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ABSTRACT: We combine supersymmetric localization results and the numerical conformal
bootstrap technique to study the 3d maximally supersymmetric (M = 8) CFT on N
coincident M2-branes (the U(N ), x U(N)_; ABJM theory at Chern-Simons level £ = 1). In
particular, we perform a mixed correlator bootstrap study of the superconformal primaries
of the stress tensor multiplet and of the next possible lowest-dimension half-BPS multiplet
that is allowed by 3d N/ = 8 superconformal symmetry. Of all known 3d N' = 8 SCFTs,
the £ = 1 ABJM theory is the only one that contains both types of multiplets in its
operator spectrum. By imposing the values of the short OPE coefficients that can be
computed exactly using supersymmetric localization, we are able to derive precise islands
in the space of semi-short OPE coefficients for an infinite number of such coefficients. We
find that these islands decrease in size with increasing N. More generally, we also analyze
3d N = 8 SCFT that contain both aforementioned multiplets in their operator spectra
without inputing any additional information that is specific to ABJM theory. For such
theories, we compute upper and lower bounds on the semi-short OPE coefficients as well
as upper bounds on the scaling dimension of the lowest unprotected scalar operator. These
latter bounds are more constraining than the analogous bounds previously derived from a
single correlator bootstrap of the stress tensor multiplet. This leads us to conjecture that
the U(IV)2 x U(N +1)_2 ABJ theory, and not the £k = 1 ABJM theory, saturates the single
correlator bounds.
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1 Introduction and summary

The conformal bootstrap [1-3] is a non-perturbative method that places rigorous numer-

ical bounds [4] on scaling dimensions and operator product expansion (OPE) coefficients

that appear in a given four-point function of a conformal field theory (CFT) (for reviews,

see [5-9]). In the best scenario, these bounds form precise islands in the space of a small



number of CFT data that contain the values of a single known CFT, as was originally
shown for the 3d Ising model [10-12] and later generalized to the 3d O(N) models [12, 13]
and N/ = 1 Ising model [14, 15]. In these cases, the small allowed islands were found in
the space of scaling dimensions of the two lowest-lying scalar operators which, in these
theories, are the only relevant operators in their corresponding global symmetry charge
sectors. For instance, in the case of the Ising model, these operators were the lowest Zo-
even and Zso-odd operators. Performing a mixed correlator bootstrap study was necessary
because it is not possible to access both charge sectors from the four-point function of a
single relevant operator.!

In this paper, we obtain islands and (in principle) infinite amount of CFT data for
3d maximally supersymmetric (N = 8) superconformal field theories (SCFTs) by also
studying a mixed correlator system. (Before doing so, we will also review the kinds of
islands that can be obtained from a single correlator bootstrap study.) All N'=8 SCFTs
may contain 1/2-BPS scalar operators S, with scaling dimension A = p/2 that transform
in the [00p0] irreducible representation of the s0(8) R-symmetry. Out of them, S; must be
a free scalar and it thus must decouple from the rest of the SCFT, and Ss represents the
bottom component of the stress tensor multiplet. In general, a given N' = 8 SCFT may
not have operators belonging to all of these multiplets, or it may have multiple linearly
independent 1/2-BPS operators with the same value of p. All local SCFTs, however, do
have a unique stress tensor operator and thus a unique S, operator.? In this paper we
will restrict our attention to N'= 8 SCFTs that contain an S3 operator and examine the
mixed four-point functions of Sy and S3. As will be explained in more detail shortly, the
S3 operators do not exist in all known 3d A/ = 8 SCFTs, but they do exist in the theories
on N coincident M2-branes in flat space.

Since S and S3 have fixed scaling dimensions 1 and 3/2, respectively, we cannot find
islands in the space of scaling dimensions as was done in the other cases mentioned above.
Instead, we find small islands in the space of the OPE coefficients of low-lying protected
eighth and sixteenth-BPS semishort operators that appear in the Sy x S3, Sy x S3, and
S3 x .S3 OPEs. Both upper and lower bounds can be computed for these quantities because
the scaling dimensions of these operators are fixed to distinct values by supersymmetry,
unlike the theories discussed above where scaling dimensions are not protected so only
upper bounds on OPE coefficients could be computed without additional assumptions.>
These operators appear in the OPE for an infinite number of spins, so islands for an
infinite number of such operators can be derived in principle.

!Scaling dimension islands for these and other theories can be found even from single correlators by
imposing gaps in multiple operators that appear in the OPE [16], such as spin 1 operators. Islands have
also been found for other theories by considering mixed correlators and imposing gaps on both relevant and
irrelevant operators [17, 18]. However, all these cases involve gaps that, while in many cases plausible, are
not rigorously justified.

2Tt can be shown by taking OPEs of S with itself any number of times, one can also construct operators
Sy for all even p.

3Lower bounds can be computed for the OPE coefficients of the operators that have been assumed to
be relevant, since there is now a gap between them and the continuum of irrelevant operators. Islands in
the space of these OPE coefficients are reported in [12, 15].



More generally, protected operators appear generically in four point functions of BPS
operators in SCFTs with at least four supercharges, and upper and lower bounds on their
OPE coefficients can be computed by considering just a single correlator, as was shown
originally for the 4d N/ = 1 bootstrap [19] and later for bootstrap studies in other dimen-
sions with different amounts of supersymmetry [20-33].* In these cases, the bounds are
not very constraining, however, and so do not lead to precise islands such as the 3d Ising or
O(N) islands in scaling dimension space mentioned above. For 3d N' = 8 theories, on the
other hand, the upper and lower bounds that were computed for semishort OPE coefficients
previously using only the single correlator (S52595252) [38] are already very constraining.
For instance, the bounds on the OPE coefficients of the spin 0 and 2 eighth-BPS semishort
operators for the kK = 3 BLG theory that were computed in that study with A = 19 have
a percent error® of 0.5% and 0.3%, respectively, which is comparable to the 0.12% and
0.23% percent error reported for the island in the smallest scaling dimension operator for
the O(2) and O(3) models, as computed using A = 35 and scanning over OPE coefficients
in the best available study in [12].° This infinite number of islands could be computed for
infinitely many different 3d A/ = 8 theories.

While the single correlator OPE coefficient islands are already very precise, the mixed
correlator system that is the primary focus of this paper has three advantages:

1. In principle, the free multiplet S is allowed to appear in the mixed OPE Sy x S3, so
we can exclude the presence of a free sector by setting its OPE coefficient to zero.

2. As mentioned above, only certain 3d N' = 8 SCFTs contain the operator S3, unlike
So which appears in all theories with a stress tensor, so we automatically restrict the
space of theories by considering correlators of S3.

3. Ten protected half and quarter-BPS short scalar operators appear in the mixed sys-
tem, while only three appear in (52525252). The OPE coefficients of these operators
can be computed for a given theory using the 1d topological sector [40] and then
imposed on the 3d bootstrap, so having access to more such operators makes the
bootstrap much more constraining.

Let us now provide more background and summarize our results. There are only a few
known infinite families of N/ = 8 SCFTs, and they can all be realized (in N' = 3 SUSY
notation) as Chern-Simons (CS) theories with a product gauge group G x Gy coupled
to two matter hypermultiplets transforming in the bifundamental representation. These
families are: the SU(2), xSU(2)_; and (SU(2), xSU(2)_x)/Zz reformulations [41, 42] of the
theories of Bagger-Lambert-Gustavsson (BLG) [43-46], which are indexed by an arbitrary
integer Chern-Simons level k; the U(N); x U(N)_j theories of Aharony-Bergman-Jafferis-
Maldacena (ABJM) [47], which we denote as ABJMy ; for integer N and k = 1,2; and

4Note that for 4d SCFTs with A/ > 3, all the protected operators that appear in the four-point function
of half-BPS operator are already fixed by the 2d chiral algebra [34], so the bootstrap studies [35-37] could
not compute any upper bounds on OPE coefficients.

SPercent error as computed, for instance, in (4.13).

SHere, A is a parameter counting the number of derivatives in the functionals used for numerical boot-
strap. See [39] for the precise definition.



the U(N + 1)2 x U(NN)_2 theories [48] of Aharony-Bergman-Jafferis (ABJ) [49], which are
labeled by the integer N. The ABJ(M) theories can be interpreted as effective theories
on N coincident M2-branes placed at a C*/Z; singularity in the transverse directions,
so that when N — oo they contain a sector described by weakly coupled supergravity.”
When N > 1, ABJMy; flows to two decoupled SCFTs in the infrared: a free SCFT with
eight massless real scalars and eight Majorana fermions that is isomorphic to ABJM 1,
and a strongly coupled interacting SCFT that we denote as ABJMi]{}fl. The only known
interacting theories that contain an S3 operator are ABJ M}{‘,tl with N > 3, ABJM3 o, and
the (SU(2)3xSU(2)_3)/Zs BLG theory, where the last two theories are dual to ABJME}'{ [53]
and ABJM%{:& [50], respectively. Thus, we need only consider ABJMiﬁfl in this work.

In general, 3d N/ = 8 SCFTs are most conveniently parameterized by cr, which is
defined as the coefficient appearing in the two-point function of the canonically-normalized
stress-tensor,

cTr 1

(T (E)To(0)) = 0 (PrapPuo+Pop P~ P Poo) 7553

= Py =nuwV?—0,0,. (1.1)

This coefficient can be computed exactly using supersymmetric localization for any N > 2
SCFT with a Lagrangian description (see [54] and [55]). In (1.1), ¢p is normalized such
that it equals 1 for a (non-supersymmetric) free massless real scalar or a free massless
Majorana fermion. Thus, ¢y = 16 for the free N' = 8 theory of eight massless real scalars
and eight massless Majorana fermions (equivalent to ABJM; 1), and

or & ?@NWQ (1.2)
T

for ABJ(M) theory at large N. We will use N and ¢y interchangeably to specify ABJ Mﬁtl

The conformal bootstrap was first applied to 3d A/ = 8 SCFTs in [39], which used
the single correlator (52525252) to derive bounds on CFT data as a function of ¢p, which
itself was bounded as ¢y 2 15.35 at A = 19, so that in the infinite A limit this bound is
likely saturated by the free theory. Upper bounds were derived on scaling dimensions of
unprotected operators, which showed a kink at the value cr =~ 22.8 that, to our knowledge,
does not correspond to any known theory. Upper and lower bounds were also derived
for OPE coefficients of the two short scalars with A = 2, both of which also showed
kinks at ¢r &~ 22.8, and one of which went to zero at this value. Next, in [38] it was
shown that these scalar short operators are described by a 1d theory that relates their
OPE coefficients, so that there is only one independent short OPE coefficient in terms
of ¢p, and in fact the numerical bounds on the two short scalar operators are exactly
related by the 1d theory relation. Upper and lower bounds were also computed for several
of infinitely many semishort operators, and these bounds also showed a kink at cp =~
22.8. Most recently, in [56] the unique independent short operator OPE coefficient was
computed for the ABJ(M) and BLG theories by relating it to derivatives of the mass
deformed sphere free energy, which was computed using localization [57] exactly at small

"The BLG theories, in contrast, do not have a known M-theory interpretation except when k < 4. For
each k < 4, BLG theory is dual to a theory of ABJ(M) type [48, 50-52].
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Figure 1. Islands in the space of the semi-short OPE coefficients )‘?A,+>g°32°“ )‘?Aﬁ)g"g”] (to be

defined precisely later) for ABJl\/IiI{}‘f1 for N = 2,3,4,20,50,100, where orange is allowed. These
bounds are derived from the single correlator (5.525255) with the short OPE coefficients fixed to
their ABJMi]Gf1 values using the 1d theory in section 3 and [38] for N = 2,3,4, and from the all
orders in 1/N formulae in [56] for N = 20,50, 100. The red denotes the N — oo GFFT values in
table 4. Zoomed-in plots will be presented in figure 2.

N and to all orders in 1/N using the Fermi gas method [58, 59]. This analytic formula
was found to come close to saturating the numerical bounds for all interacting ABJ(M)
theories. For whichever of these theories saturates the bound in the infinite precision
limit, all the CFT data in (S52525252), both protected and unprotected, could then be
numerically determined using the extremal functional method [60-62]. To leading order
in 1/cp, where all ABJ(M) theories are indistinguishable, the bootstrap predictions were
verified by supergravity calculations of lowest twist unprotected operators [63, 64] and even
more non-trivially subleading twist unprotected operators [64]. Lastly, inputting the values
of er and of the short OPE coefficient that can be computed from the 1d theory, one can
obtain very precise islands of allowed regions for semi-short OPE coefficients, as we show
in figure 1. (See also figure 2 for zoomed-in versions of this plot.)

As mentioned already, in this work we study mixed correlators of Sy and S3. We find
that the 1d theory for these correlators again relates the OPE coefficients of short scalar
operators, so that there are five such independent quantities in terms of c¢p, instead of just
the one that appeared for (59525252). After imposing these relations and setting the free
theory OPE coefficient to zero, we numerically bound CFT data as a function of ¢ for a
general interacting 3d A/ = 8 SCFT. We find that cr itself is now bounded as cp = 22.8,
which is curiously the same value were we observed a kink in the (52525952) bounds. We



compute upper and lower bounds for OPE coefficients of short and semishort operators that
did not appear in (S25252.52), as well as upper bounds on the scaling dimension of the lowest
dimension unprotected scalar operator that also appeared in (S2525253). For the latter, we
find that the mixed bound is more restrictive than the (59525252) bound, which suggests
that the ABJ(M) theory that conjecturally saturated that bound, and could thus be studied
using the extremal functional method, must be one of the &k = 2 theories that does not
appear in our mixed correlator study. This leaves two possibilities: the U(N )2 x U(N)_2
ABJM theory or the U(N + 1)2 x U(NN)_2 ABJ theory. When N = 2, the former becomes
a product of two ABJ with IV = 1 theories, and so does cannot lie on the boundary of the
allowed region [56], while when N = 4, this theory is dual to ABJMZ‘% and so also cannot
saturate the bound, which suggests that ABJ is the theory saturating the bound. We also
found that the mixed correlator scaling dimension bound now goes to A =1 at c¢p ~ 22.8,
which suggests that if any theory lives at that point it must include a free sector.

Next, we restrict to ABJMiﬁfl by imposing the values of OPE coefficients of short
scalar operators. We cannot relate correlators of S3 to the mass deformed free energy, as
we did for (59525252), so instead we compute these OPE coefficients using the 1d theory
Lagrangian of ABJMy ; [40], as was previously done for correlators of Sy and Sy in [50].
The calculation involves a number of integrals that grow with N, so we only give results
for N = 3,4. After imposing these values, we compute precise islands in the space of OPE
coefficients of semishort operators, and in several cases are able to determine these values
to less than a percent!

The rest of this paper is organized as follows. In section 2, we discuss the constraints of
3d N = 8 superconformal symmetry on four point functions of half-BPS operators, and de-
rive explicit superblocks for correlators of Sy and S (which we include in the Mathematica
file attached to this paper as supplementary material). In section 3, we derive the 1d theory
relations for these correlators for general 3d N/ = 8 SCFTs, and then compute the short
scalar OPE coefficients for ABJM};}% and ABJMZ‘%. In section 4, we derive the crossing
relations for our mixed systems and compute numerical bounds both for general interacting
3d N = 8 SCFTs, and for ABJMY and ABJM}" by imposing the OPE coefficients of the
previous section. Finally, in section 5, we end with a discussion of our results and of future
directions.

2 Half-BPS four-point functions in 3d

We begin by discussing the constraints of the 3d N = 8 superconformal algebra
0sp(8|4) D s0(5) @ s0(8)r on 4-point functions of the bottom component of half-BPS su-
permultiplets. The results of this section are not restricted to ABJM theory, but apply to
any /' =8 SCFT that contains these half-BPS operators.

2.1 Setup

We consider half-BPS superconformal primaries Sj in 3d N' = 8 SCFTs that are scalars
with A = % and transform in the [00k0] of s0(8)g,® where k = 1,2,.... We will focus on

8The convention we use in defining these multiplets is that the supercharges transform in the 8, = [1000]
irrep of s0(8)r.



the lowest three operator Sy with k& = 1,2,3. Sy is a free scalar with A = % in the 8. of
50(8) g, which does not exist in an interacting theory. S is a scalar with A =1 in the 35,
of 50(8)g, which is the bottom of the conserved stress tensor multiplet and so must exist
in all local 3d N/ = 8 SCFTs. Lastly, S3 is a scalar with A = % in the 112, of so(8)g,
which need not exist in a general 3d N' =8 SCFT.

We are interested in 4-point functions of S, for i = 1,2,3, 4. Since the [00k;0] irrep of
50(8) can be viewed as a rank-k; symmetric traceless product of the 8., we can represent
the corresponding operators as traceless symmetric tensors Sy, .. I, (Z;) of s0(8)r, where
I =1,...8. It is convenient to contract with an auxiliary polarization vector YZ-I that is
constrained to be null, Y; - Y; = 0, so that

Iy,

Sk (xu z) SI1 di; (SUz)Yll YT (2.1)

)

Conformal and s0(8)r symmetry then imply that four point functions of Sk, (Z;,Y;) take

the form
+ 2 k3+k4
. . . . Yi-Y2) SR (Ys Y,
<Sk1(x17H)Skz(l‘%E)Sks(‘%&}/?’)sh(x‘lvn» = ( : 2) 1+ 2 (_'3 4)k4
|Z12] |Z34] 2 (2.2)
k34 34

) (yl-n>'“%2 <(Y1'Y2)(Y3'Y4)> <\9014H:vz4!

g (U, Vo, 1),
Yy Yy (Y1-Yy) (Y- Yy) ‘$12||$34’) ot kakgha )

where k;; = k; — kj, ¥;; = ¥; — Z;, and the conformally-invariant cross ratios U,V and
50(8)p invariants o, T are
U= 5'3%2$§4 V= x%ﬂ%z& (Y1 -Y3)(Y2 - Yay) (Y1 -Yy)(Ys - Y3)

= , = , O , T .
3373, 13423, (Y1 - Ya)(Ys - Ya) (Y1 - Ya) (Y3 - Ya)

(2.3)

Since (2.2) is a degree k; polynomial in each Y;, the quantity G, koksk, (U, V; 0, 7) is a degree
min{k;} polynomial in o, 7. It is convenient to parametrize these polynomials in terms of
eigenfunctions Y,12#3 (5 1) of the s0(8)p quadratic Casimir for irreps [0n — m2m0] of
maximal degree min{k;} that appear in the s-channel of (2.2). These irreps must appear
in both [00k;0] ® [00k20] and [00k30] ® [00k40], where each tensor product is given by

k1+k2

[00%,0] ® [00k20] = @ @ [0n —m2m0]. (2.4)

_ k19l [k12]
=TT Mm=Eg

The polynomials y;ki2:kse (0,7) can be computed explicitly as shown in appendix D of [65];
we give a few examples in appendix A. We can then expand Gy, k,ksk, (U, V;0,7) in terms
of this basis as

k1+k2

Grakaksks (U, V3 0,7) Z Z Yk (g ryARzks Uy (2.5)

|k12\




By taking the s-channel OPEs S, x Sk, and Sk, X Sk, in (2.2), we can expand Aﬁ%’kw(U, V)
in conformal blocks Ga ¢(U,V) as

K12,k k34 kio.k
Ani?{ 34(U7 V) = U 4 Z )\kleOA,Z,nm)\kCikéloA,Z,nmGAI?K 34(U’ V) ’ (26)
A

where Oa ¢ nm are conformal primaries with scaling dimension A and spin ¢ in irrep [0n —
m 2m (] that appear in both OPEs S, X Sk, and Sk, x Sk, with OPE coefficients Ag, k0,4 4

k
and Agyky O 4 ms TeSPectively. The factor U 71" is included to match the definition of the
conformal blocks in [21], which can be computed recursively as in [10]° in terms of the
variables 7,7 in a small r expansion, where r, 7 are defined as [66]
1672 (1472 —2rn)?

U= V = . 2.7
(14724 2rn)2’ (14724 2rn)? (2.7)

So far, we have imposed the bosonic subgroups of the osp(8|4) algebra. The constraints
from the fermionic subgroups are captured by the superconformal Ward identities [67]:

«Q _ _ _ «Q _ _
|:Z82: - §aai| gk1k2k3k4(zv z; Q, a)|o¢:% = |:Z82 - §a&i| gk1k2k3k4 (Zu z;Q, a)|54:% = 0? (28)
where z, Z and a, & are written in terms of U,V and o, T, respectively, as
U=zz, V=(1-2)(1-2), c=aa, 7=(1-a)(l-a). (2.9)

These constraints can be satisfied by expanding Gy, koksk, in superconformal blocks as

gk1k2k3k4 (Ua V7 g, T) = Z AkleMAkSIMM 6.];&127]934 (U’ V7 s T) ’ (210)
ME(Skl XSkQ)ﬁ(SkBXSk4)

where 6]/3‘2’]%4 are superblocks for each supermultiplet M that appears in both OPEs Sy, x
Sk, and Sk, xSy, with OPE coefficients A\, k, M and Ag,x, a1, respectively. Comparing (2.10)
to (2.5) and (2.6), we see that the superblocks are finite linear combination of conformal
blocks

k1+ko
2 n
6]4312,/634 o U% Yk127k34 (0_ 7') )\k‘lk‘20A,Z,nm)\k3k'4OA,l,nm Gk12,k34(U V)
M - E : § : nm ’ E : Al ’ )
_ k1ol k1ol OeM Miks MAkshaM
n=-—5% m="=

(2.11)
where O ¢ nm are conformal primaries that appear in M. For the four-point functions of %—
BPS operators that we consider, all of the pairs of OPE coefficients Ak, k,04 ¢ m MeskaO ¢ nm
can be fixed in terms of the single pair of OPE coefficients Mg, ko mAkgk,m i (2.10) using
the Ward identities (2.8). In the next subsection, we will derive these superblocks explicitly
for four-point functions involving S> and S3. Before we do that, we will first discuss which
M can appear in the OPEs for general Sy, x Sk,.

In general, there are twelve different types of 0sp(8|4) supermultiplets [68] that we list in
table 1. There are two types of shortening conditions denoted by the A and B families. The

9QOur blocks are normalized as GZ{%”QM (r,n) ~ 2 Py(n) as r — 0, where P;(n) is a Legendre polynomial.
This differs from the normalization of [10] by a factor of (—1)".



Type BPS A Spin | s0(8)p
(A,0) (long) | 0 | >Ag+/l+1| £ | [ara2a3a4]
(A1) 1/16 | Ag+{4+1 ¢ | [a1a2a30a4]
(A,2) 1/8 Ag+1+1 l [0azaszaq]
(A,3) 3/16 | Ap+(+1 14 [00aga4]
(A, +) 1/4 | Ag+/(+1 1 [00a30]
(A, —) 1/4 | Ag+0+1 14 [000a4]
(B,1) 1/8 Ay 0 | [araz2asay]
(B,2) 1/4 Ao 0 [0azazaq]
(B,3) 3/8 Ao 0 | [00agadl
(B, +) 1/2 Ao 0 | [00as0]
(B, ) 1/2 Ao 0 | [000ay]
conserved 5/16 +1 l [0000]
identity 1 0 0 [0000]

Table 1. Multiplets of 0sp(8[4) and the quantum numbers of their corresponding superconformal
primary operator. The conformal dimension A is written in terms of Ay = a1 +as+(as+aq)/2. The
Lorentz spin can take the values ¢ = 0,1/2,1,3/2,.... Representations of the s0(8) R-symmetry
are given in terms of the four so(8) Dynkin labels, which are non-negative integers.

multiplet denoted by (A, 0) is a long multiplet and does not obey any shortening conditions.
The other multiplets of type A have the property that certain so0(2, 1) irreps of spin £ —1/2
are absent from the product between the supercharges and the superconformal primary.
The multiplets of type B have the property that certain s0(2,1) irreps of spin ¢+ 1/2 are
absent from this product, and consequently, the multiplets of type B are smaller.'® The
half-BPS multiplets that we discussed above with bottom component Sy are of (B, +) type
and have ag = k. The conserved current multiplet appears in the decomposition of the
long multiplet at unitarity: A — ¢+ 1. This multiplet contains higher-spin conserved
currents, and therefore can only appear in the free theory [69]. We will sometimes denote
the superconformal multiplets by XL“};Q 9394] with (A, ¢) and [ay az a3 aq] representing the
50(3,2) and s0(8) g quantum numbers of the superconformal primary, and the subscript X
denoting the type of shortening condition (for instance, X = (A,2) or X = (B, +)).

Only certain M can appear in the OPE of half-BPS multiplets. Comparing the s0(8)r
irreps (2.4) that can appear in Sy, x Sk, to table 1, we see that S, x Sk, can contain only
the following series of multiplets

O0n—m2mo0 O0n—m2mo0 002n0
(4, 0)[A2n+€+1,€] , (4, 2)£z+€+1,€ V'Y +)7[1+e+1,]£7 (2.12)
0n—m2n0 002n0 ’
(B, 2)[n,0 ] ) (B, ‘f’)?[z,o '

Furthermore, it was shown in [70] that for n = 3(ki + k2), (k1 + ko) — 1 we have the

10This description is correct only when £ > 0. When ¢ = 0, the definition of the multiplets also requires
various conditions when acting on the primary with two supercharges.



following extra constraints:

1
n=—(k+ks): (A4,0), (A,2), and (A, +) do not appear,
% (2.13)
n= 5(14:1 + ko) —1: (A,0) does not appear .

One final constraint is that the irreps that appear in the (anti)-symmetric product of the
OPE of identical operators can contain only (odd) even spins. If the spins set in (2.12)
and (2.13) conflict with this constraint, then the multiplet is forbidden.

2.2 Four point functions of S; and Ss3

We will now restrict our attention to the following four-point functions:
(2222) (3333), (2233) , (2323) , (3223) , (2.14)

which we consider in the s-channel as discussed above, and we use the notation (ijkl) =
(SiS;SkS1). The s0(8)R tensor products that we must consider for the Sy x S, S3 x S3,
and Sy x S3 OPEs are

35,035, =1028035.43000567.294,.,
35,2112, =8,5112.9160.0672'. 51400, D 1568, , (2.15)
112,112, =1528®35.43000567,.5294,.01386,.0192503696.D4312,..

The supermultiplets M that can then appear in these OPEs according to the rules de-
scribed above are listed in tables 2 and 3. Note that (2233) and (2323) contain the same
supermultiplets as (2222) and (3223), respectively.

We can compute the superblocks for each of these M in two steps, following the com-
putation for (2222) in [39]. First, we must determine which conformal primaries appear
in each supermultiplet. This can be done by decomposing the character of each osp(8|4)
supermultiplet under the bosonic subgroup so(5) ® s0(8) g, using the formulae in appendix
B of [39], based on [68]. The results are written in appendix B. Second, we plug the
conformal block expansion (2.11) of each superblock into the Ward identities (2.8), using
the explicit expressions for the relevant y;ki2:kse (o,7) that we give in appendix A, and
expand these constraints to high enough order in r until we have fixed all the pairs of
OPE coeflicients AgykyOn g m AksksOn g nm OF the superconformal descendents in terms of
the superconformal primary OPE coefficients Ag, g, M Aksk, M- For instance, the stress ten-
sor multiplet (B, +)[1(382O] has a superblock that can be written in the AX2F4(U, V) basis
of (2.5) in terms of conformal blocks as

1
A (OV)=GLo(UV), AR UV)==C1(U,V), Ay (U,V)=Gy5(U,V), (2.16)
where note that the relative sign of the odd spin conformal primary is opposite that of

the even spins, as expected in general for a four-point function of scalars. The analogous
expressions for the other superconformal blocks will have linear combinations of many
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Type (A, 0) 50(8)p irrep | spin
(B,+) (3,0) 1386, = [0060] | even
(B,2) | (3,0) | 4312, =[0220] | even
(B,+) | (2,0 294, = [0040] | even
(A,+) | (£+3,¢) | 294, =[0040] | even
(A,2) | (¢+3,0) | 567.=1[0120] | odd
(B,2) (2,0) 300 = [0200] | even
(A,2) | (£+3,¢0) 300 = [0200] | even
(B, +) (1,0) 35, = [0020] | even
(A,0) | A>/0+2 35, = [0020] | even
(A,+) | (£+2,0 35, = [0020] | even
(A,0) | A>0+2 28 = [0100] | odd
(A,2) | (£+2,0) 28 = [0100] | odd
(A,0) | A>/(+1 1 = [0000] | even

Id (0,0) 1 = [0000] | even

Table 2. The possible superconformal multiplets in the So x Ss and S3 x S3 OPEs, where red
denotes the multiplets that do not appear in So x So. The s0(3,2) ® $0(8) g quantum numbers are
those of the superconformal primary in each multiplet.

Type (A, 0) 50(8)p irrep | spin
(B,+) | (5/2,0) | 672, =[0050] | all
(B,2) | (5/2,0) | 1568, =[0130] | all
(B,2) | (5/2,0) | 1400, = [0210] | all
(B,+) | (3/2,0) 112, = [0030] | all
(A,+) | (¢+5/2,0) | 112, =1[0030] | al
(B,2) | (3/2,0) 160, = [0110] | all
(4,2) | (¢+5/2,0) | 160.=[0110] | all
(B,+) | (1/2,0) 8. = [0010] | al
(A4,0) | A>0+3/2 8. = [0010] | all

Table 3. The possible superconformal multiplets in the Sy x S5 OPE. The s0(3,2) ® s0(8)r
quantum numbers are those of the superconformal primary in each multiplet.

conformal blocks for each Aﬁ%’k:”“(U, V) and are quite unwieldy, so we relegate them to
the Mathematica file attached to this paper as supplementary material. Note that the
superblocks for (2323) and (3223) have coefficients that are related as

¢
)\230A,2,nm)\230A,Z,nm = (_1) )\320A,€,nm)\230A,€,nm (217)

which follows from the specific form of the so(8) polynomials in appendix A and from
how OPE coefficient of two scalars and a spin ¢ operator transforms under exchanging
the scalars.

- 11 -



We find that the relative coefficients of the super-descendents obtained by acting on
the superconformal primary with e*? Qaa@pp an odd number of times vanish, where Qg4 is
a supercharge with «, 8 spinor indices and a, b $0(8)g indices. These conformal primaries
are denoted in red in the tables of appendix B. This combination of superchargers is odd
under parity, so these super-descendents have the opposite parity as the superconformal
primary, which motivates a ‘bonus’ parity for 4-point functions in 3d N/ = 8 theories, as
was originally conjectured in [39] based on the superblocks for (2222).

We can use conformal Ward identities to relate OPE coefficients of two stress tensor
operators, and by supersymmetry any two operators in the stress tensor multiplet, to
1//cr [71]. For the four-point function we consider, this implies that

1

0030] X ——. (2.18)

j0020] O Agy +)Po 23(B, +)[ e

22(B,+)10

To fix the proportionality constants in our conventions, we can consider a free theory of
eight real scalars X7 and eight Majorana fermions mentioned in the Introduction, which
has ¢ = 16. The half-BPS operators S and S5 in this case are given by

1 )
Szeg = |:X11X12 _oni X[3X13:| ,

V2 8 (2.19)

" X051
Shee | = X1, X, X1, — <123>XI4X14} ,

1
NG [ 20
Performing Wick contractions with the propagator (X;(Z)X(0)) = %‘7, we then find that

the 4-point functions in (2.14) in the notation of (2.2) equal:

951”26262:1+U02+%7'2+4\/ Uo+4 UT+4 -
3 3 3
3 Uz U Uz U2 U
glee, =14 U20%+ -7 +9vVUo+9 T-|-36 UT—|—9—02T—|—9—072+9U02-|-9—7'2,
3333 V% f /V Vv Vv

U U
Q§5e§3:1+3Uo2+3V72+6\FUa+6 T+12\F

5 3 5

. Ui
Ghee, =301 +U T 02 +3—— T 246U 0—1—12\F \F (2.20)

By comparing this to the superconformal block expansion (2.10), we can read off the OPE
coefficients listed in table 4, where the scaling dimensions of the long multiplets that appear
in each correlator are

(0000]

(2222)free (2233)ree . (A4,0)}, for  A=(+1,0+2n,
(3333)free . (A,o)[oooo] for  A=/(+n,
(A,0R7 (AR for  A=0+2,0+2n+1, (2:21)
(2323)fc: (4,0)%%" for A= £+g,€+2n+% ,
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for n = 1,2,3,.... Note that (A, O)Eﬂ)(g for £ > 0 are conserved currents that only exist
in a free theory, while (A, 0)%8%]7 (A, O)L(fz?(;]’ nd (4, 0)[0010} are equivalent to (4, 2)[0100}

z+ Vi 0+2.0>
(A —i—)[OOQO} and (A +)[0010] respectively. We can use the free theory values of A
) 042,07 ) f—i- E’ P y. y 22(3 +)0 20] 5
/\33(3 o0 0020], >‘23(B +) 0030] and cr along with the general relations (2.18) to find
16 24 16V/3

0030] =

(2.22)

22(B,4) 0020] \/70?, )\33(3 Jr)[0020] = ﬁ, )\ 23(B, +)[ ﬁ

Another limit in which we can compute the correlators (2.14) explicitly is in the gen-

eralized free field theory (GFFT) where the operators So and S3 are treated as generalized
2
free fields with two-point functions (Sa(%,Y1)S5(0, Y3)) = % (S3(Z,Y1)S5(0, Ya)) =

(YT;‘?)S and (S3(%,Y1)53(0,Y3)) = 0. The GFFT describes the ¢p — oo limit of N' = 8
theories. Performing the Wick contractions, we then find that (2.2) equals:

3

U=

U 3
GSEFT _ 1 L Uo? 4+ =72 GOFFT _ 1 4 U3g3 4 273
2222 V 3333 V% (223)
Godss ' = g5y " = Uto?

By comparing this to the superconformal block expansion, we can read off the OPE coeffi-
cients listed in table 4, where the scaling dimensions of the long multiplets that appear in
each correlator are

(2222)FFFT (2233)5FF T (4,0)5, for  A=/(+2n,
(3333)CFFT: (4,009 for  A={+42n+1,
2.24
(A0 (A0R%T  for  A=t+2n+1, (2.24)
(2323)GFFT. (4,0)0°° for  A—l+2n+s,

2
forn=1,2,3,....

3 Protected 1d topological sector

All N = 8 SCFTs contain 1d topological sectors [34, 38, 72], which, for theories with
Lagrangian descriptions, can be computed using supersymmetric localization [40, 73, 74].
The supersymmetric localization setup of [40, 73, 74] applies to any N' > 4 theory con-
structed from N = 4 vector multiplets and hypermultiplets. The theory we are interested
in, ABJMy 1, is, however, not of this type due to the presence of the Chern-Simons inter-
actions. However, as shown in [48], ABJMy ; does have a dual description as an N = 4
U(N) gauge theory with a fundamental hyper and an adjoint hyper, for which the results
of [40, 73, 74] do apply. This is the description we use in this section.

A generic N' = 4 theory has two distinct topological sectors: one corresponding to the
Higgs branch and one corresponding to the Coulomb branch. Abstractly, these two sectors
can be described as follows. The R-symmetry of an N' = 4 SCFT is s0(4) & su(2) g®su(2)c.
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Type M Correlator | Free theory |Aaq| | Generalized free field theory [Aa|

(B, +){" (2323) V6 0

1,

(B, 1) | (2222) 4 0
(3333) 0
(B, +)5%% | (2323) 43 0

3,

(B, 10" | (2222) 4 -4

(3333) 12 0

(B, +)L050 | (2323) 42 A

» /50 V5
(B, )% | (3333) 8 1/2

(B,2)54" (2323) 0 0

3,

(B,2)550 (2222) 0 4,/2
(3333) 0 0
(B,2)520) (2323) 0 4

s,

[0130] 8
(B.2)5; (2323) 0 £
(B,2)52" (3333) 0 12,/2
(A, )50 | (2222) 44/3 5
(4, +)£3220] (2222) 16 {3?:2 =

[0030]

(4,4+)5 (2323) N ERTA

[0030]

(4, +)%’1 (2323) % SR Ve
(A, )% | (3333) 6v/2 2v/5

0100
(4,2)57% (2222) 8/ 2 2=

[0110]

(4,2)3 (2323) 0 5V3
(4,2)53) (3333) 0 42
(A2 | (3333) 0 ERVE
(A4,0)1%0%) (2222) 2 0
(3333) 3 0
(A,0) E?OIO] (2323) 4,/¢ 0
(4,0)57% (3333) 8,/ 0
(4,0)55% (3333) NG 0

Table 4. Values of OPE coefficients of the superconformal primaries of short multiplets and the
lowest semishort and long multiplets of each type in correlators of S5 and S3 in the s-channel of
the free and generalized free field theory limits.
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The Higgs branch sector can be constructed from 3d half-BPS scalar operators with scaling
dimension equal to the su(2)y spin, A = jg, that are invariant under su(2)c. Such an

operator, O , where a; = 1,2 are su(2)y fundamental indices, placed on a line and

a1--az;y )
contracted with specific position-dependent polarization vectors, defines a 1d operator

O(x) = u(2) -+ w1 (£) Oy, ) (0,0,2) () = (1, 2”37) (3.1)

in the Higgs branch topological sector. Here, r is a dimensionful parameter with units
of length. The Coulomb branch sector can be constructed similarly from half-BPS scalar
with A = jo and jg = 0:

operators O(d1~~-d2jc)

O(x) = v (2) -+ 090 (2)O (g ) (0.0,2), () = (125”7) . (3.2)

The operators (3.1) (or (3.2)) can be argued to have topological correlation functions
because they belong to the cohomology of a nilpotent supercharge of Q+rS type [34, 38, 72].
While for a generic N’ = 4 SCFT, the two sectors described above are unrelated, for the
particular case of A = 8 SCFTs it can be argued that they must be isomorphic. Indeed, it
can be shown that the N' = 4 operators with A = jg and jo = 0 and those with A = j¢
and jy = 0 can only originate in pairs from N = 8 operators that are at least quarter-BPS,
and N = 8 SUSY relates their correlation functions. Since the description of the Higgs
branch sector coming from supersymmetric localization [40] is simpler than that of the
Coulomb branch sector [73, 74], we will thus focus only on the Higgs branch one.

3.1 General features

Before restricting our attention to ABJMy 1, we first derive some general constraints valid
for the 1d sector of any 3d CFT with A/ = 8 SUSY. In addition to topological invariance,
these theories have an su(2) g flavor symmetry, which from the 3d perspective originates as a
subalgebra of the s0(8) R-symmetry that commutes with the N' = 4 R-symmetry su(2)y &
511(2)0.11
the spin-jp irrep of su(2)p. Their indices can be contracted with polarization vectors y®

We can therefore consider operators O(al...@jF)(cp), a; = 1,2, transforming in

to form homogeneous polynomials in y of degree 2jp:

0(907 y) = O(alma?jp)((p)yal e y2ajF . (33)

Correlation functions of such operators in any 1d theory are heavily constrained by
symmetry and topological considerations. For convenience, we consider a basis of unnor-
malized orthogonal operators {O 4} in the 1d theory with definite su(2)r spin j4 originating
from 3d operators of scaling dimension A 4. Their two-point functions are fixed to an overall
constant

(O4(e1,y1)OB(92,12)) = 6a5Bo,, (Y1, y2) ¥4 (sgn g1 ) 224 | (3.4)

What commutes with su(2)g ® su(2)c inside so(8) is an so(4) algebra, so more generally, the 1d

topological sector could have s0(4) & su(2)r @ su(2)» flavor symmetry. The 1d theories we focus on here
will be invariant under su(2)%, so we will only consider su(2)r as a flavor symmetry.
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where (y1,y2) = ewy?ys is the su(2)r invariant product of the polarization vectors. Simi-
larly, three-point functions in the theory take the form

(Oa(e1,91)0B(v2,y2)Oc(¥3,y3)) = Co 0506

X (Y1, Y2)7ABC (ya, y3)7BCA (y3, y1)7O4B (5gn (021 ) 245C (sgn (032) 2 P4 (sgn 13) AP |
(3.5)

where Aapc = Aa+ Ap — Ac, japc = ja +jB — jo, and {ja,jB, jc} obey the triangle
inequality. For triplets of operators for which this is not the case, the right hand side
of (3.5) vanishes. Note that (3.4) and (3.5) depend only on the overall ordering of the
operators on S', as expected of any topological theory.

The four-point structures can be used to relate observables in the 1d theory to CFT
data in the 3d theory. From (3.4) and (3.5) we can first extract the OPE of a generic 1d
theory. Assuming that ¢1, s < ¢, operator products decompose as

C o o
Oale1,91)08(p2,y2) = > %ﬁ(—l)]ﬂ*‘ 7B (y1, o)A I 56)
0 .
X (sgn ipgr ) MATABTA(—1)ATAATABO (0 1, 110)

where we have introduced the symmetrized operator

1 e ,
O(p;y1,y2) = W Z (9%(1)“.%(2”((‘0)21(111 . .yilJ-Hl 72 ygﬁ-m dat1 '”ygzg ‘ (3.7)
" 0€Ss;

The four-point structures are determined by applying this OPE (3.6) twice. Taking
©1, P2 < 3,4 gives the s-channel expansion,

(Oalp1,y1)0B(v2,92)Oc (3, y3)On (P4, Ya))

= Co,050C0c0p0 (—1)¥+ia—iptic=ip(_1)2A+Aa-Ap+Ac—Ap (3.8)
%) Bo
X (sgn 21)AATAB A (51 g3) AOTAD TR (g o) IATIBTI (g \ICHID=I () 5 s )2

Here, the quantity (y1 2,93.4)? is an su(2) p invariant quantity constructed from (j—ja+jg)
copies of y1, (j — ji +ja) copies of yz, (j — jo +jp) copies of ys, and (j — jp + jo) copies
of y4 that reduces to (y,y')% if we were to set y; = yo =y and y3 = y4 = ¢/

Introducing the su(2)p-invariant cross-ratio

_ (y1,92) (Y3, va)
Y= (y1,y3)(y2,y4) ' (3.9)

the four-point function (3.8) simplifies to

C C.
(Oa(#1,51)0B(02,¥2) Oc (93, y3)Op (04, 94)) = Y OAOBEOOCODOQAJ , (3.10)
@
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where

gnj(w)

= (_1)2A+AA—AB+A0—AD Ap+Ap—A

(sgnp21) (sgny3)2CTAD=A (Y, y2>jA+jB (3, ya)7CFID

% (Y1,Y4) JaTIs (y1,93) JemIp jo— JDP(JA —jB—jc+ip,jB—ja—jc+ip) _1 (3.11)
w Jjtic—Jip : :
(yz,y4> (Y1,v4) w

The P,(La’b) (x) are Jacobi polynomials normalized such that

Plab) (2 - 1) = w "1 £ O(w)). (3.12)

w

With the four-point structures in hand, we can read off the 3d OPE coefficients. We
first project the four-point function (2.2) to 1d by placing the operators on a line and
implementing the twist in (3.1) (for more details, see [38]). Comparing this with the
superconformal block expansion (2.6), a tedious calculation yields

A = 2% lim \/
wW—r00

(Here, we restrict to the cases (52525252), (S2535253), (53535353), so that in the confor-
mal block decomposition (2.6) we always have squares of OPE coefficients.)

(ja—ip—ic+ipip—ia—io+ip) [ 2 Co,050
PJ+Jc ) (w o 1>‘Bl/231/231/2 (3.13)

Using the dictionary (3.13), we can take advantage of the 1d crossing symmetry to
derive a set of constraints involving only a finite number of 3d OPE coefficients. Denoting
|

the OPE between two operators as O 4O p, implementing 1d crossing yields

o —t— 1
<02020202> :<02020202> —

2 2
4)\22(B7+)[1()Y820] —5)\2 ] +A22(B 2)20300 +16 O

2(B7+)[oo4o

| — [ f—{ﬁ—w
(03030303) = (03030303) —

2 2 .
)\33(3 2)30?]20 +16)\ ( +) (3020] 9)\ (B +)30(()]60 = 0,
A2 J+164+X2 2y —0

33(B.2)55"" 33(B, 1) 2733(B, )% T

| — [ f—gﬁ
(02030,03) = (0,030,03) —

2 9 B
*9>\23(B +)[ooso] +16>\23(B +)[0010] +4)\23(B 2)[0110] +4>\23(B +)[00301 Jr/\23(B 2) [0210] +)\23(B,2)[;)1§°] =0.
3,

— —t— 1

<02030203> = <02030203> E
20 <
,)\33(&2)[;210 16)‘23(B +)[001o] +4)\23(B 2) [0110] +16+)\(B g)le200 ~ 3 A(B 1ylooz0) +5)\(B 4 ylooao) = =0,
3
2 2 2 9 _
15A23(B 2) 0130] 60A23(B )[0030] 192+32A(B)+)[10820] 1 )\(B 2)20300 +48)\ 7 )20340] = 0,
3.0

_5>\2 [0050] +16+)\ [0200] +45\2 [0020] +>\(B +)[0040] =0. (314)

23(B7+) (B 2)2 (B1+)
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The quantity 5\3\4 is defined as the contribution of a multiplet M € Sy x S5 N S3 x S3.
More precisely, an orthogonal set of 1d operators O;, all descending from the 3d multiplet
M; = M, contribute as

= Z A22M,; A33M; - (3.15)
i
Note that the relations (3.14) are derived solely based on representation theory arguments,
so they do not rely on the specific details of ABJM theory and of its 1d sector.

3.2 1d sector of ABJMn 1

We now specialize to the 1d sector of ABJMy 1, in the dual presentation where this theory
is an N/ =4 U(N) gauge theory with a fundamental hypermultiplet and an adjoint hyper-
multiplet. To obtain a Lagrangian description of the 1d Higgs branch sector of a general
N = 4 gauge theory with hypermultiplet matter fields, ref. [40] first used the stereographic
projection to map the 3d theory from flat space to a round S3 whose radius of curvature
r is taken to be the same as the parameter r appearing in (3.1)—(3.2). Since under this
mapping a straight line passing through the origin of R? gets mapped to a great circle on
53 the 1d sector of the S? theory will be defined on a great circle. An explicit description
was then obtained in [40] using supersymmetric localization. The 1d partition function
takes the form of a Gaussian theory coupled to a matrix model, where the Gaussian fields
come from the hypermultiplet matter and the matrix degrees of freedom come from one of
the scalars in the N' = 4 vector multiplet. For the particular case of a U(NN) gauge theory
with an adjoint hyper and a fundamental hyper, the 1d theory is [40]

ZABIMy, = /dNa H 4sinh?(7oap /DQDQDXDXG So=5x (3.16)
a<f

with

SQ'_'—4WTQ/‘ dy PiaC?l*‘UaéjaCQQ}a

n (3.17)

Sx = —Adnr / dp | XX+ 0ap(X,X% - X°X5) |,
T a<f

where o, 3 =1,...,N, and 0,3 = 0o — 0g. The 1d fields X“ and Xa correspond to the
adjoint hypermultiplet, Q% and éa correspond to the fundamental hypermultiplet, and
0, are the matrix degrees of freedom in the Cartan of U(N ). The 1d operators can be
constructed as gauge-invariant products of X, X, ), and Q However, the D-term relations
of the 3d theory imply that one can always trade the product of @) and Q for products of
X and X so without loss of generahty we can construct all 1d operators in terms of X
and X. After integrating out @ and Q, the correlation functions become

L2 / o ] 4sinh?(70s) Zo (01() -+ Onl))s

10) O, -
Ole) 0o = 7 | e T

(3.18)
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where
1
[15 5—1 (2 cosh(moqg)) TTo_; (2 cosh(moa))

is the partition function of the Gaussian theory at fixed o, and the correlation functions

Zo (3.19)

in this theory are given by

(O1(9) -+ On())o = Zl / DXDXe5501(p) - On(). (3.20)

The Gaussian correlators with fixed ¢ can be computed systematically by performing Wick
contractions using the 1d propagator [40]

55 sgh 12 + tanh(moqp)

e~ TapP12 = . 3.21
57 , ! =4nr ( )

(X%(p1) X, (2)), =

Note that the factorization of ABJMy ; into ABJMR}‘;I and a free theory, as described
in the Introduction, is manifest for this presentation of the 1d sector. Indeed, under the
identification of the free fields Xy ee, Xfree as the traces of X, X and the interacting fields
Xint, )N(int as the traceless parts,

~ ~ 1 = 1 =
Xpee =tr X, Xpee=trX, Xm=X-— NtrX, X=X — NtrX, (3.22)
where 1 is the N x N identity matrix, the action (3.17) decomposes into
SX [X> 5(:7 U] = Sfree [Xfreea jzfree] + Sint [Xinta )?inta U] ; (323)

and the partition function immediately factorizes as

~ [1,-54sinh?(mo4s)
ZABJMNJ = </DXfreeDXfree€ Sfree) ( dN NO;T—’} (2COSh7TUa /IDAX'mt’DAXm‘ce Sint .
: a

(3.24)

3.3 Operator content

We seek the operator content of the 1d sector of ABJ Mlnt Under the su(2)r symmetry, X

and X7 transform as a doublet. To simplify notation, we group X and X7 into a quantity

X(p,y) =y X (o) + v X () (3.25)

that depends on an additional polarization variable y* = (y!,4?). The observables of the
theory are then given by gauge-invariant products of 2jp X’s.

As explained in [38], the N/ = 8 multiplets of type (B,2), (B,3), (B,+), and (B, —)
whose superconformal primary transforms in the [0agasa4] irrep of s0(8) contain N' = 4
Higgs branch operators with A = jg = ao + % and jo = 0 and jr = %*. From these,

as

we can construct 1d operators with jr = %

(B,2),(B,3), (B, £) in [0azazas] — 1d op with jp = % (3.26)
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by taking a gauge-invariant product of precisely 2as + a3z + a4 X’s. No other N' = 8
multiplets yield operators in the 1d theory.

Based on the analysis of the previous section, we are looking to find the 1d operators
that arise from the following N/ = 8 multiplets. The external operators S, and S3 are part
of the multiplets

0020 0030
B,H, (B +)[g70 L (3.27)
respectively, while the internal operators that appear in the OPEs of the operators (3.27)
and have representatives in the 1d theory can be part of any of the following multiplets:

(B, )%, fork=1.2....6,
27
(3.28)
0010 0200 0210 0130 0220
B2 B2 B2 B2YY . (B25.

27 27 27

Let us now construct these 1d operators. The most general 1d operators one can
construct are products tr X™ tr X2 tr X3 . ... The operator tr X and its various powers
are the 1d operators that come from the free sector. The operators in the interacting sector
are then constructed from the traceless part of X', namely

int

~ 1 ~
B=x = & =y Falp) + 2 X0 (0), (3.29)

where as in (3.22), 1 is the N x N identity matrix. We will only focus on 1d operators
which descend from superconformal primaries in the interacting sector.

For the external multiplets (3.27), the 1d operators constructed out of X are unique
and single trace:

N 1
B, S jp=1:  Op=trX2=trA? - St )2,
3.30
(B +)[£°3°}—>jF:§: (93:tri’\?’:trX?’—itrXQtrX—i—l(trX)?’. 1530
T50 2 N N2

The 1d operators corresponding to the internal multiplets (3.28) can be single trace or
double trace. To determine them, we make use of the fact that in 1d the operator products
are well-defined and require no regularization. Any operator O € O4 x Op arising from a
3d operator with A = Ap, + Ap, and su(2)r spin jr can be expressed as the projection
of (OAOB)al”'a2(jA+jB)

We first focus on internal operators Oy with jr = k/2 coming from the (B, +) multi-

to the spin jr component.

plets in (3.28) with A = k/2. For k = 1, it is impossible to construct a 1d operator out of
tr X'. For k = 2,3 these operators are just those in (3.30). For k = 4,5,6 there are several
linearly-independent operators one can construct in principle, but not all of them appear in
the OPE of Oy and O3. Indeed, operators with k = 5,6 can only appear in the Oy x O3 and
O3 x O3 OPEs, respectively, so we can simply define O5 and Og from the OPEs themselves.
They are 0203 and 0303, respectively. Operators with k& = 4 appear both in Oy x Og
and O3 x O3, so in general there are two such operators we should consider, one of them

—90 —



being 0205 and the other being a linear combination of it and tr X4 In summary:

(B, +)[0020} —Jjr=1 Oz,
B s je=2: 0,
(B, +)[°°4°} —jr=2: Oy =(0)?,
Oup = tr X' + Bya04 (3.31)
=tr Xt — %trXtrXs + B44041,
(B s jr =2 05=0:0,,
(B, 5o = jr =3 Op = (03)2.

Here, the coefficient By 4 appearing in the definition of the second operator with k£ = 2 is
fixed by requiring (04104 2) = 0.1

Next we consider operators which descend from the quarter-BPS superconformal pri-
maries in the second line of (3.28). For a given dimension A of the 3d operator, the two
possibilities for the 1d operators under consideration are operators O, with jp = A —1
and operators Of, with jp = A —2. All these operators are the unique operators appear-
ing in the OPEs of Oy and O3, so (up to mixing with lower dimension operators) they can
simply be written as products of Oy and O3, projected onto the spin jr sector:

B, 2)[0130] — Jr = Of = €*(09)ap(O3) cacy’y™y°
B,Q)[OZOO] ] OZ — Gacﬁbd(OQ)ab(OQ)cd + BZ,O]I

(3.32)
B, 2)[0210] — jr =

2)l2 [0220]

Og = eacebd((’)g)ab(os)cdeye7
Of = € (03) abe(O3)aery“y’ + B ,0s .

=l NI O | o

(
(
(
(B, — JF =
Here, 1 is identity operator. The coefficients Bj, By, are fixed by requiring different
operators of the same isospin be orthogonal, i.e. (O)) =0 and (O{O3) = 0, respectively.
Notably absent from the interacting sector are operators that descend from 3d opera-
tors in the [0010] and [0110] irreps of s0(8)r. While symmetry considerations do not forbid
these operators from appearing in the relevant OPEs, they cannot be constructed in the 1d
theory corresponding to the interacting sector of the ABJMy ; theory. Indeed, had they
existed, these operators would have jp = % and satisfy jp = A and jp = A — 1, respec-
tively. The only operator satisfying the first of these relations (namely A = jp = 1/2) is

tr X' itself, which is an operator in the free sector. Similarly, operators obeying jr = 1/2
and A = 3/2 cannot be constructed in the interacting sector either.

3.4 Correlation functions

As mentioned previously, we can compute correlation functions of arbitrary operator in-
sertions through Wick contractions and subsequently performing the matrix integral over

12Tn the U(3) theory, orthogonality of Q4,1 and Oy, implies Q42 vanishes identically, i.e. there is only a
single operator with (A, jr) = (2,2) in the O3 x O3 OPE.
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o using (3.18). For those under consideration, the number of fundamental fields that en-
ter into the computation is large, rendering the combinatorics unwieldy. That being said,
with some effort the fixed o correlators can be computed exactly as a function of N. For
instance, the two-point functions of the external operators are:

M-l 1 &, ) )
(O2(p1,91)O2(02,2))0 = | 55~ —5p DD tanh® (m0aya) | (y1,42)* (sgnepa1)?,

a1=las=1

3(N*-5N2+4) 9 L &
<03(301,y1)(93(902,y2))a=< ( SN )+4N€3 D> ) tanh® (700, qs)

aj=1as=1

N N N

9
3B Z Z Z tanh(ﬂaalaz)tanh(ﬂam%))(yl,yg)B(sgng021)3.

ar=las=1az=1

(3.33)

The expressions for the other correlators are quite complicated, so we relegate them to
appendix C.1.

Although we can determine the mixed correlators in the Gaussian theory for arbitrary
N, it is difficult to compute the full observables in the 1d sector when the rank of the gauge
group is large; indeed, numerical integration over large-dimensional spaces is infeasible
when a high degree of precision is required.'® Consequently, we restrict ourselves to the
computation of the 1d data in ABJMi}\}fl with N = 3,4 and list the results in tables 5

and 6.4

3.5 OPE coefficients of ABJMiJGfl

Using our results for the two- and three-point functions in tables 5 and 6, we can use
the dictionary (3.13) to extract the 3d OPE coefficients. We list our results for ABJ Mljf}tl
with V = 3,4 in table 7. As a consistency check, it is straightforward to verify that these
coefficients obey the 1d crossing relations in (3.14).

4 Numerical bootstrap

We will now use the results of the previous sections to derive the mixed correlator crossing
equations for interacting 3d N' = 8 SCFTs, taking into account some important redundan-
cies due to supersymmetry. We then use these crossing equations to perform the numerical
bootstrap for general N, i.e. ¢, as well as N = 3,4, using the values of the protected OPE
coefficients derived in section 3. We will also show results of the single correlator (2222)
bootstrap for N > 2 using the OPE coefficients from section 3, as well as the all orders in
1/N expression in [56] for the OPE coefficients that appear in the So x Sy OPE.

3Monte Caro and related numerical integration methods are typically the only option for large-
dimensional integrals, but these techniques have infamously slow square-root convergence and so are un-
suitable for our purposes.

14The full correlators can be shown to obey extra relations for all N, which we list in appendix C.2.
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Bo ABJIMEY ABIMM
Bo, PTG 2.387353007033¢2
Bo, T 2.376727867088( 3
Bo, , g 15.754315525560~4
Bo,, 0 1.232222330097¢~4
Bo, =3y 12.06393636645(~°
Bo, e 30.17627414811¢~5
Boy T 5.646860418180/ 5
Bpy | OSSO | 2388992283420
Boy 0 4.067464511258¢~5
Boy | XTI | 7.238637771987( 6

Table 5. Values of unnormalized two-point coefficients in the 1d theory corresponding to super-

conformal primaries in ABJMij{}f1 with N = 3,4.

Co, 0500 ABJIMEY ABIMY
C0,0,0, e 4.774706014065¢ 3
C0,0,0, s 15.75431552556 4
Co,0,07 A 7.963307631139¢*
C03050, e 7.130183601265¢*
C305041 e 13.47542823883(~5
C03050.45 0 5.545000485437(°
Coso,0; | —2SETUER200) | 8958721085031
C030506 e T 30.17627414811¢~5
Cosoi0p | X s | 6.514773994788¢°
C0,0505 R 7.130183601265(~
C0,0505 o 12.06393636645¢ 5
Co,050, pE e 6.7762325018150
Co,0,01 0 2.033732255620(

Table 6. Values of unnormalized three-point coefficients in the 1d theory corresponding to super-

conformal primaries in ABJMy', with N = 3, 4.
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Type M OPE ABJNIgJ )‘M ABJM4)1 )‘M

(B, +) 190101} g S 0 0

(B7+)[ff82°} Sy x S . 1.83057140076

S5 % S3 61/ =2 2.74585710114

(B, +) 0301 | Sy S 4/ Hr=8) 3.17064267300
[0040], 44/ 15 (m—3) (840w —2629)

(B, +)} 0 Sy xSy T 2.71498537721
124/ 2 (w—3)(840m—2629)

S % S3 T 2.33263997442

(B,A)50 % | 53% 55 0 3.43211600867

(BP0 | Spx s M= 2.60838358490

B +)50860 5% S5 4\/2(”—53()1(35’2551;106182) 4.13455086483

(B,2)50% | Syx S 0 0
g

4,/ £ (3888+7(420m—2557

(B,2)53 | S3x S Vel - r(0m 2557 2.72979145342
44/ 2 (r—3)(840m—2629)

S3x S3 - T —3.08474433097

(B, 2) 921011 g, Sy 0 2.39474254580

(B, 2) 015011 5y % S g\/ el 3.90976887215

12(2675592—5(344503— 554407 ) 7) — e
(B 2)30320 SgXSg 5(111(_1;)57r)31)(8094992 5159515m+82220072 ) 576323677864

Table 7. Values of signed OPE coefficients of the superconformal primaries of short multiplets in
correlators of Sy and S3 in ABJMEY and ABJMJ™. By construction, the multiplet (B, +)[0040] !

appears in both the Ssx Sy and S3x.S3 OPEs, while (B, —|—)[0040]
the coefficients except )\

appears only in S3x.S3. All of
0] are non-negative.

33(B, 2)[020
4.1 Crossing equations

To derive the crossing equations for the four point functions (2222), (3333), and (2233),
we equate all the independent channels:

(S2(71, Y1)S2(Z2, Y2)S2(73, Y3)S2(Ty, Yy)) = (S2(Z3, Y3)S2(Z2, Y2)S2(71, Y1) S2(Zy, Ya))
(S3(%1, Y1)S3(Z2, Y2)S3(¥3, Y3)S3(%4, Ya)) = (93(73, Y3)S3(Z2, Y2)S3(21, Y1)53(%4, Ya))
(S2(71, Y1)S3(Z2, Y2)S2(73, Y3)93(%y, Yy)) = (S2(73, Y3)S3(L2, Y2)S2(71, Y1)S3(Zs, Ya))
(S (71, Y1)S2(Z2, Yo)S3(73, Y3)S3(%y, Yy)) = (S3(23, Y3)S2(L2, Y2)Sa(%1, Y1)S3(Zy, Ya)) -
(4.1)

In terms of the Aﬁ}%’k:“‘(U, V') basis in (2.5), we can use the explicit expressions for the
50(8) g structures Yy (0, 7), Yam' (o, 7), and Yoy (o, 7) in appendix A to write these cross-
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ing relations as a 34-dimensional vector V (U, V') whose entries are linear combinations of

Fv (U, v) = 2R (U, V) £ ke (V,0) (4.2)

for the irreps [0n — m2m0] that appear in [0020] x [0020], [0020] x [0030], and
[0030] x [0030]. The explicit expression for V (U, V) can be found in appendix D.

Combining the crossing equations with the superconformal block decomposition

in (2.2), (2.10), (2.11), we can then define a V) for each supermultiplet M listed in tables 2

k34 in V by the linear combination of conformal blocks that

k12,k34

and 3 by replacing each AMZ2
appears for the superblock &' /"™**. The quantity VM is matrix-valued and denoted by
\Ys M in the case where M appears in several correlation functions. For instance, we use
)[0020} superblock in (2.16) to

write V (B.4)l020 in (D.2). The crossing equations in terms of these VM are
»T)1,0

0= 3 (o) V()0 T e T e (9

A
MESaxSs 3BM ) AESyxSs MESsxSs
S.t.¢52 X So

the explicit expression for the stress tensor multiplet (B, +

We can simplify these crossing equations in four steps. First we restrict to interacting
SCFTs by not including the free multiplet (B, +)[0010]. Second, we normalize the unit
operator OPE coefficient as Ay,x,1qa = 1. Third, we relate OPE coefficients with two stress
tensor multiplets to 1/,/cr as in (2.22). Lastly, we use the 1d crossing relations (3.14)
as well as the relations (2.22) to set A(p 2)0110 = 0 and write all the remaining pairs of

short OPE coefficients in terms of cp, A2 The

A2 2 A2 .
kk(B,2)2 0200]7 (B 7_"_)[0060]7 (B, +)[0050] (B,2)[0130]

resulting crossing equations are

0= VId + V( +)lo 0020] + V(B 2)02 0200] >\22(B 2)[0200 ‘/'(?32:;20300 )\53(3 2)[0200]
+ V(/B +)loo oooo] )\53(3 +) [0060] + V(B +)[ooso] )\23(3 +) 0050] + V(B 2) 0130] )\33(3 2)[0130]

+ > ()\22/\/1 >\33M) Vm <A22M> + D> AVt DL AV,

A
MES3xSa| 4 BMJ MeSaxS3)a MESs%S3]4
s.t.¢S2XS2] 4

(4.4)

where the VM in the first couple lines are written as linear combinations of VM for other
short multiplets, whose explicit form are given in appendix D, and |4 in the last line denotes
that only the semishort and long A-type multiplets are considered here.

4.2 Redundant equations

As was first noted for the (2222) crossing equations in [39], N/ = 8 superconformal sym-
metry makes many crossing equations linearly dependent. If the redundancies in the 34
crossing equations in Vs are not removed, then they will cause numerical instabilities in
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the bootstrap algorithm. To analyze most of these redundancies, we do not need to con-
sider explicit conformal blocks, and can instead consider the general crossing relations 1%
in (D.1) that is written in terms of crossed functions Fif,’ffff’k“(U, V) (4.2) of generic func-
tions AR2* (U, V) of the conformal cross ratios. For the numerical bootstrap we consider

the expansion of these functions around the crossing symmetric point z = z = &

2:
kikoksky 2 1\” = 11 p 94 7k1koksky
FJr,nm (Ua V) = Z ]Tq| Z = 9 2 9 az82F+,nm (U7 V)|z:2:% )
p+q=even © 1’
s.t. p<q
9 1\P 1\ 4 (4.5)
P = B (o) () i ey,
p+g=odd p-q:
s.t. p<q

where z, Z are written in terms of U,V in (2.9), and in the sums we only consider terms
are nonzero and independent according to the definition (4.2). We can then truncate these
sums to a finite number of terms by imposing that

p+qg<A, (4.6)

and then consider the finite dimensional matrix 17;(7’ -a)

whose rows as labeled by i = 1,...34
are those of 17, and whose columns as labeled by (p,q) are the coefficients of the

GfagAﬁ}%’k“(U, V)|._._1 that appear in each entry of V after expanding like (4.5) us-
2

zZ=z
ing the definition (4.2) of Fi},]fﬁf%“(U, V) in terms of Afra:ksi (U,V). The superconfor-
mal Ward identities (2.8) as expressed in the basis (2.5) impose relations between the
Vi(p,q)

PoLAkIZRs (7 )| ._z_1, 50 we can define the analogous matrix
2

using these reduced
coefficients. Unlike ‘Z(p ’q), the matrix V;(p D g degenerate, and we find that a linearly
independent subspace is given by the entries:

0 ) ) ) 0 0 , ) 0 ) ' 0 0 0 0,0
{Vl(p )7‘/2(194)7‘/7(?4)7‘/8(?4)7 g(p )7‘/1(5 )»V1(1pq)» 1(;“1)"/1(;7 )7 2(:1))04)7 2(54)7 2(5 )7 2(5 )7 2(;) )7‘/2(8 )}’
(4.7)

means that we only

)

where V;(p ) means that we only consider derivatives in z, and V;(O’O
consider the term with no derivatives.

Even more redundancies occur once we impose the 1d crossing equations, as we did
to get (4.4). To find these redundancies, we used the explicit expressions for the crossing
equations in (4.4) in terms of superblocks, expanded in z,z derivatives as in (4.5) where
now A’fblrﬁ’k“(U, V) is a linear combination of conformal blocks for each supermultiplet,
restricted to the Vi(p 9 in (4.7), and then checked numerically to see which further cross-
ing equations were linearly independent. We found that the crossing equations in (4.7)
remained linearly independent if we removed the VZ-(O’O) 0 for
i=1,9,10,18, 25,26, 27.

component of each of the V,

4.3 Bootstrap algorithms

We now have all the ingredients to perform the numerical bootstrap using the crossing
equations (4.4) where the 1d crossing relations have been imposed, the free multiplet has
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been excluded, and we restrict to the linearly independent set of crossing equations in (4.7).
We will describe the bootstrap algorithms we use following [10, 39].

Consider a linear functional ozgp )

acting on the crossing equations (4.4) expanded in
0%, 0% derivatives around the crossing symmetric point (4.5). The index i refers to the 34
crossing equations in V;, which we have restricted to the linearly independent set in (4.7).
In the following we will suppress the indices on « for simplicity.

To find upper /lower bounds on a given OPE coefficient of a short or semishort multiplet

M* that appears in (4.4) with a scalar constraint, we consider linear functionals « satisfying

a(VM*) =s, s =1 for upper bounds, s =—1 for lower bounds,
a(Va) >0 and (V) =0, for all short and semi-short M ¢ {Id, (B, —1—)[0020] M*},
a(Vy)>0 and a(Vag)=0, forall long M with Ay > Ay, (4.8)
where the lower bounds A’y can be taken to be the unitarity bounds A(A )0000 =/(+1,
or00) = L+ 2, A g = £+2, and A 05 = £+ 3 in tables 2 and 3. If such

(A O)A Y ( O)A,e (A’O)A,Z
a functional « exists, then this a applied to (4.4) along with the reality of A\g, x, A1 except,

possibly, for that of Ag,x,r+, implies that

) . 1 .
if s =1, then Mibame < —o(Via) = - <V(B,+)[f3320}> ’ (4.9)

1 -
if s = —1, then )‘k1k2/\/l* > a(VId) CTOé <V(B +) 0020]) s

for the associated ki, ko. If we are bounding the OPE coefficient squared of (B, +)[0020]
itself, which is proportional to E’ then we should remove the second term from the r.h.s.
of (4.9). To obtain the most stringent upper/lower bound on )\%1 ko s One should then
minimize /maximize the r.h.s. of (4.9) under the constraints (4.8). Note that for M* that
appear in (4.4) with a matrix constraint, e.g. (A, +)£(f2270£] r (A, 2)&13%], we cannot obtain
any constraints using this algorithm since the Lh.s. of (4.9) must be a scalar. We can also
find islands in the space of OPE coefficients (A=, A+« ) for a given ep, by removing M**
from the second line of (4.8) and replacing the r.h.s. of (4.9) by

. 1 . ) .
where we input the value of )\zl kom Dy hand for the appropriate k1, ks.

To find upper bounds on the scaling dimension A* of the lowest dimension operator
in a long supermultiplet with spin ¢* that appears in (4.4), we consider linear functionals
« satisfying

. 1 .
o(Via) + (Vg | oom) =1,

a(Vy) >0 and a(Va) =0, for all short and semi-short M ¢ {Id, (B, +)[0020]}
a(Vy) >0 and a(Va) =0, for all long M with Ay > Ay, (4.11)
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where we set the lower bounds A’y to their unitarity bounds except for A’y . If such a
functional « exists, then this o applied to (4.4) along with the reality of Ag, x, A4 would lead
to a contradiction. By running this algorithm for many values of (cr,A’,,) we can find

an upper bound on A/, in this plane.

In the above algorithms, we fixed the SCFT by inputting the value of c¢r. We can
further fix the theory by also putting in the values of all the short OPE coefficients, that
can be fixed using the 1d theory in section 3. We should then replace the r.h.s. of (4.9)

and the first line of (4.11) by
¥ 1 7 2 (72222 2 173333
Ttz (T o ) ¥himaigma (T55im ) +momme (b

2 ¥ 2 Y 2 7!
+A alV +A alV +A alV .
33(B. )0 ((B,+)§f86°] 238,050\ T BHETY | a0 2)g
2>

5 5 5
8,0 5.0 5.0

(4.12)

For island plots, we should furthermore add )\%1 ko Ma(v «+) as in (4.10).

The numerical implementation of the algorithms described above requires two trun-
cations: one in the number of derivatives A defined in (4.6) that are used to construct «,
and one in the spins £y« that can appear for the long multiplets. For the OPE coefficient
extremization we use spins in {0,...,44} U {47,48,51,52, 55,56, 59, 60,63, 64,67,68} and
derivatives parameter A = 35, while for the scaling dimension upper bounds we used spins
in {0,...,26}U{29, 30, 33, 34, 37,38, 41, 42,45, 46,49, 50} and derivatives parameter A = 27.
For the single correlator bounds we used spins in {0,...,64} U{67,68,71,72,75,76,79, 80,
83,84,87,88} and A = 43. The truncated problem can now be rephrased as a semidefi-
nite programing problem using the method developed in [10]. This problem can be solved
efficiently using SDPB [11].

4.4 Single correlator bounds for ABJMiﬁfl with NV > 2

We begin by presenting bootstrap results derived from just the single correlator (2222).
The bootstrap algorithm is identical to the mixed correlator algorithms presented before,
except we only use the first two crossing equations Vl(p ) and Vz(p D i (4.7), and only the
operators shown in black in table 2 appear. Note that only three short operators appear:
the stress tensor (B, —1—)[107820}, (B, +)[2(?840], and (B, 2)[207300}. We computed these expressions
for ABJMiﬁtl with N = 3,4 in section 3 (the N = 2 values were already known from [38]),
and to all orders in 1/N in [56], which was found to be very accurate even down to N = 2.

We will restrict our bootstrap results to ABJ M}Stl by imposing the values of these short

OPE coefficients. As discussed in subsection 4.2, we must remove the Vl(o,o) component to
eliminate redundancies that occur when these short operators have been imposed.

In table 8, we show upper and lower bounds on the semishort (A, +)£?2270€] that appear
for all even spins £ in the S5 x Sy OPE. We compute the percent error as the difference

between these lower bounds normalized by the average:
)\%/lupper _ Agwlower
[A%upper + A?\/llower] /2 ’

In general, the error is extremely small and seems to decrease with increasing spin and N.

A3 7o error — 100 x (4.13)
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N = )\?A oo Bounds )\(A 00 Error )\(A o920 Bounds )\(A 090 Error
2 9.53052 — 9.54437 0.036% 15.91101 — 15.93224 0.033%

3 8.19080 — 8.19991 0.028% 14.50650 — 14.51986 0.023%

4 7.76839 — 7.77502 0.021% 14.06399 — 14.07340 0.017%

20 7.16636 — 7.16710 0.0026% 13.43291 — 13.43376 0.0016%

50 7.11611 — 7.11628 0.00088% 13.38957 — 13.38981 0.00046%
100 | 7.12520 — 7.12545 0.00060% 13.37998 — 13.38014 0.00029%

Table 8. Upper and lower bounds on OPE coefficients squared for semishort (A, +)£?220€], computed

using the single correlator (2222) with A = 43 and the short OPE coefficients fixed to their values
for ABJMY!, using the 1d theory in section 3 for N = 2,3,4 (N = 2 was already reported in [38]),
and the all orders in 1/N results from [56] for N = 20, 50, 100.

In figures 1 and 2 we show islands in the space of ((A4, —1—)[0020] (A, +)[0020]) for N =2,
3,4,20,50,100. For N = 2 we use the exact results reported in [38], for N = 3,4 we use
the exact results from section 3, while for N = 20,50,100 we use the all orders in 1/N
expression from [56]. These extremely small islands interpolate between the upper and
lower bounds for these values in table 8. As noted above, these islands get smaller with
increasing .

4.5 Mixed correlator bounds for general N

We now move one to the full mixed correlator bootstrap, and present the results of the
OPE coefficient extremization (4.8) and scaling dimension upper bound (4.11) algorithms
for general N, i.e. ¢p. Since many supermultiplets appear in (4.4), we will only show results
for a representative sample of these multiplets.

We start with the upper bound on the OPE coefficient squared of the stress tensor
multiplet (B, —i—)[OOQO] which is equivalent to a lower bound on ¢p. Using A = 35 derivatives,
we find

cr > 22.7354 & 16 <.703749. (4.14)
cr

free

As expected, this excludes the free theory with cf

BJMmt
next lowest cp, ABJM% = ABJ; with ¢ »' = 21.3333, which does not contain an S3
operator and so cannot appear in this mixed bootstrap study. Curiously, this bound on cr

= 16, as well as the theory with

occurs at the exact same point where a kink was observed in the (2222) study of [38, 39],
which was also where )\?B 2)[9200 was observed to vanish. This kink had been conjectured
2,0

7

to correspond to ABJMIQHE = ABJ; up to numerical error, which is the highest known

cr theory with vanishing \? 0200, Put our new upper bound suggests there must be a

(B2)Y:
different explanation.

Next, in figure 3 we show upper/lower bounds on the OPE coefficients squared of the
[0050]
short (B, +)

orange is the allowed region. The red dot denotes the GFF'T values in table 4 at ¢ — oo,

and semishort (A, +)[00301 supermultiplets as a function of %, where the
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133898 -
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Figure 2. Islands in the space of OPE coefficients A2 [0020] 5 A2 (0020 fOT ABJMlnt for N = 2,
(A:+)2,O (A +)

3,4,20, 50,100, where orange is allowed. These bounds are derived from the single correlator (2222)
with A = 43 and the short OPE coefficients fixed to their ABJMlnt values using the 1d theory in
section 3 and [38] for N = 2,3, 4, and from the all orders in 1/N formulae in [56] for N = 20, 50, 100.

while the dotted lines show the values of cT for various known SCFTs. As expected, both
plots terminate at the upper bound on 5 in (4.14).

Lastly, in figure 4, we show upper bounds on the scaling dimension of the lowest
dimension long (A4, O)[OOOO] f %, where the orange is the allowed
region. The red dot denotes the GFFT value at ¢ — oo, the red dotted line shows the
é correction computed in [63], and the dotted lines show the values of ¢r for various
known SCFTs. The gray dashed line shows the upper bounds for the analogous quantity
computed using only the (2222) crossing equations in [39], which is slightly less constraining
in general. Curiously, the bounds start becoming very different around % ~ .4, and the

new bound goes to the free theory value at the upper bound on % in (4.14).

multiplet as a function o
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Figure 3. Upper and lower bounds on A2 (left) and A2 (right) OPE coefficients,

(B4R (AR
50 50
where the orange shaded regions are allowed. Tzhese bounds are comﬁuted using mixed correlators
with A = 35, the 1d crossing relations imposed, and the OPE coefficient of the free multiplet set
to zero. The red dot corresponds to the known GFFT values in table 4. The black dotted vertical

lines correspond to ABJMEY with ;% = {7==%5 ~ .34 and ABJME with > = 7.

A(A’O)E)OOOO]

2.0)
1.8 ABIMIT | ABIM, 5 ABIMi |
L6
1.4

12

1.07““\““\‘“‘\‘;‘:‘\““\““\“““:—
0.1 0.2 0.3 0.4 0.5 0.6 0.7 Ccr

Figure 4. Upper bounds on the scaling dimension A

multiplet (A, 0)[2?8 O The black line was computed using the mixed correlators introduced in this

work with A = 27, the 1d crossing relations imposed, and the OPE coefficient of the free multiplet set
to zero. The gray dotted line corresponds upper bounds computed using just the (2222) correlator
in [39] with A = 43, and without any 1d crossing relations or conditions on the free theory imposed.
The red dotted line shows the é correction computed in [63]. The black dotted vertical lines

correspond to ABIMEY with 10 = 71=27 ~ .34 and ABJMY" = ABJ; with 2% = 3.

ooo] Of the lowest dimension scalar long
(A4,002%
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A\2: Type N =3 Bounds | N =3 Error | N =4 Bounds | N =4 Error
(A, )by | 9.7383 - 9.7675 | 0.300% | 8.5718 —8.5935 |  0.253%
(A, +)by | 18100 - 13115 | 0.113% | 12.337 —12.347 | 0.087%
(A, +)50 | 35.851 —36.030 |  0.497% | 29.589 — 29.736 |  0.496%
(A, )59 | 87.344 —87.782 | 0.500% | 76.569 — 76.921 |  0.459%
(A,2)55 | 10135 —10275 |  1.370% | 10.747 —10.842 |  0.875%
(A, 20,0 [ 13.146-13528 | 2.858% | 15.913—16.191 |  1.735%
(4,2)777 | 80.551 —83.278 | 3.320% | 87.870 — 90.058 |  2.459%
(4,2)55%7 | 22020 — 225,51 | 2.385% | 231.57 —235.71 | L.770%
(4,2)5% | 13.341 16143 |  19.009% | 20.022 — 22.166 |  10.161%
(4,259 | 69.327 — 74529 |  7.232% | 84.647 —88.502 |  4.453%

Table 9. Upper and lower bounds on OPE coefficients squared for semishort operators, computed
with A = 35 using mixed correlators and the short OPE coefficients fixed to their values for ABJ Mlnt
and ABJM}"} using the 1d theory in section 3.

4.6 Mixed correlator bounds for ABJM%‘;1 with N = 3,4

We now restrict to the ABJM%{}?1 theories for N = 3,4 by imposing the values of the short
OPE coefficients computed in these cases in section 3. In table 9, we show upper and lower
bounds on various semishort multiplets that appear in (4.4). We compute the percent error
as in (4.13). In general, for a given multiplet the error seems to decrease with increasing
spin and N. While the error is bigger than the single correlator OPE coefficients in table 8,
it is still quite small.

In figure 5 we show islands in the space of ((4, +)[0030} (A, +)[00130])7 which were the
two most accurately known OPE coefficients in table 9 for N = 3 4. These extremely
small islands interpolate between the upper and lower bounds for these values in table 9.
As noted above, these islands get smaller with increasing N.

5 Discussion

In this paper we bootstrapped a mixed correlator system of Sy and S3 operators in 3d
N = 8 SCFTs, generalizing the single correlator bootstrap of (52.525252) [38, 39, 56]. This
bootstrap study automatically excludes all known 3d A/ = 8 SCFTs except those that are
dual to ABJMi]Gf1 with IV > 3 or the free theory, since these other theories do not contain
an S3 operator. After further restricting to interacting theories by setting the free multiplet
OPE coefficients to zero, we computed the lower bound c¢p 2 22.8, which is curiously the
same value were a kink was observed in all plots of the previous single correlator bootstrap
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Figure 5. Islands in the space of OPE coefficients \?

2 int
(A.4)/0050] and A ooy for ABJMYY; for
) 5,0

(A7+) 7
N = 3,4, where the orange shaded regions are allowed. These bounds are cdmputed using mixed
correlators with A = 35 and the short OPE coefficients fixed to their values for ABJMEY and
ABJML‘?% using the 1d theory in section 3. The bottom plot compares these islands to the N — oo
GFFT values in table 4.

,1

studies. We then computed upper and lower bounds on protected operators and an upper
bound on the lowest dimension unprotected scaling dimension as a function of ¢ in general
interacting 3d AN/ = 8 theories. This scaling dimension bound is stronger than the same
bound in the single correlator boostrap studies, and so implies that the latter bound,
which was conjectured to be saturated by one of the ABJ(M) theories, must in fact be
saturated by one of the k = 2 ABJ(M) theories, which is likely the U(N 4 1)2 x U(N)_»
ABJ theory. Lastly, we imposed the values of short scalar operator OPE coefficients as
computed from the 1d theory for ABJMy ; with N = 3,4, and derived precise islands in
the space of semishort operator OPE coefficients. Since these semishort operators appear
for an infinite number of possible spins, infinite many islands of this type can be computed.

It is instructive to compare these islands against those computed previously in the
literature for the O(V) critical models [10-13], with N = 1 being the Ising model. For each
N, the islands could be computed in the space of the finite number of relevant operators
and their OPE coefficients. At small values of IV, these islands were observed to grow in
size fairly rapidly as NN increased. For instance, the lowest dimension scaling dimension
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computed with A = 35 and scanning over OPE coefficients in [12] had percent error 0.0004%
for N =1, 0.12% for N = 2, and 0.24% for N = 3. In this work, for a given theory we can
compute islands in the space of several families of semishort operator OPE coefficients that
exist for infinitely many spins. As shown in tables 8 and 9, these island have comparable
precision as the O(N) islands for N > 1 and always shrink with both increasing spin and N.

The main technical challenge of this paper was computing the superconformal blocks,
and finding a linearly independent set of crossing equations. The expressions for the blocks
are quite complicated, and are included in the Mathematica file attached to this paper as
supplementary material. Supersymmetry makes many of the original 34 mixed correlator
crossing equations redundant when they are expanded in terms of derivatives of z and %,
as was originally observed for the single correlator case in [39]. After taking into account
these redundancies using both analytical and numerical methods, we are left with seven full
crossing equations, seven crossing equations in which only derivatives of z are independent,
and lastly one crossing equation in which only the leading term in the derivative expansion
is independent.

Looking ahead, there are several ways we could improve both the analytical and nu-
merical calculations in this work. In the single correlator bootstrap study [56], the scalar
short operator OPE coefficients were computed to all orders in 1/N, which was found to
be very accurate even for N = 2. If similar analytic expressions could be derived for all the
short operators in the mixed correlator system, then we could use them to derive precise
islands for all values of N in the mixed correlator system (as we did for the single correlator
system), not just N = 3,4. We could also check if the numerics saturate some of these
analytic expressions, in which case we could read off all the CF'T data that appears in the
relevant OPEs, as was done for the single correlator case in [56]. Since the mixed correlator
system automatically excludes the & = 2 ABJ(M) theories,'® there would be no ambigui-
ties as to which theory was saturating the bounds, as was the case in the single correlator
study. A more careful study of the spectrum as a function of N could perhaps shed light
on the mysterious point with cp ~ 22.8, which does not correspond to any known theory.

From the numerical perspective, the islands derived in this work come from the single
and mixed correlator systems that only have around one and seven crossing equations each,
respectively, which makes them almost as simple as the Ising model case, which has one and
five crossing equations for the single and mixed correlator systems [10], respectively. These
islands also appear to still be shrinking as the derivatives parameter A is increased. It
should thus be possible to use the rapidly developing SDPB program to drastically increase
A, so that these islands become small enough that they can be used to constrain the 1/cp
expansion of the respective four-point functions, which in the flat space limit can be used
to constrain the small momentum expansion of the M-theory S-matrix [75-77].

Finally, there are more constraints from localization that could be imposed on the
numerical bootstrap. In particular, the squashed sphere free energy F'(b,m;) in ABJ(M)
theory can be computed using localization as a function of three masses m; as well as
a squashing parameter b. The integrated four point function of Sy can be related to

"Except for ABJM3, 2, which is dual to ABJM.
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taking four derivatives of these parameters and setting m; = 0 and b = 1. Indeed, the
quantity O, F|m,;—0 was already used in [56] to compute the short OPE coefficient, while
Om;Om; F|m;=m;=0 for i # j was used in [76, 77] to constrain (S92525252) in the large cr
limit. Imposing new constraints of this type on the numerical bootstrap could further
constrain the precise islands presented in this work.
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A s0(8) harmonics

We are interested in the s0(8) harmonics Y234 (g, 7) for irreps [0 n —m 2m 0] that appear

in the tensor products [00k;0] ® [00k20] (2.4) for k; = 2,3. These can be computed as in
appendix D of [65], with the following results:

Yl%’O:J—T,
1
Y00 _ 1
11 o—+T 1
1 1
YO’OZ 2 2_2 - .
2 o’ +T oT 3(0’—|—T)+21,
V=0t 2o m,
2 1 .
Y2%0202+7'2+407'—§(0'+7')+1—5, (A-1)
3 1
Y3%0 =od -3+ 3(072 - 027') + Z(T2 - 02) + 6(0 —7),
7 2 13 1
YS%O:U3+7'3—(027+UT2)—§(TQ+02)—§UT+8T(U+T)—5,
00 _ 3 3 2 oy, 6, o0 50 1
Yis =0 —71° +3(0 T—O’T)-i-?(T —a)—}—?(o—T),
. 9 9 9 1
Y3%O:US+T3+9(U2T+0’7'2)—§(02+T2)—§JT+%(U+T)—%,
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and

v =1,

22

1

yol-t_ 2

g1 oTTTy

~ 9
Y§§1’1=U+2T—5,

22

140 Ar 2 (A.2)
yolol 2 g . 140 o AT 2
51 N VA T T
1 160 137 1
yo bl = 52 ) W R
52 oTHOT m o T AT o T
1 6o 127 1
yob Tl 2 fGor — o2 43,2 - 220 4 2
53 o” 4+ 60T 7 + a7 7 +7,
and

viyt =1,

22

1

yl-t___ 1

g1 Ty

_ 9
Y§1’§1:T+2a—5,

22
yl-1__2_o 147 5 4o 2 (A.3)
30 T T T Ty 27 " 27
_ 67 130 1
yl-1_ 2 ot o Lo

58 STHOTT or T o o
~ 120 1
Yoyl =12 4607 — — +30% - = 4 -
33 7 7

B Supermultiplets

The conformal primaries that contribute to a given supermultiplet can be found by decom-
posing the characters of osp(8|4) into its maximal bosonic subgroup s0(5) @ s0(8)r. This
can be done using the formulae in appendix B of [39], based on [68]. In tables 10-31 we
give the results for the supermultiplets that appear in the Sy x Sa, S x S3, and S3 x S3
OPEs. We denote in red those primaries that are allowed by symmetry, but vanish once
we compute the explicit superblocks. As explained in the main text, these primaries have
the opposite parity as the superconformal primary.

(B, _~_>[10%10] spin: | dimension
27

50(8)p irrep 1/2

[0010] = 8, 0

Table 10. All possible conformal primaries in Sy x S5 corresponding to the (B, +)[£J0010] supercon-
5
formal multiplet.
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Table 11. All possible conformal primaries in Sy x S corresponding to the (B, +)

formal multiplet.

Table 12. All possible conformal primaries in Sy x S5 corresponding to the (B, +)

formal multiplet.

[0030]

(B,+)5,  spin: dimension

27
50(8)p irrep 3/2 | 5/2|7/2
0010] = 8, N
0110] = 160, 1] -
[0030] = 112. o] | -

(B, +)[g()%50] spin: dimension
(8)r irrep 5/2 ] 7/29/2 | 11/2 ] 13/2

0010] = 8. T T — T o
o1t0)=160, | — | — | — | 1 | -
0030] = 112, S O R
02100=1400, | — | — | o | - | -
0130 =1568. | — | 1| - | - | -
0050] = 672, ol | | | -

(B, 2)[301010] spin: dimension

27
50(8)p irrep 3/2 15/2|7/21]9/2
0010] = 8. — 1 1,223
0110)=160, | 0 |0,1|1,2]| -
0030] =112, | — | 1 | - | -

[0030]
3.0

[0050]
2.0

supercon-

supercon-

Table 13. All possible conformal primaries in Ss x S3 corresponding to the (B, 2)%)1010] supercon-
g,

formal multiplet.
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[0130]

(B,2)5 . spin: dimension
2?
50(8) R irrep 5/2 | 7/2| 9/2 11/2 | 13/2 | 15/2
[0010] = 8, - - - 1 0,1
[0110] = 160, - - 10,1,2] 0,1,2 | 0,1,2
[0030] = 112, - 1 1,2 1,2,3 -
[0210] = 1400, - 1 0,1 1 -
[0130] = 1568, 0 0,11]0,1,2 — -
[0050] = 672, — 1 - - -
Table 14. All possible conformal primaries in Sy x S35 corresponding to the (B, 2)[501030] supercon-
formal multiplet.
(372)[;2010] spin: dimension
2’
50(8) R irrep 5/2 | 7/2| 9/2 11/2 13/2 | 15/2 | 17/2
[0010] = 8, - - 0 0,1 0,1,2 | 0,1 0
[0110] = 160, - 1 0,1,2 ] 0,1,2,3 | 0,1,2 1 -
[0030] = 112, - - 0,1,2 1,2 2 - —
[0210] = 1400, 0 0,11]0,1,2 0,1 0 - -
[0130] = 1568, - 1 0,1 1 — - -
[0050] = 672, - - 0 - - - -
Table 15. All possible conformal primaries in Sy x S3 corresponding to the (B, 2)[570201 0] supercon-
formal multiplet.
(A, +>LT§(E spin: dimension
50(8)p irrep +5 | 0+ 0+% +4 0+ +3 | e+
— — £,0+1, 0, 0+1, 0 0+1, C+1,0+42 | £+42
[0010] = 8. (+2 0+2 (+2
- 0e+1 | £0+1 0041 0 0+1 £+1,0+2 —
[0110] — 16OC ) 9 ) ‘ ) ) ) + ) + 9 + )
(42 (+2,0+3 £+2,0+3 {43
/ Cl+1 | 0 0+1 0, 0+1 0 0+1,0+2 - -
[0030] — 1120 ) + K + ) ) + ) b + ) + )
0+2 (+2,0+3 (43,044 - -
- - 0,041, (41, 042 - -
210] =1400,
[0210] 00 (42 042
- C+1 | 041,642 | £+1,0+2 - - -
[0130] = 1568, L I e
{43
[0050] =672, — - 042 - - - -
Table 16. All possible conformal primaries in Sy x S3 corresponding to the (A,+)LT§O]Z supercon-

formal multiplet. For £=0, the conformal primaries with negative spin should be omitted.
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[0110]

(A,2) (430 spin: dimension
50(8)p irrep A N A R - A SR WA
e AN == N N = = D A /= = W B A0 = = DA BN 7= = B RV AN s B S |
[0010] = 8. (42 (+2, (+2 42 042
(+3 (43 43
l 001 | 00+, | 0,61, | 0,041, | 0,0+1, | £,0+1, -
0110] = 160, (42 (42 £+2, (42, 42
(43 (43, 43
(44
e A== S N = = B N /= = W I A0 = = IR BN /= =3 | - —
[0030] =112, 0+2 042 042, 042
(43 (43, 43
- 0+1 | L0411, | 061, | £0+1 /41 — -
[0210] = 1400, 042 42, l+2
(43
= - 0O+, | 0,041, | 4,041 - - -
(0130] = 1568, 42 (42 (42
[0050] =672, - - - /41 - - - -
Table 17. All possible conformal primaries in Ss x S5 corresponding to the (A,Q)[OHO] supercon-

5.0

formal multiplet. For £=0,1,2, the conformal primaries with negative spin should be omitted.

(A,O)[X?Ew] spin: dimension
50(8)p irrep Al A+1 | A+2 | A+3 | A+4 | A+5 | A+6 | A+T7 | A48
0 0ex1 [ 0,01, | 0021, | 0,041, | 0,041 | 6,01 | 0,021 | ¢
02 | 0x2, | 0£2 | 0£2 | 042
[0010] =8, ¢+3 | (£3 | €43
0+4
— e o1 [ o0k, | 0,01, | 6,041, | 0,041, | 0,01, | 6,611 -
[0110] = 160, 0+£2 | (+£2 | e+2, | (£2, | 0£2
(+3 | (+3, | ¢+3
10030 = 112 — | = ook, | gek1, | 6041, | 6,0+1 | ¢,0+1 - -
¢ 0+2 (+2 0+2, 0+2 0+2
o0210]=1400, | | " ‘ 0,0x1, | 0,01 | ¢,0+1 I - -
0+2
(0130]=1568, | — | - — |01, | 6,01 | 001 - - -
(0050] = 672", - - - - ¢ - - - -

Table 18. All possible conformal primaries in Sg X .S3 corresponding to the (A,0)

[00
A,

10]
supercon-

formal multiplet. For £=0,1,2,3, the conformal primaries with negative spin should be omitted.
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(B >+)[10,820] spin: | dimension
50(8)p irrep 1121 3
[0000] =1 B )
[0100] = 28 ~ 1] =
[0020] = 35, ol -1 =

Table 19. All possible conformal primaries in S3 x Sy and S5 x S3 corresponding to the (B, +)[1(382()]

superconformal multiplet.

(B, +)[20,84O] spin: dimension
50(8)p irrep 2131415
[0000] = T
[0100] = 28 I P
[0020] = 35, PN
02000=300 | | |o| |-
0120 =567, | | 1| | |-
0040] =294, |0 |- |- |- |-

Table 20. All possible conformal primaries in S X .S and S3 X S5 corresponding to the (B, +)[2(3840]

superconformal multiplet.

(B, —|—)§860} spin: dimension
50(8)p irrep 314156
[0020] = 35, ) N
0120] =567, | || |1]-
0040] =294, | |- |2| |-
0220]=4312, | | |0]| |-
0140] = 3696, | | 1| | |-
0060] = 1386. | 0| | | |-

Table 21. All possible conformal primaries in S5 x S3 corresponding to the (B, —|—)§?860] supercon-

formal multiplet.
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Table 22. All possible conformal primaries in Sy x Sg and S3 x S3 corresponding to the (B, 2),,

(B, 2)[0200] spin: dimension

50(8)p irrep 213 5 6 |7
[0000] = - - 0 10,20
(0100] = 28 -1 1,3 1 |1
0020]=35. |- |-|oz2] 2 |2 |-
02000=300 |O0|0|02] 0 | 0 |-
0120 =567. | - |1| 1 | 1 | — |-
0040] =294, | |- | o | — | - |-

superconformal multiplet.

[0200]
0

(B, 2)[0 201 spin: dimension

50(8) g irrep 314] 5 6 718

[0100] = 28 - -1 - 1

[0020] = 35, -1—-10 0 10,210

[0200] = 300 -1-10,210,210,2 ] —

[0120] = 567, -1 1 1,3 1 |1

[0040] = 294, -1 —-10,2] 2 2 |-

[0300] = 1925 -1 1 1 - | -

[0220] =4312. [0 [ 0| 0,2| O 0 |-

[0140] = 3696, | — | 1 1 1 - | -

[0060] = 1386, | —|—| O - - | -

Table 23. All possible conformal primaries in S3 x Ss corresponding to the (B, 2)[022 ] supercon-
formal multiplet.
(A,—I—)L(fiog spin: dimension
50(8) R irrep 042 | (+3 | (+4 +5 {46 047 +8

[0000] =1 - - {20 042 {42 042 {42
[0100] = 28 - (+1 | 041 | 0£1,643 | (+1,0+3 | £+1,0+3 -
[0020] = 35, l l 0,042 0,042 0, 0+2,0+4 — -
[0200] = 300 - - 0,042 042 042 — -
[0120] =567, - 41| (41 | £+1,4+43 - - -
[0040] =294, - - 042 - - — -

[0020]

Table 24. All possible conformal primaries in Sz x Sz and S3 x S5 corresponding to the (A, +);,5

superconformal multiplet.
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(A,—i—)g);%} spin: dimension

50(8) R irrep 0+3 | 04+4 | £+5 (+6 047 (+8 49
[0000] = 1 - - - ¢ - -
[0100] = 28 - - (+1 (+1 0+1 -
[0020] = 35, — = T2 | 042 0,0+2 (2 | 142
0200] = 300 - ¢ ¢ 0,0+2 - -
[0120] = 567 et | ekt [ee1,643 ] 41,043 | e41,043]
[0040] = 294 ¢ leev2| tor2 042,044 - -
0300] = 1925 - - (+1 - - -
(0220 =4312, | - | - |66+2] (42 0+2 - -
0140 =3696, | — | (+1| (+1 | (41,043 - - -
[0060] =1386, | - | - | ¢(+2 - - - -

formal multiplet.

[0040]

Table 25. All possible conformal primaries in S3 x S3 corresponding to the (A4, +), 43,0 Supercon-

(A,2)LTS’OZ] spin: dimension

50(8) R irrep 042 | (43| (+4 {45 {46 0+7 (+8 | (49
[0000] = 1 — ekl | e+1 | ex1,6£3 | (+1,043 | 641,043 | (41 | (+1
[0100] =28 1 O 002 | 002 | b lE2, 044 | 0042 | 0 0+2 | —
[0020] = 35, — | 41| (1 | 61,043 | (£1,043 | ££1,0+3 - -
(0200] = 300 — o1 | w1 | ex1,043 | 041 0+7 - -
[0120] =567, 14 o002 | 0 0E2 | L2044 | 0042 | L 0+2 | —
[0040] =294, - - - (41 - — -

[0100]

Table 26. All possible conformal primaries in S3 xSy and S35 x S3 corresponding to the (A’Z)HM

superconformal multiplet.
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(A,Q)EE;’%] spin: dimension

50(8) R irrep 043 | £+4 | £+5 46 047 48 049 | £+10
[0000] =1 — - - £+1 (+1 £+1 - -
[0100] =28 — - | e£2 | 00+2 0,042 0,042 | 0,042 -
(0020] = 35, — L1 | ex1 [ex1,643 | 1,043 [ ex1,043 | 41 | 041
[0200] = 300 — | €1 | (1 | £E£1,0+3 | (£1,0+43 | £+1,0+43 - -
[0120] =567, 1 o002 | 00+2 | L 0E20+4 | 0,042 | 4,042 —
0040] = 294, ekt | vt [ex1043 ] 1,043 | ex1,043 ] - -
(0300] = 1925 — | = T2 642 0,042 - - -
0220 =4312, | - |¢+1| ¢+1 |e£1,043] 041 0+1 - -
[0140] = 3696, - - | 4,442 0, 0+2 0, 0+2 - - -
[0060]=1386. | - | - - (+1 - - - -

[0120]

Table 27. All possible conformal primaries in S3xS3 corresponding to the (A4,2), 13,3 supercon-

formal multiplet.

(A72)Ef??,%] spin: dimension

50(8)p irrep (43 | +4 | £+5 1+6 0+7 +38 (+9 | £+10
[0000] =1 — — L l 042 1 1 -
(0100] = 28 o lek1 | vt |01, 03 | 1,043 | 621,043 | (41 | £+1
[0020] = 35, T e |2 (42 00+2 | eiv2 | -
[0200] = 300 1 o6 LE2 | 0 0+2 | 6 4E2 044 | 0042 | £ 042 -
0120] = 567, o1 | r1 [ ex1043 ] 1,043 621,043 ] - -
[0040] = 294, - ¢ ¢ 0,0+2 - - -
(0300] = 1925 — w1 | et Jexree3| 01 (+1 - -
0220]=4312. | — | - | 6,642 (042 0,042 - - -
(0140] = 3696, | - | - - (+1 - - - -

[0200]

Table 28. All possible conformal primaries in S3xS3 corresponding to the (A4,2), 13,3 supercon-

formal multiplet.
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(A, 0)[20;) 0] spin: dimension

50(8) g irrep AJA+1 | A+2 | A+3 | A+4 | A+5 | A+6 | A4+T | A+8
4 14 4 14 0,042 14 4 14 4
=1 !
[0000] Via
— | 041 | 01 | 041, | 041, | €41, | (+£1 | (£1 —
[0100] =28 043 | (+3 | (43
[0020] = 35, — | = | eex2 | 0,02 | 0,02 | 0,012 | 0,0+2 | — -
[0200] = 300 -1 - ‘ 602 | 4 - -
[0120] = 567, -1 - - 0£1 | (1 | (£1 - - -
[0040] = 294.. -1 - - - 4 - - - -

Table 29. All possible conformal primaries in S x .So and S35 x S5 corresponding to the (A,O)[AOOSO]

superconformal multiplet.

(A,O)[AO?E2 0 spin: dimension
50(8) R irrep A|A+1| A+2 | A+3 A+4 A+5 | A+6 | A+7 | A48
[0000] =1 - 00+2 | 0, 0+2 0, 6+2 00+2 | £,0+2 - -
et | | e, (+1, (£1, | (+1 | 0£1 | -
0100] =28 0+3 0+3 0+3 -
[0020] = 35, ¢ 0 | eex2 o2 | g 02,044 | 02 | b 022 | ¢ ]
[0200] = 300 - 00+2 | 0, 0+2 0, 6+2 00+2 | 6,042 - -
e |1 | ey, (+1, (1, | (£1, | 0£1 | -
(0120] =567 0+3 0+3 0+3
(0040] =294, | — 00+2 | 002 | e0x2 |02 |2 -
(0300]=1925 | — N 1+1 (1 | - - -
0220 = 4312, | ¢ ] 0,042 ] ¢ - -
(0140] = 3696, | — N RS r+1 £1 | - - -
[0060] = 1386, | — - - ] - - - -

Table 30. All possible conformal primaries in S3x.S3 corresponding to the (A,O)[Aooé2 0] supercon-

formal multiplet.
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(A,E)g’%g] spin: dimension
50(8) R irrep AlA+T| A+2 | A+3 | A+4 | A+5 | A+6 | A4+T | A+8
— | £+1 (+1 f+1 {41 {41 /+1 {41 —
[0000] =1 ’ ’
{+3 f43 0+3
4 14 0 O0E£2 | L A4E£2 | £4£2, | L 0£2 | £,4£2 14 ¢
[0100] =28
{+4
{41 /+1 f+1, 041, /+1, f+1 /41 -
[0020] = 35,
{+3 £+3 {+3
— | £+£1 (41 /+1 f+1 {41 /+1 {41 -
[0200] = 300 ’ o ’
{+3 {43 {43
[0120] =567, - - 0 A0E£2 | L 4£2 | 6,012 | £ 0£2 | £,4£2 — -
[0040] =294, - - - /41 f+1 {41 - — -
[0300] = 1925 - - J4 l 0, 0+2 l ¢ — -
[0220] = 4312, - - - /41 {41 /41 - — -
[0140] = 3696, - - — — 14 - - — -
Table 31. All possible conformal primaries in Oagq, X O2g94, corresponding to the (Al)[omo]

superconformal multiplet.

C 1d correlation functions

C.1 GGaussian correlators

(4,0

In this section, we list the correlation functions of the 1d theory at fixed o for any value

of N. These are used to compute OPE coefficients of short multiplets in ABJMB

N1 listed

in table 7. All operators O(y;,y;) are ordered on S! in ascending fashion with ; < g <

- < Pn.

For notational simplicity, we strip off the polarization dependence from all

expressions, which can be restored through (3.4) and (3.5), and we work in units where

= 1. It follows that all correlators can be subsequently written in terms of ten quantities,

N N
2
fi= E E : tar,a0
a1=1laz=1
N N N
fs= § § § taj,astar,az
aj=las=1laz=1
N N N
= t2 | antar,ast
fs= ap,agtar,azlag,asz,
aj=lag=laz=1
N N N N
Jr= § § § § tag,aztar,astas,aztas,aq
aj=lag=laz=lay=1
N N N N
2
fo= E : E : E : E :tal,agtalyastazymu

1

Q
=
Il
-
Q
™M
Il
—
Q
w
Il
—

agq

where t, g = tanh(m(oq — 03)).

fa=
a1=1las=1
N N N
'f4: Z Z Z tilaQQtil,aga
aj=las=laz=1
N N N
o= D0 D tayastasas (C.1)
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For example, the two-point functions of external operators (3.33) can be rewritten as

N2 -1
(0202)5 = —55— 2f17
200 2 (C2)
00 _3(N4—5N2+4)+ 9 9 '
(0303)0 = BN (3 e T gl

We now list the correlation functions according to type. Those related to constructing
an orthogonal basis of operators are:

<O> 2€2fl7
N2— Bf, (N£*Bg,-5 5
<020g>a:( 262) 6’2_( 2]\76; >f1—4€4f3+4€4f5, 3
(N2-1) ((N*+N) By4+2N?-3) ((N3+N) By4+2N?-3) '
(041042)6 = SN/ - N7 fi
B
i4f2+ fof-

The two-point functions of internal operators with A = jp are:

N*-1 N2+1
(041041)0 = ol f1+£4f2+ €4f17
(0420 >_(N2—1) (2NB474((N3+N)B4,4+4N2—6)+N4—6N2+18)
4,2 4,2 g 4N2£4
2N By ((N3+N) Bya+4N2—6)+3 (N2+6) . 4BF,+1
- 2 EAETI e
(N?—9) . 2By4
- N4 f3 /4 f+ €4 fl €4f77
3(N6—21N%+20) 3(N?-10) (N?+5) 9 9(N?+5)
(050500 = 16N (5 - 16N /5 ) VR TR

9 9 2. 9
+%f4+47€5f6+%f5—mf1+@f1f37
9(N2—4)" (N*47N%2-8) 27(7TN*+16N2-128) = 81 (N2+16)
(0606) =

39 N2(6 32N2€6 1t 32N2€6 f2
27 (N*+7N%-32) . 81(N?*+4)
- 6 3 6 f5 6 f4 6 f6 + 206 fl
16N/ 16N/ 4N€ 2N£ N z
81
“Tew /ot 16£6f8+32£6f7+32£6f10+32£6f3 _8N£6f1f3'
(C.4)
The single two-point function of internal operators with A = jp — 1 is:
5N (N*—5N?+4) 5N (N2-5 5 5(10—3N?2 15
<OIO/> ( 5 )_ ( 5 ) 1— 5f2+ ( 5 )f3+75f6
320 320 SN/ 320 Y, (C.5)

5 ., 15
BT R T AT RAR LR
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Those with A = jp — 2 are:

g e, S(IVIZ3NZ42) 3(EB{p+N*+1)
<O O > ( ) + 204 o /4
3(N®—8N*+19N?-12) 3(N*-5N?-18) 15 3(1-3N?)
SN v heypht e

2
f1+@f2+474f1 )

(0505)0 =

Fa ot s g gy T g
oo 5(N2-4)* (N*-3N2+2) (N2—1) (BY,)?  45(N?+16)
5(N*+8N?—64) —8N{* By , (N(*Bf ,—10) . PR
16N2(6 T oN2e6 1 T 66T
5 (ANC?BY,+3N*—19N?+24)

- SN (6 fS—%ﬁ‘i‘@fs—Wflo*’wf?,
45 45 45 5(4N(*Bf ,+11N*—36)

“ane VT o et 8N(6

2

f5- (C.6)

Lastly we list the three-point functions. Those involving Oy x Qs are:

1-N? 1

(@20202%:7—1-?3]‘117
Ni-1 1 1+N2

<O2O2O4,1>OZT£4+[4JC2 —g—h+ 2€4f1a (C.7)
(N?-1) (£2B§{70+N2— ) (2*Bj,+7N?+1)

(0,0,0), = f1+@f2+@f12-

204 404
Those involving Oy x O3 are:

9(N*-5N?+4) 9(N?-6)

9 9
(02030s)0 = =—— 1"+ =g it guafs— gl
3(N6—21N2420) 3(N2-10) (N2+5 9
(00,0505, = - )3 )(5 i 5f2
16N/ 16N/ 2N/
9(N?+5) 9
I TT A 4€5f6+8€5f4+8€5f 4N€5f1 16€5f1f3’
. ) B - 8)
(020505), 1605 1665 2 4N£5f2 65
9 1
Tl gl 16€5f5 8N£5f1 16£5f1f3’
3(NO—8N*+19N?~12) 3 (N*-5N?— 15
(0:0308), = ( 5 28 5 )fl_ 52
16N Y 16N€ 2N€
3(1-3N?) 9
S I g g v e
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Those involving O3 x O3 are:

9(N*=5N?+4) 9(N2-6)

05O udo =g sy Ntgahgal
9(N*=5N?+4) 9(N%—4) 9
(050501,1)5 = AN “Tone N 2N€5f2+2£5f 4N€5f1’
9(N*=5N?+4) (2NBys+N?—6) 9(—2(N?*—4) NBys+N*—24)
(0303042)5 = SN + AN Vil
9(N—4By4) 9(N2-9) 9(NBys—1) 9By 4 o
SNGE 2T TanE Bt T aNe M ane fi 8£5f
3(N4—5N2+4) (B ,—3) 9(462B,—N*+9N2+4
(030501)5 = ( ) (Bl )+ e ) !
8N (5 16N (5
45 9(¢*B} y+6) 27
TIvElT T e BT se5f o 8N€5f1 16£5f1f3’
9(N2-4)% (N*+7N2-8) 27(7TN*+16N>-128) 81 (N2+16)
(030506)5 = — 246 - 246 1= 26 2
32N2/¢ 32N2( 32N2(
27 (N*+7N?-32) 81 81 (N?+4)
6NE f3+2N€6f6+4N£Gf4_16€6f8+16€6f9+ 16N 75
81 81
“ el 32£6f7+8N£6f1f3 32£6f3 32£6f10’
" 9(N*—5N?+4) (AN(?B{ ,+N*—6N?+8) 81 (N2+16)
(030304) 5 = — : - 2
32N2/(6 32N2/(6
9(—4(N?2—6) N?Bl! , + N*+28N? 144 81 81
- ( ( ) 67;6 )f1+ 6'f6+ 6'f4
32N2( N/ AN
9(2N€2Bg’2+3N4—14N2+4)fl P 81 ot 81 P
16N 5 N2£6 BT RARBTII R
81 189 81 81 ., 9(NBf,+8N?*—28)
160618+ 38 10T g 113~ g f 8N (6 fs- (C.9)

C.2 Additional relations

Correlation functions in the 1d sector of ABJMiJGfI, related to the Gaussian correlators
from the previous section by (3.18), satisfy additional relations that can be derived without
explicit integration. In particular, all of the three-point functions in the mixed correlator,
except for (030304,1), can be written in terms of associated two-point functions. Up to
the su(2)p prefactor, these constraints are given by

2
(020,05) = _Z<0202>’ (0202041) =(0410471),  (020,0]) = <0 1),
3
(030304) :_?<0303>’ (0303042) = 2€<O4 2042), (03030)) = 8£<O oy,
(030506) = —(06O¢) , <(’)3(’)3(’)/ )= <(’) O > (020503) = —%(03(93> ,
1
(020505) =(0505) , <02030g> 10 <O5O5> <02030/5/> = §<O’5/Og> . (C.10)
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Along with the 1d crossing equations (3.14), the constraints in (C.10) can be used to

rewrite all of the 3d OPE coefficients in terms of A; = A2 020) and Ao = A2
22(B,+)1 0 22(B,+)5 o

which were computed to all orders in 1/N in [56], as well as three correlators, Wthh we

[0040] »

can choose to be b3 = Bo,, bs = Bo,, and ¢4 = 00303@4’1. In terms of these quantities,
the OPE coefficients can be written as

A2 o200 = =5X—4 (A +4),

22(B,2)5 5
32 9N
3B T 4
22 _ 0221)‘11l
33(BA4)so " 9b2A3
\2 _ —144BININ] + T206A3NT — CIAT 4 2916A307 — 3645)3 + 1166473
33(B.4) " 9bZA{AZ ’
\2 81 (4A7 =53+ 16)
33(B,2)12 0200] = - b%)\% ,
\2 _ 16t
33(B4)50 " 5b2 (C.11)
: 36 (5b3AT — 4bg)
33(B,2)12 0220] - = 5b§ 5
)2 18bgAT + 48b3A7 + cyAf — 1087 + 13573 — 432
25,0~ 56537 |
)  4(33b3A] + 48b3A] — 4ca AT — 108AF 4 135)3 — 432)
23(B, 2) 0130] o 151)3)\% )
2 _ —30b3A% + 48b302 + 5es A — 10802 + 135)% — 432
23(B, 2) 02101 3b3A2 .

D Crossing functions

Here we give the explicit crossing function V obtained by equating the 4-point functions
in (4.1) and using the expressions for Yy (a,7), Yam' (0, 7), and Yo (o, 7) in appendix A.

These crossing equations are written in the A%2%34(U, V) basis in (2.5) using the crossing
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functions FifffffSk“(U, V') defined in (4.2), and take the form:

F222 —|—F2222 —|—F2222
F222 + 4}722221 4 8F2222
F2222 + %F2222 —|—3F2222
F2222 2F2222 24 F2222

F2222 F2222 + 5F2222 F2222 F2222
3

+,2,1 +,2,2
2222 2222 2222 2222 2222
F223 1o N0 p2as | p2ags U p2:

3333 3333 3333 3333
F77370+F773)1+F77372+F
F§3§3 —|—3F3333 EF3333 12G¥5F3333 + 75 F3333
3333 3333 1 773333 9 3333
F3333 _op3333  1p3ss 4 9ps
F3333 + gF3333 @FSSBS 375 F3333
F§3133 9F3333 5F3333 HF333 95 F3333
F3333 + 8L 81 F3333 +45 F3333 +;95 F3333

140
F3333 F3333 F33§’32 + 9F33§% 42 F—?—ngl F3333 F3333
3333 3333 3333 100 3333 __ 15 3333 675 3333
F3333 4 @33 1p3sss | 100 pasgs 15 g3 F
F_?_Sf% F3333 F3333 +4F3333
3333 2 173333 3333 25 3333 3333 127 3333 _ 795 173333
F+00 F+21 140F F F—i—Sl 196F+32 224F+33
e
1272
7 F2323 + ’30 F2323 @ F23§3
= 2 2 ,2
F23 £F23 152 F23235
_ 31 2 —2 )
19 2 o) 7 1999
FE?)isl _ & F232 129 FE3%3§
) )
F2323 F23 40 F23 43 F2323 48 F23
+»777+ +7272 27 +7575 27 +a7a§ 7 +7573
F2323 _ 9 5 F23 | 38 72323 188 F2323
+727é 35 +7272 +7272 21 +757g +777§

27

— 50 —

F2233 41 F32237 _7F32331 + 17‘232%33 + = F32 1_7'325 A + 21F3223
272 2 2 1272
F2235 11;132231 +L F32251 41 1;‘32233 + 25 F3223 55 F32233 410 10 F3223
= 14 3 3
2

) ’2 3 2
F2233 44 FSQ?Sl - s F32231 7 }7132333 + gl 1;*3223l %ég F32%33 + 3F3223

902

2233 | 2 173223 26 173223 47 3223 250 32 50 32 200 3223
F_ +9F 1+6 F 2 1+ F g g 243F 5 1 243F F_7§7§
F2233 1 F32 $F32 _ 21 FEQE?), 5F32 1 + L N FEQ%:{ +4FE223,

2 2 7272 )20 7272
F2233 + 4 3% F32 1 427 245 F32 1 427 200 F32 + 5};?2%31 +F32%37 4112 12 FEQ%?L
20 1272 1272
2233 1 13223 3223 4 322 25 3223 3223 5 173223
B sy 1+21F 3,1 15F+,3,g o2l 1+8 Fy 837 F+7,7§
F2233 F3223 1 F3223 _1pB223 25 F32 55 F3223 10 F3223
;2;31 +1 ;2’ A % 322237 > ; 2’22 : g J23’222’32 119 +73227223 4 J;;222,32
F F 1 1 42F+3 1+15F 372 81F+5 1+162F+7272 F+’2’2
2233 2 3223 26 17322 47 17322 250 173223 3223 200 773223
Feii—ofy e 63F+,3,% 90F+,5,5+243F 1+243F+g 3763 B 55
2233 32 33 322 21 32 5 3223 7 173223 3223
F+1O 5F+’2’ 70F+7272 F 2’2 9F+’2’§ 18F+’5 % 4F+’%’g
F2233 F3223 F3223 F32 F32 F3223 12 F3223
+,0,0 35 +.1 1 245 l 200 .|_7 7 +7272 +7§7§ i +7%7%

(D.1)



The crossing equations for the superconformal block decomposition of the 4-point func-

tions are obtained by replacing each A¥2/F34 ip F{ k 1k2k3k4 (U, V) by the linear combination of

k127

conformal blocks that appear for the superblock &'\ k31 for each supermultiplet M. For in-

stance, we use the explicit expression for the stress tensor multiplet (B, —1—)[00 0] superblock

n (2.16) to write V(B 4yloceo) @S

0

2222
F=7%0

2222
-FZ55
1122222
iFZ355
2223 2222
F{io —Fisy
2222 1122222
—iFE0 + 1FTE
03
3333
F_71’0
3333
1123333
TF25%
0
B,4)l0020 = 3333 )
(B )10 F°0%

3333
*F+,2,1

3333
I?+-32
0o
2233
FZ70
_F2233

<

(D.2)

11?2232
O3
P
—FE50

1102233
I?+—32

where 0, denotes vectors of length a with entries equal to the 2 X 2 zero matrix, and we

define
F2222 - -7::2t2n%gz F3333 = 0 0 F2233 El 0 ]::?:%LST% (D.3)
+nm 0 0 ) +nm 0 ]_—i;jg% ) +nm 9 ff?:%?r%z 0

with Fi{ﬁ%’fi”k“ (U, V) written in terms of conformal blocks as

k2+ kotks

f‘ilizlzslm(U’ V) =V Gk12,k34(U V) U Gk12,k34(‘/’ U) . (D.4)
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In the main text, we then used the 1d crossing relations and the conformal Ward iden-

tity constraints (2.22) to write all the short OPE coefficients in terms of 1/cp, A 0200] 1

kk(B 2%

)\?B +)[0050] )\? Jfo1s0]- The resulting explicit crossing functions are then:

fo= (1) 1) (£ 210) Ve (30).

_ o 16 1024 256
o = (16.24) Vg (24) + (1 256) Vg 7

1 -
(B, 2)[20300 (O) —1—768‘/(B’+)[§(,)30 9216‘/(3 2)[02 0220] 3072‘/(3 ) 02;0

Y% > 0 1 ~ 0
2222 _ 1
Ve = (10) Visagam (0) +5(10) Viggo (o) |

B} . . ) .
3333 —
Vs = (0.0) ¥ gz (1) ~(10) Vo <0> :

)\(B +)[0060]

<

)
—1792 (0 1) \%

5 -
1% [0060] = V [0060] +9V [0220 1+ = 5 (0 0) A%

0
(B4R ™ Bt T B (.5 (1) |
V! -V s v 1 4 ¥ 1
(B’H[;OSO] =V, +) [0050] + (B, 2)[;)210 ]+ (0 1> (B7+)[2(?840] 0 + <0 1) (B2 0200] NE
27
V! —V % Lo\ v N\ 1
(B,Q)[glso] =Vis, )[;)150] (B,Z)%)Q;O] —Z < ) (B’+)[2(3840] 0 +Z ( ) (B, 2)20?)00] R
2 :
(D.5)
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