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1 Introduction

Supergravity interpretation of integrable deformations of string theory o-models has seen
rapid progress in the recent years. Yang-Baxter deformations [1-3], n-deformed [4, 5] and -
deformed [6, 7] o-models may all be represented by combinations of T-dualities [8, 9], as well
as their non-abelian [10-12] and Poisson-Lie [13] extensions. An element of the T-duality
group O(d,d), acting on a supergravity background, can be conveniently represented by
the so-called B-shift, parametrised by a bi-vector § [14, 15]. Basic building blocks of
integrable deformations in the supergravity language, the Lunin-Maldacena (TsT) [16, 17]
transformations, correspond to constant /3 [18]. General Yang-Baxter deformations result
from using an r-matrix solution to the classical Yang-Baxter equation as a deformation
bi-vector. The transformation of the NSNS supergravity background fields (g,b) — (G, B)
is given by the Seiberg-Witten open/closed string map [19], with § playing the role of
an anticommutativity parameter [20, 21]. Extended to the case of backgrounds with the
b-field, this map takes the form:

G+B=(g+b)(1+8g+b) " (1.1)

Here 8 = %r“ﬂ ko N kg is the deformation bi-vector written in terms of a constant antisym-
metric r-matrix and the Killing vectors of the initial background, which obey the isometry



algebra [ko, kg] = fog"ky. Assuming that r? satisfies the classical Yang-Baxter equation,
T"[“/rw"sfa,ge] =0, (1.2)

is sufficient for the deformed fields G, B to be a supergravity solution [22, 23]. This allows
to view the map (1.1) as a supergravity solution generating method, valid for generic
spacetimes with isometries [24, 25].

The reason that the classical Yang-Baxter equation (1.2) is instrumental in the d = 10
deformation prescription is ultimately that the two-dimensional string worldsheet theory
exists behind the scenes of the supergravity approximation. Similarly, it is natural to expect
that some fundamental properties of M-theory could be manifested by finding a consistent
extension of the Yang-Baxter deformations to the d = 11 supergravity. In the absence of
an M-theory version of the o-model deformation narrative, we propose that supergravity
symmetries can be employed to build such a generalisation.

Supergravity formulations that are natural to look at in this context are the Double [26]
and Exceptional [27] Field Theories (DFT and ExFT, respectively). Specifically designed
to render supergravities in various dimensions covariant under T- and U-duality groups
at the expense of extending the spacetime dimension, they are useful in describing Yang-
Baxter deformations [15, 28-31] and Poisson-Lie T-duality [14, 32-37]. The proof of [23]
that (1.1), (1.2) is a supergravity symmetry relied upon the DFT techniques, in particular
the [B-supergravity formalism [38—40]. In this approach the map (1.1) is viewed as an
expression of the intrinsic freedom of frame choice in DFT, which admits a straightforward
extension into the ExFT realm, and hence to d = 11 supergravity. The deformation bi-
vector 8 becomes a dynamical field, and it can be shown that the CYBE (1.2) is sufficient
to put 8 on-shell.

In [41] a tri-vector deformation prescription for d = 11 supergravity was proposed,
based on the freedom of frame choice in the SL(5) ExFT [42]. The NSNS 2-form b and the
deformation bi-vector 8 are replaced by rank 3 tensors C and 2, with a Killing tri-vector

ansatz for the latter,
1

Bk Akg Ak, (1.3)

and a slightly more involved deformation prescription (3.16) instead of the open/closed
map. When the Killing vectors form a U(1)% subgroup, this prescription reproduces an
uplift of TsT to d = 11 [43, 44]. For a single commuting 0, the tri-vector can be written
as 2 = 0. A B, and non-abelian YB deformations with respect to 8 can be recovered
after the dimensional reduction. Whether any intrinsically 11-dimensional deformations
exist has been left an open question because of a technical restriction imposed by the
formalism. Namely, the simplified SL(5) ExFT setup of [41] required that there be no flux
of the 3-form C' inside the 4-dimensional submanifold, where the deformation acts. Thus,
the consideration was essentially restricted to the flat space or a sphere and it was hard to
come up with an isometry algebra nontrivial enough to provide a completely non-abelian €.

It is one of the aims of the present paper to overcome these restrictions. We adopt
the approach similar to that of [23], only now instead of the S-supergravity field equations
one has to deal with the dynamical equations of a certain truncation of the SL(5) ExFT.



This theory is designed to describe the mechanics of U-duality within the 4-dimensional
submanifold in a 4 4+ 7 split. Thus, it can become a natural tool in studying tri-vector
deformations of AdS,; within the Freund-Rubin solution. Conformal algebra of AdS, is
nontrivial enough to harbour non-abelian tri-vectors, so that the resulting deformations of
AdS, x ST cannot be interpreted as mere uplifts of d = 10 Yang-Baxter deformations in
any obvious manner.

Using the generators of momentum FP,, angular momentum M,,, and dilatation D,
we study the deformations corresponding to & ~ PAPA M and DA P A P. Such Q
cannot be represented in the form Q = 9, A 8 such that 0, commutes with the generators
of 8. More importantly, one shows that the 11-dimensional analogue of the I vector of
generalised supergravity is non-zero for these backgrounds. Hence, although these two
deformed backgrounds are solutions of the conventional d = 11 supergravity, one might
expect them to connect to solutions of d = 10 generalised supergravity upon reduction.
This might be a hint of non-existence of an analogue to generalised supergravity in d = 11.

The paper is structured as follows. After briefly introducing the SL(5) exceptional field
theory in the section 2, we derive explicit relations between the fields of d = 11 supergravity
in the 4 + 7 split and the ExF'T. In the section 3 we truncate the theory to backgrounds
of the form My, = My x M7 with the metric on M7 that does not depend on coordinates
of My. We define the deformation map for background with the 3-form flux on M, and
provide equations of motion that the deformed background must satisfy. In the section 4
we apply this formalism to the AdSs x S7 background and present the deformed solutions.
We discuss the results in the section 5, and comment on the tentative d = 11 generalisation
of the CYBE that has yet to be determined.

2 Exceptional field theory: SL(5) group

The SL(5) exceptional field theory describes supergravity dynamics, while being explicitly
covariant under the transformations of the SL(5) U-duality group. The theory is formulated
in terms of the fields

h/u/» AuMNa B,uuMa MMN, (21)

that depend on 7 coordinates y* parametrising the so-called ‘external’ space and 10 coordi-
nates XM~ paramterising the so-called ‘internal’ space (M, N = 1,...,5 are fundamental
SL(5) indices and XM is antisymmetric. We refer to the appendix A for our index con-
ventions). hy, is the external space metric, while mpsy, collection of scalars from the d = 7
theory viewpoint, forms what is called the ExF'T generalised metric. The internal space is
endowed with the structure of extended geometry [45, 46] with SL(5) as the group of local
coordinate transformations. Under these a generalised vector VM of weight A transforms
as defined by the following generalised Lie derivative

1 1
oAV = SATQOpQV M — L(TY W) pdic ATV + NopATVH, (2.2)

where TM y represent the generators of SL(5). Algebra of such local generalised diffeomor-
phisms closes upon imposing the section constraint

EMNKLPaMN [ ] 8KL. = 0, (23)



where bullets represent any combinations of any fields. In what follows we will always
assume the solution of the section constraint d,,, = 0 that corresponds to d = 11 super-
gravity [47] by removing the dependence on six out of ten extended coordinates (m,n =
1,...,4).

Lagrangian of the SL(5) exceptional field theory reads [47]

R 1 1
671[’ — R[h(7)] T gmMNmKLfMVMK-FHVNL + ZShWDMmMNDVmMN + eilﬁsc
L
3-(16)2

(2.4)

MN —1
+ m N FupmFMP N 4 €77 Liop,

where e = (det hw,)% and the scalar part part is given by

1 1
e—lﬁsc =+ (8 3MN77”LPQ 3KLmPQ mMK,,NL + 5 3MNmPQ aKLmMP mNKmLQ

1
+3 Onenm™N O pmME 1 ZmME 9y N E (W O ph)

~— N | =

1
+ meKmNL(h“”aMNhW

1
3 (hp"aKthU) + gmMKmNLaMNhMVaKLhuV

(2.5)
Here and further in the text the upper sign corresponds to the case where the external d = 7
space has Lorentzian signature, while the lower corresponds to the Euclidean signature.
When the time direction falls into the internal space of ExFT (lower sign), we are dealing
with timelike U-dualities [48, 49]. The ExFT formalism relevant for this case has been
developed in [50]. Irrespective of the signature choice, the U-duality group is SL(5); it is
the local duality group that accommodates for the difference.
Splitting the fundamental SL(5) index as M =1,...,4,5 = (m,5), components of the
generalised metric can be parametrised as

h% h_%hmn -V VN h—rlo h%(hmn + van) Lym
mynN = ;  m =
~V,  +hi(1£V,VF) LV, thT2
(2.6)

with V™ = %z—:m”lenkl and h = det hy,,,. The variables h,,,, and C,,,,; will be later related
to the components of the ordinary metric and the 3-form on the d = 4 subspace. Under
generalised Lie derivatives the metric transforms as

1
Laxkrmpyn = §AKL8KLmMN + (O A Ympn + (O AP Ymarg 21
2.7
2
— g(aKLAKL)mMN,

that is as a generalised tensor of weight A[mn] = 0.

In order to obtain an explicit relationship between the 11-dimensional fields and those
of the full SL(5) exceptional field theory one must perform the Kaluza-Klein decomposition
under the 7 + 4 split, and then rearrange the resulting fields into combinations covariant
under the generalised Lie derivative of the SL(5) theory. Proceeding along these lines, we



closely follow the Fg discussion of [51] with minor changes relevant for the SL(5) group.
One starts with the fields h,, and h,,, which are related to the full d = 11 metric by the
usual Kaluza-Klein ansatz for the vielbein £ (f,a =1,...11):
1 = _
. h=ih,* A" hy,™
Byt = S (2.8)
0 b ™

Here h,” is the 7-dimensional vielbein defined as hu, = hu"h"ngs, hp™ is the 4-

dimensional vielbein defined as Ay, = hpy™hy"nma and h = det hyy,,. Note the factor

h=1 that is needed to end up with the correct Einstein-Hilbert action in 7 dimensions.
An important point is that the external metric is not a scalar under the generalised

Lie derivative, since it transforms under its four-dimensional part A™ as
2
nhuy = A" O by + 5 OmA™ hyy. (2.9)

Thus, h,, is a weighted scalar of weight A[h,,] = % This is crucial for defining the
procedure of deformation in analogy with the d = 10 case as in [23, 52], namely as a rotation
of the generalised metric by a specific matrix taking values in the duality group (SL(5) in
our case). In order to perform this in a consistent manner, we rescale the generalised
metric so as to absorb the degrees of freedom contained in det h,,. As explained below,
this makes a connection between the full exceptional field theory defined above and its
truncated version described in [53].

Similarly, one can apply the general prescription of the Kaluza-Klein reduction to the
d = 11 3-form to obtain the following tower of p-forms:

Amnk = Crnk,
Apn = Cumn — Ay Crmnn,s
Apwm = Crwm — 241" Colnn + A" AF Crrnis,
Apvp = Crvp — 3AL™ Copim + 3AL™ A" Copnn — A A A Cr.

(2.10)

Note that in contrast to [51] we are using the conventions where the 3-form kinetic La-
grangian has the prefactor —1/48,
1 o
L3 torm = =35 B PP Fiogo (211)

This, together with the action for the Kaluza-Klein vector A,™ following from the eleven-
dimensional Einstein-Hilbert action produces kinetic terms for all p-forms in the theory.

The ExFT generalised metric mysn contains the scalar degrees of freedom, which are
encoded in the metric h,,, and the gauge field C),,r. The corresponding terms in the
d =11 action read

1
Ls. = LRy — @eh_%hmph"qhkrhlsanlepqm, (2.12)
where Lrp denotes the Lagrangian

1
hse ' Len(h, e) = Rl + 2" (Db Dby + W Dol 177 Do), (2.13)



and we define the following combinations covariant under the internal diffeomorphisms
1
Dmh,uzz — 8mh,u1/ - g(hklamhkl)h,uu- (2'14)

Substituting the explicit form of the generalised metric (2.6) it is straightforward to check
that the above can be written in an SL(5) covariant form as (2.5). Note how the above
expression differs from that of [42] in the part that includes only mj;n and its derivatives.
The reason is that the above reproduces the action with a prefactor of hfé, which follows
from the proper Kaluza-Klein ansatz, rather than the action \/E(R[h(4)] — 1/48F?) as one
would expect in a truncated theory. More details on that in the following section.

Although by using the dualisation procedure it is possible to provide full identification
between the 11-dimensional action and the SL(5) covariant action, for the purposes of the
present paper we are not interested in topological terms of the SL(5) theory. Moreover, in
the next section we will truncate the theory to describe only a special class of backgrounds
that are relevant for our discussion.

3 Equations of motion

3.1 Truncation to the extended space

The general procedure for deforming a supergravity background in the ExFT/DFT formal-
ism is based on switching between the geometric and non-geometric frames representation of
the same generalised metric, and interpreting the non-geometric tri/bi-vector as a deforma-
tion parameter rather than a fundamental field [23, 41]. In this approach the deformation
tensor can only include Killing vectors of the ‘internal’ part of the background, using the
terms of exceptional field theory.

In order to simplify the discussion further, we consider only the backgrounds with
the metric in a block-diagonal form, i.e. My; = My X My, where the internal metric Ay,
does not depend on the external coordinates y*. This allows to significantly simplify the
equations of motion by truncating the theory to the purely scalar SL(5) extended geometry,
similar to that of [42, 45], however keeping track of the external space geometry. Taking
this into account, the equations of motion following from the full SL(5) exceptional field
theory are truncated to the case when

hyw = s (9", 2™), myn = mun(z™), 5.1)
AMN =, Buym =0.
Moreover, given the structure of the theory, the second line above can be applied already
at the Lagrangian level. This simplifies the exceptional field theory setup, leaving us with
only the d = 7 Einstein-Hilbert term and the scalar potential for the generalised metric in
the action

1 1
e_lﬁ = R[h(7)] - (8 8MN77”LPQ aKLmPQ mMKmNL + §mMK8MNmNL(h“V0KLhM,,)

1 1
+ 5 (9MN7TLLN 8KLmMK + 5 aMNme 5KLmMP mNEm e (3.2)

1 1
+ gmMKmNL(h””é)MNhW)(hp"aKtho) -+ SmMKmNLﬁMNh“’@KLhW),



where R[h(7)] is the Ricci curvature scalar of the metric h,,. It is important to note, that
such a truncation is background dependent, based on the specific ansatz (3.1), and does
not provide a full consistent truncation of the theory. However, taking a specific initial
solution of the form (3.1), one is guaranteed to end up with a valid d = 11 solution when
making a tri-vector deformation, as long as the chosen Killing vectors do not introduce any
dependence on the external coordinates y*. Note that although we truncate the Lagrangian,
the structure of the couplings is such that the truncation at the level of equations of motion
would be equivalent.

In what follows we will be interested in the case where a deformation results in rescaling
of the 7-dimensional part of the metric by a single z"-dependent factor. The d = 7 metric
before the deformation will be restricted to the form h, (y*,2™) = e*2¢(xm)h%ﬁ#y(y”),
which allows to hide the 2™ dependence ¢(x™) inside a properly rescaled generalised metric.
To achieve this, define the rescaling as follows

by = € 2 h5hy,,

1 (3.3)
muN = e °hio Myn.
This implies that the Lagrangian £ = eﬁ[hm] + L, can be rewritten as
L=eM* <R[ﬁ(7)] — éMKLMMNaKMMpQ OLNMP9 — %8NKMMN O M=F
+ % MEEMMN gy e M9 0pr Mg + MELMMN 9y p My 0o MT9 (3.4)
— g MELNMN PR NRS G o Myer aNQMRS> ,

where M = det My = €>*h~1/2 and & = (det hy,,,)'/2. For the rescaling (3.3) the d = 11
vielbein can be written in the following nice form

5 €98, A, hy,®
Bt = ( N Mhma , (3.5)

while the generalised metric becomes

1]~ 2 B ~V, |h|2 (RMm £ VMY 4V,

MMN:6¢ 1 ,MMN:€_¢ 1
~Vin  E|R|2(1 £V VF) +V;, +|h|"2
(3.6)
with V™ = %em"klcnkl and h = det hy,y,. Substituting this into (3.4) one gets for the
Lagrangian

_ 1
e hTIL = ORI By + e <R[h(4)] + 420" 0y, pOnp T 2vmvmvnvn) . (37)

Note that when R[h(7)] = 0, the covariant Lagrangian (3.4) reproduces the SL(5)xR*
Lagrangian of [42] up to full derivative terms.



3.2 Deformation map

The rescaled metric My (3.6) can be written in terms of the generalised vielbein, M,y =
EvnapEn?, using

o [lgl™%gm |g|t/ 400 Nap 0
Eyt =ez , NAB = , (3.8)
0 9"/ 0

where g, is a vielbein for the metric g,,, and g = det gmn.-
Representation in terms of the vielbein proves to be the most convenient to define the
deformations through an extension of the DFT [-shift, which we call the Q-shift:

Eu? — 0[N ENT, (3.9)
with the matrix O[] given by
o[ o (3.10)
= 3.10
%emquQW 1

where €,k is the epsilon symbol and Q™% are tensor components of the deformation
tri-vector 2 = %paﬂv ko N kg A ky. The deformation in this form is completely frame
independent and allows to define deformations for backgrounds with fluxes.

Consider the initial background comprised by the internal metric gy, gauge 3-form
field encoded by v = % gmnkle 0 and the 7 x 7 block of the 11-dimensional metric Juv =
e 20(@) Guv(y). The deformation map (3.9) changes the corresponding generalised vielbein
by a factor of O[f2]. The generalised metric acquires some 2 dependence; however, we
are free to interpret the new metric as a standard expression (3.6), only with some new
deformed background fields Gy, V™ and G, = e‘2¢(m)§uy(y) (recall that we restrict
ourselves to such deformations, where the external metric changes only by an x™-dependent
factor). Explicitly this can be written as

¥ . 19172 (gmn £ (1 £ 0?) Wi, Wi — 200, Wy)) =0 £ (1 £ 02)W,
MN =€
—vm £ (1 £ 02)W,, +g|Y2(1 £ v?)
(3.11)
o [1GI72Grnn ~Vin
=e
Vi, +|G|V2(1 £ V?)
where W, = % Emmil QL. The first matrix above is just the result of multiplica-

tion (3.9), while the second matrix already contains the deformed fields. Equality between
these two generalised metrics is what defines the deformation in terms of d = 11 fields
(Gmns Guvs Cmnk) — (Gmn, Guv, Conk). Since the main transformation (3.9) is essentially
a frame change, it is convenient to refer to these two representations of the generalised
metric as the C-frame and the (C' — Q)-frame, depending on which fields appear inside the
generalised metric.



In order to recover the explicit relations for d = 11 fields, we follow the same procedure

as in [41] and start by equating determinants of the generalised metric in both frames (3.11)
to obtain

OP|G7E = g| 72, (3.12)

where G = det Gy, Next, equating the generalised metrics block-by-block one writes

e®|G| 72 Grnn = €197 (gmn + (1 £ X)W Wi — 200 W) (3.13a)
e®Vp, = e? (vmi(l + UQ)Wm>. (3.13b)

Taking determinant of the first line and using the algebraic identity

det (8" £+ (1 £ o)W W™ — 0, W™ = Wyt™) = 14 W, W™ — 2W,0™ + (Wio™)?,

(3.14)

we can define

2

K1 =e 59 = 1 £ W, W™ — 2W,,0™ + (Wipo™) ™. (3.15)

This gives the transformation rule e® = K e? for the field ¢ and hence for the external
metric. Understanding K as a function of the deformation parameter W,,, the equations
in (3.13) express the deformed fields in terms of the original metric g,,, gauge field v™
and the deformation tensor W,,. Altogether, the deformation rules can be summarised as

follows: 1
Guy = K_gg;u/y
2 2
Gmn = K>3 (gmn + (1 to )WmWn - QU(mWn)) ) (316)
1
Cmnk — Kfl (Cmnk + <1 + 3'02> ank> .

Note that the indices of C,,,i are raised by the deformed metric G,,,, while the indices of
Ccmnk are raised by the corresponding initial metric gpy,. It is worth reminding ourselves
that the external G, and the internal G, blocks of the full d = 11 metric are defined by
the following interval

ds? = G (y, 2)dy"dy” + G (z)dz™dz", (3.17)

and the external metric has the form G, (y, z) = e—22(z)

Guv(y) for the initial g, that does
not depend on the internal coordinates.

Observe that while the deformation prescription (3.16) is an extension of the recipe
of [41, 42], it also reproduces the earlier results of [54, 55]. In the latter context (3.16)
is to be viewed as a field redefinition between the open and closed membrane frames in

M-theory.

3.3 Equations of motion

Consider now the dynamical equations that control the deformation tensor W,,, given that
the initial and the deformed backgrounds satisfy the equations of motion of the full d = 11
supergravity, or equivalently of the truncated theory.



For technical reasons we will consider the equations that govern deformations of the
AdS, x S” background in the C-frame, i.e., using the second form of the metric in (3.11).
Hence, equations for the deformation tensor W, are implicit in this case. One starts with
the Lagrangian of the truncated SL(5) ExFT in the C-frame (3.7)

e il = e RIh) +e ™ (R[h(4)] + 421" 0y, PO + ;vmvmvnvn) . (3.18)
Equations of motion for the dynamical fields ¢, hy,,, and V;,, then become

56 ge%’ Rlh(z)] + Rlh)] + 12V Vg B — 42V, Vg K™ + % (VV)? =0,

V™ 0 (VV) =T (VV)Ome =0,

1 _

1 1
-3 Rlh)] + 28 9pdp O WM — TV, V19 B* + 1 (VV)2> =0,

These prove to be much simpler for further calculations than the original equations of
motion of eleven-dimensional supergravity. The external space is always fixed to be the
7-sphere with the metric g, up to a prefactor e~2%. Any supergravity solution of the
form (3.1), before or after the deformation, must also be a solution to these equations.

To derive explicit equations for the deformation tensor in the AdSs x S7 background,
one would have to work in the mixed (C'—)-frame using the generalised metric (3.11) in the
Lagrangian (3.4). This provides formulation of eleven-dimensional supergravity in terms
of both Cpuni and Q™ however, with the restriction that Q™ is non-dynamical and
rather encodes deformations. Given the complicated form of the generalised metric (3.11),
this appears to be a technically involved procedure and we will leave it beyond the scope
of the present paper. Explicit construction of such a formulation for both DFT and ExFT
is an open problem.

4 AdS,; x ST background

As an application of the developed formalism, let us look at the deformations of AdS, x S7
spacetime. We will study the deformations that correspond to 2 ~ PAPAM and DAPAP.
The fields of the initial eleven-dimensional solution may be expressed as
1 3

ds? = st2(Ads4) + R%O,, Fy= S5 Voladss, (4.1)
with a unit metric on the seven-sphere. We consider the AdS part as the ‘internal’ space
for the SL(5) ExFT. Denoting the AdS coordinates as 2™ = (2°, 2!, 22, 2), the metric is
as usual

2
42 (AdS;) = 10 [ (dn%)? + (da')? + (d2?)? + (d2)?] (4.2)
z
The only component of the flux and the corresponding 3-form gauge potential then become
3R3 R3
F = __ =, 4.3
0122 847 €012 323 (4.3)

~10 -



In this work we are interested in the tri-vector deformations of generalised Yang-
Baxter type

1
Q= 0Pk Nkig A Ky, (4.4)

where k, are Killing vectors of the initial background, in our case AdSy x S”. As it has
been mentioned in the previous section, the deformation matrix O[Q2] does not depend on
the frame chosen, which implies that one may use Killing vectors of AdS, in the C-frame."

Hence, we list Killing vectors of the AdS4 space:

P, = 0,, K, = 220, + 224D,

) (4.5)
D = —z™0,,, My = 2,0y — 240q,

where a,b=0,1,2 and m,n =0, 1,2, z, and we define 22 = n,pz™2™ and z, = Ny’

To proceed with explicit examples of deformed AdS, x ST backgrounds systematically,
we consider such combinations of the Killing vectors, that the resulting 2 is polynomial
of order 0,1, etc. in powers of AdS coordinates. Applying the transformation rule (3.16)
we derive the deformed metrics G, Gy and the 3-form €, from their undeformed
initial values gmn, guv, Cmnk and the deformation tensor W, defined by the given choice
of Q™" To check whether a deformation gives a solution of equations of motion of 11-
dimensional supergravity we substitute the deformed background written in terms of the
fields ®, Gy, V™ into the equations of motion (3.19) of the truncated ExFT. Since the S”
part only receives a correction encoded in the prefactor e~2?, using the truncated equation
proves technically much simpler than the full d = 11 theory.

4.1 PAPAP

Start with the tri-vector as a polynomial of order 0 in coordinates, which corresponds to
the trivial abelian P A P A P deformation defined as
1
Q= Pk Nkg A ky =41 Py APy A Py (4.6)
The deformation tensor and the prefactor K then become
R! R\ !
W=-Ta: K=(147—) . (4.7)
4 24 23

Following the prescribed procedure one finds for the deformed background

, R Rr? - 042 1,2 22
ds =12 <1—|—7723> [—(dz")? + (da")* + (dz*)?]
2 R? % 1 2 2 (4 8)
3 3\ 2
F:—%R—Al <1+T]R3> dz® A dxt A da® A dz,
z z

which is a solution of the equations (3.19) and hence of the d = 11 equations of motion.

1To arrive at the same conclusions one may follow arguments based on generalised Killing vectors of the
initial undeformed backgrounds in the spirit of [15].
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For this deformation the Q-flux Q,,"* = 0,,Q™"! can be checked to have no trace
Q™ = 0, hence the solution can be consistently reduced to a solution of the 10-
dimensional type ITA theory. In fact, this P A P A P deformation is abelian in the sense
that there exists a generator that commutes with the other two. In the present case any
of the P,’s satisfies this property, say P». This implies that the deformation (4.8) can be
viewed as a result of dimensional reduction of the initial AdS, x S” to IIA along z2, then
a TsT deformation with respect to the bi-vector 3, such that QQ = 0y A S:

B =4ndo A 01, (4.9)

and finally an uplift back to d = 11. As expected, this reflects the fact that the corre-
sponding deformation is simply a d = 11 extension of a TsT [43, 44].

4.2 PAPANM

The very next example with ) being a polynomial of order 1 in z® provides a nonabelian

deformation. Using the coefficients with the symmetry p®°d = p[ab}’[c‘ﬂ, consider
1 ab,cd 4 a
Q:Zp ’ Pa/\Pb/\Mcd:ﬁpax Oy N\ O1 N Oa, (4.10)
where
R 201 01,02
po= (P27 = p ),
R o112 12,01
pr=— (" =p=), (4.11)
R3
Py = Z(p02,12 — p1202),

and we have introduced a numerical coefficient for convenience. It is easy to see that there
is no such generator that commutes with all the others, which means that this deformation
is non-abelian. The deformation tensor is

R a 23
— 2 patds, K= — 4.12
W g4 Pt 4% 23 — par® (4.12)
and the resulting deformed background then is given by
2 _ R72 3 a3 [7.0\2 1,2 2\2
ds—4(z paz®) 3 [=(dz”)? + (dz')* + (dz?)?]
R 4 ai (L 2 2
+ 7 (Z — PaZ )3 <4z2d2 + dQ(7) 5 (413)
2
F:fﬁ L dz® A dat A da® A dz.
8 \ 23 — pgx

Using (3.19) one can check that this provides a solution to 11-dimensional equations of
motion for arbitrary values of the constants p,. In contrast to the previous example, trace
of the Q-flux is non-zero and reads

m n R3 a
200, Wyydz™ N dz" = —@padx Ndz # 0. (4.14)
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Upon dimensional reduction from ExFT in the Q-frame to S-supergravity one expects that

mkl

non-vanishing trace Q""" generates non-vanishing trace of the Q-flux of S-supergravity.

The latter is known [56] to correspond to the vector I of generalised supergravity.

4.3 DAPAP

Another way to build a tri-vector of the first order in powers of ™ is to use the dilatation
generator D together with momenta. For the conformal algebra of AdSy there are three
possible pairs of P,, P,. It is convenient to parametrise a generic tri-vector of the form
DANPAP as

4 2
b DANPyAP, = 77 Pat” o N OLN D 20N ND,,  (4.15)

Q e

= ﬁpae

with p, corresponding to the three independent components of the p-matrix. Using this
), the deformation tensor and the prefactor are

R o adz paz® PP\
W:423pa<dx -z z>’ Kz(l—i— gy , (4.16)

where we define p? = p,ppn®. The deformed background is then given by

R2 2\ —
ds® = e <z3 + pax® — L)

(V1N

[— (dz®)? + (dz1)? + (dz?)? + <1 + ”‘;ﬁfa> d22

1
1 R? \?
— —padatdz| + — | 22+ pez® — L dQ%n, (4.17)
22 z 4z
3R3,2 2 2\ 2
F=— 82 (1+1gz4> <Z3+paxa—iz> dz® A da' A da? A dz.

By checking either (3.19) or the field equations of d = 11 supergravity one can show that
this background is a solution, if parameters p, form a null vector:

PP =—p+pi+ps=0 (4.18)

This is reminiscent of the d = 10 Yang-Baxter deformation with © = 7%M,, A P?, also
parametrised by a null vector 7. The exact manner in which the condition (4.18) arises is
completely analogous to the way in which the Yang-Baxter equation is encoded in d = 10
supergravity. One simply finds a factor of p? out front every field equation after some
simplifying algebra. We take this as a hint, that the condition (4.18) may be an elementary
example of a generalised Yang-Baxter equation, as applied to the tri-vector (4.15).
Similar to the P A P A M case, this background is an example of a deformation with
vanishing R-flux, but non-vanishing trace of the @-flux. For the latter one calculates

20, Wyydx™ A dx™ = —%padaza Adz # 0. (4.19)
z

Following the same arguments as in the previous subsection we conclude that the obtained
deformed background cannot be reduced to a solution of conventional d = 10 supergravity.
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Moreover, since the tri-vector €2 is non-ablelian the P A P A M and D A P A P deformations
cannot be put to the form 2 = 0,AB. The conclusion is that both these solutions are proper
11-dimensional deformations that cannot be accessed via 10-dimensional techniques.

An important question is what fraction of supersymmetry is preserved by the tri-vector
deformation. We note that only half of the AdS Killing spinors are invariant under the
spinorial Lie derivative [57, 58] with respect to shifts, Lp,e = 0. We expect therefore that
the PA P A P and P A P A M solutions of the present article have their supersymme-
tries halved by the deformation. Moreover, the dilatations break even these remaining
Killing spinors of AdS, Lpe = %e, which presumably makes the D A P A P deformed so-
lution non-supersymmetric. Preservation of supersymmetry in the bi-vector deformation
case was the subject of a recent investigation [59-61], which has produced a closed form
expression for the Killing spinors after the deformation in terms of the bi-vector parameter
©. Implementing this for the tri-vector deformations in full generality deserves a detailed
separate study.

4.4 DANKANK

The outer automorphism of the conformal algebra
P,+— K, D<+—-D (4.20)

can be realised geometrically by an inversion, which is an isometry of AdS spacetime:
x
2 — =, — . (4.21)
z

Applying this map to the D A P A P-deformed background (4.17), one should be able to
recover the deformation with Q ~ D A K A K. Given the geometric symmetry, one expects
this D A K A K deformation to also be a solution. Note that the tri-vectors are in fact very
closely related,

DAK,ANKy= (2 + 22D AP, AP, (4.22)

Explicit calculation shows, however, that already the second equation in (3.19), which
states V,,V™e~ 7 = const, does not hold for the obtained background. This negative
result makes it very intriguing to derive explicit equations for the deformation tensor, that
is the equations of motion (3.19) in the mixed (C — Q)-frame, and investigate the reason
of such unexpected behaviour more closely.

5 Conclusions and discussions

In this work we studied tri-vector deformations of the AdSy x S” solution of 11-dimensional
supergravity, generalising the results of [41] to the case of non-abelian deformations. Work-
ing in the formalism of SL(5) exceptional field theory properly truncated to describe back-
grounds of the form My x Mz, we generalise the deformation map of [41] to the case of
backgrounds with non-vanishing 3-form flux and provide two examples of non-abelian de-
formations. The corresponding tri-vector deformation parameter is schematically given
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by Q ~ PAPAM and Q ~ DA P A P, where D, P,, M, stand for generators of the
AdS4 symmetry algebra. Both deformations are non-abelian, that is one cannot represent
the tri-vector in the form € = 9, A 8 where 0, commutes with the generators of 5. The
deformed backgrounds cannot be obtained by reducing to 10 dimensions, performing a
bi-vector deformation and uplifting back to d = 11, as there is no obvious direction for the
reduction (see e.g. [44]).

Our proposed procedure may be used to further investigate the AdS; x S7 solution
in search for more non-abelian deformations, as well as to address the deformations of
the sphere part of AdS7 x S*. The isometry algebra of a sphere may turn out to be too
restrictive, though. Indeed, the only deformations of d = 10 supergravity backgrounds
found so far are either abelian or of the so-called Jordanian type. The latter means that
the generators chosen for the Killing bi-vector deformation ansatz belong to the Borel
subalgebra of the full isometry algebra. So are the tri-vector deformations D A P A P and
M N P A P discussed in this paper, which may be referred to as the tri-vector deformations
of generalised Jordanian type. It is an interesting question, whether these correspond to
solutions of a generalisation of the Yang-Baxter equation. Based on the known examples
in d = 10 and d = 11 and on the analysis of the equations of motion, one can expect that
the algebraic equations that restrict a deformation to be a solution must be quadratic in
p®c. By an appropriate choice of basis for the algebra such constraints can be brought to
the form pI pJ krg = 0, where k17 is some invariant tensor and I, J are some (multi)indices
corresponding to the chosen basis. In the examples of this paper the Borel subalgebra
contains in particular the generators Py, P;, P» with the symmetry group SO(1,2) and
the invariant tensor becomes just the Minkowski metric 74. This may be viewed as a
motivation of the non-trivial equation (4.18). For SO(d + 1), which is the symmetry group
of S with the Euclidean metric §;; as its invariant tensor, we expect an equation of
the type > (p!)? = 0, which has only a trivial solution. This has already been observed
in [41], where no nontrivial non-abelian bi-vector deformations of the flat Euclidean space
were found.

Part of the motivation for constructing the non-abelian tri-vector deformations was
to test the proposals for generalised Yang-Baxter equation that have appeared recently.
In [25] it has been shown using techniques of Double Field Theory and -supergravity that
for a bi-vector deformation 5 = %ro‘ﬁ ko N kg to generate a solution to the field equations
of d = 10 supergravity, it is sufficient that the matrix r*? satisfy the classical Yang-Baxter
equation. The same condition is imposed by assuming that the R-flux vanishes. Turning
to M-theory backgrounds one naturally considers tri-vector instead of bi-vector. In [41] the
vanishing of the ExFT R-flux R™"kp = QmQ["anklp] was proposed as the condition for a
tri-vector deformation to be a solution. Assuming the tri-Killing ansatz for Q (1.3), R =0
translates into

6p‘“5[7p55‘<|fag”] + ph&pn]aé“facﬂ = 0. (5.1)

Explicit check shows that for the P A P A M and D A P A P deformations the R-flux
indeed vanishes. However, at least for the D A P A P this is not sufficient to end up with a
solution to d = 11 equations of motion, and a stronger algebraic constraint on p®37 (4.18)

is required.
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Based on the generalisation of Poisson-Lie T-duality to the U-duality setup [36, 62], an
algebraic constraint for p*#7 was proposed that was conjectured to be a sufficient condition
for the deformation to be a supergravity solution. The non-abelian deformed solutions
described in the present work are in the non-unimodular class, meaning 0, Q™" £ 0,
therefore the corresponding p®?7 cannot satisfy the equations of [36] as the latter suppose
unimodularity. It is then natural to expect that the algebraic constraints for the tri-vector
components p®?7, such as (4.18), are manifestations of the M-theory generalisation of the
CYBE with non-unimodularity properly taken into account. The Exceptional Drinfeld
Algebra construction of [37] includes non-unimodular terms and may turn out to be the
way that leads to the correct generalisation of the CYBE. Note that while in the d = 10
case both unimodular and non-unimodular deformations are required to satisfy the same
classical Yang-Baxter equation, this seems not to be the case for M-theory. Moreover, the
condition of the vanishing R-flux, which is equivalent to the CYBE in d = 10, appears to
be only a part of the equations of [36].

Given these results, searching for the general algebraic equations for p®#7 that gener-
alise the classical Yang-Baxter equation appears to be an interesting direction of further
research. From the algebraic point of view a natural expectation is that the CYBE, which
is relevant for the scattering of particles in 14 1 dimensions, will be promoted to the tetra-
hedron equation describing scattering of strings in d = 1 + 2 [63, 64]. Depending on the
labeling scheme, the tetrahedron equation may be referred to as Zamolodchikov or Frenkel-
Moore equation. Deriving a representation independent form of the semi-classical limit of
the tetrahedron equation and comparing the results to those of [36] is an open problem.

More transparent is the algebraic interpretation of the vanishing R-flux condition.
Following [65, 66] one notices that the M2-brane world-volume dynamics brings about a

ank

non-commutativity parameter given by a tri-vector , as well as the following Nambu-

Poisson 3-bracket
{a™, 2" zF} = Qmnk, (5.2)

The fundamental identity for such a bracket,

{{mi,wj, xk},xl,xm} — {{xi,xl, :cm},xj,wk}

‘ j D 5.3
ot a2 — (o (e =0, )

which is at the same time the closure condition for the Exceptional Drinfeld Algebra [37], is
precisely the vanishing R-flux condition of the SL(5) theory. Indeed, when written in terms
of W, = % EmmiiSY™ the fundamental identity is proportional to Em”le[nﬁkVVl] =0, that
is Rm7ijkl5ijkl = 0. Given this observation and the fact that all particular examples of tri-
vector deformations are R-fluxless, it is reasonable to conjecture that any sensible M-theory
background must have vanishing R-flux.

In this article our attention was focused on the d = 11 supergravity deformations and
underlying symmetries. On a more practical note, however, one may look into the holo-
graphic interpretations of the deformations that were obtained here. The dual field theory
description of the AdS4 x S” supergravity background is given by the ABJM theory [67],
while some deformations thereof should correspond to the solutions that we have presented.
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The abelian deformation P A P A P considered in this paper is a tri-vector analogue of the
Maldcena-Russo deformation of AdSs x S [68]. In the field theory language this is repre-
sented by a non-commutative gauge theory whose product can be recovered either following
the brane picture (see e.g. [69]), or by considering Drinfeld twists of the Hopf algebra struc-
ture of the corresponding tensor algebra as in [70]. In general, for any abelian tri-vector
deformations along the AdS, isometries one should expect non-commutative structures
defined by the standard Moyal star product to appear in the ABJM theory [71]. More
interesting are the non-abelian deformations D A P A P and M A P A P, which can be un-
derstood as tri-vector generalisations of the so-called jordanian Yang-Baxter deformations.
To gain some understanding of these deformations on the gauge theory side one could take
the approach of [70], extending it to what for want of a better name can be termed the
“exceptional Drinfeld twist”. This should define a twist of the matrix p® such that the
tetrahedron equation is satisfied. Authors are not aware whether and to what extent such
structures have been considered in the mathematical literature.

As a final remark we notice that in contrast to the approach of [23], in the present work
we did not derive explicit equations for the deformation tensor Q™" from exceptional field
theory, rather working in the C-frame. The dynamical differential equations for €2 seem
to be the optimal starting point for deriving algebraic constraints for the deformation
parameters p®?7. However, to address backgrounds with fluxes one should go to the mixed
(C — Q)-frame, which we leave for future work.

Acknowledgments

We thank S. Deger, E. Malek, E. o) Colgain, D. Osten, Y. Sakatani, M.M.Sheikh-Jabbari,
and A. Tseytlin for discussions and helpful comments on the final manuscript. The work of
IB and EtM is supported by the Foundation for the Advancement of Theoretical Physics
and Mathematics “BASIS” and by the Russian Government program of competitive growth
of Kazan Federal University. The work of EtM and KG is supported by Russian Ministry
of education and science (Project 5-100).

A Notations and conventions

In this paper we use the following conventions for indices

av,=1...11 eleven directions, curved;

a, ,5’, =1...11 eleven directions, flat;

v, p,...=1...7 external seven directions, curved;

v, p,...=1...7 external seven directions, flat;

m,n, lj:, e =1,...,4 internal four directions, curved; (A1)
m,n, k,l,...=1,...,4 internal four directions, flat;

M,N,K,L,...=1,...,5 fundamental ExFT indices, curved;

A B,C,D,...=1,...,5 fundamental ExFT indices, flat;

a,B,v,...=1,...,N indices labelling Killing vectors;

a,b,e,d,...=0,...,2 first three directions of AdS, in Poincaré patch.
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Totally antisymmetric tensor in n dimensions is defined as

iy iin = 91/2%...@'”, €1..n = 1. (A.2)

Curvature tensors are defined as

[va vn]vk - Rmnklvla
Rmnkl = 8mrnlk - anlek + qukrnlq - Fk Fq (A3)

ng- ml’
Rmn = kakn
In our notations non-vanishing commutators of the AdS algebra read

(D, P,] = Py, (D, K,] = —K,,
[Maby Pc} = _2770[an]’ [Maba KC] = _2770[0,Kb]7 (A4)
[Pas Kp] = 2Map + 20D, [Map, Mea] = —20[a Myja + 27ga My

These can be mapped to standard commutation relations of so(2,3) algebra by defining

J(lb - iMCLb) JO* == iD,
i i (A.5)
J*azi(Pa_Ka)a JOazi(Pa"i_Ka)-
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