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Kink-antikink scattering in the ¢* model is investigated in the limit when the static inter-soliton force
vanishes. We observe the formation of spectral walls and, further, identify a new phenomenon, the vacuum
wall, whose existence gives rise to a bouncing structure for the annihilating solitons. Furthermore, we
discover higher order spectral walls, i.e., spectral walls which form when higher harmonics enter the
continuous spectrum. These higher order spectral walls not only deform the soliton trajectories, they also

can be observed easily as very intense radiation bursts.
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I. INTRODUCTION

The scattering of solitons and, especially, their annihi-
lation, is a very complicated process which usually does not
lead to integrable or solvable structures. There are several
factors which contribute to the complexity of the process.
First of all, each soliton participating in the collision acts
with a static force on the other participants, deforming their
shapes [1,2]. These deformations can also lead to the
excitation of some internal modes, storing temporally some
energy. The excited modes then can interact with the
solitons and, as a consequence, influence the dynamics,
e.g., via a so-called resonant mechanism. Finally, radiation
can be produced in the scattering, which should be taken
into account as it may have a nontrivial impact on the
solitons, like, e.g., soliton creation [3] or negative radiation
pressure [4]. All these types of interactions (by the static
force, the internal modes and radiation) mix with each
other, rendering any analytical treatment extremely diffi-
cult. As a consequence, there is still no satisfactory
understanding of kink annihilation in various classical field
theories, even on a qualitative level, see for example the
problems in the ¢* model [5].

Recently, a breakthrough in addressing this problem has
been achieved, in terms of the so-called self-dual impurity
(or background field) models [6—8]. These models provide
the chance for a systematic study of the interactions of
solitons [9]. They may be considered as a mathematical
tool which allows, for a given theory and a given process,
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to completely switch off the static intersoliton forces.
Therefore, at leading order (small velocity of the asymp-
totically free kink-antikink pair), the annihilation process is
described by a simple geodesic motion on a moduli space.
However, these solitons do interact, mainly via the internal
modes which can be excited in a controlled way. Hence, at
next order, beyond the geodesic approximation, the anni-
hilation is described by linear perturbation theory. This
description is mathematically rigorous, because at each
inter-soliton distance there exists a genuine static solu-
tion representing a kink-antikink pair. Thus, the modes
are proper linear perturbation modes over a static
Bogomol’'nyi-Prasad-Sommerfield (BPS) solution. This
provides a very clear theoretical and numerical set-up
for the study of soliton interactions.

This linear perturbation theory beyond the geodesic
approximation turned out to be sufficient to discover the
spectral wall phenomenon [10]. A spectral wall is a
spatially localized region, defined by the point(s) where
an oscillation mode enters the continuous spectrum, which
results in a nontrivial soliton interaction.

Of course, in the final step the static force should be
reintroduced, which implies a departure from the self-dual
limit. Again, it can be performed in a perturbative, strictly
controlled manner, which may enable us to disentangle
which features are related to the internal modes and which
appear rather as a result of the static forces.

In the present work, we study the annihilation process in
¢* theory after coupling it with an impurity in such a way
that the model remains self-dual in the topologically trivial
channel, containing a kink-antikink pair. The aim is to
understand this process beyond the geodesic flow approxi-
mation. In other words, we want to understand the impact
of excitations of the internal modes on the soliton annihi-
lation in a situation where the intersoliton force is absent.

Published by the American Physical Society
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Furthermore, we take some radiation effects into account,
which also play a significant role.

II. KINK SCATTERING IN THE ¢* MODEL

The investigation of the kink-antikink scattering in ¢*
theory has a very long history, see [11-15]. ¢* theory is
probably the most widely investigated soliton model, which
serves as a prototypical nonintegrable field theory with vast
applications in many branches of physics [14]. It is a known
fact that the soliton scattering in ¢* theory can result in
many possible outcomes. For example, the initial solitons
can be scattered back via an intermediate bound state in
which the solitons suffer several bounces. The initial
solitons can also annihilate into the vacuum, accompanied
by the emission of radiation. This process can occur via the
formation of an oscillon or of bions. All these possibilities
give rise to a fractal-like structure. It is believed that the
appearance of this structure is related to an internal bound
mode (shape mode for ¢* theory or other massive modes
including dynamically generated ones as in the case of the
¢° theory [15,16]) which may store energy and transfer it to
the translational degrees of freedom in a resonant way
[17-20]. Although a complete quantitative or even quali-
tative description has not yet been provided [21], the role of
the internal mode seems to be indisputable [5,22].

The problem with an analytical understanding of the kink-
antikink scattering in the ¢* model is related to the non-
existence of a moduli space representing this process, which
means among other things, that there are no static kink-
antikink solutions. By itself, this is not a particularly serious
issue. Itis known that in such a situation the moduli space can
be replaced by an unstable manifold, which is an union of
paths of steepest descent from a saddle point solution, which
here is given by an infinitely separated pair of the kink ¢ 5 and
the antikink ¢, [23]. Then, the simplest dynamics may be
described by evolution on this unstable manifold via
the collective coordinate method, i.e., by assuming that
$(x,t;x0) = P (x,%0(1)) + Ppa(x, —xo(r)) — 1, where £x,
are the positions of the kink and antikink. However, the
resulting effective model

Lix] = / AL (x. 1:0)) = M(x0)32(1) = V(x0)

covers the elastic part of the scattering process only.
Here M(x,) is a metric on the unstable manifold and
V(xo) is an effective potential which leads to the appearance
of a static intersoliton force. Note that the flow of the x,
coordinate corresponds to the flow of the asymptotically
zero mode of the free soliton, which now feels an attrac-
tive force.

In the next step, one should take into account the
fact that the energy of the colliding solitons can be stored
not only in the kinetic or potential part of the flow on
the unstable manifold, but also in the massive mode, i.e.,

the shape mode, of the incoming solitons An(x,t)=
Ae~'sinh(x,x,)/cosh?(x,x;), where @>=3 and A is the
mode amplitude. Hence, the approximated configuration is
P(x.1:x0, Ak, Ag) = (x,1:x0) +Agn (x.1:x0) +Aan (x,1,=X0),
where the incoming solitons can be additionally
boosted. The problem is that the obtained effective model
Lxg, A, Ag; v] fails to reproduce the full dynamics.

One reason is that the unstable manifold we started with
is a well-defined approximation only if the energy of the
initial E£;, and final E_, states are comparable. But in
the kink scattering E;, = Ex + E4 while E,,, = 0, as the
particles can annihilate to the vacuum. Thus, the unstable
manifold is a valid approximation only for elastic proc-
esses. Even more importantly, the massive mode is affected
by the presence of the second soliton. In fact, for x, = 0 we
arrive at the ¢p = —1 vacuum which does not support any
modes at all. It means that the originally exited modes
disappear. This fact is completely ignored by the collective
coordinate approximation.

Below we show that, in a limit where the moduli space
does exist, the vanishing of the massive mode has a
profound impact on the soliton dynamics in the kink-
antikink scattering process.

III. GEODESIC KK ANNIHILATION IN THE
SELF-DUAL IMPURITY ¢* MODEL

A. The self-dual impurity models

Here we briefly introduce the self-dual impurity models
in (1 + 1) dimensions in the so-called solvable version [9].
The theory is defined by the following total energy

© 1 1
E:/ dx {547% +5¢,% + W2+ W2 4+ 26Weh, +2Wo
(1)

where W is a prepotential (a function of the real field ¢) and
o is an impurity (a background field). In the limit when the
impurity identically vanishes, ¢ = 0, the model tends to the
standard scalar field theory with a potential U = W?. Of
course, in order to deal with topological solitons one should
assume that the potential possesses at least two vacua at
¢ > ¢_. Then, the kink (antikink) is a solution with a
positive (negative) value of the topological charge Q
interpolating between ¢_ and ¢, (¢, and ¢_). The
important fact is that this coupling of the impurity leads
to a self-dual (BPS) static sector. Indeed, the static energy
can be rewritten as

E= /_: dx B (s + VIW + V26 W)? - ﬁwx]

> 3 / “ oW, = —/30 [ wag 2)
PSS ¢_
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where the bound is saturated if the following Bogomol’nyi
equation is satisfied

b+ V2W + V26W = 0. (3)
One can check that the Bogomol'nyi equation implies the
static Euler-Lagrange equation. The existence of the
Bogomol'nyi equation implies the existence of infinitely
many static solutions which form a moduli space M, i.e., a
space of energetically equivalent solutions parametrized by
a coordinate on M. In the no-impurity limit, this space is
just a space of a kink located at an arbitrary position. Thus,
the transition from one BPS solution to another is given by
a translation. This results in a trivial metric on M. Also the
spectral structure is independent of the position on the
moduli space. In the self-dual impurity model, the form of
the solution as well as its spectral structure do depend
on the position on the moduli space. This is a crucial
feature which makes the self-dual soliton impurity models
very useful tools for studying interactions of topological
solitons.

B. The topologically trivial BPS sector
and geodesic motion

In the present work we choose the prepotential as

1
W=—
V2

Then the model in the no-impurity limit reduces to ¢*
theory. Furthermore, in order to study the annihilation
process, we use the following nonlocalized impurity

(1-¢%). 4)

o, = %tanhx—l (5)

where j > 0 is a parameter which measures the strength of
the impurity and controls the mode structure. The BPS
sector consists of the topologically trivial solutions

10

FIG. 1.
lines denote the asymptotic values M(X = o).

-2

X
M(X)

cosh/ x —a

P(x;a) = (6)

“coshix +a
where a € (—1,00) is a moduli space coordinate. It is
also useful to introduce another moduli space coordinate
X € R, such that

a=—1+e/X,

(7)

These BPS solutions obey the pertinent Bogomol'nyi
equation and have zero energy, because they saturate a
topological energy bound. Observe that the solutions with
X > 0 correspond to tanh antikink (kink) solutions, while
for X < 0 to coth singular solutions of the original (no
impurity) theory [9]. In Fig. 1, left panel, we present the
BPS solutions for different values of the moduli coordinate
X for the ;_; impurity. It is clearly visible that for X — oo
it represents an infinitely separated kink-antikink pair of ¢*
(with mass threshold j*). As we tend to X = 0, the solitons
approach each other and annihilate, forming the ¢ = —1
lump (which is a counterpart of the vacuum solution in the
no-impurity model). For negative X, the BPS solution
develops a well whose bottom tends to an arbitrary negative
value as X — —oo. For X > 1 the moduli coordinate may
be interpreted as the distance between the solitons. This
interpretation, however, is not valid for X approaching O or,
especially, for negative X. Then, more insight can be gained
from another (related) moduli coordinate which measures
the value of the field at the origin, see below.

In the limit of small kinetic energy, it is plausible to
expect that the true evolution follows a sequence of
energetically equivalent BPS solutions. To find such a
flow on the space of BPS solutions, i.e., on the moduli
space, one promotes the moduli coordinate to a time
dependent variable. Then, after spatial integration, we
derive an effective theory

1
L=--M(a)a®

; 8)

where the metric (mass) on the moduli space reads

10000

T My (X] ——
M(X) —
4./3.

8./3.

1000}

Left: BPS solutions for different values of the moduli parameter X for ¢;_;. Right: Metric on the moduli space. The horizontal
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M [ d d ) 2 The spectral structure of the BPS solutions asymptoti-
j(a) = - * %qb(x,a) cally (for X — oo) decomposes into a sum of two ¢*

cosh? x

_y /_ e )

For j = 1, the metric can be found in an analytical form

M) =5

—(a* - 102> -6
3(1—a2>3<“ ¢

arctan

2
— 604—'—7‘1 g) (10)
Vicae s

It is a general feature that the metric is a well-behaved
function for any value of the moduli space coordinates.
Only at the left boundary (X - —oc0 ie., a —» —1) it
approaches infinity. However, this happens in infinite time
[9]. Note also that at X = 0 (a = 0), i.e., where the solution
goes through the lump form ¢ = —1, the metric has a finite
value. Hence, from the point of view of the geodesic
motion, this is not a special point. In our numerical
simulations, we compare the geodesic approximation with
the true dynamics given by the full equation of motion

Bu— s =L (1 = 47) (1 + jpsinte 1) = 0

(11)

cosh? x

for an initially widely separated kink-antikink pair with
small velocity. As expected, we observe a very good
agreement between these two descriptions.

IV. BEYOND GEODESIC APPROXIMATION:
SPECTRAL WALLS

A. Flow of the spectral structure on the moduli space

The first correction to the geodesic flow on the moduli
space is given by the linear perturbation theory, that is, by
an inclusion of the lightest modes (i.e., the bound modes),
on top of the zero mode.

1.2
1h -~ .
0.8} B T e m—
0.6 - % E
N3 \ 0
A “ n= _
041 . n=1---- 7
¥ n=2 -
0.2 n=38 —-—-
0 —
(]2 1 1 1 1 1 1
-2 -1 0 1 2 3 4 5

theories with the mass threshold at E = j? (two zero modes
plus two discrete modes) and an additional number of
discrete modes introduced by the lump solution ¢ = +1.
Of course, as is typical for the self-dual soliton impurity
models, the mode structure changes while we move on the
moduli space—see Fig. 2, let panel, where the spectral
structure for the ¢;_; impurity as a function of the moduli
space coordinate is presented. In Fig. 2, right panel, we
show the number of modes for j € (0,2.5) as a function
of X.

Let us discuss the j = 1 case in detail. At X — oo, we
have two bound modes which are exactly the individual
bound (shape) modes of the ¢* kink and antikink. There are
also two zero modes, corresponding to the individual
translational zero modes of kink and antikink. For finite
X, the degeneracy is lifted and only one zero mode remains,
providing the flow on moduli space. For large separation X,
this zero mode may be approximately identified with the
symmetric combination of the two individual translational
zero modes. The antisymmetric combination transforms
into a massive bound mode which enters into the continu-
ous spectrum (as the last mode) at X = 0. For large
separation X, the two remaining modes can, again, be
interpreted as the symmetric (antisymmetric) superposition
of the two individual shape modes, with lower (higher)
energy, respectively. The antisymmetric mode enters the
continuous spectrum at X = 1.25 and the symmetric mode
at X = 0.39. It is convenient to relate the moduli space
coordinate to the value of the field at the origin

a—1 . 1 2

= =0) = =1-2¢eX=X=-In .

fo=¢(x=0) a+1 ¢ J 1=
(12)

To summarize, we find three bound modes which enter the
continuous spectrum. Therefore, we expect three spectral
walls for: (1) the antisymmetric shape mode superposition

6 modes

5 modes

1.5

parameter j

4 modes

|
—
(&3

FIG. 2. Left: Dependence of the spectral structure on the position on the moduli space X for 5;_;. Right: Dependence of the spectral

structure on the position on the moduli space X for different j.
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at ¢y ~ 0.36, (2) the symmetric shape mode superposition
at ¢pg ~ —0.34 and (3) the antisymmetric translational mode
superposition at ¢y = —1.

B. Spectral walls

To verify the existence and analyze the properties of the
spectral walls, we perform numerical simulations of the full
equation of motion. We used a five point stencil discreti-
zation in the spatial direction and a fourth order symplectic
method, preserving energy, for the time stepping functions.
We integrated the system with a grid with Ax = 0.1 then
Ax = 0.05 and reduced the grid spacing until the results
converged. Usually Ax = 0.05 was enough for most of the
calculations.

As there are three bound modes, the system may allow
for interactions between the spectral walls.

We start with the spectral wall located at ¢y = 0.363910.
It is triggered by the antisymmetric superposition of the
shape modes of the incoming, widely separated kink and
antikink which are then boosted toward each other,

¢in(x,1) = —tanh <% (x—xo— vt))

sinh (£ (x — xo — vt))

—-A 2 cosw;y(t—vx
" eosh? (2 (x—xo — 1)) (=)
+ tanh (% (x+x0+ vt))
sinh (2 (x + xo + vt
5 (2( ot v1)) cosw;y(t+vx) =1
cosh? (4 (x4 xo + vt))

(13)
where A; = —A, = A, w7 = 3j*/4 and x; > 1.
This case is presented in Fig. 3, left panel. The

corresponding wall is very well visible. As expected for

0.010420

1
0.010400
0.010380
0.5 |
0.010360
ﬁ ol 0.010340
8
= 0.010320
—0.5 b
0.010300
0.010280
-1
0.010260
—1.5 I . . 0.010240
0 10000 15000 20000
time
FIG. 3.

a sufficiently large excitation of the mode, the incoming
kink-antikink configuration is reflected back. For a smaller
(critical) amplitude, the incoming configuration gets stuck
on the wall precisely at the value of the moduli space
coordinate ¢, where the relevant mode enters the continu-
ous spectrum. For even smaller excitations, the configura-
tion more and more freely passes the wall. However,
¢(x = 0) does not tend to an arbitrary value as one would
expect from the geodesic flow. In fact, there are two new
phenomena which strongly modify the dynamics of the
kink-antikink pair.

First of all, the incoming configuration (after passing
through the wall) feels another wall at ¢y = —1. The
observed reflection at the point ¢y = —1 would not be
too surprising. It corresponds to a spectral wall related to a
different asymmetric mode, that is, the asymmetric super-
position of the translational modes of the incoming
solitons. It could be perfectly possible that energy from
one asymmetric mode is transferred to another asymmetric
mode. Indeed, such an energy transfer exists and is related
to another property of the spectral wall. To better under-
stand the problem, we consider the same setup for the
j =0.7 impurity, for which no spectral wall coincides
with ¢, = —1. However, once again we see a reflection
from ¢y = —1, see Fig. 3, right panel. Apparently the point
¢o = —1, although being an ordinary point of the moduli
space metric, acts as a sort of a new type of wall, which is
not related to any specific internal mode. On the contrary,
as we will see below, it reflects any state with a sufficiently
large mode. This should be contrasted with the spectral
walls which, being rather selective objects, are transparent
if the corresponding mode is not excited.

Note that the wall for ¢py = —1, let us call it the vacuum
wall as the field configuration corresponds to one of the
vacua of the original ¢* model, is responsible for the fact
that a backscattered trajectory may give rise to bouncing
solutions. This is precisely what we observed for some

0.010640

0.010620

0.010600

0.010580

0.010560

0.010540

0.010520

0.010500

0.010480

0.010460

0.010440

0 5000 15000 20000

The value of the field at the origin ¢y = ¢(x = 0) for the asymmetric superposition of the shape modes excited. The incoming

solitons speed is v = 0.005. Left: Impurity ¢;_;. Right: Impurity 6;_ ;. The different colors indicate different values of the amplitude A

of the excited mode.
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solutions—see orange trajectories in Fig. 3, left panel.
However, the reflected back solution is not repelled again
by the original spectral wall at ¢, = 0.36. As we explain
below, there is another mechanism, related to the existence
of the so-called higher spectral walls, which is responsible
for this behavior. Here we observe a bouncing structure in
the kink-antikink annihilation which occurs only via the
mode interaction. It is triggered by three ingredients: the
spectral wall (at which energy from the originally excited
mode is transferred to other modes), the vacuum wall and
higher order spectral walls. It should be underlined that in
the case at hand this is a mathematically rigorous explan-
ation. That is to say, the static solutions (moduli space
solutions), above which the bound modes are found, exist
for any distance between the kink and the antikink.
Nonetheless, even in this simplified model, where the
static forces disappear, bouncing trajectories may happen
if no higher spectral walls are involved. Apparently, there is
another (perhaps parallel) mechanism whose details remain
to be discovered.

Finally, for smaller amplitudes even the vacuum wall is
traversable as dictated by the geodesic approximation.

The whole analysis can be repeated when the symmetric
superposition of the shape modes is excited, A} = A, = A.
Then, for j=0.7 one expects a spectral wall at
¢o = —0.228658. This situation is plotted in Fig. 4. It
turns out that this spectral wall is not as well visible as the
previous one. There is a range of amplitudes for which the
trajectory is attracted by the ¢, = —0.23 region, see the
orange curves in Fig. 4. However, we did not find a
trajectory (value of the amplitude of the initial perturbation)
which would be attached to this spectral wall for a longer
time. A reason for that could be the close presence of the
vacuum wall at ¢ = —1. Hence, each solution which would
go through this spectral wall is immediately repelled by the

0.010500

0.010450

0.010400

0.010350

—0.5 -

0.010300

0.010250

0 5000 10000 15000 20000
time

FIG. 4. The value of the field at the origin for the symmetric
mode excited. The incoming solitons speed is » = 0.005 and
impurity ¢;_¢ 7. The spectral walls are located at ¢y = 0.432919,
—0.228658, —0.827630. The different colors indicate different
values of the amplitude A of the excited mode.

vacuum wall. It could be that even at the spectral wall this
repulsion does play a role. However, this issue requires
further studies.

Note that also in this case there are solutions which, after
reflection from the vacuum wall, are once again reflected
which results in a bouncing solution, similarly to those
found where the asymmetric mode was excited.

Undoubtedly, the vacuum wall has a different origin than
the spectral walls. Its source is not any bound mode
entering the continuous spectrum. As a consequence, also
its behavior is quite distinct as it affects any excited BPS
solution. As we saw, this may have a nontrivial impact on
nearby spectral walls.

C. The effective model

The existence of the spectral walls can be further
explained in terms of an effective model. To construct
such an effective model, we take into account the zero
mode, providing the lowest order geodesic flow, as well as
the lightest bound modes

¢ = D(x, X(1)) + A;(1)n;(x. X (1)) (14)

where the moduli space coordinate X and the amplitudes A;
of the modes are promoted to time dependent variables. We
underline that, in contrast to the BPS solution @ which is
known exactly, the discrete modes have to be computed
numerically at any value of the moduli coordinate X. This is
a very nontrivial task, which requires us to solve the
perturbation problem (Schrodinger equation) at any value
of the moduli space coordinate. Finally, after integrating
over the spatial dimension, we arrive at the following
effective Lagrangian

1 ., 1.. . .
L= 5MX2 + EAI-A,» + LAX + J,AAX?

—%w%A? + O(A3) (15)

where in addition to the metric on the moduli space

M(X) = / o (16)

we define the following mode coupling functions

1;(X) :/”i,Xq)X’ Jiu(X) :/Wi,xﬂk,x (17)

which describe the mutual interaction between the zero
mode and the massive bound modes. Note that due to the
symmetry /; = 0 for even i. Moreover, J;, = 0if i 4+ kis an
odd number. As expected, the integrals I; and J; are
singular at the appropriate walls. Specifically, /; (i odd)
and J;; tend to +oco at the corresponding walls, whereas J;;
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to —oo if i # k—see Fig. 5. Therefore, the positions of the
spectral walls can be deduced from the points of breakdown
of the effective model, i.e., where the pertinent integrals
diverge.

V. THE VACUUM WALL

To explain the existence of the vacuum wall, or,
equivalently, the special character of the ¢p = —1 BPS
solution, we have to go to the next order of perturbation
theory. However, a heuristic argument may be formulated
as follows. When we added the initial perturbations, we did
it on a BPS solution with a large value of the variable X on
the moduli space. Thus, the perturbation is added on each
of the constituent solitons separately. Each soliton is a
massive (heavy) particle, with a nontrivial energy density
distribution, and the perturbation weakly changes its mass.
Then, we evolve the initial configuration, i.e., send the
perturbed kink and antikink toward each other. Once we
approach X = 0, the individual solitons disappear and we
arrive at the uniform ¢ = —1 solution. This configuration
belongs to the moduli space and so has zero static energy,
but now it also has zero static energy density (by “static” we

mean that the kinetic contribution ~¢2 is not taken into
account). But this implies that now we reached a point at
which the system is very sensitive to any local perturbation.
In other words, a “small” local fluctuation is, in fact, not
small (in comparison to zero), and higher-order effects will
become important even to understand the qualitative
behavior.

From the linear analysis, we know that there exists a zero
mode governing the flow on the moduli space. Starting

50
40
30
20
10

-10

wo
w1
w2
w3
wq

Effective model for j = 1.5: (a) effective mass; (b) frequencies; (c) nonidentically vanishing integrals I and (d) J.

close to ¢p = —1, this mode either evolves toward X > 0
and becomes a kink and an antikink going in opposite
directions, or it collapses into the singularity at infinite time
(X < 0). However, the model is nonlinear and nonlinear-
ities, accessible at higher order perturbation theory, will
give a contribution and push the zero mode in one of the
two directions.

A. Numerical simulations

In line with the arguments of the last paragraph, we now
investigate the numerical evolution from an initial state
which is equal to the BPS solution ¢ = —1 plus a small
perturbation. We shall find that, indeed, the preferred
evolution is toward positive values of X. Concretely, we
studied both even and odd initial conditions imposed on top
of the ¢ = —1 BPS solution. For the even perturbation we
assumed

P(x.t=0)=—1+ $.(x.t=0)=0, 1>0. (18)

cosh’x’

For A = j such data coincide with the profile of the zero
mode. For the odd perturbation

sinh x
) 1= 0 = - 7
P ) cosh?x
¢ (x,t=0)=0, 1>1. (19)

The results are gathered in Fig. 6. For A > 0, in both cases
the system evolves into a pair of kinks, i.e., we move
toward positive X on the moduli space. For A < 0, in the
examined range the odd initial data also evolved always

105021-7



C. ADAM et al. PHYS. REV. D 101, 105021 (2020)
0 8(a) even inital data 1(b) odd inital data
. “a=020 ' . T A=120
= _pgsA=030 * A=1.30
< PPN =040 —— < 05 A=140 ——
I A=050 —— I A=150 ——
B 09F =060 —— R A=1.60 ——
< A=0.70 —— Sl A=1.70 ——
5 —095FA=080 —— 5] A=180 ——
i A=090 —— = A=190 ——
S _1LA=1.00 — S o5 A =200 —
= A=110 — = A=210 —
= 105} =
< [}
8= = -1
—1.1 1 1 1 1 1 1 Il Il Il Il
—200 —100 0 100 200 300 400 500 0 100 200 300 400 500

time ¢

FIG. 6. Evolution of the system for even and odd initial

into the creation of the KK pair. Even initial data for A < 0
bifurcate. There is some critical 4 (in our case 4., = 0.9)
above which a singularity develops, which corresponds to a
flow toward an arbitrary negative X. Moreover the evolu-
tion from odd data is much faster, which means that the
zero mode is excited to a much higher acceleration. The
general rule is that even initial data have to be sufficiently
localized to develop a singularity. Other initial data decay
into a pair of defects.

Thus, we may conclude that, starting from a perturbed
¢ = —1 BPS solution, it is dynamically preferred to move
in the positive direction, X > 0, that is, to form the kink-
antikink pair, rather than pass to the negative direction,
X < 0, which results in a flow to an arbitrary negative field
value at the origin.

B. Perturbation scheme

To better understand the numerical results of the pre-
vious section, we now expand the solution into powers of A
and consider the perturbation scheme

¢ =—1+ApD(x,1) + A2 (x, 1) + -~ (20)

In O(A) the equation is the well-known linear equation we
studied earlier with the Poschl-Teller potential [9]

o) = )+ V() =0, (21)
The solution can be expressed as a linear combination of

the zero mode 77y(x) = sech/x and some other modes #,q
including radiation and (if any) higher bound modes.

1 [o .
PV = aWng + 4l MU:N/SMWMM,@m
where N is a normalization factor

N? = /oo sech® xdx.

0

(23)

time t

data for various lambdas and A = —0.05 and j = 1.5.

All the above integrals can be expressed in terms of
hypergeometric functions. Note that in the case of odd
initial data, the excitation of the zero mode is zero because
the initial conditions are orthogonal to the zero mode.
The second order perturbation theory takes the form

\(w 1+”)wm.<m>

@ _ 42 2) _ _
XX V -
i’ — xx +V(x) cosh? x

Assuming that the second order solution can be decom-
posed as

$D = a(tno + gy (25)
we can project the above equation onto the zero mode 7,
and obtain the acceleration of the amplitude coming from
the second order expansion

da I [a(3- L v
d* N J_& cosh? x / cosh/ x°

The sign of the acceleration is governed by the sign of the
bracket. In fact, it is mostly positive except for a small
region around x = 0. For ¢ = 0, the first order solution can
be taken as our initial data ¢") = 1/cosh’ x in the even
case and ¢!!) = sinh x/ cosh’ x in the odd case. For larger
values of A, the initial data are better localized and the
negative part gives a larger contribution. In the odd initial
data case, 4 would have to be much larger because
¢V (x = 0) = 0. For wider initial conditions (smaller 1),
the acceleration is positive. Of course, in order to have a full
description we would have to solve the full first order
equation (including the radiation part) and then put it into
the integral. We could partially assume that the radiation
part would be radiated out quickly enough so that only the
contribution from the zero mode remains. This simplifi-
cation is in qualitative agreement with the numerical results
described in the above subsection. This can also be justified
by the observation that the radiation is usually less localized

(26)
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than the zero mode and becomes even less localized in
time, giving only positive contributions.

Concluding, most perturbations result in the evolution
toward the creation of the kink-antikink pair rather than
toward the singularity (X — —oo). This is the key ingre-
dient in understanding the existence of the vacuum wall.
Namely, as the initially perturbed kink-antikink solution
evolves, we approach the constant BPS solution with the
original perturbation on top of it. As we know, a generic
perturbation of the ¢p = —1 solution leads to the creation of
a kink-antikink pair which tends to increase their mutual
distance. As a consequence, we observe that in most cases
the initial solitons are reflected by the vacuum wall
at ¢ = —1.

VI. HIGHER ORDER SPECTRAL WALLS
AND BOUNCING SOLUTIONS

The spectral walls form when a discrete mode with
frequency @ enters the continuous spectrum. However,
each discrete mode may give rise to the appearance of its
higher harmonics. Then, one can ask the question what
happens if such higher harmonics hit the mass threshold

j2

nw, = Econtinuum = @y = ; (27)

Of course, this occurs before the spectral wall. An obvious
requirement for the existence of this effect is to excite a

mode which is deep in the discrete spectrum, i.e., located in
the vicinity of @ = 0. In our self-dual impurity ¢* model

there is such a mode, namely the asymmetric superposition
of the translation modes of the infinitely separated initial
solitons. Other modes in all our examples are asymptoti-
cally too heavy to support higher spectral walls. To
selectively excite this mode, our initial configuration
should be a kink-antikink BPS pair slightly translated in
the same direction (i.e., asymmetrically with respect to the
origin) and then boosted toward each other with a low
velocity. Due to the fact that this mode has initially almost 0
frequency, there is potentially a large number of harmonics
which may go through the mass threshold. However, higher
harmonics have significantly suppressed amplitudes and in
reality only a few of them are visible.

During the evolution the higher harmonics enter the
continuous spectrum. This happens for a certain value of
the moduli space coordinate which is uniquely related to
the value of the field at the origin. Again this defines a
certain point in physical space (which for sufficiently large
X can be associated with the positions of the constituent
solitons) which we will call higher order spectral wall.

It is a matter of fact that the higher spectral wall
phenomenon is the third condition which (beside the
original spectral wall and the vacuum wall) stays behind
the appearance of bouncing solutions. In order to clearly
see this, we present the structure of the exited modes during
the collision of an incoming kink-antikink pair for which
originally the asymmetric superposition of the shape modes
was excited—see Fig. 7. Such solutions are represented by
some of the orange curves from Fig. 3 in Sec. IIl. In
panel (a) we show the field value at the origin as a function
of time together with the spectral walls for all three discrete

Field valeue ¢5($obs7 t)

Frequncy w
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FIG. 7. Bouncing solution at the higher spectral walls for the impurity ¢;_;. Incoming solution with the asymmetric superposition of
the shape modes excited. Initial velocity » = 0.005. A = 0.0104 and reflection at the second order spectral wall.
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modes (horizontal dashed lines). In panel (b) the field at
x = 50 is plotted, which measures the amount of radiation
emitted in the scattering process. Panels (c) and (d) show
the signal strength, that is, the strength of exited frequencies
at the origin and at x = 50, respectively. This allows us to
represent the strength of the symmetric as well as asym-
metric modes during the time evolution of an excited kink-
antikink system. Here we plot the second and third order
spectral walls.

Let us first explain the emergence of the bouncing
solution in Fig. 7. It shows a case with the mode amplitude
A =0.0104 and the initial velocity of the solitons
v = 0.005. At the beginning only the asymmetric mode
(asymmetric superposition of the shape modes) is excited.
However, once the solution approaches the corresponding
spectral wall at ¢py ~ 0.36, the energy stored in this mode is
transferred to another asymmetric mode, which here is the
asymmetric superposition of the translational modes. This
happens because the system prefers to avoid the transition
beyond the mass threshold. This asymmetric mode is
originally very deep in the discrete spectrum with fre-
quency only slightly above 0. While the solution is in the
vicinity of the spectral wall, the frequency of the new
asymmetric mode rises and approaches the second order
spectral wall for this dynamically exited mode at
¢o = 0.385—see Fig. 7 panel (d) for ¢~ 3000. Observe
that both spectral walls are located very close to each other.
After a relatively long time at which the solution is bound
by the walls it moves further and finally is reflected back by
the vacuum wall (with probably some contribution of the
spectral wall for this mode located in the same point

#(0.1)

o = —1). Then we observe a repetition of bouncing
between the second order spectral wall (corresponding to
this new asymmetric mode) and the spectral wall.

If the amplitude of the originally exited asymmetric mode
(asymmetric superposition of the shape modes) is slightly
smaller then we observe a reflection at the third order
spectral wall of the dynamically exited asymmetric mode
(asymmetric superposition of the translational modes)—see
Fig. 8. Hence now the trajectory moves slightly further
toward ¢y = 1 which corresponds to the creation of a
slightly more separated bouncing kink-antikink pair.

However, there may exist another mechanism which also
contributes to the formation of the bouncing structures. Let
us consider a BPS solution with the symmetric super-
position of the shape modes excited. As we know, the
relevant spectral wall in this case is less visible due to the
impact from the vacuum wall. Nonetheless, such a wall is
easy to recognize in Fig. 9. For a bouncing solution
(j=0.7 and A =0.01012) we do not find any higher
spectral wall responsible for this behavior, see Fig. 10. It
looks rather as if an effective potential emerges which
prevents the system from forming an infinitely separated
pair of kink and antikink. This problem requires further
studies.

We conclude that, even in our simplified model where
the static intersoliton force vanishes, the emergence of the
bouncing solutions seems to possess a rather involved
mechanism which requires the existence not only of
the spectral walls but also the vacuum wall and higher
order spectral walls. Furthermore, an additional, not yet
explained mechanism can also play a role.

#(50,1) + 1
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Bouncing solution at the higher spectral walls for the impurity o;_;. Incoming solution with the asymmetric superposition of

J

the shape modes excited. Initial velocity v = 0.005. A = 0.01035 and reflection at the third order spectral wall.
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FIG. 9. Repulsion from the symmetric mode spectral wall impurity ¢;_;. Incoming solution with the symmetric superposition of the
shape modes excited. Initial velocity » = 0.005. A = 0.0104.
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FIG. 10. Bouncing solutions impurity ¢;_¢ 7. Incoming solution with the symmetric superposition of the shape modes excited. Initial
velocity v = 0.005. A = 0.01012.

By a closer inspection of Fig. 7 and Fig. 8§ we can see ~ phenomenon is absent in Fig. 7. The source of this effect is
another qualitative difference between these two scattering  the transition of the solution through the higher spectral
scenarios. Namely, there are periodic suppressions and  walls, here through the second order spectral wall. We
enhancements of the radiation—see panel (b) in Fig. 8. This ~ analyze this phenomenon in the next section.
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VII. HIGHER ORDER SPECTRAL WALLS AND
RADIATION BURSTS

In Fig. 11 we present a collision of the kink and antikink
with the asymmetric superposition of the translation modes
excited for the impurity with j = 1. As we previously
commented this mode is very deep in the discrete spectrum
which allows for the existence of many higher order
spectral walls. Specifically, the initial state is given by a
kink-antikink pair at a distance 2xy =20 and with a
displacement with respect to the origin of 0.05. The initial
velocity of the solitons is » = 0.001. In panel (a) we show
the field value at the origin as a function of time together
with the first few higher order spectral walls for this mode
(horizontal color lines). Also the spectral walls for all three
discrete modes are marked (horizontal dashed lines). In
panel b) the field at x = 50 is plotted. Panels (c) and
(d) show the signal strength, that is, the strength of exited
frequencies at the origin and at x = 50, respectively. To
avoid any dependence of the results for the field strength on

some accidental symmetry, we use the quantity \/¢? + ¢2
for the Fourier analysis.

In this case, the excited mode is so strong that the
solution is repelled before the mode enters the continuous
spectrum. Hence, the constituent solitons scatter back
before the corresponding spectral wall is met. However,
it is clear that the second harmonic crosses the mass
threshold. Interestingly, just before this happens, the second
harmonic interacts with another mode, that is, the sym-
metric superposition of the shape modes. This mode is
initially exited due to nonlinearities of the model. As a

consequence, this symmetric mode is enhanced, which can
contribute to some additional repulsion of the solution close
to its spectral wall at ¢y = —0.343121. So, higher har-
monics may transfer energy between the modes. Next, after
the solution scatters back, the second harmonic enters the
discrete spectrum. Thus, higher (here the second order)
spectral walls can appear in pairs. Note that from the point
of view of the signal strength, higher harmonics are much
better visible in a far distance region, here at x = 50, after
crossing the mass threshold, see Fig. 11, panel (d), where
third and fourth harmonics show up.

As a matter of fact, the most spectacular evidence for the
higher spectral walls is provided by radiation. Each
transition through higher spectral walls leads to a huge
emission of radiation. In fact it is a very violent process as
we clearly see even the fifth order higher spectral wall. The
biggest enhancement of radiation occurs during the cross-
ing of the second order spectral wall. Note that such
radiation bursts can detect a spectral wall much before
this wall is actually met.

In Fig. 12 we analyze the same situation but with a
smaller displacement 0.03. This results in a smaller
amplitude of the excited deep mode which finally allows
the configuration to go through the corresponding spectral
wall as well as through the vacuum wall (located at the
same point). Again we see several radiation bursts due to
the higher order spectral wall. Furthermore, the transition
through the vacuum wall also gives rise to another huge
radiation burst. At this point, the solution reduces the
amplitude of the excited mode significantly and can
pass over the vacuum wall. Note an enormously large
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FIG. 11. Radiation at the higher spectral walls for impurity ¢;_,. Initial distance 2x, = 20, displacement 0.05 and velocity v = 0.001.
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enhancement of radiation from 107!2 to 107%, that is, eight
orders of magnitude.

In Fig. 13 we plot the case with the impurity with
j = 0.7. Here the relevant spectral wall does not coincide
with the vacuum wall and is located at ¢, = —0.827630.
The initial displacement is 0.028, x, = 10 and the initial

, 8(0.0)

velocity is v = 0.001. The amplitude of the mode is such
that the solution goes through the spectral wall and scatters
back at the vacuum wall. Strictly speaking, the solution is
trapped between these walls for quite a long time during
which it radiates by a quasinormal mode. Obviously, this
resonant mode originates from the originally excited mode
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after its transition through the mass threshold at the spectral
wall. The resonance is rather narrow as we are all the time
close to the pertinent spectral wall.

Finally, in Fig. 14 we again demonstrate the case with
j=0.7, but now the displacement is 0.027900. The
amplitude of the mode is smaller and the solution passes
through all walls, the vacuum wall included. The radiation
bursts at the (higher) spectral walls are again very well
visible. Once the solution passes the vacuum wall, the
perturbation (localized on the deepest bound mode) is
reduced, which allows the system to move toward the
X < 0 side of the moduli space.

VIII. SUMMARY

In this paper, we have applied the framework of the
self-dual soliton impurity models to study kink-antikink
scattering in ¢* theory in the limit when there is no
static force between the scattering solitons. This means
that a kink-antikink pair is a BPS (self-dual) solution
of a pertinent Bogomolny-type equation and, therefore,
saturates the corresponding topological energy bound.
Furthermore, there is a whole family of such solutions
which span a one-dimensional moduli space with a
coordinate which, to some extent and with certain limi-
tations [9], may be identified with the distance between the
scattering solitons. Then the lowest order approximation to
the annihilation process, which reproduces the full dynam-
ics if the solitons have small velocity and no internal
modes are excited, is provided by the gradient flow on the
moduli space.

However, the main aim of our work was to study the
regime beyond the geodesic approximation, i.e., system-
atically analyze the impact of excitations of the internal
modes on the scattering process. As there is no static
intersoliton force, the solitons only interact via excited
modes and radiation. Thus we have the unique possibility
to disentangle the role of the modes in the annihilation
process. We emphasize again that we perform the compu-
tations in a mathematically rigorous manner, as the
BPS static solutions exist for any kink-antikink separation
distance. Thus, the spectral structure is well defined at any
stage of the collision.

As we expected, the excitation of bound modes (mini-
mally 3 modes) gives rise to spectral walls which are well
observed in the full numerics. The spectral walls are defined
by the position on the moduli space at which the corre-
sponding bound mode enters the continuum spectrum. It
results in a space-localized region at which excited solitons
interact nontrivially, that is, can be reflected, feel a tempo-
rary attraction or go through. The actual interaction depends
on the amplitude of the excited mode.

Although the spectral wall is a selective phenomenon,
which means that each mode feels its own spectral wall,
sometimes a significant excitation of other modes can be
observed while we move through the wall. This occurs for
example in the case when the kink-antikink solution with
the initially asymmetric mode excited (asymmetric super-
position of the shape modes) hits its spectral wall which
results in the dynamical excitation of another asymmetric
mode (asymmetric superposition of the translational
modes), as discussed in Sec. VI. In a sense, the system
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always prefers to avoid the situation when a mode passes
the mass threshold. If it is possible to transfer the energy to
other modes which are not related to the actual spectral
wall, then this is what happens.

A completely novel finding is the discovery of the
vacuum wall. This wall is defined by a quite ordinary
point on the moduli space, which corresponds to the
¢ = —1 lump solution, and it does not cause any special
effects in the geodesic approximation or the spectral
structure flow. However, exactly at this point the system
has zero static energy density and, therefore, it is very
sensitive to any initially added perturbation. We found that
a generic perturbation prefers to create a kink-antikink
pair rather than flow to the singularity (of the moduli
space metric). Effectively, this leads to the appearance
of a repulsive interaction if a perturbed BPS solution
approaches the point X = 0 on the module space (i.e.,
¢o = —1). Hence, this wall acts in a way similar to a
spectral wall, with the important difference that it is not
related to any particular internal mode. It repels, temporary
confines or transmits a kink-antikink solution with any
mode excited. When a spectral wall is located too close (on
the moduli space) to the vacuum wall, then its impact on the
solution is less visible. As a consequence, such a spectral
wall can be less visible or even completely hidden in the
shadow of the vacuum wall. Undoubtedly, the vacuum wall
strongly influences the behavior of solutions close to this
spectral wall and a geodesic trajectory ceases to be an
efficient observable for the detection of such a spec-
tral wall.

It is important to stress that both types of walls have, to
some extent, a qualitatively similar impact on the incoming
solutions. However, they originate from completely differ-
ent mechanisms. Furthermore, owing to its nonselective
nature, we expect that the vacuum wall affects soliton
dynamics in a more profound way. This observation was
possible exclusively due to the BPS nature of our model,
which led to a sort of solvability.

Crossing through these walls influences the radiation
emitted from the system. This radiation can be analysed
from far away and carries important information about the
structure of the solution. Here we summarize the basic
differences between the crossing of different walls

(i) The vacuum wall is not associated with any mode

crossing so we do not expect any radiation burst with
a well defined frequency. However, if the solution
crosses the vacuum wall quickly and falls to high
negative values of X < 0, the linearized potential
changes its asymptotic behaviour from attractive to
repulsive. This process can also be seen as an
increase of radiation (compare Figs. 12 and 13).
(ii) When the solution crosses a spectral wall one mode
enters the continuous mode. This usually means that
it changes its nature from bound to a quasinormal
mode. Such a mode radiates and decays. Its decay

rate depends on how far it is above the threshold. For
slow evolution usually the radiation is initially small
but slowly increases with time. At the same time the
amplitude decreases so it may be viewed as a spill of
radiation rather than a burst.

(iii) Modes also radiate through higher harmonics due to
the nonlinear coupling [18]. In a perturbative
scheme, the oscillations of the mode enter the higher
order equation as a source term in appropriate power
and frequency multiplicity [24,25]. Some sources
oscillate with frequency below the threshold, so the
first one above the threshold is responsible for the
radiation. When the eigenfrequency of the mode
increases, a new harmonic can suddenly appear
above the threshold which can be seen as a burst
with a well-defined frequency [26]. This effect is
very different from the slow, quasinormal decay of
the mode after crossing the threshold and from
radiation escaping after the transition through the
vacuum wall. On the other hand, if the eigenfre-
quency is decreasing it may happen that some of the
harmonics would stop propagating as they enter the
mass gap. This effect is opposite to the burst.

The second novel phenomenon is the existence of the
higher order spectral walls. They are higher harmonics
counterparts of the usual spectral walls, which occur when
a higher harmonic (of a bound mode) enters the continuous
spectrum. Again, at the locus of the higher order spectral
wall a kink-antikink solution with a pertinent mode excited
can be repelled or pass through, although its impact on the
solution seems to be in general weaker that the original
spectral wall.

The higher order spectral walls are, on the other hand,
very clearly visible in enhanced radiation (radiation
bursts). Notably, the cumulative effect of passing through
several higher order spectral walls may be an increase in the
amount of radiation by eight order of magnitudes, which
might make them interesting phenomena from a phenom-
enological point if view and even lead to some applications.
Equivalently, we can say that the radiation bursts are very
sensitive observables allowing to detect spectral walls
before they are met. By means of the radiation bursts,
we can easily see spectral walls even if they are hidden in
the shadow of the vacuum wall and not visible in a direct
soliton observation.

The last important result is the existence of bouncing
solutions. Such a configuration represents an oscillating
(bouncing) kink-antikink pair formed during the scattering
of an asymptotically free kink and antikink with only one
mode excited. We found that this class of solutions may be
triggered by three ingredients: the spectral wall (related to
the excited mode), the vacuum wall (which turns back the
trajectory to a kink-antikink pair) and the higher order
spectral walls (related to another dynamical excited mode).
Moreover, we observed bouncing trajectories where the
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reflection at the higher spectral walls should be replaced by
another, not yet clearly identified, mechanism. It is quite
surprising that even in such a simplified theory, with no
static force between solitons, the bouncing states are
formed by a rather involved mechanism. We underline
that our (partially quantitative, partially qualitative) explan-
ation was possible only due to the BPS nature of the model.

A more general comment is that the distortion of a bound
mode, and especially its transition to the continuous spec-
trum, can have a huge impact on the soliton dynamics. This
is a very important observation, as this factis not captured by
the collective coordinates approach where bound modes are
assumed to exist on the whole unstable manifold. Hence, this
can be the crucial source of the failure of the effective
models, which undoubtedly have to be corrected.

A further general remark is that if a system possesses
several spectral walls (bound modes) then the resulting
kink-antikink dynamics may be very complicated.

As we mentioned at the beginning, this work is a first
step in the program of a systematic understanding of the
role of the modes, static forces and radiation in the kink-
antikink scattering in the ¢* model. Therefore, an obvious
continuation of our research requires the inclusion of a self-
duality (BPS) breaking term, which effectively introduces a
static inter-soliton force. Strictly speaking, this would
destroy the moduli space. However, as it can be performed
in a perturbative manner, we can still be in a near-BPS
regime. Hence, the (near) geodesic approximation should
still be meaningful, provided by an unstable moduli
manifold [23]. As a consequence, it could be possible to
verify how the static force influences the phenomena found
in the current paper. Do they survive in a non-BPS system?
Do they give rise to some other phenomena? Eventually,

this could give a chance to explain the origin of the
dynamical properties of the pure ¢* theory. Here, the
recent results on the construction of the improved moduli
space of kink-antikink scattering in ¢* theory may be very
helpful [27].

Next, the presented framework can be applied to the
analysis of scattering of kinks in various models in (1 + 1)
dimensions. Let us mention deformed ¢* theory [28-30],
hyperbolic models [31], ¢° theory [32,33], so-called long
tail soliton models [34-37] as well as scalar theories with
two [38—40] or even more [41-43] fields.

Of course, in a parallel line of investigation, one should
search for the effects presented here (spectral walls, higher
order spectral walls, and radiation bursts) in other self-dual
solitonic systems. Natural candidates seem to be self-dual
models in higher dimensions, where the BPS sector
contains multisoliton configurations which possess a non-
trivial spectral structure flow on the moduli space. Let us
mention the Abelian Higgs model at critical coupling or
self-dual monopoles as two obvious examples.
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