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ABSTRACT: We analyze the single subleading soft graviton theorem in (d 4 1) dimensions
under compactification on S'. This produces the single soft theorems for the graviton,
vector and scalar fields in d dimension. For the compactification of 11-dimensional super-
gravity theory, this gives the soft factorization properties of the single graviton, dilaton and
RR 1-form fields in type ITA string theory in ten dimensions. For the case of the soft vector
field, we also explicitly check the result obtained from compactification by computing the
amplitudes with external massive spin two and massless finite energy states interacting
with soft vector field. The former are the Kaluza-Klein excitations of the d+ 1 dimensional
metric. Describing the interaction of the KK-modes with the vector field at each level by
the minimally coupled Fierz-Pauli Lagrangian, we find agreement with the results obtained
from the compactification if the gyromagnetic ratio in the minimally coupled Fierz-Pauli
Lagrangian is taken to be g = 1.
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1 Introduction

During the past few years, the soft theorems have been investigated in a variety of theo-
ries [1-45] together with their connection with the asymptotic symmetries and the memory
effects [46-54]. In a series of works [55-59], it was shown that the subleading soft graviton
theorem is universal in higher than four space-time dimensions at any loop order.! Any
theory possessing diffeomorphism invariance satisfies the soft graviton factorization up to
subleading order with results valid at all loops and the form of the soft operators up to
subleading order takes the same form in all these theories. At subsubleading order, the
soft factorization still happens though the form of the soft operator is not fully determined
from the diffeomorphism invariance alone but depends upon the theory [21, 29, 57]. In 4
space-time dimensions, there are subtleties and the relation between amplitudes with and
without soft gravitons involve logarithmic terms for loop amplitudes [62-64].

It is also known that the leading soft photon theorem is also universal and depends only
upon the gauge invariance of the theory [65, 66]. At subleading order, the soft factorization
still happens though the form of the soft operator depends upon the theory [45]. The soft
behaviour of the scalar fields have also been investigated in [67-69].

In this paper, we focus on the single subleading soft graviton theorem. Its universality
allows us to apply this to an arbitrary loop amplitude in higher than 4 space-time dimen-
sions irrespective of the theory. We shall investigate the implications of this theorem when

LAt tree level, universality holds also for 4 dimensional space-times. In 5 dimensions, the individual
Feynman diagrams at loop level can suffer from the IR divergences [58]. However, they are expected to
cancel in the full amplitude [60, 61].



we compactify a space direction along a circle. The compactification of the metric field on
a circle gives rise to 3 massless fields, namely, a graviton, one vector and one scalar field
along with a tower of massive spin-2 fields in one lower dimension. We shall show that the
soft factorization of the amplitude containing a single soft graviton in higher dimension
implies the soft factorization of amplitudes involving a soft graviton, a vector and a scalar
field in the lower dimension after compactification.

We shall work in generic dimensions. Hence, we shall consider the soft theorem for
gravitons in d + 1 dimensions. The case of d + 1 = 11 is interesting since compactifying
11 dimensional theory on S! gives the type ITA string theory in 10 dimensions [70, 71]. In
particular, the 11 dimensional graviton gives rise to graviton, dilaton and RR 1-form in
the type IIA theory. Moreover, the massive KK modes are identified with the D0 branes
and its bound states in string theory. Hence, the results for the soft factorization of vector
and scalar essentially gives the soft behaviour of the dilaton and RR 1-form fields in string
theory. Specializing the external finite energy states to massive KK modes in the result of
compactification gives the prediction for the scattering of DO branes and its bound states
from the soft fields.

Before proceeding further, we summarize our results for the soft factorization of par-
ticles which arise due to compactification on S'. For the graviton, the subleading result is
universal. Hence, both the d + 1 and d dimensional results take the same form. For the
vector field arising due to compactification on S*, the subleading soft behaviour turns out
to be
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In the above expression, the indices u, v - - - run over the d dimensional space-time and take
the value from 0 to d — 1. The (g,¢) denote the momentum and polarization of the soft
photon, (p;,e;) denote the momenta and polarization of the finite energy particles. The
e; denotes the charge of the particle which interacts with the photons.? The L and S!"
denote the orbital and spin angular momentum respectively which act on the finite energy
states inside M,,. The operator (X,4),, is defined by

(Zo—p)uu = Nop NMov — Nov Tpu- (1'2)

The S* is an operator which annihilates massive spin-2 KK modes and acts on the massless

vector e/, scalar qZ; and the graviton field e* as®
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In other words, S* converts one type of finite energy particle into another particle and im-
plies the existence of specific interaction vertices. The operator S* defined in equation (1.3)

2This is the charge which arises from the KK reduction.
3See also the comment below (3.22).



is essentially the broken generator, S¥* of the spin angular momentum of d+1 dimensions.*

This gives an interesting connection between soft theorems and symmetries [8, 9, 72-74]
which are eventually broken as in the case of spontaneously broken conformal field theo-
ries [38, 75].

To derive the above result, we started from the universal subleading soft graviton
theorem in d + 1 dimensions and compactified it on a circle. Universality also implies
the validity of the theorem for arbitrary finite energy states which are now unspecified.
After determining the precise map between the polarizations of the d + 1 graviton states,
reduced to d-dimensions, and the physical polarizations of the d dimensional fields, we use
it in the expression of the compactified soft graviton theorem. Doing this, the subleading
soft factorization properties of the graviton, vector and scalar fields in d dimension are
easily obtained. In this work, the above mapping will be determined only at the level
of classical fields.® This implies that the soft graviton factors beyond subleading order
and the soft photon factors beyond the leading order will be valid only at the tree level.
The loop corrections might change the form of these soft operators. The subleading soft
graviton operator and the leading soft photon operator are fixed universally by symmetry
arguments and hence they can’t change by loop corrections. All the soft scalar operators
can also change by the loop corrections.

We also explicitly check the consistency of the result obtained in (1.1) by some direct
calculations. In particular, we consider all possible exchange diagrams with the soft vector
interacting with on-shell finite energy massless vectors, gravitons, scalars as well as massive
spin two particles. The action for these fields can be obtained by compactifying the d + 1
dimensional Einstein-Hilbert action keeping also the infinite tower of massive Kaluza-Klein
states. The action of the massive KK states, neglecting the interaction between different
KK levels and the interaction with the massless gauge field, is described by the free Fierz-
Pauli Lagrangian [76]. The Fierz Pauli action for the KK modes using the procedure of
compactification has been obtained in [77]. The interaction between the KK modes with
the abelian gauge field can then be introduced by the minimal coupling procedure (see
for example [78]). This introduces an arbitrariness in the construction of the Lagrangian
which is parametrized by an unfixed constant g known as gyromagnetic ratio. This constant
appears in the soft operator and the result of explicit calculation matches with the result
obtained through compactification if the gyromagnetic ratio is taken to be equal to 1. This
value, obtained through soft theorems, is in agreement with previous results showing that
all the Kaluza-Klein states have gyromagnetic ratio g = 1 [79, 80].

In this approach the definition of the operator S, given in equation (1.3) is quite
formal; it converts a vector to a scalar/graviton state and vice-versa. Its action reflects the
peculiarity of the three point vertices where a vector field can interact only with another
vector field and a scalar or graviton state. However, after comparing the result of direct
calculation with the result obtained from compactification, the introduction of the operator

4We parametrize the compact direction S* by z variable.

SWe thank Ashoke Sen for discussions regarding this point.

SWe thank M. J. Duff for bringing to our notice these papers regarding the gyromagnetic factor of
massive Kaluza-Klein states.



S? becomes quite natural being identified with the broken generator of the d+1 dimensional
spin operator. The demand of the gauge invariance of the whole on-shell amplitude then
fixes the structure of the soft operator.

For the amplitudes involving a soft scalar field and hard particles having spin zero,
one or two, the prediction for the leading and subleading soft behaviour which follows from
compactification, is given by
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with mf“ being the mass of the finite energy state in d 4+ 1 dimensions, zero if massless.
The n?/R? is the contribution coming from the compactification along S'. The Ry denotes
the radius of the circle and n; is an integer labelling the tower of massive KK-states. The
e; denote the charge of the massive spin 2 KK modes which are charged under the massless
gauge field. For uncharged particles (n; = 0), equation (1.4) is in agreement with the
previous results obtained in the literature for the string dilaton [67]. This result therefore
supports the universality of such a factorization property. The presence of charged massive
states add new terms to the soft scalar operator.

The rest of the paper is organised as follows. In section 2, we make the connection
between the polarization tensors in d + 1 and d dimensions. A crucial aspect of this is
the relation between the zero mode of the graviton polarization in d 4+ 1 dimensions and
the polarization of the massless fields in d dimensions. In section 3, we analyze the single
subleading soft graviton theorem in d + 1 dimensions under compactification and show
that it gives the soft factorization of massless graviton, vector and the scalar field in d
dimensions. In section 4, we perform some explicit checks. In particular, we show that the
soft factorization of amplitudes involving a single vector field which is obtained through
compactification also follows by a direct calculation. For this, we consider both massless
as well as massive spin 2 finite energy external states interacting with the soft vector field.
The identification of the soft generators in d dimensions in terms of the angular momentum
operator involving the compact direction is very crucial in this matching. We end with some
discussion in section 5. In appendix A, we review some results about the compactification
of metric in d + 1 dimensions on S*.

2 Identifying the physical polarizations

To show that the soft factorization of graviton in d+1 dimensions gives rise to soft factoriza-
tion of graviton (and other particles resulting from the compactification) in d dimensions,
we first need to identify the correct physical polarizations in d dimensions in terms of



the graviton polarizations of d + 1 dimensions. This is the question we shall address in
this section.

The gravity in d+ 1 dimensions, whose compactification to d-dimensions is discussed in
appendix, is described by the Einstein-Hilbert action (A.1). We shall parametrize metric as

GMN = NMMN + 264415 N (2.1)

. . . . ; M
and introduce the d + 1 dimensional on-shell graviton field Sy ny = epne®M® | whose
polarization tensor satisfies the following conditions

MN _ = N

DPME eMN=¢enm 3 PP=0 (2.2)

with M, N =0...d.

We shall denote by p,v = 0,--- ,d—1 the indices along the d dimensional non compact
space-time and by z the index along the compact direction. In this notation, the conditions
on the d + 1 dimensional polarization tensor can be written as

p“€MV + pZEZV =0 , p,uﬁuz +pz€zz =0 , Eluu + Ezz =0 (23)

As reviewed in appendix A, the dimensional reduction of the d + 1 dimensional metric
along a circle can be performed by the following metric ansatz

Gu = €*%g,, + A, A, ; G =ePA, ; G, = (2.4)

For the moment, we consider all the fields g,,,,, A, and ¢ to depend only on the d dimensional

coordinates x*, with u,v =0,...,d — 1. This is the case if the fields have to represent the

massless degrees of freedom in d dimensions. The constants « and 3 are chosen to be
o1 s (i-2a (2.5)

2(d—2)(d—-1)

These constants are fixed by requiring that the reduced action is in the Einsten frame and

has the dilaton kinetic term normalized with the factor 1/ 4/{3 as reviewed in appendix A.

For the above ansatz, the d-dimensional action turns out to be

S— 223 / e =g [R _ %8,@8‘% - ie\/Q(d_l)/(d_m‘f’FWF“” (2.6)
where F),, denotes the field strength of the 1-form field A,. This is the d-dimensional
action for the metric, dilaton and rank 2 field strenght (see, e.g., [81]). When d = 10, it is
the type ITA action, restricted to these three fields, obtained by dimensional reduction of
the Einstein-Hilbert term of the d = 11 supergravity. The canonically normalized kinetic
terms for the fields in action (2.6) are obtained by absorbing the gravitational coupling
constant in the fields as

Guv = Npv + 2K3dhm/ ; Qb = \@Rdé ; Au = \/iﬂd Au (27)



The soft theorems are expressed in terms of the momentum space polarizations. We shall
denote the d dimensional graviton polarization by €,,. It is demanded to satisfy

pVEV‘u — EVV — 0 ; Euy = gl//ta (28)
and similarly for the vector and scalar fields.
The identification between the d dimensional polarization tensors and the d+ 1 dimen-
sional polarization tensors is taken to be

e p#) = (( )+ 2250 nty) L o(3)
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e, denotes the polarization of the vector field in d dimension and (on-shell)

o) +O(rg)  (2.9)

My = M — PpDv —Pubp 3 P-P=1; Pl =0; p>=0  (2.10)
where p* is a reference null vector.

The terms with higher orders in x4 would contain terms which are not linear in the
fields. They would correspond to vertices with more that one soft particle and therefore
they do not contribute to single soft theorems. However, they would be relevant in the
case of multiple soft theorem.

The reason for introducing the transverse metric n/fl, in the relation between graviton
polarizations in d 4+ 1 and d dimensions in equation (2.9) is that at the massless level, the
d + 1 dimensional fields do not depend upon momentum p, along the compact direction.
Hence, the transversality condition of the d 4+ 1 dimensional polarization tensor, namely,
pueMN = 0, given in equation (2.2), immediately gives p,e#” = 0. Now, the d dimensional
polarization tensor €,, is also demanded to satisfy the same relation, namely, p, e’ =
However, both these conditions are not Compatible with each other if we use 7,, in the
identification made in (2.9). By using nw,, both the transversality conditions have been
made compatible with each other. Another way to see this is to note that the trace of the
first line of equation (2.9) gives (on using ¢, = 0 and equation (2.3))

e, (p) = —€.(p) = 2a(d — 2)—=—(p) + O(r7) (2.11)

m

\fﬁd+1

where we have used (nJ-)“ u = d — 2. This identity is compatible with the expression of €.,
given in the second line of equation (2.9)7 provided the condition 3 = —(d — 2)a holds.
But, this is exactly one of the conditions given in equation (2.5) which is required by the
dimensional reduction ansatz.

The compactification along the circle, with radius Ry, also gives rise to an infinite
tower of massive Kaluza-Klein states. This can be seen by expanding the field in its
Fourier modes. For a generic field ®(x, z) in d + 1 dimensions having mass m, we have

®(z,2) = 0O (z) + > 0 (2)eP=> (2.12)
n#0
with 0 < z < 27R; and p, = n/Ry.

"Note that we raise and lower the indices using the flat metric since the graviton is the fluctuation
around the flat metric.



The non zero mode ®((z) represents the nt* level massive KK field. In the compact-
ification, the zero modes do not change their mass while for the non-zero modes, the mass
gets shifted by the presence of the compact momentum, namely, the mass of the nt” level
KK mode is given by

2
2 2 n
—p“ = —_— 2.13
p°=m"+ (Rd> (2.13)

with p* = (po,...pa—1)-
When ®(z, z) is taken to be the d + 1 dimensional graviton field Sy/n(x, z), the non

zero modes S](\Zv(a:, z) describe the massive spin 2 fields. More precisely, the S,(];) and SQZL)

components act as goldstone bosons and are eaten by the S;(f,i field [82] to give a massive

spin two particle having
d
2

degrees of freedom. In the previous expression, the three terms on the left side are the

(d—3)+(d—2)+1:%(d—2)(d+ 1) (2.14)

on-shell degrees of freedom of a massless graviton, a vector and a scalar respectively in
d dimensions. The right hand side represents the degrees of freedom of a massive spin 2
particle in d dimensions.

The massive KK modes S,S?,) are also charged with respect to the massless U(1) gauge
field A, with charge given by e, = n/Rq (see appendix A).

For the soft particle, we need to necessarily set the component of the momentum along
the compact direction to be zero, i.e., ¢, = 0, since we want it to remain massless under
the compactification.

3 Soft factorization under compactification

In this section, we consider the subleading single soft graviton theorem in d + 1 dimension
and explore its consequences when we compactify one of the spatial dimension on S'. We
shall make use of the identification made in previous section of the physical polarization in
d dimensions in terms of those in d + 1 dimensions. We start by recalling the single soft
graviton theorem in d + 1 dimensions.

It is well known that an amplitude M,41 which involves a graviton carrying a soft
momentum ¢, and n arbitrary finite energy particles, carrying momenta p; (i =1,---,n)
is related to the amplitude without the soft particle, M,,, by the so called soft graviton
theorem as

Mo (@ {pih) = wan [$C0 480+ 50] Mo({pi}) +0(a?) (31)

Here k441 is the d + 1 dimensional gravitational coupling constant, the p; denote the
momenta of the hard particles, ep;n denotes the polarization of the soft graviton and the
S(m) (for m = —1, 0, 1) are the soft operators to the order ¢" in the soft expansions. The
leading and the subleading soft operators are given by

Y n M NP
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with JZM N denoting the total angular momentum operator acting on the polarization ten-
sors of finite energy states inside M,. It is given by the sum of orbital and spin angular
momentum

SN = LN 4 5N

9 9
LMN — )M —pV 3.3
i P oo P o (3.3)

The spin angular momentum operator SZM N takes different representations depending on

)

what finite energy state it acts upon. E.g., its action on a spin-2 state is given by

(SMN €)pg = (SMN) p*Pean = — (03 €'y — 0P ') + 6 ep’ — o5y ep”) . (3.4)
The leading and the subleading soft operators S and S are universal and hence inde-
pendent of the particular theory we consider. Moreover, the above soft theorem statement
is valid for any kind of finite energy particles. On the other hand, the subsubleading opera-
tor S, whose explicit form is given in [57], is not universal and depends upon the specific
interactions of the theory under considerations. E.g., in the case of Heterotic and Bosonic
string theory in 10 dimensions, it depends upon the interaction term ¢R?, (with ¢ being
the dilaton field) which is present in the effective actions of these theories to the O(a/),
with o’ being the string slope [21, 30].

The universality of the first two terms in equation (3.1) allows us to apply the theorem
to an arbitrary theory describing gravity in d + 1 dimensions and consider the scenario
in which one of the direction is compactified on S'. We shall consider the leading and
subleading cases separately. However, before proceeding further, we make some comments
about the notation. By extracting out the polarization tensors, we express the single soft
graviton amplitude M,,;1 in d + 1 dimensions as

Moui1(g,p1, -+ pn) = Barremn(@QOMYN (g, .. piy. .. pn) (3.5)

where, eprn(gH, g%) is the polarization of the soft particle.
After we compactify on S', the massless (and hence soft) modes do not depend upon
the compact direction. Using the identification made in equation (2.9), the soft graviton

amplitude M, 11 can be expressed as the sum of three terms®

Mn—i—l(Qa ¢, {pz}) = Kq 5;WMZZ-1(Q7 &, {pz}) + "‘de,uMn_H q,¢ {pz} )

+ V2 ad My (g6, {pi}) + O(k)) (3.6)
where we have denoted MZ 1= MZ’;ZH and defined
My = kgl (ME(q.6,{pi}) — 0" ME (g€, {pi})) (3.7)

The M,,4+1 in the right hand side in equation (3.6) depend upon the finite energy massless
and the massive states. All the states (massive as well as massless) depend upon the
momentum along the d non compact directions. The massive states also depend upon the
compact direction through their mass/charge.

8The precise normalization constants appearing in the right hand side of (3.6) are somewhat arbitrary.
However, they are very convenient in analyzing the soft graviton theorem under compactification. This
also means that these definitions of the d-dimensional amplitudes, suggested from the compactification
procedure, could differ by an overall normalization from the ones obtained by using more conventional
approaches.



3.1 Leading term

By replacing the d+1 dimensional graviton polarization €p;y in terms of the d dimensional

polarizations using equation (2.9), we find that the leading soft theorem of equation (3.1)

takes the form of the right hand side of equation (3.6), thus, breaking into soft factorizations
of three particles. For the graviton, we get”

e}

M (0, pi}) = Raeu My = Ra ) SR Ma({pid). (38)

i=1

for the scalar, we get

(2—d)(p;)* +p}
(pi - q)

ME (g pi}) = ra {2 ; [ Hm({pi}), (3.9)
=1

By projecting the amplitude on the soft dilaton particle and using the momentum conser-
vation, we get in eq. (3.9) a subleading contribution that should be neglected at O(q~1).
Since in the next subsection we shall add to this result the subleading contribution, we
keep also such a term in (3.9) to obtain the full O(q) soft dilaton theorem.

Finally, for the vector field, we get

o
Miter 0, (p}) = macuMiiy = V2ma Yo 0 EMallpid) 5 ei=pi (3.10)
i=1
For the single soft graviton, (3.8) is the standard leading soft graviton theorem statement
in d dimensions. In (3.10), the e; is equal to p7. As reviewed in appendix A, the massive
KK modes are charged with respect to the massless vector field and hence p; is the charge
vector fields interact with. Thus, (3.10) has the form of the leading soft-theorem statement
for a vector field in d dimensions. This is expected since the leading soft photon theorem
is universal and hence independent of the theory.

In the case d = 10, the vector field corresponds to the RR 1-form field and p; represents
the charge of the DO brane and its bound states. The value of the charge, namely, p; =
ﬁ, where 1/(gsV/@/) is the charge of the single DO brane, and equation (3.10) are
consistent with the identification of the D0 brane and its bound states as Kaluza-Klein
modes of the d = 11 supergravity theory.

The soft factorization of the scalar field in (3.9) is consistent with the corresponding
result obtained for the dilaton in [67].

3.2 Subleading term

Again, by replacing the d+1 dimensional graviton polarization in terms of the d dimensional
polarizations in the subleading term involving S(© of (3.1), we find

n W up WoTZ0 | oz THP
EuwDl; UpJ; endp(p; Ji" +piJi")
Moi1(e,¢:{pi}) = Ka [ = +
=1 @9 V2(pi - q)
2(BpiapJ;” + amg,plqpJ;) o
V2(pi - q)

"Note that the sum over indices in the inner products (p; - ¢) in (3.8)—(3.10) runs only over the d

Mn({pi})  (3.11)

dimensional space-time unlike the inner products in (3.1) in which it runs over d 4+ 1 dimensional space-
time. We shall use the same notation in both cases since the difference between the two is clear from the
context.



We first focus on the case when the finite energy states are all massless. In this case, p7 = 0
and the expression (3.11) simplifies to give the following relations among amplitudes with
and without soft-particles

n
£ Pq
MO = kg §: “”plq” M, = ra ) 77“” d ” M,  (3.12)
=1 =1

n Horzp N _ua Va0 zp
Eulp 15 J; e'q” pf (Xop) v J;
My = V2kq ) %MTL = V254 Y é(p:/;)w M, (3.13)
1= =1

In going to the second equality of (3.13), we have used the conservation of the angular mo-
mentum Y ;. ; J'* M, = 0 and made use of the operator (X,,),, defined in equation (1.2).

The first equation in (3.12) is the usual subleading term of the single soft graviton
theorem in d dimensions. The second equation of (3.12) shows the soft scalar factorization.
We shall simplify this expression now. It is easy to see that the n/f,/ in this can be replaced
by 1, since the difference between the two vanishes after using the angular momentum
conservation Y ;" J/”M, = 0. Now, using equation (3.3), we can recast the resulting
expression in the form

n 2 e
pz,qu I: p; 0 piﬂqPSi
M, =) : q 5+ M 3.14
(pi-q |7 apz pi-qg Opi (pira) |7 3.1

=1

The term proportional to p% is zero for the massless finite energy states. The term pro-
portional to the spin part also vanishes for the hard massless gravitons, scalars or vector
fields.!? For the scalars, it vanishes because the action of the spin operator on a scalar field
is trivial. For the gravitons, it vanishes because

pwsﬂp : MVT = [pwépy Eir piugff +pw6€— iv pi75?1,:| MZT = 0, (3'15)

where the second equality follows because p;, M} = 0 = p;z M?7 and p;,e]” = 0. For the
hard massless spin 1 states, on the other hand, this vanishes because

piuS#pgiMZ = - [piu(spug — Piv€; ]MV = (316)

where, again the second equality follows because p;, M? =0 = pweff .
Thus, combining (3.14) with the O(¢") term of equations (3.9), we get the subleading
scalar soft factorization for the external massless hard particles to be

MO (6, Gp1, - pn) = Kd [222% ] (o1, 5 pn) (3.17)

This expression is in agreement with the results given in the literature and obtained by
computing string and field theory amplitudes [67].

10 Actually, it also vanishes for the hard massive spin 2 states by following the same argument as in
equation (3.15).

~10 -



Finally, we consider (3.13) which gives the soft factorization of the vector field €, to
the subleading order. It is easy to see that the soft operator appearing in this equation is
invariant under the gauge transformation €, — €, +¢,. However, it contains the generators
J:* of the Lorentz group in d + 1 dimensions which are broken in the compactification
procedure. These generators are defined in equation (3.3) in terms of the polarizations and
momenta of d + 1 dimensions. It is very instructive to rewrite this subleading vector soft
operator in terms of the d-dimensional degrees of freedom which we do now.

The finite energy massless particles do not depend upon the momentum along the
compact direction. Hence, the orbital part of J* doesn’t play any role and we only need
to consider the action of the spin operator S;” on the d-dimensional massless fields. Using
the representation (3.4) and equation (2.9), we find the action of the spin operator on the
scalar field to be
;Ef = 22721) (3.18)
Next, we consider the action on the spin 2 massless fields. Using the gauge conditions
Pl MR =0 = pl, M}™ and the equations (2.9), (3.4) and (3.18), we find

SE G M) = =€ [ i ] M

(57%€),. = 207 = S =

- v 1 205pm

Equation (3.19) when combined with the second line of (3.13) shows that the action of
the vector soft operator on a hard graviton leg transforms it into a vector field. This
corresponds to a 3-point interaction vertex in which a soft vector field is attached to a
hard graviton which interact with an n-point amplitude through the exchange of a vector
field (see figure 1). Equation (3.18), instead, corresponds to interaction among two on-shell
vector fields and an internal scalar.

Finally, the action of the spin operator on massless vector fields is obtained using
equations (2.9) and (3.4) to be

Sl M) = (e, — il MU

V2 wczz

This corresponds to an interaction vertex where the soft vector field is attached on a hard

- szi“ MY = (a” d- ¢>1> M (3.20)

vector field and they exchange with the n-point amplitude a graviton/scalar internal state.

Next, we extend our analysis to include the massive spin two states which are the only
massive states following from the compactification of the metric field. The gravity soft
theorem remains unchanged, as expected. The vector and scalar soft theorems instead get
an extra contribution from the terms in equation (3.11) proportional to the momentum
along the compact direction p;. For the vector, the subleading term becomes

M, (3.21)

MnJrl = 2 Kd Z

|:625,uqy 1 6uqup;~’(20p)“”55” | G q Lt
=1

2p; 2p;i - q 2pi - q
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where, we have used the identities

0 0
Qv pfij 20 /Wp/? =0 y qQu p{‘ EO’ W — = —q - D; +pfq . = quéuj . 3.22

In the discussion above, we have specified the action of the spin operator S;” on the massless

states which arise due to compactification. The action of such an operator on massive spin
two states is trivial, namely,'!

R ) (3.23)

(n)

This is due to the fact that the operator S;” acting on the polarization, ¢, , of the generic

n*" level Kaluza-Klein tower, gives terms proportional to S,Snz) and SZ(,?) which are eaten

by the spin two massive modes S,(];). The amplitude calculation performed in section 4.2,
in the framework of the Fierz-Pauli Lagrangian interacting with a gauge field, confirms
equation (3.23). If we have a generic state in d 4+ 1 dimensions, the action of the spin
operator S;”, on the particles arising in the compactification to d dimensions, needs to
be worked out explicitly. Finally, it is straightforward to check that equation (3.21) is
gauge invariant.

In the case of the scalar field, the contribution of the term involving p7 in equa-

tion (3.11) modifies equation (3.17) as follows

= 0  (2-de2-m? 0 0
¢ _ _ . (A I —(2— P
M= /id{Q ;21 [pz o + P q o (2 —d)e; ae; M,, (3.24)

where we have used (p?)? = —p? = m? and p7 = e;. We have also used the fact that

the action of S on the massive spin-2 hard states vanishes, i.e. p;, S/ ¢£ZLM,T =0 by
following the same argument as in equation (3.15). Note also that comments written below
equation (3.22) regarding the spin operator S;” are applicable in this case as well.

4 Some explicit checks

In the previous section, we showed that the compactification of the subleading soft graviton
theorem in d 4 1 dimensions implies the soft factorization in d dimensions of the graviton,
vector and the scalar field which result from the dimensional reduction. For the graviton,
the subleading soft theorem statement is universal and is valid in every dimensions. Hence,
the result obtained from the compactification is expected. Also the soft factorization
statements of the scalar field, the dilaton, were already known for hard massless and massive
but uncharged particles. Equations (3.9) and (3.24) have also extended such results to
the case of finite energy fields charged with respect to the abelian gauge field. In this
section, we shall focus on the consistency check for a soft vector field and show that
the soft factorization statements for them also follow from the amplitudes computed in
the framework of low energy theories obtained by compactifying on a circle the Einstein-
Hilbert action. For d = 10, the vector is nothing but the RR 1-form field of the type ITA
string theory, and therefore, the check that we shall do in this section corresponds to the
IR properties of amplitudes with RR 1-form fields.

HThe amplitude calculation performed in the next section confirms this.
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4.1 Soft factorization for the 1-form field

The effective action describing gravitons, scalars and a 1-form field is given in equa-
tion (A.8). For d = 10, this action coincides with the low energy effective action of type
ITA string theory restricted to the graviton, dilaton and RR 1-form fields.

We shall be interested in the case of amplitudes involving the 1-form field interacting
with the graviton or the scalar field. For this case, the 3-point vertex between the scalar
and 2 abelian vector fields is given by

v . d—1
ng, ,A(Qh q2, Q3) = —21Ky 15 [ngg _ ,7#1/<q2 . qg)] (4_1)
with the off shell condition
Vi a,4(015 42, g3) = 0= q2uViy 4(q1, @2, 43) (4.2)

Similarly, the 3-point vertex between graviton and 2 vector fields is given by

)

VL (g1, g2, q3) = —2ikg | (¢h

NP — qgn”)a) + (ga - qg)np(u ,71/)c7
o) L PO _ P o 4.3
g3 1" 4z’ — 5" (geasn™ —az3)|  (4:3)

This vertex satisfies the off-shell conditions

@ VP (q1, 42, 43) = B VP (q1, 42, ¢3) = 0. (4.4)

Next, we consider the propagators. The graviton propagator in the De Donder gauge is

given by
—1i 2 1
9 NupMve + NueMvp — ﬁnuunpa p (4.5)
and the propagators of the scalar and the 1-form are obtained to be
— » v
Gy(p) = 2 b G (p) = —i P (4.6)

By using these Feynman rules we shall compute all possible diagrams that contribute to an
(n+1) point amplitude with a soft vector field and n hard particles which can be gravitons,
scalars or vectors. The different diagrams that can contribute to such a scattering process
are: an exchange diagram where the soft vector particle is attached on another vector hard
particle, exchange diagrams where the soft particle is attached on a graviton or a scalar
external leg and a diagram where the soft particle is attached to the n point amplitude
without any pole in the soft momenta. After computing these diagrams, we shall fix the
soft expansion of the amplitude by using the gauge invariance €, — €, + X qu-

We denote the momenta of the soft vector state by ¢ and its polarization by &}, and
compute each diagram contributing to the process one by one.
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bt

Figure 1. The diagrams contributing to the calculation in section 4.1. The 2 topmost diagrams
correspond to the case when the internal state is a graviton or scalar whereas the first 2 bottom
diagrams correspond to the case when the graviton or scalar are external states attached to the soft
vector field. The last diagram denotes the amplitude without any pole in soft momenta.

1. The diagram with a soft vector state attached on a hard vector state and with a
graviton as intermediate state is given by

AAh
MT(H-I )((Lpl? .. pn)

nA
= —ka Y _el(@)eu(pi) [pmqﬁ)n"” = Pitd" ey + (pi - @) 1y — PF 11, )
=1

1 T g TO , K, 2 g

—5Me((pi - @)™ q“pz-”)} [n AT = oo

1

x——M Dt @)

% 7 po(P1;- - Di + 4, pn) + O(q)
A _qu M
eel Npo
— _2 1 _ .. v — Div
Kd 2 2pi'q{ 75 (P @) — Pivgy]
+(Pi * DMy — pwm(pqo)}Mﬁa({pk}) (4.7)

where we have used the identity M*” = M*"* and denoted the momenta of the finite

energy vector state by p;. In going to the second line, we have also used
pipM*" = (pi + @) M" — quM" = —q, M" (4.8)

and neglected the terms of the order O(q). Now, by using the expression of the spin
operator given in (1.2) and by defining

P o v
S, = [ (p)e Zi 2] e,(pi) (4.9)
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we can express (4.7) as

na _q,.. pPUNVO Qi

AAh EvPipda (EFP1)7S

M'r(L+1 )(Q7p17pn) = 2Kd Z s ;p i q HM(h )(ph?pupn) (410)
7

=1

where the i-th leg of Mflhi) contains the graviton state.

2. The diagram with a soft vector state attached on a hard vector state but with a
scalar as intermediate state is given by

A
MT(H-I )(qapla .. pn)

[d—1 & Vgt — v (p; -
= =254 Mzsisu(pi)[p’q 77 (v Q)]Mn(pl,m,pﬁq,--.pn)
=1

2pi - q
(4.11)

Again, by using the spin operator (1.2) and introducing an operator S, such that

N d—1 d—1
Sugb:—\/ﬂ n&ny)npa—— d—2€“ (4.12)

we can rewrite equation (4.11) as follows

El/pszU Zpu)ausz

EAO) (i pn o) (41
T W (Dis e Dis-Pn)  (4.13)

Méﬁlh)(q Ply---Pn) = —2Kq Z

where, now the i-th leg of M7(l¢i) contains a dilaton state.

3. The diagrams in which the soft vector is attached to an external graviton with another
finite energy vector field as intermediate state are given by

g
Ah;A e el (p;
M = 72”‘12 K 7.( ) [* (i * DMpap Moy + Piv Mu(p 4o (4.14)

XMF(p1,...,pi+¢q,...pn) +O(q)

where we have used the transversality and the tracelessness conditions, namely,
piue”’ = 0 = p;et” and €9, = 0 respectively for the external on-shell gravitons.

4. Finally, the diagram where a soft vector is attached on a finite energy external scalar
leg is given by

Ad:A [d—1 <& o [=Pivdu + M (i q
ng,—i-l ):_2/€d ﬁzgq [ = “;( : )]M#(plvvpz"i'q’pn)
=1

2p;

(4.15)

Again making use of (1.2) and introducing an operator S* such that its’ action on the
polarization vector is given by

d—1 ., , s Jd—1
SVt = — lepg(pl) Moo ® T 2] Py = — [e H(pi) =0 d—2] . (4.16)
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we can combine the contributions of the 3rd and 4th diagrams given in equations (4.15)
and (4.15) to write

ed(q)pi rS?
D) _ g z Dt oSS g i) 400 (1T

The full n+1 point amplitude is the sum of all possible exchange diagrams and the diagram
without any pole in the soft momenta

Ah/d; A)

; AAh d
M??—&—l(q’ Diy - - - apn) = MT(LJrl + M( /d)

+ Nnt1(¢; 1, - - - Pn) (4.18)
Here we have denoted N, 1 = e, N/ 41 the amplitude without any pole in the soft particle.
Such contribution can be determined, in the soft region, via gauge invariance of the full
amplitude, i.e.

qu Mﬁ+1(Q7 Diy - 7pn) =0 (419)

It is easy to check that all the exchange diagrams are gauge invariant by themselves. Hence,
equation (4.19) simply implies

@ N”(q,p1,-..pn) = 0= N"(0,p1,...pn) =0+ O(q) (4.20)

We can now see that the contribution of all the Feynman diagrams in figure 1 is consistent
with the result obtained by dimensional reduction (3.21) when we specialize (3.21) to
external massless states provided we identify S;” of (3.21) with the operators S, defined
above. This is an important point to note about the connection between the operators S,
and the broken generators of Lorentz group in d + 1 dimension. Noting again the action
of the operators S,, on various polarization tensors

-1 - d—1
3”€“=—[€”"( i) — 1"t ] v SMe =y o5
14 log 1 oV v O 2 HnPe
SVef? = 2[77 nPt + nP¥ ot — 72 _172 }5,1(191-) (4.21)

and comparing these equations with equations (3.18), (3.19) and (3.20), we immediately
see that they coincide if we identify S, with the angular momentum operator S**/ V2
associated to broken generators of the d + 1 dimensional Lorentz group.

4.2 Soft factorization with hard massive spin two Kaluza-Klein states

We have seen that the circle compactification of the graviton soft theorem gives rise to the
soft factorization of amplitudes with soft scalar and gauge fields interacting with massless
and massive states. When the finite energy states in d + 1 dimension are gravitons, the
Kaluza-Klein modes are massive spin two states charged with respect to the abelian gauge
field. In this section, we shall consider these massive spin-2 KK modes interacting with
a soft vector field and show that the explicit calculation of the amplitude agrees with the
result obtained from compactification.

~16 —



The action for the tower of massive spin two KK states interacting with an abelian
gauge field should be obtained by considering the compactification of the Einstein-Hilbert
action in the background determined by the massless modes of the metric. The lagrangian
for the massive spin 2 KK modes, by the procedure of compactification, has been considered
in [77, 83] ignoring their interaction with the gauge field, (see also ref. [84] regarding the
interaction with the massless fields). This gives the free Fierz-Pauli lagrangian (A.15).12 In
the following, we shall use the Fierz-Pauli Lagrangian minimally coupled with an abelian
gauge field (see for example [86]), reviewed in appendix A (see equation (A.18)), for com-
puting tree level amplitudes among the abelian gauge field and KK-states. We shall use the
Feynman rules coming from such an action to check the factorization properties obtained
via compactification.'3

The 3-point vertex obtained from (A.18) giving the interaction among the vector with
momentum ¢ and polarization e and two Kaluza-Klein states at the same level n, having
is

momenta and polarizations (k2, ¢,,) and (k3, ¢*,,)

7 |1 1
Vr;po;,uz/(% k3, k2) = 56 5(77/)#7701/ + NpvNop — 277pc7771/,u)(k2 - k3)7— + inTpnyll(kQ - k3)a

1 1 1
+§7]To77;w(k2 - k3)p + in‘runpa(k@ - kS)u + 5777'1/77p0(k2 - kS),u

1 1
_*777/3(7701/1432;; + nuak2dzz) — 5o (npuklu + npquV)

2 2

1 1
+§n7u(k3pnau + npdk?)a) + inTV(naukSp + npukSU)

g g
+§77'ru (qanpu + Qpnau) + 577'ru(q077pu + Qpnau)

g g 4.22
_5777'0 (anpV + qynpu) - inTp(q/.LnUV + quw) ( . )

The gyromagnetic ratio g, which appears in the above vertex, is a free parameter and is
not fixed by the gauge invariance of the Lagrangian. It takes into account the ambiguity in
the minimally coupled Fierz-Pauli lagrangian due to non-commutativity of the covariant
derivatives [78]. The propagator of the massive states is given by (see, e.g., [78])

i 2 [I#11P? ptp”

uvpo __ 1722 5 14% UoTTVp . Wy __ o pv
DI — oy [P 4 TP = S0 | T = 2

(4.23)

Here, we have denoted with ¢, and ¢*,, the polarizations of the massive states. The

12The Fierz-Pauli lagrangian considered alone suffers from various problems (see, e.g., [85]) as is usually
the case with higher spin theories in flat space-times. However, the compactification procedure gives an
infinite tower of massive spin 2 fields that should form a consistent system. This can be seen for the case of
compactification of 11 dimensional theory on S! since the resulting massive spin 2 tower in 10 dimension
corresponds to DO brane and its bound states.

131t should be noted that the Fierz-Pauli Lagrangian doesn’t contain any cubic interaction term among
massive fields of different KK levels and the massless fields. It turns out that even in the full KK action,
obtained by compactification, such interaction terms can’t arise. This is due to the fact that the charge
conservation forbids cubic couplings between a massless gauge field and two massive particles of different
KK-level.
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pi +4 b, q

Figure 2. Diagrams contributing to the interaction amplitude among a soft gauge field and n
Kaluza-Klein states.

on-shell amplitude with a massless vector field interacting with n Kaluza-Klein modes is
given by the sum of the diagrams having a pole in the massive modes and the contact
terms, i.e. terms without the propagator of the massive particle (see figure 2)

Myy1 = " (Mny1)-(q, p1-- -5 Pn)
n
=77y {VT;pa;ag(qmz‘, —pi — Q) DM (—pi — )My (p1, .. .pi+q. .. ,pn)]
i=1
+ euN) 1 (g5 Pis Pn) (4.24)
By imposing the current conservation condition [9]
(i + " My (p1, - - pi+ @ - -pn) = (0i + @) M (p1,---pi +q,--.pn) =0, (4.25)

we can replace, in the propagator, the symmetric tensor II,, with the flat metric 7,,.
Furthermore by imposing the on-shell conditions p} <;SW Pi P =0, (b*“# =0and M, =
M, the amplitude simplifies giving:

n—i—l—EuZ { 2gpq25 }Mn(pl,...pi—l—q,...pn)
=1

Pi04
+eu Z €; @b)‘wyLMpﬂv(pla ...Ditaq,.. ~pn) + Equ NY 1((]; p1,. .- 7pn)

7:71 1 2(d _ 1)p2q 1Y 7L+
(4.26)

The action of the spin operator S, given in equation (3.4), on the massive spin 2 states
can be expressed as

SETG = G + 6 () (427)

The contact term N* can be fixed, in the infrared region where the momentum ¢ of
the gauge field is small, by imposing the gauge invariance of the amplitude

0=q"M,(q,p1-..,Pn)

= M, g é; + g éiq- nw(P1y . Dis - ..pn)+q#N#+1(0;p1,...,pn)
€i 78 qr g
§ o M (91 0 1,98
+ — 1)pzq ,ull/z(pl pn) + (Q) ( )
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By imposing the charge conservation . ; e; = 0 we get,
Nﬁ+1(0§p17--~,pnk = Zez pl,...p-,...pn)

6 . 5 Pi0;
_§: % Ws q B M, (D1, pa) +O(q) (4.29)
- 1)pzq

up to local terms of the form E, = (A-q)B, — (B -q)A, [9].
By using (4.29) in (4.26), we finally get

n+1—5u§ |:
i=1

This equation is consistent with (1.1) when we specialize that to the case of the massive

oo 4o gsrey 4 e pre ML (p) + Olg)  (4.30)

2p q 2piq

spin 2 external states (in which case, last term in right hand side of (1.1) vanishes) provided
we take the gyromagnetic ratio to be g = 1. We also notice that g = 1/2, rather than g = 1,
is the gyromagnetic factor consistent with the counting of the degrees of freedom of the
model [78]. However, the full Kaluza-Klein theory that arises from the compactification of
the Einstein-Hilbert action is not the free Fierz-Pauli action but a theory with an infinite
number of degrees of freedom and it is not clear if the consistency conditions that fix g to
be 1/2 are still applicable to our case. Indeed, a study of the connection between the Fierz-
Pauli action minimally coupled to an abelian field and the Kaluza-Klein compactification
of Einstein Hilbert action deserves a deeper analysis.

5 Discussion

In this paper, we have analyzed the single soft graviton theorem under compactification.
We considered the compactification on S' and showed that it gives a convenient tool for
analyzing the soft behaviour of amplitudes in a particular dimension from the known soft
behaviours in one higher dimension.

However, this technique could also be useful in considering compactification on more
general manifolds such as hypertorus or Calabi-Yau spaces. In these cases the spectrum
that arises from the compactifications would be different and the technique presented in
this paper could be useful in obtaining the soft behaviour of the particles which arise due
to compactification on these manifolds.

In the case of the soft vector field, we have also shown explicitly (which is consistent
with the result obtained from compactification) that the gauge invariance fixes the soft
behaviour of the amplitudes, up to order ¢°, even in presence of hard massive spin two fields.
This check has not been possible to perform in the case of the soft scalar due to the absence
of a symmetry which can determine the contact diagrams from the exchange diagrams.
This has prevented the derivation of the soft scalar behaviour from some ward identity
even though the scalar soft operators contain the generators of the scale transformations.
In this respect, it is crucial to note that the soft scalar particle, arising from the circle
compactification, is the Goldstone boson associated with the breaking of a global scale
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invariance [87] and it would be interesting to explore the connections between this breaking
and the soft scalar theorem as done in the case of the dilaton of spontaneously broken
conformal field theories [67, 75].

It would also be interesting to consider the interaction of soft RR 1-form field with
the DO branes and its bound states. The results should be identical to the case of external
massive KK modes considered in section 4. Usually, one considers the D branes as solitonic
objects. However, treating them as external states participating in scattering from soft
particles requires to treat them as perturbative objects. Moreover, we need to consider
at least two DO branes to get a non zero result since, otherwise, the result vanishes by
conservation of charge.

We have not considered the case of the multiple soft particles. However, the same
technique can also be applied to this case. This should produce the multi soft behaviour
of amplitudes in lower dimensions from the known multi particle soft theorems in higher
dimensions [58, 59]. In general, deriving the multi particle soft behaviour is more involved.
However, using the tools of compactification, they can be easily obtained for a variety
of particles.
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A Review of compactification on S*

In this appendix, we review some results about the dimensional reduction of the metric in
(d + 1) dimensions on S'. Gravity in (d + 1) dimensional space-time is described by the
Einstein-Hilbert action

1

= 5.2
2/@d+1

/dd“x\/IR (A.1)

The kg4 is related to the (d + 1)-dimensional Newton’s coupling constant as 2x32 1=
16mG . We parametrize the compact direction by z and expand the metric in terms of its
fourier modes on the circle as
© inz
GMN = Z Gg\Z)JV(x) e?d, (A2)
n=-—oo
where Ry is the radius of the compact direction.
The most general compactification ansatz which is consistent with the diffeomorphism
invariance in d dimensions is

Gu = e2%g,, + 94,4, | Gy = P24, | G,, = e2P? (A.3)
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with the inverse metric and the determinant given by

GH = e 2adghv GH* = —e 200 g1 G = e 2P0 p 7204 AP (A4)
det(G ) = eX49tH? det(g,,) (A.5)
a and 3 are some arbitrary constants and the fields g, (z, 2), ¢(x, 2) and A,(z, z) depend

on the full d 4 1 space-time coordinates. For the above metric ansatz, the Einstein-Hilbert
action (A.1), up to total derivative terms, takes the form (see e.g., [77])

2R,
/dd / ddz\f{ B+d-2mep _ L (- Dat3Ropu
2“alJrl 1

+[20(d = 1) (B + (d — 2)a) — a*(d — 2)(d — 1)]ePHI=22g, 41
1 —z)a— v loa QU Q. QU «
el 7 [0, (200,10, 1) — 0.( 0,10, (0] | ()

where F),,, denotes the field strength of the vector field A,,.

We now focus on the zero modes in the KK expansion (A.2). These zero modes do not
depend on the compact coordinate and represent the massless degrees of freedom in the
d-dimensional theory. More precisely, these zero modes describe the metric, a gauge field
and a scalar field in d dimensions. There are some specific choices for the constants « and
B for the zero modes. E.g., if we want to obtain the dimensionally reduced action in the
Einstein frame with the canonically normalized scalar kinetic term, we need to choose

9 1
B=2-da , a :m (A.7)
with these choices, the action for the zero modes of the metric reduces to (dropping the
zero index from the fields and taking the negative root for «)

Sy = dix\/—g [R —fauqﬁ@“qﬁ—} V2d=D/d=2¢ @ prv (A.8)

2“d

2
Ra+1
2rRy "

Similarly, for going to the string frame, we need to choose

where we defined ’*3 =

3 d—4
a = ) p = d—1 (A.9)

With these choices, for d + 1 = 11, the action for the zero modes in d = 10 reduces to
So =57 / dVz\/—g { ? (R, + 40,00"¢) — fFWF“" (A.10)
K10

Next, we consider the non-zero modes. Their analysis is more involved and is carried out
in some detail, for example in [77, 83| for d + 1 = 5 and for the free theory neglecting the
interaction of the KK-modes with the massless fields graviton, vector and scalar. Here, we
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follow a slightly different approach which is closer to reference [88]. Assuming d-dimensional
Poincaré invariance of the vacuum, we impose the conditions [89]

<g;ux> = Nuv 5 <Au> =0 ; <6¢> =1 (A'll)
and expand the metric around such a background as
Guv = N + 264415 (z, 2) , Goo =14 26441522 5 Gue = 2Kg415,:  (A12)

The KK expansion for the non zero modes is given by

Sy = ZSI(L?,) erz S, = Z ng) ez . S, = ZS%L) e'Pe? (A.13)
n#0 n#0 n#0
where S denotes the non zero modes of the KK-expansion of the metric, z € [0, 2Ry and
p. =n/Ry.

The d + 1 dimensional parametrization invariance of the theory allows us to gauge
fix the fields S,. and S, to zero [88]. According to equation (A.3), this corresponds to
fixing the non zero modes of the scalar and gauge fields to zero. We can gauge away these
fields because they act as Goldstone fields and Sff},) eats them to become a massive spin 2
particle, as we are going to see.

Equation (A.6), restricted only to the non zero modes of the fields, simplifies and at
lowest order in the field expansion becomes

2Ry 1 _ ~ 1 - - - - ~ ~
STEM = /dd:E/ dz |:2aps,uyap5’;w — §3p58’)8 + 8#&%5“” - 8PS/W8VSHP
0
1 Q Quv 9z Q
+3 (0-80,0.5" — 0.50 S)] (A.14)

with § = S* -

By inserting in equation (A.14) the mode expansion given in (A.13) and introducing
the d dimensional fields <Z>ff,l,) = \/m&(ﬁ,) we get, for each level n of the Kaluza-Klein
mode expansion, the Fierz-Pauli lagrangian [76]

1 RV B B,
L= 3 Ngb(V;”)@“gb(”) p—ﬁuqb( ) 8P¢Sjy) _ §8u¢( )orep™ 4+ §8u¢( 5,6

1 v —-n m%z -n n)HY -n n
5050 0,60 4 T (o[, — gl g) (A.15)

. —_ 2
with ¢ = ¢%,, ') = (¢',™)* and m2 = 5
The complex fields gﬁ,(ff,) satisfy the equations of motion of a massive particle with mass

m2 = n?/R%, i.e. (see for example [78])

n? n n v i (n n)H
(D + Rz)qﬁ&)(m) =0 ; o) =0 = ¢, =0 (A.16)
These are an infinite tower of massive modes with masses given by

2 2 2 n?
My = —Pg = —P, = R2 (A.17)
d
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Thus, the d dimensional compactified theory has an infinite tower of the massive Kaluza
Klein states. These massive KK modes are also charged with respect to the massless U(1)
gauge field A;(lo). This happens because the zero mode of the diffeomorphism along the
compact direction, namely, dz* = —£*(z#), becomes a local gauge transformation for the
d-dimensional vector field, Al(f)) — A,(f]) + 0,6%(2#) [89]. From equation (A.13), we easily
see that the massive modes transform under such transformation as S fﬁ) — S l(];)e*imz and
therefore carry the charge e = p, with respect to this U(1) group. The charge with respect
to the canonically normalized field defined in (2.7) turns out to be é, = v2kgqp, [87].
Below, we work with the canonically normalized field.

In this paper, in order to check the soft theorem statement involving a soft vector inter-
acting with the tower of KK-states we need to include in equation (A.15), the interaction
terms involving the gauge field. This is easily achieved by replacing the normal derivatives
by the gauge covariant derivative, namely, 0, — D, = 0, + iénflu. Since the covariant
derivatives do not compute, the minimal coupling procedure is ambiguous and this ambi-
guity is parametrized by a constant g which is called the gyromagnetic ratio. Thus, the
Fierz-Pauli Lagrangian which includes the interaction with an abelian gauge field turns out

to be (see for example [78])

1 * 14 * UV 1 * 1 * UV
L= 5 Duy,DH¢"? — Dyg™ D’y — 5 Dut™ D6+ 5 Dud™ Dyp
1D *;U/D mgL * uv * A *,D,LLF v A 18
+§ u¢ V¢ + 9 (%yﬁb - ¢ ¢) - zeg(;S uu¢ o ( : )

with F),, = 8#121,, — 8l,flu and we have omitted the label n and used ¢(*”) = ¢* for having
a lighter notation. Equation (A.18) is the starting point for getting the Feynman rules
written in equations (4.22) and (4.23).

For the compactification of 11 dimensional theory on S', the massive KK modes form
the short 256-dimensional susy multiplets and hence they are all BPS states. As mentioned
above, the mass (or equivalently conserved U(1) charge) of these states is given by m =
|n|/Rq. It turns out that in type ITA string theory in 10 dimensions, there are objects
with precisely the same properties, namely D0 branes. They also form the short 256-
dimensional representation of susy algebra. The tension (or mass) of the DO branes is
given by 1/(gsvVe/). Hence, being the BPS states, they also carry the U(1) charge in
multiples of 1/(gsv//). This means that a single DO brane can be identified with the n = 1
KK modes for the radius of compactification Rig = gsv//. The higher KK modes are then
identified with the bound states of DO branes.
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