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ABSTRACT: We present a strategy to define non-perturbatively the energy-momentum
tensor in Quantum Chromodynamics (QCD) which satisfies the appropriate Ward identities
and has the right trace anomaly. The tensor is defined by regularizing the theory on a
lattice, and by fixing its renormalization constants non-perturbatively by suitable Ward
identities associated to the Poincaré invariance of the continuum theory. The latter are
derived in thermal QCD with a non-zero imaginary chemical potential formulated in a
moving reference frame. A renormalization group analysis leads to simple renormalization-
group-invariant definitions of the gluonic and fermionic contributions to either the singlet
or the non-singlet components of the tensor, and therefore of their form factors among
physical states. The lattice discussion focuses on the Wilson discretization of quark fields
but the strategy is general. Specific to that case, we also carry out the analysis for the
on-shell O(a)-improvement of the energy-momentum tensor. The renormalization and
improvement programs profit from the fact that, as shown here, the thermal theory enjoys
de-facto automatic O(a)-improvement at finite temperature. The validity of the proposal is
scrutinized analytically by a study to 1-loop order in lattice perturbation theory with shifted
and twisted (for quarks only) boundary conditions. The latter provides also additional
useful insight for a precise non-perturbative calculation of the renormalization constants.
The strategy proposed here is accessible to Monte Carlo computations, and in this sense it
provides a practical way to define non-perturbatively the energy-momentum tensor in QCD.
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1 Introduction

The energy-momentum tensor, 7),,, is a central quantity in a quantum field theory since
it groups together the currents associated to the invariance of the theory under space-
time translations, from which also those associated to the larger Poincaré group and scale
invariance can be built. Apart from the theoretical one, the great interest in the energy-
momentum tensor is manifold. For instance, in general relativity it enters the Einstein field
equations acting as the source of space-time curvature generated by the fields. In thermal
field theories its expectation values provide the equation of state of the theory, while its two-
point correlation functions allow one to measure the transport coefficients of the plasma.

The only known non-perturbative regularization of QCD is the lattice where, however,
the Poincaré group is explicitly broken into discrete subgroups, and the full symmetry
is recovered in the continuum limit. As a consequence, a given definition of the energy-
momentum tensor on the lattice needs to be properly renormalized to guarantee that the
associated charges are the generators of the Poincaré group in the continuum limit, and
that the trace anomaly is correctly reproduced.

In order to construct the renormalized energy-momentum tensor, the way to proceed
is to impose suitable Ward Identities (WIs) at fixed lattice spacing that hold up to cutoff
effects which vanish in the continuum limit. Indeed that problem was addressed in refs. [1,
2] for the Yang-Mills theory and QCD, where it was shown that on the lattice the 10-
dimensional symmetric tensor 7}, breaks into the sum of a sextet, a triplet and a singlet
representation of the hypercubic group. Each one of those three parts picks up finite
renormalization constants which were computed to 1-loop order in perturbation theory [3—
5], see also [6-8]. However, it was not clear how to define the renormalization constants so
that they could be computed non-perturbatively.



An important step forward was made a few years ago by noticing that useful WIs to fix
the renormalization constants are obtained by considering the theory in a finite box, where
the Euclidean Lorentz symmetry is also softly broken by its shape [9-11]. In particular, if
the length in one (temporal) direction Lg is chosen to be finite (thermal theory), interesting
WIs follows. They become particularly simple and of practical use if the periodicity axes
are tilted with respect to the lattice grid (moving reference frame), i.e. if the hard breaking
of the Poincaré symmetry due to the lattice discretization and the soft one due to the
finite temporal direction are not aligned. This set-up has a natural implementation in the
Euclidean path-integral formulation in terms of shifted boundary conditions [9-12]. These
ideas led for the first time to a non-perturbative definition of 7},, in the SU(3) Yang-Mills
theory [13].

The purpose of this paper is to present the Wls for defining non-perturbatively the
energy-momentum tensor in QCD. By generalizing what has been done in the SU(3) Yang-
Mills theory, we work in the framework of shifted boundary conditions supplemented by
the presence of an imaginary chemical potential. It is the latter that gives us the handle
to solve the problem of the mixing between the gluonic and fermionic parts of the tensor
since the chemical potential couples differently to quark and gluons. Most interestingly,
the derived relations can be used in practice to carry out the non-perturbative numerical
computation of the renormalization constants of T}, [14].

Although the strategy is general, for definiteness we consider the Wilson formulation of
quarks on the lattice with and without the Sheikholeslami-Wohlert improving term [15]. In
the presence of the latter, we also carry out the analysis for the on-shell O(a)-improvement
of the energy-momentum tensor field. The implementation of the renormalization and of
the improvement program turn out to be greatly simplified because the thermal theory
enjoys de-facto automatic O(a)-improvement at finite temperature.

The validity of the proposal is scrutinized analytically to 1-loop order in lattice pertur-
bation theory with shifted and twisted (for quarks only) boundary conditions. The results
obtained this way serve also to give a 1-loop improved definition of the non-perturbative
renormalization constants with the aim of reducing discretization effects. For complete-
ness, we notice that over the last few years alternative methods, based on the Yang-Mills
gradient flow [16], have also been explored for renormalizing non-perturbatively the energy-
momentum tensor [17-22].

The paper is organized as follows. In section 2 we derive the basic identities which are
later enforced on the lattice to fix the renormalization constants of the energy-momentum
tensor, and we construct the renormalization-group-invariant (RGI) definitions of its glu-
onic and fermionic components. In the following section we show how these relations define
non-perturbatively the energy-momentum tensor on the lattice, while in section 4 we dis-
cuss the O(a) improvement. In the following section we investigate the renormalization
conditions in perturbation theory, and we compute the renormalization constants and the
improvement coefficients of the gluonic and fermionic parts of the energy-momentum tensor
to 1-loop order. Section 6 contains our conclusions. Notations, conventions, and technical
details are reported in several appendices.



2 The energy-momentum tensor in the continuum

In this section we consider QCD in the continuum, for definitions and conventions see
appendices A and B. We are interested in correlation functions of the energy-momentum
tensor T}, with gauge-invariant operators inserted at a physical distance. As reviewed in [4,
13], it is appropriate in those cases to consider the symmetric gauge-invariant definition of
the energy-momentum tensor given by

Ty =T, +T), (2.1)
where the first term is the gluonic component'
G 1 a 1a 1 a 1a
T;w = g F,uaFl/a - ZdullFa,BFa,B ) (22)
0

while the second is the fermionic one given by
1 (— < B 1. — (1 <«
Tﬁzz{@b’mDﬂPﬂL@b%Dmb}— 45uu¢{27aDa+M0}¢a (23)
= . .
where D, is defined in eq. (B.10).

2.1 Thermal QCD in the presence of shift and imaginary chemical potential

For our strategy it is instrumental to consider the thermal theory with a non-zero imaginary
chemical potential formulated in a moving reference frame. Its grand canonical partition
function reads o R

Z(Lo, &, pz) = Tr{e FotH—i&Pinz)y (2.4)
where the trace is over all the states of the Hilbert space, Lg is the finite length of the
temporal direction, and N is the quark number operator (three times the baryon number).
The Hamiltonian H the total momentum operator P and the imaginary chemical potential
pz are expressed in a reference frame where the system is moving at a velocity v which,
by analytic continuation, we fix to the imaginary value v = i&.

In the Euclidean path-integral formalism the partition function (2.4) is given by

Z(Lo,&, pz) = Z(Lo, &, b0) ; (2.5)

Oo=—Louz

where Z(Lg, &,6p) is the ordinary QCD path integral as defined in eq. (B.1) with fields
which, in the time direction, satisfy periodic boundary conditions up to a shift Lo& [9-11]
and a twist of the fermion fields [23]. Specifically, the gauge field A, obeys

A,LL(J;O + L07 x) = A#([EQ, T — LO&) ) (26)

while the fermion fields, on top of the usual minus sign, pick up also a non-trivial twist
phase at the boundaries so that

U(wo + Lo, x) = —e'® (20, — Lo€)
U(zo + Lo, @) = —e "0 3)(z9, ® — L&) . (2.7)

'Repeated indices are summed over unless explicitly specified.




The free-energy density is given by

F(Lo, €.60) = —Lolv In Z(Lo, €, 60) . (2.8)

where V = LjLoLs is the spatial volume of the box. In the thermodynamic limit, which
is always assumed in this section, the invariance of the dynamics under the SO(4) group

f(Lo,&,00) = f (LOV 1+ 52,0,90> : (2.9)

where the parameter 6y remains the same on the two sides of the equation since the con-

implies [11]

served quark number charge is a relativistic invariant. The effect of the shift is therefore
to lower the physical temperature and the chemical potential of the system of the same
factor, i.e. from T = Lal to T = (Loy/1+ &%) ~! and from pz to pz/v/1 + &2 respectively,
with respect to the system with the same values of Ly and pz but no shift. The entropy
density reads

S

ra =L+ €2

(1+&%)
§k

where Vy = 1yp1. This formula generalizes the one in ref. [11] to the case of a non-zero

Umk%+WA%k%}, (2.10)

chemical potential. The expectation values of the space-time components of the energy-
momentum tensor dictate the dependence on £ of the free-energy density to be [9-11]

(Tor)e,00 = %f@oviﬁo) : (2.11)

while its #y-dependence is determined by the average value of the temporal component of
the vector current so to satisfy

0
(Vo)e.oo = —iLom,~f(Lo, &, 00) - (2.12)
00
As a result, the significant dependence of (Tok)¢ g, on 6o can be written as
T T _ ! il do 9 \% 2.13
(To)e o0 — (Tor)e op = To Jug 0 8§k< 0)¢,00 - (2.13)

a relation which turns out to be useful on the lattice.

The expectation values of the traceless diagonal components of the energy-momentum
tensor are related to those of the space-time components via the Lorentz transformation
discussed in sections 2 and 4 of ref. [11], e.g. (no summation over repeated indices)

(Tor)e.0, = % {{Too)e,00 — (Tkr)eoo } » (2.14)
k
(Tor)e.oo = Sk {{Too)e0o — (Tijleon t (G # K& =0). (2.15)

Such relations can be imposed on the lattice to fix their relative normalization. Finally for
the trace it holds [13]
) 1 o [(1+¢%3

@(Tuukﬂo = (1—1—52)287&4 & <T0k>£,6’o : (2-16)




By combining eq. (2.13) with egs. (2.14)—(2.16), the fp-dependence of the expectation values
of the diagonal components of 7}, can be related to the one of the vector current as well.

2.2 Finiteness of T, and trace anomaly

In dimensional regularization the energy-momentum tensor (2.1) is decomposed as

1
T,uzz =Ty + Zéwﬂ_—a (2'17)
with
Tuy = T;ﬁ, + 7'5;, > (218)
where
G 1 a 1a 1 a 1a
TMV = F}MXFI/OJ — Eéﬂl’Faﬁ ap N (219)
90
1l (- < — = 1 — (1 <+
7—5/ = Z {QPVuDﬂ/’WLQ/)’VVDud}} - D(;qu{2’7aDa}¢- (2.20)
The singlet operator is
T=70+7", (2.21)
where
7 = Dg 2F g, (2.22)

and up to terms that vanish by the equation of motion of the fermion fields

_ 4 —
P = — = PMoy, (2.23)
with D =4 — 2e.
2.2.1 The non-singlet
The dimension-four gauge-invariant fields 75, and T ,, are parity and charge conjugation in-

variant, and transform as a two-index traceless symmetnc irreducible representation of the
SO(D) group. No other gauge-invariant field with the same quantum numbers and dimen-
sion < 4 can be constructed. Since the derivative of the free-energy density with respect
to the shift is finite once the bare parameters of the theory have been renormalized [9-11],
i.e. eq. (2.11), we may choose the renormalization pattern to be

G G.R 14+2, —2
T/;l,/ = ZT Tl}‘R s ZT = 7 ! ) (224)
T,uy T,LLI/ —Zg 1+ Zf

where the superscript R labels renormalized quantities in the desired scheme. The
anomalous-dimension matrix takes the form

1 d o
(g) = — Z = 2 - 2.25
Y7 (9) Z (_a _C> =y gzo o)k g2 (2.25)



where at leading order in g the coefficient matrix is

0 2ag9 2co
(V)0 = ap Co | _ Ry* 70 Ro . Ro=[ m m |, (2.26)
—ag —Co 00 1 1

with [6, 24]
1 4Ny 1 8N2-1
_ - 2 = — ). 2.27
It is then straightforward to verify that
_ v
%:R01<00>Ro, (2.28)
where - -
cap — ac
a=2——"=¢"Y 19", A=a-c=g¢*> ng*. (2.29)
o k=0 k=0

By following refs. [25-27], we can define the RGI gluonic and fermionic components of the
energy-momentum tensor as

Tlﬁ/,RGI T%R
< F,RGI) = 0-(9) ( F,R) ) (2.30)
Tuv Tuv
where O, (g) satisfies the differential equation
0
6(9)87967'(9) +0-(g9)¥r(9) =0 (2.31)
with the initial condition?
. _Grlo a1g® gz (11
1 0,(9)(2bog?)” 20 — ———7_(2bgg*) 20 =1, 2.32

and with by being the first coefficient of the S-function defined in eq. (B.16). The solution
has the same structure as Z,, and it can be written as

0-(9) = Ry (%1 012> Ry, (2.33)

where
01(g) = (2bog®)? eXp{ - /Og [;g + bﬁéog} dé} , (2.34)
02(g) = %?_fg,m(%of);% B /Og [gg;&l(g) + 0;1109(217092)%%} dg, (2.35)

2For v0/bo > —2, e.g. N. = 3 and N; < 5, the subtraction proportional to o in eq. (2.32) is harmless.
If v0/bo < —4, e.g. No =3 and Ny > 9, further subtractions are required.



and the S-function B(g) is defined in eq. (B.15). From these equations it follows that

G,RGI F,RGI
_ -G,RGI F.RGI
th - T,u,u - T;w (2.37)

are two independent RGI fields. Once defined, they allow for an unambiguous scale- and
scheme-independent separation of the energy-momentum tensor in two parts, and therefore
of its form factors among physical states, which tend to the free gluonic and fermionic con-
tributions when g — 0. At finite temperature, for instance, this allows for an unambiguous
split of the entropy density in two parts which tend, in the infinite temperature limit, to
the Stefan-Boltzmann values for gluons and fermions respectively.

2.2.2 The singlet

The gluonic and fermionic components of 7 are singlets under SO(D), and therefore they
mix with the identity. A natural prescription for subtracting this contribution leads to the

renormalization pattern

1 1 R
wFa e — (G FeaFen), | _ o ({EFers)

- i : (2.38)
Moy — (PMov) {oMop}"

where (... )¢ indicates the expectation value for Ly — oo (zero temperature), and

e
=TT (2.39)
0 1

Also for the singlet, we can define the RGI gluonic and fermionic operators as

{LFG Fa }RGI {LFG pa }R
g% aB™ ap :@7__(9) gg af” aB

(2.40)
— RGI — R
{¥ Moy} {¥ Moy}
where the 2 x 2 matrix ©z(g) satisfies the differential equation
0

5(9)%9%(9) +07(9)r7(9) =0 (2.41)

with the initial condition
—(z)o
lim {@;(g)(nggQ) 2 } —1. (2.42)
g—0

The anomalous-dimension matrix is given by
L d v a 2 2k
/-y,g [ 727: :g 7k‘g s 243
#(9) Z;-'ud,u 7 <0 O) kzo(%’) ( )
where at leading order in g2, see below, the coefficient matrix is

( 2by —4dy
(v7)o = ( 0 0 > : (2.44)



The solution of egs. (2.41) and (2.42), analogous to the one in eqgs. (2.33)—(2.35), reads

O:(g) = (i i) , (2.45)
where
7] 919(g) | 2] -
01( ) (2b09 )exp{ / |:B(g) + g:| dg} , (2.46)
2d0 (9)
0 / 5 01 )dg - (2.47)

In dimensional regularization, by deriving eq. (2.11) with respect to the renormalized cou-
pling at fixed renormalized quark mass M, see eqs. (2.8), (B.11) and (B.12), we obtain

0 eg 0 /1 20%m O —
29 (T, _ < Fo, Fo > oM, : 9.48
gag< 0k>g700 /3(6 ) 9&;, 2 aBmabB /e g + (v 01/’>g,90 (2.48)
where 7, is the anomalous dimension of the quark mass defined in eq. (B.17). Since the
Lh.s. of (2.48) is finite, the r.h.s. defines the renormalized gluonic operator in eq. (2.38)
with the choice

. _ Bl __ 2m

Zg = — p ) Zf = T . (249)

Analogously by deriving with respect to the renormalized quark masses, it follows that we
can take (Z7)22 = 1. These values of the renormalization constants correspond exactly to
the MS prescription, and therefore the superscript R in eq. (2.38) labels renormalized fields
defined in the MS scheme in this case. The anomalous dimension matrix reads

(9)
1 0 o [ — 2%Ym
~(9) = —B(6,9)——Z> = g— 9 . 2.50
v7(9) 5(69)3739 gag< N ) (2.50)

By inserting these findings in eq. (2.21), and taking the limit ¢ — 0, one obtains the
result [28-30]

1 R _
r= (o= =2 Srrn | - ) (T} (251)

which is valid to all orders in perturbation theory. By noticing that the solution of
egs. (2.41) and (2.42) is

28(g) |2do
©z(9) = Og [ , } : (2.52)

we can finally rewrite eq. (2.51) for the trace anomaly in terms of RGI operators as

T—(T)o = i {glg 35 gﬁ}RGI - (1 > {wMOdJ}RGI (2.53)



Analogously to the non-singlet case, we can write

7 — (7)o = 7G-RGI | zFRGI (2.54)
where
1(1 RGL g0 RGI
_G,RGI _ 0
T 1 {ggFgﬁFgﬁ} ~ 2, {9Moy (2.55)
~ — RGI
ZF.RGI _ _ (M} (2.56)

Considerations analogous to those made for the non-singlet components of the energy-
momentum tensor apply also in this case.

2.3 Finite volume

In a finite volume the theory needs to be further specified by the boundary conditions
imposed on the fields in the spatial directions. For the gauge field we supplement eq. (2.6)
by standard periodic boundary conditions in the spatial directions,

Ay (zo, @ + kLy) = A, (z0, ), (2.57)

where k is the unit vector in the direction k. Note that this implies — Ly /2 < Lo&k < Ly /2.
For quark and anti-quark fields the boundary conditions in eqs. (2.7) are supplemented by
periodic boundary conditions in the spatial directions up to a non-trivial twist phase 6y, [31]

(w0, @ + kLy) = €% iz, x),

P(z0, x4 kL) = e O (g, ) . (2.58)
The finite length of the spatial directions and the angles 6 softly break the SO(4) group,
and 0y, breaks charge conjugation as well. As a consequence eqgs. (2.14)—(2.16) are modified
in a finite volume.

For instance, eq. (2.14) needs to be replaced by eq. (4.25) of ref. [11]. In the latter there
is an extra term proportional to the expectation value of Ty computed in the reference
frame where the velocity in direction £ is null while the other velocity components are
unchanged. For this extra term to be null, the space-time geometry must satisfy the
condition [11]

L&k
— = =q€Z, 2.59
Lo(1+€) (2.59)
together with
b
bo=&-b—&br  or bozg-b+£i', (2.60)
k

where b, = 6,,/L,. Similarly eq. (2.15) picks up two extra terms: one proportional to the
expectation value of Ty as before, and a second one proportional to the expectation value
of (Txr — Tj;). For both these terms to be null in the reference frame where the velocity



in direction k is null while the other components are unchanged, the condition (2.59) and
Li/y/1+ & = L;j have to be met together with

{bozs-b—ﬁkbk o {bo:ﬁ"”gﬁ , (2.61)

bk = 7Lb; bj =0

In the simplified case in which the only non-null component of the shift is &, the conditions
in egs. (2.59)-(2.61) can be summarized as

L& — 0 or k=ab (2.62)
Lo(1+ &) O = 0, 6, =0

It must be said, however, that in the presence of a mass gap the extra terms acquired
by egs. (2.14)—(2.16) vanish exponentially with the length of the spatial directions, and
therefore they are expected to be negligible in large enough volumes.

3 The energy-momentum tensor on the lattice

A non-perturbative definition of the theory presented in section 2 is achieved by introducing
a four-dimensional Euclidean hypercubic lattice of spacing a which acts as an ultraviolet
regulator. The gauge potential A, is replaced as usual by the SU(N,)-valued gauge fields
U, residing on the links of the lattice, while the quark and anti-quark fields v, 1) are defined
on the sites.® Although the non-perturbative renormalization strategy presented in this
paper is general, for definiteness we consider the Wilson formulation for gluons and quarks,
see appendix C for the details.

A discretization of the energy-momentum tensor is obtained by replacing the fields
and the derivatives appearing in the continuum expressions (2.1)—(2.3) with their lattice
counterparts. In particular we define [1-4]

T =TS + T, (3.1)
with the gluonic component given by
15 = 5 { Bt - o iE | 32)
90
where
Fe, =2Tr{F,T"},  Fu. =FT° (3.3)

and with ﬁw being the clover discretization of the field strength tensor in eq. (C.9) which,

at variance with Fj,,, is not traceless. For the fermionic part we take

2

75 = 3Tl F 1 Dolu+ Tu T4 9,00
- i‘smﬂﬁ{i% (V?i + va) + M0}1/J ; (3.4)

3We use the same notation for lattice and continuum quantities, since any ambiguity is resolved from

the context. As usual, the continuum limit value of a renormalized lattice quantity, identified with the
superscript R, is the one to be identified with its continuum counterpart.

~10 -



where ?u and ?;’j are defined in eq. (C.12). In the naive continuum limit a — 0, these
expressions tend to the continuum ones in egs. (2.2) and (2.3). As any other discretization
of T},,,, however, they need to be properly renormalized to guarantee that their correlation
functions satisfy the continuum Ward identities, up to discretization errors which vanish
in the continuum limit.

The target energy-momentum tensor in the continuum is a gauge-invariant operator
of dimension 4, which is a combination of a traceless two-index symmetric and a singlet
irreducible representations of SO(4) even under parity and charge conjugation. Since on
the lattice the SO(4) symmetry reduces to the hypercubic group SWy, the traceless two-
index symmetric representation splits into a sextet (non-diagonal components) and a triplet
(diagonal traceless components). At finite lattice spacing, the energy-momentum tensor
is thus a combination of gauge-invariant operators of dimension d < 4 which, under the
hypercubic group, transform as one of those two representations and the singlet [1]. In QCD
there are seven such operators plus the identity. We can take as a basis (no summation
over the repeated indices p and v in eqgs. (3.6) and (3.9))

1 a a
TGS} = (1 - ) 2 {FraFia}, (3.5)
G {3} _ a a a a
T 2 {FWFW FioFia) (3.6)
1
a {1} _
75 = 5W4 2FMF (3.7)

for the purely gluonic fields and
TEAS = (1, {m[‘?m? Jo+9w[Vi+ Vale}, (3.8)
T = f{% W:’; + V] w-ov [Ti+ V] v}, (3.9)
Thie 5, {%, (V* v )} (3.10)
THUY = 5W¢zp, (3.11)

for the fermionic ones.* Since the hypercubic group is an exact symmetry of the lattice
theory, a given field in egs. (3.5)—(3.11) can mix under renormalization only with those in
the same irreducible representation.

In this paper we focus on the definition of the sextet and triplet whose renormalization
pattern is given by

TR = ZEN ) TG ¢ 28N @) TE =63, (3.12)

where the renormalization constants Zg b and Zl{f} are finite and depend on g2 only since
in the continuum the nonet component of the energy-momentum tensor has vanishing
anomalous dimension. In a regularization which breaks chiral symmetry explicitly, the

4Notice that, at variance with the continuum, the operator Tfy’{lb} is not a chiral singlet, i.e. multiplied
by the quark mass, since chiral symmetry is explicitly broken for Wilson fermions.

- 11 -



renormalization pattern of the singlet component requires a rather different and more in-
volved analysis which fills a different publication by itself. Departure from scale invariance
can, however, be extracted directly from the Callan-Symanzik renormalization group equa-
tions or, for instance, from the r.h.s. of eq. (2.16). Finally we note that, as anticipated in
section 2.2.1, the determination of the renormalized fields

R () = 2562, ap) TG — 28M (g2, ap) TED i =6,3, (3.13)

and in particular of their RGI counterparts, gives access to the RGI gluonic and fermionic
components of the energy-momentum tensor. While the renormalization of T, i,z,} is fixed
by WIs, that of (3.13) can be obtained, for instance, by imposing suitable conditions on
its expectation values in the presence of shifted and twisted boundary conditions. A detail
investigation of this problem is in progress.

3.1 Non-perturbative renormalization conditions

The renormalization constants Zg} and Zg} can be determined non-perturbatively by
enforcing on the lattice the relations (2.11) and (2.14) up to discretization effects which
vanish in the continuum limit. To this aim, shifted boundary conditions for the links are

U(zo + Lo, ®) = Uy(zo, @ — Lok),  Uu(zo, @+ kLg) = Uy(zo, ), (3.14)

while egs. (2.7) and (2.58) fix the boundary conditions for quark and anti-quark fields on
the lattice too, where the components of £ are discretized in integer units of a/Lgy. As very
commonly adopted in lattice QCD, we opt for a mass-independent renormalization scheme.
The renormalized coupling gr and the renormalized quark mass mp for each given flavour
are thus related to the bare parameters as

9% =Zy(g2,ap) g2,  mp = Zm(gd ap)my,, (3.15)

where y is a renormalization scale, m, = mo — m.(g3) is the subtracted mass, and m.(g3)
is the critical mass.

The two renormalization constants of the sextet are fixed by requiring that, for two
different set of values #4 and 6%, where 8 = (6, 8), it holds

(TR, Af(Lo,&,0)

i s, (3.16)

where Af(Lo.£.8) I
0,8 0 a » a -
— 2 L = L —k,0) — f| Lo, &— —k,0 3.17
Agk 2a|:f<07£+L0 7) f<07£ LO 7>:| ( )
is a symmetric discrete approximation of the derivative of the free energy with respect to
the k-th component of the shift. From a practical point of view, it is useful to combine
eq. (3.16) for one set of values of the angles, e.g. § = 04, with the lattice realization of the
identity (2.13)
i AV)eo

R.{6 R.{6
<T0k{ }>g,aA - <T0k{ }>g,eB = — dfy

04 =67, 3.18
Lo Joz A&, (3.18)
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since the r.h.s. can be computed very efficiently by Monte Carlo simulations. Moreover, if
one takes the temporal component of the flavour-singlet conserved lattice vector current

V(@) = 3 {0(a + ai)U} () o+ D0 (a) + D)0 (@) — Dbl +a)}, (319)

then
VE(z) = Vi), (3.20)
and the expectation value of the renormalized current on the r.h.s. of eq. (3.18) corresponds
to the bare one.?

Once the sextet renormalization constants have been fixed, those of the triplet can be
determined by enforcing on the lattice the analogous of egs. (2.14) or (2.15)

R, &k R,
<T0k{6}>£,9 =1 &2 <T0k{3}>5,0 (3.21)
i

(TotNes = & (T eo,  (G#k&=0), (3.22)

for two different set of values § = 04,07 of the twist angles. In a finite volume these
relations are satisfied only up to exponentially small finite-size effects, unless lattice sizes
and twist phases according to the constraints given in egs. (2.59)—(2.61) are considered.
The above renormalization conditions are imposed at zero quark masses, i.e. all bare masses
are set to the critical value my = m-(go). In practice this is possible thanks to the presence
of a spectral gap in the lattice Dirac operator at finite temperature.

Finally, it is important to emphasize that the above renormalization conditions are
valid non-perturbatively, and are designed to be accessible to numerical Monte Carlo com-
putations. The eq. (3.16) can be studied numerically with a strategy analogous to the one
already successfully implemented for the Yang-Mills theory [13], while egs. (3.18) and (3.21)
require standard numerical techniques. In this sense these conditions provide a practical
strategy to define non-perturbatively the energy-momentum tensor in QCD.

4 O(a)-improvement

The Symanzik improvement programme has the purpose of accelerating the approach to
the continuum limit of field correlators. It is achieved by adding suitable counterterms to
the lattice action and to the fields multiplied by numerical coefficients which are properly
adjusted so to cancel discretization errors order by order in the lattice spacing [32, 33].
In the following we discuss how to implement this programme to O(a)-improve on-shell
matrix elements of the sextet and triplet components of the energy-momentum tensor. For
the clarity of the presentation, we discuss separately the massless, mass-degenerate, and
mass non-degenerate cases.

°Tt is interesting to notice that the renormalization constant and the improvement coefficients of the
flavour-singlet lattice vector currents can be determined by comparing (Vi')e o with the analogous one for
the local current and similarly for higher-point correlation functions.
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4.1 Massless quarks

The first step consists in identifying complete bases of dimension-5 gauge-invariant fields
which, in the Symanzik effective continuum theory, are parity and charge conjugation
invariant and transform as sextets and triplets under the SO(4) hypercubic subgroup.
When all quarks are massless, i.e. mg = m.(go), there are no operators made of the gauge
field only. Complete bases of O(a)-counterterms are built by projecting the fields

Vo Fupth, 8,;{@%;5”1/1}, 8,@{%}, (4.1)

on their sextet and triplet components. Terms proportional to the second and third fields
n (4.1) do not contribute to matrix elements between initial and final states with the same
four-momentum. Since we restrict our analysis to those cases, we can discard them. The
improved sextet and triplet fields are then obtained by replacing

ThW — T 4T =63 (4.2)

in egs. (3.8) and (3.9) respectively, with (no summation over p, v in (4.4))

1 _
5T£;{6} = 0}6} (9(2)) g (1 - 6uu)¢ [Uuszzp + O'VpFup} Y, (4.3)
1—
STEDY — C}?’}(gg)ﬁ [UW,FW _ ngprM. (4.4)

By performing a classical expansion of 7, ﬁ{i} in the lattice spacing [34], it turns out that

the tree-level values of the coefficients cg} are null as well as those multiplying the other

counteterms in eq. (4.1).

4.2 Mass-degenerate quarks

When all quarks have the same non-vanishing mass, the renormalization of the coupling
and of the mass can be obtained from egs. (3.15) by replacing

gg — 573 = 98(1 + bg(gg) amq) ) Mg — Mg = mq(l + bm(gg) amq) ) (4.5)

where my is the subtracted bare mass common to all flavours. The two improvement
coefficients b, and b, must be chosen so to have a mass-independent renormalization scheme
where the renormalized coupling and the mass are free from O(a)-effects [31]. Defined this
way, both coefficients do not depend on the renormalization conditions chosen to set Z,
and Z,,. The perturbative expansion of b, starts at O(g%) since it arises from sea-quark
loop contributions to a gluonic quantity [35].

To improve the sextet and triplet parts of 7},,, two more O(a)-counterterms, made of
the original gluon and fermion components multiplied by the quark mass, have to be taken
into account. As a result, the O(a)-improved fields read®

Tt = 28 (@8) (1 + b (9)amy) TG
+Z8 @) (1 + 0 (R)am ) {TEW + 0T i=63. (46)

5We use the same symbol for the unimproved and the improved energy-momentum tensor field since any
ambiguity is resolved from the context.

— 14 —



Notice that the renormalization constants appearing in eq. (4.6) must be evaluated at the
value g2. On the other hand, it is consistent to evaluate c}l} and the two extra coefficients
bg} and bg} either at g2 or g2. The term proportional to my 6T£}{Z} in eq. (4.6) can be
neglected since is O(a?). The coefficients bg} are null at tree-level because they arise from

sea-quark loop contributions.

4.3 Mass non-degenerate quarks

When all quark masses are different, the pattern of improvement is further complicated.
An O(a)-improved renormalized coupling can be defined from egs. (3.15) by replacing [36]

- by(95)
% — % = 96 (1 + %tr{an} . My =My —me(g)L, (4.7)
while the expressions for the renormalized improved quark masses are quite involved and,

since they are not needed in the following, we refer the interested reader directly to eq. (26)
of ref. [36]. The O(a)-improved fields turn out to be

i } fgpFi{i}
b Z angT/w,gf
f9=1

1+b{}(98)t{ My} {TF,{Z'}_|_ 5TF7{Z'}} , =6,3 4.8
Ny ¢ 124 a0ty , 1=6,3, (48)

{1} 2
j i}~ b,
150 = 25 @) <1 + ]\g’ )tr{an}> TG0 4 70 G2

where Tli{g indicates the flavour non-singlet analogous of Tﬁ{i}, eg. (f,g=1,...,Ny)

THE — (1 -5,,)= {¢ W[ Vi+ ¥V, + 37, [VE+ YV, W’g} (4.9)

wvifg =

and analogously for T, { } In the mass-degenerate limit M, = m,1, the expressions of the

previous subsection are recovered, up to O(a®m) effects, provided one sets bg} = l;g} +E}f}.

In perturbation theory the coefficients Bﬁf} are null up to 1-loop order since they originate
from sea-quark loop contributions to fermionic quantities.

4.4 Improvement conditions

As we have seen in the previous subsections, improving the energy-momentum tensor may
require the tuning of several parameters. A decoupling of the equations that fix them,
however, occurs naturally within our strategy. Indeed, in the massless limit chiral symmetry
is expected to be either exact or effectively restored when the temperature T is much
larger than the typical scale of the strong interactions, a few hundred MeV or so. As
a consequence, the expectation values of the chiral non-singlet counterterms in eq. (4.1)
either vanish or become quickly negligible at high temperature. The origin of this result
can be traced back to the more general fact that the thermal theory with massless quarks
enjoys de-facto automatic O(a)-improvement at high temperature, see appendix D for a
detailed discussion in the presence of a generic number of flavours.
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For the particular case we are concerned here, namely the expectation values of the
energy-momentum tensor, stronger results can be proven.” In the Symanzik effective con-
tinuum theory with two or more massless flavours, it holds

Ny

O Nea = 57 [ dnAUDITE 0, (4.10)
f

where OR is the union of the top and bottom lids of an hyper-cylinder R containing the
origin, A¢ = YyeysT% (k =1,2,3) with 7% (a = 1,... ,N]% —1) being the generators of the
group SU(Ny), and 5T5;F’{i} is defined as d7, lﬁj{i} but with the replacement ¢ — v5T%). At
large temperature, where the theory has a mass gap, the integrand in eq. (4.10) decreases
exponentially with the distance |z|. Its integral is therefore null exactly since the lids can be
sent to infinity, and the conclusions of appendix D are recovered. At smaller temperature,
where the theory develops Goldstone bosons [37], the integrand decreases power-like in
|z|. At large distances, the leading behaviour is dictated by the single Goldstone-boson
contribution so that

) 1
(A%(2)0T %2 (0))¢ 0, o D, (auay - 45W/D>A(ZC) +..., (4.11)

where A(x) is the free propagator of a massless boson while the dots indicate sub-leading
corrections. At distances |z| much larger than the inverse temperature, A(z) o< 1/|z|, the
correlator (4.11) decreases as |z|™*, and the surface integral in (4.10) is again null.

The final important outcome of this analysis is that, if the lattice action is
O(a)-improved and quarks are massless, the expectation values <Tﬁ{i}>£’90 are O(a)-
improved at any temperature as well as the renormalization constants fixed by imposing
egs. (3.16), (3.21) or (3.22).

The improvement coefficients in eq. (4.8) can be determined non-perturbatively by
imposing the very same equations (3.16), (3.21) or (3.22) to be valid up to O(a) terms
for several values of the quark masses, and by remembering that the free-energy density is
already improved once the Sheikholeslami-Wohlert term has been included in the action. A
detailed implementation of this strategy to 1-loop order in perturbation theory is discussed
in section 5.2.3.

5 Perturbative analysis

In order to verify analytically the validity of the strategy proposed in this paper, we have
computed the free-energy density and the expectation values of the energy-momentum
tensor components to 1-loop order in lattice perturbation theory in the presence of shifted
and twisted boundary conditions in the infinite spatial volume limit. The calculation has
been carried out by regularizing gluons with the Wilson plaquette action and quarks with
the O(a)-improved Wilson operator, see appendices C and E for the definitions of the
actions, free propagators, and lattice vertices. This computation serves also to determine,
for the first time, the renormalization constants of the sextet and triplet components of T},

"We thank Martin Liischer for suggesting to us this line of argumentation.
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in the O(a)-improved theory to 1-loop order in perturbation theory, as well as their O(a)-
improvement coefficients. As a byproduct we have confirmed the 1-loop expressions of the
renormalization constants in the unimproved theory which were determined in refs. [4-8].
Finally the combination of the results in this section with egs. (3.16), (3.21) or (3.22) leads
to perturbatively improved versions of these non-perturbative renormalization conditions.
As a consequence, the numerical non-perturbative determinations of the renormalization
constants are free from discretization effects up to order g2.

5.1 Free-energy density
The 1-loop expansion of the bare free-energy density defined in eq. (2.8) is

f(Lo, &,0) = fO + g3 f), (5.1)

where
FO = (N2 —1) O 4 NN fFO (5.2)

and
fmzuﬁ—nf%ﬁ“””7%ﬁ“ﬁ%HWF@M> (5.3)

C

are the tree-level and 1-loop contributions respectively.® The functions f¢(© and f£©)
are the tree-level gluonic and fermionic contributions, f&1Ne) and fc(l’Nic) are the 1-loop
gluonic parts, and fF(:Ns) collects the 1-loop fermionic contributions. All these functions
are reported in appendix F. In the perturbative computations presented in this paper we
assume always to have Ny quarks with equal masses and twist angles. The formulas for
the generic case, however, can be easily obtained by summing the contributions of each
individual flavour rather than multiplying the single-fermion contribution by Ny, e.g for
the free-energy density the terms foF(O) and foF(l’Nf) must be replaced by the sums
over the flavours of the £ and fF(Ns) functions computed for the mass and the twist
angles of each single flavour respectively.

Once the bare free-energy density has been calculated, the 1-loop renormalized expres-
sion is obtained by re-writing the bare parameters gp and the common bare quark mass
mo through the renormalized counterparts defined in eq. (3.15). By properly combining
eq. (2.8), the renormalized 1-loop expression at finite lattice spacing and its continuum
limit, a 1-loop perturbative improved definition of the free-energy density can also be ob-

tained.

5.2 Energy-momentum tensor
The bare expectation values of the sextet and triplet components of 7),, are

(Tihes = T + GO, i=6.3, (5.4)
where the tree-level values are

7;{;‘}(0) = (N2 - 1)715{@(0) + NcNfﬂl;{i}(O) 7 (5.5)

8 Throughout this section the arguments of the various tree-level and 1-loop contributions such as &, mo,
etc. are omitted for better readability.
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while the 1-loop contributions are

{31 F{i}(1,Ny)

. G
T = (N2-1) NTG{Z}(lN)Jr T ) | NG OND |yt . (5.6)
All functions on the r.h.s. of egs. (5.5)—(5.6) are given in appendices H and 1.
Once the bare parameters of the theory have been renormalized, the definition of the
sextet and the triplet components of T}, require the calculation of the renormalization

constants defined in eq. (3.12). At one loop they can be written as
Zg} = Zg}(o) + g5 Zg}(l) , Z}i} = Zl{;}(o) + g3 Zl{;}(l) , 1=6,3, (5.7)

where we can define

; NZ2—-1) g
20 _ @ 7 }(LN@. (5.9)

Ne

To impose the renormalization conditions in eqs. (3.16), (3.21) or (3.22) in the massless
limit mpr = 0, we remind that at 1-loop the critical mass is

me = m® +m{Vg2 (5.10)
where m{”) = 0 and [38]
2
) - WNe=1 an)
my, N, m, , (5.11)
(1,Ne)

—0.16285705871085(1) + cow 0.04348303388205(10)
2 0.01809576878142(1) . (5.12)

At the order we work, cgw = 0 or 1 for the unimproved and improved theory respectively.
The chiral limit in the expressions (5.1)—(5.6) is then reached by requiring that mo =
)

Me gg. In practice, to 1-loop order, that corresponds to Taylor expand in the bare quark
mass the tree-level expressions of the observables, and then to fix mg = mg ) — 0 and to

replace
fF(l,Nf) . fF(l,Nf 8f mgl,Nc), (5.13)
mo
, F{i}(0)
Tf;{z}u,Nf) . TF{ i}(1,Ny) 875; m(Ne) i =6,3, (5.14)
mo

where the derivatives on the r.h.s. of these equations can be found in egs. (F.2), (H.17)
and (I1.6) respectively.
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5.2.1 Renormalization constants of the sextet
By imposing eq. (3.16) for two different values® of 6y = 96‘, 963 , the tree-level values can be
defined as

G(0)
Zéﬁ}(o) =— L Af and

G{6}(0
7500 T Ag,

1 AfFO
zP0 = (5.15)
TEE0) T Ag

where the discrete derivative A with respect to the shift is defined as in eq. (3.17). As
expected, in the limit Lo/a — oo it holds ZéG}(O) = Z}{,G}(O) = 1. The pure gluonic 1-loop
contributions are

{6}(17Nc) _ 1 {6}(0) {6}(11Nc) AfG(l,Nc)
Za =~ oom {ZG To =R ) (5.16)
0k k

1
and Zé6}(17Nc) which has the very same expression as Zéﬁ}(l’NC) once (1, N.) — (1, N%)

The last two terms, Zéﬁ}(l’Nf) and Z}GKLNG)

and gluons. If we define the combination

, depend on the interaction between quarks

A fF(1,Ny)
(6} :_{ 2O TN | (SO LFEHLN) ngk } (5.17)
we obtain )
{63(1,Ny) 6}(1,Ne) -F{6}(0
7SN _ TG{G}(O){d{6}—Z§ YN {6} >}’ (5.18)
0k

where the renormalization constant of the fermion component is

Z(6H(LNe) _ d® (g — a'®} (0F)
P

— , (5.19)
T 08) - T 0F)

and in the last equation we have explicitly indicated the dependence on 6, since is the only
one where two different values are needed.

The values of the various terms which define Zgj} and Z}G} have been computed
numerically on lattices with temporal extension Ly/a ranging from 4 to 32 in steps of 2
and spatial size Ly = Lo = L3 = RLy with R = 6, 8, 10 and 12. The calculations have been
carried out for two values of the shift, £ = (1,0,0) and (1/2,1/2,0), and for three values of
the fermionic phase in the temporal direction, 8y = 0, 7/16 and 7/4. At fixed value of the
shift, data for the three values of 8y have been analyzed by considering two independent
differences. This large amount of data allowed us to extrapolate the results to infinite
spatial volume and to a/Ly — 0 limit with confidence. The latter extrapolation has been
performed by fitting the results in powers of (a/Lg)? supplemented by terms multiplied
by In(a/Lg) for the 1-loop coefficients. The required lattice sums have been computed in
coordinate space [39] after having used the Fast Fourier Transform algorithm for computing
the gluon and quark propagators. A hierarchical procedure for sums has been implemented

9In perturbation theory we always set @ = 0 since we work in the infinite spatial volume limit.
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Sextet (i = 6) Triplet (i = 3)
This work Ref. [4-8] This work Ref. [4-8]
ZHBO 1 1.000000(5) 1 1.000000(5) 1
ZE N 1 0.10414(3)  0.10413887 | 0.09773(3)  0.09772334
Zg}(l’Ni -0.125000(1) 1/8 | -0.157495(1) -0.15749516
ZEN | 0.010827(1)  0.01082699 | 0.00601(2)  0.006010835
Z D 0.0301785(25) — 0.02466(2) —
Z O 1 1.000000(5) 1 1.000000(5) 1
ZGND | L0.01474(1)  -0.01473 | -0.03167(3)  -0.03169
ZEND | 0.005282(4) — -0.0109(1) —

Table 1. Numerical values of the coefficients of the perturbative expressions of Zg} and Z}i}
computed in this work for ¢g,, = 0 and 1 corresponding to the unimproved and improved theory
respectively. Results from refs. [4-8] are also shown for comparison.

in order to preserve a high numerical accuracy. For some of them, however, we needed to
run in quadruple precision due to large cancellations taking place at large volumes.

The final results for the various contributions to Zéﬁ} and Z}G} in the limit a/Ly — 0
are listed in table 1 together with the analogous values present in the literature [4-8]. Our
error bars have been estimated by changing the fit range in (a/Lg), by considering the
spread over the two differences in 0y, and by analyzing the dependence on R. For all values
that can be compared with refs. [4-8], the agreement is excellent.

5.2.2 Renormalization constants of the triplet

By combining egs. (3.16) and (3.21) or (3.22), the renormalization constants of the triplet
can be determined analogously to the previous subsection. The egs. (5.15)—(5.19) hold
provided the representation index changes, 6 — 3, and the various components of Toi are
multiplied by & /(1 — &2) or & when eq. (3.21) or (3.22) are used respectively. A different
option is, however, possible. Once the renormalization constants of the sextet have been
computed, the ones of the triplet can be determined directly imposing eq. (3.21) or (3.22)
for two different values of 8y = 64, GB. In this first case the tree-level, values are

20 _ 7001 =& Tofg 20 _ 4001 & igi ; (5.20)
& 7ot & Tk
with Zég}(o) =Zp 350 — 1 in the limit a/Lo — 0. The pure gluonic contributions are
Z{ }(0) 1 1—
Zg’}(l’N“) Z{ﬁ}(l Ne) Z{ﬁ} 76(]5{3} { g,fk Zéﬁ} TG{ﬁ} (1,Ne) ZéS}(O)T(g{?)}(LNc)} ’
(5.21)
and Zé ML) which has the very same expression as Zég}(l’Nc) once (1,N.) — (1, N%)

Zé3}(17Nf) and Z}{;’}(l’NC)

The last two terms, , depend on the interaction between quarks
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and gluons. If we define the combination

61(0) ~~G{6}(1,Ny) 61(0) ~F{6}(1,N}) {6}(1,N}) 61(0
d{3} _ Zé H )762 f 4 Z}{; H )7E)k f +ZG f 762{ }0) (5.22)
6}(1,N.) —F{6}(0 &k 31(0) -G {3}(1,N}) 3}(0) ~~F{3}(1,N})
+ZI{T}( )%k{}()_l_gg{z({;}()%k f "’Zl{v}()%k f}7
we obtain )
Brany 1 1 —& s {3}(1,Ne) -F{3}(0)
Z¢ - 76%{3}(0){ A dt — Zp Tok ) (5.23)

where the renormalization constant of the fermion component is

oo _1-&  a¥e) - di¥ep)

{3}
Z )
r Sk 761;;{3}(0)(95‘) - 70};{3}(0) (05)

(5.24)

and in the last equation we have explicitly indicated the dependence on the set of twisted
angles. It is important to notice that the values of the shift €, and of the angles 9()4 are
0F used for fixing the sextet and the triplet renormalization constants can be in general
different. If the renormalization condition (3.22) is used instead of (3.21), the egs. (5.20)—
(5.24) remain valid but with the replacements & /(1 — &7) — & and k — j in the second
subscript index of the triplet components.

The numerical value of the various contributions to Zé3} and Zl{;g} have been computed
on lattices with temporal extension Ly/a ranging from 4 to 32 in steps of 2 and spatial
size L1 = Ly = L3 = RLy with R = 10 and 15. The calculations have been carried out
for &€ = (2,0,0) so to satisfy the constraint in eq. (2.59). Three values of the fermionic
phase, 6y = 0, 7/16 and 7 /4, have been considered and a non vanishing phase along the
direction 1 has been chosen according to the third constraint in eq. (2.62). Analogously to
the sextet case, data for three values of 6y have been analyzed by considering two possible
independent differences. The results show no relevant dependence from the spatial volume.
The a/Ly — 0 extrapolation has been performed again by fitting the results in powers of
(a/Lo)? supplemented by terms multiplied by In (a/Lg) for the 1-loop coefficients. As for
the sextet, the lattice sums have been computed in coordinate space, and also in this case
a hierarchical procedure was implemented.

The final results for the various contributions to Zg’} and Z}S} in the limit a/Ly — 0
are listed in table 1 together with the analogous ones present in the literature [4-8]. The
error bars have been estimated by changing the fit range in (a/Lg), and by considering the
spread over the two differences in 6y. Whenever a comparison with refs. [4-8] is possible,
the agreement is excellent.

5.2.3 Improvement coefficients

We conclude the perturbative analysis of the strategy proposed in this paper by computing
to 1-loop order the improvement coefficients of the sextet and triplet components of T},
introduced in eq. (4.8). The terms 67;5’{i} do not contribute to this order, since the
coefficients c}i} (g%), as mentioned in section 4.1, are null at tree level as well as, for our
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choice of boundary conditions, the associated fields. The two B}f} (g3) vanish as well. The
other coefficients in eq. (4.8), or equivalently eq. (4.6), can be written as
(i}, 2 NS 2 (i}, 2 N2 —1 4Ny 2 .
be’ (95) = Nybg, 9%, bp (go)zl—i—chF g9, 1=26,3, (5.25)
where the tree-level values of the bg} have been fixed so to remove the O(a) terms in
the tree-level expressions of the fermion components of 7},,. They can be computed by
imposing egs. (3.16), (3.21) or (3.22) up to O(a) terms in the simpler case where all quarks
have the same non-vanishing mass mpg # 0.
To this aim, by using egs. (3.15) and (4.5), we remind that the O(a)-improved quark
mass is given by
mp = Zm(gg, ap) (1 + bm(gg) amq) mg, (5.26)

where at 1-loop in perturbation theory [40]

N2 -1 3
Zin(gbsap) = 1+ == 2" g AEE i ) (5.27)
2 1 NZ=1, 1N 0 (1,N.)
bin(90) = =5 + =5 0w 90 biL-Ne) — _0.036085(10) . (5.28)

Notice that the values of the improvement coefficients do not depend on the scale u. By
remembering that m, = mg—mc(g3), with m.(g3) being the critical mass in eq. (5.10), one
easily finds that the bare mass which solves eq. (5.26) at fixed renormalized quark mass is
mo(g2) = m” + mi g2 where [40]

am(()o) -1 m’ (5'29)
and
N2 -1
my = =—mg ™, (5.30)
(17NC) (1 N ) amR Z%’Nc) + 2b,$,i’NC) <1 _ amR _ m) 5 31
amy = am, — N (5.31)

The free-energy density and the expectation values of the energy-momentum tensor at bare

mass mo(go) are obtained by evaluating the expressions (5.1)—(5.6) at mg = méo) and by

replacing
9fF )
FROND) _y pFOLNG) 4 gmo m{Ne) (5.32)
, , F{i}(0)
TNy N T, i<, (533)
0

where the derivatives on the r.h.s. of these equations can be found in egs. (F.2), (H.17)
and (I1.6) respectively.
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Sextet Triplet
i=6 i=3
LN 0.012(1) | -0.011(2)
pi N | 0.051(2) | 0.056(6)

Table 2. Numerical values of the coefficients bg}(l’Nf ) and bg}(LN“) to 1-loop order.

The solutions of the egs. (3.16), (3.21) or (3.22) at finite quark mass are obtained by
replacing

ZBO 7O 4 amy, (5.34)
ZEND Ly ZBOND L B0 BAND (0 (5.35)
ZEHONSD Ly N (1 g, (O))

+Z}{7i}(0) (am(()LNc) — amNe) bg}(l,Nc)am[()O)), (5.36)

in egs. (5.15)—(5.24). The improvement coefficients are finally determined by inserting
into the solutions the values of the renormalization constants obtained in the previous
subsections, and then by solving for bg}(l’Nf ) and bif}(l’NC). In table 2 we list the numerical

(LND) g p{EHAN

values of bg} that we have obtained in the limit a/Lo — 0 by numerical

computations and analyses analogous to those carried out in the previous two subsections.

6 Conclusions

Shifted boundary conditions in the presence of an imaginary chemical potential offer an ex-
tremely powerful tool to non-perturbatively renormalize composite operators on the lattice.
In this work we have applied this framework to the case of the energy-momentum tensor.
The strategy proposed here is the natural extension of the one already applied successfully
to the SU(3) Yang-Mills theory [13]. The inclusion of quarks, however, complicates the
problem because the gluonic and fermionic parts of the tensor mix together. Introducing a
non-zero imaginary chemical potential gives the handle to solve that problem since, via a
conserved charge, it couples differently to quark and gluons, in particular directly to quarks
but only indirectly to gluons through their interaction with quarks. Ward identities can
thus be written, both for the sextet and the triplet, which are different enough to resolve
the mixing between the gluonic and the fermionic parts so that the computation becomes
feasible non-perturbatively.

In view of that application and in order to check the whole construction, we have ap-
plied the method in lattice perturbation theory by computing the renormalization constants
and the O(a)-improvement coefficients of the sextet and triplet components of the energy-
momentum tensor to 1-loop order. The agreement with the results in the literature for the
unimproved theory represents a very non-trivial test of the entire strategy proposed in this
paper. A further confirmation of theory expectations is the £ and 6 independence of the
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renormalization constants once extrapolated to the a/Lg — 0 limit. An important byprod-
uct of these computations is the possibility of defining 1-loop perturbative improved estima-
tors of the renormalization constants and of the expectation values of the energy-momentum
tensor, so to reduce discretization effects in their non-perturbative determinations.

Once fixed so to satisfy the Wls, the renormalization constants are part of the definition
of the energy-momentum field itself. Up to discretization errors, they do not depend on
the particular correlator or kinematic conditions they were employed to fix them. They
can be directly used to renormalize the energy-momentum tensor inserted at a physical
distance from other fields in any correlator of QCD, e.g at zero or non-zero temperature
with or without chemical potential.
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A Conventions and useful identities

Here we summarize the conventions for the generators of the SU(N.) group and for the
Dirac matrices, 7,, together with some standard identities that we have used in the 1-
loop perturbative computation. Let T,, a = 1,...,(N2 — 1), be the hermitean traceless
generators of the group SU(N,) normalized as

1
Tr[TaTb] = i(sab . (Al)

Their commutation and anti-commutation relations are!?

. 1
[Tm Tb} = ZfabcTc 5 {Taa Tb} - Fﬂéab + dabcTc 5 (A2)
c

10Summation over repeated indices is always understood.
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where fup. is the completely antisymmetric tensor of the structure constants while dgp. is
completely symmetric. It then holds

1 .
Tr{TaTch] = Z(Zfabc + dabc) s (A3)
N2 —1)? N2 -1
v rnn) = S mmanm = - (A.4)
1(1 1 ) .
Tr[TaTchTd] = 4{N6ab50d + 5( - fabefcde + dabedcde + 'Lfabedcde + ldabefcde) } . (A5)
C
Other useful identities are
N2 —4
facefbce = N65Gb7 dacedbce = Téaln (A6)
Cc
as well as dgqe = 0 and focedpee = 0.
By defining v5 = v9y172773, the Euclidean anti-commutation relations
{'Y,ua MW= 20,,1 (A.7)
imply
{75, 7} =0, %=1, VsV Vs = —Vp - (A.8)
Useful trace identities are
Tr[')’,u’)’u] = 45uu s ’I\r[')/a'}/ﬁ')/é'}’a} = 4[5a5560 - 50465ﬁ0 + 5aa(5ﬁ6] s (Ag)
and
Tr[va 187570V Vr] = 0asTr[V67p Yo V] — das Tr[V8Yp Vo Vr) + Oap Tr[V87V5Y0 V7]
—0ao Tr[y875Yp7] + Sar Tr V875V Vo) - (A.10)

while, thanks to egs. (A.8), traces of products of an odd number of v-matrices vanish.

B Continuum theory

In the Euclidean space-time, the path integral of QCD is defined as
Z:/DADwD@/)DEDc e, (B.1)

where the integration measures on the various fields are defined as usual. The action is
defined as'!

S—/d4a:£(a:), L=LC4LO0F 4 PP 4 oF (B.2)

" Throughout the paper we assume the strong CP violation term to be absent.
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with

1
¢_ 1
T [FW FW] : (B.3)
LOF = ;\[Q)Tr [a“AM aVAV} , (B.4)
0
LFP = —%Tr[é@lﬂ?#c} , (B.5)
EF = w[’)’uDu + MOW ) (B'6)

where gg is the bare coupling constant, Ag is the gauge-fixing parameter, the trace is over
the color index and

Fu = 0uAy — 0,4, —i[Ay A, A, = AST® (B.7)
Dy=0, —iA,, (B.8)
Dyc=0,c—1ilA,, d, c=c"T". (B.9)

The quark and anti-quark fields, ¢ and ¢ have N s-flavour components ! ,@f, f =
1,..., Ny and, accordingly, the mass matrix My = diag(mo,1,mo,2,M03,--.) is a Ny x Ny
matrix, whose entries on the diagonal are the bare quark masses. It turns out to be useful
also to define - -

D,=D,—D,, D,=9,+iA,. (B.10)

B.1 Dimensional regularization

Here we report the essential formulas of dimensional regularization which are needed in this
paper. We follow the conventions of ref. [25], see also ref. [41] for a recent review. By replac-
ing [ dix — / dPz, one defines the renormalized coupling ¢ and quark mass matrix M as

g% = 1* g’z ", (B.11)
My=MZ,", (B.12)
where D = 4 — 2¢ and p is a mass parameter. A generic renormalization constant,

including those of composite operators, is expanded in g?. In the MS scheme is then
implicitly fixed by requiring it to be a polynomial in 1/e with no constant term

o0 k
N1
Z=1+) W 20 %zt = (B.13)
k=1 j=1 €
The S-function of the theory is defined as
dg g 0 -1
B, 9) :M&L:_Eg{l_Qagan‘q} =—eg+ B(9), (B.14)
where -
Blg) =—¢>> brg™ (B.15)
k=0
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with the first coefficient given by

1 11 2

The anomalous dimension of the quark mass is defined as

a o0
m = 86 9) 5 In Zm = —g* > dig™, (B.17)
k=0

where the first coeflicient is

(B.18)

C Lattice theory
The action of the lattice theory reads
S =8¢ 4 5F, (C.1)

where S¢ and S are the gluonic and fermionic contributions respectively. For the gluonic
one we consider the Wilson plaquette action

oG _ gngZReTr{]l—UW(x)}, (C.2)

T v

where gg is the bare gauge coupling. The plaquette field is defined by
U (x) = Uu(x)Uy(ar—i—aﬂ)U;(x—i—aﬁ)UJ(m), (C.3)

where i, 7 are unit vectors oriented along the directions pu,v respectively. The fermionic
part reads

SF=a*) " Y(@)(D + Mo)yp(z), (C.4)

where M is the bare quark mass matrix, and for D we choose the O(a)-improved Wilson-
Dirac operator

D = Dy + aDgy . (C.5)

The first operator on the r.h.s. is the massless Wilson-Dirac operator defined by
1
Dy, = 5{%(vj +V,)—aV,V,}, (C.6)
where V},, V,, are covariant lattice derivatives acting on the quark fields as follows

aV,h(x) = Up(x)y(z + ajp) — (),
aVip(z) = P(x) — Ul(z — ap)i(z — ajd) . (C.7)
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The second term is the Sheikholeslami-Wohlert operator defined by [15]

Dot () = (o) g Fon (22 (©8)
where 0, = %['Ym Yl F () is the clover discretization of the field strength tensor'?
Fru®) = 5 { Qusl@) = Quula)}. (©9)
and
Quv(x) = Up(2)Uy (2 + ap) U} (z + ap) U] (x)
x) ;(az —aji+ ad)U(x — aft)Uy(z — afr) (C.10)

)
Uu(
—i—UT(x ap) Ul (x — afi — ap)U,(z — aji — ad)U, (z — ab)
+UT(m av)U, (x—au)Ul,(ac—}—aﬂ—al?)Ul@).

The coefficient cqy is tuned in order to remove O(a) lattice artifacts generated by the action
in on-shell correlation functions [15, 31]. The gauge-invariant path integral is

= /DUD¢D¢ e, (C.11)

It is also useful to define

with V,, V}; being the lattice covariant derivatives in eq. (C.7), and

<w$ @<+wmvwm—@u»
(x) %j = P(z —ap)U,(z — afi) . (C.13)

D Automatic O(a)-improvement with massless quarks

In the absence of spontaneous chiral symmetry breaking, chirally symmetric correlators of
Wilson fermions in the presence of an even number of massless quarks are proven to be
automatically O(a)-improved [42, 43]. This occurs, for instance, in a finite volume without
boundaries [43] or in the thermal theory at high temperature [44]. To extend this result
to a generic number of flavours Ny > 1 but still small enough to have asymptotic freedom,
we consider the discrete axial symmetry S5 defined as

o= NPy, Gy =g . (D.1)

This non-anomalous element of the U(1) 4 group indeed allows for a simple generalization
of the line of argumentation given in refs. [42, 43]. In the massless limit, the action of the
Symanzik’s effective continuum theory reads

St = So + aSy + O(a?), (D.2)

12Notice that for historical reasons the field strength tensor discretization ﬁw adopted in eq. (C.8) is not
traceless at variance of the one used to define the energy-momentum tensor, see eq. (3.3).
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where Sy is defined as in eq. (B.2) but with the bare coupling replaced by the renormalized
one, and

Si=r [ da (@) Fu(0)(a). (D.3)

The leading discretization effects in the connected correlation function of a multi-local

renormalized field O are then given by the corresponding continuum correlation functions
with the insertion either of S; or of the O(a)-counterterm 6O for the field O,

(O)2 = (O)con — a(S10)con + a{60)con + O(a?). (D.4)

con

If we restrict ourselves to fields O,y invariant under parity and the chiral symmetry Ss,
such as (the fermionic component of) 7},, in eq. (2.1) in the massless limit, the invariance
of the measure and of the action Sy implies

2
[1 — cos (N)] (S10inv)con = 0 (D.5)
f
when spontaneous chiral symmetry breaking is absent. Moreover (§O)con = 0 as well

because fields with the same quantum numbers as Oj,y, but of one dimension higher are not
invariant under the symmetry S5 since they must have and extra derivative and therefore
an extra y-matrix with respect to Oi,y, a fact that was essential to prove the automatic
O(a)-improvement in the twisted mass QCD regularization [42]. The eq. (D.4) then reads

<Oinv>lc2:)tn = <Oinv>con + O(CL2) . (DG)

The very same conclusion can be reached by using the Rj discrete symmetry in ref. [42]
for Ny = 2, and an element of the axial subgroup Z, of the non-Abelian chiral symmetry
group for larger N;.

E Propagators and vertices for perturbation theory

On the lattice, perturbation theory is normally set-up in terms of algebra-valued fields
A, (x) defined as

Up(z) = e 0% =1 —jagy Ay(x) +...,  Au(z) = Alx)T,, (E.1)

where we opt for a minus sign in the exponential so to recover, in the naive continuum
limit, the widely used conventions in appendix B. By inserting (E.1) in the expressions in
appendix C and by expanding to the appropriate order, the analogous continuum formulas
given in appendix B are recovered after the usual field rescaling A, (x) — A,(x)/go. The
free theory in recovered in the limit go — O.

In the presence of the boundary conditions (3.14), the Fourier transform can be written

aslB

Ay(z) = / A,(p) etPlat3 i) , (E.2)
P

13To avoid burdening the notation, we use the same symbol for the field and for its Fourier transform
since any ambiguity is resolved from the context.
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where, for a generic function f(p), the finite-volume integration is defined to be

/ 0= Lo, 20, (E3)

with
27Tn0 21Ny
= —Zpk&w Pr=—F (E.4)
k
and n, = 0,...,L,/a — 1. For lattlce fermlons satisfying the boundary conditions in

egs. (2.7) and (2.58), the Fourier transform can be written as

()= [ w@et,  P)= [ dp)e ", (E.5)

Pe,o Pe o

where the integration fp is defined as in eq. (E.3) but for the set of lattice momenta
£,0

2mn 0 T 3 2mn, Oy
0 0
_ _ E = + = E.6
bo Lo + Lo Lo e Prék Pk Ly Ly ( )

The term 7/Lg in pg is due to the anti-periodicity of the boundary conditions along the
temporal direction.
When Ly — oo for all three spatial directions k, the integration in eq. (E.3) becomes

1 dp
N5 | Gt (E.7)

where BZ stands for the Brillouin zone. The analogous holds for the fermion integrals (E.5)

which become independent on 6. If also Ly — oo, the sum over ng in eq. (E.7) is replaced
by the integral as well, which becomes independent on the shift & and the twist 6.

As expected by general quantum field theory arguments, the expressions of the prop-
agators and of the vertices of the theory with shifted and twisted boundary conditions
are equal to those valid for periodic boundary conditions provided the definition of the
momenta are replaced by those in egs. (E.4) and (E.6), i.e. £ and 0 enter the values of the
allowed momenta only. For consistency and to define our conventions, however, we report
their definitions in the rest of this appendix.

E.1 Gluon propagator
By adding the gauge—ﬁxing contribution'*

= a4ZTr (2)(05AL) ()] (E.8)

to the gluonic action (C.2), the free-gluon propagator in Feynman gauge reads

(A (@) AY(W))e = | Dim(p) ™Y, (E.9)
Pg
where
Oab0 2 a
ab _ 9abOuv N A apy
Diw(®) = 5o Zp#, P = —sin (S5 . (E.10)

14 A5 usual the backward lattice derivative 8, is deﬁned as eq. (C.7) but with the link omitted.
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E.2 Ghost propagator

By following the usual Faddeev-Popov (FP) procedure, we add to the gluonic action the
contribution coming from the FP determinant

- —2a4ZTr[ )0 D uc(w )} , (E.11)
where

—~ 1 ) 1— —i®(Apy)
Dyc=[M(AL)) Ve —igo[Au, M(A,) = (M) , (E.12)

and ®(A,,) is a matrix in the adjoint representation of the algebra of SU(N.) whose matrix
elements are [®(4,)]% = iagy f“bcAz. The ghost propagator then reads

o B " ip(z—y . dab
((2)(y))e = /p6 A e, Bolp) = De(p)

Notice that the ghost and anti-ghost fields satisfy the same boundary conditions of the

(E.13)

gauge field.

E.3 Fermion propagator

The free-fermion propagator for a single flavour is given by

((@)(y))eo = S(p) ™", (E.14)
ps’g

where o )

— 1Y Pp + Mo(D
S(p) = , E.15
(®) Dr(p) ( )

and
a 3 1
Zpu +mg(p mo(p) = mo + 5 ]53 , Pu = ; sin(ap,).  (E.16)
pn=0

E.4 Gluonic interaction
The perturbative expansion of the Wilson action (C.2) can be written as
§9 =590 4 goSH + g5 + O(gd). (E.17)

SG’O

where is the tree-level gluonic action, while the contributions from the three- and the

four-gluon vertices are

1 _
SO = Lae [ B+ QAYRALDAS@) (E18)
ke;pe;ae
— k —_— —_—
: [5>\V(q — Py <2> + 0un(k = q)v cu (g) + 6w (p — k)rcy <g>] ;
_]_ _
562 = 3(k + q + 1 + 5) A% (k) AL () AS (r) A%(s)
24 Jreiagiresse
[asost (k, g, 8) + Vivsh (ky g, 8)] (E.19)
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with

X abe q—S k—r a4
MS/\c/l)(k_ q,T, 3) fabefcde{5uA5Vp |:Cu( 9 > Cu< 9 ) 12kl/q;,LTVS,U,:|
q—r k—s at~ a? R q
—8p00 [Cu < 5 >C,, < 5 ) — mquMTMSV] +6[6y>\6,,p(3 —r)ukucy (§> (E.20)

—

. k —_— s —_— r
_5u/\5up(5 - T)V‘Iucv (2) + 5uV5up(q - k)/\TpCA <§) - 5uv5u/\(q - k)pS/\Cp (5) ]

2 _ —
+%6W5M,\5up Z(q —k)o(s — T)U}+(b<—>c, v dqor)+(bedvep,qgors),

4

2
=2 { N (5ab50d +0ac0ba+ 5ad(SbC) + (dabedcde +dacedpge + dadedbce)} :

bed

.{%%%Z koGoTobe = 0uuSunkpdo o — 0w Oupkadnsaty — 0un0upkyin s, d,

[oa

8Ol Bk + 8w OrpkaGNT 8 + 0unOupkn Ty Gudy + 5@5”1%”3”4#@} . (BE.21)

cu(p) = cos(apy) and

5(p) = (2m)%6™ —a4z e (E.22)

The Jacobian from the Haar integration measure due to the change of variables (E.1) can

be recast in the form of an extra contribution to the action which reads

N _
SM = g2sM2 1 O(gs),  SM?= 1.3 DabOyu S(k+q) AL(k)AY(p).  (E.23)

ke3ae
E.5 Ghost-gluon interaction
The expansion of the FP action (E.11) reads
SFP _ SFP,O +905FP,1 +g(2]8FP,2 + O(gg) (E24)
where S¥P0 is the tree-level term, while
SEPY — if / 5(p+q — k) (p) AL (g)c () {I%Mcu (5) ] , (E.25)
keipe;qe
a2
SFRZ = ,ul/ 2% (fabefdce + facefdbe)
x / Sk +q+1— )2 (r) AL () AS(K)A(s) 78, . (E.26)
keiaeire;se

E.6 Quark-gluon interaction

By inserting eq. (E.1) into eq. (C.4) and by expanding in gg, the fermionic action reads

SF — SF,O +gOSF1 +g()SF2 +goSSW1+g2SSW2+O( ) (E27)
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where S0 is the tree-level contribution, while

sM=- [ s-a- 0T

u £5D€,057¢,0

. [7 o (P37) + 5 Tl (B9
S-S [ S—a- A A
x [CM <p2+5> — (P )| 6(5), (E.29)
and
s =i [ 00D o) e ()] @©

The S°W2 has two quark and two gluonic lines, but it does not contribute to the quantities

we are interested in this paper due to its color structure.

F The free energy density

In this appendix we report the coefficients of the 1-loop perturbative expansion of the free-
energy density defined in egs. (5.1)—(5.3). The gluonic and fermionic tree-level values are

GO _ / In {QQDG(p)}’ FPO) Z g / In [aQDF(p)], (F.1)
PE p&@

and the derivative of the fermionic contribution with respect to the bare mass is

8fF(0)
8m0

_ _4p®) (F.2)

where F(®) is defined in appendix J. The 1-loop contributions result from connected
diagrams with no external legs. The gluonic ones are

SG,l 2 SFP,l 2 1 1
<SG’72+SFP,2+SM,2_( ) —;( ) >c0n = (ch—l) [chG(l’Nc)+NfG(1’l\%c):| ) (Fg)

from which we have

1 2 1 1 1
fG(lvNC) = {(B(O))2 — 5 Z [B(O) - B((,S)} + §a2K1 + ﬂa4K2 - MB(O)} ’ (F4)
e _ 1 T [B(m a B(3)}2 L b (F.5)
2 a S8at |’
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where

5(p+q+k) ZQ

K = / z. (F.6)
Peideik G( ) ( )DG(k) R
S(p+q+k) 32 62 2
KQ = / P ]{7 (F7)
peigeske DG (P)Da(9)Da(k) =7 T B
The fermionic contribution is
(SF’1)2
<SF’2 I )eon = (N(:2 - 1)foF(1’Nf) ) (F.8)
where
1 o(p—q—k)
fF(l’Nf) = B(O) —alamg + 4 F(g) / (Fg)
el ) tepe ohe o D6(@)Dr(p) Dr(k)
X [amo(k) Z ToDo + amo(p Z koTo —mo(k Z co(r) + Zpg s (co(r) —3) |,
and r =p+ k.
F.1 O(a)-improved action
The insertion of the improvement term modifies only f¥(Nr) so that
fF(LNf) — fF(l,Nf) _{_]:Fl +]:F2 (FIO)
where
(=S WASELYy o = (N2 — 1)Np FF1 (F.11)
1
(2 (55 = (N2~ N, FF2. (k.12
The expressions of F¥'' and F¥?2 in terms of the integrals defined in appendix J are
S(p—q—k) _
]_-F1:_GCSW/ {a Dp + kp)Go (Dokp — koDp)
2 Jagwe ok “D(;(q)DFp Z[ ’ p]
- {qg [mo(k)Bs — mo(p)ks] 3 [eo(p) + cp(k)] }} . (F.13)
o p#o
and
’c o(p—gq—F)
Fr= o [ matoma() {22 (34 L eoto)] }
8 q§§pg,e§k5,9 DG( ) ( ) ( ) ; pz;é;r g
+QZkUQUprp< +ZC)\ ) _Z%Uﬁofﬁ <1_2CU(Q)+ZC)\((])> } . (F'14)
op AFEp op AFp

As an explicit check of the whole computation, we compared the derivative of the
free-energy density with respect to 6, to the expectation value of the p-component of the
conserved vector current (3.19), e.g. for u = 0 this corresponds to verify the lattice analog of
eq. (2.12). The required 1-loop computation of the expectation value of the vector current
is reported in the following appendix.
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G Expectation value of the vector current

By expanding the conserved current in eq. (3.19) to order g3

Ve =V + g0V + g3V + 0(gf), (G.1)
its expectation value at one loop can be written as
(Vey =V + g2 viv. (G.2)
The tree-level value is given by (no summation over )
VO = (V) = i NNy { F®) + aF P} (G.3)
and its derivative with respect to the bare mass is
oy +3 aFy
= 4i N.N 2 —2(F9 1 aF() 5. G.4
Imyg ! f (am0+4) ( pe A > (G-4)
The 1-loop contribution is
VI = i(N2 = N {VE+VE+ Vi (G.5)
where
(V®)eon = i(N2 = 1)N4 VL, (G.6)
(VD (=8 eon = i(NZ — 1)NfV2 (G.7)
1 .
(VO [Q(SFJ)? - 5“] Yeon = H(NZ = 1)NfV3. (G8)
The expressions of V V2 and V3 in terms of the integrals defined in appendix J are
V;IL — *azB(O){F;ﬁ) + aFf)} ’ (G.9)
S(p—q—k)
V2 = —2a/
K qgmg,e;kg,e DG(Q)DF(p)DF(k)
s {aiu [mo(K)mo(p) = Eubu] + () [mo(p)k + mo(k)p] } (G-10)

and

V=B >{ 2P £ 243 FO) +aQZF(4 2(amo +4) [aF< ) +a?F(7 >] }

S(p—q—k) _
—9 . Do(a) D2 (W) D (o ){Qk#[cu(k)+amo(/~c)]{mo(p)mo(k:);cg(r)

—aZ{ﬂ,[mO )Po +mo(p :|}+Z{pa 0[ —co(r )}}} (G.11)

” )

+Dp(k) {amo(p)@%(k) + (k) [eu(r) — 3] —ak, [ an —a ToPs

where we have defined r = p + k.
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G.1 O(a)-improved action

The Sheikholeslami-Wohlert terms leads to 3 additional terms to the 1-loop coefficient

VD — VO iV = DNV 4 V4 Ve (G.12)
where
(VO GSWIGRL) | = i(N2 — 1)N;Vp, (G.13)
(0) (S5 1)2 a2 5
<VM 9 >Con = Z(Nc 1)vaﬂ’ (G14)
(VI (=S51)) con = i(NZ = 1)NfVE. (G.15)

The expressions of V;f, ij, and ij in terms of the integrals defined in appendix J are

Vﬁ = acsw/ oy = (é — k) {2]6” [Cu(k‘) + amo(kz)}
x { >~ {ao(Fobp —poy) by + )}
+ Z {_a [mo(k)ps — mo(p)ks] Z [cp(p) + cp(k)] }}

o pF#o

+ Di(k) {cmﬁ) {a(ﬁu 1) oo 4 0 mol) 3 () + ) (Gu10)
o oFp

—a) Po(Po+ ko) ]}—ak Z[QJPUZ )+cp(k‘))}},
7 o
5= s, B R (2 ) )]
X{2Zq32pk 1+ cy(q) +2Zkaqanppp< (Q)+ZCA(Q)>
= oy
[t im0 Eo)]
v m(k){c#(k){m > 212000+ f;cp@)] -2, % e
X (2—%(‘])4—/;0,,@))}}—@7710 p)k Z{ (3—1—#20% )}}}
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and

’ é(p—q—k) B
VG_CLCSW/ oo+ .
g 2 U De gike o D¢ (q)Dr(p)Dr(k) [ i “} ( )

x [mo(k) > fotls = mo(p) Y kaqa} — |eul®) + cuh)| Y |@o Bk — )| } .

oFN oFu o
H Expectation values of sextet components of T},

In this appendix we report the coefficients of the 1-loop perturbative expansion of the
expectation values of the sextet components of the energy-momentum tensor defined in
egs. (5.4)—(5.6). By expanding the field strength F),, to order g3

Fi (x) = i () + goFiii (2) + g3 Fi?) () + O(g5) (H.1)

the tree-level value of the gluonic part is given by

TEO0 - L5, Y (FOR0) -0, Y BB, (1)
¢ aFtpy aF v

The 1-loop contributions to the gluonic component are

TEOHLNS = (1 — 5#1/){77551 + TS+ 7;(53} : (H.3)
G{6}(1,5%)

T = (0= ) { TS TS (H4)

TGN _ (1 5 {7736 I TMGJ} 7 (H.5)

where

Z ([FS&O)F%YZ) +FE£2)FSO(CO) +FS((11)F3C(V1)} >C0n — (NCQ _ 1) (Nc 7:5/1 + 17'6‘4) 7

nv
aFp,v NC

Z <[F;%¢O)F5(S1) +FE£¥1)F3&0)] (_SGJ))con = (N02 - 1)Nc7:1€2,

aFp,v

G112 FP1\2
a(0) pa(0)1{ (ST )+ (ST G2 oFP2  qM2 a2 gz, 1 —as

; ([Fo Fo q( ' — SO gITR M) = (N2 1) NTE 4 5T ).
aFE v

Z <[F§éO)F30(£O)} (_SF72)>con = (NC2 - 1)Nf 7;(1;/6»

aFp,v

0 0 (851)? 2 G7

Z <[F5(S)Ff(g )}T%on:(]vc *1)Nf7;w . (HG)
aFp,v
The expressions of 7;%1, e ,’7;57 in terms of the integrals defined in appendix J are

2
TG =% % {2 [3,33439_333) -2 0| B2, ~aB{ B + BYBO + BY)
aFu,v

" [Q[B“” +BI[BO + BY-3BW B —4[BY) + BE) + B{) —2B2), 1B,
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1
+8B2), BE), +[B©+B® +2B1) B —4 [2B< )+ B + B} >+ ; L g0 >] B® H (H.7)

1 S(p+q+k) IR U
TS =< / a*PuPudo |2Ga — ko — Pa
"2 Jpggeke Pa(p)Da(a)Da (k) a;,j " [ }

— a*Puy (%a —ﬁa) (l_fa —%) - %(1+ca(p))(1+ca(k)) [ﬁu(p—Q)quﬁy(p—q)u]

+5W[a quuPa(Q pa) (1+Cu(P))(1+Cu(k))pa(p—ql)a}}a (H.8)

5 1
G3 _ 2 5(2 1 L
U Z éB( )( Bfw)a 3B,t(w)a) @Bfw)a
aFp,v
1 i
B (Bt ~6B0) 5 3 BB
1 S(p+aq+k) ) o
2 o o
+8/p§,q§k Da(p)2De(q) D (k) a%:y [8 a G(p)} Dub [q k}

~ Db |G R [0 = Fo | = B |G = | [da = | + 52| 00— B [ 00— o ]

~ 25,7, [p (G-a2) (B-F2) - (1+ca®) (14cal0) Z(ﬁ)i]

> BO(2B® _3p)

6 aopl aap

+26,,5% (1+u(p) ) (1+cu(0)) Z(ﬁ:)i} + b

aFp

1 1 1
+ 4(12 Bfgélczﬂ + iBﬁ(tg) (B(EVOZML - 6Bc(x02u) + 5 Z ng)B@W 5 (Hg)
1
G4 __ 2 0 3 3 3 2 2
TG =g ¥ {23< )~ 2B+ BY| - B >}[nga+auyggcgu] (H.10)
aFp,y
1 1
5__ 2 (2 3 0 1 3) 5)
W——Qagy{ B350 - B+ (5 -85 )B. 23 BB,

1
+ 3 |:a2Bg202“(2B(0)_B£3))+(a2—SB(O> aau+QZB aaw]}, (H.11)

795 =24 Y {(aFy)—Fﬁ))BgaMW (aF - F<3>)Bg{_3#} (H.12)
QF L,V
=2 ( waa hLBau—h&13ua+h&1§uu), (H.13)
QF L,V

— 38 —



where

h(l) :1/ g(p—q—k)_p_g
poky 4 qg;pg,e;kg,e DG(Q)QDF(p)DF k)

x {a2 B+ K| [P+ R | [mo(p)mo(k) - Zpaka]
+ [eu(p) + cu (k)] [enp)
+afeu(p) + . (8)] [

+afeu(®) + culh)] |5

+ ¢ (k)| Ry + Bk |

— O [cu(p) + Cu(k)} ? [mo(p)mo(k) + Zpgka] } i (H.14)

By expanding the fermion part of the energy-momentum tensor in eq. (3.4) to order g3
T () = T (x) + go T () + g3 TP () + O(g3) , (H.15)
. F {6} .
the tree-level value of the expectation value of T;,,"" is

1
Tl = S = B (TE) = —A(1 = 8 FY. (H.16)

and its derivative with respect to the bare mass is

8T€,{6}(0)
STO =8(1 — ) E) . (H.17)
The 1-loop fermion contribution is
Tl = (= ) { TR 4 TR T (H.18)
where
<T£/(2)>con = (Nc2 - 1)Nf 7;51 ) (H.19)
<T£/(1)(_SF71)>con = (NZ —1)Ny EFV27 (H.20)
Foy [ (851 F2 2 F3
<TW( ><2 - st >> = (N2 —1)N;T,52. (H.21)
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The expressions of T.EL TF2 and TF 3 in terms of integrals defined in appendix J are

wy o Ty o
Th' = a*BOF), (H.22)
1 o(p—q—Fk) _ . _

7;1;:2 =3 /qg i Do@)Dr(p) Dr(h) {arl, [mo(p)k# + mo(k)pu} (H.23)
+ aty [mo(p)ky + mo(k)B | + [2++ cu(r) + e (1)] [Ruy + B
— 26,0 [1+ cu(0) [mo(k?)mo D3 ko] }

F3 _ ) [oa(am ©0) (1) _ S(p—q—k)
" { [2a(amo + 4)BOE} +/ s, Do) DERIDEG) (H.24)

. {Am [mo(P) [mouc) ICCEDY o]
~oma(k) S ot + 38 - %(r)]paka]
+ Dr (k) [amo@) (P + B ) + Bk (eu(r) = 8) + Bk (0 () - 3)] }} ,
where 1 = p 4 k.

H.1 O(a)-improved action

The 1-loop gluonic contribution to the off-diagonal components of the energy-momentum

due to the improvement term is

7:5{6}(1ny) N ﬁ?,{G}(l’Nf) +(1- 5W){7—/ﬁ8 4 Tﬁg} ’ (H.25)
where
> A[FOFRO (S5 ) eon = (NZ = )NF T8, (H.26)
atu,w
> ([F >F“(0>](Sszv’l)z)mn = (N2 -1)N; 7,57 (H.27)
aFpy

The expressions of 7;(58 and ’7;(,;/9 in terms of the integrals defined in appendix J are

7;;,?/8 = —QCsw Z (h;(fu)aoc h/(fo)zau - h‘((D?V)MOé + h((fo)cuV) ) (H28)
a#u,
7;59 - = SW Z ( proo uczow - hgxgu)ua + hg)cz”y) ) (H29)
aFpy
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where

2 _1 0(p —q — k)dpdo .
hﬂUuu U / N DG(Q)2DF(}?)Z;F<I§) {{ (1 + V(Q)> (HBO)

UeiPe g3k

x [a(pu ) (m > aoko <k, anp(f) (cn®) + culh)) au (mo(p)F mo(k)pu)}
+ (16 V)} + 26 (14 ¢4(@)) (culp) + culk)) [mo(k) > oo —mo(p) Y qak(,} } ,

and

L 3(p — q — k)Gl
h(3),,:/ P 1+c 1+c(q , , (H.31
o 2 UeiPg g3k o Da(q )2DF(P)DF(1<:)( “(Q))( ) quq Zp )

+ (o + b D25 = malk)mo(p)ad ~ (ud + ko) > b - (my + Py

qugk: +5W[<m0 kapp)2q0+2<2qg U)(zp:q,,p,,)”.

The contribution due to the improvement term to the fermionic part of the energy-

momentum tensor is made up of 3 terms

7;1}‘;{6}(17]\[/.) N 7;1FV{6}(17Nf) + (1 . 5uu){7:f;4 + 7/'5;5 + 7;1,Fu6} ’ (H32)
where
(THO(SSWIGEL)) ) = (N2 —1)Np TE? (H.33)
F(0) (SSW’1)2 2 F5
<Tul/ T)con = (Nc - 1) 7;1/ ’ (H34)
(T (=9°"Wh) = (N2 = )Ny T5° (H.35)
The expressions of 7;54,7255, and ’TF 6 in terms of integrals defined in appendix J are
—q—k) - _ _
T€4:—2acsw/ p—a— {a Do+ k) @ (Boko — Poky)
I qgv%e*ge ( )D%(k) ( ) %;(( P P) p P)

+qu<mo b —mo(p U)( p)+c,(k >]+szl(k){ky {a(pﬂ—i-ku) Zﬁaqg
P#Cf o
a3 (54K Y0010 Y (calb) 4o ()] +(u<—>V)}} S )

F5 _ 2.2 d(p—q—Fk) 1 5k —me(k)m
71111 - sw/q N DG(Q) (k)DF(p){kukV{2 [Zpoka O(k) O(p):|

¢Pe0 .0




XYk (1+e0) b2 S 2 (1 200+ E e

o Ao
—qu[ZPa%(Q_CM(q)"‘ZC/\(q))” —l—(,u<—>u)}}, (H.37)
o P
and
R T R —

[

#0060 ) = 280 (000) + 00(80) 3 [ar o) — ()] } - (1.39)

I Expectation values of triplet component of T},,

Here we report the coefficients of the 1-loop perturbative expansion of the expectation
values of the triplet components of the energy-momentum tensor defined in eqs. (5.4)—
(5.6). The tree-level value of the gluonic part is given by (no summation over repeated
indices in this appendix unless explicitly indicated)

aF v

The 1-loop contributions to the gluonic component are

7;5/{3}(1,1\%) — {7:511 + 7;6;2 + 7;3;3} _ (,u _ I/), (1‘2)
G{3}(1, =
TN = (TG TS () (13)
3H,N
The tree-level expectation value of T:;}{?’} is
7212{3}(0) — —4(F/S?} — FO)y, (L5)
and its derivative with respect to the bare mass is
67:5/{3}(0)
v —g(FW — )y I
b —8(Ff) - FY) (16)
The 1-loop fermion contribution is
F{3}(1,Ny)
IO LR TR T (s ). (L7)

I.1 O(a) improvement

The 1-loop contributions to the gluonic and fermionic parts due to the improvement are

TEEND L pCENy) {Tﬁs +TE (s _H,)} (L8)
and
TEBOND BNy | {7;54 CTES LTS (s _W)} (L9)
respectively.
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J Integrals

In this appendix we report the definitions of the tree-level integrals which appear in the
appendices F, G, H, and I. The functions c,(p), s.(p), Da(p), Dr(p) and fp are given
£,0

in appendix E. Repeated indices are not summed over.

Fermionic integrals Bosonic integrals
DD 1
FO = [ Lubv J.1 BO = J.10
W= ), Del) U . Dalr) 10
_ 5o 2P
F@:/ m0(p)Puby (1.2) B _ [ PuPrcal3) 311
" e, D) e S D) (J.11)
F;SQ) — F;E?) (J.3) RO _ Pubve(5) (1.12)
) _ / mo(p)cu(p) (7.4) g v, Dalp)
F(4) :/ ﬁllcl/(p) (J5) . pg DG(p)
H Peg DF(p) B(4) _ / puﬁu (J14)
F(5) _ mO(p)ﬁH (J 6) : D¢ DG(p)
e Dr(p) ' D
Pe g BG) p,upzzca(g)ca(p) (J 15)
mo(p)Pucy(p) e DZ(p) '
F% = / ot (J.7) Pe ¢
e, D) RO _ / cu(p)cu (p) (7.16)
P m§(p)pu (1.8) a e Dclp)
[ D2 :
Pe.o F(p)
F®) :/ mo(p) 79
pe, DF(D) (19)
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