCET. In addition there are anti-hard-collinear (x¢,
(&) and anti-collinear (xz, fz) quark and lepton fields with the same scaling as their (hard)-collinear
counterparts. The components for the photon field are (ny A, A', n_A) and the gauge-invariant
building blocks A{, | and A‘c‘J_ scale as the l-components of the fields Ac; ~ A and Ao ~ A2,
respectively. The light quark and lepton masses scale as m, ; ~ A%

2.3 SCET: definitions and conventions

A systematic approach to the construction of SCETy operator bases was discussed in [25].
In this paper, we apply the same method, and we follow the same conventions and those
of [26] when possible. Capital letters C' (C) refer to hard-collinear (anti-hard-collinear)
SCET] fields, respectively, which we assume to contain both, the hard-collinear SCETy
modes and the collinear SCETy; modes. Collinear (anti-collinear) fields in SCETyy are
denoted by the index ¢ (¢); these fields contain only collinear modes and thus the power-
counting of the SCETy; fields is homogeneous. The index s denotes the soft fields. The A
scaling of the heavy b-quark, light spectator quark as well as the lepton fields in SCETy
and SCETy; is summarized in table 1.

The masses of leptons and light quarks scale like A\2. Accordingly, in SCET] collinear
mass terms are part of the power-suppressed collinear Lagrangian, while in SCET they are
included in the leading-power collinear Lagrangian. Mass factors may also appear explicitly
in the operators. More details on the relevant parts of the SCET Lagrangian are given
in appendix A.l. For definitions of renormalization constants we refer to appendix A.2.

2.4 Heuristic discussion

Before we begin the detailed formal discussion of resummation and factorization in SCET,
we recapitulate and interpret the main finding (1.1) of the one-loop calculation [21] in the
framework of SCET.

The starting point is the one-loop virtual photon correction to the matrix elements of
the operators (J79.10 at the scale y,. The analysis based on the method of expansion by
regions [27, 28] shows that only the diagrams where the photon is exchanged between the
soft spectator quark and either of the final-state leptons can be power-enhanced, and that
the power-enhancement cannot originate from the hard loop-momentum region. Examples
are shown by the first two diagrams in figure 2. The calculation of these diagrams in full
QED, solving first the integrals analytically in full generality' and performing the expansion
in A only afterwards confirms this result. The one-loop expression contains logarithms of
the ratio of hard-collinear over collinear virtualities, In(up./ 1), for insertions of Q9 and
even double-logarithms In?(pup./pie,s) for Q7. Note that the virtual corrections do not lift
the helicity suppression of the leptonic B, — ¢T¢~ decays.

!The analytic solutions of the one-loop integrals were also obtained with “Package X” [29, 30].



Figure 2. Feynman diagrams that contain the power-enhanced electromagnetic correction. Sym-
metric diagrams with order of vertices on the leptonic line interchanged are not displayed.

The SCET approach is used here to factorize the short-distance contributions per-
turbatively to the leading non-vanishing order in the expansion in A and to resum the
arising logarithms. Since the one-loop power-enhanced terms do not arise from the hard
region, the matching from full QED to SCET} operators relevant to these terms proceeds
at tree-level. Thereby the field content of the semileptonic and dipole operators changes

Q9710 ~ [q . b][Z . ﬁ] — O; ~ [ycf. . .hv][ZC. . E@] ~ )\6, (2.15)
Q7 ~[q...b]F" — Oi~Xeg---holAG o~ M, (2.16)

where the b-quark is represented by a heavy-quark h, in HQET and the spectator quark is
(anti-) hard-collinear Xc g Whereas the lepton {c is hard-collinear and the anti-lepton ls
is anti-hard-collinear. In the case of Q7 the photon Az, in (2.16) is anti-hard-collinear for
hard-collinear x¢ and vice versa. O; from (2.15) also appears in the matching of Q7. The
scaling of these operators in A follows from the scaling of the fields as summarized in table 1.
The large logarithms between the hard and hard-collinear scales are then resummed with
the aid of RG equations (RGEs) in SCET], as will be shown below. These logarithms
appear only in higher orders, i.e. they dress the diagrams shown figure 2.

Let us briefly remark on the two-loop diagram in figure 2, which is generated by
the four-quark operators Q1_¢ in the effective Lagrangian (2.1). It is well-known from
B — X T¢~ decays that the quark loop can be fully absorbed into effective Wilson
coeflicients C’Sﬁ(q2) and C?H, so that these diagrams should be considered as one-loop
QED corrections, as has been done in (1.1). This is implicitly understood when we refer
to tree-level matching of (79, 10.

The second matching step from SCET to SCETy; produces the one-loop logarithms.
In the case of Qg 10 (first diagram in figure 2) there is a hard-collinear and a collinear
momentum region. The first belongs to a one-loop matching coefficient, while the second
must be reproduced by the matrix element of a SCET operator. The SCETT operator O;
from (2.15) contains a C-antiquark, which is converted into the external soft spectator anti-
quark through the subleading-power SCET] interaction Eé}]) [31], see (A.13), by emission
of a transverse hard-collinear or collinear photon A¢x ). The relevant SCET operators are

Xo---hllle...t5] = TR Ty, (2.17)

where
jf; ~ [qs(in—%)il s hv”ZCAcL cee EE] ~ /\10, (2.18)
Ty ~ e [Qs(in_%)_lv/i_Pth][ZCPREE] ~ A0 (2.19)
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Figure 3. The scheme shows the tree-level matching steps from full QED — SCET; — SCETy;
at the two scales up and pp. horizontally from left to right. Vertically the RG evolution in SCET]

involves only self-mixing, whereas in SCETy; a mixing takes place of the operators J£! into J.

The notation and scaling of the SCET fields are given in table 1. The propagators of the fields
are chosen as double-solid for the heavy quark h,, double-dashed for hard-collinear fermions in
SCET], whereas single-dashed for collinear fermions in SCET ;. The double- and single-dashed
lines accompanied by a wavy line depict the hard-collinear and collinear photon fields in SCET]
and SCETYyp, respectively. The single-solid line depicts the soft spectator quark g;. The dotted line
in \7,‘3)1( indicates that this operator contains a factor of the lepton mass my.

To reproduce the CSH term in (1.1), the matching to the first of these operators is needed
at tree-level. Its one-loop SCET; matrix element accounts for the collinear region. The
matching coefficient of the second operator is needed at the one-loop level to reproduce
the hard-collinear region. This leads to two important observations. First, the power-
enhanced contribution to B; — £T¢~ decays requires a power-suppressed interaction in
SCET, because the usual, non-enhanced B, — ¢T¢~ amplitude involving Q1o (first term
on the right-hand side of (1.1)) is in fact doubly suppressed due to helicity conservation and
the point-like annihilation of the heavy quark with a soft anti-quark. Second, even in the
collinear loop, the anti-quark propagator has hard-collinear virtuality — only the lepton
and photon propagators have collinear virtuality. This enables the perturbative calculation
of the collinear contribution including the non-logarithmic terms.

Note that in SCET; — SCET matching, C-fields in the SCET} operator change to
fields with collinear virtualities (denoted by ¢) in SCETYyy, thereby increasing the power of
the SCETy; operators in A. In the above two SCET; operators we included the inverse soft
derivative in their definition to explicitly indicate the correct scaling of the operator.? One

*Later on, we will move this enhancement factor to the coefficient function [32], which is more convenient
for calculations. This factor is responsible for the appearance of the 1/w moment of the B-meson LCDA
in (1.1).



might have expected that an operator [qﬂjPth] [0cv 5lz]) ~ A1 is generated by tree-level
leading-power matching, but this operator has no overlap with the pseudo-scalar B-meson
in the process B, — ¢T¢~. An additional helicity suppression of my ~ A2 is required.
In fact, also the operator (2.18) has no overlap with the external states of B, — (1¢~
because of the additional photon field A.,;. However, this operator mixes under QED
renormalization with j,fl‘)lc, which has the correct chiral properties, but nevertheless scales
as M9 due the compensating A~2 power from the inverse soft derivative. It is precisely the
anomalous dimension of this operator-mixing that reproduces the logarithms In(upe/ i) in
the one-loop QED correction (1.1). Below we will employ the RGEs of SCET]; to resum
these logarithms.

The two-step matching of the operators Q910 and the RG evolution are schematically
summarized in figure 3. In the remainder of this work, we will derive the resummed result
in detail for these operators.

Before proceeding, we comment on why we do not discuss the summation of logarithms
for the electromagnetic dipole operator (J7. The relevant diagram is now the second one
in figure 2. While at first sight the hard-collinear and collinear regions appear similar to
the case discussed above, one finds that the additional photon propagator attached to the
dipole operator vertex causes an endpoint-singularity as u, that is, the virtuality umg of
the photon, goes to zero in the hard-collinear and collinear convolution integrals for the box
diagram. In this limit, the hard photon from the electromagnetic dipole operator becomes
hard-collinear. The singularity is cancelled by a soft contribution (virtuality A% ~ mf),
where the leptons in the final state interact with each other through the exchange of a soft
lepton [21]. The relevance of soft-fermion exchange is interesting by itself since it is beyond
the standard analysis of logarithmically enhanced terms in QED. Moreover, the endpoint
or rapidity divergence encountered here is of a form that defies known methods to sum
such logarithms, since the breakdown of soft-collinear factorization arises from a singular
matching coefficient, rather than the soft or collinear propagators themselves. A very
similar phenomenon has subsequently been encountered in [33, 34]. The double logarithm
in the CSf term in (1.1) arises from this additional endpoint divergence. At the one-loop
order, the endpoint singularity can be regularized by a non-dimensional regulator [25],
which renders all integrals well-defined, with the result given in (1.1). We also verified this
logarithm from the expansion of the full one-loop amplitude, without using the split-up
into regions, as mentioned above. However, it is currently not known how to write down
RGEs for suitably defined renormalized objects for this situation, and hence resummation
cannot be performed.

3 SCET;

3.1 Operators

The first decoupling step involves integrating out the hard modes of the light quark and
lepton fields, as well as all other fields, in the matching on the SCET] operators. For
processes described by SCET a complication in the construction of the relevant operators
in the intermediate SCET7 appears, namely operators of different A scaling may contribute
to the same order in A after matching to SCETy; [25]. The power-enhanced contribution
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requires only a single type of SCET; four-fermion operator where the light quark is either
hard-collinear or anti-hard-collinear. In position space, denoted by a tilde, they read for a
hard-collinear light quark

Oo(s,t) = g, [Xo(sn4) ¥ P ho(0)] [l (tny) 7Y £5(0)], (3.1)

Ouo(s, 1) = ey, [Xe(sn1) VL P ho(0)] [Lo(tng) v £a(0)]; (3.2)

for a anti-hard-collinear quark

a(s,8) = g, [Xe(sn) 7 Pr ho(0)] [E(0) 77 fe(in_)]. (3:3)
Brgls.1) = iz, [Xesn_) 71 PL ho(0)] [Ze(0) 7 Lltn_)]. (3.4)

The definitions of gW and s ,, are given in appendix A. In the classification scheme of [26, 31]

these are operators of the Bl -type with two hard-collinear (or anti-hard-collinear) fields in

one of the directions, and of the AO-type in the opposite direction. The operators i = 9,10

contain an anti-hard-collinear light quark field x& instead of a x¢ in operators 7 = 9, 10.
The Fourier-transformed SCET; operators are defined as

dr

O,(u) = nipe / ar

e~ r(n+pe) 0,0, 1) . (3.5)
2T

Hard-collinear momentum conservation has been used to drop the dependence on the total
hard-collinear momentum npc = n(py +p¢) on the left-hand side and the first argument
of (51 is set to zero. The variable u should be interpreted as the fraction nyp;/nypc of
nypc carried by the lepton field, while the hard-collinear light anti-quark has momentum
fraction © = (1 — u) = nqpy/nypc. For the operators (5; similar definitions apply after
replacing ny by n_.

The SCET; Wilson coeflicients of these operators, the so-called “hard functions”, are
introduced in momentum space as

Aslz/duﬂw J(u). (3.6)

They are found by matching full QED+QCD — SCET] at the hard scale u = pp ~ O(my,)
as described in section 3.2 below.

A complete basis of four-fermion operators when naive dimensional regularization with
anti-commuting ;5 is employed would include in addition also operators with Dirac matrices
vanishing in four dimensions, the so-called evanescent operators. However, the logarithms
that we aim to sum in this paper in SCET] are derived from one-loop anomalous dimensions,
which are given by the pole parts in 1/e, where € = (4 — D)/2 in terms of the number of
space-time dimension D, of the one-loop diagrams that are independent of the definition

of evanescent operators.

3.2 Matching

For the leading logarithmic accuracy it is sufficient to perform only the tree-level matching
of Qg and ()19 operators on the SCETT operators O;. One-loop matching is needed for the
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four-quark operators @; (i = 1,...,6), which can be included as is commonly done by the
replacement Cy — C§T [35] as mentioned above. The hard matching condition at the scale
Wy is given by

Naner 3 Cul) Q= Y [ duHifu, ) O,(u), (3.7)
k i

Evaluating this equation in the appropriate matrix element with a hard-collinear (anti-
hard-collinear) light quark state, we find, at tree-level

H9(’LL, Mb) :Ncgﬁ(uhub)a H§: H9a (3 8)
Hyo(u, py) = N Cro(ps), Hig = Hyo .
Here ()
_ Oem (Up
N = NAB:1747T , (3.9)
and "
C5™ (u, ) = Co(p) + Y (usgg, pip)
VubVJq 4 (3.10)
_ thVt"q‘ <3C'1 + C'2> [h(O,usﬁz) — h(mc,us@)],

with the dilepton invariant mass s,; = (n4p¢) (n_p;). We use the definition of the function
Y (us,z) from [36]. The function h(mg,¢*) [24] depends on the light quark masses m,, 4 that
are set to zero, or the charm-quark mass m..

3.3 RG evolution

The RGE in SCET] governs the evolution of the matching coefficient H;(u, pt) from the hard
scale up to the hard-collinear scale up.. The renormalization constants and the anomalous
dimensions of the operators O; can be computed similarly to the ones for N-jet opera-
tors [26, 37], with the addition of a soft heavy-quark field. Our conventions follow [26] and
are summarized in appendix A.2. We take into account both QCD and QED effects. The
evolution of the hard function is determined by

dH;(u, ) I mp, im
— e =Ty | In— — - | Hi(u, pp) + /du' L(u',u)H; (v, p) (3.11)

dlnp 7 2
The B-meson mass in the cusp logarithm arises from the kinematic constraint s; = mQBq.
The imaginary parts arise from In[—(s,; + i07)/p? = ln(mQBq/,MQ) — ¢, and will be ne-
glected throughout, as they do not contribute at the leading logarithmic accuracy. For the
summation of the leading logarithms (LL) we require the one-loop cusp anomalous dimen-
sion

Fiusp(a& aem) = 111:(aem) + Fs(a57 aem); (312)

that has been split for later convenience into a part I'. o Q? and the remainder I'y that
includes also the QCD cusp anomalous dimension,
Q

T, = emZQi, FSZ%CF—F
™ s

«

—Qq(2Q + Qq), (3.13)

s
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expressed in terms of the electric quark and lepton charges, @, and @, respectively, and
the QCD Casimir Cr = 4/3. At the next-to-leading logarithmic (NLL) accuracy one would

also include
_ OZSCF m .
Piz,y) = =~ 1 i@ y), (i =19,10), (3.14)

and the two-loop cusp part. The function v;(z,y) is provided for completeness in (A.31).

Qe

[4In(1 — z) = 5]6(z — y) +

The general solution of the RGE (3.11) when only the cusp anomalous dimension is kept
(and the imaginary part neglected) reads

mduy! mpg
i) = exp | [0 )10 ™52 i) (3.15)
Mo

and amounts to a global, momentum-fraction independent rescaling of the hard functions
H;(u, p) by a Sudakov factor. This property is particular to the LL approximation. From
NLL accuracy, when the non-cusp anomalous dimension T';(u/,u) is included, the QCD
logarithms lead to a momentum-fraction dependent rescaling from the In(1 — z) term
in (3.14), while the QED corrections governed by ~; reshuffle the momentum fractions
carried by the spectator quark and lepton.

The integral in (3.15) can in general be evaluated only numerically. When the running
of the strong coupling «a; is included, but the one of aey, as well as the influence of e, on
the QCD running is neglected, we obtain the solution given in (A.33). However, our aim is
to sum leading logarithms in QED to all orders. When the solution is written in the form
of (3.15) “LL accuracy” is defined by including all terms of the form log x(«log)™ for any
n in the exponent, where o can be ag or ey. The “double logarithmic” approximation
corresponds to keeping only the first term n = 1 in the LL series.

In the LL approximation the one-loop cusp anomalous dimension is the sum of a QCD
and a QED term (not to be confused with the split into I'. and I'y above, which will be
useful later). The exponential factorizes into a QCD and a QED contribution. Even in this
approximation it is convenient to perform the integrals numerically, when the coupling runs
through flavour thresholds. We shall use such numerical solutions in the final numerical
results in section 8. For the purpose of discussion, we present the analytic solution, when
flavour thresholds in the interval [u, up] are neglected,

M = i Cr } [ 4m [QQ% + Qq(2Q¢ + Qq)]
Hi(uaﬂb) - Oés(,ub) 390(778) oxp aem(ﬂb) Bg,em gO(nem) s (316)

where go(z) = 1 — x + Inz and n; stands for n;(up, ) = a;(up) /(1) with i = s, em. To
obtain this expression from (3.15) we replace mp, in the cusp logarithm by 1 and neglect
the non-enhanced logarithm In (mp,/up). The ambiguity in choosing the precise value of
the hard-matching scale u; ~ my is resolved only beyond the LL approximation.

Neglecting the running of the QED coupling in (3.16) amounts to the QED double-
logarithmic (DL) approximation and the approximation go(z) = —(1—2)%/2+O((1 —x)3).
In the above and similar expressions below we can always switch between the LL (left) and
DL (right) QED resummation by the replacement

47 Q

acm(lul) ﬁg,em

exp 90(77em):| > exp [— Zem 9 In? Ml], (3.17)

27 M2
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where now 7y, denotes Nem (141, 12) = Qem (1) /@em(12), and Q stands for the appropriate
charge factor.
For later purposes it is convenient to pull out the part of the exponent with I'. o aemQﬁ

as follows
HZ(U,,U,) = exp [Sf(ubv :U’) + Sq(ﬂb, M)] Hi(unu’b)a (318)
thereby introducing the Sudakov exponents
Ar 207
S ) = 7749 em
(1, 1) o (i) B 0(7em)
pr, Le, omp
—_ ‘1 1
— —5 In PR (3.19)
4 Cp 4m [Qq(QQK + Qq)]
S b, = ——— 73 90ns) + go(Tem
q(:u ,u) as(ﬂb) (2) (77 ) aem(ﬂb) Bg’em (77 )
pL 4nCFp Olem 9 Mb
—— (1 —ns+1nns) — — 2Q¢ + In® —. 3.20
as(ﬂb)ﬁg ( Ui Ui ) It [Qq( Qf Qq)] L ( )
4 SCETy

The above equations are used to evolve the SCET| operators (59,10, 5§E to the hard-
collinear scale pp., at which the hard-collinear modes with virtuality O(mpA) are removed
and the SCET] operators are matched to SCET;.

An important distinction between SCET| and SCETY; for the problem at hand is the
treatment of the lepton mass. Parametrically the muon mass is of the same order as the
soft/collinear scale m, ~ Aqcp. Thus the lepton mass terms are part of the leading-power
collinear Lagrangian in SCETYy, see (A.5). In consequence the muon mass is retained in the
denominators of the collinear lepton propagators and serves as a regulator of the collinear
divergences.

To develop an idea of operator matching to SCETy;, we recall that the SCETT op-
erators ; contain hard-collinear light quark fields, while the B-meson contains only soft
fields. The hard-collinear field in the SCET] operators must be converted into a soft quark
field through emission of a (hard-) collinear photon by the power-suppressed SCET| La-

(1)

grangian L~ (definition in (A.13)) to obtain a non-vanishing overlap with the B-meson

1
q
state. Therefore, we match the time-ordered product of the SCET| operators O; with

(1)
Eéq
labelled “tree matching” in figure 3. Starting from the one-loop order, pure four-fermion

to SCETY1 operators. The tree-level matching relation is depicted in the second line

operators without collinear photons also appear (not shown). The systematic construction
of the SCETY; operator basis is substantially more complicated than for SCET], since one
must control the degree of non-locality of soft fields [25]. In the following we discuss the
operators, their renormalization and matching coefficients relevant to LL resummation.
Some further details are provided in appendices A and B.

4.1 Operators

We note that, quite generally, in SCET; operators also the soft fields are delocalized along
the direction of the light-cone. The small component n_p of the hard-collinear mode,
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which is integrated out, is of the same order as the soft momentum, hence the soft field
can be at any position in the n_ direction. The roles of n_ and ny are reversed when the
anti-hard-collinear mode is integrated out.

A power-counting analysis similar to the one performed in [25] for heavy-to-light meson
form factors shows that only two different SCETy; operators for each collinear direction
are relevant to the power-enhanced correction from the Q9 operator. The two SCETy;
operators mix under renormalization. The technical arguments can be found in appendix B.
In position space, the two operators are defined as

T (v) = T (vn)Y (vn, 0>¢2Pth(0> [V Y-](0) [2e(0) (4 Pr) £(0)] (4.1)

TR w.8) = 2,m ¥ (on,0) = P O)[¥] Y] (0) [L0) (g + ich )AL (tn. )7 £:(0)]

=g,(vn_)Y (vn_, O)T/LQPth(o) [VIY_](0) [€e(0)(2Ac. (tny ) PR)E(0)].  (4.2)

For J f; the second line provides an equivalent representation which makes the chirality
of the leptons explicit. The analogous operators generated from the matching of (9§7ﬁ are
defined as

T (v) =g, (on )Y (n, o>¢;PLhU<0> [YIY_](0) [£(0)(4mePr) (0)]. (4.3)

T (0.1) =, (on)Y (vny, o>¢;Pth<o> VIV (0) [€c(0) (90, — e ) Ay (tn )yt £2(0)]

qs(vny)Y (vng, 0)¢2+Pth(O) [YIY_](0) [€e(0)(2PrAzL (tn-))Ex(0)].  (4.4)

The Al-type operators are constructed from leading-power building blocks and multiplied
by a factor of the lepton mass where the factor of 4 is introduced for convenience. The

Bl-type operators contain the (anti-) collinear photon field AZ L (el)" Both operators have

the same A scaling. The product of Wilson lines [YlY_](O) = Yi(O)Y_ (0) appears after
decoupling of soft photons from the collinear and anti-collinear leptons in SCET], see
also (A.15). These electromagnetic Wilson lines are defined as

Yi(x) =exp [—ie Qg/ dsnrAg(x + sn;)] . (4.5)
0
For the quark current the usual finite-distance Wilson line
T T
Y(z,y) = exp [z’e Qq/ dz, Af;(z)] P exp [igs/ dz, ij(z)] (4.6)
y y

appears, which is necessary to maintain the QCD and QED gauge invariance of non-local
operators. Here P is the path-ordering operator and G% = G¥% ATA is the soft gluon field.
The integral is evaluated along the straight line connecting the points  and y. We define
the Fourier transforms

i@ = [ W gww FAL(y) (4.7)

2
dv dt
e

t7iBl (ij) _ (77, 'p) g elw /27T —iwt(np) ‘ZBl(’U,t) (48)
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of the operators, where w corresponds to the collinear momentum fraction carried by the
lepton, and w may be interpreted as the soft momentum of the light quark along the n or
n_ direction, depending on the operator. Further (n-p) = nyp. = ny(pr+pa,, ) for i = Ax
and (n-p) =n_ps =n_(p; +pa,, ) for i = AY, respectively. In this way, after taking the
matrix element, w = nypy/nip. denotes the momentum fraction of nip. carried by the
collinear lepton and analogously for the anti-collinear case with appropriate replacements
ny — n_ and ¢ — ¢. We further defined w =1 — w.

4.2 Renormalization

The SCET; operators (4.1)—(4.4) are composed of soft, collinear and anti-collinear field
products

\7@' = j\i,s & x/fi,c b2y :7\1',6, (49)

where the ® symbol indicates potential summation/contractions over spinorial and/or
Lorentz indices. In SCETy, the soft, collinear and anti-collinear fields do not interact
with one another, which implies that the matrix elements of the SCET; operators factor-
ize accordingly into matrix elements of the separate factors on the right-hand side of (4.9)
in the respective soft, collinear and anti-collinear Hilbert space. The UV counterterms can
also be defined separately for each sector. However, a rearrangement is necessary due to the
factorization anomaly as discussed below. The renormalization of SCET operators then
proceeds similarly to the SCET] case, see [26, 34, 37]. We next discuss the renormalization
of each sector separately and then present the combined result for the SCET1; operators.

4.2.1 Soft sector

The soft part of the operators j,;f& and J f;,
Ts(v) = q,(vn_)Y (vn_, O)T/;Pth(O) [viv_](0), (4.10)

is common to both. We thus omit the subindex i, and write j@S = js The discussion
for jn’f}% and J f% proceeds analogously after exchanging n_ <> n in the g,[...Jh, part of
the operator. The QED one-loop diagrams due to soft photons from the soft Wilson lines
contributing to the renormalization of js(v) are shown in figure 4(a). Not shown is the
vertex diagram from photon exchange between the heavy and light quark, and the field
renormalization contribution. The QCD one-loop diagrams are the same as those that
appear in the calculation of the renormalization of the leading-twist B-meson light-cone
distribution amplitude [38].

To find the UV poles in dimensional regularization, we evaluate the operator between
a heavy-light quark state and the vacuum, and regulate the infrared (IR) divergences by
taking the external lines slightly off-shell. See appendix A.4 for more details. Calculat-
ing in Feynman gauge, the dependence on the off-shell IR regulators cancels except for
the tadpole-type diagram (6) of figure 4(a). The remaining IR-regulator dependence is
cancelled by the diagrams in figure 4(b) and figure 4(c) with collinear and anti-collinear
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Figure 4. The diagrams in figure 4(a) show the parts of the SCETy; operators J; (i = my, Ax)
with soft photon exchange (wavy lines) from ¢) the Wilson lines in the soft fields h,, (double line) and
gs (single line) depicted by the square and i) the product of soft Wilson lines Yl(O)Y_(O) depicted
by the solid blob. They contribute to the Z2FP (diagrams 1-5), and Zz, Z5, and Z4g, (diagram 6
x Q7). Figure 4(b) shows diagrams relevant for Zz, Zg,, and figure 4(c) diagrams relevant for Z9y
The dashed lines depict the lepton and anti-lepton and the wavy-dashed lines the (anti-) collinear
photons from the corresponding Wilson lines.

photons ny A. and n_ Az, respectively. While at first sight, this appears to be in conflict
with the factorization of the soft and (anti-) collinear sectors, we can subtract the over-
lap between soft and collinear and anti-collinear regions by defining and renormalizing the
soft operator

Jiw)
(I [Iy-]()]0)

Ts(v)

(4.11)

For the operators i = mY, AY we proceed in complete analogy using the respective soft
field product. The operator (4.11) is divided by the vacuum expectation value of the
gauge-invariant product of Wilson lines

(o|[YIY_](0)|0) = Ry R_. (4.12)

At the one-loop order, this subtraction simply removes the tadpole diagram (6) in fig-
ure 4(a) from the soft operator. Beyond one-loop it ensures that the UV counterterm for
the soft operator is independent of the IR regulator as is required for consistent operator
renormalization. Further it ensures that the renormalization of the soft sector does not
depend on the structure of the (anti-) collinear parts of the SCETy operators, but only on
the total charge of the final state associated to the (anti-) collinear direction.

Using separate IR regulators for collinear and anti-collinear fields, we further factorized

the vacuum expectation value of the Wilson lines into factors R+ and R_, which depend

only on the collinear and anti-collinear IR regulators, respectively. This split can always
be performed. At the one-loop order one obtains the sum of two terms, each of which
depends only on one of the regulators; beyond, the one-loop IR divergence exponentiates.

There is a freedom in the choice of splitting the product R4+ R_ into the separate factors
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R4 and R_, which affects the definition of the collinear and anti-collinear renormalization
constants discussed below.? We adopt the symmetric convention, such that R, equals R_
upon exchanging n <> n_. This corresponds to rearranging the SCET operator (4.9) as

j = js X R.A,.ijc &® R_.,/7\7;7E = js & z,c & j,57 (413)
R R_

where now in the soft, collinear and anti-collinear factors .7 can be renormalized consis-
tently in contrast to the original J.

We denote by Zs the UV renormalization factor of the Fourier transform Js(w) =
il g—freisz(v) of the soft operator. At the one-loop order, Z" is the sum

7(1) — Qem »QED | % »QCD 4.14
S 47_[_ S + 47T S ( )

of the QED and QCD contribution. The expressions for Z. QED and Z2°P are given in (A.36)
and (A.37), respectively. As explained above, the tadpole diagram 6 of figure 4(a) cancels
with the corresponding diagram in the denominator of (4.11). With the help of (A.28), the
corresponding anomalous dimension reads

I (w,0) = {_ T, ln% - 5<Z;CF + ij@ﬁ)] 5w — o)

— 4|00+ 20,(Q, + Qo) ), (1.15)

where F(w,w') is given in (A.38). The anomalous dimension contains the cusp part I's,
which appeared already in the anomalous dimension (3.13) of the SCET operators. How-
ever, here it enters with the opposite sign and is multiplied by In(w/p). Note that the
QED part of the anomalous dimension is proportional to the light-quark charge @,.

The soft operator fulfils the RGE*

d ! s !/ /.
mjs(w;,u) = —/dw Tr (w,w)js(w ”u,)’ (416)

which at the LL accuracy, i.e. keeping only the cusp part of the anomalous dimension,
admits a solution of the form

Ts(w; ) = Us(p, prss w) Ts(ws ) - (4.17)
The LL soft RG evolution factor U, from an initial soft scale ps ~ w to p is given by
47 CF Oés(,us) w
Us(, ps;w) = exp [(go nNs) + Bolnns In — 4.18
(i 19) = exp| 8 2 (aolm) + 257 - (4.18)

: 2 em(Ms

r
DLy exp [25 (ln2 2 2 w)] , (4.19)

Hes ©

3We note the similarity to the factorization of the soft function in the definition of the transverse
momentum-dependent parton distribution functions, see, for example, [39].

4The minus sign on the right-hand side appears in accordance with the general convention (A.29) for
the RGEs of operators and coefficient functions.
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where for soft evolution n; stands for n;(us, 1) = a;(us)/ai(p) with i = s, em. In the last
line we have taken the double-logarithmic approximation of the QCD and QED factor, but
we will not make use of this approximation later on.

The above result can be simplified by noting that w, us ~ A, hence In (w/ps) is never
a large logarithm. Similar to the solution of the SCET evolution equation, we may drop
such O(1) logarithms. In the present case, this renders the evolution factor independent
of the momentum variable w, resulting in

B 47 Cg 4 Qq(2Q£ + Qq) ]
Us(p, pbs) = exp| ————5 s X em
(1, p1s) = € p[as(ﬂs) 2 go(n )] e p[aem(ﬂs) B 90(Nem)
C em s
% CeXp [as(us)g go(ns)] exXp [ - O;?T [Qq(QQE + Qq)] In® /;} . (4.20)

We note the same form as (3.16) for the hard-collinear evolution, except now the evolution
starts at ug, and there is no Q% term in the anomalous dimension.

4.2.2 Anti-collinear sector

The anti-collinear sector is the same for both operators and given by the anti-collinear
lepton field Jz = ¢z(0).> We define the anti-collinear operator

jg = ‘%75 = R_KE(O) s (421)

including the R_ factor from the soft subtraction. The operator has a single open spinor
index which is omitted for simplicity, as the anomalous dimension is diagonal.

The one-loop diagrams needed to compute the anomalous dimension of the above oper-
ator correspond to the anti-collinear part of the two diagrams in figure 4(b) and figure 4(c)
involving n_ Az. The factor R_, which originates from the soft tadpole diagram (6), ensures
the cancellation of the off-shell IR regulator in the UV divergent part. We introduce the
renormalization constant Zz associated with the UV counterterm, for which the one-loop
result is given in (A.40).

The anti-collinear part obeys the RG equation

d
dlnp

(1) = —T° Te(p) , (4.22)
with the one-loop anomalous dimension

- I mpg LT o
r‘e==-°211 9 _ ) - 30?2 4.23
; (n : 2) 02, (4.23)

and the cusp anomalous dimension I'. previously defined in (3.13). The solution to LL
accuracy is

Te(p) = Uz, pic) Fepie) » (4.24)

5We note that this refers to the field including the anti-collinear Wilson line, which is invariant under

anti-collinear gauge transformations, see (A.10).
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with

4T Q% Qlem (Mc) mp,
Uz = - —_— 1 1 1 4.25
C(:Uw MC) exp[ Ctom (e) 5375111 (.90(778111) + o Bo,em 1N Nerm 1n e ( )
r
DL, exp [—c (ln2 "By _ In? mB")} . (4.26)
4 He %

Here Nem 18 Nem (they 1) = Qem(pie)/em (i) for (anti-) collinear evolution. Note that we
cannot neglect the first term in the exponent in this case, since In (mp,/p.) is a large log-
arithm.

4.2.3 Collinear sector

The collinear part of operators (4.1) and (4.2) consists of the two operators
TN = Ty e = Ry £c(0) 4my P, (4.27)
-
TP w) = TH = Ry nap) [ 5L TIILO)2A0 () PRy (429

with w = 1 — w, which mix under renormalization. Similar to the anti-collinear part,
the factor R4 must be included to cancel the IR regulator dependence in the anomalous
dimension. The 2 x 2 renormalization matrix has the structure

chl ren Zrcn 0 jCAl are
<[ 31] > - ( ¢ ) ¢ ) O <[ Bl]b ) ’ (4.29)
[‘78 ]ren ZAX7 mx ZAX [‘70 ]bare

where ®,, indicates the presence of the convolution with respect to the collinear momen-
tum fraction. Both operators have in common the collinear lepton field £.(0), for which
the associated one-loop diagrams due to the collinear Wilson lines are the diagrams in fig-
ure 4(b) and figure 4(c) which involve ny A.. Further, the operator chl contains an explicit
factor of my in the MS scheme, which we assign to the collinear sector as can be motivated
by the one-loop matching calculation for this operator in section 4.3. The operator jCBl
contains the additional collinear photon field A% (tny), which gives two more one-loop
diagrams shown in figure 4(c). The one-loop result of the diagonal elements Z,c,;(xl) and
Zi{;l) are given in (A.41) and (A.42), respectively.

For massless fermions in SCET], the mixing of Bl-type operators into Al-type opera-
tors is absent. In SCET; with non-zero fermion mass, we find the non-vanishing one-loop
off-shell collinear matrix element of Bl-type operator shown as the middle diagram in the
column labelled “SCETy;” in figure 3. Its divergent part is proportional to the tree-level
matrix element of the mass-suppressed Al-type operator. Explicitly, the matrix element is

given by
dt . -
n+p/27T e~ 1t (n+p) <€(p)‘€c(0) Agl (tn+)‘0>
Qem _ |1 ,UZ _
= — 241 . " 4.30
1 Qv €+n@(m3_p2w) me Ue(p)y'| (4.30)
yielding the mixing counterterm
c(1) _ Oem Qo__
Z gy (W) = =~ V] as (4.31)



for the general case with open Dirac and Lorentz indices. Contracting them with 2y# Pg,
the SCET; mixing counterterm pertinent to the operators (4.27) and (4.28) is

c(1 Qem Qéf
Z0 L (w) = . (4.32)

The renormalization of the collinear fields leads to the coupled system of RGEs,

da [ T [y O T ()
dln B1 . - c c ®w’ B1 /. ’ (433)
K jc (wv /1') Ax, mx F,AX jc (w 7#)

with the one-loop collinear anomalous dimensions given by

I mpg 1T o
re,. = -—=<1(1 R M 3Q? 4.34
mx 2<nﬂ 2)+47r3@f’ (4.34)
(0% _
Fix,mx(w) = 4(;11 2Q¢w, (435)
r .
I, (w,w') = 6(w—w') [20 <lnmiq _ Z;) + Ojle: Q7 (4lnw — 6)
o
= 2Q7 Y, ax (w, w') (4.36)

The non-cusp anomalous dimension 7.4y, 4y (w,w’) is provided for completeness in (A.43).
The opposite sign of the non-cusp term in (4.34) compared to (4.23) arises from the anoma-
lous dimension of the MS lepton mass in the definition of J/!.

At LL accuracy, keeping only the cusp anomalous dimension terms, the system of
RGEs (4.33) is easily solved first for JA! (1), and subsequently for J2!(w, 1), yielding

TM (1) = Uelpss pe) T2 (pe) (4.37)
TP (w; ) = Uelps, pe) | T2 (w3 pae) — gjwlnnem TM (pe) | - (4.38)

Here Nem equals nem (fie, 1t) = Qem(the)/tem (1) and Ue(p, pe) = Uz(p, pie) defined in (4.24)
with LL accuracy, because the cusp part of the anomalous dimensions 'y, , Filx is the
same as of I'“ in (4.23).

Naively, the second term in the bracket in (4.38) appears suppressed as it contains cem
times a single logarithm. However, the tree-level matrix element of the operator J.21 ()
vanishes for B, — pu* 7. Hence, the second term is actually the leading term, as outlined
in figure 3. The matrix element of the Bl-operator contributes at the one-loop order, and
does not contain large logarithms because it is evaluated at the collinear scale. For the
LL accuracy, it is then enough to choose the initial condition JP!(w;pu.) = 0. In the
double-logarithmic approximation, we could further replace

DL Oem H
In —. 4.39
o (4.39)

——1In
Bﬁ,em Mlem

A very similar operator mixing calculation appears in the SCET analysis of power-suppressed two-jet

operators sourced by a new heavy particle [33]. In this application, the insertion of an external Higgs field
operator corresponds to the lepton mass factor. The off-diagonal anomalous dimension in [33] misses the
factor w, because the one-particle reducible diagram with the Higgs insertion on the external leg was not
included.
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4.2.4 Complete SCETj; operator and evolution

For convenience, we summarize the renormalization and RGEs for the full SCET1 operators
j;,?}( and J fxl The operator mixing in the collinear sector leads to a 2 x 2 renormaliza-
tion matrix

[ijl] ren Zm m 0 [‘7/);31] are
X _ ( XX ) Dt P (4.40)

2., T )

where appropriate convolutions are indicated by ®. The renormalization constants are the

ZAx,mx LAx, Ax

products of the soft, collinear and anti-collinear factors discussed before,

Zmy, my(w,w') = Zs(w,w") Ze Zpy,, (4.41)
Z Ay, Ax (W, iw,w') = Zg(w, W) ZngX(w, w'), (4.42)
Z px, my(w, W' w) = Zg(w,w') Zz ijjmx(w) , (4.43)

and the anomalous dimension matrix becomes the sum of the soft, collinear, and anti-
collinear anomalous dimensions. We can write this in the form

1 0 I‘E+ Ie 0
FH — Fs / 5 o mx 0
(w7w ) <0 5(11} — wl)) + (UJ w ) (I*\ICLXX7 mx(w) (S(w _ w/) FC + Fix(w, w/)) 9
(4.44)

with entries defined in (4.15), (4.23) and (4.34)—(4.36). Since the soft part is independent
of the collinear and anti-collinear building blocks, it enters only the diagonal entries. Both
operators j,;;‘i and J f; contain the cusp anomalous dimension parts I's and T'. from (3.13),
which appeared already in the anomalous dimension of the SCET} operators. Contrary to
SCET, in SCETy; I's enters with the opposite sign and is multiplied by In(w/u), but T,
is multiplied by In(mp,/u) as in SCET}. Finally we note that the soft and (anti-)collinear
anomalous dimensions are separately gauge invariant.

We collect at this point all evolution factors, including the evolution in SCETy. From
H;(115)Oi(1p) = Hi()O;(p) and (3.18), we obtain

Oi(iw) = exp [Se(po, 1) + Sq(py, 11)]O (1)
= exp [Se(p, 1) + Sq(pn, )] [Js ® TP @ T\ (1) - (4.45)

In passing to the second line, we have matched the SCET} operator at the scale pu <
at tree level to the SCETy; operator. We also omitted the SCETy; matching coefficient,
which does not change the structure of the result. (The precise matching relation will be
given in the following subsection.) Next we use the SCET}; evolution factors to write

Oi(w) = exp [Se(pp, 1) + Sq(ps 11)] Us (s prs) Ts(pts) @ Ul pre) Te(pe)
9wl i) [ T2 i) = 9 o T2 )
= exp [Se(up, pie)] exp [Sq(po, 1)) Uspt, p1s) Ts () Te(ptc)

& |:jcB1 (w;ﬂc) - ;20@71} In Nem chl (Mc):| . (4.46)
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In the final expression we combined the part of the hard-collinear evolution contained in
Sy(y, 1) with the collinear and anti-collinear factors making use of”

exp [Se(pp, 1)) Uelps pre) Uepas pe) = exp [Selp, prc)] - (4.47)

This shows that the logarithms proportional to Q? involving only the final-state leptons
arise from uniform evolution from the hard scale mp, to the collinear scale my. In the final
expression (4.46), we may drop the term J2!(w; ), since in the LL approximation the
initial condition of the Bl-operator at the collinear scale can be set to zero, as discussed
above. When one takes the matrix element of (4.46), no large logarithms appear in the
matrix elements of the 7, since they are evaluated at their natural scale, and all large
logarithms are already summed.

4.3 Matching

We match the SCETy operators O; at the hard-collinear scale up. on the SCET operators
in momentum space. The matching equations read

O(w) = [do | 1) Tk + [dw Tatui ) T ww)]| . aa8)

Ontw) = [ mtus) ) + [aw Txtuso.) T (119

with perturbative matching coefficients J;, also called “jet functions”, which account for
the (anti-) hard-collinear modes. There are no leading-power interactions between soft and
hard-collinear fermions in SCETj, hence to obtain the power-enhanced contribution we
1
q
to convert the hard-collinear quark into a soft quark. The jet functions Jy, m(u;w) start

must include a single insertion of the power-suppressed Lagrangian [,é )(:c), given in (A.13),

at the one-loop order, while J, (u;w,w) coincide at tree level with expressions

I (s, w, ) = I (s, w, 1) = ==L 6(u — w) (4.50)
from the lower diagram depicted in the column labelled “SCET” in figure 3. The explicit
calculation shows that both operators O; for i = 9,10 contribute equally to J f;, whereas

i = 9,10 contribute to J f% with an opposite sign. Summarizing, we find

Hg ®, Og + H1g ®4 O10 — (Hg + Hlo) Ru JA Qo ,w ‘7}13)} R (4.51)
Hy ®, Og + Hg ®, Ogg — (Hy — Hig) ®u J5 Quw JL1s - (4.52)

Here we anticipate that the relative minus sign in front of Hy¢ and Hyg to the right-hand side
of the arrows, together with (3.8), is the origin of the cancellation of the Wilson coefficient
C1o at the amplitude level after adding the collinear and anti-collinear contributions. Thus
we reproduce in the SCET approach our previous finding [21] that the power-enhanced
contribution (1.1) does not depend on Cip.

"To obtain the following identity exactly, we make use of the freedom to replace mp, by pp in (4.25) in
the LL approximation. Alternatively, we may choose up = mp,.
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As an aside, we note that for the charged B-meson leptonic decay B, — puv,, the
anti-collinear parts are not present because the anti-lepton is replaced by the chargeless
neutrino, thus (4.52) will not contribute. Further, there is only a single operator with
Wilson coefficient C' and the Dirac structure 7,(1 —s) in the lepton current. This implies
the replacements Cy = C and Cg = —C, such that Hg + H19 = 0 and no power-enhanced
contribution arises for this process.

Returning to By — ptu™, let us briefly discuss also the one-loop matching of the
coefficients Jp, m(u;w). The one-loop matrix elements of the left-hand sides of (4.51)
and (4.52) in a (€4]...|gb) state used to extract Jy, m(u;w) contain an IR divergence. This
divergence is reproduced on the right-hand side in SCETy by the scaleless one-loop matrix
element and the renormalization constant (4.32) convoluted with the tree-level (anti-) hard-
collinear jet function (4.50). After we include these contributions in the matching, the IR
divergence cancels and we find

I (s ws p) = QuQy — [ln <“’Z‘5W> +Infu(l u)]] B(u)6(1—u).  (4.53)

The result for J%) is obtained by the replacement n,.p, — n_p;. The cancellation of
the IR divergence in the matching of SCET; on SCETy; confirms the short-distance na-
ture of the jet function, and serves as a check of the EFT setup. We note that when
1 << lpe, the one-loop expression above contains a large logarithm. This is precisely the
logarithm that is generated by RG evolution and correctly taken into account by the LL
result (4.38), (4.39). The non-logarithmic term In [u(1 — u)] enters (1.1) together with the
non-logarithmic contributions from the collinear matrix element (6.4) below.

5 QED effects and the B-meson decay constant and LCDA

Before turning to the factorized matrix element for the power-enhanced part of the B, —
pup~ amplitude, we discuss the hadronic matrix element of the soft operator i(v) (4.11),
which is related to the B-meson decay constant and the leading-twist B-meson LCDA [40,
41]. However, the additional soft Wilson lines in the SCETy; operators (4.1)—(4.4) and
js(v) imply that the hadronic matrix element does not coincide with the universal B-meson
LCDA that would appear in the absence of electromagnetic interactions, and indicate a
dependence on the final-state particles of the specific process. We discuss these issues in
this section.

We thus define the generalized and process-dependent B-meson LCDA &, (w) by the
soft matrix element of the operator J,(v)

(0[g,(vn_)Y (vn_,0)_~s hy(0) Y (0)Y=(0)[By(p))
(0| [v] v_](0)|0)

= imBq/ dwe ™" Fp &4 (w). (5.1)
0

(=4)(0]T:(0)|Bq(p)) =

The analogous definition holds for the anti-collinear case after interchanging ny <> n_ in
the q,[...]h, part of the operator, but with the same function ®(w). As an overall factor
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we include the generalized process-dependent B-meson decay constant .#p, in the presence
of electromagnetic corrections, defined through the local matrix element

(0[24(0)7""95 1o (0) Y ()Y~ (0)[ By (p))
(o [{Y-](0)]o)

:iqumqu“, (5.2)

where p = mp,v, and v" is the four-velocity label of the heavy-quark field. Since we are
working with the heavy quark field in HQET, #p, is the so-called static B-meson decay
constant. It is related to the decay constant in full QCD and QED by matching corrections
at the hard scale. The generalized B-meson LCDA satisfies the RGE (4.16),

d
dlnp

(P, (1) B (i )] = — /0 " d T (w0, o) T, (1) By (o 1), (5.3)

with the anomalous dimension kernel I'* given in (4.15) at the one-loop order. Note that
it depends on the charges ), of the leptons in the final state. Keeping only the cusp part
as before, the solution is

T, (1) Py (wip) = Us(p, pssw) Fp, (1) P4 (w; 1) (5.4)

with Us(u, ps;w) from (4.18).

In practice, owing to the smallness of ey, we can treat QED effects on hadronic matrix
elements perturbatively. Since we wish to sum logarithmic QED effects to all orders, the
expansion of the matrix element in ey, must be done at the soft scale us ~ A, where the
matrix element contains no large logarithms. We can then use the RGE including the QED
anomalous dimension to sum the large logarithms between the soft and the hard-collinear
and hard scale. We therefore define the expansions

o) = 3 (258 ) ), 55)

n=0
o) i) = 3 (L) E ) 0 i), (5.6
n=0

of the B-meson decay constant and LCDA. The leading terms in the expansion coincide
with the standard B-meson decay constant Fp (1) and LCDA ¢, (w;p) defined in the
absence of QED at the soft scale, that is, ng) (us) = Fp,(ps) and (ﬁf) (w; ps) = o4 (w; ps),
respectively. However, they evolve differently to p > ps, since the RGE for ¢4 (w; 1) does
not include QED effects. To be specific, write

Us(p, 153w, ") = USCP (1, pg; w, ") USEP (1, g w0, w0’ (5.7)

where UgCD(u,us;w,w/) is defined as Us(u, ps;w,w’) with the electromagnetic coupling
Qe Set to zero, and UyQED (i, ps; w,w') as the rest.® In other words, USQED(M, s ) fulfils the

8Note that this definition implies that in general UXQEP (1, pts; w,w") depends on the strong coupling,
although not at the LL accuracy. It is defined as the additional evolution caused by QED, and therefore
includes mixed QED-QCD effects. We also added the second argument w’, such that these general definitions
are valid beyond the LL approximation.
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RGE

d
7UQED(M7N’S;W’("/) = - |:FS -1 aemﬁo] USED(:U’aljJs;Waw/) (58)

dlnpy °

with initial condition USQED(MS,MS;w,w') = 0(w — ). Since UBCD(u,uS;w,w’) is the
evolution factor for the standard B-meson LCDA in the absence of QED, we have the
relation

Fio (1) 02 @3 1) = UFP (g1, 1550, ) USP (s i 0,') @ [Fig) 115) 0 (3 1)
= U™ (1, p1s; w0, ) URP (1, p13w0,0') @ [Fi, (1) (w5 pos)]
= U2PP (i, psi w,0') @4y [Fi, (1) ¢4 (o5 1)) (5.9)

at an arbitrary scale.

Higher-order terms in the expansion (5.5), (5.6) define non-universal, non-local QCD
(more precisely, HQET) matrix elements that have to be evaluated nonperturbatively.
Since en is small, only a few terms will be needed in practice. For example, the com-
putation of the time-ordered product of the electromagnetic current jZm(x) with the soft
quark fields contained in the SCETy; operators contributes to ¢$)(w) and F ](31(1). The decay
constants ng)(us) and LCDAs ngf) (w) at the scale ps provide a basis of initial conditions
for the systematic inclusion and resummation of QED effects. At the leading and next-to-
leading logarithmic (NLL) accuracy, only the universal objects Fg, (1s) and ¢ (w) need to
be known. For N**!LL or fixed-order N*LO accuracy, the expansions (5.5), (5.6) can be
truncated at n = k.

The above discussion, applicable to B, — ¢1¢~, illustrates some complications related
to the factorization of QED corrections for exclusive B-meson decays. Only the leading and
next-to-leading QED logarithms can be computed without introducing new QED-specific
nonperturbative hadronic matrix elements. To be more explicit on the process dependence
of the B-meson LCDA and the decay constant in the presence of QED, we consider defining
the QED gauge-invariant generalization of the standard LCDA by

<0’§s(vn,)Y(vn,,0)7ﬁ_fy5 hU(O){Eq(p» = imp, /Ooodw oWy ygqq)(i(w)’ (5.10)

where the matrix element should be evaluated with the QCD and QED Lagrangians. At
least the local matrix elements, defining f/‘gq, could be computed with lattice QCD. This
is indeed a valid definition, however, it would be relevant in factorization theorems for
processes like B, — v or B; — vv with no charged particles in the final state. It
cannot be used for By — ¢T¢~. In fact, the functions <I>9L and @, when evolved to scales
> s differ already in the LL approximation, since they have different cusp anomalous
dimensions. The one for CIJSJr does not contain the terms proportional to ();,Q; in particular,
at the one-loop order, the diagrams 3-5 in figure 4(a) are absent. In general, the presence
of non-local Wilson lines even in the definition of naively local objects such as the B-meson
decay constant, see (5.2), provides a serious obstacle to any attempt to include QED effects
in lattice computations of hadronic matrix elements for processes with energetic, charged
particles in the final state.
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Another interesting example is the leptonic charged B-meson decay B,, — ¢U,. In this
case, we need to introduce an auxiliary Wilson line to achieve soft-collinear factorization.
The LCDA is then defined via the soft matrix element

(0fg.(vn )Y (vn_, 0)s_n5 b (0)Y] (0)|Bu(p)) _ o
OOV = imp, [ ). ()

The QCD+QED Wilson line that ensures gauge invariance is now given by

Y(on_,0) =Ygy (vn-) Vacnt (vn-) Vheps (0) V1 (0), (5.12)

where @ is the charge of the soft u-quark denoted by ¢, in the B, meson. The explicit
definitions of soft Wilson lines can be found in appendix A.1. The new auxiliary Wilson
line Y, (0) is defined with the time-like vector v and carries the charge of the B, meson.
The dependence of the LCDA on the arbitrary vector v cancels after convolution with the
collinear matrix element. It is clear that the arbitrary vector v breaks the boost invariance
of the collinear matrix element, which includes the factor R, = <0‘YU(O)Y41(O) |0) that was
removed above from the soft matrix element. The same breaking occurs also for By — (14~
since the boost-invariant vacuum expectation value of the Wilson lines is factorized into
the boost non-invariant quantities R4. This is a consequence of the SCETy; factorization
anomaly [39, 42—44], which frequently appears when there are collinear and soft modes with
equal invariant mass, which cannot be uniquely separated in dimensional regularization.
Finally, let us comment on the dipole operator contribution proportional to C%.
From appendix B, we expect that for this case yet another generalized LCDA should
be defined containing the soft leptons of the operator in (B.16). Thus, the set of required
LCDAs is not only process-dependent but also depends on the operator at the hard scale.

6 Resummed power-enhanced B, — £T¢~ amplitude

6.1 Factorization of the amplitude

Having defined the soft matrix element in terms of the generalized B-meson LCDA, we now
focus on the collinear and anti-collinear matrix elements. As they involve only the leptons
and their interactions with collinear/anti-collinear photons, they are free of QCD effects
at the considered order. As is the case for other low-energy electromagnetic quantities,
hadronic vacuum polarization and other strong interaction effects would become relevant
in higher orders in the electromagnetic coupling. In SCET1y, the Al-type operators contain
either a single collinear (anti-collinear) lepton field, and Bl-type operators a product of
both collinear (anti-collinear) lepton and photon fields. In each case, we are interested only
in the matrix element of Bq(p) — £+ (p;)¢™ (p¢) with only leptons in the final state.” Thus,

9We recall that the power-enhanced QED corrections are purely virtual. By assumption, we define the
IR finite observable through a narrow signal window in the di-muon invariant mass around the mass of
the B, meson. This allows photons with ultrasoft energy E, < AE < A in the final state, but excludes
final-state radiation of real collinear photons with virtuality of order A2. We consider ultrasoft photons
in section 7.
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we define the renormalized collinear and anti-collinear on-shell matrix elements related to
‘77‘2}( as

(€ (pe) | R4£:(0)[0) = ZoTuc(pe), (€ (p7) | R—£=(0)|0) = Zzvz(py), (6.1)

and those related to J f; as

R, / dt it (n4+p2) (€= (po)|€c(0) A (tng)|0) = Zg Ma(w) my [Te(pe)V]
27 (6.2)

R / S D) (0 ()| A (1 )Ep(0)|0) = 25 Mig(as) e [+ e

We note that the second equation in (6.1) simply defines the matrix element of Jz
from (4.21), while the first and (6.2) gives the matrix elements of (4.27), (4.28) after
straightforward multiplications and contractions. Explicit computation to the required
order gives

Ly = ZZ =1+ O(aem)a (63)
Qe _ 2 .
M (ws ) = M (wi ) = =2 Qe (m :ﬁ - w2) ’ o4

with w =1 — w. In the case of J f;, the matrix element starts at the one-loop order, as
indicated by the superscript. The bare matrix element is UV divergent and rendered finite
by the operator mixing counterterm (4.32). When evaluated at the collinear scale u ~ A,
the matrix elements do not contain large logarithmic corrections.

With the above collinear matrix elements and the parametrization (5.1) of the soft
matrix element at hand, we can now derive the factorized expression for the matrix elements
of the Fourier transforms (4.7), (4.8) of the SCETy; operators (4.1), (4.2) in the form

(£ (pg) (W)Un’?;l((w)‘?q(p» =T, mp,Fp, P4 (w), (6.5)
(€T (pp) € (po)| T L} (w,w)|Bg(p)) = T Ma(w)mp, Fp,®4(w). (6.6)

All scale-dependent quantities are understood to be evaluated at the scale i, and we defined
the common factor

T4 (1) = (=) me() Ze(n) Zg() [e(pe) Prve(pg)] (6.7)

Note that <J;,‘L‘>1<> contributes at tree level, whereas (J f;) starts to contribute only from the
one-loop order. The same result holds for the anti-collinear operators ¢ = my, AY owing
to (6.4) and the definition of the soft matrix element (5.1).

The complete expression for the power-enhanced B, — ¢7¢~ amplitude due to the
operators (g 10 of the effective weak interaction Lagrangian is now obtained by adding the
hard (Hy10) and hard-collinear (J,, 4) matching coefficients according to (3.7) and (4.48),
and by summing over all contributions ¢ = 9,9, 10, 10 in the general factorized form

1Ag = T, [(Hg +H1()) Ry (Jm + J4 Qu MA)

(6.8)
+ (Hg — Hig) @u (Jm + J7 @uw M) } ®w mp, 7B, P+,
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where we have suppressed all arguments, which will be shown explicitly below. The for-
mula simplifies considerably when accounting for several relations between the matching
coefficients of the collinear and anti-collinear sectors, which show up at tree level: for the
hard functions Héo) = Hg(o) and H 1(8) = H%) from (3.8) and for the jet functions JI(L‘O) = Jg) )
from (4.50), and Jr(r?) = J%)) = 0. In fact, higher-order QED corrections are symmetric
under the exchange of the collinear and anti-collinear sectors once hard fluctuations are
decoupled, such that the relations Hg = Hgy and H1op = Hyg are valid even beyond tree level.
Thus the hard functions in both sectors will exhibit the same u-dependence. Concerning
the jet functions and matrix elements of the SCET; operators, the explicit one-loop re-
sults show that J&) = J%) upon the identification of nypy = n_p; = mp, in (4.53), while
MS) = M(Zl ) according to (6.4). Again we expect these relations to extend to higher orders
in QED, because of the symmetry between the collinear and anti-collinear sectors. Making
use of these relations we find that (6.8) simplifies to

o0

1 1
iAg—T+/ du2H9(u)/ dw [Jm(u;w)+/deA(u;w,w)MA(w) mp,#p, P4 (w)
0 0 0
(6.9)

even beyond leading logarithmic approximation. The contribution from the operator Q)1g
has cancelled and a factor of two arises for the Qg term, as anticipated earlier. All momen-
tum fraction arguments and convolutions have now been made explicit. Every factor is
understood to be evaluated at the same scale p. In this form there is no value of p in which
not at least one of the factors contains large logarithms. For example, if y is chosen of
order of the soft and collinear scale A, large logarithms occur in the hard and hard-collinear
coefficients functions. On the other hand, if i is chosen at the hard-collinear scale /mpA,
Hyg(u) and the matrix element factors T, M4 (w) and .#p,® (w) contain large logarithms.

6.2 Resummed amplitude

We will now use the solutions to the renormalization group equations derived earlier to
convert (6.9) into a formula in which large logarithms are summed. The explicit result is
given in the LL approximation, but the essence of the manipulations is general. We shall
take the common scale to be the hard-collinear scale ji5,. ~ v/mpA, hence we have to evolve
the hard function from pp ~ my down to up. and the soft and collinear functions up from
Hs ~ He ™~ A to HKhe-

To implement this procedure into (6.9), we use (3.18), and include the hard-function
evolution to pp. via the substitution

Hy(u) — exp [Se(po, pne) + Sq(to, tne)] Holu, o) - (6.10)

For the soft matrix element, we use (5.4), (5.9) to obtain

qu (I)Jr(w) — Us (,Uhca Ms; W) qu (,us) (I)Jr(w; ,Us)
= UZP (ihe, ps; @) Fp, (tine) 64 (w3 fine) - (6.11)
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After the second arrow, we expressed the initial condition for the generalized B-meson
LCDA at the soft scale in terms of the standard LCDA in the absence of QED corrections,
which can be done at LL accuracy, as discussed section 5, and evolved the latter back to
the hard collinear scale. The advantage of this procedure is that while pure QED quantities
can be evaluated perturbatively at low scales of order A ~ my, the soft scale is generally
nonperturbative in QCD. The above form requires only that the standard B-meson LCDA
o4 (w; ppe) is provided at the hard-collinear scale by some nonperturbative method, or by
extracting it from data directly at this scale [45]. Finally, for the anti-collinear part we
use (4.24) to substitute Z; — Uz(pine, fte) Z7(tte), which together with (4.37), (4.38) for the
collinear part amounts to

T+ — Uc(ﬂhca NC)UE(th MC) T+(:UJC)7 (6'12)
Qow

ﬁO,em

Ty Ma(w) = Uc(pine, pe)Us(pthes pe) To-(pe) | Ma(w; pe) — Inem | (6.13)
where Nem = Qem (fte)/Cem (1ne). After these replacements, the result contains the scales puy,
te and ps where the initial conditions of the various evolutions are set. This dependence
cancels between the evolution factors, matching coefficients and matrix elements up to
residual dependence of higher order than LL accuracy.

Putting this together in (6.9) and making use of (4.47) results in the all-order LL-
resummed amplitude

iAg = eSe(hb e T (pe)

1 [e’s)
X/dueSq(“’”“hc) 2H9(U;ub)/ dw UXEP (e, 153 w) mp, Fi, (fthe) ¢+ (w5 fihe)
0

0
Qrw

Bﬁ,em

1

x [Jm(w W5 fhe) + /O dw Ja(u; w, w; pine) (MA(w; fe) — In 778m>:| - (6.14)
We note that the prefactor exp [S¢(up, pic)] sums the purely leptonic leading-logarithms
proportional to Q% between the hard scale p;, and the collinear scale u.. They originate from
virtual QED corrections in SCETT and SCETy;. In section 7 it will be combined with the
remaining final-state contributions due to ultrasoft photons to provide the radiative B, —
¢+¢~ branching fraction including the fully resummed double-logarithmic QED corrections
to all orders in perturbation theory.

The resummation of the leading-logarithmic QED (and QCD) corrections to all orders
in perturbation theory is achieved by keeping the one-loop expressions of the cusp part of
the anomalous dimensions together with tree-level results for the hard and jet functions. In
addition, due to the presence of operator mixing, the leading off-diagonal elements in the

)

anomalous dimension matrix must also be kept. Otherwise, .49 = 0, because M,E\OZ(MC) =0

and Jﬁ?}m(,u) = 0 for all u when the one-loop mixing of I, in (4.33) is neglected.

In the following we obtain from (6.14) an expression that is both LL-accurate and NLO-
accurate, thus generalizing the previous NLO result (1.1) to include the leading logarithms
to all orders. This can be achieved by keeping the non-logarithmic one-loop corrections to
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Jm and My given in (4.53) and (6.4), respectively. First using (4.50) removes the w-integral
in the second line of (6.14), such that the square bracket turns into

u
Im (U; W5 pne) — % Ja(u;w, u; pipe) (MA(U; fhe) — BQOZ lnnem> : (6.15)
,em

With LL accuracy it is also justified to apply (4.39) with p = ppe in the last term. Insert-
ing (4.53) and (6.4) produces

em 1 - 2 2
a QeQq Y [lnwn;m + Inuu + [lnﬂ‘;—ﬂnu] +In 'u};c] . (6.16)
4m w Hhe my c

After combining the logarithms and setting nyp, = mp,, we recognize the factor that
appears in (1.1).!19 This allows us to put (6.14) into the final form

iy = 2D .00 my (—i)m, i, €5 PN [ (1 + 5 o

1
X eS‘?(‘“”“hC)/ du (1 — u) CSH(U,Mb> (6.17)
0

“dw oD wmp u
X/O UUSQ (thes prs; W) G4 (w5 pine) |In m%“rlnl_u

At LL accuracy the scale of the overall factor of aey, is arbitrary and we have chosen the
collinear scale. Within the same LL approximation, we can also replace the HQET decay
constant by the QCD decay constant fp . The one-loop QED result of [21] in (1.1) is
obtained from the above expression when setting the Sudakov exponentials and the soft
evolution factor UgED to unity, apart from the term proportional to C‘?H that was not
considered up to now. The explicit result for Sy(up, pc) and Sq(pp, fine) can be inferred
from (3.19) and (3.20), respectively. The residual QED evolution from the B-meson LCDA
is obtained from (4.18) or the simpler version (4.20) by setting as = 0, see (5.8). Explicitly

dr - Qq(2Q + Q) e (Hs) w
UQED . — q q 1 In =
s (:uhca Hs; w) €xp aem(ﬂs) Baem 9o (nem) + o /BO,em 1 7)em 111 .
FQED
LELN exp | ——— <ln2 Rl P ) , (6.18)
2 s Hhe

where for soft evolution 7ey, stands for Nem (fis, he) = Qem (tts)/Cem (fhe), Or, more simply,
by dropping the O(1) logarithm of w/us,

4m Qq (QQE + Qq)

QED _
Us (,uhca ,UJs) = €xp |:04em(ﬂs) 6(2]7em gO(nem):|
DLy exp [ - O;: (Q4(2Qc + Q)] In? :h} . (6.19)

Here, similarly to (5.8), F?ED = I's(as, Qem) — Is(as, aem = 0) is obtained at the one-loop
order from I'y in (3.13) by setting a5 = 0.

10The present analysis clarifies that mp, should appear in the logarithm, because it arises from the
kinematic lepton momentum rather than the bottom quark mass.
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7 B, — ptu~ decay width

In the decay B, — putpu~ we encounter the peculiar situation that the numerically leading
amplitude at tree-level in e, discussed in more detail below as A9 « Cig, is power-
suppressed compared to the amplitude Ag in (6.9), which on the other hand is suppressed
by cem, hence

Alof\fl-/\12, Agwaﬂ~)\10-ln%. (7.1)

™ He

Indeed the hierarchy aem/m ~ 1/420 compared to A*> ~ Aqcp/mp ~ 1/20 confirms that
Ajig is numerically the most relevant amplitude, but in an imaginary world with a much
larger value of mj or a much larger electromagnetic coupling, the amplitude A9 would be
largest. As the decay width is proportional to |.A1g +.Ag|?, the dominant effect of Ay is the
interference with A19. The investigation of the full QED effects at the subleading power in
1/my, as would be required for Ajp in the SCET approach, is a rather daunting task and
we leave it for the future. However, based on our derivations in the previous sections, we
discuss the leading effect, which requires only tree-level matching and leading-logarithmic
resummation.

7.1 Tree-level amplitude to B, — ptp~

Here we derive the LL resummation of the formally power-suppressed but numerically
dominant amplitude A;q for B, — ¢7¢~. At this accuracy it is sufficient to match at tree
level and to employ the one-loop cusp anomalous dimensions of the relevant operators.
The fact that we restrict ourselves to the operators obtained from tree-level matching in
Qem simplifies the operator structure; in particular it implies that in the SCET; operator
the light quark field must be soft, since otherwise the operator could not overlap with
the B-meson state at tree level. Due to the chiral structure of the weak EFT operators,
the lepton-mass term appears already after the hard matching leading to the well-known
helicity suppression of the amplitude. Hence, the relevant SCET} operator is

B = mi [2:(0) Prhol0)][e(0) 35 £(0)]. (7.2
with the matching coefficient

2 Cho(p)

Hm(#b) =N mg

(7.3)
q

at the hard scale . As one works to subleading order in A, one must use the O(\) relation
between the full theory fields and SCET fields, as derived for example in [25], to obtain
the above result. The SCET; RGE of the coefficient H,, at LL accuracy, i.e. neglecting
non-cusp parts of the anomalous dimension and possible operator mixing, reads

d
Hp(s) = T In 21

m Hyp(p) - (7.4)

It is governed by the collinear cusp anomalous dimension (3.13) encountered previously for
the power-enhanced amplitude in SCET| and SCETYy;.
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The decoupling of the hard-collinear modes of SCETY is trivial and yields the SCETy
operator (in position space)

T = myg,(0) Prhy(0) [YIY_](0) [2e(0)y5 £2(0)] (7.5)

with unit matching coefficient. Note that the jet function cannot depend on the soft quark
position along the light-cone at tree level, hence the operator remains local, unlike for
SCET} to SCET; matching of the power-enhanced amplitude Ag. The RG evolution of
the matrix element of 74! is governed by the same cusp anomalous dimension as in SCET}
n (7.4). The amplitude in SCET] at the collinear scale is then given by

i Ay = %(*i) mB, B, (1the) M| Ze Z] (pthe) Hm (pine) [Ge(pe)v5ve(pp)]

= & (i) masme f5, €505 1) Ho () e(po)ysee(og) (76)

In the first line the hard function is meant to be evaluated at the hard-collinear scale by
means of its SCET; RGE and further a SCET; RG evolution is implied for the matrix
element of (741 ZyZ3¥ B, from the soft and collinear scale to the hard-collinear scale.
In the second line, we make use of the LL solution of the RGEs discussed in section 6.2 and
set [Z¢Z;)(pe) = 1. In particular, the same Sudakov factor ¢Sk, 1e) hetween the hard and
collinear scales as in the power-enhanced amplitude (6.14) appears as an overall factor.
Moreover the hard function H,, enters now at the hard scale with value given in (7. 3)
The static B-meson decay constant Zp, (tine) = F( )(th) + Qem/(4m)F Y )(th) + 0(a2,)

contains the term Fp (1 ) that contributes at the same order in «ey, as Ag, but is power-
suppressed by A2 compared to Ag, and for this reason will be omitted. Further we replace
Fg;)(uhc) by Fp,(pne), the static decay constant in the absence of QED, because the
difference in RG evolution does not contribute double logarithms. For the same reason, we
equate Fp, (une) to the full QCD decay constant fp,, which is usually calculated on the
lattice within QCD.' This is exact to the considered accuracy of tree-level matching at
the hard scale py.

Since both, Ag and Ajg, share the same overall leptonic Sudakov factor, it proves
advantageous for later purposes to factor it from the sum of both amplitudes. We write

i(A1g + Ag) = eSelhve) <A10 [Ueysve] + Ag [Ue(1 + v5)ve] ) ; (7.7)

where we introduced the scalar reduced amplitudes Ag19, which can be extracted
from (6.14) and (7.6). An analogous reduced amplitude A7 is defined for the part of
the amplitude proportional to C’?H. Its non-resummed one-loop expression can be read off
from (1.1). Moreover, the resummation of the leading logarithmic QCD (but not QED)
corrections in SCET] is also possible for the A7 contribution, because the operators which
give rise to the A; part in SCETT have the same QCD anomalous dimension as the cor-
responding operators of the Ag part. Therefore, the amplitude A7 also receives the factor
eSa(te: he) defined in (3.20), but its QED part should be dropped.

HThe lattice calculation [2] includes electromagnetic contributions to meson masses to fix quark masses,
which leads to some isospin breaking for the B, meson decay constants.
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7.2 Decay width and ultrasoft photons

So far we ignored ultrasoft photons below the soft scale us. We now turn to the radiative
By — (T0~ decay amplitude, and consider the matrix element with an arbitrary ultrasoft
state X, consisting of photons and possibly electrons and positrons. It factorizes into the
non-radiative amplitude A; discussed before and an ultrasoft matrix element

Nap=1Ci (00X,|Qs|Bs) = A; (X,|S],(0)5,,(0)[0) , i =9,10. (7.8)

To prove this factorization formally we should match SCETy; at a scale of order Aqcp ~ my
to an effective theory that contains the B-meson field and heavy lepton fields with fixed
velocity label, in analogy with heavy-quark effective theory. In this theory ultrasoft photons
with virtuality much below m? ~ A(QQCD have leading-power couplings to the charged leptons
but not to the electrically neutral B-meson. The decoupling of the ultrasoft photons from
the heavy leptons, {c — Swf(g), gives rise to the ultrasoft Wilson lines S,, in (7.8). The
lepton-velocity vy is defined via p, = Eyvy and similarly for v;. At leading power in the 1/my
expansion, the radiation originates only from the final-state leptons as the ultrasoft photons
do not couple to the neutral initial state. Formally, the matching of SCET; with quark
fields to the EFT with point-like meson fields is nonperturbative. We can nevertheless sum
the leading logarithms, because the B-meson is neutral and decoupled in the far infrared,
so we know that the IR logarithms arise from perturbative QED only.

The partial decay width is obtained after squaring the full amplitude (7.8) and sum-
ming over all ultrasoft final states with total energy less than AF

LBy — u u"J(AE) = %Bﬂ (‘AIO + Ag + A7‘2 + B2 | Ag + A?‘Z)

2
X ‘esewb’#c) S(vp,v7, AE), (7.9)

where 8, = (/1 — 4’mz /mQBq. We include here the amplitude A7 even though we do not
attempt to sum QED corrections for this amplitude. However we compute the leading
logarithmic QCD corrections to A7 and comment on this in section 8. The terms propor-
tional to |Ag + A7|? are formally of O(a2,). The first term in the parenthesis is due to
the pseudo-scalar lepton current [wys5ve] in (7.7), the second term 32 [Ag + A7|* due to the
scalar term [@.vg]. The ultrasoft function

S(ve, vz, AE) = Y [(X,S],(0)S,,(0)[0)|* O(AE — Ex,) (7.10)
Xs

accounts for the emission of an arbitrary number of ultrasoft photons with total energy
E X, < AFE.

The ultrasoft function should be further factorized to sum large logarithmic corrections
with the RG technique. This could be achieved by introducing another EFT below the
muon-mass scale similar to the SCET treatment of soft radiation in top-quark jets [46].
Instead, to avoid further technical complications, we use the QED exponentiation theorem
to write the full soft function as the exponent of the one-loop result

S(ve,v7, AE) = exp ae;:Q% S(l)(w,vz, AE)|. (7.11)

4
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The one-loop result in the appropriate limit Ey > m, > AFE is given by (for a result in
dimensional regularization, see e.g. [47])

2 2 2
S(l)(vg,vz, AFE) =38 (1 +1In %> In <M) -2 (2 +In m”) In é7‘('2, (7.12)
Sgg 2AFE S5 S7 3

where s,; denotes the invariant mass squared of the lepton pair. The u dependence of the
ultrasoft function is cancelled by the explicit i, dependence of the non-radiative amplitude,
as seen in (7.13) below to the accuracy considered here, hence we set 1 = .. The second
line of (7.9), which multiplies the reduced amplitude squared, can be rewritten as the single
exponential. In the leading approximation we neglect the constant factor —%WQ in S,
Then we find

2

‘68@<ub7#6) S(UEJ UZv AEJ /’LC)

2 2 2
Qem 2 my, He my, my 4, 2 Mb
= exp Q7 |8 1+ln—— ln< )—2 24In— | In —=——7“—8In" —
{ 4t ( 87 2AF 57 s 3 Lhe
2 m2 mp
= exp{ ;sz [<1 +In m;) In (2AE‘>
Bq
2
+2lntqln'ub—I—lnzw—(l—i—lnm“)lnm”—ﬂ}}- (7.13)
Hb He o te e 6

Notice that since (7.12) is given only in the one-loop and not the formal LL approximation,
we use the double-logarithmic approximation (3.19) for Sy(up, pc), which gives the last term
in square brackets after the first equality. Within the same DL approximation, all terms in
the last line should be dropped, since they are at most single-logarithmic, given p. ~ m,

12 since the dependence of the RG evolution factors

pp ~ mp,. We also set s; = mQBq,
and ultrasoft function on the hard scale arises from the kinematic variables entering the
cusp anomalous dimension, rather than from m; quark mass factors. This allows us to

rewrite (7.9) in the conventional form (Q% = 1)

2cem mlzl«
2AE — = <1+1H m2
T8, - i IAE) = T8, - ] (207 5 (7.14)
mBq
with the non-radiative decay width
_ mp
PO[B, — 7] = 28, (| Ao + Ao + Ar[ + 82 | Ag + 47 ") . (7.15)

The universal ultrasoft photon corrections, which depend on AFE, are now explicitly fac-
torized in the usual manner [19]. In [19] and other works based on Yennie-Frautschi-Suura
exponentiation [48], the scale mp, in the base 2AE/mp, of the exponential is obtained by
extrapolating the cutoff of the point-like meson theory, which should be below Agcp, to
mp,. The EFT framework developed in this paper justifies this extrapolation in part, but

12The dependence of sz on AFE is a negligible power-suppressed effect.
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it also shows that there are additional, structure-dependent double logarithms. In (7.14),
these process-specific resummed leading-logarithmic QED corrections that depend on the
soft /collinear and hard-collinear scales are included in the amplitudes Ag 19. The decay rate
is then written as the product of the resummed non-radiative decay width I'©O[B, — utu~]
and the exponentiated ultrasoft photon corrections. The SCET framework can in principle
be systematically extended to cover next-to-leading and higher-order logarithms, as well
as power corrections m,/mp,.

8 Numerical results

The framework of SCET allows for a systematic factorization and resummation of leading
logarithmic QED and QCD corrections to the amplitude (7.7). In particular it allowed the
identification of three resummed contributions:

i) common virtual SCET} and SCET}; QED corrections among the final-state leptons
to the amplitudes A9 and Ajg between hard and soft /collinear scales in the Sudakov
factor eS¢(#v:te) wwhich are combined with the contributions of ultrasoft photons at
the level of the decay width in section 7.2.

i1) virtual SCET; QED and QCD corrections to the power-enhanced amplitude Ag be-
tween the hard and hard-collinear scales given by the overall Sudakov factor eSa(#b: tihe)
in (6.17).

ii1) virtual QED and QCD corrections within SCETy; between the hard-collinear and
soft/collinear scales, for which the RG equation was used such as to arrange that
the input of the nonperturbative quantities is required at the hard-collinear scale,
avoiding in this way the necessity of QCD RG evolution below the hard-collinear
scale, as explained section 6.2. This part is given by the w-dependent soft Sudakov
factor U™ (e, ps; w) in (6.18) or the w-independent version (6.19), which are both
equivalent at the LL accuracy.

We will start with the impact of points i) and 4ii) on the power-enhanced amplitude Ag
in section 8.1 and turn to point i) afterwards in section 8.2 when considering the branching
fraction of By — utu~.

Throughout o, and aey, denote the running couplings in the MS scheme with RGEs
given in appendix A.3. We use as initial value ag(myz) = 0.1181, with mz = 91.1876 GeV
and number of quark flavours n;y = 5, and perform the running with the four-loop ex-
pressions, including threshold corrections from quark masses (MS scheme) at the threshold
crossings at pa = pp (ng = 4) and pg = 1.2GeV (ny = 3). The RGEs for the hard function
in SCET] (3.16) and the matrix elements in SCETy (6.12)—(6.13) had been solved to LL
accuracy. In the numerical evaluation we will use values of aenm at the typical scales of
SCETy and SCETyy. For this purpose, we use as initial value 1/aem(mz) = 127.955, and
perform the RG evolution to lower scales with the one-loop expression. In addition to the
quark thresholds given above, the 7-lepton is decoupled at its mass pr ~ 1.777 GeV.
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[he Q;éf:j)esqwb,w eSalmine) | oy 1/ aem
[GeV] | QCD+QED only QCD | QCD+QED

1.0 0.815 0.817 0.815 0.474 134.05
1.5 0.815 0.817 0.904 0.350 133.65
2.0 0.769 0.769 0.946 0.302 133.29

Table 2. The size of the SCET] Sudakov factor for fixed pup = 5.0 GeV and three different choices
of ppe. The column “only QCD” shows the effect when setting qen = 0 in the cusp anomalous
dimensions in (3.15). For convenience we provide o and 1/aey, (MS scheme) at the scale ppe.

8.1 Resummation effects for power-enhanced amplitude

The resummation of virtual QED and QCD corrections in SCETT to Ag in (6.17) is given
by the overall Sudakov factor e5a(#:#ne) from (3.20). Evaluating this factor thus provides
a direct measure of the size of these corrections compared to the fixed-order result (1.1).
We calculate the Sudakov factor via numerical integration of the part of (3.15) which
contains 4, i.e. that corresponds to eSa(tb:ithe) - The numerical integration includes the scale
dependence and threshold crossings of both gauge couplings. Since the up. dependence of
the Sudakov factor is cancelled in large parts by the one of the B-meson LCDA ¢ (w; ppe),
which in turn is mainly driven by the scale dependence of its first inverse moment Ag(ppe),

L (Yo
A (1) :/0 o i) -y

the relevance of resummation is better assessed by multiplying eSe(#o:#re) with the ratio
AB(10)/AB(1he), where g = 1GeV is a fixed reference scale. The up. dependence of
AB(phe) due to QCD is approximated following [45], using as numerical inputs Ag(ug) and
o1(10) given in table 3 below.

The numerical impact of the resummation in SCET] is a suppression of the fixed-order
result of Ag by about 20% as tabulated in the second column of table 2. The dependence
on ppe is also shown in figure 5 (solid line), where it reaches a maximal value of about
0.82 around pp. ~ 1.2GeV. In the relevant hard-collinear scale range pp. € [1,2] GeV,
the scale variation is relatively small. Note that for up. < 1GeV the strong coupling
as increases rapidly, reaching for example as ~ 0.75 at pup. = 0.7GeV, such that the
perturbative evaluation becomes unreliable. As expected, the Sudakov factor itself has a
larger up. dependence, varying in the larger range (0.80 — 0.95), as listed in the fourth
column of table 2 and shown in figure 5 (dashed line). The resummation effect is by far
dominated by the QCD evolution as is evident from comparing the columns “QCD+QED”
and “only QCD”. The difference of both implies that the resummation of only QED effects
yields tiny suppression of (0.1 — 0.3)% in agreement with the natural expectation of the
size of a logarithmically enhanced QED correction QqQ¢ X ttem /T X In? (tn/ pene) ~ 0.2%.

The residual dependence on puyp. displayed by the results in table 2 appears due to
the missing next-to-leading logarithmic corrections, as well as the approximation made to
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Figure 5. The SCET; Sudakov factor /\’\Bﬂesq(“b*“hc) (solid) and eSa(#v: #re) (dashed).

B(Khe)

compute the scale-dependence of Ap. In addition, the QED correction in (6.17) depends
also on the first logarithmic moment of the LCDA,

;f;(&)) = /Ooo df o (T) O+ (w; 1), (8.2)

where the latter involves the reference scale g = 1 GeV. The scale dependence due to o

is not captured by the results in table 2. Further, a small residual QED puj.-dependence is
compensated by the SCET; QED evolution USQED(MLC, ps;w) in (6.17).

Turning to point iii), we recall that the resummation of virtual QED and QCD cor-
rections in SCETy; to Ag has been organized in (6.17) such that the nonperturbative
input to the B-meson LCDA is required at the scale up. to avoid QCD evolution below
the- The resummation of QED effects from the soft/collinear to the hard-collinear scales
are contained in the Sudakov factor B-meson LCDA momentum-fraction dependent fac-
tor USEP (Lhe, ts;w) given in (6.18) or the LL-equivalent momentum-fraction independent
version (6.19).

To estimate the effect of QED resummation in SCETy;, we use the simple exponential
model for the LCDA (see e.g. [40])

b1 (w) = —ze /e, (8.3)

wo

where wyp = Ap and evaluate the ratio of the amplitude (6.17) with the evolution factor to
the amplitude without it,

> dw wmp
/ — UZEP (e, prs; w) dp (w) [ln Do _ 1}
0o W m7
> dw wmp
s 1 a_q
/0 w ¢+(w) [n m>2 ]

For simplicity we assumed that C’Sﬁ is constant. On the other hand, if we use the w-

(8.4)

Tw

independent and equally valid expression (6.19) for the evolution factor, we simply obtain
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r = USED(uhC,,uS), independent of the form of the B-meson LCDA. Evaluation of (8.4)
results in very small deviations of 7, from unity. For us = A and pp. = 1 GeV, the r, is a
unity minus (1 — 3)%o depending on the value of A\p. For pp. = 2 GeV, the r,, differs from
unity by about (3 —5)%o. The simpler expression r agrees with these deviations from unity
within about 25%, independent of whether one uses the LL or the DL versions of (6.18)
and (6.19). We conclude that the numerical impact of the resummation of QED corrections
in SCET; compared to the fixed-order result is very small. As reference value we quote
USEP (e, 1) = 1 — 0.0015 at pupe = 1GeV for Ap = 275 MeV.

In summary, the discussion of points i) and i) has shown that the main numerical
effect of resummation on the power-enhanced amplitude Ag comes from the resummation
of QCD corrections in SCET] together with QCD running of the LCDA, constituting an
overall suppression factor

Sy = Mesq(ﬂb#ﬂw) €[0.77,0.82] , (8.5)

AB(Khe)
that leads to a reduction of Ag of about 20%, whereas SCET; QED resummation
from (6.18) can be safely neglected in (6.17). Thus, from the phenomenological perspective
it is justified to consider only QCD resummation on top of the one-loop QED correction,
once the leptonic Sudakov factor e5¢(#:#e) ig extracted, see point i).

This observation allows us to give a result for the A7 amplitude including QCD resum-
mation, while the combined QCD and QED resummation is not yet feasible. Indeed, the
endpoint divergences, which spoil the factorization of the A7 amplitude are only related to
the QED effects.'® From the QCD perspective, the problem is equivalent to resummation
for the heavy-to-light tensor current instead of the (axial-) vector current relevant to Ag.
This implies that the QCD cusp anomalous dimension is the same as in the Ag case'?
and accordingly the leading-logarithmic Sudakov factors are equal, S7 = Sg. The result is
then a uniform reduction of the power-enhanced QED correction “Ag + A7” relative to the
fixed-order result [21].

8.2 Branching fractions B, — ptp~

We first provide the so-called non-radiative branching fraction for B, — pp~ that is
found from the non-radiative decay width (7.15) as
0) _ TO[By — ptu]

50 —
Br,, = o . (8.6)
q

For the B; meson the total decay width I''?* is given in by the average width of the light
and heavy By mass eigenstates. In case of the B; meson the large decay-width difference

13The operator basis for the amplitude A7 is more complicated than for Ag, see appendix B, but one can
prove that additional soft, collinear and hard-collinear fields that enter the SCET: and SCET1; operators
relevant to A7 do not carry color charge.

4The non-cusp QCD anomalous dimensions are different for Ag and A7, due to different Dirac struc-
ture and normalization, but in principle next-to-leading logarithmic resummation of QCD effects could be
performed as well for both amplitudes, see for example [49].
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Parameter Value Ref. Parameter Value Ref.
Gr 1.166379 - 1075 GeV~2  [51] my 91.1876(21) GeV  [51]
al? (mz) 0.1181(11) [51] my, 105.658... MeV  [51]
al(myz) 1/127.955(10) [51] my 173.1(6) GeV [51]
mg, 5366.89(19) MeV [51] mg, 5279.63(15) MeV  [51]
fBNi=241  228.4(3.7)MeV [52] fBalNj=241  192.0(4.3)MeV  [52]
f.N;=24141  230.3(1.3) MeV [52] fBalN,=24141  190.0(1.3)MeV  [52]
1/Ts, 1.615(9) ps [53] 2/(l'Y, +T4)  1.520(4) ps [53]
Veblinel 0.04200(64) [54] e (po) 275(75) MeV [45]
Ve Vis/ Vel 0.982(1) [55, 56] | o1(10) 1.5(1.0) [45]
Vi Vil 0.0087(2) [55, 56] | o2(po) 3(2) [45]
V., ViV Vi 0.018 —i0.414 55, 56]

Table 3. Numerical input values for parameters: note that all) (mz) has been determined with
agS)(mz) = 0.1187(16) in [51] and the corresponding Aozé?r)lyhadr(mz) = 0.02764(7). The B-
meson decay constants are averages from the FLAG group for Ny = 2 4+ 1 from [57-61] and
for Ny = 24+ 141 from [2, 62-64]. The B, 4 lifetimes are prepared by HFLAV for the PDG
2018 review [51]. The same numerical values of Ap and o712 at the reference scale g = 1GeV
are used for Bgs and By mesons. The values of the Wilson coefficients at u, = 5.0GeV are
C1_¢ = {—0.25,1.01, —0.005, —0.077, 0.0003, 0.0009}, C<* = —0.302, Cy = 4.344 and Cyy =
—4.198 from [21].

requires a time-integration that can be accounted for by using instead of T''°" the decay
width T'# of the heavy B,-mass eigenstate [50]. According to the results of section 8.1, the
non-radiative part of the amplitude (7.7) is

Aqo [teysve] + <59Agx + 57A§X) [c(1 + v5)ve] (8.7)

where the numerically relevant resummation is now factored out explicitly as S79 from
the one-loop QED amplitudes A%, which were found in [21], see (1.1). We have added
the fixed-order result of A?X in the numerical analysis and keep S7 separately, although at
leading logarithmic order in QCD S7 = Sy as mentioned above.

The non-radiative time-integrated branching fraction of By — u™pu~ for central values
of the parameters collected in table 3 and using the Ny = 2 + 1 + 1 lattice result of fp, is

. GeV
Bri) —=3.677-107° <1 +ﬁ [So (—6.46 +1.270)+ 57 (4.74 —1.5401+0.1502)])
" \B
=3.677-107% x (1 - 0.0166 Sy + 0.0105 S7) = 3.660 - 10~°. (8.8)

In the first line we keep the B-meson LCDA parameters and the Sudakov factors unevalu-
ated. The second line shows that Ay interferes destructively with Ao whereas Ay interferes
constructively. The separate contributions to the branching fraction due to Ag and A7 are
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rather large, about —1.7.S9 % and +1.0 S7 % as found previously [21]. Both contributions
cancel in part and lead to an overall reduction of the branching fraction of 0.5%, when
accounting for the Sudakov factor Sg ~ S7 ~ 0.8. The non-radiative branching fraction of
By — ptp~ for central values of the parameters is

—(0) _ GeV
Brd,u =1.031-10 10 X <1—|—103)\B [Sg (—6.04+1.1801)+S7 (467—15101+01502)])
=1.031-107"" x (1 — 0.0155 S + 0.0103 S7) = 1.027 - 10~'°. (8.9)

The numerical difference between B; and By decays for the contribution proportional to
Sy is due to the terms proportional to the CKM factor V,, V. in (3.10).

Let us for completeness provide also a detailed error budget of the non-radiative branch-
ing fractions B, — ptp~. We find

— : 032
Bri) — (3 599> [1 + <0 03 ) +0.031|cxcm + 0011,
B

3.660 0.011
+ 0.006] prmr + 0.012|nonpmr t8;83§|LCDA] 1079, (8.10)
—(0) 1.049 0.045
Bry) = 1 0.046 0.011
Fdp (1.027 Tlooa) T loxm + e
IBy
4+ 0.003| pror + 0.012]non-pmr t8;88§|LCDA] 10719, (8.11)

where we group uncertainties as follows:
i) main parametric long-distance (fp,) and short-distance (CKM and my);

i1) remaining non-QED parametric (I'y, o) and non-QED non-parametric (uw, g and
higher order, see [4]);

i17) from the B-meson LCDA parameters Ap and oy 2 entering the power-enhanced QED
correction.

We provide two values of the branching fraction depending on the choice of the lattice
calculation of fp, for Ny =2+ 1 (upper) and Ny = 2+ 1+ 1 (lower), employing averages
from FLAG 2019 [52]. Note that the small uncertainties of the Ny = 2 + 1 + 1 results
are currently dominated by a single group [2] and confirmation by other lattice groups
in the future is desirable. It can be observed that in this case the largest uncertainties
are due to CKM parameters, such that in principle they can be determined, provided the
experimental accuracy of the measurements is at the one-percent level. Still fairly large
errors are due to the top-quark mass m; = (173.1 £ 0.6) GeV, here assumed to be in the
pole scheme [4], where an additional non-parametric uncertainty of 0.2% is included (in
“non-pmr”) for the conversion to the MS scheme as in [4]. Further “non-pmr” contains a
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20 40 60 80 100
AE[MeV]

Figure 6. The radiative factor in (8.13) for By — p* ™ in the range AF € [10, 100] MeV for the
two values a_,l = 134.28 (solid) and ag,} = 136.0 (dashed).

0.4% uncertainty from puy variation and 0.5% further higher order uncertainty, all linearly
added, see also [4].

The radiative B, — pp~ branching fraction including ultrasoft radiation with total
energy Ex, < AFE is obtained from (7.15) and (8.6) as

§QH(AE) = §¢(1(;]¢) X Q(AE> O4em) ) (812)
with radiative factor
QAEN\ <1+ln i >
QAE; ey = () "Bq (8.13)
mBq

from (7.14). AE corresponds to a window in the dilepton invariant mass s; = (p + py)?
around s,;; = szq defining the signal region in the experimental analysis for which our
effective theory framework is set up. The dependence of the radiative factor 2 on AE =
(mQBq — s@)l/ 2 is shown in figure 6 for By mesons. One might consider AE ~ 60 MeV as
an example of a larger value for the theory framework that requires AE < Aqcp. In this
case the signal window contains about 88% of the non-radiative rate, whereas for example
the smaller signal window with AE ~ 10 MeV still contains 84%. The sizes of the signal
windows in the first LHCb [12, 65] and CMS [13] analyses of Bs — p*pu~ were about AE ~
+60 MeV and AFE ~ fg? MeV around mp,, respectively.'® In comparison, the experimental
resolution in the dilepton-invariant mass is reported to be about 25MeV in LHCb and
depending on the muon direction about (32 — 75) MeV in CMS. More recent experimental
analyses do not use signal windows, but rather fit the modelled signal components of
Bs — ptp~ and By — ptp~ simultaneously with background components over a wide

15Tn the experimental analysis the signal window extends also above the upper boundary (Sg7)max = m2Bq

of the phase space for By — £7¢~ + ny due to resolution effects in the reconstruction of s ;.
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range of s;. The modelling of the components involves also the simulation of photon
radiation with the help of PHOTOS [18]. We note that the systematic framework developed
in this work makes it advantageous to compare experimental data in a signal window to
corresponding theoretical predictions without the need for modeling or simulation.

Finally, we point out that the dependence on the value of i, in the exponent of
Q(AE; ) slightly changes the value of the radiative factor. The associated parametric
uncertainty for AE = 60 MeV and the two values o, = {134.28, 136.0}

{{0.8838, 0.8852} for B,

Q(60 MeV; aem) = (8.14)
{0.8848, 0.8862} for By

amounts to less than 0.2% for the two choices of aen. The first choice corresponds to
em (1.0 GeV), whereas 1/aem (1e) = 136.0 represents the running at one-loop to the muon
mass scale, spanning a range of values that covers the renormalization scheme dependence
of aem- This uncertainty is comparable to the parametric QED uncertainties due to the
B-meson LCDA parameters in (8.10) and (8.11). It must be added when comparing the
predictions of Bry,(AE) with measurements, i.e. it must be accounted for when extracting
the non-radiative rate by experiments.

8.3 Rate asymmetries in B, — ptp~

The decay of neutral B, mesons into a muon pair ,u;u;\ in a helicity configuration A =
L, R allows to investigate further observables in measurements of its time-dependent rate
asymmetry

I[B,(t) — ,u;\r,u;] —T[By(t) = M;\r,u;] _ C’;‘ cos(Amp,t) + S;‘ sin(Amp,t) (8.15)
D[By(t) = pipy] + T[By(t) — piuy]  cosh(y,t/7n,) + Ay sinh(y,t/7p,) '

provided the initial flavour of the B, is tagged. The decay-width difference AT, enters via
yq = 78,Al'¢/2, which is rather sizeable for the B system, ys = 0.066 £ 0.004 [51], but
can be neglected for the By system yg < 0.005 [51]. We refer to [50] for definitions and
further details.

The three observables are related by |C|? +[S7[* + |A3|? = 1. Note that a muon pair
uju;\ with definite helicity A = L, R is not a CP eigenstate, but both are related under CP
transformation as CP(|ufpuy)) = ecr (T um)) [ihip) with a convention-dependent phase
dcp(ptp™). Thus the observables C’é\, SqA and A;‘ are not CP asymmetries. The SM
predictions based on the LO QED amplitude A;y alone lead to vanishing C’[;\ = S? = 0.
The mass-eigenstate rate asymmetry A[I\ = 1 because only the heavier B, mass-eigenstate
can decay into leptons. The NLO QED amplitude Ag contains in addition to the dominant
amplitude involving V;, V;; the term proportional to the CKM element product V,,V,j,, and
hence a second weak (CP-violating) phase, as well as scattering (CP-conserving) phases
through Cgff in (3.10), potentially changing these predictions. For the future it is important
to know at which level QED corrections in the SM induce a deviation from C'qA = Sé\ =0
and A;‘ = 1 to disentangle them from new physics effects.

The suppression factors aem and (V,,Vio)/(V,, Vi) in Ag suggest that the deviations
from the LO SM predictions will be very small. Due to the presence of a scattering phase
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we must generalize the results of [50] that were based on the assumption of only additional
weak phases. The muon-helicity dependent observables are given as

1— A2 2Im A 2Re A
o) = |§§\2 ’ ) = §q2 : A) = 7%2 ’ (8.16)
1+ (671 1+ &1 L+ €1
where S+ P
A RN .
= — ==, Wlth = :l:l . 8-17
&4 S P NL/R (8.17)

The barred quantities P = Plow — —pw] and S = S[ow — —pw] are obtained from the
unbarred ones after reverting the signs of all CP-violating phases ¢y. We introduced here

Ao+ Ag + Az

Ag + A7
P = ;
memp, fB,N

5= b memp, fB,N

(8.18)

The generalized expressions (8.16) in terms of P, P and S, S can be derived straight-
forwardly. We find

CAig)\_B/\ N 21m By, A\ 2Re B),

== T h Se == Ay = =——"F, 8.19
* Bx+ By " Bix+ By 97 B, + By (8.19)
where
By = |P|* + |S]* + m\(PS* + SP*), (8.20)
By =|P*+|S]> —m\(PS" + SP"), (8.21)
By = PP~ §§" +n)(SP" - PS"). (8.22)

The linear combinations C; = %(C’qL + CF) and S, = %(SqL + 5[) are CP-odd, while
AC, = %(CqL — Cf) and AS, = %(SqL - Sf) are CP-even quantities, see for example the
related discussion [66] on time-dependent rates in the B® — 77 p* systems.

The assumption of only weak phases implies P = P* and S = S*, and leads to
significant simplifications as shown in [50]. In the following we do not make this general
assumption, but we use that the amplitudes A1g and A7 are real within the approximations
adopted in this paper, i.e. do not contain neither weak nor scattering phases, and further

that the amplitudes A7 g9 < Ao are suppressed by a factor aen. The expansion in aem

yields
C}\ - Re [AQ—Z9+77)\(2A7+A9 —I—Zg)]
q — AlO 5
v Im[Ag — Ag +ma(Ag + Ag)]
$) = . , (8.23)
A 2(A7)2 + (14 )| Ag* 4+ (1 — ma)[Ag|? + 2A7 Re [(1 4+ ma) Ag + (1 — ma) Ao
o1

(A10)? ’

where we further use 3, ~ 1 in S, which is numerically well justified for muons. Note that
for Aé the first non-vanishing deviation from unity appears only at O(a2,,).
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The expressions show that in the absence of a weak phase difference (i.e. when Ag =
Ag), the QED corrections imply a modification of the observables

2 Re[A7 + Ag]
—

2 Im[A7 + Ag]
Ao A

. Ay=1-2
AlO

Cy=—n , S)=n (8.24)
from their naive values 0, 0, 1. We added Im A7 = 0 in the numerator of S? to make the
result appear in line with C’? and A{I\. As expected, the CP-odd observables Cy, S, vanish,
since there is no CP-violating phase, while AC, = CqL, AS, = SE are non-zero though
small. C&\ and 5’;‘ still depend on the muons’ helicity through 7), whereas A{I\ becomes
independent on the helicity. The expressions (8.24) are very good approximations for the
case of B, mesons, where the V,, V5 term in the amplitude is negligible due to the strong

suppression |(V,, V%) /(V,,Vie)| < 0.005 in (3.10). In consequence [21]'6
C) = 41, 0.6%, S = -1y 0.1%, A;=1-20-107°. (8.25)

While the first measurement of Ay = 8.2+ 10.7 from LHCD [16] suffers from huge errors,
a future deviation from the SM prediction A; = 1 at LO in QED can be safely attributed
to non-standard effects in view of the tiny QED contributions.

On the other hand, for the B, system the expressions (8.23) must be used. Here
the weak phase in (V,,V.*,)/(V,,V,y) leads to differences among the two helicities, and we
therefore provide

Cqy=—0.08%, S;=+0.03%, AY=1-14-107°,

. . (8.26)
ACy = +0.60%, AS;=—0.13%, AF¥=1-24.107°.

We find similar magnitudes as for the B system, but non-vanishing CP asymmetries Cy
and S;, which are suppressed by a factor of a few compared to the CP-conserving quantities
ACy, ASy.

In summary we find tiny contributions from the power-enhanced NLO QED amplitudes
Az to the rate asymmetries in By — ptp~ decays, leaving these observables as “null
tests” at the percent level of the SM. The generated CP asymmetries in By — u™u~ are
about |Cyl, |Sq| ~ 0.1% and are strongly suppressed in By — p*p~. Note that there are
other, even smaller higher-order corrections to the rate asymmetries in the SM, such as
for example neutral Higgs boson penguin diagrams, which give rise to higher-dimensional
operators than dimension six at the electroweak scale, suppressed by (my/my)? ~ 1073,

9 Summary and conclusions

We have developed a systematic treatment of virtual and real QED effects for the power-
enhanced QED contribution to By — u* u™, previously reported in [21], for the case when
the energy of undetected photons AF is small compared to the typical scale of the QCD
binding energy and the muon mass. The treatment includes the resummation of large
QED logarithms from various scales. The effects from the process-specific energy scales set

5Note the missing factor 7, in eq. (20) of [21].
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by the external kinematics and internal dynamics of B, — p*p~ are factorized with the
help of soft-collinear effective theory (SCET) starting at the hard scale of order of the B-
meson mass mpg, in a two-step matching. First hard fluctuations on the heavy meson mass
scale are decoupled in the matching on SCET, and subsequently hard-collinear modes
with virtuality mp, A are decoupled in the matching onto SCET};, which contains collinear
and soft degrees of freedom of order A. Finally we treat the remaining ultrasoft QED
interactions in the limit of static heavy leptons.

Due to the double helicity and annihilation suppression of the B, — u*u~ amplitude
in the absence of QED corrections, the power-enhanced amplitude analyzed in this paper
is actually an example of subleading-power resummation in SCET. The SCET framework
allows us to resum the large QCD and QED logarithmic corrections systematically and
reveals a lepton-mass induced operator mixing between so-called A-type and B-type SCET
collinear operators as the origin of the leading logarithmic correction. We derive a SCETy;
factorization theorem for the non-radiative amplitude, for the contributions due to the
weak semileptonic operators Q9 and (Q19. The formula includes “structure-dependent” log-
arithms beyond the standard Yennie-Frautschi-Suura (YFS) exponentiation. After squar-
ing the amplitude, the result is organized such that the standard exponentiated logarithms
are factorized and the process-specific terms are made explicit. We provide the relevant
operator definitions, which facilitates the reuse of existing results within our formalism
avoiding double-counting. We emphasize that the standard YFS approach contains the
implicit assumption that the cutoff on virtual photon effects, which should be below the
scale of the inverse size of the B-meson for the latter to be treated as point-like, can be
raised to the B-meson mass scale. Our result justifies this procedure to a certain extent
and gives a precise expression for the corrections to this extrapolation.

On the quantitative side, we performed the resummation at the leading-logarithmic
level in both, the QCD and the QED coupling. We find that once the standard YFS expo-
nent is extracted, the relevant effect comes from QCD logarithms. For practical purposes it
is therefore sufficient to improve the previous one-loop QED calculation [21] by QCD loga-
rithms, which results in an approximately 20% reduction of the power-enhanced amplitude.
We updated the B, 4 — ™ p~ branching fractions and provided an estimate of the present
theoretical uncertainty. We also discussed various rate asymmetries, including CP violation
at the permille level in the By decay mode that arises entirely from the power-enhanced
QED correction. These results quantify the SM background to New Physics searches in
what would be “null observables” in the absence of QED.

The derivation of the SCETY factorization theorem shows the need of generalizing the
concepts of the B-meson decay constant and light-cone distribution amplitudes (LCDA) in
the presence of QED. We establish that even in very simple processes QED corrections are
non-universal beyond the leading logarithmic approximation. The coupling of soft photons
to final-state charged particles renders the B-meson matrix elements dependent on the
soft Wilson lines, which carry information on the charge and direction of the final-state
particles. Upon expansion in the QED coupling, this necessitates the inclusion of hadronic
matrix elements, which are non-local time-ordered products. This has to be considered
when these quantities are evaluated with nonperturbative methods, such as lattice gauge
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theory. The situation becomes even more complicated for exclusive semileptonic decays,
where different process-dependent nonperturbative objects have to be defined for different
phase-space regions. The number of nonperturbative objects will proliferate, as in this case
it will also be necessary to include QED effects for the final-state hadrons.
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A SCET conventions and results

Throughout we use the definitions

"o v "o v a,B
L nyn”  nZnf L ngn’
ng = g“l, — 2 — T, 8/“/ = €uyaﬁ 2 , (Al)
and the convention £g193 = —1 such that
. 1
Tr[vu v Ya 875 = —4i€umas, Vs = 5Euvap P, (A.2)

The running QCD and QED couplings in the MS scheme are denoted as as and aep,
respectively. They obey the RG equations

do i .
I = Files, Gem) = =20i 1B+ O(a), i=(s.em),  (A3)
which decouple at the leading order. The one-loop contributions are
11 2 4 9 9 9
Bo = ?NC - gnﬁ Bﬁ,em = _g [Nc(anu + nde) + nZQe] ) (A4)

where N, = 3 and ny = n,, +ngq is the total number of active quark flavours. The separate
up-type quark (Q, = +2/3), down-type quark (Q4 = —1/3) and charged lepton (Q, = —1)
numbers are denoted as n,,, ng and ny, respectively.

A.1 Lagrangians
The leading-power Lagrangian of a hard-collinear fermion fo in SCET] reads [67, 68]

ESCO) = fe (in_D +ile. 1Dc Upc¢> %;f()- (A.5)

in+

The capital subscript C is used in SCET; to denote collinear fields with hard-collinear

and collinear scaling. The field fo represents either the light quark or the lepton fields

in table 1. The corresponding anti-hard-collinear field is denoted by C' — C and its
Lagrangian is obtained by the replacement ny <> n_. The covariant derivatives are

in-D =in_0+eQy[n_Ac +n_As(z_)] + gs[n-Gec +n_Gs(z_)], (A.6)

iDc =10+ leAC + g:Gc, (A.7)
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where A, and G, = GﬁT 4 denote the photon and gluon fields, respectively, and their
subscripts C' and s distinguish the hard-collinear and soft fields. The )y denotes the
electric charge of f, whereas the generators of QCD for the fundamental representation are
denoted as T4. The QED and QCD coupling constants are e = \/4mqem and g, = /4w o,
respectively. Fields without argument are taken at position z. For the soft fields, their
multipole expansion in SCET] interactions with collinear fields [68] is made explicit by the
argument z+ = (nix)ny/2.

The operators in SCET] have to be gauge-invariant under hard-collinear QED and
QCD gauge transformations, which is achieved by combining fo with appropriate Wilson
lines of hard-collinear photons and gluons

0
Wec(x) = exp [ie Qf/ dsnyAc (x + sn+)} , (A.8)

We(z) = Pexp [z’gs/_iods niGeo (z + 5n+)] , (A.9)

respectively. The Wilson lines Wy in QED depend on the charge Qs of fc, whereas the
QCD Wilson lines W involve the path-ordering operator P. There are analogous anti-
hard-collinear Wilson lines Wfé and W, obtained by ny — n_. Depending on fc, the
following invariant building blocks under hard-collinear gauge transformations appear

lepton: fo=lco — bo = Wgclc, (A.10)
quark: fe=¢&c — Xc = [WchC]Tﬁc, (A.11)

with analogous building blocks for anti-hard-collinear leptons £z and quarks x& that involve
Wfé and W. The collinear fields in the main text refer to these collinear-gauge invariant
fields including these collinear Wilson lines.

The leading-power Lagrangian of the soft light quark gs with mass m, and the heavy
quark h,

Ls=qs(ilpy — mg)qs + hy(iv - Ds)h, (A.12)

contains the covariant derivative with soft gauge fields only. It is the same for SCET;
and SCET1y.

In addition we need the subleading SCET] interaction involving both, the soft and
hard-collinear light quarks [31]

£y) =q,(@) WeeWo] ' (2) iPoy éo(w) + hee. (A.13)

and analogously for anti-hard-collinear fields with the replacements C' — C, ny < n_
and z_ — ;. Further the mass-suppressed Lagrangian [69] for the hard-collinear leptons
is needed

,C(l) =My ZC

m

: 1]y
iDou, in+Do] = lo- (A.14)
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In SCET] the hard-collinear and soft fields are decoupled at leading power by the field
redefinitions [70]

folw) = Yyp(w)Yoeps (z-) & (2),  falz) = Yi(z1)Yocp—(24) £ (x),  (A.15)

if fo (fz) creates an outgoing antiparticle. If it destroys an incoming particle, Y instead
of Y is used. Here the QED Wilson lines with soft gauge fields are defined as follows:

o
outgoing particles: YfTi(x) = exp (—I—ile/ dsngAg(x + sng) e_“> ,  (A.16)
0

oo
outgoing antiparticles: Yy (x) = exp <—ile/ dsnyAg(x + sng) ees> . (A17)
0

0

incoming particles: Y yi(z) = exp (—l—ile/ dsnsAs(x + sne) e“) ,  (A.18)

—0o0

0
incoming antiparticles: ?}i(x) = exp (—ile/ dsnyAg(x + sng) e“) . (A.19)

—0o0

where € is introduced to ensure the convergence of the integral. Similarly, for QCD,
o0
outgoing particles: YéCDi(:U) = Pexp (—i—igs/ dsnyGs(x + sne) €_ES> , (A.20)
0

o0
outgoing antiparticles: Yqcp(z) = P exp (—igs/ dsn+Gs(z + sn+) ees) , (A.21)
0

0

incoming particles: Y qcp+(z) = Pexp (—l—igs/ dsnzGg(z + sny) e€8> , (A.22)

—o0
0

incoming antiparticles: ?J([:gCDi(l’) = Pexp (—igs/ dsn+Gs(x + sne) ees> . (A.23)
oo

The new hard-collinear fields with superscript (0) do not have interactions with soft fields at
leading power, and after the decoupling transformation the superscript is dropped. Further,
in the main text we omit the label f on Yy, whenever fo = f¢ is a lepton or anti-lepton,
see (4.5).

The SCETY; is obtained from SCETT by integrating out the modes with hard-collinear
virtuality. The leading-power Lagrangian of a collinear fermion f. in SCETy; now includes
its mass m¢ [68, 69],

‘Cgf()) = ?e in—Dc + (ZJDCL - mf)

b smp| a2
The SCETy; covariant derivative iD. = i0 + eQrA. + gsG. does not contain the soft
gauge field, in distinction to the case of SCETT in (A.6), because the interaction between a
single soft mode and collinear modes would necessarily create a mode with hard-collinear
virtuality. Thus in SCET; there is no need to perform a decoupling transformation to
achieve factorization of soft and collinear sectors. The gauge-invariance of the SCETy;
operators under collinear gauge transformations is achieved analogously to the case of
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SCET; with the help of collinear QED and QCD Wilson lines Wy, and W, respectively,
which are obtained from (A.8) and (A.9) by the replacement C' — ¢. The collinear gauge-
invariant building block ¢, for leptons is then formed analogously to (A.10).

The collinearly gauge-invariant building block

(A.25)

in+8

of the collinear QED gauge field appears in SCET; operators as well as the anti-collinear
version defined through the replacements ¢ — ¢ and ny — n_. As a consequence of
the decoupling of hard-collinear modes, the SCETy; soft fields are dressed by soft Wilson
lines. For the q,]...]h, bilinear they combine to the finite-distance Wilson line Y (x,y)
introduced in (4.6). The relation of this finite-distance Wilson line Y (vn_,0) that appears
in (4.1), (4.2) to the infinite-distance Wilson lines defined above can be seen from the
identity

Gu(on )Y (vn—,0)ho(0) = [4,(vn)Y g4 (v )V qons (n) | [Ven (0T 4 (0)h(0)] -
(A.26)

These soft Wilson lines are necessary to maintain invariance of the non-local soft operators
under soft QCD and QED gauge transformations.

A.2 Renormalization conventions

The convention of the operator renormalization follows [26]. The renormalization condition
of the matrix element of an operator Op with a suitable choice of external states denoted
by <> is given as

(Op({bren s {renDhren = 3 ZpQ [] 252 T] Zo(Oqpare({bren}s {gren})) - (A27)
Q PeQ geqQ

Here ¢ren and gren, denote the renormalized fields and parameters, such as coupling constant
or masses, out of which the operator Qg is composed. The mixing of operators O¢ into
Op is given by the corresponding entries Zpg = (Z)pg of the renormalization matrix of
the operators. The anomalous dimension matrix I' is defined as

_ d G, d o
T = (dlwz>z =Z (A.28)

which implies renormalization group equations for the operators and Wilson coefficients as

d d
dlnp dln p

Op = — ZPPQOQ,

Cp =Y TurCq. (A.29)
Q Q

Operators in SCET depend on continuous variables such as light-cone positions or their
Fourier-conjugates, the momentum fractions. These are included in the index P. When
necessary, the sums in the above equations should therefore be understood as convolutions
either in position or in momentum space.
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The renormalization condition of the one-loop matrix element of an operator Op is
determined from

. 1
finite = (Opbare) 1-loop + Z 0Zpg +dpq 3 Z 02y + Z 02, (0@ bare)tree »
Q peP geP
(A.30)

where at one-loop the renormalization constants are expanded as Zpg = dpg + 0Zpg and
Zi = 1+(5Zi fori:gé,g.

A.3 SCETj renormalization

The one-loop anomalous dimension of the SCETT operators Og 19 and Og’ﬁ of section 3.1
can be obtained by adapting [26, 34, 37| to the case of QED. These operators contain two
collinear sectors and one soft sector, the latter consisting of the heavy quark field h,. For
example, in Oy 10, the collinear sector in n4 direction comprises the light quark field x¢
and the lepton field /¢, thus representing an F' = 2 operator of the form considered in [26],
whereas the second collinear sector (called anti-collinear) in the n_ direction contains the
single anti-lepton /z. The one-loop diagrams that determine the renormalization constant,

1T and

fall into two classes: i) with soft photon exchange between all four external lines
i1) from collinear photon exchange that is restricted to each collinear sector separately.
The dependence of the soft and collinear contributions on the infrared regulator cancels in
their sum.

The SCET] operators do not mix due to their particular Dirac structure. Besides the
cusp part of the anomalous dimension given in (3.12), the remainder of the QED part of

the one-loop anomalous dimension in (3.14) reads

vi(z, y) =0(x —y) [Q?(lenx —6)+ QiQAInT + Qg(lllnf — 5)}

s a5 ([5] 1) -0y (], )
(A.31)

We use bar-notation for momentum fractions, T = 1 — x etc. The plus distribution is
defined as

)], = f(zy) - 8z — ) /0 dzf(2y). (A.32)

This result can be obtained from [26]. However, there the N-jet operator does not contain
soft fields. Introducing the heavy quark field as a possible building block modifies the soft,
but not the collinear one-loop contribution. Since soft loops do not change the momentum
fraction of the collinear fields, only the part proportional to d(x — y) is modified. For
diagrams with soft photon exchange with the soft heavy quark the coeflicient of the cusp
logarithm is one half of that for soft loops connecting two different collinear directions, and
one has to replace s;; — p(n—v)(n4p;). In addition, the colour generators are replaced
by appropriate electric charge factors and one has to contract spinor indices according to

17Soft photon exchange within a single collinear direction vanishes.
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the definition of the operator. It is permitted to use four-dimensional identities to reduce
the basis of Dirac matrices. We also checked this procedure by explicit computation of the
anomalous dimension of the SCET; operators without using results of [26].

The general solution of the RGE (3.11) of the hard functions due to the cusp anomalous
dimension, neglecting the running of aep,, can be written as

Hi(u, p) (mB )ar /asw Tl (@e, Crem) /% do!
= a exp |— dog——— 51, A.33
H;(u, ) b s (up) Bs(axs) o (i) Ps(tf) (4.33)

with

o — /as(ﬂ) o F}:usp(a& aem)
a

) Bs(as) (8.34)

and fs(as) the beta function of the strong coupling as defined in (A.3).

A.4 SCETy renormalization

The regularization of UV and IR divergences in SCETYy is not as simple as in SCET}. First
we note that the presence of the lepton mass in the collinear and anti-collinear contributions
in figure 4(b) and figure 4(c) does not regularize all IR divergences. We therefore use an
IR regulator inspired by introducing an off-shellness for external lines in corresponding
diagrams in SCET} before performing the decoupling transformation. In the diagrams with
soft photon exchange in figure 4(a), the IR regulator has to be introduced by modifying
the 0™ prescription in a manner consistent with SCETY, i.e. the appropriate Wilson lines
are regularized by a parameter related to the off-shell momentum p? of the original hard-
collinear fields before the decoupling of the soft modes. This implies a regulator in the
propagators that originate from soft Wilson lines Y. in the following way:

diagram 3 : [nyl —i0"] — [nyl— & —i07]
[n_t—i0"] — [n_f—& —i0"]

diagram 4 : [yl +i07] — [nyl+ 6+ i07] (A.35)
[n_l4+i0T] — [n €+ 6 +1i0"]

diagram 5 : [yl —i0"] — [ngl—&;—i07]

diagram 6 : [n ¢ —i0T][n_¢ + 10"'] — [npl — & — 0% [n_l + 6 +i07],

where ¢ denotes the loop momentum, and d, = p? /nypeand §; = p% /n_pg. The cancellation
of the IR regulators then takes place between the soft-photon exchange diagrams 3, 4 and
5 of figure 4(a). Another cancellation occurs between diagram 6 of figure 4(a) and the
collinear /anti-collinear diagrams in figure 4(b) and figure 4(c).
The results for the renormalization constants entering (4.14) are
2
ZED (4 ') = 6w — w) {Qg <612 + lln% - i5>

€

~Quf@u+ Q) ()
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for the QED contribution, while the universal QCD part coincides with the well-known
expression [38]
T 1w 1 2
790y, o) = 6(u’ — w) Cr [2 +imk 5} ~ 2 plww). (A.37)
€ € €

The common function F' is

(A.38)

Flw,w') = {H(W—w') MW_W)L'

(w—w)  W(W—w)

The plus distribution for the soft convolutions is defined as

| lw], o) = [ df o) o) = o] (A.39)

0

The collinear renormalization constants in (4.41) and (4.42) are

1 _ aem 3
% r LQ < p(mepe) (n+pc i ] (440
11 1 3
go(l) — _Qem po 2 1y A4l
™ e P R | CHPS (n-pe (n+pc (A-41)
1 1 —p?
Zc,(l) n _ _ Qem 9 B | S(w — w'
ax (w,w) 47 @ atem w2(n_pz)(nipe) T o 26 (w—w)

1
+ EVA%AX(w? w')}. (A.42)

We note that Z,C{Lg(l) receives also a contribution due to the renormalization of the lepton
mass appearing in the definition ‘7;,?91(. The anomalous dimension y4y, 4y,

’ I 1 ’
W :—w+9[w’—@]w /w —|—c9[ﬁ—w/]:, (w—w—w/>, (A.43)
w w

can be extracted from the results given in [26, 37], and is due to the two diagrams in fig-
ure 4(c) with A.; in the loop.

B SCET operators

In this appendix, we discuss the construction of the SCET; operator basis for the power-
enhanced correction to B, — ptu~. We first note that classifying the operators in SCET|
— SCETy matching is substantially more complicated than classifying SCETT operators
in the matching of the effective weak Hamiltonian to SCET. The reason is that although
SCET] operators are non-local, the non-locality of collinear fields is related to the O(1)
inverse derivative 1/(iny0). For a SCET] operator that scales as A", the power of n
can therefore never be smaller than the scaling of the products of fields contained in the
operator. In SCET; — SCETy matching, however, integrating out the hard-collinear
modes leads to non-locality of soft fields related to 1/(in_0s) ~ 1/A? from the hard-
collinear propagators, hence the above statement does not hold. Part of the construction

— 53 —



of the operator basis therefore consists in constraining the number of times such inverse
derivatives can occur in the operator. A systematic procedure for constructing the SCET g
operator basis when there is a single collinear and a soft sector, has been described in [25].
We adapt this procedure developed for heavy-to-light form factors to the present situation.
Here we are interested in SCET}; operators with the scaling A9 of the power-enhanced
By, — ptp~ amplitude, which can arise in the matching of Qg 10 and Q7.

We first consider the possibility of a SCET} operator without hard-collinear or hard-
anti-collinear fields. Since the collinear, anti-collinear and soft fields do not interact, such
operators must have the flavour quantum numbers of the external state to have non-
vanishing overlap. The operator with the smallest A scaling is g,I'sh, £.I'¢z ~ A'°. However,
the chiral structure of the effective weak Hamiltonian implies that the operator has overlap
with a pseudoscalar B meson only after a chirality flip by the lepton mass term. Since
in matching to SCET| the A2-suppression cannot be compensated by 1/(in_0s) ~ 1/\2,
this results in a A2 operator, which is, in fact, the operator (7.2) that contributes to the
standard non-enhanced By — ptp™ amplitude in the absence of QED effects. We conclude
that any SCET} operator relevant to the power-enhanced amplitude must contain at least
one hard-collinear field, which leads to non-trivial SCET; — SCET; matching.

Any relevant SCET7 operator must contain the heavy quark field h,, at least one hard-
collinear field as concluded above, and at least one anti-collinear or anti-hard-collinear field.
As always, the corresponding operators with (hard-) collinear and anti(-hard)-collinear
modes interchanged also exist. The following discussion is phrased for the first case and
holds with obvious modifications for the second. With the power counting of fields as given
in table 1, the field content of the operators with the smallest A scaling is

)\5 N YhChUAEL 5
)‘6: 1) thhvzhcfﬂa 2) Ych’UAEJJ 3) thhv-AEJ_a (B'l)
4) XnehoApzy X {Aner Agey

and so on. For every operator there is another operator with (hard-) collinear and anti
(hard-) collinear fields exchanged. We then need to determine the A suppression factors
incurred when the hard-collinear fields convert into soft and collinear fields through SCETy
time-ordered products. From the discussion below it will become clear that operators that
scale as A7 cannot match to SCET}; operators with A0 scaling.

We begin with the derivation of the SCET; operator basis for the matching of the semi-
leptonic operators Qg 10 in the effective weak Hamiltonian, which is the case discussed in
the main text. We first note that the operator with field content Yj.h,A;-, cannot be
generated at O(\°) from the operators Qg 19. To obtain YpchyAs=, from hard matching
to SCETT the lepton fields in (9 19 must be contracted and a anti-hard-collinear photon
field attached. For the vectorial operators Qg 19 this results in 0" A, or m; o F),,, which
both lead to SCETT operator that count as A7. We will come back to the O(\®) operator
below, where we briefly discuss the operator basis in the matching of ()7, but for now we
proceed with the O(\®) operators in the above list.
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The operators 2) and 3) can immediately be discarded, since the collinear (case 2))
or anti-collinear (case 3)) field content does not have the correct lepton flavour number to
overlap with the £t¢~ state. For example, the collinear antiquark field Y. can never turn
into a collinear state with lepton number one. In case of operator 4) adding more fields to
the O(\?) operator does not allow one to overcome the above suppression. This leaves the
operator Xj,.hulhcli as the only candidate O(\%) SCET] operator.

It is easy to see that this operator does contribute at O(A?) to the amplitude in
question. At tree-level, this involves the SCET; — SCET}; matching relations

N R ﬁQqeﬁd 7f2‘q5 (B.2)
and their hermitian conjugates. The last relation is taken from section 3.2.1 of [25], and
describes the splitting of the hard-collinear quark field into a collinear photon and a soft
quark.'® The power of A indicated above the arrow gives the A suppression from the
left- to the right-hand side as a consequence of SCET; — SCET; matching. Thus, the
O()\%) SCET] operator turns into a O(A'?) SCETy; operator with the field content of
J f; defined in (4.2). The present discussion in fact corresponds to the matching shown
in the SCET7 column of figure 3 and shows that one must obtain an inverse derivative
factor 1/in_0 ~ 1/A%, which corresponds to the factor 1/w in the tree-level matching
coefficient (4.53). Another way to obtain a O(A'%) SCETy; operator consists of

1 A A1 n—
Ehc — eha EE — eg, Xhe — m Qquth_ ?Qs (B?’)

followed by the fusion
— 2 —
The + Anet 2> mel, (B.4)

through a hard-collinear one-loop diagram.

To find the basis of the SCETy; operators, these considerations have to be generalized
to arbitrary loop order. To this end we follow [25] and classify all possible building blocks
according to their scaling in A, canonical dimension d and transformation property under
type-III reparametrization transformations

n_ —an_, ny —a tng, (B.5)

of the reference vectors, which must be preserved in the matching due to reparametrization
symmetry of SCET. Accounting for the flavour quantum numbers of the initial and final
state in the B, — ¢4~ process, we can write the possible SCET]; operators in the form

0@ = [objects] x (7, () hy) (€T lz), a==+1,0 (B.6)

with Dirac structures given in table 4. The “objects” can be chosen from the factors,
operators and field products listed in table 5.

18For simplicity of notation, all collinear and soft Wilson lines are set to unity here. They can be restored
unambiguously by making the operator invariant under the SCET1; gauge symmetries.
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Class Elements Q@
Ie 1L, 0
T 1, s, 4, s o h O
e g s, g 1
T R R -1

Table 4. Dirac matrices and their scaling o™ under “boost” or type-III RPI transformations.

Oa Object A« d
I (n_0s)~t -2 -1 -1
11 (ny0.) " 0 +1 -1
IIT | 01, Acy, Asi, my, my 2 0 1
v n40s, Ny As 2 -1 1
\% N_0O, Nn_A; 4 +1 1
VI FTf, 4 -1 3

VII 7oV 6 -1 3

VIII .o £ 6 +1 3
IX 7.0, 6 0 3

Table 5. Building blocks that can be added to (B.6). The column A denotes the A scaling of the
object, « its scaling under type-III reparametrizations, and d its canonical dimension. The Dirac
matrices I' are defined in table 4. The counting refers to matching of the hard-collinear sector.

The SCETy operator thhvzhcﬂﬁ, which is generated in the matching of Q9109 to
SCET}, has d = 6 and boost scaling & = 0. Requiring these to match those of (B.6),
allows us to solve for n; and ng, the number of times the objects I and II appear in (B.6),

in the form

ns + o 3

ny = 32 +n5+n6+n7+2n8+§n9, (B.7)
ng — o 3

Ng = 32 —|—n4—|—2n6—|—2n7+n8—1—§n9. (B.S)

Eliminating n1,n9 in the expression for the A scaling [A] of (B.6), we obtain
[)\] = 10 — a4+ ng + 2nq4 + 2n5 + 2ng + 4ny + 2ng + 3ng (B.9)

in terms of the number of times n; the objects III to IX appear in (B.6). Since we are
looking for solutions with [A] = 10, the following cases arise:

e o = —1: since all n; are positive and non-negative integers, solutions to (B.9) have
at least [\] = 12. This case does not contribute to the power-enhanced amplitude.
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e o = 0: all n; must be zero for a [A\] = 10 solution.

e o = +1: the solution [A\] =9, and n; = 0 for all n; is excluded, because nj 2 must be
integer. This leaves the [A] = 10 solution with ng =1, n; =0 for i = 4,...,9. In this
case further n; =1, no = 0.

Thus we identified the following two O(A?) SCETy; operators:

0O = [, T h,] [T be] (B.10)
O

(+1) — MU = m(+1) B

O ) [, TS by [€Te ] (B.11)

Note that this analysis implicitly assumed that in the anti-collinear direction the SCETy
— SCET11 matching was trivial, ;- — fz. This is justified, since any non-trivial matching
would lead to further A suppression.

At this point we have to invoke helicity conservation, which implies that for O©) only
r. = vjb_ has a non-vanishing matching coefficient to any order in «ey. However, this
Dirac structure cannot contribute to the decay rate of a (pseudo-) scalar B-meson, which
excludes this operator.

In the case of Ot the helicity structure of the lepton current depends on Orpy. For
Om1 = my helicity conservation implies I'c € {1,75} = 'S/P and the operator has a non-
vanishing matrix element for the B, — ¢7¢~ transition. For all other members of object
class III, only I'. = ’yﬁ is allowed by helicity conservation. However, only O = A, has
a non-vanishing matrix element for the (pseudo-) scalar B-meson decay. In summary, we
find the following SCETy operators with A'? suppression:

0Al = my [ 7. ¢rS/th] [ZC rS/P eg} : (B.12)

1
in_0s
1

OBl =1, ——3
- “V[in_(?sqs

¢_FS/th} [ ol L ’th_ gE:| ) (B.13)
with T%F € {1, v5} and T}, € {gjy, sij}. When the Wilson lines and non-localities are
restored these two operators correspond to (4.1) and (4.2) in the main text. The present
analysis also implies that to any order in the matching, only a single power of 1/in_0s can
appear, modified by logarithms, together with the leading-twist B-meson LCDA. Hence,
similar to the case of heavy-to-light form factors discussed in [25], the power-enhanced
correction from the operators Qg 10 can be expressed in terms of the inverse moment Ap
and the logarithmic moments, (8.1) and (8.2), respectively. Upon exchanging the collinear
and anti-collinear sectors, we obtain the corresponding two operators

=T 1 _
AT _ = s/p S/P g
oy [ BT hv] [ec T Ec} : (B.14)
= 1 _
Bl _ _ S/P v woy
07 Tw{m 5T th T hv] [ Y T ec]. (B.15)

The all-order analysis of the O(A\®) operator Ypchy Az, from (B.1), which arises in
SCETT from the tree-level matching of (7, is substantially more complicated. This is be-
cause the operator involves a hard-collinear quark and an anti-hard-collinear photon field,
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which both must undergo not-trivial SCET; — SCET; matching to obtain an operator
that overlaps with the external state of the B, — ¢T¢~ decay. Since the collinear and anti-
collinear sector interact with the same soft fields, the analysis above must be extended to
keep track from which sector a soft field and its corresponding non-localities arises. In par-
ticular, since the collinear final state must have lepton number +1, and the hard-collinear
sector of the SCET does not carry lepton number, likewise for the anti-collinear direction,
the SCETy; operator must necessarily contain a soft lepton pair, which is generated in
SCET; — SCETy matching. We are therefore led to consider operators of the form

O(s,t,u) = [objects] x [q,(sn+) s hy(0)] [£s(tng) I €5 (un—)] [€.(0) T £:(0)] ,  (B.16)

where here we kept the position arguments to indicate the non-locality of the fields. Not
counting the “objects”, this operator has dimension d = 9 and [\] = 16, while the initial
operator has d = 5. For this operator to contribute to the power-enhanced amplitude, it
must contain a number of inverse derivatives 1/(in_0Js) acting on soft fields that arise from
hard-collinear matching, or 1/(in40s) from the matching of the anti-hard-collinear sector.

That this possibility is indeed realized can be seen from tree-level matching. The
relevant splitting of the hard-collinear quark field is (B.3) above, followed by

AN Qee 7A" 0y + hec. B.1
hel ™ (in, 0.)(in_0s) {g YLk F C} (B.17)

from section 3.2.2 of [25]. For the splitting of the anti-hard-collinear photon, (B.17) adapted
to the anti-collinear sector applies. All together this provides a A\> suppression of the initial

operator, resulting in [A\] = 10 and the correct dimension. Putting everything together,
we obtain
Chehod— | — Guin 0 h L 00 ! lbz| . (B.18)
Xhellv Axc | qstN—0g Ny (in..0.)(in_0,) cts (in_02)(in..05) stel - .

The QED one-loop calculation of the matrix element of ()7 performed in [21] corresponds
to evaluating the one-loop SCET; matrix element of this operator, obtained by contracting
the soft lepton fields. The endpoint divergence in the one-loop integral found there is a
consequence of the large number of inverse derivative operators in (B.18). We performed a
general analysis of SCET; — SCETy; also for Q7 and find that the above operator together
with those discussed above for Q9 19 are the only SCET}1 operators relevant to the power-
enhanced By — (¢~ amplitude.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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