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1 The case for universal, background-independent quantum gravity

To describe physically relevant spacetimes, such as black holes or Friedmann-Lemaitre-

Robertson-Walker spacetimes, it is necessary to go beyond General Relativity, where these

spacetimes feature singularities. Such singularities are expected to be resolved once quan-

tum fluctuations of spacetime are properly accounted for. Yet, this is a particularly chal-

lenging task if it is to be compatible with the background-independence at the heart of

our modern understanding of gravity. Background-independence implies that no configu-

ration of spacetime should be singled out a priori from all configurations that enter the

path integral. This is incompatible with perturbative techniques around a fixed space-

time, which single out a special background to perturb around, and which do not provide

a predictive quantum field theory of gravity. Instead, one is led to introduce an infinite

number of independent local counterterms to cancel divergences at each loop order [1–3].

This motivates that background independence should be taken seriously in the search for

an ultraviolet complete definition of the gravitational path integral. Thus, we aim at an

implementation of the path integral without auxiliary geometric background structures.1 A

promising route to construct a background independent path integral consists of making a

transition to discrete building blocks, as in dynamical triangulations [5], Regge calculus [6],

matrix/tensor models [7–9], spin foams [10] and causal sets [11]. This allows to construct a

discrete approximation of all random geometries (and potentially additional configurations

with no interpretation as a spacetime geometry) that enter the path integral for quantum

gravity. These discrete building blocks are typically not viewed as physical, “fundamental”

1An alternative route makes use of an auxiliary background structure at the technical level while ensuring

the independence of physical results from this background structure, see, e.g., [4].

– 1 –



J
H
E
P
0
2
(
2
0
2
0
)
1
1
0

building blocks of spacetime. Rather, they are auxiliary, unphysical entities, allowing to

define a regularized path integral in analogy to lattice gauge theories for non-gravitational

quantum field theories. One might object that quantum spacetime might be fundamentally

discrete, which might suggest that the use of discrete building blocks is appropriate at a

physical level. Yet, this would require us to guess exactly the right, physical form of the

discretization and might feature a predictivity problem, see, e.g., the discussion in [12].

Further, naive discretizations are likely to break spacetime symmetries see, e.g., [13, 14]

for discussions of diffeomorphism symmetry in discrete settings. Therefore, a universal

continuum limit is actually a key demand in order to ensure that one is exploring robust

predictions of the quantum-gravity model, instead of specialized artefacts of one particular

discretization.2 Thus, in this framework it is insufficient to search for the continuum-

approximation (in the sense of `disc � `, where `disc is the discreteness scale and ` is the

physical distance scale of interest). The continuum approximation will carry non-universal

imprints of the details of the theory at `disc, in the form of contributions which are functions

of the finite ratio `disc/` and which typically come with infinitely many free parameters.

In contrast, a universal continuum limit, in which `disc/` → 0, ensures that the details

of the discretization do not matter and the physics of the model depends on only finitely

many free parameters. This is exactly the spirit in which lattice field theories are set up

in non-gravitational field theories. We argue that robust physical predictions should be

extracted from the gravitational path integral in a similar manner.

2 Tensor models as a framework for background-independent quantum

gravity

One potential route to evaluate the effect of quantum gravitational fluctuations in a

background-independent setting is provided by the tensor-model approach [15–23]. A ten-

sor model is a zero-dimensional quantum field theory of rank d tensors whose indices range

from 0 to N ′. The relation between tensor models and the Euclidean gravitational path

integral is provided by the mapping illustrated in figure 1. The first step maps the path

integral over all spacetimes to the sum over all triangulations ∆ by discretizing all con-

figurations in terms of discrete, equilateral building blocks, such as, e.g., triangles in two

dimensions, tetrahedra in three dimensions and so on. Geometric information is encoded

in the way that these building blocks are glued to each other, following the spirit of Regge

gravity [24]. For instance, in two dimensions, curvature is encoded in the deficit angle

around a vertex, which is only zero if there are exactly six triangles surrounding the ver-

tex. The inverse map, from the dynamical triangulations to the path integral for quantum

gravity, is via the continuum limit. Searching for the continuum can be tackled, e.g., by

Monte Carlo simulations [25–32] at the level of the triangulation.

2A continuum limit does not preclude the emergence of physical or dynamical discreteness, e.g., in the

spectra of certain geometric operators. These different notions of discreteness should not be mixed, and

in particular the presence of physical discreteness cannot be used to infer that one should not be taking a

continuum limit at the level of (unphysical) configurations in the path integral.
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Figure 1. We show the relation between the generating functional for quantum gravity in the

continuum, dynamical triangulations and tensor models.

Alternatively, one can go one step further to arrive at a purely combinatorial model.

In such a tensor model, the building blocks of space are mapped to tensors. The way in

which discrete building blocks are glued together to form a discretized configuration of

spacetime is encoded in the tensorial interaction structure. More specifically, the Feynman

diagram expansion of the tensor model generates all possible triangulations of pseudo-

manifolds [33, 34]. Such a correspondence between combinatorial models and the path

integral for quantum gravity constitutes a success-story in two dimensions with matrix

models (see [7] for a review). Tensor models, first proposed in [15–17], generalize matrix

models to higher dimensions.

In detail, the mapping between a Feynman diagram in a tensor model and a triangu-

lation works as follows: for each Feynman diagram of the tensor model, one can construct

the dual: each of the four indices of a tensor is associated to one side of a tetrahedron,

cf. figure 2. This forms a building block of three-dimensional space. To construct a building

block of four-dimensional space, several tetrahedra have to be glued together. This is en-

coded in a contraction of indices of tensors. For instance, Ta1b1c1d1Ta1b1c1d2Ta2b2c2d2Ta2b2c2d1
encodes how neighbouring tetrahedra are glued together along three/one triangles in a

pairwise fashion. For purposes of illustration, we show the analogous construction in one

dimension lower in figure 3. In summary, the interactions of the rank-4-tensor model

are dual to building blocks of four-dimensional space, whereas the tensors themselves are

dual to building blocks of three-dimensional space. In the Feynman diagram expansion

of the tensor model, these interactions are glued together along propagators, forming tri-

angulations of four-dimensional space. In this way, tensor models encode the discretized

configurations of spacetime that enter the path-integral in a combinatorial way.

The action ST only depends on tensor invariants (under orthogonal/unitary transfor-

mations of the tensors), such as, e.g., TabcdTabcd, with summation over repeated indices
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c
<latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit><latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit><latexit sha1_base64="RVkzaxOhuQNdrRyozc8LElplsLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWarFepujV3BrJMvIJUoUCjV/nq9hOWxSgNE1TrjuemJsipMpwJnJS7mcaUshEdYMdSSWPUQT47dEJOrdInUaJsSUNm6u+JnMZaj+PQdsbUDPWiNxX/8zqZia6CnMs0MyjZfFGUCWISMv2a9LlCZsTYEsoUt7cSNqSKMmOzKdsQvMWXl4l/Xruuuc2Lav2mSKMEx3ACZ+DBJdThDhrgAwOEZ3iFN+fReXHenY9564pTzBzBHzifPzSOjLo=</latexit>

d
<latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhhTZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2IAqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit><latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhhTZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2IAqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit><latexit sha1_base64="493iywG9k3VTthaAR+vadVA7SLQ=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDabSbt2swm7G6GU/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLM8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6DRXDH2WilS1Q6pRcIm+4UZgO1NIk1BgKxzeTv3WEyrNU3lvRhkGCe1LHnNGjZWaUa9SdWvuDGSZeAWpQoFGr/LVjVKWJygNE1TrjudmJhhTZTgTOCl3c40ZZUPax46lkiaog/Hs0Ak5tUpE4lTZkobM1N8TY5poPUpC25lQM9CL3lT8z+vkJr4KxlxmuUHJ5oviXBCTkunXJOIKmREjSyhT3N5K2IAqyozNpmxD8BZfXib+ee265jYvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gA2EYy7</latexit>

Figure 2. We show the correspondence between a tensor and a building block of space.

Ta1b1c1
<latexit sha1_base64="Kp2YPnm6JvpP9FJSN0B9NXbv304=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKoN6KXjxWaGyhDWGz3bRLN5u4uymU0N/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZTW1jc2t8rblZ3dvf2D6uHRo04yRZlHE5GoTkg0E1wyz3AjWCdVjMShYO1wdDfz22OmNE9ky0xS5sdkIHnEKTFW8ltBTgIcBpgGeBpUa27dnQOtElyQGhRoBtWvXj+hWcykoYJo3cVuavycKMOpYNNKL9MsJXREBqxrqSQx034+P3qKzqzSR1GibEmD5urviZzEWk/i0HbGxAz1sjcT//O6mYmu/ZzLNDNM0sWiKBPIJGiWAOpzxagRE0sIVdzeiuiQKEKNzaliQ8DLL68S76J+U3cfLmuN2yKNMpzAKZwDhitowD00wQMKT/AMr/DmjJ0X5935WLSWnGLmGP7A+fwBRRaRUA==</latexit><latexit sha1_base64="Kp2YPnm6JvpP9FJSN0B9NXbv304=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKoN6KXjxWaGyhDWGz3bRLN5u4uymU0N/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZTW1jc2t8rblZ3dvf2D6uHRo04yRZlHE5GoTkg0E1wyz3AjWCdVjMShYO1wdDfz22OmNE9ky0xS5sdkIHnEKTFW8ltBTgIcBpgGeBpUa27dnQOtElyQGhRoBtWvXj+hWcykoYJo3cVuavycKMOpYNNKL9MsJXREBqxrqSQx034+P3qKzqzSR1GibEmD5urviZzEWk/i0HbGxAz1sjcT//O6mYmu/ZzLNDNM0sWiKBPIJGiWAOpzxagRE0sIVdzeiuiQKEKNzaliQ8DLL68S76J+U3cfLmuN2yKNMpzAKZwDhitowD00wQMKT/AMr/DmjJ0X5935WLSWnGLmGP7A+fwBRRaRUA==</latexit><latexit sha1_base64="Kp2YPnm6JvpP9FJSN0B9NXbv304=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8mKoN6KXjxWaGyhDWGz3bRLN5u4uymU0N/hxYOKV/+MN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZTW1jc2t8rblZ3dvf2D6uHRo04yRZlHE5GoTkg0E1wyz3AjWCdVjMShYO1wdDfz22OmNE9ky0xS5sdkIHnEKTFW8ltBTgIcBpgGeBpUa27dnQOtElyQGhRoBtWvXj+hWcykoYJo3cVuavycKMOpYNNKL9MsJXREBqxrqSQx034+P3qKzqzSR1GibEmD5urviZzEWk/i0HbGxAz1sjcT//O6mYmu/ZzLNDNM0sWiKBPIJGiWAOpzxagRE0sIVdzeiuiQKEKNzaliQ8DLL68S76J+U3cfLmuN2yKNMpzAKZwDhitowD00wQMKT/AMr/DmjJ0X5935WLSWnGLmGP7A+fwBRRaRUA==</latexit>

b1
<latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit><latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit><latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit>

Ta2b1c2
<latexit sha1_base64="I9erPl+5PQTe4NXIV5XvOK4JdqE=">AAAB83icbVBNS8NAEJ31s9avqkcvi0XwVJIiqLeiF48VGltoQ9hsN+3SzSbubgol9Hd48aDi1T/jzX/jts1BWx8MPN6bYWZemAqujeN8o7X1jc2t7dJOeXdv/+CwcnT8qJNMUebRRCSqExLNBJfMM9wI1kkVI3EoWDsc3c389pgpzRPZMpOU+TEZSB5xSoyV/FaQk6AeBi4N6tOgUnVqzhx4lbgFqUKBZlD56vUTmsVMGiqI1l3XSY2fE2U4FWxa7mWapYSOyIB1LZUkZtrP50dP8blV+jhKlC1p8Fz9PZGTWOtJHNrOmJihXvZm4n9eNzPRtZ9zmWaGSbpYFGUCmwTPEsB9rhg1YmIJoYrbWzEdEkWosTmVbQju8surxKvXbmrOw2W1cVukUYJTOIMLcOEKGnAPTfCAwhM8wyu8oTF6Qe/oY9G6hoqZE/gD9PkDSCSRUg==</latexit><latexit sha1_base64="I9erPl+5PQTe4NXIV5XvOK4JdqE=">AAAB83icbVBNS8NAEJ31s9avqkcvi0XwVJIiqLeiF48VGltoQ9hsN+3SzSbubgol9Hd48aDi1T/jzX/jts1BWx8MPN6bYWZemAqujeN8o7X1jc2t7dJOeXdv/+CwcnT8qJNMUebRRCSqExLNBJfMM9wI1kkVI3EoWDsc3c389pgpzRPZMpOU+TEZSB5xSoyV/FaQk6AeBi4N6tOgUnVqzhx4lbgFqUKBZlD56vUTmsVMGiqI1l3XSY2fE2U4FWxa7mWapYSOyIB1LZUkZtrP50dP8blV+jhKlC1p8Fz9PZGTWOtJHNrOmJihXvZm4n9eNzPRtZ9zmWaGSbpYFGUCmwTPEsB9rhg1YmIJoYrbWzEdEkWosTmVbQju8surxKvXbmrOw2W1cVukUYJTOIMLcOEKGnAPTfCAwhM8wyu8oTF6Qe/oY9G6hoqZE/gD9PkDSCSRUg==</latexit><latexit sha1_base64="I9erPl+5PQTe4NXIV5XvOK4JdqE=">AAAB83icbVBNS8NAEJ31s9avqkcvi0XwVJIiqLeiF48VGltoQ9hsN+3SzSbubgol9Hd48aDi1T/jzX/jts1BWx8MPN6bYWZemAqujeN8o7X1jc2t7dJOeXdv/+CwcnT8qJNMUebRRCSqExLNBJfMM9wI1kkVI3EoWDsc3c389pgpzRPZMpOU+TEZSB5xSoyV/FaQk6AeBi4N6tOgUnVqzhx4lbgFqUKBZlD56vUTmsVMGiqI1l3XSY2fE2U4FWxa7mWapYSOyIB1LZUkZtrP50dP8blV+jhKlC1p8Fz9PZGTWOtJHNrOmJihXvZm4n9eNzPRtZ9zmWaGSbpYFGUCmwTPEsB9rhg1YmIJoYrbWzEdEkWosTmVbQju8surxKvXbmrOw2W1cVukUYJTOIMLcOEKGnAPTfCAwhM8wyu8oTF6Qe/oY9G6hoqZE/gD9PkDSCSRUg==</latexit>

b1
<latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit><latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit><latexit sha1_base64="yqUi1EqZ/uBNzNTRkgA+SV3CTvM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPux5vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGenTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jfpC80ZyrEllGlhbyVsSDVlaNOp2BC8xZeXiX9Wv6q7d+e1xnWRRhmO4BhOwYMLaMAtNMEHBgN4hld4c6Tz4rw7H/PWklPMHMIfOJ8/V7WNXQ==</latexit>

c1
<latexit sha1_base64="gNet5cgUwsHGbGV/SH+UsXMMuK0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivds57Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fWTqNXg==</latexit><latexit sha1_base64="gNet5cgUwsHGbGV/SH+UsXMMuK0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivds57Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fWTqNXg==</latexit><latexit sha1_base64="gNet5cgUwsHGbGV/SH+UsXMMuK0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivds57Xq9bcujsDWSZeQWpQoNmrfnX7CctilIYJqnXHc1MT5FQZzgROKt1MY0rZiA6wY6mkMeogn506ISdW6ZMoUbakITP190ROY63HcWg7Y2qGetGbiv95ncxEl0HOZZoZlGy+KMoEMQmZ/k36XCEzYmwJZYrbWwkbUkWZselUbAje4svLxD+rX9Xdu/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OcJ5cd6dj3lrySlmDuEPnM8fWTqNXg==</latexit>
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Figure 3. The interaction Ta1b1c1Ta2b1c2Ta2b2c2Ta1b2c1 corresponds to a gluing of four triangles

to form a “chunk” of three-dimensional space. We show the corresponding building block of space

viewed “from the front” and “from the side”. The identification of indices of two tensors corresponds

to identification of the corresponding edges of the corresponding two triangles. This interaction is

known as a “melonic” one in the literature due to the possible association of a melon with the

right-hand diagram.

implied, but the tensors are not functions of spacetime. In this sense, such tensor models

are pre-geometric models. One might wonder how such a simple setting can be rich enough

to reproduce the intricacies of quantum gravity. The answer lies in the observation that

each equilateral triangulation of space is fully determined by how its building blocks are

glued to each other. This “gluing” information is combinatorial information and random

tensors are an efficient way of capturing it. At finite N ′, the tensor models encode the

finitely many degrees of freedom of regularized quantum gravity, i.e., discrete random ge-
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ometries. In the N ′ → ∞ limit, the infinitely many local degrees of freedom of quantum

gravity are expected to emerge. A well-defined 1/N ′ expansion is therefore a key prerequi-

site for the recovery of gravity from this approach. In [18–20, 22, 23, 34, 35], it was shown

that a class of models, the (un)colored models, admits a 1/N ′ expansion. For such models,

the interactions are invariant under independent orthogonal (unitary) transformations of

each index of the real (complex) tensors. In this paper, we restrict our attention to this

subclass of tensor models.

Studies of the so-called loop equations enabled by the 1/N ′ expansion seem to in-

dicate a continuum limit for tensor models which resembles a branched-polymer phase

and it is thereby unphysical [21, 36]. It has been shown that one can go beyond the

branched-polymer phase to recover the continuum limit of 2d-quantum gravity from ten-

sor models [37]. This is tied to a modified scaling of interactions with N ′, that allows

to recover different phase structures [37, 38]. In order to search for a four-dimensional

universal continuum limit, it seems necessary to explore novel critical points in which not

only N ′ is taken to be large, but also a set of couplings is tuned to a critical value and in-

teractions exhibit non-canonical scaling with N ′. Following the development of functional

renormalization group tools for discrete models in [39, 40], different continuum limits were

charted with these techniques also in the related group-field theories [41–57]. For reviews

see [58, 59]. In the present paper, we provide first hints for such continuum limits for

real rank-4 models by discovering a potential universality class that is new from a tensor-

model point of view but appears to be not incompatible — within the respective systematic

uncertainties — with results for the Reuter universality class in quantum gravity.

3 Universality and the link between tensor models and asymptotically

safe gravity

A key property of a viable continuum limit is universality. In the sense of statistical physics,

it implies the independence of physical results from unphysical microscopic choices. In

quantum-gravity models based on regularizations in terms of discrete building blocks, this

implies the independence of the continuum limit from the choice of building blocks (at

least within certain classes, defined, e.g., by the emergent symmetries). This implies that

certain classes of tensor models should all encode the same continuum limit. For instance,

as in [37], in [56], a certain type of large N ′ critical behavior of rank-3-models has been

found to agree (within the estimated systematic errors) with that of matrix models for

two-dimensional quantum gravity through a form of dimensional reduction in which the

universal continuum limit becomes independent of the microscopic dimensionality of the

building blocks. Yet, universality implies even more, namely that the same universality

class can be obtained from a discrete model as well as from a continuum setting. To

elaborate this point, let us use the analogy of Yang-Mills theory, which can be explored on

the lattice or in the continuum. The lattice spacing corresponds to a UV cutoff which can be

imposed equivalently as a momentum cutoff in the continuum. A Renormalization Group

(RG) fixed point implies the existence of a universal continuum limit. Specifically, on the

lattice side one tunes the relevant bare couplings (i.e., the relevant couplings evaluated at
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the lattice scale) to the critical surface of the fixed point, such that the physics becomes

that of an RG trajectory that can be extended arbitrarily far into the UV, i.e., towards

vanishing lattice spacing. The continuum limit is thus enabled by an RG fixed point which

can equally well be uncovered by using continuum RG techniques. For quantum gravity,

a similar relationship is expected to hold: if a universal continuum limit can be taken

in (causal) dynamical triangulations, this is enabled by an RG fixed point which should

be discoverable using continuum RG techniques. Tensor models allow to search for this

fixed point on the discrete side, but in a completely pre-geometric, combinatorial setting,

where N ′ provides the notion of scale. The arguable simplest hypothesis about the form

of the continuum RG fixed point that a potential large N ′ fixed point in tensor models

corresponds to is that of the Reuter universality class, underlying the asymptotic-safety

program, see [60–64] for recent reviews and introductions.

Three comments are in order about this hypothesis: firstly, in the example of Yang-

Mills theory both, the discrete as well as the continuum description, feature the same

gauge symmetry. In our scenario, it is not immediately obvious whether the continuum

limit in tensor models automatically recovers diffeomorphism invariance. For instance,

lattice gravity might also feature a continuum limit determined by the smaller group of

foliation-preserving diffeomorphisms. Similarly, on the continuum side, results are actually

obtained in a gauge-fixed setting. Secondly, there is the question of topological fluctuations,

which are typically to some extent included in tensor models (although they might be

suppressed in the large N ′ limit), but are not expected to be included in the continuum

path integral. This potential mismatch has to be addressed. We stress that a comparison

of universality classes obtained in the two settings implicitly provides information about

the importance of topological fluctuations for the continuum limit. More generally, the

configuration spaces that the path integral is defined on in the discrete and the continuum

setting, respectively, should, if they are not in one-to-one agreement, at least include the

same effective degrees of freedom relevant for the continuum limit. Thirdly, the agreement

in the dimensionality — an important ingredient to ensure universality in field-theoretic

settings — might be more subtle in quantum gravity: the microscopic dimensionality

associated with the discrete building blocks need not correspond to the dimensionality of

the emergent spacetime. The branched-polymer phase is a good example, as it leads to

a Hausdorff dimension of 2 and can in fact be obtained from tensor models of various

rank (i.e., various, microscopic dimensionality), see [36]. Additionally, the comparison of

dimensionality is subject to additional subtleties in quantum gravity, as different notions

of dimensionality need not agree in quantum gravity (see [65] for an example) and a scale-

dependent notion of dimensionality is generally expected across many different approaches

to quantum gravity, see [66] for a summary.

Therefore, we formulate our expectation that a universal continuum limit in tensor

models should also be accessible in a continuum language. In the simplest scenario, the

Reuter fixed point, defining a gravitational universality class in the continuum [4, 67–80],

see [60–64] for recent reviews and introductions, should be reproducible from tensor mod-

els. The open questions highlighted above imply that it is not a priori clear whether a

simple rank-four tensor model is sufficient to achieve this or whether one needs to restrict
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the corresponding configuration space (e.g., with an appropriate multi-tensor model, gen-

eralizing the two-matrix model underlying the restricted configuration space of CDTs [81])

by a more intricate choice of tensor model. As the key result of our paper we will find hints

for universal critical behavior in tensor models that is not incompatible with the Reuter

universality class (given the systematic uncertainties on both sides).

4 Functional renormalization group techniques for tensor models

To discover a universal scaling limit, we use RG techniques adapted to the discrete set-

ting [39, 82], based on the idea in [83]. N ′ serves as our notion of RG scale, with N ′ →∞
constituting the limit of infinitely many degrees of freedom, i.e., the UV limit. This no-

tion of scale differs from the standard notion of scale in the RG, where momentum/energy

scales are used. These correspond to the implementation of the RG as a coarse-graining

procedure in which one averages fluctuations over local “patches” — just as in the original

block-spin idea. In quantum gravity, momentum scales fluctuate since the metric fluctu-

ates. Therefore, a different notion of coarse-graining is more suitable. In fact, in a strictly

background-independent setting, there is no unique local notion of RG scale. Accordingly,

a more abstract notion of scale, tied to the number of effective degrees of freedom, is

used here. It can be motivated by a more abstract view of the block-spin procedure: by

averaging fluctuations over local “patches” and summarizing many microscopic degrees of

freedom in effective, macroscopic degrees of freedom, block-spin takes us from many degrees

of freedom in the UV to fewer degrees of freedom in the IR. This notion of coarse-graining

is implemented in tensor models by viewing the tensor size N ′ as the RG scale.

Universal critical behavior at large N ′ implies that couplings scale with N ′ in a par-

ticular way. We generalize the so-called double-scaling limit from matrix models [84–87],

where the coupling g is tuned concertedly with N ′, schematically

(g − gcrit)
1
θN ′ = const, (4.1)

as g → gcrit and N ′ → ∞. This equation leads to the interpretation of the tensor size N ′

as the RG scale, as it resembles in structure the scaling equation g(k) = g∗ + (k/k0)
−θ

in the local RG, where k is a momentum scale, g∗ the fixed-point value and θ the critical

exponent. To implement the idea of an RG flow in N ′ in practice, one could follow [83] to

explicitly integrate out the outermost “layers” of tensors in a Gaussian approximation to

derive a perturbative RG flow. Instead, we implement the RG procedure more generally

by writing an explicit cutoff term into the generating functional and deriving an equation

that encodes the change of the effective dynamics with N as in [82]. To this end, we define

ZN [J ] =

∫
N ′
DT e−S[T ]+JabcdTabcd−

1
2
TabcdRN (a,b,c,d)Tabcd . (4.2)

The regulator function RN (a, b, c, d) suppresses the integration of the tensors entries with

a+ b+ c+d < N implementing the aforementioned “integration of layers” of the tensor. It

actually implements an infrared cutoff, which we highlight by distinguishing the RG scale

N from the UV cutoff N ′. By a modified Legendre transform, we define the flowing action
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ΓN , which agrees with the standard effective action Γ in the limit N → 0. The flowing

action ΓN then reads

ΓN [T ] = sup
J

(J · T − lnZN [J ])− 1

2
TRN (a, b, c, d)T , (4.3)

where the bold symbols J and T are a shorthand notation for rank-4 tensors. The scale

dependence of ΓN is encoded in a functional Renormalization Group equation [82], closely

resembling its continuum counterpart in [88–90] in structure:

N∂NΓN =
1

2
Tr

[(
δ2ΓN
δT δT

+ RN

)−1
N∂NRN

]
, (4.4)

where we omitted the explicit index-dependence of the regulator. The derivative with

respect to N should be understood within the large-N regime. For finite N , it must be

replaced by finite difference equation. One of the key features of the above equation is that

universality holds at the fixed points of the effective action ΓN , where a 1/N expansion

is possible.

An equivalent approach to RG flows in tensor models, based on the Polchinski equation,

was developed in [91, 92].

Solving eq. (4.4) exactly is equivalent to completely solving the underlying path integral

of the model. Therefore, in practice, one needs to set up approximations to derive a solution

of eq. (4.4). Controlled approximations can be devised following an ordering principle for

the various terms that can occur in ΓN . For instance, in many examples in local quantum

field theories, a reliable approximation to the full flowing action is obtained by including

all local terms up to some value of the canonical dimension of the associated coupling. The

reliability of the results is tested by enlarging such truncations and checking for stability

of the results. In the case of tensor models, such an ordering principle is missing a priori

since one lacks dimensional analysis: the RG parameter N is just a dimensionless number,

and the pregeometric nature of tensor models implies the complete absence of a notion of

scaling under changes of length/momentum scales. Yet, a notion of canonical dimension for

a given coupling in a tensor model can be derived, closely tied to the requirement of a well-

defined, but non-trivial large N limit. The flow equation (4.4) allows for the computation

of beta function of the couplings, i.e., for the running of each coupling with the RG scale

N . In general, this system of beta functions is non-autonomous, i.e., it depends explicitly

on N . Given the existence of the 1/N -expansion for (un)colored tensor models, we rescale

the couplings ḡi = Ndigi in such a way that the system of beta functions is compatible with

the 1/N -expansion. In particular, this implies that for the rescaled couplings, the r.h.s.

of the beta functions can at most scale with N0. The powers di are thus the “canonical

dimensions” and the couplings gi are called dimensionless couplings. The beta function βi
associated to the coupling gi has the general structure βi = −di g + F (g), where the first

term of the right-hand side corresponds to the canonical scaling of the coupling and F (g)

is a function of the couplings of the theory arising from quantum fluctuations.

A universal continuum limit is possible at fixed points of the RG flow. They are

characterized by the simultaneous vanishing of all beta functions βi. Associated to the fixed
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points are the universal critical exponents defined by minus the eigenvalues of the stability

matrix given by Mij = ∂βi/∂gj . The critical exponents associated to a fixed point define

a universality class. Different microscopic descriptions which lead to the same continuum

limit belong to the same universality class. Thus, determining the critical exponents of

fixed points is crucial to establish an explicit comparison between the continuum limit of

tensor models and other formulations of the path integral for quantum gravity, e.g., in the

continuum asymptotic-safety framework.

5 The model

We explore a real rank-4-model, with an O(N ′) ⊗ O(N ′) ⊗ O(N ′) ⊗ O(N ′) symmetry,

i.e., each index can be rotated independently. Thus, there is no symmetry that connects

the distinct index positions of a tensor. This property was crucial to first establish a

well-behaved large N ′ limit, although more recently more general models have been con-

sidered, see, e.g., [93, 94]. Moreover, the model we consider here features a maximally-

enhanced scaling for the non-melonic interactions.3 Tensor models featuring enhanced

scaling have also been addressed in [37, 95, 96]. We approximate the effective dynam-

ics, i.e., the flowing action ΓN , by all terms up to sixth order in the tensors which are

compatible with the O(N ′)⊗4 invariance, adding a subset of interactions at eighth order,

namely the so-called melonic couplings, see below. In total, we take into account 170 (in-

cluding the kinetic term) distinct combinatorial structures. Comparing with [97], where

the authors compute the number of all possible interactions of a rank-4 O(N) model at

each interaction order (see [98] for the complex case) provides a nontrivial benchmark

of our calculation. Most interaction structures single out a preferred index position,

such that these combinatorial structures occur in several incarnations which are related

by a permutation of the index position. In this case, we assign the same coupling to

all combinatorially equivalent interactions. For instance, the so-called (quartic) cyclic

melonic interactions Ta1b1c1d1Ta1b2c2d2Ta2b2c2d2Ta2b1c1d1 , Ta1b1c1d1Ta2b1c2d2Ta2b2c2d2Ta1b2c1d1 ,

Ta1b1c1d1Ta2b2c1d2 · ·Ta2b2c2d2Ta1b1c2d1 and Ta1b1c1d1Ta2b2c2d1Ta2b2c2d2 · ·Ta1b1c1d2 all come with

the same coupling in this model, but nevertheless all have to be included in the effective

dynamics. In [59] index permutation was treated anisotropically. In many cases, color-

anisotropic fixed points feature an enhanced symmetry which implies the reduction of the

effective dynamics to lower-rank tensor models [56], motivating us to explore the model

with isotropy under index permuations. For completeness let us add that all interactions

have an even number of fields as a consequence of the O(N ′) ⊗ O(N ′) ⊗ O(N ′) ⊗ O(N ′)-

symmetry and no additional symmetry (e.g., a Z2 symmetry) needs to be imposed.

3Within the FRG setup, the canonical scaling dimensions are bounded from above, but can be chosen

below the upper bound for some classes of interactions, as lower bounds only exist for some couplings.

Whether a non-truncated setup features lower bounds for all couplings is an open question. The choice

of canonical dimension in which all upper bounds are saturated appears to agree with what has been

called “maximally-enhanced” scaling. Other scaling choices lead to the decoupling of certain classes of

interactions. Let us stress that a decoupling of so-called multitrace interactions is not possible in this way,

see the discussion in [56].
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For the computation of the beta functions, we employ a Litim-type regulator [99], i.e.,

RN (a, b, c, d) = ZN

(
N

a+ b+ c+ d
− 1

)
× θ

(
N

a+ b+ c+ d
− 1

)
, (5.1)

where ZN denotes the wave-function renormalization. This choice of regulator implies

that the anomalous dimension η = −N∂N lnZN occurs on the right-hand-side of the flow

equation. We will set such terms to zero, which is self-consistent within our truncation

scheme that requires that η cannot be too large.

We highlight that the introduction of a regulator that depends on N entails a breaking

of the previously referred to orthogonal/unitary symmetry of the model, implying the

existence of non-trivial Ward identities that have been explored, e.g., in [49, 55].

Details on the calculation and additional results of our study will be presented in a

forthcoming paper.

6 Interacting fixed point

We find an interacting fixed which is characterized by two positive critical exponents,

θ1,2 = 2.79± 1.48 i, (6.1)

in the T 8 truncation. All remaining critical exponents are negative with θ3 = −0.21 being

the negative critical exponent with the smallest absolute value.

A key feature of a physical fixed point in distinction to an artefact of the truncation

is the behavior under extensions of the truncation. We observe that the leading critical

exponents remain reasonably stable, while the anomalous dimension, fourth critical expo-

nent and fixed-point values of the couplings exhibit what one might tentatively interpret

as a first hint for the onset of apparent convergence, cf. table 1 and figure 5.

Figure 5 exemplifies the self-consistency of our truncation scheme: we work under the

assumption that operators which are higher-order in the number of tensors constitute in-

creasingly irrelevant interactions. Our explicit results for the critical exponents follow this

expectation. Therefore, we expect that adding higher-order operators to the truncation

will not result in additional critical exponents close to θ = 0. The total number of relevant

directions might nevertheless change under such extensions, since the numerical value of

the most relevant critical exponents depends on the (indirect) impact of higher-order oper-

ators.4 We provide a tentative estimate of the systematic error induced by our truncation

by comparing the change of critical exponents under extensions of the truncation. This

results in the tentative conclusion that our estimate for θ3 is also compatible with a positive

third critical exponent.

Let us caution that within the non-perturbative approximation (including the full non-

polynomial structure of the anomalous dimension), we have not found a real extension of

4Operators with n tensors only couple directly in beta functions for couplings of interactions with

m ≥ n− 2 tensors due to the nonperturbative one-loop structure of the flow equation.

– 10 –



J
H
E
P
0
2
(
2
0
2
0
)
1
1
0

trunc g24,2 g24,1 g36,3 g36,1 g26,2 g48,4 g48,3 g48,1 g48,2 g48,2,s g48,2,m η θ1,2 θ3 θ4

T 4 11.3 -1.61 - - - - - - - - - 0.86 2.996± i 1.227 -0.288 -0.288

T 6 5.36 -0.98 230.1 -1.42 -12.43 - - - - - - -0.62 2.984± i 1.369 -0.752 -0.752

T 8 3.50 -0.73 219.6 -1.68 -12.29 -300.2 272.8 -2.4 -19.0 -23.6 -6.1 -0.49 2.793± i 1.478 -0.21 -1.01

Table 1. We find a fixed point characterized by two relevant directions. Within the estimated

systematic error it appears possible that the third critical exponent, θ3, could become positive

under extensions of the truncation. Our notation for the couplings follows that used in [40, 56]:

the first lower index denotes the number of tensors in the interaction, e.g., g4 denotes all quartic

interactions. The second lower index denotes the number of connected components of an interaction.

The upper index indicates the number of “melonic” parts it includes. Melonic refers to the fact

that the interactions are characterized by a summation over three of the four distinct indices

of neighbouring tensors, leading to the distinct (1-index)-(3-indices) interaction structure clearly

exhibited in figure 4. Additional lower indices denote distinct characteristics of an interaction

structure. All other couplings that exist at quartic, hexic and octic order in tensors vanish exactly

at the fixed point we explore here.
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Figure 4. We depict all nonvanishing couplings and the corresponding interaction structures at the

fixed point. The distinct indices are distinguished by different colors and thick/thin/dashed/dotted

lines. All remaining couplings feature a vanishing fixed-point value.
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Figure 5. We show the real parts of the critical exponents in the T 4 (large cyan dots), T 6 (medium

light blue dots) and T 8 (small blue dots) truncation.

the fixed point found in the largest truncation. Instead, the fixed point lies at slightly

complex fixed-point values in this case. We tentatively conjecture that this is an artefact

of the additional zeros of the beta functions that arise in this approximation and can cause

fixed-point collisions resulting in complex fixed-point values. We defer further extensions

of the truncation, which will provide a check of this conjecture, to future work due to the

required technical sophistication to deal with such a large number of interactions.

At the fixed point, only the melonic interactions are non-zero, as shown in figure 4,

where all non-zero couplings at the fixed point are depicted together with their correspond-

ing interaction. In [21, 36] is has been discussed that a simple large N ′ limit dominated

by melonic interactions leads to a continuum limit corresponding to the branched-polymer

phase, known also from dynamical triangulations. Here, we conjecture that going beyond

this limit and exploring interacting fixed point with several relevant directions, such as the

present one, might constitute a way to go beyond the branched polymer phase. Yet we cau-

tion that probes of the emergent geometry are necessary in order to comprehensively answer

this question. In [38], the complex rank-4 model was studied using a perturbative approach

and within a single-trace sector.5 There, no continuum limit was found that corresponds

to quantum gravity beyond two dimensions. At least in the matrix-model case, multi-trace

interactions actually encode higher-order curvature terms, see, e.g., [100, 101]. Results in

continuum studies of asymptotically safe gravity suggest that higher-order curvature terms

are relevant, see, e.g., [70, 72, 73, 102–107]. We therefore tentatively suggest that including

multitrace interactions might be important to escape the branched polymer phase.

5We borrow terminology from matrix models, where interactions of the form MabMbcMcdMda are single-

trace, in contrast to MabMbaMcdMdc. Similarly, we refer to Ta1b1c1d1Ta1b1c1d1Ta2b2c2d2Ta2b2c2d2 as a multi-

trace interaction, in analogy to the matrix-model case.
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It is rather intriguing to observe that a gravitational universality class is known which

features rather similar — within the respective systematic errors — critical exponents to

those that we find here, namely the Reuter fixed point underlying asymptotically safe

quantum gravity, see, e.g., table 2 in [63] for an overview. It also shares the property of

a complex pair of relevant critical exponents, found in most truncations, with the present

fixed point.6 In particular, using an exponential parametrization for the continuum metric

the authors of [75, 109, 110] found a fixed point with two relevant directions to describe

the universality class of the asymptotic safety scenario for gravity. Moreover, hints for

the existence of a fixed point with two relevant directions were found in a unimodular

setting, see [111]. We reiterate that the systematic uncertainties for θ3 are too large to

robustly conclude that it cannot become positive. The Reuter fixed point and the potential

universality class for tensor models we find here appear to be not incompatible, i.e., within

the systematic errors we cannot exclude that they are in fact the same universality class.

This motivates extended studies aimed at reducing the systematic error in order to be able

to make an informed decision about the agreement of the two tentative universality classes.

Drawing direct conclusions about the emergent geometry from the tensor model is

challenging. Once agreement with a continuum universality class is established, it is of

course much simpler to access the geometric properties through calculations on the con-

tinuum side. Reducing the systematic error of studies such as the present one to enable a

robust comparison to the Reuter universality class is therefore a promising route to learn

about the emergent geometries. Using matter as an additional probe, enabling, e.g., the

extraction of a spectral dimension, could be an additional possibility.
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[87] E. Brézin and V.A. Kazakov, Exactly Solvable Field Theories of Closed Strings, Phys. Lett.

B 236 (1990) 144 [INSPIRE].

[88] C. Wetterich, Exact evolution equation for the effective potential, Phys. Lett. B 301 (1993)

90 [arXiv:1710.05815] [INSPIRE].

[89] T.R. Morris, The Exact renormalization group and approximate solutions, Int. J. Mod.

Phys. A 9 (1994) 2411 [hep-ph/9308265] [INSPIRE].

[90] U. Ellwanger, Collective fields and flow equations, Z. Phys. C 58 (1993) 619 [INSPIRE].

[91] T. Krajewski and R. Toriumi, Polchinski’s exact renormalisation group for tensorial

theories: Gaussian universality and power counting, J. Phys. A 49 (2016) 385401

[arXiv:1511.09084] [INSPIRE].

[92] T. Krajewski and R. Toriumi, Exact Renormalisation Group Equations and Loop Equations

for Tensor Models, SIGMA 12 (2016) 068 [arXiv:1603.00172] [INSPIRE].

[93] D. Benedetti, S. Carrozza, R. Gurau and M. Kolanowski, The 1/N expansion of the

symmetric traceless and the antisymmetric tensor models in rank three, Commun. Math.

Phys. 371 (2019) 55 [arXiv:1712.00249] [INSPIRE].

[94] S. Carrozza, Large N limit of irreducible tensor models: O(N) rank-3 tensors with mixed

permutation symmetry, JHEP 06 (2018) 039 [arXiv:1803.02496] [INSPIRE].

[95] V. Bonzom, New 1/N expansions in random tensor models, JHEP 06 (2013) 062

[arXiv:1211.1657] [INSPIRE].

[96] V. Bonzom, Large N Limits in Tensor Models: Towards More Universality Classes of

Colored Triangulations in Dimension d ≥ 2, SIGMA 12 (2016) 073 [arXiv:1603.03570]

[INSPIRE].

– 18 –

https://doi.org/10.1103/PhysRevD.97.046007
https://arxiv.org/abs/1711.09259
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.09259
https://doi.org/10.1016/j.physletb.2019.01.071
https://arxiv.org/abs/1810.02828
https://inspirehep.net/search?p=find+EPRINT+arXiv:1810.02828
https://doi.org/10.1088/1361-6382/ab4a53
https://arxiv.org/abs/1907.02903
https://inspirehep.net/search?p=find+EPRINT+arXiv:1907.02903
https://doi.org/10.1016/j.physletb.2009.06.027
https://doi.org/10.1016/j.physletb.2009.06.027
https://arxiv.org/abs/0812.4261
https://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4261
https://doi.org/10.1103/PhysRevD.88.084016
https://arxiv.org/abs/1309.1690
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.1690
https://doi.org/10.1016/0370-2693(92)91953-7
https://doi.org/10.1016/0370-2693(92)91953-7
https://arxiv.org/abs/hep-th/9206035
https://inspirehep.net/search?p=find+EPRINT+hep-th/9206035
https://doi.org/10.1103/PhysRevLett.64.127
https://doi.org/10.1103/PhysRevLett.64.127
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,64,127%22
https://doi.org/10.1016/0550-3213(90)90450-R
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B340,333%22
https://doi.org/10.1016/0550-3213(90)90522-F
https://doi.org/10.1016/0550-3213(90)90522-F
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B335,635%22
https://doi.org/10.1016/0370-2693(90)90818-Q
https://doi.org/10.1016/0370-2693(90)90818-Q
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B236,144%22
https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1016/0370-2693(93)90726-X
https://arxiv.org/abs/1710.05815
https://inspirehep.net/search?p=find+EPRINT+arXiv:1710.05815
https://doi.org/10.1142/S0217751X94000972
https://doi.org/10.1142/S0217751X94000972
https://arxiv.org/abs/hep-ph/9308265
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9308265
https://doi.org/10.1007/BF01553022
https://inspirehep.net/search?p=find+J+%22Z.Physik,C58,619%22
https://doi.org/10.1088/1751-8113/49/38/385401
https://arxiv.org/abs/1511.09084
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.09084
https://doi.org/10.3842/SIGMA.2016.068
https://arxiv.org/abs/1603.00172
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00172
https://doi.org/10.1007/s00220-019-03551-z
https://doi.org/10.1007/s00220-019-03551-z
https://arxiv.org/abs/1712.00249
https://inspirehep.net/search?p=find+EPRINT+arXiv:1712.00249
https://doi.org/10.1007/JHEP06(2018)039
https://arxiv.org/abs/1803.02496
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.02496
https://doi.org/10.1007/JHEP06(2013)062
https://arxiv.org/abs/1211.1657
https://inspirehep.net/search?p=find+EPRINT+arXiv:1211.1657
https://doi.org/10.3842/SIGMA.2016.073
https://arxiv.org/abs/1603.03570
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.03570


J
H
E
P
0
2
(
2
0
2
0
)
1
1
0

[97] R.C. Avohou, J. Ben Geloun and N. Dub, On the counting of O(N) tensor invariants,

arXiv:1907.04668 [INSPIRE].

[98] J. Ben Geloun and S. Ramgoolam, Counting Tensor Model Observables and Branched

Covers of the 2-Sphere, arXiv:1307.6490 [INSPIRE].

[99] D.F. Litim, Optimized renormalization group flows, Phys. Rev. D 64 (2001) 105007

[hep-th/0103195] [INSPIRE].

[100] S.R. Das, A. Dhar, A.M. Sengupta and S.R. Wadia, New Critical Behavior in d = 0 Large

N Matrix Models, Mod. Phys. Lett. A 5 (1990) 1041 [INSPIRE].

[101] G.P. Korchemsky, Matrix model perturbed by higher order curvature terms, Mod. Phys. Lett.

A 7 (1992) 3081 [hep-th/9205014] [INSPIRE].

[102] A. Codello, R. Percacci and C. Rahmede, Ultraviolet properties of f(R)-gravity, Int. J.

Mod. Phys. A 23 (2008) 143 [arXiv:0705.1769] [INSPIRE].

[103] P.F. Machado and F. Saueressig, On the renormalization group flow of f(R)-gravity, Phys.

Rev. D 77 (2008) 124045 [arXiv:0712.0445] [INSPIRE].

[104] J.A. Dietz and T.R. Morris, Asymptotic safety in the f(R) approximation, JHEP 01 (2013)

108 [arXiv:1211.0955] [INSPIRE].

[105] K. Falls, D.F. Litim, K. Nikolakopoulos and C. Rahmede, Further evidence for asymptotic

safety of quantum gravity, Phys. Rev. D 93 (2016) 104022 [arXiv:1410.4815] [INSPIRE].

[106] K. Falls, C.R. King, D.F. Litim, K. Nikolakopoulos and C. Rahmede, Asymptotic safety of

quantum gravity beyond Ricci scalars, Phys. Rev. D 97 (2018) 086006 [arXiv:1801.00162]

[INSPIRE].
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