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1 Introduction

One of the crucial ingredients needed for perturbative calculations in QED and QCD is
a method to perform the usually divergent phase-space integration. Since we are often
interested in matching experimental procedures as closely as possible, it is essential to be
able to compute fully differential cross sections with several cuts applied. This renders the
phase-space integration too complicated for analytic evaluation.



One possibility to perform the divergent phase-space integrations numerically is
through universal infrared subtraction schemes. These methods allow the calculation of
the real corrections at next-to-leading order (NLO), at least in principle, for any process
in QED or QCD. This is accomplished by the construction of a counterterm that will
point-wise subtract the singularities in the integrand such that a numerical integration
over the phase space is possible. The counterterm has to be in a form that allows analytic
integration. By exploiting the universal structure of soft and collinear singularities, these
counterterms can be constructed in a process-independent way.

Two of the most widely used truly universal schemes at NLO are FKS [1, 2] and the
dipole formalism [3, 4]. FKS treats soft and collinear singularities separately by construct-
ing different local counterterms for each. The dipole formalism does away with this distinc-
tion by using Lorentz invariant dipole terms that remove both singularities simultaneously.

Recent years have seen a huge effort towards the development of universal schemes
for next-to-next-to-leading order (NNLO) calculations (see e.g. [5-12]). Typically, these
schemes were designed with QCD calculations in mind. This is both their greatest strength
and their greatest weakness: by being applicable to non-Abelian theories, they all sacrifice
simplicity to some extent. This makes them awkward to use for calculations in massive
QED because they effectively treat collinear singularities that are not present.

Hence, we present the subtraction scheme FKS? that, while limited to massive QED,
does not suffer from this problem and is very simple to implement. FKS? is a natural
extension of the FKS scheme to NNLO for double-soft singularities. It can also readily be
extended to even higher orders in perturbation theory.

Even though the electromagnetic coupling « is much smaller than the strong coupling,
two-loop calculations in QED can be important in cases where a very high precision is
required. As an example we mention Bhabha scattering (see [13] and references therein),
which is used for a luminosity measurement at lepton colliders. Another potential appli-
cation is muon-electron scattering which can be used for an alternative determination of
the hadronic contribution to the running of « [14]. Recently, also NNLO corrections due
to emission from the electron line for electron-proton scattering have been computed [15].

In addition to fixed-order contributions it is often also required to include multiple soft
and/or collinear emissions of photons. Typically this is done by combining a parton-shower
approach with fixed-order computations [16-22]. This allows to resum logarithmically
enhanced terms. A recent example where resummation is combined with fixed-order NNLO
contributions in QED can be found in [23]. While we will not address resummation directly,
it is important to keep it in mind when constructing a subtraction scheme.

This paper is structured as follows: in section 2 we briefly review the FKS scheme
at NLO to introduce our notation and familiarise the reader with the necessary concepts.
Next, in section 3 we present FKS?, the extension of the scheme to NNLO. Further
extensions beyond NNLO are discussed in section 4, while referring details of the N3LO
case to appendix B. In addition, we comment on some generic properties of the scheme in
section 5. Next, we use section 6 to demonstrate the validity of FKS? by calculating as an
example the NNLO QED corrections to the muon decay in a fully differential way. Finally,
we conclude in section 7.



2 Notation and concepts

Beyond leading order, a physical cross section is computed as a sum of several separately
divergent parts. As a concrete example we consider a NNLO contribution to a n-particle
process, which can be written as

o = / (40 + do) + do?)

_ /d@n M® +/d<I>n+1 M, +/d<I>n+2 MO, (2.1)
The double-virtual corrections are obtained by integrating Mg) over the Born phase space
d®,,. Here /\/lg?) contains all terms of the n-particle (renormalised) matrix element squared
with two additional powers of the coupling . This includes the interference term of the
two-loop amplitude with the tree-level amplitude as well as the one-loop amplitude squared.
Similarly, the real-virtual contribution is obtained by integration of MngJ)rl, the interference
of the (renormalised) (n + 1)-particle one-loop amplitude with the corresponding tree-
level amplitude, over the (n + 1)-particle phase space d®,;. Finally, for the double-
real contribution the tree-level matrix element with two additional particles, MS)J)FQ, is
integrated over the corresponding phase space. In (2.1) we implicitly assume the presence
of the flux factor (or the analogous factor for a decay rate) as well as a measurement function
that defines the observable in terms of the particle momenta. The measurement function
has to respect infrared safety, i.e. the observable it defines must not depend on whether or
not one or more additional soft photons are present as arguments of this function.

In order to have sufficient flexibility in defining the observable, these phase-space in-
tegrals have to be done numerically. However, the presence of infrared singularities make
a direct integration impossible. In dimensional regularisation with d = 4 — 2¢ this would
lead to 1/e poles. Instead, a suitable subtraction has to be made such that the numerical
integration is carried out only with expressions that neither contain implicit soft singular-
ities from real emissions nor explicit 1/e singularities from loop integrations. Since we are
dealing with QED processes with massive fermions there are no collinear singularities. Put
differently, the collinear poles 1 /e are replaced by In(m) terms, where m is a fermion mass.
This considerably simplifies the subtraction procedure and in what follows we present a
scheme that is tailored to this situation.

The structure of soft singularities in QED has been studied a long time ago by Yennie,
Frautschi and Suura (YFS) [24] to all orders in a. The key feature is that after splitting the
amplitude (squared) into a contribution containing the soft singularity and a contribution
free of soft singularities, the former exponentiate. Thus we can write

S MO =08 S mP! (2.2)
=0 £=0

where ./\/l,(f ) are free from infrared poles and all singularities are contained in the eikonal
£. This does not yet completely define & as there is some freedom to include finite terms.
The precise definition we will use will be given in (2.11).



The simple structure of (2.2) can be exploited to resum leading logarithmic corrections
and even combine this with fixed-order computations. Indeed, there is a long history of
using the YFS approach to construct Monte Carlo algorithms [20-22] to include QED
effects in scattering processes. We will focus on a fixed-order approach and use the YFS
formalism to extend the FKS subtraction scheme [1, 2] to deal with soft singularities in
QED beyond NLO.

2.1 FKS for soft singularities at NLO

In this subsection we will briefly summarise the necessary aspects of the FKS scheme at
NLO. Because we only treat soft singularities, FKS is dramatically simplified. The NLO
correction to a cross section is split into virtual and real parts

ol = / <d01(,1) + dffq(nl)) - /dq)n MY + /dq)nJrl M’Elo-i)-l : (2:3)

The real corrections
dotV) = d®,, 4, M), (2.4)

are obtained by integrating the tree-level matrix element Mgg)rl over the phase space d®, 1.

To simplify the discussion we assume that in the tree-level process described by M%O) no

final-state photons are present. Hence, in Mﬁ?}rl only the particle (photon) with label n+1
can potentially become soft. If there are additional photons (i.e. photons in the tree-level
process) the combinatorics becomes slightly more involved, but the essential part of the
discussion is not affected.

When computing a cross section in the centre-of-mass frame, we choose coordinates
where the beam axis is in z direction. Further, we denote the (partonic) centre-of-mass
energy by /s. When computing a decay width we instead parametrise one of the outgoing
particles in z direction and, if necessary, rotate the coordinate system afterwards.

Following [1] we parametrise the momentum of the additionally radiated particle

n+1 as!
s
k1 =ppy1 = \2[51(17 V1-viel, ), (2.5)

where e is a d — 2 dimensional unit vector and the range of y; (the cosine of the angle)
and & (the scaled energy) are —1 < y; < 1 and 0 < & < &nax, respectively. The upper
bound &ax depends on the masses of the outgoing particles. Following [2] we find

(Zm)”

S

gmax =1~

!'Note that this parametrisation could also tackle initial-state collinear singularities because y corresponds
to the angle between the photon and the incoming particles. However, a different parametrisation may be
sensible (and is allowed here) to better account for pseudo-collinear singularities from light particles (cf.
section 5.3). What is important in the following is that the scaled energy & is chosen as a variable in the
parametrisation to ensure a consistent implementation of the distributions defined in (2.8).



Further kinematic constraints are assumed to be implemented through the measurement
function. We write the single-particle phase-space measure for particle n + 1 as

dd_lkl
dop = ptd— "
P1=p (2m) i1 280
2€ S d—2 o . . N
= 2(%)(1_1 ({) 12 _ g2y qe) dy dQ? = dTydgg €%, (2.6)
where the d — 3 angular integrations ngdiQ) and trivial factors are collected in d7Y;.

Denoting by d®,, ; the remainder of the (n+ 1)-parton phase space, i.e. d®,+1 = d®,, 1d¢1,
we write the real part of the NLO differential cross section as

do(V) = d®,, ; dgy M), = dT1d®,, s dey MO 7172 (2.7)

To isolate the soft singularities in the phase-space integration we use the identity

o §;26 1
§ 72— —765(5)+ <§1+2e>c’

(&) ) [astO=t0e0)

to expand & 1=2¢ in terms of distributions. Here we have introduced an unphysical free

(2.8)

parameter & that can be chosen arbitrarily [1, 2] as long as

0<£c§£max-

The dependence of £, has to drop out exactly since no approximation was made. There-
fore, any fixed value could be chosen. However, keeping it variable is useful to test the
implementation of the scheme.

Using (2.8) we split the real cross section into a hard and a soft part?

dof!) = dolV (&) +dof (&) (2.92)
—2e
Ao(&) = ~d01a%,, S (e der (M), (2.9b)
1
dofV(€) = +dT1d®,, (51+2> agi (ML) . (2.9¢)
1 c

In dagl) we can now (trivially) perform the &; integration. To do this systematically, we
define for photons the general soft limit S; of the ¢-th particle

2F;

Vs

2In [1] the second term is called do™* for ‘non-soft’. We will label it h (for ‘hard’) instead to avoid

confusion when we need more than one such label later.

SMO = {1‘131052/\%2):&/\/153)_1 with & =




where M© | is the matrix element for the process without particle ¢. The eikonal factor

5—Fz

ign; ith i = &iny; 2.10
nzpk w sign,y, wi pi = &n; (2.10)

is assembled from self- and mixed-eikonals and sign ;, = (—=1)mx 1 where njj is the number
of incoming particles or outgoing antiparticles among the particles ¢ and j. Further, we

define the integrated eikonal

5—26 2
E(&,) S [ dTi&i=¢ £ Zgjk (&), (2.11)
completing the definition in (2.2). After dY; and d¢; integration (under which d®,, ; —
d®,,) we obtain

do{V (&) 1T

S

A, £(&) MO (2.12)

This part now contains explicit 1/e poles that cancel against poles in the virtual cross
section. The second term of the real corrections, dJ}(Ll) given in (2.9¢), is finite and can be
integrated numerically after setting d = 4. Combining the real and virtual corrections, the

NLO correction is given by

oM =alM(&) + Uffll(&) ) (2.13a)
oM(&) = | Aot (MSHS(&C)MS?)) = / ded=t MDS (2.13b)

n+1 (50) -

/
/

We have used M,(g)rl = MS)J)F{ and absorbed one of the & factors multiplying MS?_I in (2.9¢)

in the phase space d®%=1 +1- Contrary to (2.3), there are no soft singularities present in (2.13).

AP <€1> (& Mﬂ{) - (2.13c)

According to (2.2) the explicit 1/e poles cancel between the two terms in the integrand
of (2.13b) and the phase-space integration in (2.13c) is also manifestly finite.

We note that §; is invariant under rotations, but not Lorentz invariant, because it
contains the explicit energy F;. Hence, also &; and & are only invariant under rotations but
not under general Lorentz transformations. The integrated eikonal E’jk has been computed
n [2], dropping terms of O(e). As we will see this is sufficient even beyond NLO. The
expression is given in section A, using our conventions.

3 FKS2: NNLO extension

In the following, we discuss the extension of FKS to NNLO, while still limiting ourselves
to massive QED. To simplify the discussion in this section, we assume that all (suitably
renormalised) matrix elements are known to sufficient order in the coupling and expansion
in €. In section 5.1 we will state what precisely is needed for a NNLO computation.



3.1 Real-virtual correction

The treatment of the real-virtual contribution
do® = d®, 1 MY, (3.1)

proceeds along the lines of normal FKS because it is a (n+ 1)-particle contribution. Again
we assume that there is only one external particle, with label n + 1, that can potentially
become soft. We use (2.8) with another unphysical cut-parameter &., to split the real-
virtual cross section into a soft and a hard part

d07(~121) = d0§2) (€ea) + dO'](f) (€ea) - (3.2)

For da§2) the analogy to the NLO case is particularly strong because there is no genuine
one-loop eikonal contribution [25, 26, i.e. the soft limit of the real-virtual matrix element is

Sn+1M$zl-|)—1 = 877«“1‘1'/\/17(7,1) J

with the same &,41 as in (2.10). Therefore, compared to (2.12) the definition of the soft
part remains essentially unchanged

JdYidé
—

do? (&) A, E(&. ) MW (3.3)

However, dag) has a double-soft 1/€2 pole from the overlap of the soft 1/e poles of &

and M7(7,1).

Unfortunately, do}(f) is not yet finite as it contains an explicit 1/e pole from the loop
integration. To deal with this pole we use eikonal subtraction, i.e. we split the real-virtual
matrix element according to

Mgll = Mﬂ{ (€ep) — é(ECB) Mgzo-s)-l (3.4)

(1)
n+1

eikonal of & (&) /\/lgg)rl, whereas the eikonal-subtracted matrix element MSJ)F{ is free from

poles. This is again the YFS split, mentioned in (2.2). In (3.4) we have introduced yet

into a finite and a divergent piece. The pole of M is now contained in the integrated

another initially independent cut-parameter &.,.
With the help of (3.4) we can now write

1
do,(f) (&cy) = dY1dP, 1dE (%) (5%/\47(11421) (3.52)
1 s .0a

= dU](cQ) (&A,&B) + dac(;) (§CA7£CB) )

where ¢4 indicates that the subtraction should be performed with the cut parameter &, .
The finite piece

1
40P €y, €uy) = Y1, 10 (51”) (MU (Ees)) (3.5b)
1

CA



can be integrated numerically with e = 0. Integrating the divergent piece, dac(f), over the

complete phase space we obtain

1 ~
/ Ao (Eepsbep) = — / Y1, 1dé; <1+2> (EEen) EMP))) = ~T(Eer,ben)

1 ca

(3.5¢)

where in Z the first argument refers to the cut-parameter of the ¢ integration and the second
to the argument of £. This process- and observable-dependent function is not finite and
generally very tedious to compute. Even for the simplest cases it gives rise to complicated
analytic expressions including for example Appell’s F; functions. However, as we will see
it is possible to cancel its contribution exactly with the double-real emission.

To summarise, the real-virtual corrections are given by
2 2
do) = Ao (&) + Ao (cy, €ep) + A0 (e ber) (3.6)

where the expressions for daéQ), daj(?) and daf) can be read off from (3.3), (3.5b) and (3.5¢),

(2)

respectively. We point out that dar% is independent of both ., and &.,.

3.2 Double-real correction

For the double-real contribution
do® = dd,, 1o M), (3.7)

51012, the matrix element for the process with two additional photons

we have to consider M
(with labels n + 1 and n + 2) w.r.t. the tree-level process. We extend the parametrisa-

tion (2.6) accordingly to

S S
k1 =ppni1 = \2[51 (1, V31— y%eL,yl) , k2 = ppy2 = \2[52R¢(1, V31— ygeb?ﬂ) ,

(3.8)

with =1 <9; <1, 0 <& < &max and a (d — 2)-dimensional rotation matrix R4. Writing
the phase space as d®,, 12 = d®,, 2d¢1d¢ps, the double-real contribution becomes

1
do®@ = d®,, yd1des 5/\/1522
. L 2.0, ,(0) 1—2¢ ¢—1-2 (3:9)
= dY1dY2d®, 2 d&1 déo §(§1€2Mn+2) & &% T,

where we have used analogous definitions as in (2.6) and (2.7). The only difference between
d®,, 1 and d®,, 5 is in the argument of the ¢ function that ensures momentum conservation.
Note that the factor 1/2! is due to the symmetry of identical particles.



(2)

Again, we use (2.8) with two new cut parameters &, and &, to expand doy,’ in terms
of distributions as

do® =do@D (£, €e) + A0 (Eer Eey) 4 AT\ (Eur Een) + A0 (Er s E0r)

) ( —2e€ —2e \
o2 (6o, 0s) S9-0(61) *3-0(62)
dJ}(LQS)(gcwng) 1 &2 5(52) ( 1+2€> 2624 4(0)
= d01dYod®n s o N a4 d&dé 1M
daé(;i) (501)502) 501 (51) ( 1+25>
c2
(2) 1 1

| dUhh (5017&2) (7§i+26 >01 (75?26 )62

(3.10)

We note that for &, = &, — & we have fdo’ii) (&, &) = fda,(i) (&ey&e)-
The contribution from da,(fh) can be integrated numerically with ¢ = 0 because it is
finite everywhere.

2)

For the mixed contributions da}(i) and dagh we use

SMO,—eMO . with  ie{n+1,n+2}.

Considering first da,(i), we perform the & integration (under which d®, 2 — d®, ;) and

use (2.11) to do the dYs integration to obtain

[ oot = [ariavn g fas () @MEDEE) = 576 )
1 (3.11a)

Similarly, we get

1
/ do‘ii) (gcl ) 502) = Ez(fw ) 601) . (311b)

Thus, we find again the integral Z of (3.5¢).
Finally, we turn to the double-soft contribution da( ). Since

(siosj)MﬁfﬁQ:(sjosi)M,gjg_ggM<0> with  i#je{n+1n+2},

the € integrals in da( ) factorise. Therefore, we can do the &1, T integrations independently
from the &, To integrations and obtain
J dT1_,2<>i§1,2

E(&e)E(Eey) MY (3.12)

1
ddgg) (561 ) Ecg) ?

It is clear that the simplicity of the infrared structure of QED with massive fermions is
crucial for reducing the complexity of the procedure described in the steps above.



3.3 Combination

At this stage we have introduced four different cutting parameters &., and &., as well
as &, and &.,. All of these are unphysical, arbitrary parameters that can take any value
0 < &; < &max- In total we have to deal with seven different contributions. Two of
them, dag) and dag), are very simple as they just depend on the eikonal. Another two
contributions dajcz) and dal(fh) can be calculated numerically with € = 0.

(2) )

The sum of the three remaining auxiliary contributions do;”, as well as do;’ and

dO'}(li), only depend on the function Z defined above

[ 0@t = [ (400 (€crsben) + a0 €urs60) + 406011600

1 1
= _I(gcAv é—CB) + 51(561 ) 502) + 52(502 ) 501) : (313)
Note that, due to the sign difference and the symmetry factor, daéi)x vanishes if we choose

fc = ch = ch = fcl = 502 . (3.14)

This cancellation will not be affected by the measurement function. Thus, in what follows
we will make the choice (3.14), avoiding the computation of the potentially difficult Z
function.?

We can now collect the non-vanishing contributions, sorted by remaining integrations

@ = 6@ (&) + 0% (&) + 0Py (&0) (3.15a)
B(e) = / (4, MP) + ol + o), (3.15b)
1

o) (&) = / do'? = / AT 1d®,, 1d¢ < £1+2€> MmN, (3.15¢)

1/ 1 1
ﬁz(ﬁc) —/df’f(zzh) :/drldr2d¢n:2d§1d£22|( 1+26> ( 1+26> <f1§2Mn+2)

: 51 c 52

(3.15d)

(2)

The three terms of the integrand of o’ are separately divergent. However, in the sum the

1/e poles cancel. The other parts, ‘7(2421 and 0(2422, are finite by construction. Hence, we can

set d = 4 everywhere (except in the individual pieces of the integrand of 0'( )) and obtain

oP (&) = / dPi=* (M%2)+éf(£c) M;1>+21|Mg°)é(§c)2) = / dd=1 M2 | (3.16a)
o) (&) = / dod=] <§> (é" lel{(fc)), (3.16h)

n+2(€c)—/ ddpTs <£11>C <§2> <§1£2Mn+2) (3.16¢)

3Tt is possible to compute the auxiliary contribution daéi)z numerically keeping all &, different. While

this complicates the implementation of the scheme it can be helpful to validate the code, see section 6.2.

~10 -



This is the generalisation of (2.13) to NNLO. In the integrand of (3.16a) the build up
of the exponentiated singular part e*® is recognisable. For /\/ln)f to be finite, £ has to
contain the soft 1/e pole. However, any choice of the finite part is possible in principle. We
have chosen to define the finite matrix elements through eikonal subtraction, (3.4). This

ensures that the auxiliary contributions cancel and the remaining parts 05321 and 0'1(12+)2

have a very simple form. Terms of O(e) in & have no effect since they do not modify ./\/151Z )
after setting d = 4. This means we can set them to zero and there is no need to compute
the integral (2.11) beyond finite terms.

4 Beyond NNLO

4.1 FKS3: extension to N3LO

First steps towards extending universal schemes beyond NNLO have been made in
QCD [27]. The simplicity of FKS? suggests that this paradigm is a promising starting
point for further extension to N3LO in massive QED, provided that all matrix elements
are known.

At N3LO, we have four terms

o = /d‘I’nMS)’) +/d¢)n+1M’f(12-i)-1 +/d@n+2M;22+/d‘I’n+3M$)r3,

which are separately divergent. In order to reorganise these four terms into individually
finite terms, we repeatedly use (2.8) to split the phase-space integrations into hard and
soft and (3.4) to split the matrix element into finite and divergent parts. In principle we
could choose many different &, parameters. However, from the experience of FKS? we
expect decisive simplifications if we choose them all to be the same. Indeed, as is detailed
in appendix B, there are now three different auxiliary integrals that enter in intermediate
steps. However, if all £, parameters are chosen to be equal, their contributions cancel for
any cross section, similar to (3.13). Hence, writing

do® = do® (&) + do®) (&) + dol®y (&) + o)y (c0) (4.1)

all terms are separately finite and, as discussed in detail in appendix B, given by

o (&) = ddp=t MPV (4.22)
dofite) = dnr (&) (6 M246). (4.20)
doé‘?z(fc) - %d%g (5) (5) (cermlie). (12¢)

wtiw-bones () () () Gooni) o

Once more we have used the fact that for tree-level amplitudes Mgw)rs M;OJ)FJ; As always,

the £, dependence cancels between the various parts such that de®) is independent of this
unphysical parameter.

- 11 -



4.2 FKS*%: extension to NLO

The pattern that has emerged in the previous cases leads to the following extension to an
arbitrary order £ in perturbation theory:

Z dafﬁ] (4.3a)

Ao (&) = <1>d4l : DF e,y 4.3b
n+](€c) n-l—j] H & Mn-w (gc) ( 3)

i=1

The eikonal subtracted matrix elements

g ~ .
MOS — QZM%—j),
7]

§=0
(with the special case MOT = MO included) are free from 1/e poles, as indicated in (2.2).
Furthermore, the phase-space integrations are manifestly finite.

5 Comments on and properties of FKS*

With the scheme now established, let us discuss a few non-trivial properties that are helpful

during implementation and testing.

5.1 Regularisation-scheme and scale dependence

(£)

In QED calculations it is advantageous to calculate the matrix elements My’ in the on-shell
scheme for  (and the masses). This way the only p dependence is in a global prefactor 1
induced through the integral measure. The same holds for the integrated eikonal. Hence,

0 f

for the finite matrix elements M’ there is no u dependence after setting d = 4.

A similar argument can be made for the regularisation-scheme dependence. So far we
have implicitly assumed that the computation is performed in conventional dimensional reg-
ularisation. However, it is often more convenient to use other dimensional schemes, where
e.g. external particles are treated in four dimensions [28]. As discussed in [29, 30], after
proper renormalisation and infrared subtraction the matrix elements are regularisation-
scheme independent for d = 4. As there are no collinear singularities, the eikonal-subtracted
M% ) are scheme independent. Moreover, the integrated eikonal is scheme independent.

To be concrete, we list the input that is required for a computation of a physical cross
section at NNLO in QED. The important point is that once the final expressions for a

NNLO cross section, (3.16), or beyond, (4.3), are obtained, we can set d = 4 everywhere.

e The two-loop matrix element ./\/lg) is known with non-vanishing masses up to O(e?).
In general this is a bottleneck because the necessary master integrals are only known
for a very select class of processes, not to mention the algebraic complexity. How-
ever, it is possible to approximate do(? using ‘massification’ of M(Q) [31-33] (see
section 5.2).
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e The renormalised one-loop matrix element Mg) of the n-particle process is known

including O(e') terms. This is usually the case for NNLO calculation as it is needed
for the sub-renormalisation MSLQ) D02 X Mq(ll) as well as the one-loop amplitude
squared, which is part of /\/lg). Once these pieces are assembled to Mﬁf)f , the O(e)

terms can be dropped.

(1

e The renormalised real-virtual matrix element M,/ is known with non-vanishing
masses. Terms O(¢€) are not required.

° M;Olz is known in four dimensions. In intermediate steps, the matrix elements M’f’LO)
and MgLOJ)rl are required to O(e?) and O(e), respectively. However, depending on the

regularisation scheme, such terms might actually be absent. In any scheme, once
Mﬁf)f and MSH is assembled, the O(e) terms can be dropped.

5.2 Massification

The bottleneck in the computation of cross sections for massive QED at NLO is the avail-

)

evaluation of the finite Mg)f , opening up the possibility of using numerical methods. How-

ability of the matrix element M% . A potentially interesting option is to study the direct

ever, the M$f ) are traditionally computed analytically and then combined to Mg)f . These
computations are usually much simpler if some (or all) fermion masses, m, are set to zero.
Unfortunately, this also spoils FKS?. However, if m is small compared to the other kine-
matic quantities, an option is to start from the massless case and subsequently ‘massify’
MPI [31-34]. This converts the collinear 1/e singularities of /\/l,(f)f(m = 0) into log(m)

terms that will cancel against corresponding ‘singularities’ of the real corrections. In addi-
tion, it retains in dag) the finite log(m) terms that are present in differential distributions.
However, terms mlog(m) that vanish in the limit m — 0 will be neglected.

()

It should be noted that a similar procedure in do, ;is less straightforward. It is not

(e=4)f
n+j
over the j additional particles requires a non-vanishing m to avoid a collinear singularity.
0
n+j’
a massified MY/ results in a mismatch in terms mlog(m). Since the whole procedure

possible to naively use massification of M . The remaining phase-space integration

Thus, using full m dependence in do but only partial m dependence in da,(f) through

of massification is anyway only correct up to such terms, the mismatch should not cause

additional problems.

5.3 Phase-space parametrisation

A further issue in connection with small lepton masses is related to the phase-space
parametrisation. The phase space has to be constructed in any way that allows the dis-
tributions to be well implemented, i.e. & should be an integration variable of the numer-
ical integrator. In addition, for small m there are potentially numerical problems due to
pseudo-collinear singularities. In fact, these regions produce precisely the log(m) terms
that correspond to the collinear ‘singularities’ of the real part. These log(m) terms will
cancel the virtual collinear ‘singularities’ mentioned above. Hence, for small m there is a
numerically delicate cancellation. For the simple observables presented in section 6 this
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problem could be solved through a dedicated tuning of the phase-space parametrisation.
For more complicated processes another solution might need to be implemented in the
future. The idea is to subtract such regions from the integrand and add them back in
integrated form [35]. This amounts to actually extend the subtraction scheme to collinear

singularities. It also offers the possibility to use massification for doff_?_j. To this end,

Mgf_;j s (m = 0) is massified. The resulting collinear singularities due to phase-space inte-
gration with massless external fermions are treated as follows: first they are subtracted at

integrand level; second their integrated contribution is added back in massified form.

6 Muon decay

As an example for the subtraction scheme presented in the previous section we will discuss
the muon decay

p(pr) = e(p2)vv +{v(ps),7(ps)} (6.1)

at NNLO in the Fermi theory of weak interactions.* NLO corrections to the muon decay
have been known for many decades [36, 37]. Using the optical theorem, the NNLO QED
corrections to the decay width were calculated around the turn of the millennium assuming
vanishing electron masses [38]. Over the course of the next decade, the electron energy
spectrum, which is not infrared finite in the limit m, — 0, was calculated. At first, only
its logarithms were known analytically [39, 40]. A few years later, the full spectrum was
calculated with a numerical loop integration [41] and the original calculation of [38] was
extended to include mass effects [42]. It was only recently that the form factors necessary
for a fully differential calculation were published [31, 43].

We have included muon and electron loops but neither tau nor hadronic contribu-
tions [44, 45]. We treat the electromagnetic coupling « in the on-shell scheme, except in
table 1 where, in order to compare to [38] we need the MS coupling & = a(u = M).

6.1 Calculation

The momenta of the muon and electron are written as

X
pl:M(17070)7 pQZ?eM(:l?Oaﬁ)? (62)

where x = (p; — p2)?/M? and

Me

, Te=1—x+2°. (6.3)

z =

SE

My

Furthermore, 5 is the velocity of the electron in the muon rest frame.

Apart from the form factors needed for da,(?), we also need matrix elements for dafﬁl

and dofﬁ2.5 We have generated the diagrams for MngJ)rl and MS)J)FQ using QGraf [46]

“To compare with literature we also have to consider the case of an {e™(ps),e” (ps)} pair in the final
state.
5Note that, to remain consistent with the discussion above, we will denote the decay by o instead of I.
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Figure 1. ¢, (in)dependence of the (€” coefficient of the) real-virtual contribution, for two values
of &, . The blue dots show the do f2) contribution with a fit (blue line). The orange line corresponds

to daf) = —TZ(&.,&c;)- In green we show the sum da,(f), (3.5a). The right panel is zoomed into
the region of interest showing 1o confidence bounds for the fit. All plots are normalised such that
the average (daf) (&el)) =1

and calculated them using Package-X [47]. The numerical integration of da](?) and dafh)
was performed in Fortran using vegas [48]. Most loop integrals in MSJ)rl were included
explicitly, while the more complicated triangle- and box-functions were evaluated using the

COLLIER library [49].

6.2 &. dependence

Due to the simplicity of the process, it is actually possible to explicitly compute the con-
tribution of the integral Z(&.,,&.,) of (3.5¢) to the total decay rate, and check that the
dependence of all four &, parameters vanishes for the physical result. To verify this we per-
form weighted two-dimensional fits of the form c11 log &, log &, +c10 log &, +co1 log &¢; +coo
for the numerical data of daj(?) and da}(fh) and check whether the &, dependences vanish
within the numerical error of this fit.

The &, (in)dependence (according to (3.5a)) of the combination dcr,(f) = dUJ(cQ) —Tis
shown in figure 1 for two different values of £.,. To numerically evaluate these expressions
in the plots, we drop the 1/e poles consistently in all intermediate expressions. In a next
step, dag) is then combined with da§2) in figure 2. As indicated in (3.6) this has to result

in a &, independent expression.

Similarly, we have shown in figure 3 the ., (in)dependence of the double-real correc-

(

tions do?) (cf. (3.10)) for some examples of &,.
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Figure 2. £, (in)dependence of the (e° part of the) real-virtual contribution. The combined hard
contributions daﬁf) (blue, dots and fit) and the soft contribution do? (orange) sum up to the total
real-virtual contribution do'2) (green), (3.6). The right panel is zoomed into the region of interest,

showing 1o confidence bounds to the fit. All plots are normalised such that (da$%)> =1.
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Figure 3. The &, (in)dependence of the (€ coefficient of the) double-real corrections for two
e, The da,(l:;l)—data (blue, data and fit), do? (vellow) and 1(Z(&,,&c,) + Z(éey, &e,)) contribution
(green) sum up to the total n + 2 particle contributions (red). The right panel magnifies the region
of interest including 1o bounds. Note that the swap c¢; <> ¢o is trivial. All plots are normalised
such that (dag) (&) =1.

022) /o0 Jf,z) /o0 o /oo total
massified 3.42 —0.0364 3.24 6.62
massive 3.54 —0.0364 3.16 6.66
massless [38] 3.56 —0.0364 3.22 6.74
Aol massified | 3.7 x 1072 0 6.1 x 1072 | 1.6 x 1072
A massive 50x 1072 1.9%x107* 20x1072 | 1.1 x 102

Table 1. The different contributions to o). Note that 09) also includes the process p — vveee.
See text for interpretation. The coupling &(u = M) is renormalised in the MS scheme. A, denotes
the relative difference of our results to the massless result [38].
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6.3 Results for the decay rate

The first quantity we consider is the full decay width
A AN 2
=00+ =0+ (2) 6 + 0(a), (6.4)
T 0

where we have pulled out factors of the MS coupling &/m. We compute o) using the mas-
sified form factors as well as the form factor with full m dependence [31, 43]. We will label
these two results ‘massified” and ‘massive’, respectively. In the case of the massified result,
we expand all three parts of the integrand contributing to 07(12), see (3.15b) and (3.16a).
Of course, the exact mass dependence of dagl) and dagg) is usually much easier to obtain
than for Mg). However, the complete cancellation of singularities requires a consistent
expansion in z of all contributions at the n-particle level.

Because the full decay rate does not contain terms logz ~ logm the limit m — 0
exists and we can compare our massified and massive results with the result for a massless
electron [38]. We note that in this particular case (contrary to distributions, where log m
terms exist), the massified result is not expected to be superior to the massless c?{l)aputati(();.
et

Following [38], we split the result into three parts: photonic corrections o’ and o5/,

(2)

corrections due to an electron pair (real or virtual) o¢™’, and corrections due to a muon pair

(virtual) a,(f). These parts have been defined and their analytic results in the massless case

given in equations (2.11), (2.13) and (2.15) of [38]. The individual results for the NNLO

corrections are shown in table 1, where the Monte Carlo error is smaller than the significant

digits. Note thz(;mt) [38] had to include the ‘open-lepton production’ y — vveee into their
2

calculation of o¢™ to guarantee finiteness. We have included this process as well [50] since
it contributes to o'>) (two-trace contribution) and 02,2) (one-trace contribution).’

The results of table 1 merit a few comments:

e The good agreement for the purely photonic contributions agz) between the massive

and massless result is due to the absence of terms logm and mlogm as discussed
by [38].

e The massified results differs by about 3% from the massive (and massless) result for
O'S/Q). This is due to the mismatch between the real corrections, that were calculated
with the full electron mass dependence, and the massified two-loop amplitude that
only includes logarithmically enhanced mass effects.

e The massified results agrees perfectly with [38] for the 0,(12) part because the contri-

bution comes purely from one two-loop diagram that is free of any soft or collinear
logarithms and hence effectively massless.

e The massive and massless results for aéz) agree only up to two percent. This dif-

ference can be accounted for through the two-trace contribution of the open-lepton

5The amplitude for u~ — vve™ eTe™ has a (anti)symmetry under exchange of the two e~. This gives rise
to two types of interference terms in the matrix element: first the contribution that is also present without
this symmetry (two-trace) and one where the swapped is interfered with the non-swapped contribution
(one-trace).
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production. In the pure electron trace m must not be neglected to lead to finite
expressions. However, in the other trace the electron mass can be set to zero. Our
value of 3.16 was calculated with full electron mass dependence. If we were to set
m — 0 in the this trace, we would obtain 3.23 in much better agreement with [38].

e The 09 part contains the factorisation anomaly, already discussed in [31].

Note that in any case the ‘massive’ result should be considered the reference. Our
results agree with [42]. For the pure mass effects of the photonic part, this agreement is

only at the 20% level. This is due to large numerical cancellations between 07(12), 07(321,

and 07(722 which make the extraction of a few-percent effect on the NNLO corrections
numerically challenging. In fact, an efficient numerical evaluation of the integrals with full

mass dependence [43] has only recently been implemented [51].

6.4 The electron energy spectrum

In order to validate our computation, we consider the NNLO corrections to the normalised
electron energy spectrum x, = 2E /M and compare them to results available in the litera-
ture. If two (negatively charged) electrons are present in the final state, we include both
of them in the z. distribution. The leading and sub-leading logarithmic contributions for
this observable were calculated in [39, 40]. Because this corresponds to a strict expansion
in z, we expect good agreement for large x. as noticed in [31]. In figure 4 we compare the
two results and see that the differences are compatible with the constant (logarithm-free)
terms missing in [39, 40]. These terms were computed numerically and shown in a plot for
ze > 0.3 in [41]. If we include these constant terms of [41], we obtain perfect agreement
with our result, using the massive form factors. Note that the difference between massified
and massive result in figure 4 is at the percent level and only becomes visible around the
zero crossing at x, ~ 0.21 and x, =~ 0.88, never changing the overall picture. The on-shell
coupling (a/7)? is omitted in the results shown in the figure 4.

With a fully differential Monte Carlo code, we can compute arbitrary distributions,
including cuts. As an example, we consider again the normalised electron energy spectrum
but impose a cut on photon emission. Concretely, we restrict the total energy of all
photons within a cone of angle 6 = <(p,,p,) = 37° (i.e. a cone with |cosf| > 0.8) around
the electron to be less than 10 MeV.

The results are shown in figure 5. Comparing the normalised NNLO result (blue
histogram) to the normalised LO result (orange line) in the top panel reveals that only for
large x. the corrections to the shape are relevant. This is driven by the NLO corrections.
They are large at both ends of the . spectrum, as shown by the NLO K() factor

, i do® /d
(@) _ o\t do'/dwe
K 1+<7r) doo/dz, (65)

in the middle panel. Typically, the NNLO corrections (shown in the bottom panel) are
below 0.1 % and even in the regions of huge NLO corrections they are below 0.5%.
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Figure 4. The NNLO corrections to the electron energy spectrum, omitting a factor (a/7)2. The
logarithmic contributions of [39, 40] (green dashed) agree reasonably well with our massive result
(blue histogram) for large z.. Adding the constant terms of [41] (orange) we obtain good agreement.

7 Conclusion

We have presented a subtraction scheme tailored to the case of QED with massive fermions.
This allows to perform the phase-space integration and obtain predictions for arbitrary
physical cross sections if the corresponding matrix elements are known. While we have
primarily NNLO calculations in mind, the extension of the scheme beyond NNLO is also
discussed. After describing its implementation, we have commented on its properties. We
have noted that, while intermediary results may look complicated, most of this complexity
drops out in the final result. We have verified our scheme by calculating the muon decay
at NNLO and compared with known results.

While our scheme leads to very simple expressions, there are still several avenues for
further developments. Since the analytic computation of matrix elements with massive
fermions is very challenging, one possibility is to investigate the option of computing the
subtracted matrix elements numerically. After all, these are finite expressions. If it is
possible to perform the subtraction and UV renormalisation at the integrand level, a direct
numerical evaluation in four dimensions should be feasible.

Even if the matrix elements are available, the numerical integration can be challenging.
First of all, the matrix elements need to be implemented in a stable way in all corners
of phase space. The presence of small fermion masses also results in pseudo-collinear
singularities that can lead to numerical instabilities. An option to deal with these is
to treat them as singularities, i.e. subtract them and add them back in integrated form.
Obviously, this tarnishes the simplicity of the subtraction scheme. But it offers a possibility
to take into account small masses in an expanded form for the double-real and real-virtual
corrections. Such an implementation can be seen as a generalisation of massification for
all parts of a NNLO cross-section computation.
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Figure 5. Top panel: the normalised electron energy spectrum at LO (orange line) and NNLO
(blue histogram) with a cut on photon emission. The middle and bottom panel show the NLO and
NNLO K factors, respectively.
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The scheme we have presented relies on eikonal subtraction and is closely related to the
YFS exponentiation of the soft singularities. The YFS picture has been used to construct
Monte Carlo codes that describe multiple emission of soft photons. Thus, our scheme for
fixed-order computations lends itself to be combined with a YFS Monte Carlo program.
Such a generalisation will allow to resum large logarithms and combine this with fixed order
results. Ultimately, this is required to obtain very precise predictions for fully differential
QED observables.
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A The integrated eikonal E

Here we give in our conventions the explicit form of integrated eikonal required for massive
QED. These expressions have been computed in [2]. As discussed in the text, we do not
need terms O(¢) or higher.

We start with defining a few auxiliary quantities:

2 2
m; mimg
o= i o= - (2
! E? ! pj - Pk

2 2 2
ak4:(1+vk~) Vi = ——————— .
! m2 77 2 (axj Ex, — Ej)

Following [2], the integrated eikonal can then be written as

g o (m) (&)
YT arT(-e) < M)
y (_1110g1+vkj+ akj(pj-pk)z) (J(akjEkjﬁk’ykj)—J(Ej,ﬁj,l/kj))>

2€ v -y 2 (azjmz —m;

+ O(e), (A.1)

where we have used the function

J(w,y,2) = (10g21fy’+4L12 (1 M) +4Li (1 - M))

z
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For the case j = k this expression simplifies to

b2t () (1 gty

for the self-eikonals.

B Details for FKS3

B.1 Real-virtual-virtual contribution

Let us begin with the real-virtual-virtual part that we split again into a hard and soft
contribution

do®) = d®, . MP) = do® () + doP (¢,) (B.1)
as in (3.2). Using that even at the two-loop level
SpiaMPl = EnaMP,
the soft contribution in analogy to (2.12) and (3.3) is given by
o) (&) = AP (&) MY

The hard contribution is now

o) (&) = dY1d®,,  d¢ (5112) (mP))

= dTldq)n,ldg <€1+26> 52 <Mn+1 (56) n+1 |é(€c)2M’EzO—|)—1>

= dU (gc) + dO'dl (&) + dado (&)
o (&)

where da}(cg) is finite and the divergent part dac(lg) is composed of

/ do\P(e) = - / dY1d®,, ;d¢ < R +2E> §2<A(§C)MS+)1> = 7(¢,),
1 1
Jaoiieo =~ [ Garide, e ( 51”6) & (EerPMiy) = 57 ().

Above we have defined two functions Z) and J that are potentially tedious to compute.
However, as we will see they cancel in the final result, similar to the function Z at NNLO.

- 29 —



B.2 Real-real-virtual contribution

The real-real-virtual contribution are similar to the double-real contribution of FKS2

do(?) = d®, oMLy = dod) (&) + dol (4-;) +doy) (&) +dog (&), (B2)
dolP(¢.) (& (51) “5(&2) )
do® (€. 5(62) (oriee

U?;(g) :drldrzdén,z% : ( ) déy A&y MY
ao (&) | ) ()
dof(€ (ﬁ)c (=)

Obviously [ da}(i) = dagi) and

1 1 A
/ dog) (&) = dY1dYad®ys / dg; <%+2> (EML))EE) = f11>(gc). (B.3)
Furthermore, as for (3.12) we find

AoD(E) — d®, E(E) MY (B.4)

The hard contribution is not yet finite due to the explicit 1 /e pole in MS_&Q. As is customary

by now we again perform an eikonal subtraction

MY, = MW e) — E(e) MY)

and write
doyy) (&) = dof (&) +doy) (&)

1 1
dO',(le) (gc) - dTldTQdQnQ 5 < 1+26) < 1+26) 5152 (EC) )
’ 1 c c

1 1
[ aciic = [aaraan,. 5 () ( +) GG My = — K (&),

Here we have defined a third auxiliary function K that will cancel in the final result.

B.3 Triple-real contributions

The evaluation of the triple-real contributions proceeds along the lines of the FKS? double-
real part, albeit with more (individually £, dependent) terms

rrr

do®) = d®, sM),
= daéh)h + dO’;L?;L)S + da}i)h + dagi)h + da(?’) + daéi)s + daéi% +do®)

888 *

o), 3o,
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Because we choose all & equal, it does not matter which photon is soft, just how many.
Thus, we are left with four different kinds of contributions

(4ol (e) (&25(¢) ﬂa(& ) £55(83)
daﬁil (gc 3 ./\/l(o) ﬁé(&) (53) ( T3¢ )C

‘) = H1 (omd& 53) d®,, 3 3!+3 “5(¢3) < %*26)0 (5%>
)

2
( ; ) ( : ) ( ; )
1+2e 1+2€ 1+2e€
1 c 2 c 3 c

The triple-hard daf(i)h contribution is finite and can be integrated numerically. For the

3)

triple-soft dosss we get

do®)(¢,) = d®,, %éi‘” MO

The double-soft contribution can be expressed in terms of the function J(&.) as

Janiier = [ariann, 5 e (i) a6 €M = 376,

Similarly, the single-soft contribution

[kt = [ariaran., 5 ée (i) (o) 46 de v
= k().

involves the auxiliary function /.

B.4 Combination

Combining all contributions at N3LO we need to evaluate (4.1). Collecting the terms with
an n-parton phase space we get

doP (&) = / d<I>n<M + E(EMP + 8(&)2/\4“ +1>< 2 (&) B )

da§3)

o dag‘z)s
1 1 1 1
_I(fc) - 5‘7(56) + §I<EC> + 51(50) _EIC(&)

da'l(f) da(3) +do’§i) dagy

+3><l'j(£c)+3><— K(&) -

dafil do),+e

The auxiliary integrals Z("), 7 and K cancel as do the explicit 1 /€ poles in the first line.
The other contributions in (4.1) are also separately finite. Thus, after setting d = 4 the
explicit expressions of the separately finite parts of (4.1) are given by (4.2) with

o), (€)= do'?; do),(€) = dof; do'® (&) = dol), . (B.5)

Comparing (B.5) to (3.15¢) and (3.15d) reveals the pattern of how to extend beyond N3LO
as done in section 4.2.
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