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1 Introduction

The low energy behavior of N M2-branes on Zj-orbifold is described by the N'= 6 ABJM
theory with Ug(N) x U_g (V) gauge group at level k [1]. Due to the non-dynamical na-
ture of the Chern-Simons gauge fields, an interesting extension is realized by use of a
supersymmetry-preserving mass deformation, which gives rise to the mass-deformed ABJM
(mABJM) theory [2, 3]. The mass parameter is originated from the self-dual constant 4-
form field strength accompanied by the Wess-Zumino type coupling with M2 branes [4, 5]
in the 11-dimensional supergravity. Gravity dual of the mABJM theory is identified as the
LLM geometry [6] with Zj, orbifold. It also turns out that the 4-form field strength with one
spatial coordinate dependence allows an N' = 3 supersymmetry maximally. Accordingly,
the ABJM theory with spatially dependent mass-function was constructed [7]. We will
call such a theory the inhomogeneously mass-deformed ABJM (ImABJM) model in what
follows. The spatially varying mass-function m = m(x) whose functional form is arbitrary
breaks a half supersymmetry of the original mABJM theory of A/ = 6 supersymmetry.



Gravity dual of the ImABJM model with periodic mass-functions is qualitatively simi-
lar to the holographic lattice models [8], which are dual to conformal field theories deformed
by spatially periodic sources. The holographic lattice models in various gravity theories
have been successful in describing many aspects including transport mechanism of con-
densed matter system with momentum relaxation e.g. [9-27]. In particular, the Q-lattice
solution [11] was constructed to describe lattice structures with global symmetries in the
bulk. One important advantage of the Q-lattice is that the solution can be constructed
by solving ordinary differential equation rather than partial differential equation. Later,
supersymmetric (SUSY) Q-lattice solution was found in 4-dimensional gauged supergrav-
ity, and then it can be uplifted to 11-dimensions [28]. It was also generalized to the
case of mass-functions with spatial modulations [29]. For a special form of mass-function
m(x) ~ sin(q ) with a constant ¢, it was argued that the corresponding dual field theory
of the 11-dimensional Q-lattice solution is the N' = 3 ImABJM model [7] with the same
mass-function. One of interesting properties of SUSY Q-lattices is that the geometries
describe the boomerang RG flowing from the AdS4 geometry in the UV to the same AdSy
geometry in the IR [30-32]. On the other hand, there are other class of solutions [33, 34]
related to inhomogeneous mass functions in the 11-dimensional supergravity, which are
not included in the Q-lattice solution. In particular, some of solutions in [34] have lower
supermetries with more mass functions, which may be related to the A’ = 1,2 ImABJM
models in this paper.

In [28, 29], the strongly coupled limit of the vacuum expectation values (vevs) for
chiral primary operators (CPOs) with the deformed ABJM Lagrangian AL = m/(z)O! +
m(z)O? + --- [7] was investigated by using the holographic method. It was shown that
some special cases of the gravity description admit the SUSY Q-lattice solutions. For the
weakly coupled limit of the ImABJM models, however, the holographic method is not a
useful tool, while the field theoretic perturbative methods on vacuum solutions can be
alternatives. In this point of view, studying vacuum structure of the InABJM model itself
would be an interesting subject to understand weak coupling behavior of the theory.

In this paper, we construct lower (N = 1, 2) supersymmetric InABJM models and gen-
eral vacuum solutions for the N' = 3 ImABJM model with periodic mass-functions. The
N = 3 model has only one arbitrary mass-function, whereas A" = 1 and N = 2 cases need
two and three arbitrary mass-functions, respectively. We also show that there are two types
of vacuum solutions according to the reference value of periodic mass-functions. Specifi-
cally, all vacuum configurations of scalar fields YOA’S become diagonal, when fOT drm(xz) =0
with a spatial period 7. On the other hand, for fOT dxm(x) # 0 case, the corresponding
vacuum configurations YOA’S are proportional to the GRVV matrices [3]|, which construct
vacuum solutions in the constant mass deformation of the ABJM theory. We also dis-
cuss conformal dimension A = 1,2 CPOs in terms of classical limit of the vevs and those
gravity duals.

This paper is organized as follows. In section 2, we find a general supersymmetric
condition for the space-dependent mass matrices and N’ = 6 supersymmetric parameters.
As special cases, we obtain N' = 1 and N/ = 2 supersymmetric InABJM models. In
section 3, we obtain conditions for supersymmetric vacuum energy configurations. We



show that the energy of the vacuum configuration, which satisfies §¢4 = 0 for the variation
of fermion fields, is determined by a boundary term only. In section 4, we construct two
types of general vacuum solutions depending on the shape of periodic mass-functions in
the N/ = 3 ImABJM model. In section 5, we conclude with a summary and a discussion for
future directions. In appendix A, we derive vacuum equation from the condition d4 = 0.
In appendix B, we display several vacuum solutions for the diagonal and GRVV types.

2 N =1,2 ImABJM models

The ABJM action with Ug(N) x U_; (V) gauge group at Chern-Simons level k is given by
S = /d3ZL' EABJM = /dS:U (£O + ECS - Vrferm - Vbos) ) (21)
where
Lo =tr (DYDY 4 gt Dy )
k 29 A S 20~ o 4
Lcs = yym ePir | A0,A, + gAuAVAp - A,0,A, — gAuAl,Ap ,
T

2me
Vierm = —-tr (VY 4Py — YAV [upy!® + 2y Ay fuaut? — 2vfy Pyityy

+ GABCDyjiﬁBnglDD - GABCDYAWBYCUJTD),
4 2
Vios = —T;tr(YjYAYgYBYéYC +YAYIYBY Ly Oy + av iy Byly Ay vy ¢
A B C
— 6y YLy Py vy (2.2)

Here ‘tr’ denotes the trace over gauge indices. This ABJM action is invariant under the
N = 6 supersymmetric transformation, 1 + do + d 4,

5V A = iwAByp, 0V} = iPwap,
b1 =ywapD Y, 619 = —D,YiwPyr,
2 4
bapa = —wap (Yovdy e - yOviyF) + —wpcY PY[YC,
2m i
A AB c c BC A
Sap = T (vdvevi - viyevd) - TPV Y YY,
27
6AA/L = T (YA¢TB'YNWAB + WABY,:{’YM¢B> )
A 27
bady = == (6159 wan + w0 Y frin) (2:3)
where the supersymmetric parameters w? satisfy the reality condition,
1
wAB = — B4 = (wap)" = 5 ABCD yap. (2.4)

A noteworthy character of the ABJM theory is that it admits the supersymmetry pre-
serving mass deformation [2, 3]. Assuming the mass parameter depends on one spatial



coordinate xz, the deformed action with this arbitrary mass-function m(z) can preserve
maximally N' = 3 supersymmetry [7], the so-called InABJM model. In this section, we
discuss general procedure extending to various ImABJM models preserving lower super-
symmetry of N'=1,2,3.

In order to construct the general ImABJM models, we begin with a deformation of the
supersymmetry transformation rules for spinor fields,

5J¢A = ME(.%)WBCyC,
St = M (@)WY, (2.5)

where M f(:z)’s are arbitrary space-dependent mass parameters. Application of the varia-
tion ;7 to the kinetic term Lo in (2.1) gives

87L0 = 01Vierm — i (0, M£) WPt (Yt a) +i (8, M%) tr (vt wpcY ),  (26)
where 97 is defined in (2.3) and Vierm i8 given by
Vierm = iMEtr (vT495). (2.7)

Using the supersymmetric transformation rules (2.3) and the deformed one in (2.6),
we obtain

6tot (LABJM - ‘A/ferm> + 6Jerrm + (52 + 6])‘7ferm
= —i (0, M§) WPCtr (Yo pa) +i (0, ME) tr (v 4 wpeY @), (2.8)

where 6iot = 01 + 62 + 04 + 0. In order to complete the supersymmetry transformation
of the deformed ABJM theory in (2.8), we perform the transformation d; on the mass
deformation Ve in (2.1) and consequently it turns out that

0.7 Vierm = iﬂgtr(i/}TBwEFﬁf;A) +2iM Etr(¢TBWEFﬁ§F)
i
— ngeABCDEEFGHtI‘(¢TDWGHB£C) + (C.C.)
= _62‘7ferm - 6t0t‘7ﬂuxa (29)

where the (c.c.) denotes the complex conjugate of the previous expressions and the
matrices are defined by

2
P = 5 (Y P - v By ),

27
Bho =" (YgYAYCT - YCTYAY;) . (2.10)

Also, the quartic scalar term Vit in (2.9) is given by
Vs = —2M Ftr (V1 8A). (2.11)
In the last equality of (2.9), we imposed the traceless condition of the mass matrix M f,

M4 =0. (2.12)



Plugging (2.9) into (2.8), we obtain
Jtot (ﬁABJM — Vierm — Vﬁux) + 05 Vierm
= i (9, M$) WPCtr (Yo pa) +i (0, ME) tr (04 wpeY ©). (2.13)
We also have the expression for action of §; to Vierm:
81 Vierm = — i3 0ot (YAY ), (2.14)
where ﬁﬁ is another mass matrix satisfying the relations with the mass matrix M f as
MEMSwep — iBwap = 0. (2.15)

For the case of the constant mass parameter of 8, M B =0, the right-hand side of (2.13)
vanishes and thus the two conditions (2.12) and (2.15) are automatically satisfied for a
particular choice of mass matrices,

Mf = dlag(mv m,—m, _m)7

05 = diag(m?,m?,m? m?) (2.16)

without any restriction on wap. In synthesis, the total Lagrangian,

~

Em = ACABJM - ‘A/ferm - Vﬁux - Vmass, (217)
including a quadratic scalar mass term,
Vinass = A tr(YEYA), (2.18)

preserves the A/ = 6 supersymmetry of the original ABJM theory [2, 3]. In what follows,
we take into account the spatially varying mass parameters of OMM f # 0, and check the
amount of residual supersymmetries.

2.1 N = 3 deformation

Suppose that the mass parameter m in (2.16) becomes a mass-function m(x) depending
on a spatial coordinate z in the mABJM theory in (2.17). An intriguing question at the
moment is about the residual supersymmetry from the original N’ = 6 supersymmetry.
The right-hand side (r.h.s.) of (2.13) is given by

r.h.s. = tr< — im'M‘%YCTwBC’ylwA + im’MABz/JTA'yleCYC), (2.19)

where m/(x) = Cﬁl—’;. Under the following projection of the supersymmetric parameter by ',
f)/lwab = —Wap — wab71 = wab’

'ylwai = we < wiyl = —w® (2.20)



we obtain
r.hs. = tr [z’m’ (Y}jwbawa - YiTwmwa + Y wep; — Yijjiwiﬂ + (c.c.)
= tr [m’amt (Yj ya - ijiﬂ , (2.21)

where a,b = 1,2 and 4,5 = 3,4. Inserting (2.21) into (2.13) with the help of the projec-
tion (2.20), we obtain the A = 3 ImABJM model [7],

Otot (ﬁABJM ~ Vierm — Vitux — Vinass — Vi ) =0,
where the quadratic mass term is
V) = m'tr (Yj Yo - YJYZ') . (2.22)
2.2 N = 2 deformation

The N' = 3 ImABJM model is derived from the A/ = 6 mABJM theory in the previous
subsection. Naturally enough, we begin with the N' = 4 supersymmetric constant mass
deformation of the ABJM theory [5] and construct the N’ = 2 Inhomogeneous deformation
in this subsection. With specific mass matrices,

5 )
M3 = diag(my, —mq, ma, —ma),

ME = diag(m%,m%,m%,m%), (2.23)

the supersymmetric conditions (2.12) and (2.15) are satisfied with two nonvanishing super-
symmetric parameters,

w12 = 0, w13 75 0 & W14 75 07 (2.24)

where no additional restriction is assigned to the nonvanishing parameters wi3 and wy4.
Therefore, the resultant deformed theory possesses N' = 4 supersymmetry for constant
mass parameters of d,M% = 0, which make the right-hand side of (2.13) vanish.

For mass-functions m; = m;(z) varying along x, the right-hand side of (2.13) is writ-
ten as

r.hs. = tr(—im’lelfylwle?’ —im’le1’y1W41Y4+im’1¢T2'y1w32Y3 —l—im’lww'ylw@Y‘l
—imhp By wis Y —imh By twas Y2 +imbhy Myt Y1 +im'21/JT4’ylw24Y2) . (2.25)

Imposing the projection conditions,
Ywis =wis, Y'wis = —wi, (2.26)
one can rewrite the r.h.s. as
rhus. = tr[ — m48ior (Ve Y3) 4 M 8100 (V] Y4) = mhdior (Vi YY) 4 mbdion (Y Y2)]. (2.27)
Insertion of (2.27) into (2.13) gives

Stot LAr— = 0, (2.28)



where the terms are

L/\/:Z = LABIM — ‘A/ferm - Vﬂux - Vmass - VJ;
Vy = te[m) (VY = VY4 + mb (v Y - v Y. (2.29)

Due to the projections in (2.26), the supersymmetry of the current InABJM model becomes
N =2, which includes two arbitrary mass-functions.

2.3 N =1 deformation

Above all we recall the N/ = 2 mass-deformed ABJM theory with a constant mass param-
eter [5]. When the following mass matrices,

Mf = diag(m1, m2, ms3, m4) with a constraint my + msg + ms + my = 0,

ji = diag(m3, mi, mj, m3), (2.30)

are chosen, the conditions (2.12) and (2.15) are satisfied only under the conditions of
supersymmetric parameters,

wiz #0, w1z =wis =0, (2.31)

where the nonvanishing parameter wio has no further restriction. For the constant mass
parameters (2.30), the N/ = 2 supersymmetry is preserved in this mass-deformed ABJM
theory, as shown in (2.13). Lower supersymmetric mass deformations and their RG flows
to IR limit were also discussed in [35].

Now, we turn on coordinate dependence to the mass parameters m;’s. Then the right-
hand side of (2.13) becomes

r.hs. =tr (im'lwﬂfylwngQ + im’sz271w21Yl
+ imhpBytws, Y4 + imﬁle4*ylw43Y3) + (c.c.) (2.32)

with a constraint m/ +mf+m4+m/ = 0. Under the following projection of supersymmetric

parameters:
Ywig = —wiz,  Y'wss = —ws, (2.33)
we obtain
rhus. = te[m}d(Yy Y2) + mbo (VYY) + msa (VYY) + mie(v)v?)). (2.34)

Insertion of (2.34) into (2.13) results in

dtotLAr=1 =0, (2.35)
where the Lagrangian is given by
ﬁ/\/:l = LABIM — ‘7ferm - ‘Z‘iux - Vmass - VJ- (236)



The second and third terms are in (2.11), the fourth term is in (2.18), and the last term is

A~

Vi = tr[m) (VY2 = Vi V3 4 mh(V Y — V) Y3) + my(vivt - v Y?)). (2.37)

Due to the projection for the nonvanishing supersymmetric parameters in (2.33), the de-
formed Lagrangian in (2.36) preserves the N' = 1 supersymmetry involving three arbitrary
mass-functions.

In the remaining part of this paper, we focus on the A/ = 3 ImABJM model and
investigate some aspects of it, such as discussion on gravity duals and vacuum solutions

for some specific mass-functions.

3 Primary conditions for vacuum solutions

Recently, gravity duals to the ImnABJM theory with spatially modulated mass-functions
have been studied using the AdS/CFT correspondence [28, 29]. This approach allows to
find various physical quantities in the strongly coupled ImnABJM theory with the large N
limit. However, the weak-coupling limit is also interesting to understand vacuum structures
of the theory and to compare them with those in the strong coupling limit. Therefore we
try to obtain general vacuum equations and boundary conditions for supersymmetric vacua
in the N’ = 3 ImABJM model. As a first attempt, we consider supersymmetric configura-
tion without central extension. Assuming there is no central charge, the supersymmetric
configurations satisfy the trivial energy condition, i.e, Eyo. = 0. In this paper we focus

1

on this case.” For asymptotically constant mass-functions, we discuss the boundary con-

dition for vacuum solutions connecting two different vacua denoted by GRVV matrices [3]
in the mABJM theory.? The periodic configurations will be taken into account in the next
section.
3.1 Deformed operators and energy-momentum tensors
As we explained in the subsection 2.1, the N'= 3 ImABJM theory can be obtained by the
following deformation coming from inhomogeneous mass sources:

AL = m/(z) O' + m(z) O + m(x)* O3, (3.1)

where

0'= 027 = MFu (vAv)),
02 — OA:Z _ MBtI' wTAw + 8£YCYT YAYT
= — A B L [C Bl |

O} =08 =tr (YAY);> : (3.2)

1Since more careful study is needed for nontrivial vacua with nonvanishing central charges, which give
rise to negative energy solutions with Eyq. < 0. We will clarify this issue in our upcoming project [36].

®These matrix solutions were also obtained in [37] to describe the M2-M5 bound state in the
ABJM theory.



Here M f = diag(1, 1, —1, —1) and the first two operators are chiral primary operators. Also
the third operator O¥ is the Konishi operator, which is not protected by supersymmetry
and large N limit. By this reason, this operator does not play an important role in the
dual gravity solution. But it is still worth considering in the weak coupling limit. Thus
we will provide the classical vevs of these operators using the general vacuum solutions in
the next section. Some of them may be compared to the same quantities in the strong
coupling limit.

Another important quantity in this system is the energy-momentum tensor. Since the
fermionic part does not have the vacuum expectation value, we write down only the bosonic
part of the energy-momentum tensor as follows:

TH — ty (DHYjD”YA i D”YjD“YA) o [tr (DﬂYijYA) + Vbos} : (3.3)
where
Vbos = Vbos + Vﬁux + Vmass + VJ- (3-4)

The Vios is defined in (2.1) and the other deformed potentials for the N/ = 3 case are
given by
Viux = —2m MEtr (Y] A ©),
Vinass = mtr (Y Y4),
Vy=m/MPer(YiyH). (3.5)

3.2 Vacuum energy

Due to the inhomogeneity, the energy density can be a spatially dependent function. How-
ever, the total energy should vanishes to preserve supersymmetry. In order to construct the
vacuum equations and the corresponding boundary conditions, we read the total energy of
the bosonic sector from the energy-momentum tensor in (3.3),

E= /d%; [tr (1DoY A1 + [DiYAR) + Vbos} : (3.6)

where the potential Vi in (3.4) can be rearranged in the following form [38],

N 2 9 ~
Vios = 3t |GEC]" + vy (3.7)
with
GO = BEC + 678" + mar Py Cl. (3.8)

Here we use the notation |O]?> = OTO for simplicity. For the constant mass parameter
(0ym = 0), the vacuum configuration in terms of GRVV matrices [3] are given by homo-

geneous nonvanishing scalar fields together with vanishing fermion and gauge fields. Once



an inhomogeneous mass deformation is turned on along the z-direction, the vacuum con-
figurations with the scalar fields also depend on the x-direction. To reflect this, we rewrite
the energy in (3.6) as

’ N / 2 N
B = [ (VP 4 Vi) = [ e [er (V4P 4 16597) +75). 69

Recall that the supersymmetry variation of fermion fields should vanish for a super-
symmetric vacuum, i.e.,

Seortha = 0. (3.10)

Since we are interested in vacuum configurations, the gauge fields vanish and the scalar
fields depend on the z-coordinate, Y4 = Y4 (x),

Sttt = YwapD,Y B + wpcGEC

= (Y spo + GE ) wic (3.11)

In the above (3.11), a useful notation is employed for describing the projection (2.20)
for the N' = 3 ImABJM theory,

Y'wap = sapwas, (8ab = 8ij = —1, Sai = 8iq = 1), (3.12)

where a,b = 1,2 and ¢,57 = 3,4, and the repeated indices in the right-hand side are not
summed. Manipulating the absolute square of the bosonic part in (3.11), we obtain the
following expression including a total derivative term:

|5,[fYC]/SBC + GEC?
3 ’ ~ 1 1 . 1 .. /
=5 {!YA 12+ Vios — (56301@ + 5B - SOYd+ mMABYgYA) ] . (3.13)

Detailed derivation of (3.13) is given in appendix A. Together with the relation (3.13), the
energy (3.9) for the vacuum configuration becomes

2 /
Eyae = /d% <3tr]5[fycl spo + GEC) + IC’> , (3.14)
where the total derivative term is
1 1 . 1 .
K=tr (25361/5 + iﬁgky,j - g@wj + mMABY;YA> : (3.15)

3.3 Conditions for supersymmetric vacua

The Hamiltonian H is represented as the anti-commutator of the supercharges in the
supersymmetry algebra without central charges. Correspondingly, the vacuum expectation
value of Hamiltonian should vanish for any supersymmetric vacuum,

Eae = (H) = 0. (3.16)

~10 -



Furthermore, the supersymmetry variation of the fermion fields also vanishes, as discussed
in (3.10). Combining (3.11) and (3.14), the supersymmetric condition (3.10) and (3.16)
leads to the two relations,

(i) 6PV 4+ $BOGRC =, (3.17)
TR

(i) / dw K =0, (3.18)
zr

where 1, and zr denote the asymptotic boundaries along the z-direction. From now on,
we call the first relation (3.17) the vacuum equation, which will be analyzed in details in
the next section. In addition the second relation (3.18) is regarded as a constraint on the
boundary condition for the z-direction.

There are two types of representative inhomogeneous mass-functions. The first type
consists of periodic mass-functions, whose gravity dual was already studied in [28, 29].
In this type, (3.18) is trivially satisfied since one may take (xgr — x) as an integer times
the period of the mass-functions. So only the vacuum equation (3.17) remains to get the
supesymmetric vacua. On the other hand, the second type we consider is the class of
mass-functions which are asymptotically constant, i.e.,

lim m(zp) =my, lim m(xgr) = mg, (3.19)
X[ ——00 TR—O0

where m, and mp are arbitrary constants. As we know, there are many Higgs vacua de-
noted by GRVV matrices [3] in the mABJM theory. This implies the existence of vacuum
solutions, which connect a supersymmetric vacuum [39] parametrized by my, at © — —oo
and another vacuum parametrized by mpg at x — oo, if there are no central charges. How-
ever, in the case that the values of K (3.15) for two vacua are different, i.e., K=o # Kz=oo,
the condition (3.18) is not satisfied and then the corresponding configurations cannot be
vacuum solutions. In order to construct vacuum solutions of the second type, finding
supersymmetric Higgs vacua satisfying the condition (3.18) is an important primary check.

Now, let us find general boundary conditions for the case of asymptotically constant
mass-functions. As we will see the vacuum equations for the N' = 3 ImABJM theory
in (4.1)—(4.3) in section 4, the vacuum equations for a constant mass parameter are given by

B+ mY® =0,
]]cﬂ - mYZ = 07
ﬂga _ Bgz _ 5@{1() — /sz =0. (320)

With the help of (3.20), the quantity K’s defined in (3.15) have the following asymptotic
values in terms of (3.19):

Klosa, = %tr (MABY;YA> , (3.21)

vac

where i = L, R with z;, = —o0 and xr = co. To satisfy the condition (3.18), the values of
K’s for both asymptotic regions should be identified as

- 11 -



The quantity tr (M B YgYA> in the right-hand-side of (3.21) was calculated [40, 41] for
all possible supersymmetric vacua for given k and N in the mABJM theory and it was
generalized to the mABJ theory with discrete torsions [42]. To write down the quantity
K|z—z,;, we briefly review the supersymmetric vacua of the mABJM theory.

The general solutions of the vacuum equations in (3.20) were constructed using GRVV
matrices [3]. For given k and N, there are many possible vacuum solutions represented by
direct sums of two types of irreducible n x (n + 1) GRVV matirces M&n) ( = 1,2) and

their Hermitian conjugates, M((ln),

N 01
Vn—1 0 02

M§">: . , Mé")z . ;o (3.23)
V20 0 vVn—1
10 0 n

where n =0,1,--- , N — 1. Then the vacuum solutions satisfying (3.20) are given by

M

Y = 1/ 2F M

e 27T O(ni+1+1)><ni+1 ’
O(nf+1)><nf
0n1><(n1+1)
i mk Onix(nﬂrl)
Y ’V&C = g Mgni+1) (324)
~(ng)

a
The solution contains N, number of the type M&n) and N/, number of the type ./\;l&"), where
N,, and N/, are referred as occupation numbers [39, 43]. These numbers, N,, and NN, classify
all possible supersymmetric vacua in the mABJM theory. These vacua have one-to-one
correspondence with the LLM geometry [6] with Zj orbifold in 11-dimensional supergravity.
For a given supersymmetric vacuum with a set of occupation numbers {N,, N, }, we
have [40-42],

[e.9]

> [+ 1)(N, = N (3.25)

ButyA _ mk
w(MPyiyt) =T

In general, vacuum solutions of the N' = 3 ImABJM theory with asymptotically constant
masses, my, and mpg, can connect different supersymmetric vacua with occupation numbers,
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{N,SL), N’;L)} and {N7(1R), N’%R)}, respectively. In this case, the boundary condition (3.18)
can be rewritten in terms of (3.25) as

o0

mLZ (n+ 1)(NF) — N Z (n+ 1)(N{B — N'U]. (3.26)

For N, = N/ cases known as the symmetric vacuum solutions of the N' = 6 mABJM
theory, the K’s in asymptotic limits are vanishing. Therefore, if there is no central charge,
vacuum solutions in the A/ = 3 ImABJM theory, which connect symmetric vacua of the
mABJM theory, trivially satisfy the constraint (3.18). For general N,, and N,
more investigations.

N/, one need

4 Periodic vacuum solutions for AN/ = 3 deformation

In this section, we consider the N' = 3 deformation again and investigate the general
vacuum structure for spatially modulated mass-functions. To do that, we try to solve the
vacuum equation (3.17). More explicit form of the equation is as follows:

a Bcca —mY?% = 07 (41)
YV — B+ mY’ =0, (4.2)
ple = pbi = geb — i =0, for any a,b=1,2 and i,j = 3,4, (4.3)

where m(z) is a periodic function. Due to the periodic behavior, the boundary term (3.18)
vanishes always and hence the energy of the solution satisfying (3.17) is guaranteed to be
zero. So after solving (4.1) and (4.2), there is only one thing to check if the solutions is
regular everywhere.

4.1 m(x) = mq sinqz case
Since the solution space could depend on the mass-function, we would like to discuss some
representative examples. Let us start with a mass-function,

m(z) = my sinqz, (4.4)

where m; > 0 and ¢ = 27n/(xg —x ) for some integer n. For simplicity, we find a solution
with Y% = 0. We will show that this example can be regarded as a periodic modulation of
the (massless) ABJM theory. It is useful to define a new variable £(x) by

x ’ T 2m
&(z) —/ e=2 )T ma) e g c/ eTlCOSW,d:):’, (4.5)
where c is an integration constant. Then using
Yi=e Imdryicg), (4.6)
(4.2) reduces to
iw_fz, (4.7)
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where B,? is given by (2.10) with Y instead of Y. This equation is same with the vacuum
equation of the pure ABJM theory without mass deformation except for the newly intro-
duced coordinate &. Since Y7 is periodic, so is Y. In the pure ABJM theory, we know
that the only regular periodic solutions satisfying the vacuum equation (4.7) are constant
diagonal matrices, namely,

V) = diag(yl, v, - .., yiv)- (4.8)

Therefore, in the case with (4.4), the vacuum structure is essentially the same as that of
the ABJM theory without mass deformation. The only difference is the exponential factor
in (4.6).

4.2 m(x) = mo + mq sin gz case

As a next example, we add a constant mass mg to (4.4),
m(x) = mgy + my sin gz (4.9)

with mg > m; > 0. This case may be considered as a perturbative modulation with a small
parameter m; to the mABJM theory with a constant mass mg. From the lesson in the
previous example, it can be expected that the solution structure is not much different from
that of the mABJM theory. In addition we consider Y* = 0 again to make the discussion
simpler. Instead (4.5), we introduce another positive definite function {(z) satisfying

3 2moé—2 [ mdz
— = . 4.10
pial (4.10)
Then by integration, we obtain
T / m /
e 2mot — —2moc/ eiQ(mOx —g s )dx’, (4.11)

x 2 my
=2 [*da'm(z’) _ ce MoT——_*~ COS qT

where we used the relation e ) with an integration con-

stant c¢. Plugging (4.11) into (4.10) and taking the inverse, we obtain

dj — 2mg /oo €f2mo(z’f:v)+2%(cos qz/fcosq:p)dx/' (4‘12)
dg z

Here we considered the integration range (z,00) to guarantee { = z up to a constant
translation for m; = 0 case. From (4.12), one can easily show that % is a periodic function
of x with period 27 /q by changing the integration variable as ' — ' + 27”. Thus (4.10)
implies that £ is nothing but  modulated by a periodic function of O (m;). Like (4.6) in
the previous example, we make use of the following redefinition of the scalar field:

. de\? . - -
Yie (2] vi=emot/mdryi 413
(%) = (113)
Then (4.2) becomes
doi sk Ci
eV Bk oY =0, (4.14)
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This equation is the same as the vacuum equation in the mABJM theory with a constant
mass mg. Now the argument goes exactly the same as that of the previous example. Since
Y is periodic, so is Y. For the constant mass case, we know that the only regular periodic
solutions satisfying the vacuum equation (4.14) are GRVV constant solutions (3.24), i.e.,
d%f/i = 0. Therefore, we conclude that vacuum solutions for this mass-function are given
by GRVV constant matrices multiplied by the exponential factor in (4.13).

4.3 General structure of periodic vacuum solutions

Now we discuss the general vacuum solutions with nonvanishing Y* and Y* for generic
periodic mass-functions,

m(x) = mo+ m(x), (4.15)

where my is a positive constant and 7 (z) is a periodic function with a period 7 satisfying
Jo ™(z) = 0. Thus mg denotes the reference value of the mass-function m(z). In the
previous subsection, we obtained the vacuum solutions for Y. For the vacuum solution of
Y satisfying the vacuum equation in (4.1), we simply replace m by —m for Y in (4.13).
In order to satisfy (4.3) for the nonvanishing Y'* and Y case, one needs to rearrange block-
diagonal matrices as given in (3.24) for the constant mass deformation. Specific details are
described below.

Similarly to (4.6), we introduce Y4 as,

yo — e_mo(n—q;)+A(ac) }7(1’ Vi— emo(f—l’)—l\(ﬂc) Y*, (4.16)

where A(z) = [“m(a')dz’ and we define monotonically increasing functions, 7 and &,
satisfying the following differential equations:

A _ —omoln-o)+2a@) B 2mo(e—a)-2A()

dw ¢ ’ dr ¢ (4.17)
Inserting (4.16) into the vacuum equations in (4.1) and (4.2), we obtain the BPS equations
for Y4 as

d ~ ~ ~ d i sk ~

d—nYa — B —mpY* =0, d—ng — Bt +mpY"' =0, (4.18)
where BéB is given by (2.10) with Y4 replacing Y. From the relations in (4.16), we notice
that since Y4’s are periodic, so are Y4’s if Z—Z and % are periodic. In order to show the
periodicity of Z—Z and %,
From (4.17), one can find €207 and e?™0¢ by solving the differential equations. Plugging

we use the same method described in the previous subsection.

the expressions into (4.17) again, then we obtain

dr _ 2 /x eng(m’—x)—Q(A(a:)—A(x’))dml,
dn —oo

(jlz = 2mg /OO efzmo(z/*x)”(A(x)*A(x/)) dz’. (4.19)
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When m = 0, one expect that the BPS equations in (4.18) reduce to those replaced by
YA = Y4 and n,& — z. This is guaranteed by the integration range in (4.19). Also one
can easily check that Z—Z and % are periodic functions using A(z) = A(x+7) and changing
the integration variable from z’ to 2’/ = 2’ + 7.

By using the functions 7, £ and the field redefinition, we can find the general solutions
for arbitrary periodic mass-functions. As we argued in the specific example in the previous
section, the only regular periodic solutions satisfying the vacuum equations (4.18) are
GRVYV solutions (3.24), which implies d%f’a = 0 and d%f”' = 0. Therefore, the explicit
vacuum solutions for Y4 in (4.18) with constraints (4.3) with Y4 replaced by Y4 are
exactly same with those in (3.24). From these constant vacuum solutions, Y% and Y
are read by attaching different exponential factors in (4.16). We write down the general
solutions for the nonvanishing mg case as follows:

) -1z
Yo =3, (2) V0 = (dx> ve

dn mo’
, . de\ "2
Y=Y (2)V), = <d§> i, (4.20)

where g—f] and ill% are given in (4.19). Here YTZO and Y;'LO are the GRVV matrices, whose

explicit form is given in (3.24) with replacing m with mg. Also, Bga =B = peb = BY =
automatically.
Especially for mg = 0 case, one has to start from (4.16) and (4.17), i.e.,

ye=er@ya  yi— M@yl (4.21)
Then we obtain
d ~ N d~. =
— Y- B =0 — Y- Bt = 4.22
d77 BC ? df k Y ( )

where n and £ are new coordinates given by
n(x) = / M@ gy &(x) = / e M) gy (4.23)

As we discussed in the subsection 4.1, Y% and Y are periodic functions and then the
regular solutions should satisfy S5* = 0 and 5,2“' = 0. Therefore, we can find the general
solutions as

ye = rys vyl = oAy (4.24)
where Y3 and Y}, are diagonal matrices given in (4.8).

4.4 Classical limit of vevs for general periodic vacuum solutions

The general periodic vacuum solutions (4.24) and (4.16) are induced by periodic mass
deformations, which correspond to a spatial coordinate dependent source to the pure ABJM
theory and mABJM theory, respectively. These sources cause nonvanishing expectation
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values of gauge invariant operators. It would be interesting to evaluate those vevs for the
spatially modulated mass deformations. Holographic approach for the calculations of the
vevs was investigated in [28, 29]. We limit our consideration to classical vacua only in the
N = 3 ImABJM model in this work.

First, we discuss the my = 0 case with the corresponding solution (4.24). Plugging
the vacuum solution into (3.2), the classical vevs of gauge invariant operators are obtained

as follows,
(0A)g = 20 (YY) ) = e 200 (VhY), ),
(0325 =0,
(OF )y = XM @tx (VY[ ) + e 28 @ (V7). (4.25)

where (O)( denotes the classical vev for an operator @. Here we notice that the mass de-
formation with vanishing mg cannot generate (O*=2), since BgCly:YO’S with the vacuum
solution (4.24) are always vanishing.

In the next, we discuss the mgy # 0 case. This case gives us more nontrivial classical
vevs for the gauge invariant operators. Plugging the solution (4.16) into the operator
expressions (3.2), the classical vevs become

(02N = (B4)% tr (f/a v )— (3-)%tr (Y v, )

moTmoa mo~ mo1
(O30 = —tmo [(2)'tr (Vi Vhoo) + () (Vi Wl )| (420)

(OFYg = (4)%tr (ffa vi >+(E_)2tr (W vl ),

moTmoa moTmogi

where ¥4 (z) is defined in (4.20). In addition, the traces of the scalar vacuum fields are

given by
S, mok &
tr (YmOYm0a> = S5 > nn+1)N,, (4.27)
& n=0
~i ot mok /
tr (YmOYmOi> =T > n(n+ DA, (4.28)
n=0

For the classical vevs in (4.26), we are considering a finite N in the field theory side. In
order to compare these vevs with those in the corresponding gravity theory, which are
expected to match the vevs in the strong coupling limit, one has to take into account
the serious quantum corrections. However, for some chiral primary operators, for instance
O”=12in (3.2), the classical vevs in the mABJM theory match the holographic vevs from
the gravity theory through the large N limit [42]. This is a quite remarkable properties of
vevs of the CPOs between weak and strong coupling limits of the mABJM theory.

Now let us consider classical vevs of regular configuration in the representative exam-
ples. As a first example, we consider m(x) = mj singz analyzed in the subsection 4.1,
where my > 0 and g = 27n/(zr — x1) for some integer n. The solution is given by (4.24).
The explicit form of the solution is written as

a —mq
Y9 =cpe @

—mq

COS qT~ )
*rys Y'=cie «

cosary’d (4.29)
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where ¢, and ¢; are arbitrary constants. When we take very small value of m;(< ¢) with
Zgzl (ca tr}}gffg a) = 2?23 (c,; tr}}éffgo = —¢, the classical vevs become

<(9A:1>0 ~ €M1 CoSqT , <(9A:2>0 =0, <OK>0 ~ —2¢. (4.30)

Even though we are working with classical configurations, this limit is similar to the gravity
dual of a spatially modulated deformation of the ABJM theory, except for the dimension 2
operator in [28, 29]. On the other hand, such a mismatch is quite natural because one need
to take quantum corrections with the large IV limit to compare the operator expectation
values in the both sides. So more complete analysis on the comparison should be considered.
We leave the study as a future work [36].

Also, there is another type of deformation which has a nonvanishing reference value
of the mass-function. One may take the mass-function as m(xz) = mgy + mq sin gz, which
was discussed in the subsection 4.2. For nonvanishing myg, the corresponding solutions are
given by (4.20). We consider the spatial modulation as a perturbation around the GRVV
vacua of the constant mass deformation. To do that, we take a limit as |mi/mo| < 1.
Then we obtain up to leading order of m; as

d$>_1/2 q cos qr — 2mq sin qx
~1-— mi,

> = —
+(z) (dn 2 + ¢

dz\ V2 q cos qx + 2myg sin qx
Y (x)= <> ~1+
d¢ 4m3 + g2

mi. (4.31)

Now we choose a vacuum which satisfies tr (f/,fmf@ilo a) = tr (f” VAl ) = m052, then the

mo~ mo1t
classical vevs become

_ 5 (COSqT
(OA=N g ~ —dmy® =
4m% +¢?

8my sin qx >

m )
4m% + ¢ !
4myg sin qx >
—mq | .
4m3 + ¢2

my,

(0272 g ~ —8m2é? (1 + (4.32)

(O ~ 2mgyé? (1 +

Unlike the diagonal case, the dimension 2 operator has nontrivial value. We also obtain var-
ious vacuum configurations induced by spatially modulated mass deformations, including
singular mass configurations in appendix B.

5 Conclusion

A dual gravity solution of the N' = 3 ImABJM model with a spatially modulated mass-
functions is conjectured as the SUSY Q-lattice solution in 11-dimensional supergravity.
Using the holographic method, some features of strongly coupled limit of the ImABJM
model were analyzed in [28, 29]. On the other hand, weakly coupled limit is another inter-
esting research area. In this paper, we have investigated various aspects of the InABJM
models, which are useful in analyzing the weakly coupled limit of the models. Our result
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is composed of the construction of the A/ = 1,2 supersymmetric InABJM models and
general vacuum solutions for periodic mass-functions in the A/ = 3 model.

We found a general supersymmetric condition for mass matrices with one spatial co-
ordinate dependence. As special choices of the mass matrices and the supersymmetric
parameters, we obtained the N’ =1 and N' = 2 InABJM models, where one needs three
and two arbitrary mass-functions, respectively. In addition, for the A" = 3 model, we dis-
cussed the supersymmetric vacuum energy conditions and constructed the general vacuum
solutions for periodic mass-functions. We showed that there are two types of vacuum solu-
tions. For fOT dxm(z) = 0 case, vacuum solutions for scalar fields become diagonal, while
for fOT dxm(z) # 0 case, those are proportional to the GRVV matrices. We constructed
vevs of CPOs with conformal dimensions A = 1,2 and discussed corresponding gravity
duals. As examples, we showed various vacuum solutions in appendix B.

Since the ImABJM models allow arbitrary mass-functions, one can also try to obtain
vacuum solutions for non-periodic mass-functions. For these cases, it seems that the ener-
gies of the vacuum solutions satisfying (3.17) and (3.18) are non-vanishing. This property
may be understood by analyzing the supersymmetry algebra of the InABJM models [36].
As another future direction, it would be interesting to study gravity duals of the N'= 1,2
ImABJM models, since those include 3 and 2 arbitrary mass-functions, respectively. We
expect such an arbitrariness is helpful in implementing more realistic applications.
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A Derivation of (3.13)

We consider the quantity in the supersymmetric variation of the fermion field in (3.11).
Except for the supersymmetric parameter wap in (3.11), the absolute square of the bosonic

part is written as
SPY Y 4 sBOGRC)? = 5Py V|2 4 1GROP + sPCGRO(SIPY V) 4 (ce).  (A)

Using the relations,

By, C) By O sA A 3 Al

WY = 7Y Sy = Sy AP
3 /- A
BCi2 _ 9 B

’GA ’ - 2 (Vbos VJ) ) (AZ)

we obtain

Y24 Vigs = Vi = 2 [0V 4+ 55OGE2 = POGEC (Y ) 4+ ()] (A3)

Wl o
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We also get the relation
SPOGECEYY N = —s |(Goe - Gl Y = (G - aif) vl (A.4)
where we set the quantity sap = sZ to encode the projection (2.20) as
¢ =gk = 1= —s, s = 70 = 41 = +s. (A.5)

Here we introduced the letter s for calculational convenience, which will be set as s = 1
later. Using the definition (3.8), we rewrite (A.4) as

’ 3s 1 . ’ 1 . ’
SBCGEC((SE‘BYC] )T _ -5 |:</Bg,c _ gﬁ:c + myc> Y'CT _ (3ng _ ﬁzzk + myk) YkT:| .

(A.6)

From (A.3), (A.6), V; = m’MAB, YgYA, and setting s = 1, we finally obtain
/ 2 /
VAP 4 Vs = 5104 Y + 550G

1acT1ikT1icT BTA/

+ 5@1 Y. + 551' Y, — 31 Yo +mMiYgY ™ ) . (A7)

B Various vacuum configurations with periodic mass-functions

This section provides various examples of the general vacuum solution obtained in section 4.
We take into account singular mass-functions as well as regular ones. From the previous
analysis, we found that there exist two classes of solutions, which are given by (4.20)
and (4.24). In order to reflect such classification, we use following ansatz to describe
explicit examples,

Y = P(z)Y5, Y=Q(x)Yp : Diagonal Type, (B.1)
Y =P)Y2_,, Yi=Q(x)Yi_, :GRVV Type, (B.2)

where we took the scaled GRVV matrices 177%:1 and }77%:1 for convenience. They are

%]: = 1, so P(z) and Q(x) become dimensionful

functions. Together with this ansatz, the BPS equations (4.1) and (4.2) can be written in

given by (3.24) with taking m =

the following form,

P'(z)—m(x)P(z)=0, Q'(z)+m(z)Q(x) =0 :Diagonal Type, (B.3)
P'(z)4+P(z)3—m(z)P(z) =0, Q' (z)—Q(z)*+m(2)Q(z)=0 :GRVV Type. (B.4)

As we expected from section 4, the diagonal type equation (B.3) implies fOT m(z")dx' =
0 for periodic P(z) and Q(z). Also one can notice that P(x)Q(z) must be constant by
plugging m(z) into the other equation. In addition, (B.3) tells how the regularity of
mass-function is related to the scalar configurations. If P(z) or 1/Q(z) vanishes, the
corresponding mass-function must be a singular function. Therefore, some regular scalar
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g sin(qx)
Cl+sin2(%)) '

Figure 1. Diagonal Types with m(z) = 2

field configurations can exist even for singular mass configurations. As a first example, if

qsin(qx) ;
IEEEE then the corresponding P(z) and
Q(x) are given as the following three cases:

we choose a mass-function with m(z) =

Case 1: P(z)= (C’l + sin? %) , Q(x) =0, (B.5)
Case 2: P(z) =0, Qz) = (Cl + sin? %) o , (B.6)
Case 3: P(z)=1/Q(z) = (C1 + sin? %) , (B.7)

where C] is a constant which controls singular behavior of the scalar fields and the mass-
function. When C is very large, the mass-function becomes m(z) ~ % sin gz, this limit
is comparable to the case of (4.29). The classical vevs of the dimension 1 operators are
given as follows:

Case 1: Ot = (01 + sin? %)2 tr (?Sf/g» , (B.8)
Case 2: OA=1 = — (C1 + sin? %)4 tr (fféffDi) , (B.9)

2 -~ —2 -~
Case 3: 02~ = (€ + sin? %) tr (Y875,) = (1 + sin? %) tr (V5¥,), (B.10)

while ©*=2 vanishes identically. In general, the mass-function or the scalar fields becomes
singular, when —1 < C7 < 0. Since the case 2 and 3 do not have regular field configurations,
the only allowed case is the case 1 corresponding to vanishing Q(x). We plot the mass-
function and P(x) for this case in figure 1.

Now let us consider examples of the GRVV type. The corresponding BPS equations
are given by (B.4). First we consider a mass-function which is given by

((sin*(gz) — C1) 3 + sin(2q))
sin?(qz) — C4

m(x) =q . (B.11)
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((sin2 (qz) 7C1)3+sin(2qm)) .

Figure 2. GRVV Types with mass-function m(x) = ¢ ] ey e

Then the P(z) has the following form:

P(z) = /q (sin(qz) — C1) . (B.12)

One interesting configuration is the above solution with Q(xz) = 0. Then the scalar field
configuration are always regular even for a singular mass-function. We plot P(z) and the
mass-function (B.11) in figure 2.

As a second example of GRVV type solutions, we consider a mass-function, which is
positive in the whole region. For such a case, we take the following mass-function with
Yi=0,ie, Q) =0:

q <log3 (5 (C1 —sin?qz)) — 2@12—((22(13)—1)
log (% (C1 - sin2(qm)))

m(z) = (B.13)

Then the scalar field has the following form:

P(z) = —/qlog <(15 (C1 — sin2(q:z:))> , (B.14)

where (' is again control parameter of the regularity. For C; > 1, the vacuum solution
and the mass-function are regular functions. When C7 = 1, the mass-function and the
scalar field diverge at x = % (n + %), where n is an integer. These configurations looks like
periodic potentials. We plot various mass-functions and solutions in figure 3.

As a final interesting example, we consider a mass-function as arrays of delta functions.
To find such configurations, we impose a kind of junction condition on field values. This
condition is easily obtained by integration of the BPS equations (B.3) and (B.3) near the
position of a delta function appearing in the mass-function: m(z) = >, ¢;é(x — z;). It
turns out that the junction condition is

P (l‘z + 6)

i — ol ; — o Ui
15%13(%_6) et lim e %, (B.15)
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q (log3 (é (Cl —sin? qz))— %)

Figure 3. GRVV Types with mass-function m(x) =

log( £(Cy—sin? (qa:)))

For the diagonal type solution, one may choose the following mass-function:

o)

m(x) = Z @{é(x—n1)—0(x—(n+1/2)1)}, (B.16)

n=—0oo

where one can notice that the integration of mass-function over one period 7 vanishes. The
corresponding solution is the form of Y* = P(z)Y2 and Y' = Q(x)Y}, with

B 1 nt <z <71(n+1/2)
P(aj)_{e—% T(n+1/2) <z <7(n+1)’

e nt <x<T1(n+1/2)
Q(x)_{ 1 rn+1/2)<z<t(n+1) (B-17)

On the other hand, if we take into account the following mass configuration,

m(z) = Z qod(x—nt), (B.18)

n=-—oo
the GRVV type solution is allowed for this mass configuration with

P(x) = ! (nT <z <(n+1)7),

1

\/8226;%0_71—2(33—717')

Q(x) =

(nT < < (n+1)7), (B.19)

where gy = f_Ti 52 m(z')dz’. We plot the solutions in figure 4. It would be interesting to
study physical meaning of these solutions.
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Figure 4. Various vacuum configurations of delta function arrays: (a) is a cartoon for the mass-
function (B.16) and (b) and (c) are the corresponding warping factors to the diagonal matrices
in (B.17). (d) depicts the mass-function (B.18). In addition (e) and (f) show the warping factors

given by (B.19).
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