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This article is the third and last of a series presenting an alternative method for computing the
one-loop scalar integrals. It extends the results of the first two articles to the infrared divergent
case. This novel method enjoys a couple of interesting features as compared with the methods
found in the literature. It directly proceeds in terms of the quantities driving algebraic reduction
methods. It yields a simple decision tree based on the vanishing of internal masses and one-
pinched kinematic matrices, which avoids a profusion of cases. Lastly, it extends to kinematics
more general than the physical, e.g. collider processes, relevant at one loop. This last feature may
be useful when considering the application of this method beyond one loop using generalized
one-loop integrals as building blocks.

Subject Index B30, B57

1. Introduction

This article is the third of a triptych. The first one [1] presented a method exploiting a Stokes-type
identity to compute “generalized” (in the sense of the underlying kinematics) one-loop three- and
four-point scalar integrals for the real mass case. The second article [2] extended the results of the
first paper to the case of general complex masses. The present article widens the results of Refs. [1]
and [2] to the case where some internal masses are vanishing, leading to infrared divergences. We
refer the reader to Ref. [3] for more details on the motivation of this work.

The scalar Feynman integrals for one-loop three- and four-point functions are all known and have
been compiled in a useful article [4]. This article relies mainly on the results of other publications,
especially the important work of Beenakker and Denner [5]. We should also mention Ref. [6], which
provides a complete set of results for soft and/or collinear divergent four-point functions using
different kinds of IR regulators. The purpose of the present article is to extend these results for
more general kinematics beyond those relevant for collider processes at the one-loop order. Note
that despite the fact that some internal masses may vanish, the others can be real or complex and we
treat both cases in this article. The soft and collinear divergences are dealt with using dimensional
regularization, n = 4 — 2 ¢, and doing an ¢ expansion.
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The outline of this article follows closely that of the preceding articles in Refs. [1] and [2]. We
start by considering the three-point function /3 in a spacetime dimension shifted by a small amount
from 4 to n. The kinematics leading to infrared divergences are discussed as a warm-up for Sect. 3.
We successively present two variants of the method. The simplest variant, labelled the “direct way,”
is presented in Sect. 2.1. It is well suited for the three-point function, but cannot be extended to
the case of the four-point function. Then, in Sect. 2.2, practical implementation of the results of
the preceding subsection is discussed and some explicit examples are computed and compared to
Ref. [4]. In Sect. 2.3 we present an alternative coined the “indirect way,” easily applicable to the
four-point case which is the subject of Sect. 3.

We first explain, in Sect. 3.1, how to extend the calculation of / f developed in Ref. [1] to the case
where the infrared divergences are regulated in » dimensions. The netresult is that the four-point scalar
integral can be decomposed on sectors labelled by three indices, and a three-dimensional integral
over the first octant of R? is associated to each sector. Then, two cases are distinguished depending
on the sectors. In the first case, presented in Sect. 3.2, the determinant of the one-pinched kinematical
matrix S vanishes but not the internal mass associated with this sector: this case is met when a soft
divergence appears. In the second case, presented in Sect. 3.3, both the determinant of the one-pinched
S matrix and the internal mass associated with this sector vanish: this case is met when a collinear
or a soft and collinear divergence shows up. In Sect. 3.4, the infrared divergent part of the scalar
four-point integral is shown to be proportional to a three-point scalar integral, as it should be. Some
explicit examples are given and compared to the results found in the literature. We then conclude.

Various appendices gather a number of utilities removed from the main text to facilitate its reading.
Accordingly, in Appendix A we complete Appendix D of Ref. [1] and Appendix A of Ref. [2] by
giving a missing case where the power of the integration variable is not an integer as required by
dimensional regularization. Appendix B shows how to compute an integral appearing in the three-
point case in closed form. Appendix C collects a bunch of integrals required to compute the three- and
four-point functions having soft and/or collinear divergences in the case of general complex masses.
Then, Appendix D goes through the examples given in Sect. 2.2 and explains in detail how the results
obtained in the latter subsection can be found again from those derived in the “indirect way” case.
Appendix E provides the way to compute the last integration in closed form in terms of dilogarithms
for the case of infrared divergent integrals. It complements Appendix E of Ref. [1] and Appendix B
of Ref. [2]. Lastly, Appendix F proves a tricky point used in Sect. 3: for the real mass case, the sign
of the vanishing imaginary part of the denominator in the last integral can be safely changed.

2. Three-point function with infrared divergences

When some internal masses vanish, divergences of collinear or soft origin appear and the approach
will be revisited. We regularize these divergences using dimensional regularization, shifting the
dimension of the spacetime by a small positive amount from 4 to n = 4 — 2 & with ¢ < 0. After
performing the loop momentum integral, instead of Eq. (2.3) of Ref. [1] we get!

13 —1—¢
13"=—r(1+8)/ Hdzi(S(l—Zzi) (—%ZTws-Z—i)n) . 2.1)
0 =1 '

i=1

' As in Refs. [1,2], we assume that the elements of the kinematic matrix S have been made dimensionless
by an appropriate rescaling.
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To appropriately shift the power of the denominator in Eq. (2.1) so as to apply the Stokes identity
in Eq. (1.2) of Ref. [1] as we did in the massive case, we use the following modified integral
representation instead of the identity in Eq. (2.9) of Ref. [1] (cf. Appendix B of Ref. [1]):

1 v /+°° d&
D¢ " BQ—1/v,1/v) Jo  (D+8")¥
with v = 1/(1 — ¢&). Instead of Eq. (2.10) of Ref. [1] we now get

l+e I'(l1+e¢) 1 dxp dx,

400
I§’ == _ _ / 3 (@) v _ 32"
l—¢ B(+el—¢)Jo pe DD (xp,xc) +EV — i)

2.2)

We otherwise proceed as in Sect. 2.1 of Ref. [1]. The counterpart of Eq. (2.22) in Ref. [1] now reads

[n =25 F(l +8) 1
’ [—¢ Bltel—e)
Z. +00 d 1 i
“ 2 G f —gf e (2.3)
P det(G) Jo  Aa—€"+ir Jo DID(x) £ E" —in

wherej € S3\ {i} (S3 = {1, 2, 3}). More precisely, we assume that j is chosen to be 1+ (i modulo 3).
Similarly to what we did for the three-point function in the massive case, one can also consider both a
“direct way” and an “indirect way” in the IR case. We first focus on the “direct way,” which provides
a more straightforward and synthetic discussion of the various cases at hand. We then illustrate
how these cases are involved in a few examples. The “indirect way” instead leads to a cumbersome
split-up discussion. Notwithstanding this, the calculation of the four-point one-loop integral relying
on the approach described in this article proceeds along the “indirect way” as we found no extension
of the “direct way” approach in this case. In Refs. [7,8] it was shown on general grounds using the
decomposition?

4
det (8) [f(S) = Y b IF(S™) — det (G) (1 — 2) [;77(S) (2.4)

i=1

that the infrared structure of any IR divergent four-point one-loop integral is carried by IR-divergent
three-point one-loop functions resulting from appropriate iterated pinchings. Therefore the compar-
ison of the IR structures on both sides of Eq. (2.4) proceeds most conveniently via a term-by-term
comparison using the three-point one-loop functions decomposed according to the “indirect way” as
well. In anticipation, we hereby give the key ingredients to perform this comparison, as well as the
general recombination of these “indirect way” ingredients into the more compact expression obtained
from the “direct way,” thereby checking their equivalence. The extensive collection of expressions
computed in closed form which enable us to perform detailed case-by-case comparisons is gathered
in Appendix D to lighten the presentation.

2.1. Direct way

Soft and/or collinear divergences are caused by some vanishing masses which make det (S) vanish
so that A, = 0, whereas the other internal masses may or may not vanish as well, and may even

2 This decomposition has been discovered before and used for different purposes, see Refs. [9-12].
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be complex. We will keep the — i A prescription, bearing in mind that it is ineffective in the case of
complex masses.
Starting from Eq. (2.3) and performing the £ integration using Eq. (A.4), we end up with
poZ Fd+e Y bi /1 dx (DD () —in) ™'~ (2.5)
37T ¢ = det(G) Jo ' '
3

In the general case DO (x) depends on two internal masses squared, mj2 and mi, such that m]2 =
D0 (0)/2 = Dy /2 and m2 = D0 (1)/2 = Dy;/2, cf. Sect. 2 of Ref. [1]. We introduced the label
k, which is the only element of the complement of {7, j} in S3. With our assumption on j, this implies
that k = 1 4 (( + 1) modulo 3). Let us focus on the function ¥ given by

w(det (G\Y), Dy, D) = 28—6 r(l+e) /01 dx (DD (x) —in) ™', (2.6)
Remember that (cf. Egs. (2.16), (2.17), and (2.18) of Ref. [1])
DO (x) = WO x2 _ o i) y _ 1) 2.7)
with
G = —Sy + 28y — S = det (G,
yin = s, — 8, = %[det (G — Dy + Dy, (2.8)
ch0 = 8; = —Dy.

The Gram matrix G%9) is built from the one-pinched S matrix '), and is a real matrix which
depends only on a squared external momentum in the three-point case. Notice that in this case G{/?)
isa 1 x 1 matrix and V'110) a one-dimensional vector this explains the notation® used in Egs. (2.7)
and (2.8). Knowledge of det (G!), 5,34, and Dy fully determines the polynomial D0 (x). These
two internal masses may or may not vanish, and hence three cases must be considered.

(a) Neither mj2 nor mi vanishes
We perform a Taylor expansion* of W (det (G'}), Djj,Dj) in &:

W (det (G'), 51‘]', Di)

2¢ ! dx I In (DWD(x) —in)

Note that x; and x5, the two roots of D!}V (x) — i, are given by [cf. Egs. (2.7) and (2.8)]

det (G') — Dy + Dy + \/IC(det (GUi), Dy, Dix) + i . Sg
1= 2 det (G) ’

X (2.10)

3 Remember that Sy = Sj{.,i} forj, k #i.
4 Here and below, only the terms in the s-expansion providing the divergent and finite terms in the limit
& — 0 are kept.
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where K is the Kéllén function,
Kx,y,z) =x*>+y* +2> —2xy —2xz—2yz, (2.11)

and Sg = sign(det (G'1)). Then, we introduce J (x1,x3) and K (x,x2) defined by

1
K(x1,x2) = / d ! (2.12)
0

X s
(x —x1) (x —x2)

i _ _
J(xl,x2)=f gy LX) (&= x2)) (2.13)
0

(x —x1) (x —x2)

As will become clear in the forthcoming paragraph on the origin of infrared singularities, only the
case with m]2 and mi both real matters in practice, which makes the explicit calculation of J (x1, x7)
somewhat simpler.® The latter is provided in Appendix B. The x integration in the function K (x1, x2)
straightforwardly gives

K(xxg) = — [m <x1_1> —In <x2_1>]. (2.14)
X] — X2 X X

Thus, W (det (G{i}),ﬁy,ﬁik) reads

W (det (G\), Dy, D)

111 det (G
= ‘de(ug{ig}; {[1 —el (# B ”)} K(xi,x2) — 8J<xuxz>}~ (2.15)

(b) One and only one of mj2 and mi vanishes

Let us assume that the vanishing internal mass is m]2 D) (x) becomes
D (x) = x (G x — 2 110, (2.16)

From Egs. (2.6) and (2.8), W (det (G{"}),Z’Bij, 0) is thus of the form
&€

o~ 2 1
W(det(G{’}),Dl-j,())z?F(1+s)/ dex ' (ax +2)7178, (2.17)
0

where a = det (G') is real and z = — det (G'?) + Bij — i)\ is complex. As z and ax + z have
imaginary parts of the same sign, (ax + z)~!=¢ can be split as follows:

—1—¢
(ax+z) "' 7F=z"1"¢ (1 + g)c) .
z

The right-hand side of Eq. (2.17) involves the Gauss hypergeometric function »F7:

&

o~ 2
W (det (G1), Dy, 0) = = ST (1 +6) 277 ,F, <1 e, el — e — ‘—’). (2.18)
& z

5 With real masses, x; and x, in Eq. (2.10) have imaginary parts of opposite signs. This simplifies splittings
and recombinations of logarithms of ratios in the explicit calculation of the function J (x;,x,) computed in
Appendix B.
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We use the identity [13]
I'c)I'(c —a—b)
Fi(a,b;c;w) = Fi(a,b; b— I;1—
2F1(a, by c;w) Fe—aTe—b) > (ab;a+b—c+1;1—w)

ye—ab Fe)I'a+b—oc)

1— Fic—a,c—b,c—a—b+1;1—
+ ( F@T0) 2oFi(c—a,c c—a + w)
and the Pfaff identity
—b w
2F1(a,bye;w) = (1 —w) " aF 1| c—a,byc; ——
w—1
to rewrite
2F1(1+8,—8;1—8;—L—Z)
zZ

r2(1 - e —¢ 2¢
_,d-e (—f) _(ex= (-f) (=26 —ei1—:2F2) . 219
r'a-—2e) z z z a
Performing a Taylor expansion in € we get
2F) (=26, —e;1 —g;1) = 1+ 2% Lip(1),

and splitting In((a¢ + z)/z) = In(a + z) — In(z), we rewrite W (det (G{i}),l~)l~]-, 0) as

N Ty 2°¢ 1 2¢
W (det (G, Dy, 0) = 5 T(1 +¢) ~ {(a )7 <_€> [1 +262Li <a +Z)]
& z z a

r2(1—e) ane

—2—= @7 (-2) t 2.20
r(i—20 @ Z) } (2.20)

Making explicit that z = — det (G} + Dy — i A, a +z = Dy — i %, we get
W (det (G, Dy, 0)

2 I'd+e) :
= —— E) —m =
g? det (G11)) — Dy

. 2¢ ~
det (G'7) ~ s 5. [ Dy—ik
_ ~ Dji—iA 142 Lip | ————+~
(det (G —Djj +ix (Dy = i%) 2\ det (G

(1 —¢) det (G f , -
-2 ~ D —d G _ix 221
F(l _28) (det(G{l})_Dl]'i‘l)x < i et( ) 1 > ( )

This formula is manifestly well behaved as 5,-j — 0 (m% — 0), yet it is not handy to expand around
¢ = 0. A more practical alternative may be obtained as follows. First, we use the identities relating
Lip(1 — w), Lio(w), and Liz(1/w) to change the argument of the Liy function, and the following

relations:
a a )
In <;) —In <_2) —inS(az), (2.22)
In <“+Z) —In <—”+Z) +inS(az), (2.23)
a a

In (—““) —In (““) —In (—f), (2.24)
a z 4
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with
S(z) = sign (Im(z)), (2.25)
so that the Li, function can be rewritten as

Li (" :Z) — Li (-‘;’) — %2 - % In? <‘§) +In (“JZFZ) In (—g) (2.26)

Secondly, we Taylor expand around ¢ = 0 the (—a/z) terms in Eq. (2.20). We thus get
25 I'(l+e¢)
&

W (det (G'), Dy, 0) = ( ) — —(a+z) —2¢Lip (—g)} (2.27)

i.e., making explicit z and a in terms of det (G'"") and Bij,

1 Td+e
W (det (G, Dyj, 0) = —
(e( ) i ) Sdt(G{’})—
~ 1 (Dy -
[ Dy—det(G{’}))—z,\} - (é"—ik)
(i
~2¢Lis det (67) : (2.28)
det (GU}) — Dy +i A

which is both well behaved when l~),j -0 (mi — () and more compact.
(c) Both m]2 and mi vanish

The function D% (x) becomes
DI (x) = — G0 x (1 —x) (2.29)

and we immediately get

2 _ {i} —1—¢
rd-e (— det (G )—m) . (2.30)

. 1
W (det (G),0,0) = —— I'(1
(et (G, 0,0) = =5 T(1 +6) 7= 5

In the limit 511 -0 (mlzf — 0), Egs. (2.28) or (2.21) smoothly become Eq. (2.30), as expected.

2.2.  Practical implementation of the preceding cases and explicit examples

The various cases reviewed above may or may not be involved in a specific computation because
some coefficients weighing the W (det (G'), 5,7, l~),~k) may vanish. In particular, as seen in Eq. (2.5),
when A, = 0, the three-point function in dimension 4 — 2 ¢ is the sum of three two-point functions
in dimension 2 — 2 . These two-point functions correspond to the three distinct pinchings of the
internal propagators of the three-point function. At first sight, one should worry that some of these
two-point functions in low dimensions may badly diverge due to a threshold singularity which is,
however, not present in the three-point function! For example, one of the pinchings of a three-point
function having IR/collinear singularities would lead to a two-point function with the external legs on
the mass shell of one of the propagators whereas the other propagator is massless. This would lead to
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p1
q1 qs3

q2
D2 p3

Fig. 1. The triangle picturing the one-loop three-point function.

apolynomial D'0) (x) o x? or (1 —x)?. Fortunately the corresponding b coefficients weighting such
pathological terms identically vanish, and the discussion which follows, illustrated with examples,
elucidates why this happens. Let us define s; = plg withi =1,2,3.

Case 1

A soft divergence occurs when the kinematic matrix S has a vanishing line (and corresponding
column). This happens whenever a massless propagator connects two vertices in which external
momenta enter on the mass shells of the two other propagators. As the external momenta are real,
this case can occur only when the non-vanishing internal masses are real. Let us assume, cf. Fig. 1,
that the internal mass squared m% vanishes whereas the external four-momenta p| and p; satisfy the
mass shell conditions s| = m%, sy = m% The S matrix has the following texture:

0 0 0
S*ft=1 o —2m3 s3—mi—mi |. (2.31)
0 53— m% — m% -2 m%

If one singles out row and column 1 in S *°f, the two-component vector ¥ is readily seen to vanish
and so do the coefficients by and b3 which are proportional to the two components of (G())~!. (D,
thus, only b differs from zero, cf. Eq. (2.15) of Ref. [1].

To illustrate this point, let us consider the case where m| = 0, my = m3 =m, 51 = 52 = m?

, and
s3 is arbitrary. In this case, since by is the only non-vanishing coefficient, the polynomial D{1/® (x)
involved in /3 corresponds to the one appearing in the two-point function obtained by pinching the
internal line with four-momentum ¢ (cf. Fig. 1). This polynomial involves two masses (equal here),
and this example corresponds to case (a) of the previous section. In this simple case, the two roots
of the polynomial D{®) (x) are given by

11 4(m2—ix
R e Gt D) (2.32)
2 2 s3

with the property

1 —x1 =x;.
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Injecting this property into Egs. (2.14) and (B.8), we get for the functions J (x1,x2) and K (x1,x2) in

Eq. (2.15):
2
o= 2 ()25 ()
+1n (-%) In (— (et — x2)?) } (2.33)
1
2 X2
K1) = —=—n (_X_1> (2.34)

We check numerically that we recover the result of Ref. [4].

Case 2

A collinear divergence occurs when two internal masses vanish whereas the external four-momentum
which enters into the vertex connecting the two adjacent massless propagators is lightlike (massless
collinear splitting at this vertex). Note that the non-vanishing internal mass can be real or complex.
Let us assume that the labels of the two massless propagators are 1 and 2, with s = 0. The S matrix
has the following texture:

0 0 s — m%
Seoll — 0 0 ss—mi | (2.35)
S| — m% s§3 — m% -2 m%

If one singles out row and column 3 in S ! the Gram matrix G® and the vector ¥'® read

G _ [ 251 sitss (2.36)
S1 + 83 253 ’ '
3) S|+ m%
V= s | (2.37)
3

A simple calculation yields

> [(GG))*1 : Vm] =1, (2.38)

ieS3\(3) '

4

so that b3 given by Eq. (2.15) of Ref. [1] vanishes, whereas b1 and b, generically differ from zero.

Let us compute /3 for this specific case. As b3 = 0, the relevant polynomials D'V (x) are those
of the two-point functions obtained in the two pinching configurations (cf. Fig. 1) where either
the internal line with four-momentum ¢; or the one with four-momentum ¢, is pinched. As these
two lines are associated with vanishing masses and the third propagator is associated with a non-
vanishing mass, the two polynomials both have one vanishing mass, which corresponds to case (b)
of the previous section. Starting with Eq. (2.5), /3’ reads

[”—zF(l—i—g) by 1dx(D{”<2)(x)—i,\)‘1‘8
3T ¢ det(G) Jy
by 1 -
dx (DP® () —in) 7%, 2.39
+det(G) ; x (x) —ik) (2.39)
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It is better to change x <> 1 — x in the second integral in order to have a polynomial of the type in
Eq. (2.16) and write I3 as

by
det(G)

2¢ ! _1-
[§=—T(+e) { fo dx (DM@ () —i2)™'°

by 1 Ry — )
+det(G)/0 dx (D' (x) —i 1)

b ~ b
L w(det (G, D12, 0) + —2

_ -
~ det(G) der(Gy |} (et (G, D21, 0), (2.40)

Noting that b = (s3 —m3) (s1 —s3) and by = (s1 —m3) (s3 —s1), determining det (G'}), det (G')),
and D1, from the § matrix elements, cf. Eq. (2.8), and directly applying the result of Eq. (2.28), we
get

S(=s4md—in)™ = (—si+mi—in) "]

€
. 53 . S1
+Lip|————] — Lip| ———— . 2.41
2<S3—m§+i)») 2<s1—m§+ik>} ( )

Using the Landen identity of Eq. (B.3) we recover the formula in Eq. (4.8) of Ref. [4] after some
algebra.

= [l +e) {_ 1
S1 — 83

Case 3
Both a soft and a collinear divergence may occur at the same time, thereby proceeding from both
cases 1 and 2 above.

Let us take the example of case 2 and specify s; = m% The texture of the S matrix becomes

0 0 0
S®=1] 0 0 s3—m3 | (2.42)
0 s3— m% -2 m%

Only b; does not vanish, so I3 reads simply

L 2f b
L=7Tdve 556

1
/ dx (DM@ () — i)'~
0

by

_ INE
= 3G W (det (G, D12, 0). (2.43)

Using Eq. (2.28) and expressing det (G'!}) and Dy in terms of the S matrix elements, cf. Eq. (2.8),
we get

10/63
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I'(+e¢) 1 2L\ 1 2 L\—¢ . 53
Inz— ——=(—s34+m;—iA + — (my—ii +L1 —_— .
T omd s 2 (mskms—id) o s =) \ss—m+in

(2.44)

After some algebra, we recover® the formula in Eq. (4.11) of Ref. [4].

2.3. Indirect way

This subsection provides the calculation according to the “indirect way.” The results presented are
valid for both real and complex masses; unless explicitly specified the i A prescription is kept, bearing
inmind that it is ineffective in the case of complex masses. Let us start from Eq. (2.3). The x integration
is traded for a p integration in a way very similar to the four-dimensional case (see Sect. 2.2.2 of
Ref. [1]) and we get

—{l}

L%(0, Al b, 2.45
XS: (G) Z dt(G{’) ( 1’ U) ( )
with
N +00 dg
{i}
Lg(O,All ,Dij) = K /0 £ _ i
400 d
x/ o d _ (2.46)
0 PP — A —iNE A+ P+ Dy — i 2
and
ra 1 1
o = FHD) o
(1—e) B(l4+e,1—¢) 1—¢

To handle the cases with soft and/or collinear divergences, the two relevant configurations are
Q8 I~),-j # 0 and (2) 5;,- = 0. Note that when both A, and A{li} vanish, L5(0, 0,5,-j) is weighting a
vanishing b, and therefore it will not be considered (cf. Sect. 2.2).

The p integration can be done using Appendix A as in the four-dimensional case; as the outcome
of this integration, we shall distinguish two cases depending on the sign of Im(A{li}).

(1) Dy #0
(la) Im_(Ai’}) > (0 This case covers real masses in particular. After the p integration,
L0, A{ll},D,-j) becomes

L0, A" Dy)

+0o0 1
= K / dé& / dz ! . ~ . (2.47)
0 0 € —inE -1 -2 A"+ 2Dy i)

% In contrast to Eq. (2.44), Eq. (4.11) of Ref. [4] contains a factor (1 — &)/ I'(1 — 2¢) and an extra term
+7%/12 inside the brackets. These, however, cancel against each other when performing the s-expansion at
the appropriate order.

11/63



PTEP 2020, 023B05 J.-P. Guillet et al.

The & integration is performed first, using Eq. (A.4) of Appendix A, and L5(0, A 1 , ,J) becomes

&

o 2 1 - _ . o
10, A, By = —= (1 +e) f dz(2% Dy + Al — Al — )70 48)
0

Expanding’ the right-hand side of Eq. (2.48) around & = 0 then gives

n it e 1 ! dz
120, A, Dy) =2°T(1 +¢) | — - - o o
€ Jo 22Dy + Al — A =i
U n@2 Dy + Al — Al i
+ / dz — Y {1_1} {}} . . (2.49)
2Dy + AV — A —

(1b) Im(A{li}) < 0 This case occurs only with complex masses, in a way such that the i A pre-
scriptions are overshadowed and ineffective; the latter are therefore dropped in this part. After p
integration performed as in the four-dimensional case, we get, see Eq. (A.7) of Appendix A,

20, A, Dy)

too gk [t dz
= _KIR v )\‘ l ~ 5 5 {l}
o &V —i 0 —EV+Dyz2+ (1422 A

oo dz
+/ = o | (2.50)
1 §”+Dijzz—(l—z2)A1

Using the identity in Eq. (A.4), L5(0, A{li} , I’S,j) reads

n {5 2 [T 2 N {i} (i —1—¢
30,A7.Dy) = —T(l+¢) —1/ dz(—z" (Dy + A — AYY)
0
oo = j i —1—¢
+ f dz (22 (Dy + A — Al } (2.51)
1
Expanding the terms in the square bracket in Eq. (2.51) around ¢ = 0 then gives

10, A, Dy

2 r(4e) )] i/+°° dz +/+°° dz
el Jo 20;+ah+all S 2B, 4+ ally - Al

.f+°°d In(—z2 Dy + Al — Al
—1
0 2Dy + Ay + Al

/+°°d In@z2 (D + Al — Al
1 2 Dy + Al — Al

(2.52)

For Egs. (2.49) and (2.52), the z integration can then be performed using Appendix E.

7 Remember that only the terms in the -expansion which provide the divergent and finite terms in the limit
& — 0 are kept.
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1 00

Fig.2. Location of the relevant discontinuity cut C;; with respect to the two half straight lines [0, +-ioco[ and
[1, 4o00[, and deformation of the contour (0, 1) partly wrapping the extremity of the cut.

Since the cuts of (z2 (l~),'j + A{li}) — A{li})_l_8 and In(z2 (5,'] + A{li}) — A{li}) are the same, the
discussion carried to extend the “indirect way” to the general complex mass case holds likewise here
(cf. Sect. 2 of Ref. [2]). Equation (2.51) can be rewritten as

20, A, Dy)
2¢ foo  rl ) iy Alin—1—e
=——T(+¢) / +/ dz(z* (Dy + AY) — A . (2.53)
& 0 +00

In Eq. (2.53) let us add a vanishing contribution along the “contour at co” in the north-east quadrant
{Re(z) > 0, Im(z) > 0} so as to concatenate the two contributions. The connected contour thus
obtained can in turn be deformed into a finite contour (O,/T) ij stretched from 0 to 1 as pictured in
Fig. 2, thereby unifying Eqgs. (2.48) and (2.53):
05 2z 2 (5 i)y _ Alily=1-¢
L5(0,AY", Dy) = ——Td+e) . dz(z* (D + AY) — AT (2.54)
iy

(2)Dj =0 _
Here again we shall distinguish two cases depending on the sign of Im(A{ll}).

(2a) Im(A{li}) > (0 This case covers real masses in particular. The calculation initially amounts to
setting D;; = 0 in Eq. (2.48), which becomes

. ¢ . 1 -
g(o,Aﬁ’},0)=_?r(1+s) (—Ai’}—m)—l—f/ dz(1-22)7"7°, (2.55)
0
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The integration over z is performed using Eq. (C.6), and L% (0, A{li}, 0) becomes

r(—e)?

l} —1—¢
Fio28 )( 2 AW — i) (2.56)

; 1
150.41".0) = S T(1 +¢)

(2b) Im(A{li} ) < 0 Here again, this case occurs only with complex masses, with the i A prescrip-
tions overshadowed and therefore dropped. The calculation initially amounts to setting D;; = 0 in
Eq. (2.51), which becomes

i 2°T(1
20,A1,0) = # [

in—1-¢ [T —l-¢
—i(—A1 ) / dz(1+z2)
0
. +00 L
—(alm=t=e /1 dz(—1)" 8]. (2.57)
The z integrals are computed in Appendix C [Egs. (C.4) and (C.5)]. Hence, for L5(0, Al ,0),

27¢ 21 —e) 1

{l} _
30,4170 = g2 Fd+e) I'(1 —2¢) cos(m¢)

x| sinere) (=A™ 4+ (a7, (2.58)

Since Im(Agi}) < 0, (AY})*I*S may be rewritten as — e’ ¢ (— Agi})*lfe, so that L5(0, Aﬁ"},B,-j)
simplifies into
I'2(1 —¢)

(i 1 (i —1-e
L15(0,A7",0) = 8—2r(1+s)m(—2A{) , (2.59)

which coincides with Eq. (2.56).

2.4.  “Direct”-"indirect” equivalence

We now show the equivalence between the “indirect way” and the “direct way” starting from the
integral representation of L5 (0, A{l},Dij) and disregarding the fact that some D;; may or may not
vanish. Thus, I3’ now reads

A

_ = J
B F(H )Z (G) 2 det (G}
JESs\l)
X/A dz (22 (D + Al — Al =12, (2.60)
©.0)

Sticking to the general complex mass case, we perform the change of variable s = E]{l} z in such a
way that the two integrands corresponding to the sum over j (at fixed i) in Eq. (2.60) are the same
(use Egs. (2.36) and (2.38) of Ref. [1]). Specifying the two elements of S3\ {{} tobe k = 1+ (i + 1)
modulo 3) and / = 1 + (i modulo 3), the two integrals are concatenated into a single one integrated
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BT o

Fig. 3. Example of a contour deformation involving a triangle with one distorted side, for which no cut crosses
. i} i}
the straight base [—bkl ,bll 1.

along the contour Ilgiz = —E,{:} (/O,\l)i,k U E}i} (O,/T)i,l in the complex s-plane:

28 b;
F=-=rd ! :
3 e (1+e) ;; det(G) det (G'1})

. —1—¢
2 {i}
o [ as (S 4tETD . 2.61)
70 det (G

As in the case Ay # 0 treated in Ref. [2], the contour I]g can be deformed into the straight line
[— E,{;},E}l}] as depicted in Fig. 3:

26 b;
J I .
3 g rd+e) IEZS; det(G) det (G

—{i} . el
bi 52 + det (S')
ds| ——— . 2.62
% f_bgg} s ( det (G (2.62)

Performing the change of variable s = —E}Ci} — det (G u and following the procedure given by
Egs. (2.45)—(2.47) of Ref. [1] leads to

n 2° Ei ! iy{ —1—e
I =?F(1+8)Zdet(c})/o du(D D)) ™,
i€Ss

namely, Eq. (2.5).

It is instructive to recover the results of the “direct way” from those of the “indirect way” using for
the latter the closed form formulae. These formulae can be obtained for the case 517 # 0 by using
results of Appendix E and for 511 = 0 using Eq. (2.56). This exercise is performed in great detail in
Appendix D.

3. Four-point function with infrared divergences

The one-loop four-point function is depicted in Fig. 4. In the case where infrared (IR) divergences
appear, these can be regularized by dimensional regularization shifting the spacetime dimension
n =4 — 2¢ slightly above 4 (¢ < 0). The Feynman parametrization of I reads

1 4 4 —2—¢
1
]}f:F(2+8)/ Hdzi8<1—§:zi)(—EZT-S-Z—iA) , 3.1
0 =1 i=1
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b1 2

I
q2
b2 p3

Fig.4. The box picturing the one-loop four-point function.

where Z is a column four-vector whose components are the z;. The power —2 — ¢ in Eq. (3.1) is not
an integer; notwithstanding this, the tricks and techniques elaborated in Sect. 3 of Ref. [1] can be
used with a slight adaptation. Let us sketch the different steps for this special case.

3.1. Computation of I}

We make use of the identity in Eq. (2.26) of Ref. [1] to shift the power of the denominator in the
integrand, choosing 1 = 5/2 and v = 2/(1 — 2¢) so that /) is recast as

e 23+e I'Q2+e)
* T BQ+4e,1/2—6) (1-2¢)
oo dxp, dx. dxg
d . 3.2
) /0 : St DD (Xp,xe,Xxq) + Y —i2)>/? 32

Step 1 is very similar to the case n = 4, and we get

e 23+e I'Q2+e)
YT 3BQ+e,1/2—¢) (1-2¢)
4 —

y -2 /+°°ds :
X e —
det (G) J, Ay —E" +iA

i=1

dxy d

x/ T (33)
s DO (g, x)) + £V — 12)372

with the same notational conventions as in Egs. (3.6) and (3.17) of Sect. 3 in Ref. [1]. Likewise,
steps 2 and 3 are identical to Sect. 3 of Ref. [1] except that the power of the variable £ is v instead
of 2, and will not be repeated here. Regarding step 4, the integration is performed over the variables

&, p, then o in the corresponding L} (A3, Ag}, AgiJ},ng), now given by

W Al +oo +oo +oo 1
n(Ay, A AW Dy = d / d / do—no
4(A3, A 1 ijk) K/O 3 o p o U§U—A3—i)»

1 1
g+ p2 =AY i g p2r o2 - Al i
1
X —= s
Diji +&" + p* + 02 —in!/?

X

(3.4)
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with

B 24+e I'Q2+e)
“T3BQ 16 1/2—6)BG3/2,1/2)B(1,1/2) (1 —2¢)’

reminiscent of Eq. (3.35) of Sect. 3 in Ref. [1]. Infrared divergences in the four-point function are not
dominant Landau-type singularities but subleading ones. Such an infrared divergence corresponds to
the vanishing determinant det (S'") of some reduced S matrix (or some Ag}) associated with some
three-point functions which are obtained from the four-point function considered by one pinching
[7]. The various cases of vanishing kinematic matrices associated with three-point functions plagued
with infrared soft or collinear singularities have been evoked in Sect. 2. Let us note that the method
developedin Sect. 3 of Ref. [1] is still valid because we never divide by Ag} per se but by Ag} —£V—p?.
The divergences will show up when performing the integrations over the parameters of Eq. (3.4).
Note also that if we face a case when IR divergences arise when there are some non-vanishing internal
masses, only some of the contributions (let us call them sectors) “i,j, k,” not all, are plagued with
IR divergences; the other ones, which correspond to Ag} # 0, will be treated as in the n = 4 case.
Also, in any IR-divergent sector “7,j, k” for which Ag} = 0, we do not have to sum over all three

sub-sectors j € Ss \ {i} because, as in the IR-divergent three-point function case, some of the Z?}
vanish.

Let us consider a sector “i, j, k£’ which diverges in the IR region. We have to distinguish two cases:
(1) when A{zi} = 0 whereas Bijk # 0, in which case there are only soft divergences; (2) when both
A{Zi} = (0 and Zjijk = 0, in which case there are collinear or both soft and collinear divergences. In
this section we will treat both real and complex mass cases. Some of the cases correspond to real or
complex masses, others to complex masses only. For those corresponding to real or complex masses,
we keep the imaginary part —i A, explicitly bearing in mind that with complex masses this —i A is
ineffective. Let us stress in passing that we also keep an infinitesimal prescription —i A in the pole
term where we put Ag} =0.

32, AV =0and Dy #0

{ZJ} - +o0 —+o0 +o0 1
L1(As3,0, A ,Dl--k)=xf ds/ dp/ do . .
4 by 0 0 0 (EV — A3 —iA) (E" + p2 —ih)

1
x - - . (3.5)
(EV+P2+O'2—A{IM}—I')») (Dijk+§v+p2+02_i)‘)l/2

In the complex mass case, Im(A3) and Im(A{li’j} ) have arbitrary signs and Im(ﬁijk) is negative, so
we have to distinguish between different cases.
Let us define the function M, (") as

o +o00 1
L'(A3,0, A Doy = / dE ———_ My(EY). 3.6
4(A3 1 Dyi) =« A gf”—A3—i)» 2(87) (3.6)

The integrations over o and p are identical to those appearing in the massive cases, we thus borrow
the results derived in Sect. 3.4 of Ref. [1] and in Sect. 3.1 of Ref. [2] with Ag} = 0, explicitly: 8

8 The integration over o is of the “second kind,” cf. Egs. (A.6) and (A.7), while the integration over p is of
the “first kind,” cf. Eq. (A.1). For both integrations, the power v appearing in Egs. (A.1), (A.6), and (A.7) is
taken equal to 2.
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for Im(A{li’/}) >0,
! du

25 {ijly _ A {id)
0 u” (Dyjx + A7) — A

1
M(E") = 5 B(1/2,1/2)

1 1
% o2 = ¥ ~ ; (3.7)
[(g‘)_”‘)m 8V +u? (Dijk—f’A{ll'/})—A{ll’]}—ik)1/2j|
for Im(A{li’j}) <0,

du

1 +00
M(E") = —3 BO1/2,1/2) [’/o

1 1
X — — — —
|:(%-v —ix)l/? (€Y —u? Dy + A{IIJ}) _ A{lw})l/Z}

400 du
N TR
U w? D+ AV — Al

1 1
X ; - = — — . (3.9)
[(é” =i (e 2 D+ A — A{f”})m“
The integration over & to obtain L} is of the “second kind”— cf. Egs. (A.6) and (A.7) with v =

2/(1 = 2e). Let us go through the different cases with respect to the sign of the imaginary part of
Az and A{ll”}. Sticking with the notation of Sect. 3 of Ref. [1], we introduce

Py = Dy + AV,
Ry = — Al
T =—Aj.

The strategy for computing the different integrals is the same for all cases, and very similar to Sect. 3
of Ref. [2]. We display the successive steps for the first case, and we give the final results for the
three others.

321, Im(A3) > 0, Im(Al) > 0
We start with Eq. (3.7) for M>(£V) and use Eq. (A.6) for the £ integration to get

)~ ! du
L(As,0, A Doy = Fe f =
4(A3 1 ijk) (€] o Py 4Ry

1
x [/ dz - (3.9)
0 (1-2)T—ir)""

1 dz
B /0 (22 @2 Py + Ryp) + (1 —zz)T—ik)Hs}
where
F(e) =2"" (1 +e). (3-10)

To help the reader, we will define some steps in a similar way to Sect. 3.4 of Ref. [1].
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Step 1 We change u = /y/x and z = /x and exchange the y and the x integration so that

o~ F 1 g 1 1
Lz(Aa,o,Ai’”,Dyk)z—ﬁf —yf PR
4 0 ﬁ y yP,]k +XRU

1
X 1+¢
Pk +x Ry —T)+ T —ik)

1
— . 1
((l—x)T—i)L)1+8i| G.1D

Step 2 We set y = u? and perform a partial fraction decomposition on the variable x to write
Ly(A3,0, A{ll’/},Dijk) in the following form:

Li(A3,0, A D)

F(¢) /1 du /1
=— - dx
2 Jo w?PyuT +Rj(T —ik) Jp

—1—
x {(T—R,j) [ P +x Ry — T)+ T —ix] *

Rjj

— T =0T —irA] "o 5
L€ ) ] u? Piji + x R

X [[uzp,-jk +xRy—T)+T—ir]  —[1-x)T~ i,\]—g]}. (3.12)

The last line of Eq. (3.12) provides a contribution of order € only; for the computation of the one-loop
four-point function it can thus be dropped.’

Step 3 Thus, ignoring these terms, the integration in x readily provides

o~ 22T (14¢) (! du
15,0, 80, By = 7 2 /
0

3.13
T uZP,-jk+R,j—ik00 ( )
x {[u2 Py +Rj—T)+T—i2]

[P+ Ry —in] = (T —in) (1 — uz)_g},

where we have introduced o = sign(R;;/T) in the real mass case. In the complex mass case all “—iA”
and “—iop A” contour prescriptions are ineffective and irrelevant, and all three terms in Eq. (3.13)
can be straightforwardly expanded in powers of €. In contrast the real mass case requires a more

% Similar truncations of & expansions will be performed everywhere throughout this section. From the
perspective of computing generalized one-loop building blocks to be used in computations beyond one-loop,
one might be led to keep further terms evanescent with ¢ to the appropriate order, whenever such terms would
hit 1/¢ poles generated by the extra integrations, cf. the introduction of [1].
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cautious treatment, which we elaborate below. We note that when u? — —R;i /Pjj.,
Diji

u? (P + Ry — T) + T — (T — Ry)
Pijk

0,

1—u2—>%7&o,
Pk

i.e. the pole at u? = —R;j/ Pjji is distinct from the branch points of the first and third functions in
the numerator. Therefore we can readily perform an expansion around ¢ = 0 for the first and third
terms as

e 1
[ Py + Ry — )+ T —ir] " =E—ln[uz(P,-jk—I—Rij—T)+T—ik]+@(8),

™ | =

é (T—iN(1—u?)t = —é — (T —iA) —In(1 — %) + O(e).

The 1/¢ poles cancel between these two contributions, leaving only logarithms. On the other hand, the
contribution coming from the second term requires some care since pole and branch point coincide.
If this singularity lies outside the integration region the contour prescription for the pole is irrelevant
and can be dropped. If the singularity lies inside [0, 1] and o9 = +, the contour prescription for
the pole and cut are the same, there is no pinching. The integral over u can be performed after an
expansion in ¢ using Appendix E, cf. Eq. (E.8). If the singularity lies inside [0, 1] and o9 = —,
however, a pinching occurs at the singular point in the limit A — 0. A too early expansion in
powers of ¢ before performing the integration over u would lead to a divergence order by order in
e. On the other hand, we note that for u? = —Rj;/Pjj; the numerator of the second term, i.e. the
pole residue, is (—i A) ™% — 0 with A — 07 for any fixed ¢ < 0. Therefore, up to terms vanishing
o A~¢, we can make the replacement

e Sy N PR
u — .
0 u? Piji + Rjj + i & 0 u? P + Rjj — i X

Details are provided in Appendix F. Finally, we perform a partial expansion around ¢ = 0 to get

&

S~ 2
Li(A3,0, A D) = FT+e)

: du
* {/0 uzPijk+Rij~—iAoo[n(( A —u )) n(u (Pijk + Rj )+ i )]
_‘/ — +f a0 Pk A Ry~ 1) (3.14)
e Jo us Py +Rij — ik 0 u Pijr + Rij — i A

Note that the imaginary part of the argument of each logarithm in Eq. (3.14) keeps a constant sign
when u spans [0, 1]. This is obviously true for the real mass case, and in the case of complex masses
this is easily verified keeping in mind the assumptions that Im(7") < 0 and Im(R;;) < 0. For the sake
of coherence with respect to Ref. [2], the pole residue contributions will be added and subtracted for
the two logarithms making up the first term inside the curly brackets of Eq. (3.14), which is recast
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in the form

&

S~ 2
2(A3,0, A D) = FT+e)
1 (! d U In@P Py + Ry — i A
X ——f 5 ! - +/ du (2 ik J - )
e Jo u Py +Rj—iA 0 u Py + Rjj — i A

! du
+ 3 -
0o U Pijk+Rij_l)¥UO

X [m (T —ix) (1 —u?)) —In (M - ik)

Py

Pix + Rij)) (T — Ry;
—ln(uz(Pijk-i-R,-j—T)+T—ik)+ln(( ik Rip) ( j)—ik>]

Pijk

! d T—Ry—ik
—/ Y j Ao (3.15)
0 uzpijk—i-R,'j—l)\.Uo T —iiog

with o = sign((Pjx + R;j)/Piji) for the real mass case and

&

)~ 2
1(A3,0, A7 Dy = F(+e)

1 d T (P;:: R::
% {/ 2—u |:ln (T(l _u2)) —In <M)]
0o u Pijk +Rl‘j Pijk

1 .. " — R
_ / A [m (u? (P + Ry = T) + T) = In ((P’f" R R”))}
0

uzP,-jk +RU Pljk
1 1 du U In(u? Py + Ry
— —/ I +/ du —(2 ik i)
g Jo u Pijk +Rij 0 u Pijk +Rij
! d T —Ry TPy +Ryj) T —Ry
‘/ S [ln< ”) +n( P + Ry), ”)“ (3.16)
0o u Pijk +R,'j T Pijk T

for the complex mass case. The relevant integrals are given in Appendices E of this paper, E of
Ref. [1], and B of Ref. [2].

Equation (3.16) matches Eq. (3.19) of Ref. [2] obtained in the corresponding general complex
mass case 1(a), considering the latter in the limit Re(Ag}) = Re(Q; + T) — 0 while keeping an
infinitesimal positive imaginary part Im(Ag}) = ). One then formally gets

L[ d T (P + Ry;
RHS of [2, Eq. (3.19)] — — {/ e — |:ln (T (1 —u)) _ln( Pij + J))
T 0o U Pijk +sz Pijk

(Pijk + Rij) (T — Ryj) )]
Pijk

—ln(uZ(Pyk+Rij—T)+T)+ln<

du /‘ In(u? Py + Ryj)
uzPijk +Rij 0 uzPijk +Rij

_/1 du |:1H(T—R,-j>+n(T(Pijk+Rij) T—R,-j)“
0 uzPljk-i-RU T Pijk ’ T ’

where the divergent term In(Q; 4+ T') corresponds to the “dressed pole” (2 e~ 7£)? /¢.

1
—ln(Qi-I-T)/
0
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3.2.2. Im(A3) >0, Im(A) <0

Compared to the previous case, one uses Eq. (3.8) for M>(£V) and the & integration is carried out
with the help of Egs. (A.6) and (A.7) depending on the different terms. Then, performing the first
step described in Sect. 3.2.1, we obtain

Li(A3,0, A% D)
F 0 g 1 d
4 0 Y Jo yPijx—xRy

: ©dy [ dx —l-¢
ImTe e —v P R:—T (1
+e /0 Nl T (—=y Pyjk + xRy (1+x))

i — ——  (—VPjjr + xRy —X
o V)1 YPjx—xRj Y v

® d ! d.
+/ a9 @ [(T(l —x)) "¢
1 Y Jo YPijk+xRj

11—
— (Pj+ xRy + T (1 —x)) 8]

Ldy (¥ d
_|_/ @ / @ [(T(l —x)"
0 Y Jo YPijxt+xR;

— WPy +xR;+T (1 — x))_l_s] } (3.17)

We set y = u?, perform a partial fraction decomposition on the variable x, and expand around ¢ = 0.
The x integration is readily done, and L} (A3, 0, A%l’/}, D) is written as

Li(A3,0, A D)

¢ T—¢ +o00 du +00 du
:——F(1+8){— [z/ —+/ —]
T & 0 MZPijk—Rij 1 uzP,-jk —f—R,‘j
+i/+oo & tn (i = Ry —IH(RU_T>
0 u2 Pijk - Rl] u2 Pijk Rl]
+oo du —u? Py Py +T
_ 5 In ) 22—
0 u Pijk +Rij Rij T—Rl‘j
+/+oo du In uZP,-jk +Rij
1 u? Pijr + Rjj u? Py +T
+/1 du n > Py + Ry —T)+ T
0 uzPijk +R,'j uzPijk—{—T

— In(1 —uz):”. (3.18)

In this case we have Im(R;;) > 0, Im(P;) < 0, and Im(R;; — T') > 0. Furthermore,

o 42 Pijr — Rijj = (1 + u?) A{li’j} +u? 5?1’" and thus Im (22 Pjj — Rjj) < 0 whenu € [0, oo[;
o y? Pijk + Rjj = u? Djj. + w* -1 Ail’/}, and thus Im (12 Pij + Rij) < 0 whenu € [1,00[;
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o y? Py +T = u? (5,~jk + A{li’j})~— Az, and thus Im (u? Pijr +T) < 0 whenu € [0, o0[;
° u* (Pyr +Ryj—T)+ T = u? Dy — (1 — u?) Az, and thus Imu? (P + R — T) + T) < 0
when u € [0, 1].

Rearrangements and simplifications similar to those done in the massive case 2(a) of Ref. [2] can be
performed, which lead to the following alternative expression:

&

S 2
2(A3,0, A By = FT+e)

Inu? Py + Ry))

1/ du /

x{—— oy du

& { >u2P~k+R~ { : uzP--k—l—R~
01 Y Y o1 v Y

! d T (P + R;;
+/ 2—“|:1n(]’(1_u2))_1n(m>
0o u Pijk +R?l' Pijk

(Pyjk + Ryj) (T — Rij))
Pijk

B T(PUk-l-RU)T Ruﬂ/ <T—Rg)}
n( P D”Pljk+Rl]n 7 . (3.19)

The contouro ™ can be deformed into a contour ((),/T)Jr stretched from 0 to 1 and which eventually
wraps from above the cut of In(u? Pjj; + Rjj) emerging from the branch point uy = \/T/P,jk,
whenever the latter lies in the “north-east” quadrant {Re(x) > 0, Im(u) > 0}.

Equation (3.19) can be compared with Eq. (3.37) of Ref [2] obtained in the corresponding general
complex mass case 2(a) considered in the limit Re(A ) = Re(Q; + T) — 0 while keeping an

—ln(uz(P,jk—i-Rij—T)—f—T)-I-ln(

infinitesimal positive imaginary part Im(A{ g ) = A. Whereas it appeared convenient to formulate
Eq. (3.37) of Ref. [2] in terms of manifestly vanishing pole residues, this is no longer the case for
Eq. (3.19) since the pole has also become the branch point of In (? Pjji + (Rij + Q; +T)) in the limit
(Q; + T) — 0. For the purpose of comparison, the  functions introduced in Eq. (3.37) of Ref. [2]
containing Q; + T will thus be made explicit in terms of constant logarithms, part of which then
cancel against the constant logarithms which were subtracted so as to build the explicitly vanishing
pole residues. We get

1
RHS of [2, Eq. 3.37)] —

d In(u? Py + R;;
{ In(Q; + T) ! /(01) du P P & Rip)

01) u2Pl~jk +Rij uzP,jk +Rij

1
d T (Py + Ry
_|_/ o ln(T(l—uz))—ln T P + Rij)
0 uzPijk + Ry Pijy.

(Pijx + Ryj) (T — Rij))
P

—n(T(Pijk +Rij) T—Rij):| _/ du ln<T—Rl‘j>}
Pijk ’ T (/0:1\)7L M2Pl'jk +Rij T ’

where the divergent term In(Q; 4+ T') corresponds to the “dressed pole” (2 e~ V£)? /¢.

—ln(uz(Pijk+Rl~j—T)+T)+ln<
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323 Im(A3) <0, Im(A) > 0
In this case we start with Eq. (3.7) for M, (£") and use Eq. (A.7) for all the & integrations. We give
the result for L} (A3, 0, A{ll’/},D,-jk) after the intermediate step 1 of Sect. 3.2.1:

Li(A3,0, A D)

Fle . Sl o dx —i=
_ ( ) {ie—znsf _y/ I [(yPUk —i—xR,j—T(l +X)) 1—¢
4 o V¥ YPi+xR;

— (=T (1 +x)""7]

+/OO a /Oo dx [( Pj+xRy+T(1—x)) "
A Iy s .
1 v Jy  YPijx+ xRy v Y

— (T (1 —x)~ "]

1 [ee]
dy dx —1—e
+/ —/ — [yP»~k+xR--+T(1—x)
0 1 yP,'jk‘f'XRl‘j ( Y Y )

— (T (1—x)""7¢] } (3.20)
Then, performing steps 2 and 3 above yields

2(A3,0, A Dy
2f (-7)~¢ [} du
=" T(+4e{- >
T & 0o Uu Pijk +Rij
+oo du w? Py +Ryj—T)—T
—i—i/ 55— | In P z ) —ln(u2+l)
o urPy—Ry R;j—T

+oo d 2Py +R;j—T)+T
[ (P AT e
1 uP,-jk+R,-j Rij—T

Loy 2P + Ry
+f RS b 3.21)
0o u Pijk +Rl’j R,’j—T

In this case we have Im(R;; — T') < 0. Furthermore,

o 42 Pij + Rjj = u? 5,-jk —(1 - ’ziz) A{li‘j}, and thus Im (z? P + R;j) < 0whenu € [0, 1];

° u* (Pyr + Rij — T) — T = u* Dy + (1 + u?) Az, and thus Imu? (P + R — T) = T) < 0
when u € [0, o0[;

o u? (Pyx + Ry — T) + T = u? Dyjx + (u? — 1) A3, and thus Im(u? (P + R — T) +T) < 0
when u € [1, ool.

Rearrangements and simplifications similar to those done in the massive case 1(c) of Ref. [2] can be
performed, leading to the following alternative expression:
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&

S~ 2
2(A3,0, A7 Dy = FT+e)

1! d U In@? Py + Ry
x{——/ =5 o ! + / du—(2 ik i)
E Jo U Pijk +Rij 0 u Pijk +Rij

T (Pyx + Rij))

du
+/ —[m T(1—ud) —ln<
0T

(Pji + Ryj) (T — Rij)>
Pijk

_n<T(Pl~jk+Ry),T—Rij>]_/l . du 1n<T_R"f'>}. (3.22)
Pijk T 0 U Pl]k+RU T

The deformation of the contour oD into a contour (ﬁ,\l)+ stretched from 0 to 1 may eventually
wrap from above the cut of In(u? (Pijk + Rij — T) + T) emerging from the branch point uy =
\/ —T/(Pjjx + Rij — T), whenever the latter lies in the “north-east” quadrant.

Similar to the previous case, Eq. (3.22) matches Eq. (3.33) of Ref. [2] obtained in the corresponding
general complex mass case 1(c) considered in the limit Re(A{ ) = Re(Q; + T) — 0 while keeping
an infinitesimal positive imaginary part Im(A{’ ) =A.

— In (u® (P +R,-J-—T)+T)+ln(

3.24. Im(A3) <0, Im(A!) <0
One uses Eq. (3.8) for M3 (£") and the £ integration is carried out with the help of Egs. (A.6) and (A.7),
depending on the terms. Then, step 1 of Sect. 3.2.1 leads to

4(A3,0, A{llJ}abz]'k)

F o0 oo
4 o V)i yPj—xRy

) © d o d
_e—lTl’S (_T)—l—&‘/ _y X (1 +x)—1—8
0 ¥ Jo yPik—xRj

dy (! dx —l-¢
—I—i/ L (P +xR;+T (1 —x)
0o Y Jo YPijr—xR;y ( v v )

- ® d Y d _i—
_ie_”“g/ @ @ [(yPyk+le~]-—T(1+X)) I-e
o &V Jo YPik+xRy
— (=T (1 +x)""7*]

Cdy (¥ dx [ Clee
| = — = |(Pu +xR;j+T(1 —x)
/1 VY iy Pk + xRy Py ! )

— (T (1—x)" 7] } (3.23)

At the end of step 5 we get
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2(A3,0, A Dy

2 rag ){ kb ['/+oo d +/+OO du ]
= —— £ — 1 _—_ —_—_—
T & 0 uzpijk — Rij 1 u? Pijk +Rij
+00 d i R — 12 P: Pou2—T
+1i / 5 " In (-2 il —In —Ukzu
0 u Pljk—Rij i R,’j u Pijk
to g (P +Ry—T)—T
—i/ 3 " In u(ykz J ) —ln(u2+1)
0 u Pijk_Rij i u Pijk_T
+oo d 2Py +R;—T)+T
_/ i u (v ( ykz ij ) G — 1)
1 u Pijk —f—Rij u Pijk +Rij

_ f O du 0 Py (3.24)
0 u2 Pijk + Rij R,‘j ' '

In this case we have Im(R;;) > 0, Im(P;) < 0. Furthermore,

© 12 Py — Ry = 1? Dy + @ + 1) Al and thus Im(@u? Py — Ryj) < 0 when u € [0, 0ol;

o uzPijk + Ry = uzﬁijk + @ =1 A{li’i}, and thus Im(uzPijk + R;) < Owhenu € [1, o0[;

o 12 Py — T = u® Dy + A7) + A3, and thus Im(u2 Py — T) < 0 when u € [0, o0[;

o u? (Pjr + Ryj — T) — T = u® Dyjp + (% + 1) A3, and thus Im(u? (P + Ry — T) —T) < 0
when u € [0, oo[;

° w? Py + Rj — T) + T = u? Dyt + i — 1) Az, and thus Im(u? (P + Ry — T) + T) < 0
when u € [1, ool.

Rearrangements and simplifications similar to those done in the massive case 2(c) of Ref. [2] can be
performed, leading to the following alternative expression:

o~ 28 du
Ll’l A ,0’ A{lz]},D —_ — F 1+8 / -
4(A3 1 ijk) T ( ) D Py + Ry
01

1 T(P:r + R
X {—— +In@?Py + Ry) +1In (T(1 = u*)) —In (—( it ’f)>
£

Pjji
Piix + Rij) (T — Ry
—ln(uz(PU'k+Ri/'—T)+T)+1n(( ik + Rij) ( l]))
Pijk
Pijk T T

A

As in the previous cases, the contours o ™ can be deformed into contours (O,/T);rz stretched from 0
to 1. They eventually wrap from above the cuts of In (i Pjj + R;j) emerging from the branch point
\/T/P,jk and of In (12 (Pjjk +Rij—T)+T) emerging from the branch point \/ =T /Py +Rij — T),
respectively, whenever either or both of these branch points lie in the “north-east” quadrant.

Similar to the previous case, Eq. (3.25) matches Eq. (3.41) of Ref. [2] obtained in the corresponding
general complex mass case 2(c) considered in the limit Re(Ag}) = Re(Q; + T) — 0 while keeping
an infinitesimal positive imaginary part Im(Ag}) = A
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33 AV =0andDy =0
In this case we have P;jx = —R;; and Q; = —T, so that Egs. (3.7) and (3.8) become

for Im(A{li’/} > 0),

M) = 3 B/, 1/2)/ W

1 1
B ij ; 3.26
X |:($v_ik)1/2 (§V+A{11J} (22_1)_”\)1/2i|’ (3.26)

for Im(A{li’i} < 0),

dz

1 +o0
My(EY) =—=B(1/2,1/2) i —_—
»(6") = —3 B(/ /){l/() NCpE

1 1
X [(%‘" —_inl2 N (& - A{11',/} (1 +Zz))1/2:|

+00 dz
t Al 2o

1 1
) |:(§U —l')\‘)l/2 B (g:v + A{liJ} (22 . 1))1/2:”' (3.27)

Here again, the £ integration will be of the type in Egs. (A.6) or (A.7) (cf. Appendix A). Let us go

through the different cases according to the signs of Im(A3) and Im(A{l" ).

331 Im(A3) >0, Im(A!) > 0

We proceed along the two first steps described in Sect. 3.2.1. We borrow the result obtained in
Eq. (3.11), set Pz = —R;;, and make the change of variables x = y + (1 — y) v. The quantity
Ly (A3,0, Agi’j}, 0) now reads

L 4Rj Jo v LIVR;+ (U —v)T —ixl'te  [(1—v)T —iAr]l+e
1
X/O dyy V21 —y)1E, (3.28)

The integrals over y and v are unnested and are computed easily using Egs. (C.3), (C.6), and (C.10).
Notice that Im(v R;; + (1 —v) T — i A) never changes its sign when v spans [0, 1]; this is obviously
true in the real mass case, and due to the fact that Im(7") and Im(R;;) have imaginary parts of the
same sign in the complex mass case. Inserting the explicit results for the y and v integrals, we get

” 1 r’(1—e) 1
L(A5,0, A 0y = — 11
4( 3, Y, 1 » ) 2 ( +‘9) F(I—ZS) RUT
1 o . (T—Ry\ =
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Equation (3.29) explicitly displays the singularity of L} (A3, 0, A{l’/} ,0) when ¢ — 0. In Eq. (3.29)
we use the property Liz(z) + Lia (1 —z) = 2 /6 —In(z) In(1 — z) to obtain the following alternative
form suitable for further comparisons:

"(A3,0, A 0) = lr(1 +e) 1 -e) |
AT 2 [(1—2¢e) Ry T
1 L Ry —ix
X{ej(zRU_lk)g_le(T—ik)
T —R;
—[In (R — ix) — In (T — in)] ln<T_i;f)}. (3.30)

332, Im(A3) >0, Im(Al) <0

The starting point is Eq. (3.17) with P;; = —R;;. In the first line of Eq. (3.17) we rescale y = x u?
so that the double integral factorizes into a product of two unnested integrals over u and x. The
integrals of the second and third lines of Eq. (3.17) yield no divergences when ¢ — 0, so we take
¢ = 0 in them. We then make the change of variables x = y — (v — 1) v in the penultimate line, and
x =y — (1 — y) v in the last line. We obtain

1(A3,0, A7 0)

_F® T 2 du U dx . e
T 4Ry { / Txa2 )y mUTY

/ _y/ dx

NG +x) (x+»)R; — T +x)

+’f _y/ dx (3.31)

VY ¥ +x) ((x+y)Ry+T(1—X))

< d —l—e dv —l—¢ —l—e —l=¢

+ 7@ DI /1 S U R GRS R

1
: dy —1—¢ IL dv —1—¢ l—e —1-¢
+f0 5= /0 = [T A+v)"'"F = (=R + T (1 +v)) ] .

Let us compute the different terms. Using Eq. (C.3), the first integral is readily given by

/+°° 2du L ax
0

1
el ﬁ(l—x)IE:nB<—,—8). (3.32)

2

In the second and third lines of Eq. (3.31), the x integration is easily performed after a partial fraction
decomposition on the x variable. We get
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/+°° dy dx
0o O+ (+»R; —T(1+x)

. 1 +0o dy 1 yR,']'
=7/, ﬁy—— 1 |:1n (—Rl] —7 ) 1n(y)i| (3.33)

/+°° dy dx
1 0+ (+»R;+T (1 —x))

1 [T dy 1 R;;
_ 1 e 1n( y > (3.34)
T Jo Wwy+l \R;—T

We write the last two integrals of Eq. (3.31) as

y
-1

+00
l dy - 1)7178 /1

dv e —l—¢ —l—¢
¥ 7[Tl =1 = (=R — T (1 =)~ }

= Ay G-DF[Ep) -E(D)] + E (1+)B<l +e —s) (3.35)
| \/_ 1 1 1 ) 5 .
dy —l—g l%v dv —1—¢ —1—¢ . —1-¢
1
/ —(1 —»7 ' [B20) — E2(17)] + Ez(l‘)B(E,—s>, (3.36)
with
El(y)zfy_l w U e GRS A R0 (3.37)
1 A%
E) :/I‘ydv [T Q™ = (v R+ T4 ) 7 (3.38)
0

When y — 17, the upper bound of the integral defining the function E1(y) goes to +o0 and likewise
for E5(y) wheny — 17. The quantities E(y) — E1(17) and E»(y) — E»(17) are given by integrals
between y/(y — 1) and +oo and between y/(1 — y) and +oo0, respectively. As, in E1(y) — E;(17), y
is greater than 1 and so is the lower bound y/(y — 1), the singular support v = 1 of the distribution
(v — 1)71=¢ lies outside the range of integration, and thus the first term of the right-hand side of
Eq. (3.37) can be taken at ¢ = 0. In E>(y) — E»(17), the integrand is non-singular and the first term
of the right-hand side of Eq. (3.38) can also be taken at ¢ = 0. These two terms give

T dy L 1 [T dy 1 YR, —T
D' [Eyo0) —Ei1D)] = - = = 1 < J ) 3.39
: f@ ) [E1() — E1(17)] 7L mrod n Ry =T (3.39)
dy s _ 1 ldy 1 <yR,-j—T)
= a- Ey(y) —E,(17)]=—-= | = 1 . 3.40
f( ») [E20) — E2(17)] Tl =i n Ry—T (3.40)

29/63



PTEP 2020, 023B05 J.-P. Guillet et al.

The combined right-hand sides of Egs. (3.39) and (3.40) cancel against the first term in Eq. (3.33).
The expressions of E1(1") and E,(17) are computed using Egs. (C.13) and (C.15):

E1(17) = = Ko(T — Ry, —T)

1 (1 e
= {— ~ (=Ry) ™+ In(T) — In(T — Ry)

T
+e [Liz <%> +In (—Rjy) In <T _TRy')] } (3.41)

Ey(17) = —K3(T — Ry, T)

(TR 3.42
_?n< - )[—sn()]. (3.42)

Putting everything together, we get

1(A3,0, A 0)
_ F© {mg(%,—e) (1= e n(TY)

AR; T
oo g 1 T d 1 R;i
_y ln(y)+i _y n( v )
0 ﬁy—l ﬁy—i—l Rij—T

5(] m (T2 e mer
N ML

1 1 e
+ B (— +&,— e) [— - (—Ryj) " +In(T) — In(T — Ry)

2
+ e [Liz (R—Yif) +1n (—Ry) In ( d _TR"f )H } (3.43)

Extracting the Euler Beta functions from Egs. (C.2), (C.5), (C.3), and (C.6), and using the fact that
In(—R;;) = In(R;j) — i, Eq. (3.43) can be cast in the form

2(A3,0, A7 0)

1 ra rZl—e 1
=N ST g Ry T
1 —& . Ri' T—Rl
x {8—2 (2Rj) " —Li (%) —[In (Ry) —=In(7)] In (Tf)} (3.44)

Equations (3.44) and (3.30) have the same analytic expression.

333 Im(A3) <0, Im(A) > 0
We start with Eq. (3.20) with P;z = —R;;. We then set x = y + (1 + y) v in the first integral of
Eq. (3.20),x = y+ (¥ — 1) v in the second integral, and x = y 4 (1 — y) v in the third one, and we get
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(1471t

LZ(A35 0, A{llzl}, O) = ﬁ {ie—lﬂé‘ _y
0

4R;; NG

+o<>@ 1 1
X/o v [[vR,j—(Hv)T]Hs C[=(1+v) T]lﬂ]

+00 dy

-1 —1—¢
: ﬁ(y )

/+w@ [ | ) | ]
“Jo vV IDR;— A+ T =1+ T

1 dy
+ 7 1 _ —1—¢
/0 ﬁ( »)

+o00 dv 1 !
X‘/l 7|:[VRU—|—(1_V)T]1+8 - [(1—V)T]1+5:|}
(3.45)

Here again, the integrals over y and v are unnested. Since the signs of Im(R;;) and Im(7) are
mutually opposite, let us note that the imaginary parts of each of the terms raised to the power 1 + ¢
in denominators in the v integrals remain constant over the corresponding ranges of integration over
v. The first two integrals on v of Eq. (3.45) are given by Eq. (C.13) with4 =R;; — T and B = —T,
while the last one is given by Eq. (C.15) with 4’ = R;; — T and B’ = T. As for the y integration,
they can be read from Egs. (C.1)—~(C.6). All the ingredients combine into:

7(A3,0, A7 0)

rZ1—e¢) 1
F(1—2¢) R; T

1
=-I'(1
7 (1+¢)

1 e . (Ry . T — Ry
x{g—z(zRij) —le<7j)—[ln(R,~j)—ln(—T)—zn]ln( Tf)}. (3.46)

In the present case Im(— R;;) and Im(7) > 0, so that In (—7T) = In(T) — i and thus Eq. (3.46)
can be rewritten as

y 1 rZ(1—e 1
L1(A3,0, A 0y = — (1 3.47
4(A3 1 ) > ( +8)F(1—28) RijT ( )

1 —& . Rjj T —R;;
X {8_2(2Rij) — Lip (7’) —[In (Ry) — In(D)] 1n< . />}

i.e. again, the same analytic form as the previous two cases, cf. Egs. (3.30) and (3.44).

3.34. Im(A3) <0, Im(A) <0
The starting point is now Eq. (3.23) with P;jz = —R;;. In the first two integrals we rescale y = x u? to
factorize the double integral into a product of two unnested integrals over # and x. Using the results
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given in Eqs. (C.1) and (C.2), these unnested integrals are readily performed to yield

Li(A3,0, A7 0)

() T—ls —zneB 11 )—B<1+ _>]
4RU{ 7 (=D [_ (22 yTeTE

+o0
_,/ dy i Ry T =)
0

+0o0
—zne/ Y dx
—X

x[(~Ry v =0 =T (1 +2)"7° = (D77 (407
/ _1/yw
Y

x [(—Rzy G- +T1-x)"" = (D7 - 1)‘“] } (3.48)

In the three remaining integrals in Eq. (3.48), the first two remain finite when ¢ — 0 and are thus
computed in this limit, which yields

+o00 dx
/ i (R,,(x+y)+T(1—x))
1 [T dy 1 yR,-j-i-T) ]
=— = —— |[In(——) -1 4
T SHity [n( Ry n(y) |, (3.49)

+00 y
/ dx [(—R,j(y—x) —TA+0) - (=Dt a +x)_1]

— X

1 [T dy 1 1 (yR,j—i-T)
= — - n :
T 0 ﬁ1+y T

Making the change of variable u = 1/y we readily see that

(3.50)

T dy In(y) T du In(u) 0
o S l+y  Jo Jul+u 7
the combination {—i x Eq. (3.49) + i x Eq. (3.50)} thus gives i w In(R;;/T). In the third integral,
we make the change of variable x =y — (y — 1) v to get

+o0 dy

Y

The v integration is performed using the result of K> (—R;;, —T), cf. Eq. (C.10). After some algebra,
Eq. (3.48) thus reads

1
y-Dn7' /0 df [(—vR,-,- +TE-D) (=D - v)_]_g].

1(As3,0, A 0)

1 MPa-e¢ 1 J1 e . (T—Ry\ n?
_EF(1+)F(1_28)RUT|:—2(2RU) +L12( 7 )_F]' (3.51)
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Equation (3.51) is identical to Eq. (3.29); since Im(R;;) and Im(T’) have the same sign as in Sect. 3.3.1,
Eq. (3.51) can be recast into a form identical to eq. (3.30):

Li(A3,0, A7 0)
r’Za—e 1
(1 —2¢) Ry T

1
=-I
> (1+e)

X {812 (2R;)* —Liy (%) — [In (Rj) = In(T)] In (%) } (3.52)
In summary, in all four cases L} (A3, 0, A{li’j}, 0) takes the same analytical form. Compared with the
multiplicity of forms met in the general complex mass case, and still with the diverse cases met
in Sect. 3.2, this simplification comes from the coalescence of the pole and branch points all at the
value 1, which is the end-point singularity causing the appearance of the soft and collinear singularity
in all four cases.

3.4. Consistency checks and explicit examples

In Refs. [7,8] the infrared structure of any IR-divergent N-point one-loop integral was shown to be
carried by IR-divergent three-point one-loop functions resulting from appropriate iterated pinchings.
In the following this feature is explicitly verified for the formulae obtained in this article for the
four-point functions, when compared with those for the three-point functions, where the latter are
formulated most conveniently according to the so-called “indirect way” for this purpose.

In the case of purely soft divergence, i.e. whenever some Ag} = 0 whereas 5l~jk = 0, the various
cases of Egs. (3.14), (3.19), (3.22), and (3.25) can be encompassed in one single formula. For this
purpose let us introduce the following notation, where for any complex O we denote Or = Re(Q)

and Q1 = Im(Q).

—iS, 00
Jo T duFG) [ _duF@) it 0 <— By <1
duF(u) = and Aq[Ar By — A1Br] > 0, (3.53)

— 1
©.n fo du F (u) otherwise,
with S4 = sign(4y), whether

In(Au? +B) — In(Au? + B B
M+ B — G+ By g8

Fu =
() - -

or

Fw) = (Au®* +B)~'.

The condition “0 < — By/Ar < 1 and Ay [AR By — A1 Br] > 07 is the condition for the discontinuity
cuts of In(4 u? + B) to cross the real axis between 0 and 1 (cf. Appendix D of Ref. [2]). This enables
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us to rewrite L} (A3, 0, A{ll’]}, Dijj) in a generic way in the various cases as

&

S 2
Li(A3,0, A% D) = F T +e)

1 L o
) {_E /Nd“ (@ Py + Ry) ™" = U(A3, AP, D)

o,1)
d T (Pj; R;
+_/"’ Z—u [ln(T(l —u?)) —In (M)
.0 U Pijk + Ry Pijk
Py + Rj) (T — Ry
—ln(uz(Pijk-i-Rij—T)-l-T)-i-ln(( ik IZ)( ‘/)>]
ik

! du T Py +Ryj) T —Ry T — Ry
- 2 n ’ + In >
0o U Pijk + RU Pijk T T

U(As, A D)

with

0 if Im(A3) >0 Im(A")) > o,
fo, (T‘TR”) if Im(A3) > 0 Im(al) <o,
ik TG
T (Pu+Rj) T—Ry\ - i
=1 et (PR i may) <0 mafh > o,
du__ T—Rj
f[‘+ u2P;’jk+Rij [1n< T ])
o (R O] i may) <0 malh) <o,
ij

(3.54)

(3.55)

where the contour I'" is the closed contour encircling the “north-east” quadrant clockwise (cf.
Sect. 3.1 of Ref. [2]). Depending on the location of the cuts of (u? Py + Rij)_l_s, the first term of
Eq. (3.54) is the same as those which appear in Egs. (2.48) or (2.51); L} (A3, 0, A%l’/},lhj,'jk) can thus

be written as
Li(A3,0, A D) = %L’;(o, A D) + Li(A3,0, A D),
with
L1(A3,0, A D)

1 d T (Pjr + Ry
=— {/N 2—” [ln(T(l —u?) —In (M)
r UJon u” Py + Ry Piji

(Pijk + Ryj) (T — jo))]
Pijk

_/1 ! du [n(T(Pyk—i_Rl]),T_RU)—|—ln<T_RU
0o U Pyk—f—Rl] Pijk T T

—ln(uz(Pi]-k+R,-j—T)+T)+ln<

(3.56)

(3.57)

and L5(0, A{liJ},Bijk) is given by Eq. (2.48) or Eq. (2.53) depending on the sign of the imaginary

{i}
part of A",
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For the cases where Ag} = 0 and 5ijk = 0, a unique formula for L};(A3,0, Agi’j}, 0) was found
above, whatever the signs of Im(A3) and Im(A{lij}). The decomposition of the form in Eq. (3.56)
stills holds: the IR-divergent part of Lj(A3,0, Agi’j}, 0) is the same as in the three-point case, cf.
Eqgs. (2.56) and (2.59), whereas now,

1

N y Ri; T —R;
1(A3,0, A1 0) = SR T [Liz <7’> + [In(Ry) — In(T)] In (Tfﬂ (3.58)
y

Coming back to 7} and using the results of Sect. 2.3, we have

b; B w(det (GU), By, D)
14}1 — Z L Z J : > YK =
det (G) det (G, T

€84 JeSa\{i}

2. Al B} -
1 J k Tn Ij} N
i 2k [nAs,0, A% Do, 3.59
+Zdet(G) Z det (G1) Z det (G 4(83,0, A7, Dig) (3-59)
Sy JeSati) keSa\ (i)

where !/ € S4\{i,j, k}. The first term on the right-hand side of Eq. (3.59) is nothing but the combination
of the three-point functions as in Refs. [7,8] decomposed according to the so-called “direct way”
made explicit in Sect.. 2.1. Note that when Bijk = 0, the quantity ZZ(A3, 0, A{li’j}, 0), which does not
actually depend on £, factors out from the sum over &, which then yields trivially —1. The function
W (det (G, 5,-jk, Bl-ﬂ) has been defined by Eq. (2.6). Its arguments have one extra subscript, tracing
back the extra pinching which was involved compared with the three-point case. We recap here the
different results concerning this function:

&

o~ o~ 2 ! y 1
W (det (GY)), Dy, Dyt) = = T'(1 + &) f dx (DV® () — i)', (3.60)
& 0
where
Dl (x) = GUNK) (2 o i}tk o C{l}i}(k)’ (3.61)

with
GUIE = Sy + 28y — Sp = det (G},
vin® — 5 — Sy = % [ det (GU') — Dy + Dy, (3.62)
Cli® = 8 = By,

Note that ¥ (det (G} ),Bijk,ﬁiﬂ) is symmetric under the exchange of i and ;.

o If5ijk and Biﬂ both differ from zero, W( det (GUdY), Eijk: 5,~ﬂ) is given by Eq. (2.15).
© If only Dy vanishes, W ( det (G1/)), Dy, 0) is read from Eq. (2.28).
o If Dy and Dyj both vanish, W ( det (G1#)), 0, 0) is given by Eq. (2.30).

For practical purposes let us stress that we do not have to compute a dedicated formula for each
IR four-point case as in Ref. [4], where 16 cases were distinguished. Indeed, for each contribution
labelled by the index i, we merely distinguish two cases: either A {21} = 0, for which we use the generic

formula suited to the massive case, or A{zi} = 0, for which we use the appropriate formula suited
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Ly (As, AfY, AP, ﬁz‘jk)]

Eq. (3.49) of [1]

Eq. (3.30) for all
cases
cases C)

—»’Im(A3) >0, Im(ALh) > 0, Im(AF7Y) > 0: eq. (3.20) of [2]'

@ Eq. (3.15) —>’Im(A3) >0, Im(AL?) < 0, Im(AL#7}) > 0: eq. (3.31) of [2]'
*{ Im(A3z) > 0, Im(A}}) > 0: eq. (3.16)' —>’Im(A3) <0, Im(ALY) > 0, Im(AT}) > 0: eq. (3.33) of [2]|
*”Im(Ag) > 0, Im(A{) < 0: eq. (3.19)' —>’Im(A3) <0, Im(ALY) < 0, Im(AL}) > 0: eq. (3.35) of [2]'
*>’ Im(As) < 0, Im(A{}H) > 0: eq. (3.22)' —>’Im(A3) >0, (AL > 0, In(AT7Y) < 0: eq. (3.37) of [2]'
*{ Im(As) < 0, Im(A{}) < 0: eq. (3.25)' —>’Im(A3) >0, (AL < 0, In(AT7Y) < 0 eq. (3.39) of [2]'

—>’Im(A3) <0, m(ALY) > 0, (A7) < 0: eq. (3.41) of [2]'

—>’Im(A3) <0, m(ALY) <0, (A7) < 0: eq. (3.43) of [2]'

Fig.5. Decision tree to compute L (A, Ag}, A%m ,Bijk) for a given sector labelled by i, j, and k.

to the IR case at hand. The massive case is split depending on the vanishing of Im(A3) (namely, if
one internal mass squared has an imaginary part different from zero). The IR case is also divided in
two cases: 5,~jk = 0 and Bijk # 0. The latter is further separated according to the fact that one or
several internal masses squared have a non-vanishing imaginary part. All these cases are depicted
on the decision tree presented in Fig. 5; for each case the appropriate formula is given. Notice that
when Im(A3) # 0, it may appear that A{Zi} and/or Aii’j} are real; in this case they must be understood
as having a “+4i A” prescription. The expense paid by the present method is a possible proliferation
of dilogarithms, a counteraction against which would require some extra work. This point will be

commented on in more detail in the examples studied below.

3.4.1. Two opposite external masses
In this case all internal masses are zero and two opposite external legs (say 1 and 3) have non-
lightlike four-momenta, the two others being lightlike, i.e. p% # 0, p% =0, p% # 0, and pi = 0 (our
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convention is depicted in Fig. 4). The texture of the S matrix is'®

0 0 s23 81
0 0 s3 s12 (3.63)
$23 83 0 0 ’ '

st si2 O 0

with s; = pl and s;; = (p, + pj)2 (all the momenta are taken ingoing). All the contributions i are
such that A{ } — 0and DUk = 0. In this case, R;; = A{ Wl s symmetric under the exchange of i
and j. The four-point function is given, cf. Eq. (3.29), by

- )
1 F (1 1 b, b b; b;

II'=——rd i

72 det(S) (I+e F(l ZZ Al (det(G{’}) det(G{/})>

ieSy j>i
! e o (T—Ry) _7°
—(-2A L T 3.64
X[s2( V)l ) (3.64)

Due to the hollow texture of the reduced & matrices, a bunch of EJ{-i} coefficients vanish.
Equation (3.64) thus simplifies into

5 5! 5 50
1 (1-¢) « 1 b b; b b
I'=———T( _ I
472 det (S) (1+e) r-2e ;; i/} (det(G{’})+det(G{/}))
1 i) , Rj—ix\ n?
2A; Lip(1— —— 3.65
% |:82( )+ L T—ir) 6 (3.65)

Expressing the b; and E}l} coefficients as well as the various determinants as functions of the S matrix
elements, we get

rZ(l—e) 2

I=T(+e)-—"22
s=Td+a a7

{(—Sl —iA) (=53 —iA) T = (=512 —iA) T — (=53 —iA)F

[ A | A
L1 SN (o S IA
d/X+ik d/X+ik

+Li (1 - %) +Lip <1 - %) } (3.66)

with
d =s153 — S12523, (3.67)
Y =51+ 5853 — 812 — 523. (3.68)

Equation (3.68) involves four dilogarithms, as in Refs. [14,15]. The arguments of the dilogarithms in
Eq. (3.66) vs. in Ref. [14] are seemingly different, namely Ref. [14] involves Liy (1—(w+iA)/(d/ X))

' Remember that the elements of the S matrix are defined by S;; = (¢; — g;)* — m; —m;, where the internal
momenta g; of the Feynman diagram depicted in Fig. 4 are such that ¢, — g, = p2, 43 — q2 = P3, 44 — g3 = pa,
and g, — q4 = p1.
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whereas Lio(1 — (w+1i))/(d/Z +iA)) appears in Eq. (3.66), where w stands for s1, 53, 512, Or 523.
However, the i A prescriptions matter only when the real parts of the arguments of the dilogarithms
are greater than 1, i.e. whenever w ¥ /d < 0, in which case the signs of (d/¥) — w and of X /d,
which respectively control the signs of the i\ prescriptions in either case, are the same: the two
results in Eq. (3.66) and in Ref. [14] are actually identical.

This is to be compared with the formula given in Ref. [4]. This was taken from Ref. [15] and involves
five dilogarithms instead of four. The authors of Ref. [15] used the so-called Mantel identity, which
entails nine dilogarithms, to prove that the four-dilogarithm and five-dilogarithm results are actually
equivalent. The Mantel identity happens to be a corollary of the Hill identity, the former being derived
by applying the latter three times to some suitable combinations of variables.!! The continuation of
the Hill identity to any two arbitrary complex variables, however, requires additional combinations of
n functions handling the mismatch between the various discontinuities of the dilogarithms involved,
and these 7 functions are often skipped in the literature.'> An even busier modification is then required
for the Mantel identity. This drove of n functions makes the analytical check of the equivalence
between the four-dilogarithm and five-dilogarithm expressions extremely awkward in general, and
to our understanding this drove of n functions was not accounted for in Ref. [15]. We did perform
numerical tests accounting for these n functions, which verified the equivalence for the configurations
probed.

3.4.2. A simple case with one internal mass

In this example, with the convention depicted in Fig. 4, propagator 3 (with four-momentum ¢3) is
taken massive, the others being massless, the two external legs 1 and 2 have lightlike four-momenta,
that of the external leg 3 is on the mass shell of propagator 3, and the external leg 4 has a non-lightlike
four-momentum; i.e. p% = p% =0, p% = m%, and pi # 0. With the same notation as the preceding
example, the texture of the S matrix is

0 0 s23—m3 0

0 0 0 S12
S = . 3.69
23 — m% 0 -2 m% sS4 — m% ( )

0 S12 84 — m% 0

In this case, the sector i = 1 has no soft or collinear dlvergence and is computed us1ng the massive
formula. The other sectors correspond to the cases A{ b =0, D,Jk # 0 and Az =0, D,]k = 0. The
four-point amplitude can be cast in a divergent part and a finite one. The divergent part is given by

_ —{i} o~ o~
" bi bi~ W (det(G"), Dij, Dyj)
(74) g3y = Z det (G) Z det (G1ih) T . 70

iespvy 9€ jeSa\li}

11 See Ref. [16], Chap. 1, pp. 2-3 and Chap. 2, pp. 17-18.
12 See, however, Ref. [17].
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As several Z}l} vanish due to the hollow texture of reduced S matrices, we actually have to compute'?

_ —2) —{2)
n _ b2 bl 1,21\ 7S b4 {241\ 7
(14)div = det S |:det (G{Z}) W(det (G ),D124,0) + m W(det (G ),D124,0)
— —3)
b3 bl 1,3
w(det (G13h,0,0
T 3t (S) det (G0 (det (G1),0,0)
by By

241 D
+ 201 qegrm " (4et (G5, Diag.0), 3.71)

where W(det(G{l’Z}),ﬁlm,O) and W(det(G{2’4}),5124,0) are given by Eq. (2.28), and
W (det(G!1%)),0,0) by Eq. (2.30). We get:

21 —e) 1

T(1—2¢) 13 (s23 — m3)

1
([E)div = g F(l +é)

2 — 1
[g (—s23 +m5 — i) 8‘*‘5 (=s12—i2)"*

1 2 —& 1 2 —&
(st —in) - — (MR —in
s (msatm—id) " — o= (m3—i2)
teli >4 2¢Li %23 fe T (3.72)
g L1 _— —2€& L1 —_— E — . .
2 S4—m§+ik 2 S23—m§+ik 12

Expanding Eq. (3.72) in €, we recover the results of Eq. (4.27) in Ref. [4] taken from Ref. [18] for
the terms proportional to 1/e2 and 1/¢. Concerning the finite part, we obtain a host of terms for
which it is cumbersome to verify analytically that they do reduce to the finite part of Eq. (4.27) of
Ref. [4]. We verified numerically that they do indeed.

4. Summary and outlook

In this article we have presented an extension of a novel approach developed in the companion articles
of Refs. [1,2] to the case of vanishing internal masses involving soft and/or collinear divergences.
For this latter case, the method remains very similar to the massive cases: the three- and four-point
functions are split into “sectors” whose coefficients are expressed in terms of algebraic kinematical
invariants involved in reduction algorithms. Each “sector” may diverge or not when the IR regulator
is sent to zero, yielding to a simple decision tree to compute the relevant integrals. This avoids the
computation of the numerous different integrals over Feynman parameters, as is usually done in
the literature. This extension also applies to general kinematics beyond those relevant for one-loop
collider processes, offering a potential application to the calculation of two-loop processes using
one-loop (generalized) N-point functions as building blocks, as discussed in the introduction of
Ref. [1].

One drawback of the present method is the proliferation of dilogarithms in the expression of the
four-point function computed in closed form. This requires some extra work to be better apprehended,
in order to counteract it. But as the method used here is the same as in the real mass case, up to slight

13 We will use the following properties: det (G'/)) is symmetric under the permutation i <> j, and Dy is
symmetric under any permutation of the set {7, 7, k}.
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modifications, any solution found for the latter case can be applied in the infrared-divergent case.
This issue will be addressed in a future article.

The last goal is to provide the generalized one-loop building blocks entering as integrands in the
computation of two-loop three- and four-point functions by means of an extra numerical double
integration. In this respect, let us mention that the expansion around ¢ = 0 of the results given in
this article has been truncated in order to keep only the divergent and the constant terms. This is
sufficient for any one-loop computation, but may not be enough for two-loop applications of the
method. This article already contains a lot of results, so the expansion around ¢ = 0 at the necessary
orders is postponed to a future work.
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Appendix A. Two basic integrals

In what follows, 4 and B are assumed dimensionless and complex valued, the signs of their real parts
are unknown, and the signs of their imaginary parts may or may not be the same.

A.1. First kind

The computation of the three- and four-point functions in a spacetime of arbitrary dimensions involves
the following extension of the case treated in Appendix D of Ref. [1]:

00 dg
K = . Al
) /0 E +A)E +B) (A-D

After partial fraction decomposition, the right-hand side of Eq. (A.1) becomes

1 o 1 1

Let us assume that v > 1, such that the right-hand side of Eq. (A.1) can be split into the difference of

two convergent integrals at infinity, which can be separately computed using Appendix B of Ref. [1]
with © = 1. K(v) thus reads

_ b T TN gl
K(v)_B_AvB(l U,v)[ B } (A3)

regardless of the signs of Im(4) vs. Im(B). In the case of the three-point function v = 1/(1 — ¢),
which is slightly less than 1 for ¢ < 0, and the right-hand side of Eq. (A.3) can be analytically
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continued in v as long as v # —1/nmorv # 1/(n + 1) with r an arbitrary positive integer. So, the
result of Eq. (A.3) can be used in the case where the dimension of the spacetime is shifted by a small
positive amount from n = 4 to n = 4 — 2 ¢. We also note that the limit v — 1 of K(v) leads to
Eq. (D4) of Ref. [1].

A practical case met in Sect. 2 is 4 = —i A and B remaining an arbitrary complex number with an
imaginary part different from 0. In the limit A — 07, Eq. (A.3) becomes

/M = - Laoorarera—os (A4)
o @ —inGE 1B ¢ ' |

This is the well-known fact that the two limits A — 07 and ¢ — 0 do not commute.

A.2. Second kind

The most general case for the integral

J() = / o a5 (A.5)
Jo (€' +A4) VE'+B '

has been treated in Appendix A of Ref. [2]; let us just recap the results. Two cases can be distinguished

according to the signs of the imaginary parts of 4 and B.

(1) Im(4) and Im(B) of the same sign:

1 /3 11 ! _
J(W:—B(———,—)/ dz (1 =2y Ad+22B) 7Y (A.6)
v 2 vv/) Jy

(2) Im(4) and Im(B) of opposite signs:
1 3 11
=31
v
. +w J—
> |:e—15571/v/ dz (BZZ_ (1 +ZZ)A) 3/2+1/v
0
+00
+/ dz (Bzz+(l—zz)A)3/2+1/v:|, (A7)
1
with Sp = sign (Im (B)).

Remember that the two cases (1) and (2) can be reunified by seeing Eq. (A.7) as an analytic
continuation in 4 of Eq. (A.6), which possibly requires a deformation of the contour [0, 1] originally
drawn along the real axis in Eq. (A.6); see Appendix A of Ref. [2] for more details.

Appendix B. The function J (x,x;)

This appendix computes the function

In ((x — x1) (x — x2))
(x —x1) (x —x2)

1
J(x1,x2)=f dx
0
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Using partial fraction decomposition, J(x1,x3) can be written as
J(x1,x2)

_ 1 [/J&me—m)_/”&me—n)
x1—x2 LJo X — X1 0 X —X2

. /1 e In(x — x3) — In(x; — x2) B /1 e In(x —x1) — In(x, — x1)
0 X — X1 0 X — X2

! d ! d
+ In(x; —xz)/ dx al — In(x; —xl)/ dx ol ] (B.1)
0 0

X — X1 X — X2

With the help of Appendix E of Ref. [1] (see also Appendix B of Ref. [19]), we immediately get

= R'(x1,x2)
. X2 o x—1

il ()
X2 — X1 X2 — X1

1

() n (55
X2 — X1 X2 — X1

1 1

/1 In(x —x1) — In(x, — x1)
dx
0 X —Xx2

where R’ (x1, x) is given by Eq. (E15) of Ref. [1]'# Since x| and x» have imaginary parts of opposite
signs, all the n functions vanish in Eq. (B.2). Then, using the Landen identity,

. ) z 1,
Lir(z) + Lip (—) = —— In“(1 — 2), (B.3)
z—1 2

we can rewrite Eq. (B.2) as

/1 In(x —x1) — In(xp — x1)
dx
0

X — X2
—1
=L12(x2 )—Ln<9>
x; —1 X1
1 2 2 X1 — 1
+ E In“(x; — 1) —In“ (x1) — 2 In(x; — x) In . (B.4)
X1

14 The subtlety discussed in Appendix E of Ref. [1] does not show up here because x; and x, have imaginary
parts of opposite signs.
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Substituting into Eq. (B.1) and easily computing the remaining x integrals, we get
J(x1,x2)

1
- { 5 [In*(1 —x) — In*(—=x)] — = [1n (1 —x2) — In*(—x2)]

X1 — X2
. fx1— 1 . [ x1 . [ x2—
+L12( >_L12<_)_L12( ) L12( )
xo— 1 X2 x| —
1 2 2
+ 5 In“(xp — 1) —In“ (xp) —2 In(xp — x1) In

— % [ln (x1—1) — In? (x1) — 2 In(x1 — x) ln< 1)]

2—1

-1
+ In(x; —x2) In (x‘ ) InGry — x1) In < ) (B.5)
X1
The identity
-1
In?(1 —x1) = In?(=x;) = In?(x; = 1) + In?(x)) = =27 S(x;) In (xl )
X1
where S(x1) is the sign of the imaginary part of x1, allows us to simplify Eq. (B.5):
1 C(x1—1 . (X1 o (x—1 x2
J(x1,x) = Lip —Lip| — ) —Li + Lip
x| — X2 xo— 1 X2 x1 — 1 X1
. x1—1
+[2In(x; —x2) —imw S(x1)] In
X1
-1
—[2In(a —x) — iz S()] In <x2 > } (B.6)
X2
Then, we use the identity relating Liz(z) and Liz(1/z) [13], and also the relation
2In (v —x2) —iwS(x1) =2 In(x2 —x1) — i S(x2) = In (—(x1 —x2)?), (B.7)

whose validity relies on the fact that x; and x, have imaginary parts of opposite signs. This yields

J(x1,x2)
1 —1 1 —1\ 1
- 2L, (2 —oLip () + 2 m? (=Y o (-H
X1 — X2 xy — 1 X2 2 xy — 1 2 X
—1 —1
+ In (= (v —x2)%) [m (xl ) —In <x2 )] } (B.8)
X1 X

Appendix C. Herbarium of utilitarian integrals

This appendix collects a bunch of integrals appearing in the three- and four-point cases to help the
reader.
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The first series appears under the following forms and can be computed in terms of the Euler Beta

function:
400
—1-e 1 dy - 1 11
dz (1422 =— ¢=_B|=, - , C.1
/0 z(1+2) 2, Y : (22+e) (C.1)
+00 +o00
5 —1—¢ 1 dy e 1 1
-1 = - 1 =—-B| - ,—¢& |, C2
/1 dz (2> — 1) 3 [@ ) sB(5te—¢ (C2)

N —

1 e S e
/Odz(l—zz)l = f—(l— )1 :§B<§,—s>. (C.3)

Using the duplication formula for the Gamma functions [13], the z integrals computed in closed
form read

+00 2
n-l-e tan(me) T*(1—¢e) .
/0 e(1+2) = s e (4

1 1 T%*1-—¢)

/m A1) = 272¢ (C.5)
|  2ecos(me)T(1—2¢) ’ '

1 2
Cooylee 15, T =g
/0 dz (1 z ) =5 2 —F(l 2o (C.6)

For the four-point functions in the real mass case, or in the complex mass case when sign(Im(R;;)) =
sign(Im(7)), the following integral needs to be evaluated:

KRy T)—/ldv : - : } (C.7)
PV R+ A=W T — i [ —w T —ia*e ] '

Note that in both cases, Im(v R;; + (1 —v) T — i A) has a constant sign when v spans [0, 1]. After a
partial fraction decomposition with respect to the variable v, K>(R;;, T') can be written as

1
K>(Ryj, T) = % /O dv {—(R,j —T) [Rjv+T(—v)—irx] = (T—inyd—w =
+ ! [(R-»v+ T(—v)—i)) " —(T— ix)—g]
v y
= _VZM_ [1—(1—v)‘8]}. (C.3)

The first two terms of Eq. (C.8), which yield a 1/¢ pole, are integrated in closed form, whereas the
last three terms of Eq. (C.8), which are not divergent, can be expanded around ¢ = 0 up to order ¢:

1 1
KQ(RU,T)Z?[ E(R,j—i,\)—f
Uy . .
— g/ — [ImRjv+T A —=v)—ir)—In(T —i))]
o Vv

1
+ 8(T—iA)_8f djvln(l—v)]. (C.9)
0
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Since sign(Im(R;; v+ T (1 —v) —i})) = sign(Im(T — i 1)) when v € [0, 1], the logarithms in the
first integral can be combined together. The last integration is performed explicitly to give

11 Cin—g . (T —Ry 2
Ko(Ry,T) = = | = Ry = i)™ +eLip (b ) —e = . (C.10)

With respect to the preceding case, two new integrals show up when sign(Im(7)) # sign(Im(R;)):
oo dy
K3(4, B) :/ — [Av+B)1F — B +v) 77, (C.11)
0
+o00 d
K4(A',B) = / il [Av+B) " =B 1 -v) 7], (C.12)
1 v

where sign(Im(4 v + B)) [resp. sign(Im(4’ v 4+ B’))] keeps a constant sign when v spans [0, +00[
(resp. [1, +o00[). To compute K3(4, B), we expand the right-hand side of Eq. (C.11) around ¢ = 0 to
get

K3(4, B) = % In (g) [1— ¢ In(B)]. (C.13)

To compute K4(A', B'), we expand (4’ v+ B)~'~¢ in Eq. (C.12) around ¢ = 0, keeping in mind that
sign(Im(4” + B’)) = sign(Im(4")), and we get

1 1
K4(4',B) = — {— g(—B’)g + (In(4’' + B") — In(4"))

B/
+e|Liz(— By 71 (In*(4' + B') — In*(4")) (C.14)
A 6 2 ' ’
With the additional assumption that sign(Im(4’)) = —sign(Im(B’)), and after some algebra,

K4(A4', B") can be recast in an alternative, more useful, form:
1 1
K4(4',B) = — {— —(4'+ B)* + (In(—=B") — In(4")
€

B/
A+ B A
+ ¢ |:Li2( ;_/ >+ln(A’+B/) In (— §>]} (C.15)

Notice that this additional assumption is always fulfilled in the cases met.

Appendix D. Detailed comparisons with the “direct way” (Sect. 2)

Our present goal is to check that the “indirect way” leads to the same results for infrared-divergent
three-point functions as the “direct way.” By explicitly performing the sum over the j index in
Eq. (2.45), we recover the results of Sect. 2. This part is not necessary for the understanding of the
method proposed in this article and can be skipped in a first reading.

D.1. Real mass case

Let us start with the real mass case. We successively revisit the examples examined in Sect. (2.2).
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Occurrence of a soft divergence Let us recap the texture of the S matrix [cf. Eq. (2.31)]:

0 0 0
S=]10 —2m% §3 — m% — m% ; (D.1)
0 s3 —m% —m% —2m§

thus det(S) = 0. Let us single out row and column 1. We readily see that the vector (1) vanishes, and
so do the coefficients by and bs3; thus b; = det (G) since the coefficients b; fulfill Zie S5 b; = det (G).
The three-point function is thus given by [cf. Eq. (2.45)]

s s

B = 2 15(0, A1, Dia) + ——2 13(0, AV, Dis). D.2
37 det(GI) i )+ g £(G) 30,417, 013) 0-2)
The only relevant reduced S matrix is
2 2 2
S — —2m; §3 —my —m3 (D3)
53 — m% — m% -2 m% ’
whose determinant det(S I = —K(s3, m%, m%) involves the Kéllén function given by Eq. (2.11).
The associated Gram “matrix” degenerates into a single scalar,
G = det (G = 2s3). (D.4)

One easily reads the EJ{-I} coefficients from the reduced Gram matrix G{!!® and the vector {1}
(cf. Eq. (2.29) of Ref. [1]):

AU 7
by =m5—m}—s3, by =m5—m5—s3. (D.5)

Since D12 = 2m3 and D13 = 2m2, the quantities L5(0, A Dlz) and L5(0, A 513) are given
by Eq. (2.49). The Diy + Al , Dy 13+ A{ll}, and A{l} terms are given by Eqs. (2 36) and (2.38) of
Ref. [1]:

o (3 +md—md)?
D+ all = 23S 3 2 (D.6)
~ (s3 +m5 — m?)?
Dis + A} = =2 —=, (D.7)
o K(s3,m3,m3)
NG 2—; (D.8)

The roots of the denominator of Eq. (2.49) are such that

A{l}—l-z)» K(S3,m%,m§)+i)»os

z1%)? = (D.9)
Dy + A{l} (53 +m3 — m3)?
{1} 2 2 :
_ Ay +iA ICs,m,m +ilo
D13+A (s3 +mj _m3)
with oy = sign(s3). We specify
2 2 .
52 _ \//C(Sg,mz,m3) +ilog 13 _ \/IC(S3,m2,m3) +l)»0’s' O.11)
S3+m3 m% ’ S3+m%—m§

46/63



PTEP 2020, 023B05 J.-P. Guillet et al.

We introduce two new quantities, X1 and X, which are the two roots of the equation DU @) =0
appearing in the “direct way’”:

53 +m§—m§+\/lc(ss,m§,m§)+ims .12
X1 = , .
253

53 —I—m% —m% - \/IC(Sg,m%,m%) +iloy

%= (D.13)

253
Notice that the quantities 1 —¥; and 1 —X» are the roots of the equation D1} 3 (x) = 0. The quantities
z12 one of the roots of the equation (D1 + A{ll}) z2 — A{ll} —ix=0,andz!3, aroot of the equation
D13 + Agl}) z% — Agl} — i) =0, can be related to the roots X; and X, by the following relations:

2 F1—% 13 X1 —% (D.14)
2—)?1—)?2’ X +x ’
Putting things together, /3’ can be written as
2°T(1+¢ 1 712 -1 713 -1
o o) ()]
2\/K(S3,m%,m§)+ikas € zZo+ z°+
+ Ho1 (D12 + IR —A{ll} — i) + Ho1 (D13 + INEA —A{ll} - i)»)}, (D.15)

with

_ B

Ho,1 (4,B) =24 1 Ho,1 (4, B), (D.16)

which is effectively the content between the curly brackets of Eq. (E.8) in Appendix E. Expressing
all the arguments of the logarithms and dilogarithms in Eq. (E.8) in terms of x| and X, we get

B 28T(1 4+ ¢)
(X1 — %) det (Gi1})

TRINEE e,

1 —% 2 —X —X)?
+1n<—1 i”)[m(—( %) det(G{”)+iAos)

) 4

1 4(1=x1) (1 —=X2) 4% —X%2)?
) (1“( Q-5 -5 )““ (_ <2—5c1—5ez>2))]
= S =32
+1n (— ’2> [ln (W det (G + i as)
1 431 % 4 (% —%2)?
+5 (ln ((561 +552)2> +in <_ (X1 + X2)? ))}
+Li2<~1 _%2)—Liz<fcl ! ) +Li2<~ 1 )—Liz (— 2 )} (D.17)
X1 — X X1 — X X1 — X X1 — X
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As Im(x1) and Im(x;) have opposite signs, Eq. (D.17) can be rearranged as

26T°(1 4+ ¢)
(X1 — %) det (Gi1})

x{——|In - —In —
£ X1 X2
+ ln det (G )+zkas) ln( X1 —X2) ) In —In
X1 X
1 1—Xx X
~In| - In ((1 —X1) (1 —X2)) + — = ) In(x1 x2)
2 1 X1
1 X1 — 1 1 1—Xx 1 —X 1 X
— ~ In? jcl—N + - In?( - x~2 — — In? % + = In? ~x1~
2 Xl — X2 2 X1 — X2 2 X1 — X 2 X1 — X
x1 — 1 1 1—Xx X 1 X
+2Lip (2 o (—2) o () -2 m2 (=2 L (D.18)
Xy —1 2 x1—1 X2 2 X1

Using the relation between In(z) and In(—z), after some algebra the quantity

I=-

+

E =

In ( 1 ﬂ:”) In((1 =) (1= %) + 2 In (— j—) In(¥1 ¥2)
2 X1

1—Xx

X — 1 1 1 —X 1 —X 1 X
In? f1—~ +—1n2 ~ x~2 —— In? % +—1H2 ~XI~
X1 — X2 2 X1 — X 2 X1 — X2 2 X1 — X2

can be rewritten as

_! 2 InG — %) —iw SG)] [m <’~”~_ 1) —In (bf 1)}

2 X1 X2
_11 ~ 32 |1 x1—1 I X —1 D.19
=5 n(—(xl—xz))|:n< % )—n( % )i|, (D.19)

with S(x1) = sign(Im(x1)). Substituting Eq. (D.19) into Eq. (D.18), we end up with

1
2
1
2

2Tl +e)
(%1 — ¥2) det (G

A5 )]

+ [In (det (G1) + i 2.04) +In (= Gy — 22)?) | [m (’”—_1) ~In (’zzf 1)]

X1 X2
X1 — 1 1 1—X X 1 =
+2Lip ol + = In?|( = 2 2Li, )f—l — — In? _)f_z
X — 1 2 -1 % 2 %
_ 26T(1 4+ ¢) w . o o
= ——8 det (G {|:1 —¢ln (det (G )+Z)LO’S)] K(x1,x) — 8J(X1,X2)}, (D.20)

where K (X1, X7) is given by Eq. (2.14) and J (X1, X2) by Eq. (B.8). Last, we note that the prescription
“+ixog” in Eq. (D.20) can be replaced by “—i A” as it matters only when det (G{!!) < 0. Thus,
Eq. (D.20) is nothing but Eq. (2.15): the indirect and direct ways do indeed lead to the same result.
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Occurrence of a collinear divergence We recap the texture of the S matrix in this case [cf. Eq.
(2.35)]:

0 0 s — m%
S = 0 0 s3—mi | (D.21)
s1 — m% §3 — m% -2 m%

Obviously, we have det(S) = 0. As explained in Sect. 2, Egs. (2.36) and (2.37), the coefficient b3
vanishes whereas b, and b; are different from zero. So, the three-point function is given by

. o[ B L~ A
13 - det (G) det(G{l}) L3(0,A1 5D12) dot (G{l )L (O,AI ,D13)
b [ B~ B
5006 | der gy AO0AY Do) + gt 140,41, Do) | (D.22)

As D12 = D21 = 2m3 and D13 = D23 = 0 L%(O 1 ,D12) and L”(O A{l ,D]z) arc glven by
Eq. (2.49) whereas L5(0, Al ,D13) and L5(0, A|™, Dy3) are given by Eq. (2.56).

Let us first focus on the first term of the r1ght hand side of Eq. (D.22). The relevant reduced &
matrix is

0 §3 — m?
st = 3, D.23
§3 — m% -2 m% ( )
whose determinant is det (8{”) = —(s3 —m%)z. The 1 x 1 associated Gram matrix is G{1@ = (2 53),

and the reduced b coefficients are given by

—{1} 2 —{1} 2

b s34+ m b §3—m
2 __B7% 3 __ 377 (D.24)
det (GI1}) 253 det (GI1}) 253
whereas
242 212
§3 —m ~ s3+m
Al B Al 3 (D.25)
253 253

The square of the root of the polynomial (512 + Agl})z2 — Agl} —i)\is

)2
_ (53 —m3)
Z2 —_—

+ ik oy, D.26
(55 + )2 s (D.26)

with oy = sign(s3). Since

53 —m%

S3 +m§

VZ2 = +ika,

a handier choice for further manipulations is instead

2

T mg +iXogor, (D.27)

_ §3 —
z =
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where o, = sign((s3 — m%) /(s3 + m%)). Let us define

{1 {1

noon_ b nig Alll 5 bs niy ALl R
B33 = gorqmy L0 AT Di2) + o e L5(0, A1, Dis), (D.28)
so we get
2¢5T(1 +¢)
Ti(s3) = ——5——
2 (m5 — s3)

1 m3 -~
x [— ~In (——3 +ido; o,) + Hoy (Do + A, Al — i)
€ 53

Ry o 2N\2 —¢
1 T(-9 (_2(S3S m3) _i,\) } (D.29)
3

e2I'(1—2¢)
Using the definition of 1:10,1 (X,7Y), cf. Eq. (D.16), and Eq. (E.8), we have

) ~ 1 1 .
Ho1 Dz + A, —al —in)
2
. 53 . . msy .
:L12< z—lkosar)—L12<— 2+lkas0r>
§3 —m3 §3 —m3
2 2,2 2
m s34+ m 1 453m
TP (L STPOR | Y i U puy B Y (L S P
$3 2s3 2 (S3+m3)2

1 4 (s3 — m3)>
plm (-l o)), (D.30)
2 (S3+m3)2

which can be rewritten as
= 1 1 .
Hoi(Dia + A, —allh —in)

m% . . 1 2 .
=In{——+iros0, —11'1(2S3—l)\.0'5)+§ln(4S3n’I3—Z)\.O'S)
$3
1 252 .
+§ln(—4(S3—m3) —z)»as)

. S3 . m?
+2L1p 2_1)\,0'50'r - —
53 — mj 6

2
m3 . s3 .
+ln<— 2+1A0S0,) ln< z—lkasar) (D.31)
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Putting Eq. (D.31) into Eq. (D.29), the In(2) drop out and we end with

I(1+e)
2 (m% — 53)

1 1 _ 232 2
x {——2+— |:1n (—M—ix) “In (—ﬂ+i)\0's0r):|
& & S3 53
1 232
— Z In? _M—ik +2Lip %3 z—ikosar
2 53 §3 — m3

m3
+In|——+4+iros0, |:—111(S3 —i\oy)

3(s3) =

$3
1 1
+5 In (S3 m% — ikos) + 3 In (—(S3 - m%)2 — i)»as)i|
2
m5 . 83 .
+ In{— 5 +iiosor ] In > —iAogor | ¢ (D.32)

%5 (s3) can be shown to be equal to the following quantity:

I'(1 1
To(sy) = L) {

1 . .
W—_m —8—2—1-5[21n(—S3+m§—lk)—ln(m%—z)»)]

1 §3
—n?(=s34+m%—iX)+=In*(m2—ir)+2Lip | ——=— | . D.33
(=s3+m35—i2) 5 (m3 —i2) N —mitin (D.33)

To show that, one has to distinguish the following cases: (1) s3 < —m%, (2) —m% < 53 < 0,
B30 < s3 < m%, and (4) m% < s3. For each of them, some tedious algebra performed on the
right-hand side of Eq. (D.32) shows that the two results are equal. Let us discuss in detail only the
case s3 > m%, for which o5 = 0, = +. The argument of the dilogarithm in Eq. (D.32) has a real part
greater than 1, hence

. 53 . . S3 . . §3
Lip 2—1)@;0, =Lip 2_1)‘ =Lip —— |
§3 —mj §3 —m3 S3—m3+zk

The logarithms in Eq. (D.32) can be modified in such a way that their arguments are ratios of positive
quantities; X3(s3) thus reads

I'(1+e)
2 (m% — 53)

1 1 232 2
{__2+_ [m (ﬂ) i (m_) _zm}
& & S3 53
2
1 N
2 S3 §s3—m3+ik

51/63

Xi(s3) =



PTEP 2020, 023B05 J.-P. Guillet et al.

. [ i (s3) 5 (n (53 m3) + In (53— m)?) ~ m)]

2
+(1n( ™ 2)+m) ln( %3 2)} (D.34)
53— m3 53 — m3

Splitting logarithms of ratios, we get

I'(1 1 1
sy = ) {

Y 0 —53) -2 + . [2 (In(s3 —m3) —im) — In(m3)]

- (ln2 (s3— m%) —2im In(s3 — m%) - 7r2)

+% In?(m2) + 2 Liz <5—3) } (D.35)

S3—m§+ik

In Eq. (D.35), for the case at hand, we recognize Eq. (D.33). Similar handling can be performed in
the other three cases to reach the same conclusion. We thus conclude that

¥3(s3) = Y3(s3)
_ Tl +e)
 (m}—s3)

. s3
+Lh | ——— ) ¢. D.36
2(S3—m§+ik>} ( )

So long for the first term of Eq. (D.22). The second term can be obtained from the first one by
replacing s3 by s1. The coefficients by and by, as well as det (G), are easily extracted from the S
matrix, cf. Eq. (D.21):

by = (s3—m3)(s1—s3), by = (s1 —m3)(s3—s51),
det (G) = —(s1 — s3)°. (D.37)
Thus, we finally get

by by
I = PR — 7
3= 40t @) B Gy 3OV

I'(l+¢) 1 S S
= m {—8—2 [(—53 + m3 —l)n) - (—s1 + m3 —1)\) ]

+L. S3 Li §1
n|l——————|-Lip | ——— )¢,
2 S3—m§+i)\ 2 sl—m§+ik

which coincides with Eq. (2.41): the direct and indirect ways lead to the same result.
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Concomitant occurrence of soft and collinear divergences Here again, we start with a recap
of the texture of the S matrix:!?

0 0 0
S=10 0 s3 |. (D.38)
0 s3 0

Obviously, det(S) = 0. As in the first example, the coefficients by and b3 vanish whereas b =
det (G), and, as D12 = D3 = 0, L(0, Al 0) is given by Eq. (2.56), thus

—{1} -1}

b 1 b 1}
m=—2__170,A" 00+ —2__ 170, 0). D.39
3 det (G(1}) 3( 1 ) + det (G 3( 1 ) ( )
The relevant reduced S matrix is
0
S — ( 53 ) (D.40)
s3 0
whose determinant is det (S!}) = —s%. The 1 x 1 associated Gram “matrix” is G1® = (2.53), and

the reduced b coefficients are given by

(1) 1)
by __ b _ ! (D.41)
det (G11) — det(G1) 2’ '
whereas
Al =2 (D.42)
2
We thus obtain
1 =—13(0,A!",0)

1 (1 —e¢) |
=T+t (—s3—id) ¢
2Oy s

= W (det (G'"),0,0),

cf. Egs. (2.5), (2.6), and (2.30), so the direct and indirect ways lead to the same results.

D.2. Complex mass case

We now treat the complex mass case. As discussed in Sect. 2, the only relevant case is the collinear

case where the non-vanishing internal mass, say m%, is complex:!® m% = m2R +i m% with m2R and m%

real and m2R > 0, mI2 < 0.'7 The S matrix is given by Eq. (D.21), and I3 by Eq. (D.22). As in the real

!5 Contrary to example 3 in Sect. 2.2, we choose to set m3 = 0 because, for the purpose of this appendix, a
non-vanishing mass does not bring anything new with respect to the previous case.

16 We follow the convention of Appendix C of Ref. [2].

17 One could be tempted here to recover the real mass case results by setting m? = —A. Doing that could lead
to wrong formulae because, when deriving the complex mass case, we have already assumed that [m?| > A
and so dropped some 7 A terms.
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mass case, let us focus on the first line of Eq. (D.22); the second line can be obtained by changing s3
in s1. To compute L(0, A{ll}, Dq3) and L(0, A{ll}, Dq3), we have to determine which formulae to use,
depending on the sign of Im(A{ll}). The quantity A{ll} is given by Eq. (D.25), which reads

1 1 .
A{l b= E ((S3 — m%{)z — m? — 2zm% (s3 — m}z{)). (D.43)

When (s3 — mzR)/S3 > 0, i.e. either s3 > m2R ors3 < 0, L0, Agl},lN)lz) is given by Eq. (2.49) as
in the real mass case, and when (s3 — m%{)/S3 <0,1e.0 < 53 < m%{, L(0, A{ll},l~)12) is given by
Eq. (2.52). As discussed previously, there is no such dichotomy for L(0, A{ll}, 513), which is given
by Eq. (2.56).

Let us first consider s3 > m2R or s3 < 0. We define z = (s3 — m%) /(53 + m%), reminiscent of
Eq. (D.27), and X% (s3) is given by Eq. (D.32), in which the infinitesimal imaginary parts o A are

dropped out except for arguments of logarithms which do not depend on m%, namely

r(1 1 1 — m?)? z
2(m§—S3) X S3 S3
1 N
-5 <——(S3 3) )+2Li2( % 2)
53 53 — m3
2
+ln(—ﬂ>
53

X |: —In(szs —iAog) + % [ln (S3 m%) +In (— (83 — m%)z)]i|

2
+1In (— s 2) ln( 2 2) ] (D.44)

Logarithms of products and ratios in Eq. (D.44) are further split. For this purpose we use Eq. (E.1)
as well as

In ((s3 —m3)?) =2 In(s3 — m3) — 2i7 0 (—s3 + my)
and, for any real a and complex b,
b .
In (—) =—In(a+iASb)) + In(b),
a
In(ab) = In(a—irS(b)) + In(b).

We also use the notation S(z) = sign (Im(z)). Let us note that S ((s3 — m3)?) = sign(s3 —m%) = o),
and that In(s3 —i A oy) is equivalent to In(s3 +i 1). Then, to compactify Eq. (D.44), we take advantage
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of the following relations:

In(—s3£id) =In(|s3]) £im6(s3),
In(s3s £i)d) =In(|s3]) £im 6(—s3),

otss) = T2,

1 —o
O(—s3 +my) = L.

D-45
Equation (D44) can be rewritten as

I'(1 1
22(33) — & {

- l 2\ _ 2
2(m§—S3) 2 + A [2 (ln (S3 m3) zrr) In (m3)]

1 2
—3 [ZIn(S3—m§)—in (1—a—p+%)]

2 2

. s o 1+o0
+2Li (ngm§>+(ln(m§)+zn a s)
X [% In (m%) + In (S3 —m%) —im (3 —O'S):|

T (in (m2) — In (53 — m2) + i7) (m 1= o

—In (s3 - M§))

(D.46)
Let us treat the case where 53 > mzR. We have 0, = + and o, = +. By expanding Eq. (D.46), we get

\ r(l+e¢) 11 .
23(S3):m{ 8—2+g[2 (ln(g—m%)—ln)—ln(m%)]

+ i% In (s3]) (1 —ay) (1 +Up)}-

— (ln2 (S3 — m%) —2im In (S3 — m2) — 712)

1 . §3
+= In(m?) +2Li . D.47
5 In(m3) 2(S3_mg)] (D47)

AsIn(sz — m%) —im = In(—s3 + m%), we recover Y3 (s3) given by Eq. (D.33). The same exercise
can easily be done for the case s3 < 0, leading to the same conclusion.

In the case where 0 < s3 < m}Z{, L(0, A{ll},ﬁlz) is given by Eq. (2.52), i.e.

- 26 1(1 I 142
£0,a1, D) = — +{81? [— (inS(i2)+ln( +Z>>
2D+ Az Le -

- ~ 1 1
— Hooco(—D12 — A{1 ) —A{l D

= ~ 1 1
— Hyoo(Diz + Al —Al })], (D.48)

wherez = \/A{ll}/(512 + A{ll}).We have chosen for the root of the equation (512+A{11})22+A{11} =
0, % = iz. The function H (x,y) is given by the expression in curly brackets of Eq. (E.15), and
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Hp oo (x,y) by the expression in square brackets in Eq. (E.19) of Appendix E, i.e.
[:IO,oo(_BIZ — A{ll}, —A{ll}) =inS>iz) [2 In(2iz) +1n ( — 1312 — A{ll})
+ (=D - A, 2)] + 72, (D49)

o 1 ~ 1
oo+ A A S (CEE) B+ AN + 2 In (1= 22) + 10 23)
s 1 1 1 1 2

~ D 2
+7n D12+A{1},~—12{1} + —
D12+A1 2

P41 11 |
CirsE () —h () 4 (2). (050)
2z 2z 2z

The quantities Dy + A{ll} and A{ll} can be expressed in terms of s3 and m% with Eq. (D.25). The
expression obtained contains the ratio (s3 — m%) /(s3 + m%) given by

2 2 4 4 .2
S3—m3_s3—mR—mI—21mIS3 (D.51)
53 + m3 (s3 + m3)? + mf

which has a negative real part and a positive imaginary part for 0 < s3 < mzR. This implies that
Siz)y=-1, SE) =+I1. (D.52)

In addition, since Im((s3 —m3)?) = —2m} (s3—m%) < 0and Im((s3+m3)?) = 2m} (s3+m}) < 0,
one can show that

((S3 +md)?  4mis; ) _ <_ (s3 +m3)? (s3 —m§)2> _o

253 (s3+m3)? 253 (s3+m3)?

Putting all these things together, L(0, A{ll}, l~)1 ») becomes

L0, AV, D)

26T (1 4 &) 53 1 53 , 1072 3
= 5 3 — | In — | —in| - +imIn 3
(s3+m3)(s3—m3) |¢€ ms 6 53 — mj
— 2 o 2N2
+im |21n 2iS3 m; + In —M
S3+m3 2S3
53 m% 53
+2Lip 3 +In|— 5 In 5
2,2 2
1 4
S (RN I PP (i i PR L
m3 253 2 (s3 +m3)?
2
+ In(2 5 . (D.53)
83 4 mj
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Substituting Eq. (D.53) into Eq. (D.28) with the explicit values for 5{21}, Zg”, and det (G'1), and
using Eq. (2.56) for L(0, A{ll},Dlg), we get

rd 11 —m3)?
2”(S3):(—+8) — _|_ In +1n _M — i
3 2 2
2 (m5 — s3) £ m3 53
1 — 2)\2 3 2
——In? —(s3 ") 2T +im In %3 3
2 53 2 53 — mj
2 N
+im |2In is3 mz +In —M —1In S—32
§3 4 mj S3 m3
242 2 2
1 —
w | () Ly (s ) g (B
83 2 (s3 +m3)? 53 + m3
53 m% 53
+2Lip 5| +In|— 5 | In 5 )t (D.54)
53 — mj 53— m3 53 — mj

Keeping in mind that 0 < s3 < m%{, we split the logarithms and expand the terms to end with
I +e) { 11 2
EnS = —— 4 - 21In(s3 —m 2i7 —In(m
3(83) Z(mg_”) &2 [ (3 3) ( 3)]

— (ln2 (33 — mz) — 7?2 —2inIn (S3 — m%))

1 . $3
+ E 1n2 (m%) +2L1p ( 2) ], (D.55)

and, using In(s3 — m%) = In(—s3 + m%) + i, we again recover Eq. (D.33). We note that the same
formula holds for both Im(A{ll}) > 0, i.e. either s3 < 0 or s3 > mR, and for Im(A{ll}) < 0, ie.
0 < s3 < mi. This is because in the last case, the integration contour [, e 4 fi can actually be
deformed into fo ,1.e. Eq. (2 52) can be deformed 1nt0 Eq (2.49) by means of the Cauchy theorem.
Indeed, when 0 < s3 < mR, Im(z2 (D12 + A{ }) ) never vanishes as z spans the real interval
[0, 1] and hence the cut of In(z? (D12 + A{l}) A{l ) in the half-plane {Re(z) > 0} entirely lies
inside the “south-east” quadrant {Re(z) > 0,Im(z) < 0}.

%3 (s1) is read from Eq. (D.55) by replacing s3 by s1, and the coefficients by and b, as well as
det (G) are still given by Eq. (D.37). So, in the complex mass case the same result is obtained as in
the real mass case for /3, and this leads to the conclusion that for the case of complex masses, the
“direct way” and the “indirect way” also coincide.

Appendix E. Basic integrals in terms of dilogarithms and logarithms

In the presence of vanishing internal masses, specific integrals of the type

In(4 u* + B)
H = du
/ Au2+B

for the contour [0, 1], as well as the two other contours [0, +oo[ and [1, +o0[, are involved.
Here, we compute all the above types of integrals successively. The presentation is ordered accord-
ing to the integration contours (a, b) considered. We last provide an extra load of backup integrals.
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This appendix often makes use of the identity
In(z) = In(—z) +ix S(2), (E.1)

where S(z) is given by Eq. (2.25).

E. 1. H-type integrals for the IR case
E.1.1. First kind

' In(4u?>+B
Ho1(4,B) = / duu
’ 0 A u? + B
The cases of real masses (4 real) and of complex masses (Im(4) # 0) are treated all at once,
considering 4 and B both complex yet such that sign(Im(4 u> + B) is kept constant when u spans
the range [0, 1], as is always the case for all our needs (cf. Sects. 2 and 3). We write

Cy+ In(u? —ii?)

1 1
Ho1A,By== [ d E.2
0,1(4, B) A/(; U (E.2)
where
Cq=In(4—irS(—i?) if Im4) =0, (E.3)
Cys = In(4) 4+ n(4, —i®) otherwise, (E.4)

and #?> = —B/A. The n function is given by Eq. (E6) of Ref. [1]. The term In(x* — %#?) can be split
without the n function since # and —u have imaginary parts of opposite signs. Performing a partial
fraction decomposition, we get

1 ! 1 1
Ho1(4,B) = — | C d — — -
01(4,8) 2Au[A/(; u(u—u u+u>
+/1d In(u — ) /101 In(u — @)
Uu——m— Uu——
0 u—1u 0 u+u

1 = 1 -
+/ duhl(Ll—+_Ll)—/ duln(“—“’)] (E.5)
0 0

u—u u+u

We can rearrange the terms of the right-hand side of Eq. (E.5) in the following way:

Ho1(4,B) = 2/1”7 {CA [m <”_‘ ; 1) —In (”: 1)]
+ % [In?(1 — @) — In*(—&t) — In*(1 + &) + In* (@) ]

1 - - 1 =
N /‘ du In(u + u) _ln(2 u) n f du In2u
0 0

u—u u—u
_/ld 1n(u—a)—1n(—2a)_/1d In(=2 1) 6
, . e GG
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Using Eq. (E.1) we can write Eq. (E.6) as

[hﬂAB):ziu{m<ﬁ;i>[Cy+%Uma—D+4Mﬁ+lﬂ+inﬁ—m+%M2m}

4—R%—iﬁ)} (E.7)

where the function R’ is defined in Eq. (E11) of Ref. [1].'® Using Eq. (E15) of Ref. [1] withy = —
and z = u and rearranging the term in square brackets, we get

1 i—1 1 , "
Hor(4,B) = {m (a+1> [cA+E [In (1 — i) + In (—47 )]]
o fu+1 o fu—1
+L12< 2 )—le( 27 )} (E.8)
E.1.2. Second kind

With complex masses we need to also compute

In(4u? + B)

, E.9
Au’+ B (E.9)

0
Hl,oo(A,B)zf du
1

where 4 and B are complex yet such that sign(Im(4 u?>+B)) is kept constant while u spans [1, +o0].
The quantity Hj (4, B) can be written as

C,+1 -
Hy oo(4,B) = /ci nwzul (E.10)
—Uu
where 1> = —B/A and C/, ") 1s given by
Cy = In(4) + n(4,1 —ii%). (E.11)

We perform a partial fraction decomposition and, writing H (4, B) as a sum of terms which are
individually divergent when u — oo, we face a situation similar to the one met in Sect. B.2 of
Ref. [2]. We proceed likewise, introducing a large u-cut-off A and write Hj (4, B) as

Hioo(4,B) = lim Hi'oo(4,B),

2Au A—+oo

A _(4,B) = c//Ad ! !
ool B) = T ol I

/ du ln(u—u) / du 1n(u+u)

where

u—1u u+u
A A
+/ du In(u+ ) — In2n) n ln(2ﬁ)/ du_
1 u—u u—1u
A AN Tn(D A
_:/ gy Mz Z 20 2u)/1 du } (E.12)
1 u—+u 1

18 The subtlety discussed in Ref. [1] does not appear in this case.
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We express Hi\,oo (4, B) in terms of the function R” (y, z) defined by Eq. (B.9) of Ref. [2]:
A — A+u

HA_(4,B) = {[Cj1 +InQ2#)] In ( 1 f‘) —[C)+n(=2i)] In ( 1 :”)
’ —Uu u

+% [an(A—ﬁ)—lnz(l—ﬁ)]—% [In* (A + i) — In* (1 + @)

+ R™(—u, @) — R (@, —a)}. (E.13)

Using Eq. (B.14) of Ref. [2] for the R” terms, we take the limit A — oo. The terms proportional to
In?(A) and those proportional to In(A) drop out, and we get

Hyoo(4,B) = ij { [Cy+In(=2@)] In (1 + &) — [C) +InQ2D)] In (1 — &)
+ % [In? (1 4+ &) — In* (1 — &) + In* Qi) — In? (=2@)]
C(u+1 C(u—1
—L12< = >+L12< o )} (E.14)
Noting that

|+
In (#) = In(1 + ) — In(1 — @),
Eq. (E.14) becomes, after some algebra,

2

1 14+ u 1 _ _
Hi(4,B) = VE {ln (1 L_l> [qu + 3 In(1 — uz) +ln(2u)] + >

— i7 S@@) In (Z’;_ll) —Li (ﬁzt,l) + Liy (5’2_1_{1>}. (E.15)

We remark that the same combination of dilogarithms, up to a sign, appears in Eq. (E.15) and in

Hy,1(4, B), so that we can rewrite H| o as

1
Hioo(4,B) = — Hy1(4,B) + i {in S@) [2 InQu) + Cyq] + 2
u

+ [, —®) — n(4, 1 — )] ln(i J:Z)} (E.16)

E.1.3. Third kind
With complex masses a third kind of integrals also has to be considered:

® In(4u*+B)
Hy~o(4,B) = dy —————, E.17
2e(4. B) fo T (E.17)
where 4 and B are complex yet such that sign(Im(4 «? + B)) is kept constant while « spans [0, +00[.
The quantity Ho (4, B) can be split as

Ho0o(4, B) = Ho,1(4,B) + Hi,00(4, B). (E.18)
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From Eq. (E.16), and remembering that the assumption on the sign of Im(4 u> + B) implies that
n(4, —i?) = n,1 — %), we immediately get

Hooo(4,B) = [i 7 S@) [2 nQi) + Cal + nz]. (E.19)

24u
As happened for K(foo (4, B) (cf. Appendix B of Ref. [2]), Hy (4, B) contains only logarithmic

terms.

E.2. An extra load of backup integrals

We also need the following load of simpler integrals:

1 2
W) = / 2= (E.20)
0 u* — ug
Wyul) = / dul ln(“)z, (E21)
0 u* — ug
Wi (ud) = / iy 1n(2u——21) (E.22)
1 u* — ug
WaGud) = / du ln(”)z, (E.23)
72—
@+ 1)

For all these integrals, u% is assumed to be a complex number; this is indeed the case because these
integrals appear in the computation of the four-point function in the IR case where u(z) is either a
complex number with an imaginary part o XA or a genuine complex number.

One might compute these integrals using specific values for 4 and B in K{f’l(A,B), K(fl (4,B),
K COO (4,B), and K(foo (4, B) given in Appendices E of Ref. [1] and B of Ref. [2]; however, these
integrals are simple enough to be computed directly (we verified that the results can be retrieved
using the K-type integrals after some transformation on the dilogarithms). We give here the results
of these integrals without any details:

1 [ . 2 , 2 uo + 1
W1 L —Lip[——)-2m®)1 : E.25
) = 2up [ 12<1+u0> 12(1—0!0) ") n(uo—l)} (529
5 1 [ /(1 _ 1
Wy (ud) = Lip(— ) -Lia(—— ), (E.26)
2u0 uo uo
1
W3ud) = —Wud) + T iS(uo) 7w In (1 — uf), (E.27)
1
Wa(uf) = o i S(up) 7w In(—up), (E.28)
2 v
Ws(uj) = ” In(1 + up), (E.29)
with ug = u%.
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Appendix F. Change of contour prescription for the pole in the IR four-point integral

This appendix legitimates the replacement

/1d [ Py + Ryj — i 2]
u
0 uzP,-jk—i-R,_-]-—l-ik

& &

Vo [u Py + Ry —id]”
_>/ L LR ,] (F.1)
0 u Pijk‘}'Ri/_l)t

when A — 0% for fixed 0 < —e < 1, whenever Pjj; and R;; are both real with 0 < — R;;/Py < 1.
Intuitively, this replacement is based on the fact that for any function f (1) analytic along [0, 1] and
0<uy<l,

1 1
f duf(—u)—f duf(—u)—>2i71f(uo) when A — 0T,
0 0

u—uyg—1iA u—uyg+iAi

which vanishes if i is a zero of f (). However, the situation is made trickier when f () = (u—ug) ¢
and thus has a branch point at # = 1 and a cut running along part of the interval of integration. To
make the above argument apply, one could think of shifting the branch point and cut by a contour
prescription —i aA with @ > 1 so as to pass either above or below the pole while remaining on the
same side of the cut. We would then get a residue value o< A ~¢ vanishing in the limit A — 07T,
keeping ¢ < 0 fixed. The “hierarchised lambdalogy” underpinning this disentanglement of pole from
branch point may look awkward to the rigorous reader; let us therefore back up this hand-waving
argument more rigorously as follows.
We first perform a partial fraction decomposition of the pole term:

1
MZPl'jk +RU+ZS)»

1 1 1 1
- — , F.2
Pijk 2 /—R;j/Pjjk [u—(uo—isk/) u+(uo—isk/)] (F2)
where s = &+, ug = ,/—R;;/Pjj, 1s assumed in 0, 1[, and A= k/(2u0P,-jk).19 We focus on the pole at
~+ug in the decomposition of Eq. (F.2): since the pole at —ug involved in the second term lies outside
the integration region, the contour prescription for this pole is irrelevant and so is the corresponding
pole term in the discussion. We then study the legitimacy of the replacement

/1du [ Py + Ry —iad] * /1du [+ Py + Ry —iar] © (E.3)
0 u—uy+id 0 u—uy—id ’

(a being positive yet kept arbitrary). We consider § = “left-hand side minus right-hand side” of
Eq. (F.3), which can be written as

U du@iN —€
§ = fo % [Pijk ((u — uo)(u + ug) — i Quoa) M)] ™.

We make the change of variable (u — ug) = |A/| v, and 8 reads

§=2io0 | — / ov(oAv + 2ug) — i(Qupa) (F.4)
) Sy V1

19 We keep track of this multiplicative change to control various normalizations in the reasoning so as to
check the independence of the conclusion with respect to any assumption of “hierarchised lambdalogy.”
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(where o = sign(1) = sign(Py)). For any b > 1 and |A/| small enough we have, for all real v,

‘Gv(ok/v + 2up) — i(2uoa)‘ < [V4 + Quo)*bv* + (2”0a)2]1/2 ’

and the integral

d
oo Y vZ 41

/ oo v+ Quo)?b Vv + (Quoa)?] ¢/

is convergent when —e > 0 is small enough. This provides an “integrable hat” for the application
of Lebesgue’s theorem of dominated convergence. When A — 07 keeping —e > 0 fixed and small
enough, the integral in Eq. (F.4) has the limit

too g
L= Quy)~° / ﬁ (ov —ia)~ ¢,

—00

which is finite regardless of ¢ > 0 and ¢ small enough (its actual value, readily computable using
the residue theorem, is irrelevant for the conclusion). We thus see that § ~ O(L¢), as anticipated.
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