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The geodesic deviation of a pair of test particles is a natural observable for the gravitational memory
effect. Nevertheless in curved spacetime, this observable is plagued with various issues that need to be
clarified before one can extract the essential part that is related to the gravitational radiation. In this paper
we consider the anti—de Sitter (AdS) space as an example and analyze this observable carefully. We show
that by employing the Fermi normal coordinates around the geodesic of one of the particles (i.e., the
standard free falling frame attached to this particle), one can elegantly separate out the curvature
contribution of the background spacetime to the geodesic deviation from the contribution of the
gravitational wave. The gravitational wave memory obtained this way depends linearly and locally on
the retarded metric perturbation caused by the gravitational wave, and, remarkably, it takes on exactly the
same formula as in the flat case. To determine the memory, in addition to the standard tail contribution to
the gravitational radiation, one needs to take into account the contribution from the reflected gravitational
wave off the AdS boundary. For general curved spacetime, our analysis suggests that the use of a certain
coordinate system adapted to the local geodesic (e.g., the Fermi normal coordinates system in the AdS case)
would allow one to dissect the geodesic deviation of test particles and extract the relevant contribution to

define the memory due to gravitational radiation.

DOI: 10.1103/PhysRevD.100.104034

I. INTRODUCTION

Passage of a gravitational wave (GW) can induce a
permanent displacement in the relative separation of a pair
of test particles which serves as a gravitational wave
detector. This phenomenon is known as the gravitational
memory effect [1]. In a flat background, the net relative
displacement AD,, between the test particles, after passage
of the gravitational radiation, is given by

1
AD, = 5 ARl D", (1)

where D is the initial separation of the pair of test particles,
and Ah/[ is the net change in the metric perturbations in
the transverse-traceless gauge. In flat spacetime, the
memory formula (1) is simple. The gravitational memory
AD, is determined entirely in terms of the metric
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perturbation, which, in linearized gravity, can be solved
in terms of the retarded Green function Gg. Schematically,
without going into details about gauge fixing and decom-
position into irreducible components, the retarded Green
function Gy, satisfies

O,Gr(x.x') = =69 (x,x'), (2)

where [J is a second order differential operator in
which the linearized Einstein equation can be written as
Uhy, = —162GT,,. As a result, we have

By (x) = 167[G/d4x’GR(x,x’)TW(x’) (3)

and the study of the properties of the memory effect can be
phrased entirely in terms of the properties of the retarded
Green function. For gravitational wave generated by a
source in a localized region of spacetime, Ah![ is of
Coulomb type [2], i.e., Akl ~1/r at large distance r of
the detector from the source. For example, the collision or
explosion of a collection of freely moving particles pro-
duces the perturbation [2,3]
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where M, and v, are the mass and the velocity of each
freely moving massive body, respectively, and 6, is the
angle between the source and the detector. 77T denotes the
transverse-traceless part of the expression. Memory effect
in flat space and its properties as produced by various kinds
of massive and massless particle sources were recently
discussed in [4-8]. Detectability of the memory effect from
gravitational wave signals associated with binary black
hole mergers was discussed in [3,9]. Recent discussions
about the detectability with LISA, pulsar timing arrays or
LIGO can be found in [10-13].

We are interested in the memory effect in curved
spacetime. There are various motivations for this interest.
First, our Universe is curved and not flat. It was de Sitter—
like at the time of inflation. Currently it is described by a
Friedmann-Lemaitre-Robertson-Walker (FLRW) space-
time. One can imagine that the observation of gravitational
memory effect may provide valuable information on the
structure of the Universe at various stages of its develop-
ment. Theoretically, gravitational memory effect in flat
space is related to the asymptotic Bondi-Metzner-Sachs
(BMS) symmetry [14,15] and the infrared properties of
gravity [16,17]. It is interesting to understand how much of
this story may carry through in a curved background
spacetime.

While the memory effect in de Sitter (dS) and FLRW
spacetimes has been extensively studied, memory effect in
anti—de Sitter (AdS) space has been considered much less
in the literature (see, e.g., [18-25]; also [26] for a study of
the memory effect in gauge theory). Although the memory
effect in AdS space is currently less motivated from an
observational point of view than that in dS and FLRW
spacetimes, theoretically it is an interesting subject. First, as
we will demonstrate in this paper, the study of memory
effect in the AdS spacetime gives us useful insights on
better ways to think about and analyze the memory effect in
general curved spacetime. Besides, the existence of boun-
dary in AdS also offers an interesting opportunity to study
how the reflected gravitational wave may affect the
gravitational memory. Moreover, the study of AdS memory
is potentially related to the other gravitational phenomena
such as asymptotic symmetries of spacetime and AdS/CFT
correspondence [27]. These are some of the reasons behind
that form the main motivations of this work.

The study of gravitational memory in curved spacetime
is however much more complicated and a number of effects
not occurring in the flat spacetime needed to be taken into
account.

(1) In curved spacetime, the simple result (1) no longer
holds and the net change AD, in the geodesic
separation of test particles has to be obtained from
solving the geodesic derivation equation. Due to the

presence of nontrivial spacetime curvature, AD,
generally involves integration over the history of
the motion of the particles and takes a much more
complicated nonlocal form compared to (1). In
spacetime without boundary, one can gain huge
simplification by making the observation at large
distance and at large time so that a local unintegrated
expression for AD), is obtained." This however does
not work for the AdS space due to the presence of
boundary, and it seems that the expression of the
memory in AdS space will necessarily be much
more complicated.

(2) In a curved spacetime, the geodesic separation
between the pair of particles gets contributions from
both the background curvature (backscattering by the
gravitational potential created by the background
curvature) as well as the gravitational wave. There-
fore in order to have a proper definition of memory
due to gravitational wave, it is important to separate
the contribution of the background curvature from the
contribution of the gravitational wave. In this work,
we show that the above two issues can be resolved
elegantly by adopting a particular choice of coor-
dinate system to make the observation of memory.

(3) Another subtlety in curved spacetime is the presence
of the tail term in the retarded Green function, i.e.,
propagation of gravitational waves less than the
speed of light, besides the propagation of gravita-
tional waves at the speed of light which we will call
the direct term. Let us comment on these contribu-
tions to the memory in various spacetime such as the
dS spacetime [18,20], decelerating FLRW spacetime
with future null infinity [21], spatially flat FLRW
cosmologies [22], and the ACDM cosmologies [23]
that have been considered in the literature. For the
spatially flat FLRW spacetime [22] with localized
source, the authors proposed to continue to use the
flat space criteria of the presence of a derivative of a
delta function in the Riemann curvature as a way to
characterize the gravitational memory for the spa-
tially flat FLRW spacetime. By construction, the tail
contribution was excluded in this characterization of
the memory. For the decelerating FLRW spacetime
[21], it was found that the tail term in the retarded
potential is subleading in the 1/r expansion at the
future null infinity and the memory effect is given
entirely by the direct term [21]. In these two cases,
the direct term contribution to the memory effect is
simple and can be written in the same form as the flat
case up to an multiplicative factor of an inverse
power of the scale factor a(7) at the time of detection

'See e.g., [19] for the dS case to see how the nonlocal
expression [Eq. (5) there] can be reduced to a local expression
[Eq. (6)] there at large time.
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when the source and the detector are placed at the
same proper distance as that in flat space at the time of
gravitational wave emission. On the other hand, for
the de Sitter space, it was found that for even
dimensions higher than 2 [19,24,25], the gravitational
wave tail contributes significantly to the memory
effect.” Note that in this case the retarded potential is
expanded in terms of the conformal time 7, instead of
1/r, in order to approach the future infinity [25]. At
n = 0, the tail and direct contributions are equal in size
but opposite in sign and thus they cancel out each
other, leaving the higher order terms in H, in the future
infinity. From these results, one can learn the lesson
that both the direct term and the tail term depend rather
sensitively on the asymptotic geometry of the space-
time where the observation of the memory is made. In
this regard, AdS spacetime has a boundary and its
asymptotics is completely different. The determina-
tion of both the direct and the tail contributions at
generic finite location in AdS space is another
motivation of this work.

(4) AdS space is also special since it has a boundary and
reflection may occur, and the reflected wave may
affect the observed memory effect in a significant
way. We will show in this paper that, depending on
the location of the detector, the reflected gravita-
tional wave may make a significant contribution to
the observed gravitational memory.

In this work, we study memory effect on four-
dimensional AdS space in the Poincaré coordinates. We
restrict ourselves to the linear order of metric perturbation
around the vacuum AdS space. As the background space-
time is nontrivial, the geodesic separation D* is a gauge
dependent quantity and it is necessary to specify an
observer which made the result of memory as transparent
physically as possible. We find that by employing the Fermi
normal coordinates around the geodesic of one of the
particles, one can elegantly separate out the curvature
contribution of the background spacetime from those of
the gravitational wave. Remarkably, the obtained gravita-
tional wave memory takes on exactly the same formula (1)
as in the flat case and has a simple local and factorized
dependence on the retarded metric perturbation caused by
the gravitational wave. This simple formula allows us to
determine the memory entirely in terms of the waveform of
the retarded gravitational radiation. As we mentioned
above, in AdS space the retarded propagator of metric
perturbation contains a tail term. Aside from the tail term,
AdS space has a distinctive feature that the gravitational
waves reach the infinity (AdS boundary) in a finite time and
then get reflected back to the bulk spacetime. As a
consequence, in addition to the original gravitational wave,

’It is known that the tail term vanishes for odd dimensional
de Sitter spacetime.

there will also be a gravitational wave reflected at the AdS
boundary, each accompanied by its respective tail term. The
net memory is given by the sum of all these contributions.

For general curved spacetime, our analysis suggests
that the use of a certain coordinate system that is adapted
to the local geodesic (e.g., the Fermi normal coordinates
system in the AdS case) would allow one to dissect the
geodesic deviation of test particles and extract the relevant
contribution to define the memory effect due to gravita-
tional radiation. This is an interesting direction to further
explore [28].

The organization of this article is as follows. As
advertised, the retarded metric perturbation plays an
important role in determining the memory in AdS space,
therefore we will first start in Sec. II with the construction
of the retarded solution for the linear metric perturbation in
AdS spacetime. Following Wald and Tolish [7], we will
consider the localized energy source as an example and
work out the retarded wave solution. In Sec. III A, we
consider the use of the Fermi normal coordinates and find
that the background curvature contribution to the geodesic
deviation can be easily disentangled and subtracted away.
The remaining part of the geodesic deviation (67) depends
on the retarded gravitational wave linearly and locally, and
in fact takes on exactly the same form (1) as in the flat case.
This is true for any finite time. This is quite remarkable and
is one of the main results of this work. In Sec. III B, we take
into account the tail term and the reflected wave and
analyze the memory effect. As the reflected wave plays an
important role, the effect of memory depends crucially on
whether the detector is receiving the reflected wave or not.
We show that for an observer that receive the reflected
wave, the memory effect got canceled out completely.
Hence it is interesting that memory effect is different for
different locations of the gravitational wave detector in the
AdS spacetime. In Sec. III C, we consider the asymptotic
form of the memory near the AdS boundary and find that it
has a delta function singularity localized on the light cone
from the source. In Secs. III D and III E, we construct the
AdS shock wave by taking a certain limit of our perturbed
metric. We find that the velocity memory for the AdS shock
wave picks up a kink contribution u€(u) in addition to the
jump O(u) and pulse term §(u) which are present in the flat
case. Section IV contains our conclusion and some dis-
cussions. Some of the more technical details of the analysis
are contained in the Appendixes.

II. LINEAR PERTURBATION IN AdS SPACE

Consider an n-dimensional AdS space. In the Poincaré
coordinates, the line element is given by

L? .
ds* = g, dx'dx” = 7 (=df* + (dx')? + dy?),

_ L?
9w = ?’7}41/’ (5)
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with —co < £,x < 00, 0 <y < co. Here the subscripts
i,j=1,....n=2and u,v=0,...,n—2,y, and L is the
AdS radius. The AdS boundary is located at y = 0 and the
AdS horizon is at y = oo. Below we will use the notation
for indices such that a,b=0,....n—2 and r,s =1, ...,
n—2,y.

A. Retarded solution

We consider perturbation y,, around the background
AdS metric,

G = g/,w + Yuv- (6)

It is convenient to introduce the perturbation v, from y,,
as defined by

1_ _
YVw =Vw — Eg/wys V= gﬂbyﬂu' (7)
We impose the following gauge conditions analogous to the
one adopted in de-Sitter space [29]

_ 2
vvaﬂ = _;l//y;u (8)

where v,, is the covariant derivative with respect to g,,.
In terms of y*,, the linearized Einstein equation with a
source is

n—2 1 .
821/11/” - Tayl//yu + ? ((n - 2)(6yyl//)/4 + 5)/41// y)

162GL?
25 =, ©)

where v = gy, 0% =n"0,0,, G is the Newton
constant and 7, stands for perturbative matter energy-
momentum tensor.

It is convenient to introduce a rescaled perturbation
where its indices are raised and lowered by 7,,,

y2

X = Pgﬂpwpu =MW X =0y, (10)

and in which the original perturbation y,,, can be written as

L? 1
== Ny = =101 ). 11
Y v yz <)(;w 277/41/)( p> ( )

X satisfies the linearized Einstein equation,

n—2 1
82}(/41/ - T ay)(/w + ? ((I’l - 2) (n}'u)(ﬂy + nﬂy)(yu)
162GL?
- znyunﬂy)() = - yz Tyu‘ (12)

Defining 7 = 4”, — (n —2)y,y, Eq. (12) can be decom-
posed into three independent equations:

n—2 162GL?
azﬁ(ab - ay)(ab = _TTab? (13)
n—2 1 162GL?
azxya_Tay)(ya +)7(n_2))(ya:_y—2Tya’ (14)
. on=2__ 2 5 167GL? .
0y — 8),)(4—)7(11—3);( =T T, (15)

where T:=T7,—(n—2)T,, and the subscript a,b=0,...,
n—2. In this paper we are interested in the n = 4 dimen-
sional AdS spacetime. In this case, the retarded solutions to

(13)—(15) are given by

L2
() = 162G / @Y G A T). (16)

L
Xya(X) = 1671G/d4x’}?G;_lﬂ(x,x’)TW(x’), (17)

L> ,__ -
7(x) = 1671G/d4)c’—Gl,'e V26, )T (),

y/2

T = T, - 2T, (18)

where the retarded propagator G satisfies the differential
equations:

2 _ 2
<a2 - ;a},) G5 (x,x) = —%5@ (x=x), (19
2

2 2 _
(82‘;8y+y—2>62—i‘/2<x,x'>:—%5<4><x—x'>. (20)

Here the retarded propagator in AdS, with index v is given
by [30]

0(t—1 —|x—x'])
4rL?

[ (O =2) =012 ) Proya(c.)

Gh(w.w) = -

F2c05m) 0z~ D)0ueilz) | (21)

where P,_;/»(z;) and Q,_;/»(z_) are the Legendre func-
tions of the first and second kind respectively, and z, are
given by
_([ _ [/)2 + |X _ X/|2 _|_y2 _I_y/2

2yy’ ’
(x = x');(x = x')'. (22)

Zi-:i

x- x| =
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For v =3/2 and v = +1/2, cos(vz) = 0 and we get the
simple expressions

O(t—1 —|x—x'|)
27L?

< |y (8((1=1)2 =) +6((t=1)* = 7))

G;:yz(w,w’) =

0=V =) =0~ =),

(23)
=12 o=~ |x=x)
G 2 (w.w) = o 6t~y = 1)
=8((r =) = 7). (24)
where
rP=x=xP4 -y P=x=xPr4y)? (25)

B. Retarded potential for massless particle scattering

As a simple example of localized energy-momentum
source, let us consider a scattering event of point particles
[7,22]. The energy-momentum tensor for a particle scatter-
ing which occurs at a spacetime point x{j = (fo, ) is
written as

fo= Sl YT - Y1 ST

Jj.in n,in iout m,out

(26)

where Tf/l,) is the energy-momentum tensor for the jth

incoming massive particle,

) e ) dr) o(ts —t
7y = M§;>u£/>u£f>a<3><x — 2t () 20 1)

dt /=g
W = 5 dx*V
g/w dT() (27)
Tf,’) is that for the ith outgoing massive particle,
i i) (i) (i ; ") (1 — 1)
Tl = Moy 130 (x = 20(1) = ===
. u(i)
0 _ o 9x
Uy = gﬂv dT(i) ’ (28)
T,<,'L> is that for the nth incoming massless particle,
n n), (n o dAM Oty — 1)
T4 = kK60 (x — 2 )= =
v(n)
) . dx
k' v , 29
= G (29)

331

Eout

Eout

,A:””“””“”““”LQ

. .. xT

FIG. 1. A massless scattering in the x! — x> plane.

and T,(fff) is that for the mth outgoing massless particle,

m m m m dﬂ(m) g(t - to)
T = K"k 803 (x — 2 ()= ="
m)
(m) _ o dx""
K =g, 30
= Gy (30)

Here Mi(]'p and M‘(fu)t are the rest masses of the incoming
and the outgoing massive particles, respectively. (-
denotes the proper time of the massive particles
while A" denotes the affine parameter for the null
geodesics. zU-+mm) (1) satisfy zU""™ (t = 1)) = 2. Terms
proportional to 6(t —t,) in D,T#, = 0 imply the energy-
momentum conservation at the interaction point x5,

> Ml +3 kY ZMout !+ k",
Jj n

out

In order to evaluate the retarded gravitational potential
explicitly, we consider a simple scattering process as shown
in Fig. 1, where the scattering takes place in the x' — x?
plane with a fixed y = y,, where two incoming massless
particles collide at x{j = (to, o, fy, yo) and results in two
outgoing massless particles. By adopting a suitable Lorentz
transformation, we can assume without loss of generality
that the outgoing particles move along the x! and x?
directions orthogonally. For completeness, we list some
basic materials about the geodesic motion of a point particle
in AdS space in Appendix A.

Note that one can consider more general scattering
processes in which both massless and massive particles
are involved. In a flat background, one can think of a

(31)
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massive particle at rest and its decay into a massive and a
massless particle. It would be one of the most simple
examples for a particle scattering source which gives rise to
both ordinary and null memory due to the emission of the
massive and massless particle [7]. In AdS space, evaluation
of the retarded potential for a decay of a massive particle
that is freely moving along the geodesic could be done
explicitly but the final expression would be a complicated
one and would not be as illuminating as that for a decay of a
massive particle at rest in flat space. On the other hand,
geodesic motion of a massless particle in AdS space is as
simple as that in flat space and this is the reason why we
focus on a massless scattering source here. Although we
will not consider the effect of massive particles on the
retarded potential in AdS space, we expect that there will be
no qualitative differences between the behavior of the
retarded potential for massless scattering sources and that
for massive sources, and the example investigated in this
section would suffice to capture the characteristics of the
retarded potential for a particle scattering source.

The energy-momentum tensor for the massless scattering
is given by

dlin0(to—1)
dt /-3
d2in0(19—1)
dt /-3
d/loute(t - fo)
dt /=g
d/_loutg(t - fo)
dt /-7’
(32)

T, (x) = ko (x' —x;,)8(x> = x3,)8(y = vo)

+ ]_C/i‘nl_ciné(xl _)_Ciln)é(x2 _)_Clzn)é(y _yO)
+ kg kS (1 —x") 5 (x* — 10)5(y = yo)

RS (x! = 19)6(t = x)8(y = yo)

8 GEOLII

out __

ab — L2

ng"ng™ / dro(r — 1)
< ynolol(s =7 = )+ ({0 = 7 = )=

SGEout
L2

e [ atole ) [yoa( - 7 -

rzzt/

where we set

i) =i+ )

xm(t) :%(I+Cl)’ ¢ = (\/E—l)t(),

() =i+

)_Cizn(t) = _L(t + CZ)’ €y = _(\/E"‘ 1)t0. (33)

V2

Now we are ready to compute the retarded potential from
the outgoing and incoming massless particles. Note that
X'a = Xya =X = 0 for the source (32).

1. Contribution from outgoing massless particles

First we consider the contribution from the outgoing
massless particles for which the energy-momentum
tensor is

2

ou y ou ou ou
Tyt (x) =E M1 —x")8(x% — 10)8(y — yo )01 — 1)
¥ -
+ﬁEoutﬁ2utﬁ2ut5(xl _ 2‘0)5(2‘—)62)
X 8(y=y0)0(t—to), (34)
where n" = =8 + 5, AQ" = —&) + & are the unit tan-

gents to the trajectories of the outgoing massless particles
and E°, E°' are the energies of each of the outgoing
massless particles.

The retarded potential is evaluated as

O(t=1)?=r?) = 0((t = 1) = 7))

=1 ¥ =1y.5'=y,

r?)+6((t—17)*=7))

X=ty.x2 =1y’ =y,
- ZL_? (E"L:;ig“;?gm onfigl:f ;;“‘) [(2yy0 = U)0(u) + (2yyo + U)0(@)], 33)
where we have used O(U) = 0(u) and 9(U) = 6(it) with
u=r1—ty—ry, U= (t—ty)?—r3, rg = (x' = 10)* + (x> = 10)* + (v = y0)*, (36)
i=t—tg—F, U=(t—-1)2=7,  FB="—1)>+ @210+ (y+y) (37)

104034-6
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2. Contribution from incoming massless particles

Next we consider the retarded potential due to the incom-

ing massless particles. The energy-momentum tensor is
y?
ﬁ Eln
x 8y - y0)9(t0 —1)
2

Y #in -

+ F El]’] mﬂ

i (x) = Pt (x! — )5 — )

mins(x! — xl)o(x* — x2)

n

where mi" = =50 + (8} +82)/V/2, it = =80+ (8, —52) /2
are the unlt tangents to the trajectories of the incoming
massless particles. The energy-momentum conservation
(31) at t = 1, is solved by

Ein — Eout, Ein — fout — <\/§ _ I)Ei“. (39)

The retarded potential due to the incoming massless
particles is given by

X 8(y = y0)0(ty — 1), (38)
|
i 4Gyy, ( EMmimin E™mit it
ab — xlax xl—x
L* \t+¢ - } 1=ty =3

) (6(=u) + 6(=0)
-3 [y (o) [ ar-or-

7
+ EMipitmit <9(—u)/ dt' —0(—i
1,

_ 4Gyy, < EMmi"mit E™ i in

L’ v il i
- éz—cj [EMmitmin(0(—u)t_ — 0(—it)t, +
+ EMmitmid(0(—u)i_ — 9(—ﬁ)f+

_2G ( EMmi"mit EMim

L Phop =ttty - x\/%‘

where ¢, is an infrared cutoff whose dependence cancels
out in the end. 7o and 7 are the solution to (z—17_)>—
rP(t)=0, (t—1t,)* - ?z(t+) =0 for the unbarred null
geodesic and (1—7_)2—r*(7_) =0, (1 —1,)> = #(1,) =0
for the barred null geodesic. Explicitly, it is

. P =x (' =V2e)) = (= V2¢) = (y Fyo)* —c}
+ x4y ’
2(t+c1— 1\7;)
o P=x (' =V2e) =2 (2 = vV2¢) = (v Fyo)? =315
[:F: 2 .
2([_t0_ \/5)
(41)

3. Behavior of the retarded potential

Putting together (35) and (40) and making use of the
identity

[(2yyo — U)6(u) + (2yyo + U)0(@)]

+[(2yyo = U)0(=u) + (2yyo + U)0(=i)] = 0, (42)

(0(u) = 6(a))10)

(0(u) = 0(a))10)],

) (2350 — U)(—u) + 2yyo + D)O(-0).

(40)

|
the retarded potential for the massless scattering source
y = ¥ + ™ is obtained as

2G PN
Xab = ﬁ(aab = Bap)[(2yyo = U)O(u) + (2yyo + U)O(@)],
Xya =0, )?:0’ (43)
where we have defined a,, and f,, by
Eout out (b)ut Eout ﬁgutﬁgut
Gab = t—xl + t—x>
Einmilnmin Ein
ﬁab = xlb+x2 xlliXZ . (44)
t+c — 2 t—1y— 72

The result (43) gives the original metric perturbation yﬂf:

The gauge condition (8) in this case reads 8,79, = 0. This
implies (@, — ) K*6(u) = 0 and (e, — B, )K?6(it) = 0, re-
spectively, where K¢ = 0% = —(t + rd) and K¢ = 0% =
—(1* + 7).
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u <0

source event

FIG. 2. Propagation of the gravitational waves and timelike
geodesics.

L2

Vab = y—gﬂfazw Vyy = 0. (45)

Vya = 0,

We note that in (43), the terms proportional to U and U are
the tail contribution. The ratio of the direct and tail
contributions of the gravitational waves which directly
come from the source event is thus

tail  roAr
direct VYo

, (46)

where At :=t — 1, — ry measures the time passed since the
passage of gravitational waves.

Figure 2 shows a two-dimensional spacetime diagram
for the behavior of the retarded potential y,, where the x’
directions are suppressed. The bullet represents the source
event, the dotted lines represent the propagation of gravi-
tational waves traveling at the speed of light. Gravitational
waves and their tails reach the AdS boundary in a finite
time and then will get reflected back to the bulk.

Let us consider two timelike observers whose geodesics
are given by

YAH(r12) = (t(z12) = T12)* + L2,

x! = const, x% = const, (47)
where 7, , are the proper times and 7' , are constants with
T, <ty < T, for the observers 1 and 2, respectively. The
worldlines of these observers are represented by the solid
curves in Fig. 2. The retarded potential y,, for these

observers acquires a nonzero contribution discontinuously
on the light cone ¢ = f; 4 r due to the direct contribution.
In the region 7y + r < t <ty + 7, the tail contribution is
nonzero and reduces the effect of the potential y,,. When
t~t,.+ yyo/ro, the tail contribution becomes comparable
to the direct contribution. Once ¢ = ¢, + 7, which happens
to observer 1, then y,, vanishes discontinuously as the
second term in (35) which is proportional to 8(it) comes
into action. This means that the contribution from the
reflected gravitational waves cancels exactly that from
those directly from the source and the spacetime goes
back to the original vacuum AdS space. It follows that v,
is nonzero only in the gray region in between the two light
cones. Note that for the observer 2, t > ¢, + 7 will never be
realized and the cancellation does not occur.

III. MEMORY EFFECT IN AdS SPACE

In flat space, the memory effect is defined as a permanent
displacement in the geodesic deviation of a pair of test
particles after the passage of gravitational waves. In this
paper, we will use this observable to give a definition for the
memory effect in AdS space. The geodesic deviation
equation is

u’V,(u°V,DH) = —RH .5 u* D . (48)

Here we consider two nearby test particles initially at rest as
a gravitational wave detector. D* is the deviation vector of
the test particles and u* = dx*/dr is the unit tangent to the
geodesic of one of the test particles. In what follows, we
will call this geodesic the central geodesic y which is, at the
zeroth order of the perturbation, parametrized by the proper
time 7 (—zL/2 <7 < nL/2) as

L
y(T):cos(i)’ t(r):Ltan<z>, x!'=x?>=const, (49)

with y?(z7) = £2(z) + L.
In general, the geodesic deviation

D+ = D+ + 6D* (50)

gets an intrinsic contribution D* from the curvature of the
background spacetime and this is independent of the
contribution 6D* from the gravitational wave that we are
interested in. If one subtracts out the contribution from the
background curvature, one can obtain from (48) a second
order differential equation for 6D*. This can be solved in
principle and will give generally an integrated expression
for 6D* in terms of the full history of the metric perturba-
tion. This is much more complicated than the local
expression (1) obtained in the flat case. In the following,
we show that a simple local expression can be obtained if
the memory 6D* is observed with respect to a certain local
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inertial frame, the Fermi normal coordinate, around the
central geodesic y.

A. Gravitational radiation induced geodesic derivation

In order to simplify the study of the geodesic deriva-
tion, it is desirable to adopt a coordinate system that is
somehow adapted to the central geodesic. In this regard, we
find it convenient to use the Fermi normal coordinates
(FNC) [31] associated with the central geodesic y(7),
x¢ = (tp = 7,x%), r =1, 2, 3, where the time coordinate
is identified with the proper time and the spatial coordinates
X} are parametrized by the affine parameter of geodesics
perpendicular to the central geodesic y(zr) on which
x% = (7,0,0,0). In the following, the subscript F stands
for quantity in the FNC. The Fermi normal coordinate
system is a locally flat coordinate system attached to the
central geodesic, i.e., on the central geodesic y(7), the metric
is given by Minkowski metric g,f,/ = 1, and the Christoffel
symbols vanish, (FF)’;ﬂ = 0. In the neighborhood of the

central geodesic, the metric receives corrections from the
spacetime curvature which begins with the quadratic term in
x. of the form (R, x-x%. In AdS space, |Ry| ~ L™* and
the use of FNC at a spacetime point P away from the central
geodesic is valid as long as (x})(P) < L2.*

In the FNC, the tangent to the geodesic is uf =
dx./dr = §j. Then the geodesic deviation equation takes
the form

d2
D= =(Ry) 0 (0)D}. (51)

where (Rp)*,5,(7) is the Riemann tensor in the FNC that is
evaluated on y(7) and it is related to the Riemann tensor in
the Poincaré coordinates by

(R)ap, (1) = Ry poa(e5) (€)' ()7 (e,). (52)

Here (es)" is a set of the orthonormal tetrads which is
parallel transported along y(z) and satisfies [33]

Ox* d
e =(Gar) - el TP elery e =0
F/ y(r

gpu(ea)ﬂ<eﬂ)l/:’7a/)’» (53)

where (e()* is taken as the tangent to y(7), (ey)* = u*. For
the background AdS space, the orthonormal tetrads on (49)
are determined as

2
_ y ry
e’é = (ea)ﬂ P 616 = Fé’é + ﬁé/;,
Y _ y . Y
67225';7 ’;_—ﬁ%—ﬁ(% (54)

The geodesic and parallel transport equations in the
perturbative AdS background are discussed in Appendix C.

At the first order of the perturbation y,, given by (43),
we obtain

1 1 .
(RF)rOSO :p’?rs +—5’r‘5jv [y4(2808(j)(i)0 - 8(2))(5,' - aiaj)(OO) +2fy3 (aya(j)(i)o - 303»%5,‘) - tzyzf)?xij +y3'lijay)(00 _yLzay)(ij]

214

2L°

7

+2L2

1
583 (‘a@(oo +;ay)(00> .

In deriving this, we have used (B2) in Appendix B, (C1),
(C7) and (C8) in Appendix C together with (52). It is
remarkable that the perturbations of the geodesic dx* and
the tetrads el, do not appear in the final result. Note that the
first line in (55) arises from the background curvature in the
FNC and gives an oscillating solution for the background
geodesic deviation. Below we will focus on the deviation

*In dS space, due to the exponential expansion of the physical
distance between two nearby geodesics, the use of FNC for the
analysis of the geodesic deviation equation will be invalidated at
late times. In such a case, instead of FNC, one should use the
conformal Fermi coordinates [32].

1 . ) 1
——(5lr5§ + 5353) |:y3L2<8y80)(i0 - 8y8i)(00> + ty2L2 <8§)(i0 _;a_\?)(()i> }

(55)

I
vector with an initial condition dD’/dz(z;) = 0. In this

case we have
_ T—1;
D’ = C" cos d
F L ’

where C” is the initial separation. Note that we have
explicitly isolated the geodesic derivation (56) due to the
AdS background curvature.

Since the Riemann tensor (55) has a complicated form, it
may appear not easy to solve the geodesic deviation
equation (51) which is a second order differential equation
in the perturbed AdS spacetime. However there is a trick.

(56)
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Let us introduce a tensor defined by Q*, := V,(eq)*. It has
been demonstrated recently in [34], especially for shock-
wave metrics of Aichelburg-Sexl type [35], that the tensor
QF, are useful for the investigation of the memory effect. In
terms of Q. the Riemann tensor can be expressed as

d
%Qﬂb + Qﬂ/lgﬁu = _Rﬂauﬁ(eO)a(eO)ﬁ (57)

and the deviation vector D* satisfies the first order differ-
ential equation [36],

(eO)PVpD/‘ = Q¢ D", (58)
In the FNC, we have

d

T

(Qp), + (), (QF), = =(Rp o, (59)
and

<Dk = (@), D% (60)
Thus the introduction of €, and the employment of FNC
allow us to greatly reduce the problem of determining D,
from solving second order partial differential equations to
solving a first order ordinary differential equation.

To proceed, let us compute (Qz)*,:

(Qp)*, = 1"gar(e,)"(e,) Vi (eo). (61)

The spatial components of (61) for the central geodesic y(z)
in the perturbed AdS background is given by

(Qr)"s = (Qr)", + (6Q)",. (62)

. 1
(QF)rs = _ﬁ

1t )
(§QF)VS:; (ﬁﬁxy—6€g>6 s

0,

1 - = a o 104 ol o
+§’7rpga/1€?:(8ﬂh y+0,hp=0 hﬁy)e‘/‘}e(r’

2
—Q—;l’]rphojé?éﬁ, +l’[rpga/1(5€/;)é{g}a/;é8 -+ é’},é?@,;éeg),
(63)
where h,, = y*L™?y,,. Putting D}, = D}, + D%, into (60),

the geodesic derivation vector that arises from the pertur-
bation of the AdS metric satisfies

d y r M r s
e <z 5DF> =71 (6Qp)" D} 4+ O(6D%),  (64)

where DY is given by (56).

Now we are to solve the geodesic deviation equation (64)
with the metric perturbation given by the retarded potential
(43). Consider the specific example of

xl=x2 =1, (65)

for the central geodesic y(7). Applying (65) to (43), we find
that yy, = 0 and f* given by (C6) vanishes. It then follows
from (C10) [with a set of initial conditions éx*(z;) =
déx* /dz(r;) = 0] that 6x* = Sefy = 0. Therefore (49) with
(65) is indeed a consistent solution to the perturbed geodesic
equation. As a result, we get

d . .

0Qp) = =—x' 670, 0Qr) ., =0 (66
( F)s 2dT)(le ( F)r ()
and the geodesic equation (64) can be integrated to a closed

form immediately, giving

Djy(x) = Dip(r) + %x",-(f)l_){c(f) (i.j=1.2),
Di(z) = Dix(x). (67)

It is easy to check that (67) satisfies the geodesic deviation
equation (51) in this case. The geodesic deviation in the
Poincaré coordinates is given by D¥ = (e, )" D%.

It is remarkable that the perturbation of the deviation
vector (67) can be written in terms of the retarded potential
directly and takes the form (1) exactly as in the flat case.
That this is possible is because of the adaptation and
simplification brought about by the use of the Fermi normal
coordinates.

B. Gravitational radiation memory in AdS

Memory effect as a permanent displacement of the
geodesic derivation can be defined in the FNC by

AD% = 5D;«’(Tf) - 5D;~(T,'>, (68)

where 7; and 7, are the proper time before and after the
passage of gravitational waves.

We have ignored the background effect on the geodesic
deviation since we are interested in the geodesic deviation
with gravitational wave origin. In AdS spacetime, two
distinguished types of gravitational wave detectors can be
considered. One is a detector whose central geodesic passes
through the region of nonzero retarded potential, e.g.,
observer 1 in Fig. 2. The other is a detector whose central
geodesic stays in the region of nonzero retarded potential,
e.g., observer 2 in Fig. 2. In the former case (¢, < 0), we
can discuss the memory effect from a viewpoint of a
vacuum to vacuum transition of the spacetime. But now it is
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obvious that there is no memory effect since after the
passage of the reflected gravitational waves the spacetime
settles down to the original vacuum AdS space described
by (5) due to the cancellation of the retarded potential. In
the latter case (7, > 0), the gravitational wave detector will
always be under the influence of the retarded potential
since the passage of the direct gravitational waves from the
source, and there will be the competition between the direct
and the tail contributions. From (43), the retarded potential
for the central geodesic (49) with x! = x> = ¢, is

2G Eout
Xij = Gij 7= (2yyo = (1= 10)* 4+ (¥ = ¥0)*)0(u)
-1
2G Eout
= ay oy (21 + L? =15+ y5)0(u), (69)
-

where a;; = (1 - +/2/2) (5!} — 616? — 575} — 576%). Here
we have used y?> = > + L? and have dropped the term
proportional to #(it). It can be seen that at late times y;; will

approach a constant value

4Gt
Xij NaijT

Therefore the geodesic deviation will also approach some
constant value and yields a permanent displacement
AD} # 0 while the metric satisfies the vacuum Einstein
equation in AdS space.

(70)

C. Asymptotic expansion near the AdS boundary

The asymptotic behavior of the retarded potential near
the AdS boundary can be obtained by the Taylor expansion
of (43) at y — 0. Using

(2yyo=U)O(U)
=—Uo0(Uo) +[0(Uy) + Uo(8(Uy) —2y56 (Uy))]y*
/ 2y(2) /1 3 4
230 |a(0) + o (81(00) - 007 (0) ) |7 + O,
(71)
(2yyo+0)6(0)
=Uo0(Uy) —[0(Uo) + Uy (5(Ug) —2y56 (Uy))]y*
/ zy(Z) 1/ 3 4
230 0(00)+ U (8100~ 20 W) ) |+ 00,
(72)

where Uy = (1 —19)? — (x! = 19)* = (x* —1p)> =y}, we
obtain

_4G(yy)?

0
Xab = 3L27‘]33 5(”0) <1 —IB E) (aab _ﬁab) + O(ys)’

(73)

where ug =t — ty — rg and

= =)+ () ty (74)
is the distance from the scattering event to a point under
consideration at the boundary. We note there is a delta
function singularity localized at the light cone from the
source and it arises because of a careful handling of the step
functions as distribution.

The vacuum expectation value of boundary energy-
momentum tensor is given by the formula [37]

32 1
<T2b> = 71671Gy—r>?)?%“”'

(75)
Substituting (73) into (75) yields

B\ _ ) _. 9 _
(Tap) 4ﬂr%5(“0> 1 "B, (aap = Pap)-  (76)

Thus the boundary energy-momentum tensor is localized
on the hyperbola uy, = 0.

D. AdS shock wave

In addition to displacement memory, gravitational wave
may induce other observable effects on a detector. In the
flat case, a notable effect is that a shock wave would give
rise to a velocity memory in the form of a relative velocity
kick between two nearby particles. It is interesting to know
if a shock wave in AdS spacetime would give rise to a
velocity memory; and if so, how different would it be from
the flat case?

Let us consider the shock-wave limit of the retarded
potential. Naively if we take 7, — —oo in (32), the source
describes massless particles which travel at the speed of
light forever. In flat space, the gravitational field of such a
massless particle is described by the Aichelburg-Sexl
shock-wave metric [35] which is localized on the light
cone. In AdS space, such a shock-wave metric was first
obtained in [38]. Note that, however, the AdS shock-wave
metric cannot be obtained by simply taking 7, — —oo in the
retarded solution (35) since it vanishes for 75 — —oo.
Instead, following [39], we start with a massless source
with a finite extent A in the x! direction with the energy-

momentum tensor given by
y? 1
TS (x) = ﬁEnP’n“X [O(t—x') =0t —x' — A)]

X 8(x*)8(y — yo)O(x" — 1g). (77)

Here we have picked one of the outgoing massless particles
moving in the x! direction and set the scattering point as
(tg, 1y, 0, yo) for simplicity.

104034-11



CHONG-SUN CHU and YOJI KOYAMA

PHYS. REV. D 100, 104034 (2019)

The retarded potential is decomposed into the direct and tail parts, 3% =
_(xl 22

(1=8)>—(x 1>2—02
2(1—A—x )

t2(
KU = 4GE 228 n,m [e( —A) [ 2

2 (1222

+(0(u) = O(u—A)) [

1rcct + )(tall

1
(T —x1)2 + p?

dx/l

)

2(]2 2

. 4GE s
tail 2(t—x") /1
=———n,n;, |0(u t—x
== e o) [
where
u=1—1ty—1/(x" = 19)*+p?

PP = ()7 + (y = yo)*

V(=X

— )d —0(u—A) [

d)c’1 +(p<pu< ﬁ)} , (78)

W (t=A=XT =) dxX = (p o pr o Fu< f‘)} :

(79)
h=t—1t, (x' —10)* + 72, (80)
p* = (x*) + (v + y0)*. (81)

The shock-wave limit should be taken carefully by first performing the integrations, then taking 7, — —oo and finally the

limit A — 0. As a result, we obtain

)(ggm — 4GEMYZ oM |:l‘

2 s p*+ p? ﬁ2
il 4GEyy° -+ (21 - (2 ) )60t x
Aab = natty | 00 =)+ a2 —x2) " Ay, (1=5D)]-

Adding together (82) and (83), we obtain

8GE 24 p? >
lim y 7 = Iz nghyp {—}’)’0 +p -é—p 111(%)]50—)61).
10—> o0

A=0

(84)

This is precisely the AdS shock-wave geometry obtained in
[38,40] for yo = L. One can check that the AdS shock-
wave geometry g,, = g, + 5“,,517,, I;—; x>y is in fact a sol-
ution to the full nonlinear Einstein equation with a source
given by a massless particle traveling at the speed of light
forever. Thus we have provided an alternative derivation of
the AdS shock wave by taking a limit of the retarded
potential. We note that it is crucial in our derivation of the
shock-wave geometry to take into account the tail term.
Otherwise we will not get the correct result. The vacuum
expectation value of boundary energy-momentum tensor
corresponding to (84) is

2Ey;
a((x*)* +5)?

and this is localized on the light cone [41,42].

(TB,) = n,n, 5(t —x1), (85)

_2x1 O(r—x') —In <%(”:i1)2)5(t - xl)] ,

(82)

(83)

|
E. Velocity memory of AdS shock wave

It is known that passing through the shock wave causes a
jump in the advanced time coordinate and a refraction of the
geodesic [43—46]. It is instructive to compare the memory
effect of shock wave in AdS spacetime and flat spacetime. In
flat space, the shock wave induces a permanent displace-
ment in the relative velocity of two nearby timelike geo-
desics [7,34,47,48]. We will show now that the AdS shock
wave induces much richer features in the velocity memory:
the relative velocity kick (98) in AdS has a kink uf(u), a
Jump O(u) and a pulse 5(u) in its v component; and a kink
and a jump in the u, x> and y components.

To start with, let us review the analysis of [46] for
geodesic motion in the AdS shock-wave background. The
shock-wave metric is written using a five-dimensional
formalism as

ds*=H(Z,,Z3,24)8(U)dU? =2dUdV +dZ3 + dZ3 — dZ3,
(86)
where U = (Zy+ Z,)/vV2, V= (Zy—Z,)/v/2 and the

five-dimensional coordinates are subject to a constraint,
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—2UV + 75+ 75 - 73 = -L%. (87)
In this description, the shock wave is localized at U = 0. In
the following, we assume that H is a function of Z, only
H = H(Z,) so that it corresponds to the Hotta-Tanaka AdS

shock wave as [40]
4V2GE L+2Z,4
= 2L + 27,1 . 88
L [ i “°g<L—Z4>] (58)

The most general solution to the geodesic equation in the
AdS shock-wave background (86) is given by Eq. (39) of
[46] with e = —1, where it was also pointed out that one
can always achieve the vanishing velocities in front of the
shock wave, Z) = dZ,/dr(U =0") =0, p =2, 3, 4, by
utilizing the symmetry of the shock-wave background.
Thus without loss of generality, one can reduce the solution
to the form [Eq. (37) of [46]]

. T
_ 0 o; ,
U=LU sm( )

z,(U)= 1= (LU0 +A,U8(U),

H(Zy)

V(U):%(UO)‘2U+BG(U) — (LU 2024 cUo(U),
(89)

where 7 is the proper time of a timelike geodesic and

1 1

A4 = — (—64H(0) + _ZZQG(O)) N
2 L

1 .

A; = 2 Z?G(O), i=23
1

B=-H
2 (O)’

c= 4 (~@HOP - 5HOP + ZaHOR)

= Z90,H(0) — H(0). (90)
The solution is specified by the constants U0 =
dU/dt(U = 07) and Z, := Z,,(U = 07). We are interested
in the geodesic deviation of two nearby timelike geodesics,
x4(7) and xp(7). Before crossing the shock wave at U = 0,
the relative velocity of the two geodesics is generally
nonzero and it would not be possible to achieve Zg = 0 for
both of the geodesics by utilizing the symmetry trans-
formations of the coordinates. However, if the two geo-
desics are parallel to each other and are at the same velocity
(the relative velocity is zero) initially, then it is possible to
achieve Z?, =0 for both x,(7) and xz(z) by using the
symmetry transformations. In what follows we will restrict
ourselves to this case since it is a very natural situation to

have a pair of test particles which are initially at rest at the
time the shock wave arrives, and to consider the relative
velocity kick induced by the shock wave. As we will see
later, in this case the geodesic deviation in the Poincaré
coordinates can be characterized by &, the relative sepa-
ration in the x> direction at U = 0_.

Let us express the above solution (89) in the Poincaré
coordinates (¢, x',x%,y) by using the coordinate trans-
formation:

L L

Zoz—l, Zl ———xl,
y y
L L
Z, == x2, _ y2+ 2 4 (x2)2 = 2 y%,
=1 = gy 07 () )
L
Zy= (7 + () + () =2+ x3), (91)
2yy;

where y, denotes the value of the y coordinate at the source
massless particle. The shock-wave metric (86) can then be
written as

LZ
ds* == (XH()cz,y)rS(u)du2 — 2dudv + (dx*)* + dy2>’

y- \L
(92)
where u = (t —x')/v/2, v = (t + x')/+/2 and
H(,y) —4fGE[ 2+$
o (Rt y)
oe((y )| 3

Here t = x! has been imposed by &(u). Using (91), the
solution (89) can be written in terms of (u, v, x,y) as

) ysL ysL
y = = s
Zy=2Z3 yNV1-2UL72+(A,—A3)UO(U)

| Zy+2Z
W(U)=—20F 21 Yy,

V2Z,~Zy L

| Zy—Z

U)=—— =Y Uu+(BV1-202L2+CU)OU

o) =224 +cv)l

Z
xz(U):ZZ‘_Z:%(ZQ\/1—2U2L‘2+A2U9(U)), (94)

where we have set ° = 1 //2 for simplicity. We immedi-
ately find that y(U =07) = L and then it follows that
x3 = x2(U = 07) = 23, 2= (()*+ L2 =y?)/(2y,) and
Z9 = ((x3)® + L* + y2)/(2y,). Hence the solution (94) is
specified entirely in terms of x3.

Let us now consider two nearby timelike geodesics
denoted by x%(7) and x%(r) and the geodesic deviation
between them. As mentioned in the above, we consider the
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case in which x/, () and x(7) are parallel with the same
velocity. Then, let X4 (7) be specified by (94) with (x3), =
xj and x(z) be that specified by (x%), = x3 + &. x4(7)
passes the AdS shock wave at 7 = 0, x> = x3 while x4(z)
passes it at 7 = 0, x> = xj + &. The geodesic deviation is
written as

D¥ = Xh(2) = (o). (95)
with
DHU < 0) = &6, %(U <0)=0. (96)

At the lowest order of &,, we obtain

DY
D" =—U,
L
ysLaxg(A4 —A3)&U6(U)

(V1 =2U0PL72 + (Ay — A3)UB(U))>

D’ = % U+ (BV1=202L" + CU)O(U)]
+ yLﬁaxé (BV1 = 2U02L"2 + CU)O(U).
D2 = %(xgm+A2Ue(U))
+ %mW +0,24,U6(U)). (97)

DY = —

The relative velocity kick can be written as

dD* dD*
At == —— S i
w0 - W <0, )

Using the same terminology as in [47], we conclude that
Av* receives a kink UO(U), a jump O(U) and a pulse 6(U)
in the v-component, and a kink and a jump in the (u, X2, y)-
directions.

We remark that it is possible to introduce FNC to
investigate the geodesic deviation in the AdS shock-wave
background. In that case it is expected from the flat space

results [34]5 that the geodesic deviation (97) in the FNC is
nonzero only in the transverse x2 and y directions and so

>The flat space result,

D" = DY =0,
2
DY = ¢, (4\/;%9(14) + 32(2%? u@(u)),
D?* = Zjo(l + 4Efc_$u9(u)) (99)

can be obtained by taking y —» L, y, = L, L - oo in (97).

is the relative velocity kick. We also note that in the FNC
the geodesic derivation will not be simply multiplied by the
overall scale factor y/L, and so it can be inferred from the
fourth equations of (94) and (97) that we will have a
permanent displacement in the relative velocity kick in the
x?-direction.

IV. CONCLUSION AND DISCUSSIONS

We have investigated the retarded potential and memory
effect for the particle scattering source in AdS space. Apart
from the tail term, the retarded propagator receives con-
tribution from the reflected gravitational waves. We evalu-
ated the retarded potential for a particle scattering source
and found that the retarded potential contains two kinds of
step functions 6(u) and 6(it) corresponding to the two
types of the gravitational waves, one came directly from the
source and the other experienced a reflection. As a
consequence, the retarded potential is nonzero only in a
finite domain of the spacetime as shown in Fig. 2. Once the
two contributions become active, they cancel each other out
giving a vanishing retarded potential and the spacetime
goes back to the original vacuum AdS space. This is a
somewhat surprising result.

We have solved the geodesic deviation equation in the
perturbed AdS space by making use of Fermi normal
coordinates (FNC) and the tensor €#,. We find that in the
FNC, the geodesic perturbation vector and the displacement
memory depend linearly and locally on the retarded
potential exactly the same way as in the flat space (I).
This is a nice result of this work.

Even though it may be expected from the behavior of the
retarded potential, we made it clear that there will be no
memory for the gravitational wave detector which passes
through the region of nonzero retarded potential. On the
other hand, for a detector which stays in the region
of nonzero retarded potential, the direct and tail contribu-
tions together are shown to approach to some constant
value at the late time, while the perturbed metric still
satisfies the vacuum Einstein equation. This corresponds
precisely to a nonvanishing memory induced by the
gravitational radiation.

It is known that the Fefferman-Graham expansion of the
metric near the AdS boundary (y = 0) of an asymptotically
AdS space begins with the O(y?) term and it does not have
terms linear or quadratic in y. Actually we saw that the
asymptotic expansion of the retarded potential for a particle
scattering source also begins with the O(y?) term as the
O(y°) and O(y?) terms cancels out between the contribu-
tions of the gravitational wave with its reflection. It is
interesting to understand better if and how the asymptotic
form of the memory is related to the asymptotic symmetries
of AdS space.

We have considered the memory effect of a shock wave
in AdS. We find for a pair of particles initially at rest
relative to each other, the passage of the shock wave will
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induce a velocity kick in the relative velocity. Unlike in the
flat case where the velocity kick is in the form of a jump
O(u) and a pulse &(u), there is also a kink uf(u)
contribution in the AdS case.

In flat spacetime, the gravitational memory effect from
the localized particle source is characterized [7] by a
discontinuity in the retarded potential and a first order
derivative of the delta function in the Riemann tensor. In the
present AdS case, the retarded potential in AdS space gets
additional complications compared to that in the flat space:
there is the multiplication of the warp factor yy,/L? and
there is also an additional contribution from the reflected
gravitational waves proportional to 6(ir).

In this work, we have demonstrated that the use of the
Fermi normal coordinates allows us to disentangle in the
geodesic deviation the background curvature contribution
from the gravitational wave contribution, and extract the
gravitational memory of interest. For general curved
spacetime, our analysis suggests that the use of a certain
adapted coordinate system could be very helpful in
allowing one to dissect the geodesic deviation of test
particles and extract the relevant memory due to gravita-
tional radiation. It is interesting to understand what proper-
ties are needed for the right local coordinate system. For the
de Sitter space, due to the background expansion, we find
that the use of conformal Fermi coordinates (CNC) seems
to be the right choice. This is an interesting direction for
further exploration [28].
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APPENDIX A: GEODESIC EQUATION
IN AdS SPACE

Geodesic equations for a point particle in the vacuum
AdS space (5) are
. 2.,
t——ty=0,
y

2 1. o
K —"xy=0, y——(P+y*—-5;x'%/)=0,
y y

(A1)

where the dot denotes a derivative with respect to the proper
time for massive particles or the affine parameter for
massless particles. There is a constraint equation

L> . . —1 (massive)
— (=12 + 8,3 +3?) = A2
¥ ( ! ) {0 (massless). (42)

Conserved quantities P, in the geodesic motion are
given by

2 2

Po/m:—%o”o:y—zi, Pi/m=gu =—68,%.

7 (A3)

The energy of particle measured by a timelike observer
whose 4-velocity is # is
E=-P,". (A4)

For a timelike Killing vector # in AdS space, # =
(=1,0,0,0), E = Py. Using (A2) and (A3), (A1) becomes

L2y 2y pis
=gt Y=
3 PZ P .
%(m_g_m_zﬁi) (massive)

. (A5)
% (P5—P}) (massless),
where P’ = §P;, P} = §UP,P;.

For a massive particle, from (A3) and (A2), we have

i’ y2 PO dxi y2 Pi
X =—F— = —
L>m dt L’m

),)Z:EP_% dy 2:y_4 P§ - P? _y_2 (A6)
L*m? \ dt L* m? L
It follows that
P , 2L+ Py (PF—P?)*(1—C3)?
x’z—t—i—C’, y= m + 0 (20 2!) ( 3) ,
P, Ps—P;
(A7)

where C; and Cj are constants and C3 determines the time
at which y takes minimum value. Taking m — 0 in (A7)
gives a solution to the geodesic equation of a massless
particle. The energy of the massless particle is written
as E = L%yt

APPENDIX B: LINEARIZED RIEMANN TENSOR

The Christoffel symbols for the background AdS metric
(5) are

1, '
Fﬁ” = (5;65 + 5[{5,0” - 5‘;’7;41/)'

y (B1)

The linearized Riemann tensor is given by

T
R”(E/i;)/ =3 (VVar, =V, Vort s + V, Vi = VViy,,
+ Rﬂpﬁﬂ/ﬂa - Rpaﬂyyﬂp)‘ (B2)
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Substituting (5) and (B1) into (B2), we get
1) =
Rl;ﬁr :Aﬂaﬂr _Aﬂayﬂ =7 Yac (Agpﬁy _Aapyﬁ)

1
- 2—)’2 (5;;77/)7}'/)(1 - y;”p/}ypa - 52%73’”,; + 5';’)'7(1#7”/)) ’

(B3)
where

2

1 1 oy N
Aﬂaﬁy = 5 |:8ﬁ8a7#y _§ <5}éaﬁy}y - ?5.’;8/}]/117 - 5Vyaﬁyﬂa

+ ”yaa/iyﬂy - 5%,8/}7/!3 + ’7/3(18)'}/”;/ + 5738a}/yy

1 y "
- 5&4"7/}/)8(17//))/) + ? <5;35Z,}/}y —+ 525;},ﬂﬂ
y2
- F‘Sﬁyar — 8351 0+ Syl ¥

2
y : :
+ ﬁ(s/;é)ﬂYay - 5’;’7ﬂayﬂ)'>:| .

APPENDIX C: GEODESIC AND PARALLEL
TRANSPORT EQUATIONS IN
PERTURBED AdS SPACE

Here we consider the geodesic and geodesic deviation
equations in AdS space with perturbations. Our analysis is
restricted to the first order of the metric perturbations.

1. Perturbed geodesic and parallel transport equations

A formalism to construct and solve the perturbed
geodesic equation in curved spaces is given in [49,50].
One first decomposes the geodesic into the background
trajectory and perturbation about it:

x(t) = x*(7) + 6x#(z), (C1)
where x* solves the background geodesic equation,

&, dx*dx’

—— 4+, —— =0, C2

dr? b dr dr (€2)

ith T
with I7 ,

the Christoffel symbols consisting of the back-
ground metric, and &x* is O(y,,) quantity.® Substituting
(C1) into the geodesic equation,

d?xH T )dx” dx?
ar ¥ axr
dr? PN dr dr

0. (C3)

®For notation simplicity, in the main body (Sec. III) we are
using x*(7) as the background geodesic ¥*(z) as long as there is
no confusion.

one obtains at the first order of perturbation that

d’ d
- M, 7 b — fu
where
_ . dx* _ . dx*dx’
Aty =210 —— | Bt = 0,(T")) = ’
b P dr b 5/; (Ta) dr dr
dx* dx’
=, . C5
! # dr dr (C3)

In our case of the Poincaré coordinates in AdS space, f* is
given by

1 1 1 dx® dx/

W= Okt = = by + — By — — ™ |

f <aa f] 26 aﬁ+y yltap ynaﬂ > dr dt’
(Co)

where h,, = y?L™%y,,.
Corresponding to (C1), we also decompose the tetrads
into its background and perturbation pieces

Ox*
Oxf 7(7)

(eq)(7) =

= 2a(7) + dea(r),  (CT)

where @), solves the background constraint equation,
G (X)8ae;=n,5. Note that ej=d¥/dr and dej=dsx"/
dz. Substituting (C1) and (C7) into the constraint equation,
G (x) ()" (eg)” = 1,4, and the parallel transport equation,
d(ey)!/dt +T* ,(x)(eg)’(e,)” = 0, we obtain

2G,,,8a0€; + (1 + 0, (gu)0x")eaty = 0, (C8)

d _ _
Eée’é +1¥ ,,(8efeq +-2qdeq) (8T, + 05 (T)s)6x ) eges = 0.

(C9)

2. Solution to the perturbed geodesic equation

A general solution to (C4) can be represented by using
the parallel propagator and the Jacobi propagator [50] as
follows:

%5)‘(71‘)

& (P(z;.7)ox(2))|

+ [ dtU(z,7) (P(Ti,();)f(%) )

7=t;

(C10)
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where we have adopted the matrix notation, e.g., Péx =
Pt 6x%, Pf = P*, f* and L is some length scale which is
identified with the AdS radius in our case. The parallel
propagator P(z,7,) is given by a 4 x 4 matrix,

P(ty,75)F, = Pexp <—;/Tl dTA(T))” ,

v

P(TlvTZ) - P_1(72’71)7 (Cll)

U(Tl ,12) :'Pexp l—

PHYS. REV. D 100, 104034 (2019)
0 1

L] R(1)P(sr1) 0 )]

(C12)

<—P(7177)

where R¥, = R”ayﬁégég. Note that the first term on the

right-hand side of (C10) vanishes for a set of initial

where P denotes the path ordering and A is given by A*; in
(C5), and the Jacobi propagator U(z,7,) is given by an
8 x 8 matrix,

conditions éx#(z;) = déx* /dz(z;) = 0.
For the central geodesic y(r) in the AdS space, the
parallel and Jacobi propagators are obtained as

y(r)? i(71)i(72) y(@)? (@) _ i(n)
#U-5epe) 0 0 TGey 5@y
0 2(71) 0 0
P(1),1,) = e , (C13)
0 o I 0
¥(n2)
y(0)? (Hz) _ () y(t1) i(7))i(zp)
G s 0 0 B (-aney)
Jcos(252)  Jsin(B522 Iy—J (1,-J)2=
Ul 1y) = < .(,IL_,Z) (,IL_,Z)) +< o= =) > (C14)
—Jsin(®72)  Jcos(“172) 0 ly—J
where
_ Y(le) 0 0 5’(71L>£(T| )
0 1 0 0
J:=L*P(7;,0)R(7)P(z, 7)) = C15
(1. 7)R(2)P(7. 71) 0 01 o (C15)
y(z)i(z) y(r1)?
- z LZ 0 0 2 L2
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