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Semiclassical energy of closed Nambu-Goto strings
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We compute semiclassical corrections to the energy of rotating closed Nambu-Goto strings. We confirm
the results obtained by means of the Polchinski-Strominger action. We also show that in this semiclassical
approximation, the spectrum of physical excitations contains modes that are unphysical nonperturbatively,
i.e., to which no physical excitations of the covariantly quantized Nambu-Goto string correspond.
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I. INTRODUCTION

In the covariant quantization scheme, the Regge inter-
cept a of the Nambu-Goto string is a free parameter, only
constrained by a <1 for D <25 and a =1 for D = 26,
with D the dimension of the target Minkowski space [1,2].
As the Nambu-Goto string is a toy model for vortex lines in
QCD, cf. [3-5] for recent works and reviews in this
direction, a determination of a for noncritical dimensions
is desirable. Using the Polchinski-Strominger action [6],
Hellerman and Swanson [7] computed the Regge intercepts

Aopen = L,
D-2 26-D ((J1)\i [J34\%)\2 .

Aclosed = 24 - 48 <<m> - <m> ) ( )

for open and closed Nambu-Goto strings. Here J; ;, and J5 4
are angular momenta in the 1-2 and 3—4 planes in which
the closed string rotates. Regarding this result, two aspects
are puzzling:

(1) For the covariantly quantized string, a is a constant
which is independent of the ratio of the angular
momentum components, in contrast to (1) for D # 26.

(ii) In the limit J54 — O, the closed string degenerates

to two straight open strings with the same end-
points. One would thus expect dopen = deioseds
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which, however, only holds for D = 26. Even worse,
for D < 26, ajyseq diverges in the limit J34 — 0.

Due to this seeming inconsistency in noncritical dimen-
sion, it seems desirable to verify (1) with other methods.
The result for the open string, including a generalization
to masses at the endpoints, was recently rederived in [8]
using a semiclassical approximation, i.e., by quantizing the
perturbations around classical rotating string solutions, and
using a local renormalization procedure to extract quantum
corrections to the energy. Here, we perform the analogous
analysis for closed strings, also verifying (1).

The semiclassical quantization procedure in principle also
allows us to compute the spectrum of excitations of the
classical rotating solutions. In [8] it was shown that for
the open string (at least for the low-lying excitations) the
semiclassical approach leads to the same spectrum of
physical excitations as the covariant quantization scheme.
Here, we show that for the closed string the spectrum of
excitations in the semi-classical theory is too large, i.e., there
are semi-classical excitations that do not correspond to
physical excitations of the full nonperturbative covariantly
quantized theory. That such phenomena are possible in gauge
theories is well known: For example, already at the classical
level, Yang-Mills theory is not linearization stable [9], i.e.,
solutions to the linearized equations are not necessarily
tangent to the manifold of solutions of the full equations,
1.e., do not derive from a curve in the set of solutions of the
full equations. More generally, denoting by s, the linearized
part of the Becchi, Rouet, Stora, Tyutin (BRST) operator s,
the cohomology H () describing observables in the linear-
ized theory is in general larger than the cohomology H (s) of
the full theory, an elementary example being again provided
by Yang-Mills theory, cf. [10] for example. In the present
case, the reason seems to be that the level-matching condition
is not implemented at the linearized level.

Our perturbative approach is based on the finding [ 1 1] that
in the sense of perturbation theory around nondegenerate
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classical solutions, the Nambu-Goto string can be quantized
for any D, without anomalies. Let us sketch the argument:
Let X:X — (RP,) with 5 = diag(—+---+) be the
embedding of the world sheet X into the target
Minkowski space and split X into a classical solution X
and a perturbation ¢, i.e.,

X=X+77, (2)

L. .
where y72 is seen as a formal expansion parameter. The
Nambu-Goto action is

S=- [ vad'x G)

where g is the determinant of the metric induced by the
embedding. The full action is invariant under reparametri-
zations of embedding, giving rise to the BRST transforma-
tion of ¢ given by

st = M0, X = 6”8”}_(“ + y_%cﬂaﬂtp“, (4)

with ¢* the diffeomorphism (re-parametrization) ghost
vector field. Here roman (greek) indices are target space
(world sheet) indices. Given a gauge condition 7', [¢] = 0,
one supplements the action (3) by the gauge-fixing action

Sy = / (BT lg] - T lo)Vad,  (5)

with g the determinant of the metric g, induced by X. This
action is invariant under the BRST transformation defined
by (4) and

sct = bH,

sch = y_%c”vyc”, sb* =0, (6)

where V is the Levi-Civita covariant derivative with respect
to %»-

The possible occurrence of anomalies, such as a viola-
tion of the nilpotency of the BRST charge, is governed by
the cohomologies of s and s mod d. The free, i.e., O(y°),
part of s is

sop = c0,X". (7)

For a nondegenerate classical embedding X, 8”)_(“ has
maximal rank. It follows that the fluctuations ¢“ tangential
to the embedding X form trivial pairs with the ghosts ¢# and
drop out of the cohomology of s,. Hence, s, has trivial
cohomology at positive ghost number. By cohomological
perturbation theory [12], this carries over to the cohomol-
ogy of s, and also to the cohomology of s mod d. Hence,
there is a renormalization scheme in which no anomalies
are present, in any order of perturbation theory.

In the following, we will truncate the action at O(y°),
i.e., at second order in the dynamical fields ¢, c,, ¢,, b,.
This free action is the one relevant for the semiclassical
approximation. Furthermore, we use transversal gauge
[13], where the absence of anomalies at the level of the
free theory is manifest. For this, one chooses

Tulo] = 0,X @, (8)
By the equations of motion derived from the free action, the
unphysical fields, i.e., the auxiliary fields Cus Cys b,, and the
pure gauge perturbations, i.e., those parallel to 6”}_(“, then
vanish,' so they can be consistently set to zero at the level
of the free theory.2 In particular, the corresponding free
BRST charge vanishes® (and is thus also nilpotent). Hence,
expanding the action to O(y°) and restricting to fluctua-
tions ¢ normal to the classical embedding X (these vanish
under the action of s;), one arrives at a free theory involving
only physical fields.

The perturbation ¢ is naturally interpreted as a field
living on the world sheet, so that quantization yields a free
quantum theory on the world sheet. The equations of
motion for ¢ only depend on the world sheet geometric
data, i.e., the metric and the second fundamental form
induced by the classical embedding X. Hence, it seems
natural, in line with the framework of [11], to use methods
from quantum field theory on curved space-time [14,15] for
the renormalization of the free world sheet Hamiltonian H°.
This means that renormalization is performed locally, using
the local geometric data. The correspondence between the
world sheet Hamiltonian and the target space energy then
gives corrections to the classical Regge trajectories.

Let us analyze the latter point in more detail. We recall
that in the covariant quantization the ground state energies
E; for angular momentum J ,, /54 > 0 satisfy

E? =4ny(J15+ J34 — 2a), )

with y the string tension, a relation which we call the Regge
trajectory in the following (no extension of the angular
momenta to the complex plane is intended). It is important

'At second order in the perturbation, the fluctuations parallel to
the classical embedding X drop out of the (not yet gauge fixed)
Nambu-Goto action [11]. From this, one easily derives that in
transversal gauge the unphysical fields vanish on-shell at the level
of the free theory.

The possibility of such a trivial gauge fixing (and also the
triviality of the cohomology of s) is due to the absence of
derivatives of the ghost in the BRST transformation (4). This
feature in particular distinguishes the model from Yang-Mills
theories and general relativity.

As a consequence of the absence of derivatives of dynamical
fields in the gauge fixing condition (8), the free BRST current,
i.e., the Noether current derived from s, and the free part of the
action, vanishes. (The Nambu-Goto action S does not contribute
to the free BRST current [11].)
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to note that this ground state is degenerate in the sense that
ground states for fixed J = J, 4+ J34 all have the same
energy E;. We will be parameterizing the rotating string in
terms of the two radii R ,, R34 in the two planes. In terms
of these, the classical target space energy and angular
momentum are given by

E = 27yR,

j1,2 = ﬂ}’R%,z’ j3,4 = ”VR%A’ (10)

with

R=\/R}, +R3,. (11)

Here the bar stands for the values corresponding to the
classical (background) configuration X, cf. (2). In our
parametrization, the relation between the world sheet
Hamiltonian H, the quantum correction E? to the target
space energy E, and the quantum corrections J{,, J%, to
the angular momenta J, ,, J34 is

1
B = (H+ 1, +74,). (12)
yielding
E? = (E+ E7)?
=477’ R? +4ny(H + J], + J5,) + O(R™?)
=dny(J15 +J34 + H°) + O(R7Y). (13)

By comparison with (9), one can directly read off the
intercept a from the expectation value of HY, i.e.,

a:—%(H(’). (14)

As the case of elliptic strings is notationally and
computationally much more involved, we chose to first
present our calculation for the case of circular strings, i.e.,
for R;, = R34, and to discuss the modifications necessary
for the treatment of elliptic strings in a separate section. The
article is thus structured as follows: In the next section, we
discuss the perturbations of classical rotating circular
solutions, and in Sec. III the calculation of the correspond-
ing intercept. Section IV deals with the generalization to the
elliptic case. These calculations are for simplicity per-
formed for D = 6. The straightforward generalization to
general D is discussed in Sec. V. Finally, in Sec. VI, we
compare the spectrum of physical excitations in the
linearized semi-classical theory and the covariant quanti-
zation scheme. We conclude in Sec. VII. An Appendix
contains some intermediate results of our treatment of the
elliptic case.

II. PERTURBATIONS OF CLASSICAL ROTATING
CIRCULAR STRINGS

For an embedding X:X — (RP,5) the Nambu-Goto
action (3) yields the equations of motion

0,X = 0. (15)

We also recall the target space momentum and angular
momentum derived from the action (3):

Pi /2” % 4 /2”\[ 0:9,X'do,  (16a)
= c=— o, a
0 580X,‘ y 0 gg 12

2 oS ) )

2r
=y /) V9™ (X;0,X; — X,;0,X)do. (16b)

Here we assumed X to be parametrized by (z,0) €
R x [0,27). The target space energy is given by E = P°.
We parametrize the rotating circular solution as

\/ET
sinzcosc

—COSTCOSO
X(r,0) = — , 17
(7.0) V2| costsine (17

sin 7 sin ¢

0

where ¢ € [0,27) and R is given by (11). Note that in our
parametrization, the world sheet coordinates 7, o are
dimensionless. For simplicity, we here assumed that the
target space-time is six dimensional. As discussed in
Sec. V, it is straightforward to add further dimensions
(or to remove the sixth). The induced metric on the world
sheet, in the coordinates introduced above, is a multiple of
the Minkowski metric,

_ R?
G :jﬂ,w- (18)

In particular, the equation of motion (15) can be easily
checked. Energy and angular momentum of the above
solution were given in (10), with R, = R34 = \/%.

Our goal is to perform a (canonical) quantization of the
fluctuations ¢ around the classical background X, cf. (2).
As discussed in the introduction, we may, at the level of the
free theory, restrict to normal fluctuations. We parametrize
these as

(p:fsvs+fava +fbvb +fcvc’ (19)
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with v, v,, vy, V., orthonormal and normal to the world
sheet. Concretely, we choose

0 1
V2
0 COSTCOSO
0 Sinzcos o
Vg = ) Vg = \/5 . .
0 —sinzsinec
0 costsine
1 0
0 0
sinzcoso costsino
—COSTCOSO sinzsino
Vp = . Ve = . (20)
costsino sinzcos o
sinzsino —COSTCOSO
0 0

Here the scalar component f describes the fluctuations in
the direction perpendicular to the planes of rotation. The
mode f, describes infinitesimal rotations generated by
L, + L34 (v, also has a time component, which is present
to make it orthogonal to the world sheet). The mode f,
describes dilations in the subspace spanned by e, e,, €3, €4
and f,. describes combined shears in the planes spanned by
ey, e3 and e,, e4. Subsuming the modes in the planes of
rotation into f = (f4, f3, fe), we obtain, at O(y°), the free
action

1 . .
§'=3 / (f* = f? = fTAf = fTBf' — fTCf
+ f,* = fi?)dodz, (21)

where f7 is the transpose of f, derivates with respect to 7
are denoted by dots and those with respect to ¢ by primes
and

0 V8 0

A= -8 0 0],
0 0 0
0 0 —/8
B=|10 0 o0 |,
V8 0 0
0 0 0
cC=10 -4 0]. (22)
0 0 4

We see that the scalar field decouples.

From (21), we see that the scalar fluctuations decouple
from the others, grouped into f, termed the planar sector in
the following. We obtain the equations of motion

0= _fs + gv (238')

0=—f+f"—Af - Bf —Cf. (23b)
It is easily checked that the symplectic forms for the scalar
and the planar sector are

G(fs’}S) = L (fs]:z‘s _fs}‘s)dgﬁ

arir=[ (s 7)( 2, g;)(jj)da 24

where X, is the time slice at an arbitrary time z.

In order to prepare for a canonical quantization, we
identify symplectically normalized mode solutions.* For
the scalar component, one finds the solutions

1 o
f;lfn — " pTine g=int (25)

for n > 1. These are normalized with respect to their
symplectic form, i.e.,

(FZs fom) = =8,y 0%, (26)

where the bar stands for complex conjugation and
a, # = +. There is also a zero mode f, which degenerates
in the symplectic form and can not be normalized. It forms
a canonical pair with a supplementary linearly growing
mode f,, i.e.,

T, (27)

with &(f,,f,) = 1. These correspond to position and
momentum in the direction perpendicular to the planes
of rotation, and can be seen as the Nambu-Goldstone
modes for the broken invariance under translations
perpendicular to the planes of rotation. In the determination
of the Regge intercept, these will be discarded, as we have
to fix the momentum.

For the planar sector, we find the positive energy
solutions

+
I.n —

(:l:l\/z, F n, n)eiinae—inr’

8zn(n* —1) (282)

*For an exposition of canonical quantization in the presence of
single time derivatives in the action, we refer to the Appendix of
[16]. Our results, in particular regarding the behavior of modes
that degenerate in the symplectic form, are in complete agreement
with the general properties derived there.
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1

l.\/i, +1,1 eii(n—Z)o-e—inT’
TN )

fon= (28b)

(:l:l\/i, +1, 1)eii(n+2)o—e—in1.

fin = (28¢)

167(n + 1)

These are again normalized with respect to the symplectic
form, analogously to (26), with a few exceptions, which we
now discuss in detail.

For n = 0, the modes fi degenerate to a single mode,
which is degenerate in the symplectic form. There is
another linearly growing solution complementing it, so that

1
fe—\/—z—”(l,(),()), (29a)
o= | —2(1,0,0)+—=(0,1,0)|,  (29b)
ﬂ_\/ﬂ 7(1,0, NoRh
form a canonical pair,
o(fo. f2) = 1. (30)

Recalling that f, could be identified as an infinitesimal
rotation generated by L;, + L34 we can see these as
Goldstone modes for the broken L ; + Ls 4 invariance. We
should think of f, as an angle and f, as the corresponding
angular momentum variable.” This is further supported
below. Furthermore, as shown in the next section, these
modes are not relevant for the determination of the Regge
intercept.

The modes f, and f5; do not degenerate in the symplectic
form for n = 0, so they are not conventional null modes.
However, ffo does not fulfill the normalization (26) (the
sign is changed). It should thus be interpreted as a negative
energy mode. Note that f3, = if5, so f5, and if5, are
symplectic pairs of a positive and a negative energy
solution. As Ly3+ Ly, and Ly, — L34 both commute
with Ly, + L3 4, it is suggestive to regard the modes f3i_0 as
the generators of these rotations.® This is explicitly checked
below. Also note that “positive energy” might be a
misnomer, as one can easily check that these modes do
not contribute to the free Hamiltonian, see below. It follows
that these modes lead to a degeneracy of the ground state.
This reflects the classical ground state degeneracy dis-
cussed in the Introduction.

5However, we draw attention to the sign of the term linear in 7
in (29b) compared to (29a), which was introduced in order to
have usual sign in (30). The same phenomenon occurs for the
open string, and in fact also for an analogous semiclassical
treatment of the hydrogen atom [8].

®Also L4 — L,3 commutes with L, , 4 L34, but it generates
reparametrizations.

For n =1, the modes f; and f, degenerate in the
symplectic form and can thus not be normalized.
Omitting the normalization, ffl and fﬁfl are solutions

and fT, and f5, coincide. It turns out that there are linearly
growing solutions complementing these. We thus have

1 o
[ =—=(£iV2,F 1, 1)etioe, (31a)

V8

1 : o
2 :E[T(ii\/ﬁ, FL1) +é(:{2 i3V2, % 1,1)]e*i0e".

(31b)

Together with their complex conjugates, these form canoni-
cal pairs,

o(fi.f5) =1, o(fi.f5) =1, (32)

with all other combinations vanishing. Hence, fi,ﬁ can

be interpreted as positions and 5, /7 as the corresponding
momenta. We thus have four canonical pairs of position and
momenta. These have the natural interpretation as center-
of-mass positions and momenta in the sub-space spanned
by ey, ey, e3, ey, i.e., as the Nambu-Goldstone modes for
the broken invariance under translations in this subspace.
Similarly to the scalar null modes f,, f,, these will be
discarded in the determination of the Regge intercept.

An analogous identification of these special modes for
the open string was made in [8,17]. It can also be checked
explicitly: Writing

f= Z[ S S (@) + (@fS + P + He.
aE+

re{1.2,3} neN,

+0fo+ A1 (33a)
fi=>_> (atufe+He) +qf,+ pfy (33b)
neN; ae+
where
Ny={n>1}, N =N,={n>2}, N;={n>0},
(34)

and the coefficients ¢, p, 0, 1 are real, one finds, for the
expansion of the energy, angular momenta, and momenta,
cf. (16),

E =E++\/2zyl+ O(y°), (35a)
Liy+Lys =L+ Lys++/27yRA+ O(F°),  (35b)
Lis = Lyy =/ 2nyRN(aj, —az,) + O(°),  (35¢)
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Lis+Lys = \/217R3 (a3, + a50) + O(°),  (35d)
P'3 = \2zy3(F p* +p7) +O(F°),  (35¢)
P4 =\ 2y (£pt )+ 0G0, (35f)

PS = \/2zyp + O(y") (35g)

. . . . :I:
This supports the identification of the modes [, f;, f5,
f3o with (angular) momenta discussed above.

Canonical quantization now proceeds as follows: One

introduces annihilation and creation operators a;-,,, &ﬂf; for
re{s1,2,3}, n € N, fulfilling

[&(}f,n’ &@*n'} = 5(1/1'6”, 6}1”’ . (36)

Furthermore, one introduces position operators ¢, 0, g, gt

and momenta p,/1, p*, p** with commutation relations

a.p1 =i A=
g, pl =g, g% ) =0. (37)

The complex positions §* and momenta p* can be repre-
sented on L?(R?) with canonical position and momentum
operators §;, pi as

1, i
ﬁ(ﬁ‘“élzi)’

Aj:: A+

P —ém +ipE).  (38)

In particular, with (35e), (35f), this implies

P\ = /ay(F p3 +p7) +0O0°).  (3%)
P = ay(£pf - 1) + O(°). (39b)
The canonically conjugate positions are thus
X'P = Qyan) ™ (F 43 +a) + 00, (40a)
X = (2yay)~ (£4] = 47) + O(r™").  (40b)

That these are the correct center of mass (cms) positions
can indeed be explicitly checked. For example, up to a
reparametrization, the combination /2zy3(f; — f;) para-
metrizes a shift by one unit in direction e;.

Canonical quantization then proceeds by replacing the
coefficients in (33) by the hatted corresponding operators.
One can then explicitly check the fulfilment of the
canonical equal time commutation relations, as dictated
by the symplectic form (24). Omitting the positions and

momenta (this will be justified below) we thus have
quantum fields ]Aﬂ j‘ with two-point functions

w(x:x') = QU (x)F,(¥)[)

= > 0 FE ),

neN; ae+

(41a)

(QIFi(0)F:(x)I€)

Zzsznt kalj )

neN, ae+

wpij(x:x') =

(41b)

where in the second equation i, j run over the labels
(a,b,c).

III. THE WORLD SHEET HAMILTONIAN
The free Hamiltonian corresponding to the free action

1) is

%/2” (fP+ 2+ fTCf + fTBf + f1 + fi2)do
0

H® =

(42)

In terms of the creation and annihilation and position and
momentum operators introduced in the previous section,
this Hamiltonian formally reads as

( 2, 2 D ”r’n”’*+a‘r”§f‘r’n)+f’2_22>

re{s,1,2,3} neN, ae+

_|_ Z p(l*p(l _|_ l'p(lq(l* lp(l*q ) (43)

acex

Rewriting the last term in (43) in terms of the position
and momentum operators introduced in (38), one obtains

Z(ﬁ(l* i)a + iﬁ(zqa* ii)(l*q )

ace+

1 Aa ~a sasa sana
:Z{E((P1)2+(P2)2)+P1QQ_P2‘11 . (44

By (39), (40), the last two terms are precisely the leading
order term of the cms contribution to the angular momen-
tum —L;, —L34. As a cms contribution to the angular
momentum does not change the energy (for a given
momentum), this term must be present in H°, due to
(12). For the determination of the Regge trajectory, such a
cms contribution should of course be absent. Hence, we
choose a state in which the expectation value of the last two
terms in (43) vanishes.

To evaluate the rest mass, we should work at vanishing
spatial momentum. Obviously, we may choose a state in

106005-6



SEMICLASSICAL ENERGY OF CLOSED NAMBU-GOTO STRINGS

PHYS. REV. D 100, 106005 (2019)

which the expectation values of (p¢)? + (p$)? and p? are
arbitrarily small. We can hence neglect the momenta
in (43).

We now argue that also the 22 term in (43) should be
neglected. First, we recall that in (12), the quantum correc-
tions EY, L{,, L, are obtained by expanding the classical
expressions (16a) for the target space energy E = P° and
(16b) for the angular momentum in ¢, neglecting the zeroth
order (classical) terms. The world sheet Hamiltonian H
generates (world sheet) time translations on the world
sheet. The quantum target space energy E9, should generate
time translations in target space. However, the background
world sheet is rotating in the 1-2 and the 3-4 plane and so
are the vectors v,, v, v, parameterizing the fluctuations.
The correct relation between H and EY is thus (12), where
the factor % corrects the different scaling of target space
time X° and world sheet time 7, and L(1],2 + L%, corrects for
the missing rotation. One can easily check (12) explicitly
up to O(@?), which is the relevant order for our purposes. A
further relation between the quantum target space energy
E4 and the world sheet Hamiltonian H is

1 1
E?=—H mod —, (45)
R R

which follows from the fact that a world sheet translation
T+ 7+ 27 corresponds to a target space translation
X%+ X% + 27R. Comparison with (12) shows that the
spectrum of L{, + L, should be discrete,

L1, + L§,4 eZ. (46)

This of course matches the expectation for the spectrum of
(the sum of) angular momentum operators. Note that this is
a nonperturbative statement, which cannot be deduced from
the expansion of L{, + L, in ¢. Due to (35b), this means

that the spectrum of 1 is discrete. In particular, we may
choose the eigenstate of eigenvalue 0, corresponding to
fixing the angular momentum L, + L34 to the classical
value, up to corrections of O(y°). By (35a), this is also an
eigenstate of E, again up to corrections of O(y%).

We now come to the evaluation of the expectation value
of H° (with the (angular) momenta set to zero). As in [8],
we follow the proposal [11] to employ a locally covariant
renormalization technique [14] developed for QFT on
curved space-times. Concretely, the expectation value of
Wick squares (possibly with derivatives) is determined as
follows:

"As a consistency check, we note that the leading order
contribution to E? of the terms quadratic in the momenta is
given by 2xy(p? + >, ;(p%)?), cf. (13). With (35¢), (35f), and
(35g), we thus see that the momenta contribute (P?)? to E?, up to
corrections of O(y™?), as expected.

(QUVGVP) ()[Q) = lim VT (w(x; ) — hx: X))
47)

Here a, f are multiindices, w is the two-point function in
the state Q, defined as on the left-hand side (1.h.s.) of (41),
and & is a distribution which is covariantly constructed
out of the geometric data, the Hadamard parametrix.
For physically reasonable states, the difference w — 4 is
smooth, so that the above coinciding point limit exists and
is independent of the direction from which x” approaches x.

For our purposes, it is advantageous to perform the limit
of coinciding points from the time direction, i.e., we take
x=(r,0), X =(t+1,06), and t - 40. Performing the
summation in (41a), we find

090y 4 0101 )wy(x;X')

1 & o
- nezn(t+te)
2r ;

= —m—i‘i‘(/)(ﬂ. (48)

N =

For a minimally coupled scalar field with a variable mass
m?(x) in two dimensional space-time, the Hadamard
parametrix is given by (see, e.g., [18])

i) = - - (1 A m ()l ) + O((x - x'>3>)

Pe (z,zx’) ’ (49)

x log

where p is the Synge world function, i.e., % times the
squared (signed) geodesic distance of x and x/, cf. [19], and
A is a length scale (the “renormalization scale”). For the
local covariance, it is crucial that A is fixed and does not
depend on any geometric data [14]. Inside of the logarithm,
the world function is equipped with an ie prescription as
follows:

pe(x, X)) =p(x,x') + ie(z = 7). (50)

For the scalar part, the mass term is absent. We thus find,
for the coinciding point limit from the time direction,®

L Lo, 61

000y + 0,0, Yh, = ————
(000" + 0,0y )h 22t + i)

| =

For the scalar contribution to the energy, we thus obtain

¥Here and in the following, O(t) also includes terms of the
form tlogt.
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R R TR C)

For the planar contribution to the energy density, we
compute

1
STH(@000 + 101" + C + BOY Y, (x5
_ L |:Z nein(tJrie) +2 Z nein(l+i6):|
2 n=1 n=2

= g+ 0. (53)

In order to obtain the planar parametrix, it is convenient to
absorb the first order derivatives in the equation of motion
(23b) by introducing suitable covariant derivatives, analo-
gously to the procedure followed in [20] for the construc-
tion of retarded and advanced Green’s functions. It is
straightforward to check that with

0O 1 0
Ap=V2| -1 0 0],
0 0 O
0 0 1
A =v2 0 0 0],
-1 0 O
5 0O 0 O
M? = = 0O -1 0], (54)
0o 0 1
and the covariant derivative
V,=0,+A, (55)

the planar part of the free action can be written as
L[, =
= [ @VuVs + TR (56

We thus can interpret M? as a “mass term”. Denoting by
T(x, x) the parallel transport from x’ to x with respect to the
covariant derivative, the parametrix for the planar sector is
then given by

(57)

with (x — x')? the usual Minkowski square. The parallel
transport can be Taylor expanded around coinciding points,
ie.,in Ax =x—x" as

1
1(x,x')=T1-A,Ax" +§(AUA;1 +08,A,)Ax* Ax’ + O(AX?).

(58)
Using these results, one computes
1
ETr[(ﬁoao’ + 8181/ =+ C =+ B(?l')hp(x;x’)]
3 1
= ——+0(1). 59
27(t + ie)? 7z+ (1) (59)

To obtain this result, one notes that the last two terms on the
L.h.s. are irrelevant, due to the trace and the direction from
which the coinciding point limit is taken. The first two
terms on the Lh.s. yield

1 [1+4tAg +1(ApAg + BpAp)r
——Tr
27 2
—Ag — (ApAg + 0pAp)t

+ - . (60)

with the first term stemming from the action of all
derivatives on the log, whereas the second term stems
from the action of one time derivative on 1 and one on the
log. For the planar contribution to the energy, we thus
finally obtain

3

<H(1))>:—E-

(61)

Adding this to the scalar contribution (52) and using (14),
we obtain the intercept a = é, consistent with (1) for D = 6.
As shown in Sec. V, this consistency persists to all
dimensions and general ellipticity.

We note that there is no logarithmic divergence in the
coinciding point limit of the world sheet energy density,
and thus no renormalization ambiguity associated to
the choice of the scale A. The reason is that the only
renormalization ambiguity at the order considered here is a
supplementary Einstein-Hilbert term, which however van-
ishes on our flat background (it is generically irrelevant for
closed strings due to the Gau3-Bonnet theorem), cf. also the
discussion at the end of the next section.

IV. GENERALIZATION TO THE
ELLIPTIC CASE

To treat the case of an elliptic string, we use, instead of
(17), the classical solution
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Rt
R\, sinzcoso

X(z.0) —R,,costcoso (62)
7,0) = . >
R;4costsino

R34sinzsine

0

where 6 € [0, 27) and R is given by (11). We also introduce
the angle 6 € [0,5] parametrizing R, and R34 by

R, = Rcos0, R34 = Rsiné. (63)
Two limiting cases are of particular interest: For & — %, one
recovers the circular case, whereas for @ — 0, one finds two
straight open strings attached at the endpoints.

The induced metric on the world sheet, in the coordinates
introduced above, is

R2
G = 5 (1 —cos 26 cos 26)1,,. (64)

As this is conformal to the Minkowski metric, the equation
of motion (15) can be easily checked. Energy and angular
momentum of the above solution were given in (10). The
scalar curvature is given by

8 cos?20 — cos 20 cos 20

R = >
R? (1 —cos26cos20)?

(65)

Hence, unless 6 =7, i.e., for R;, = R34, the world sheet
has intrinsic curvature.

Perturbations of this classical solution are described
again in the form (2), (19), but for the vectors v,, v,
V., orthonormal and normal to the world sheet, we now
choose

2cosf@costcoso

1 2 cos@sintcoso

~ MN

va . . .
—2sin@sinsin o

2sinfcostsino
0
0
sin @sin 7 cos ¢
V2 | —sinfcostcoso
M| cos@costsine
cos@sinzsinoc
0
0
sinfcos tsino
V2| sinfsinzsine
N cosdsintcoso
—cosfcostcoso

0

where

N = /14 cos20cos 26.
(67)

M =+/1—-cos20cos 2o,

In the limit of the circular string, these coefficients tend to 1
and the above vectors coincide with the vectors used
in Sec. IL.

The free part of the action still has the form (21), but now
with A, B, C replaced by

5 0 \/2sin 20
A= N —\/2in20 0 Mcos20sin26 |, (68a)
0 —M cos 26 sin 26
0 0 -1
/8 sin 20
=10 0o o |, 68b
MN2 ( )
1 0 0
| -B/4 0 3MN?2sin40sin26/+/2
C= A 0 —N*(M* + 3sin*20) 0 . (68¢)
3MN?sin40sin26/1/2 0 —~MAN* + M2sin?20(4N? + M?)
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where we denoted

B = c0s 20 cos 26 — 5 cos 60 cos 26 + 8cos?20(cos 4o — 1)
+ 4c0s326 cos 6. (69)

The equation of motion (23a) for the scalar part is not
modified, whereas the equation of motion (23b) for the
planar part is replaced by

0=—f+f"—Af—=Bf —(C+B'/2)f, (70)

the modification being due to the fact that B is no longer
constant. The symplectic form of the planar part is still of
the form (24), with the modified A, of course. The free
Hamiltonian is still given by (42), again with the modified
B, C.

The symplectically normalized mode solutions for the
scalar excitations are still given by (25), (27). Those for the
planar sector are tedious to derive. The results are stated in
the Appendix. For our purposes, the important point about
these mode solutions is not their explicit form, but that they
have exactly the same frequencies as in the circular case.
Canonical quantization proceeds in complete analogy to the
circular case. Renormalization, however, is affected by the
curvature of the elliptic string. We aim to perform it in a
locally covariant way, i.e., with respect to the local

|

1
p(x,x') = =G (X) AX*Ax* + A, (x) Ax* Ax* Ax* + B, (x) Ax* Ax* Ax* Ax?,

2

1
Amnl = - Z a(ugwl)’

1 I RS D o o
B;u/ﬂp = Ea(uaygﬁp) - ﬂg (Z aag(;wa\r\g/lp) - aag(ﬂvaﬁgp)r + a(ﬂgyaaﬁgp)r> ’

where Ax = x — x. One thus finds, for a metric of the form g,

geometric data. Hence, we rewrite the free action in a
geometric form as in (56), now with

sin 260
0 NN 0
__sin20 cos 20 sin 20
Ao = V2| —iEv 0 VaMN |
__cos2@sin20
0 V2MN 0
sin 26
0 0 MN?
A=vV2] 0 0 o0 [, (71a)
5% 00
4c0s226sin220 0 V/2sin 46 sin 26
M4N2 M3N2
2 2 0 _ 2sin%20 0
R>M? M
V/2s5in46sin 26 0 2sin226
M3N2 MZNZ
(71b)

For the scalar part, one proceeds analogously, with the
derivative the usual one, and a vanishing “mass” M?>.
Furthermore, as the metric is no longer flat, but given by
(64), the expression for the world function becomes more
complicated. It can be Taylor expanded in coordinates
around coinciding points as [21]

(72a)

(72b)

(72c)

= f(U)’Lm

p=3F(0) (=BT + Ac?) +1 /(o)A Ao~y (0) f'(0)2A7" + <i flo) ' fiof~3 f”(a)) AAG? + O(AS, Ac?),

48
(73)
and hence, for the coinciding point limit from the time direction,
1 1 f/2 1 f//
—(000y +0,0{ )hy = ————5+—"5———+0O(1). 74
2 (000" + 0191y (i tie) 32nfl A8af Q (74)
For the metric (18), this yields
1 1 cos?20sin’26 cos 26 cos 20
—(0y0y' + 0,0, )h, = — - O(1). 75
2 (000" + 9 ) 2r(t +ie)? ' 8x(1 —cos260cos26)?  12x(1 — cos20cos 20) ®) (75)
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For the scalar contribution to the energy density, we thus obtain

1 cos? 20sin? 26

cos 260 cos 20

(H3(0)) =

In the degenerate limit @ — 0, this gives

1
lim(H° = — 77
91—I>%< 5(2)) 12z sin?o’ (77)

in accordance with the result obtained for the open string
[8]. Integration over o yields

1 1
(tan@ + cot@).  (78)

HON — -
< S> 12 sin 26 24

For the planar part, the computation of the expectation
value of the Hamiltonian density is challenging. However,
|

247 8x(1 — cos 260 cos 26)>

. 7
127(1 — cos 20 cos 20) (76)

|
we are only interested in the total Hamiltonian. Noting that
it can still be expressed in terms of creation and annihilation
operators as in (43), the computation of the expectation
value, point-split in time direction, proceeds, up to the
factor 27, as in the second line of (53). For the contribution
from the two-point function, we thus obtain

S S R} (79)

The parametrix for the planar part is

1 1 !
hy(xx) = —— (n (x5, %) + = M2 (x)p(x, x') + O((x x’)3)> log 25 ¥). (80)
4r 2 A
with M? and the parallel transport now defined by (71). Using (58) and (73), one finds
1 3 sin?260(17 — 5 cos 4o) + 80(cos*ssin*@ + cos*@sin* o)
—Tr[(0y0y + 0,0] + C + BI))h,(x;x')] = — -
2 Trl(9090 + 010, + €+ B, (x:x)] = =55, 322 M
c0s 20(cos 20 — cos 20) R*(t + ie)>M?
- log|— O(x). 81
2 M Og{ e +00) ®1)
|
Integrating this over o, we obtain renormalization ambiguity for the world sheet energy
density H(s) in a locally covariant renormalization
: 3. - 17 (tan 6+ cot ). (82) scheme. For j[he c'losed ztring,. the contribution of this term
(t+ie)> 4 8 to the Hamiltonian H" vanishes, by the GaufB3-Bonnet

Subtracting now (82) from (79), we obtain the expression
for the planar contribution to the free Hamiltonian expect-
ation value

7
(H%) = -2+ 3 (tan 6 + cot 9). (83)

As a consistency check, we note that the coefficient of
the logarithm in the last term in (81) can be also expressed,
using (65), as

meaning that a change in the renormalization scale A
corresponds to finite renormalization of the Einstein-
Hilbert term. By the analysis of [14] this is the only

theorem, so that the obtained result is unambiguous.

V. THE GENERALIZATION TO
ARBITRARY DIMENSIONS

For the case of general dimension D, one has to consider
D — 5 scalar fields, i.e., instead of v, defined in (20), we
consider vy ; = ey, fori = 1,..., D — 5 and e; the canoni-
cal basis vectors of (R?, ). Instead of the single coefficient
fs» we also have f ;. With these, the free part of the action
(21) is modified to

1 ) .
8 =3 [(#-r2=riai-sor - rres
D-5 .
# Yl = 1,2 doc, (55)
i=1
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We see that at this order, the perturbations in the directions
orthogonal to the rotation subspace spanned by ey — ey
completely decouple, i.e., we are dealing with D -5
independent copies of the scalar field previously consid-
ered. It follows that vacuum expectation value of the free
Hamiltonian in D target space dimensions is

(H%) = (D = 5)(HJ) + (H})
6

D -2
:—2—

(tan @ + cot ). (86)

Using (14), we obtain the Regge intercept

D —26

a=1+ (tan € 4 cot 9). (87)

Using that by (63) and (10) we have cot @ = \/J 1,/ J34, this
result can be seen to coincide with the result (1) obtained
in [7].

Expanding the action beyond second order in the
perturbation, the different scalar modes f; will of course
couple among each other and with the planar modes, so the
simple linear scaling with the dimension is expected not to
hold beyond the semi-classical approximation.

Let us finally comment on the origin of the divergence
for 0 — 0,7, i.e., J3)4 — 0 or J;, — 0. In this limit, the
closed string is flattened to two straight open strings
joined at the folds ¢ =0,z. In particular, the scalar
curvature (65) diverges at these folds. This leads to a
nonintegrable divergence of the local energy density at
the folds, as seen in (77). In the case of the open string
[8], the same nonintegrable divergence occurred, but it
could be removed using geodesic curvature boundary
counterterms. This procedure can not be applied in the
present case, as the closed string does not possess
boundaries.’

VI. THE SPECTRUM OF PHYSICAL
EXCITATIONS

Let us recall some ingredients of the covariant quantiza-
tion of the closed Nambu-Goto string. To simplify notation,
we set 7y = 1. We have two sets A,f” of oscillators, for
right- and left-moving excitations, fulfilling

[A%t, Agy] - m5m+”5(lﬁ1,l/w' (88)
One identifies
PR
Pt = EAO (89)

%For 0 = 0 one could of course define the energy to be twice
that of a single open string, but that does not remedy the
divergence as 6 — 0.

as the center of mass momentum. There are also two
sets Ly: of Virasoro generators. Furthermore, there is the
angular momentum operator

1
JW = —i E g —(A%AY —p < ). (90)
n
a€x n>1

One has the commutation relations

(L, - AP = ks¢ - A2,

[J12.0- A% ] =1 A2,

(P40 A% ] = - A2, (91)
with ¢ = (¢£0,...,¢P~1) a target space vector and

¢ =(0,-i¢%i¢',0,...,0),

0= (0,0,0, —iC4,iC3,O,...,0). (92)

We also recall that physical states ® have to fulfill the
conditions

(Lin = 8pa)|®) =0 (93)
for all m > 0. In particular, we recall that
1
Lg =gp*+) A% AL (94)
n>1

The physical state of minimum energy for given angular
momentum £ , in the 1-2 plane and ¢ 4 in the 3-4 plane,
with 7| 5, ¢34 positive even numbers, is given by

|f1’2, f3’4> — (g.Aifl)fl,z/Z(E . Afl)fs.a/Z(gj .A:l)fu/z

X (B AZ)020051/2(2015 + 2634 — 4a)),
(95)

with |0; M) denoting a ground state with vanishing spatial
momentum and rest mass M and

1

V2

1

0,1,i,0,...,0), E=
( ) éﬁ

'3 (0,0,0,1,4,0,...,0).

(96)

Note that we have to evenly excite left- and right-movers in
order to fulfill the physicality condition (93) for m = 0. We
thus recover the Regge trajectory (9). We introduce the
notation

M% = 2(2{1’2 + 253’4 - 4d> (97)

Let us discuss what the analog of a scalar excitation of
the state (95) would look like. Naively, we would choose a
unit vector @ in the subspace orthogonal to the one spanned
by X°—X*, and act with the creation operator 6-A_,
(and adjust the momentum, i.e., the mass accordingly).
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However, in order to fulfill both equations (93) for m = 0
with the same a, we also have to excite a right-moving
mode. It follows that minimal excitations of (95) in the
directions perpendicular to X°—X* are given by

|€12,C34,0, 0) = (Q'Afl)(é‘AZ])(SE'AL)K"Z/Z

X (E . Atl)fsA/Q(f . A:l)flz/z

X (Z’-A:l)f3~4/2|0;\/M§+8>. (98)

Here we adjusted the rest mass in order to fulfill the
physicality condition (93). We see that in the covariant
scheme, the minimal scalar excitation leads to a shift

AM? =8 (99)

of the rest mass squared.

Let us now consider the situation in the semiclassically
quantized string. As is obvious from (43), the minimal
scalar excitation, &j_i‘ or &S‘j, raises the expectation value of
H° by 1. According to (13), and taking zy = 1 into
account, this leads to a shift

AM? =4 (100)
of the rest mass squared. We thus see that, at the linearized
level considered here, the semiclassically quantized string
exhibits physical excitations' that are not present in the
covariantly quantized string. The point is that in the
semiclassical scheme (at the linearized level) no condition
on the equal excitation of left- and right-movers is present.
Presently, it is unclear whether this is remedied at higher
order in perturbation theory or not (and thus represents a
nonperturbative effect).

VII. CONCLUSION

We computed semiclassical corrections to the energy
of rotating closed Nambu-Goto strings. Special care was
taken to renormalize in a local and covariant way, using
techniques developed in the context of QFT on curved
space-times. This calculation represents one of the few
analytically tractable nontrivial applications of these
techniques (needed for example for the calculation of
backreaction effects in cosmological [22] or black hole
spacetimes [23]). Our results agree with those obtained [7]
via the Polchinski-Strominger action, which provides a
mutual consistency check.

The results obtained imply a discrepancy with the
covariant quantization scheme for D < 26, where the
intercept a is only constrained by a < 1, but independent
of the ellipticity. In contrast, in [7] and the present work, the
intercept a is computed, but found to depend on the
ellipticity for D # 26. We also showed that in our linearized
approximation there are physical excitations not present in
the covariant quantization scheme, even for D = 26. It
would be interesting to learn whether this is remedied at
higher order in perturbation theory, similar to linearized
Yang-Mills theory containing more observables than the
full nonlinear theory, or whether this constitutes a non-
perturbative effect.

APPENDIX: THE PLANAR MODES
IN THE ELLIPTIC CASE

The (not symplectically orthonormalized) positive fre-
quency planar mode solutions in the elliptic case are
given by

1 : .
VI [V2(£V2i, F nN sin 20, nM sin 20)e*" 4 (+i(n + 1) cos 26,0, 0)e*i (=22

+ (F i(n = 1) cos 26,0, 0) e+ ("+2)0]g=int (Ala)

i, = v N 2 cos 20(£2i, F nN,nM)e*™" + (F 2i(n — 1) cos® 20,0, 0)e*/("+2)e
+ (£iA_, £2nN (1 — V/25in26), 2n M(1 — /2 5in 26) ) e*i(n-2)e] gin (Alb)

fin = Yy N [2c0s 20(42i, F nN, nM)e*" + (+2i(n + 1) cos? 20,0, 0)e*("=2)
+ (iA,, £20N (1 — V25in 20), 20 M(1 — V2 5in 20) ) e=i(1+2)0] gmin Alc

+
where n > 2 and

Az = (1£3n ¥ (n F 1)cos40 F V8nsin 20). (A2)

'%We recall that at the order considered here, we could set all unphysical (auxiliary and pure gauge) fields to zero. The remaining ones
are physical (commute with the free BRST charge) and likewise are the corresponding excitations.
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The mode solution (Alc) can also be extended to n = 1. The zero energy mode f3i,0 is now given by

V8i 1 1
FE = dcos20(+ 0L £ 2
3.0 cos 9( _/\/l,/\/-7 M’N>

.3+ cos46 F 2sin20 (cos F sin0)> _(cosf Fsinh)*\ _,.
+v2 ,E£2 ,2 ic
+ ( V2i N v G e
.3+ cos46 £ 2sin20 (cos@ £ sin)> _(cos@ £ sinf)?\ .
+Vv2 , 12 , %o, A3
+ ( V2i YT o 7 e (A3)
The modes f7, which we interpreted as position operators in the planes of rotation, are now given by
fi= N [(£V2i, =N, M)(cos 0 + sin 0)e® + (£v/2i, N', M)(cos 0 F sin)e]e~"". (A4)

There is also a corresponding linearly growing mode f+, however, for its homogeneous part, i.e., the part not linearly
growing in time, we were only able to derive an ODE, and not to explicitly solve it. Likewise, for the generalization of the
mode f, describing rotations generated by L, + L34, we find

MN

f (2(cos4900520 + sin*@sin’c)
9 pr—

(AS)

s Uy

sin 40 sin 20)
WIN )

again with an unknown homogeneous part of the corresponding linearly growing mode f;.
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