pTEP Prog. Theor. Exp. Phys. 2020, 053B01 (23 pages)
DOI: 10.1093/ptep/ptaa052

Massive Nambu—Goldstone fermions and bosons
for non-relativistic superconformal symmetry:
Jackiw—Pi vortices in a trap

Toshiaki Fujimori, Muneto Nitta*, and Keisuke Ohashi

Department of Physics, and Research and Education Center for Natural Sciences, Keio University, Hiyoshi
4-1-1, Yokohama, Kanagawa 223-8521, Japan
*E-mail: nitta@phys-h.keio.ac.jp

Received September 3, 2019; Revised March 6, 2020; Accepted March 22, 2020; Published May 13, 2020

We discuss a supersymmetric extension of a non-relativistic Chern—Simons matter theory, known
as the supersymmetric Jackiw—Pi model, in a harmonic trap. We show that the non-relativistic
version of the superconformal symmetry, called the super-Schrédinger symmetry, is not spoiled
by an external field including the harmonic potential. It survives as a modified symmetry
whose generators have explicit time dependences determined by the strength of the trap, the
rotation velocity of the system, and the fermion number chemical potential. We construct 1/3
Bogomol’nyi—Prasad—Sommerfield (BPS) states of trapped Jackiw—Pi vortices preserving part
of the modified superconformal symmetry and discuss fluctuations around static BPS configu-
rations. In addition to the bosonic massive Nambu—Goldstone modes, we find that there exist
massive Nambu—Goldstone fermions associated with broken generators of the modified super-
Schrodinger symmetry. Furthermore, we find that eigenmodes form supermultiplets of a modified
supersymmetry preserved by the static BPS backgrounds. As a consequence of the modified
supersymmetry, infinite towers of explicit spectra can be found for eigenmodes corresponding
to bosonic and fermionic lowest Landau levels.

Subject Index B12, B16, B31, B35

1. Introduction

Non-trivial external background fields are useful tools to study various aspects of field theories.
When a generic background field is turned on in a physical system, it may break a symmetry of
the system and drastically change the structure of the model. However, it has been shown that if
an external field can be viewed as a chemical potential term associated with a conserved charge, a
version of the Nambu—Goldstone (NG) theorem can still be applied even when a symmetry appears
explicitly broken by the external field. The crucial difference from the standard NG theorem is that
the corresponding NG mode in this case has a non-vanishing mass precisely determined by the
symmetry algebra. Such massive Nambu—Goldstone bosons have been discussed in Refs. [1-4], and
the scattering amplitudes of massive NG modes were recently studied in Ref. [5].

In Refs. [6-10], various properties of the massive NG modes associated with the non-relativistic
conformal symmetry, called the Schrodinger symmetry [11,12], have been revealed in the (2 + 1)-
dimensional non-linear Schrodinger system in a harmonic trap. One of the most important
observations is that the Schrodinger symmetry survives even in the presence of external background
fields including the harmonic potential. More precisely, a modified Schrédinger symmetry generated
by time-dependent operators remains in such a background. In general, when a symmetry gener-
ated by an operator with an explicit time dependence is spontaneously broken, the associated NG
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modes have a non-vanishing mass determined by the commutation relation between the correspond-
ing broken generator and the Hamiltonian. As in the case of the Lorentz and Galilean symmetry, a
time-dependent symmetry can be used to study the dynamical properties of the system. For example,
in the non-linear Schrodinger system in a harmonic trap, time-dependent solutions can be generated
from static ones by applying the time-dependent modified Schrédinger symmetry.

In this paper we discuss the supersymmetric Jackiw—Pi model and study vortices and massive NG
modes in a non-trivial background. The Jackiw—Pi model is a field-theoretic framework describing
anyons in terms of the non-linear Schrédinger system coupled with a Chern—Simons gauge field
[13]. As with the standard non-linear Schrédinger model, the Jackiw—Pi model has a modified (time-
dependent) Schrodinger symmetry in various backgrounds. Non-topological vortex solutions, called
Jackiw—Pi vortices [14,15], have been discussed in such backgrounds [16—22], and in particular
time-dependent solutions were constructed by making use of maps between the models with and
without the external fields.

The Jackiw—Pi model without a background field has a supersymmetric extension which pos-
sesses a non-relativistic superconformal symmetry, called the super-Schrodinger symmetry [23-25].
In this paper we show that external background fields corresponding to the harmonic potential, the
spatial rotation, and the flavor and fermion number chemical potentials do not spoil the supercon-
formal symmetry as well as the Schrodinger symmetry. In the presence of such external fields, the
whole super-Schrodinger symmetry becomes a time-dependent symmetry of the type which has been
discussed in the context of the supersymmetric harmonic oscillator in quantum mechanics [26,27].

We also discuss Jackiw—Pi vortices in the non-trivial background fields and construct their
1/3 Bogomol’nyi—Prasad—Sommerfield (BPS) states, which are invariant under part of the time-
dependent supersymmetry. The moduli matrix formalism, which has been used to describe the
moduli space of non-Abelian vortices [28—33], can also be applied to write down a formal solution
of'the 1/3 BPS equation in this system. For each choice of a holomorphic matrix Hy(z) we can obtain
a BPS configuration of trapped Jackiw—P1i vortices by solving the Gauss law equation. Generic 1/3
BPS solutions turn out to be Q-soliton-like configurations, that is, they are time-dependent stationary
configurations stabilized by conserved charges. They are new time-dependent solutions which are
different from the known solutions obtained by using the maps between the models with and without
the external fields [16-21].

The BPS solutions become static configurations if Hy(z) takes one of special forms correspond-
ing to the fixed points of the spatial and flavor rotation. We discuss fluctuations around them and
show that bosonic and fermionic eigenmodes form supermultiplets of the unbroken time-dependent
supersymmetry. There are two types of supermultiplets: one is a generic supermultiplet composed
of a pair of bosonic and fermionic modes; the other is a short supermultiplet consisting only of a
bosonic component. In particular, we show that in addition to bosonic massive NG modes associated
with spontaneously broken generators of the modified Schrodinger symmetry, there exist massive
Goldstinos corresponding to spontaneously broken modified supercharges. They consistently form
supermultiplets, as expected from the super-Schrodinger algebra. In addition to those massive NG
modes, we exactly derive eigenvalue spectra of infinite towers of short and long supermultiplets
corresponding to the bosonic and fermionic lowest Landau levels, respectively.

The organization of the paper is as follows. In Sect. 2, we briefly review the super-Schrodinger
symmetry in the supersymmetric Jackiw—Pi model and show that there exists a modified super-
Schrédinger symmetry even in the presence of generalized chemical potential terms including the
harmonic potential. In Sect. 3, we discuss 1/3 BPS solutions of trapped non-Abelian Jackiw—Pi

2/23



PTEP 2020, 053B01 T. Fujimori et al.

vortices which preserve part of the modified superconformal symmetry. By applying the moduli
matrix formalism, we write down formal solutions and show that static configurations correspond to
fixed points of the rotation and flavor symmetry. In Sect. 4, we investigate fluctuations around static
BPS backgrounds and elucidate the structure of supermultiplets of eigenmodes, including bosonic
and fermionic massive NG modes. Section 5 is devoted to a summary and discussions. In Appendix A,
the generalized chemical potential, modified symmetry, and massive NG mode are reviewed, and an
example is shown in the free Schrodinger system in Appendix B.

2. Supersymmetric Jackiw—Pi model in a harmonic trap

2.1.  SUSY Jackiw—Pi model and super-Schréodinger symmetry

The supersymmetric (SUSY) Jackiw—Pi model consists of a gauge field 4,, and pairs of bosonic
matter fields ¢; and fermionic matter fields v/;. For simplicity, we consider the case of a U (V) gauge
field 4,, with Ng matter pairs (¢7,¥;) (I = 1,...,Nr) in the (N, Nf) representation of the U (V)
gauge group and the SU (Nf) flavor symmetry. It would be straightforward to extend the following
discussion to more general settings. By using N x Nr matrix notation for the matter fields,

¢ = (1,02, .., PNg), V=02, YN, (2.1)
the action of the supersymmetric Jackiw—Pi model can be written as

g

A 1 A T
S = [ did*xTr|¢TA —yt Ay — —M?* — —yTy kScs, 22
f X r[¢ 0p+ Y Ao — o2V Y|+ KSes (2.2)
where the trace is taken over the flavor indices. Just for notational convenience, we have introduced

the Np x Np matrix M and the N x N matrix Y defined by
foa Lot i Lotk
M=¢'¢o+—v'y, Y=¢¢' — —yy' + —iF:. (2.3)
m m T

The symbol Ao denotes the differential operator which gives the standard non-relativistic kinetic
term

n 1
Ao =1iD; + }’}_1 (D.D: + D:D>), (2.4)
where z = x1 4 ixp and z = x| — ix; are the complex coordinates on the two-dimensional plane. The
covariant derivative and the field strength are defined by D, ¢ = (8, +id,)p, D,p’ = 8,0" —ipT4,
and F,,, = —i[D,, D, ], etc.
The parameter £ is the Chern—Simons level and Scg is the Chern—Simons term normalized as

1 2i
Scsz—/tr A/\dA—l——lA/\A/\A . (2.5)
4 3

By rescaling the gauge field as 4, — A4, /k, we can see that in the infinite level limit k — oo, this
model reduces to the free theory whose equations of motion are given by the Schrodinger equation.
In addition to the standard Schrodinger symmetry (see Appendix B for the details of the Schrodinger
symmetry), the action is invariant under the non-relativistic version of superconformal symmetry,
namely the super-Schrédinger symmetry. We can show that this system has the same symmetry as
the free supersymmetric Schrodinger system even for finite £.
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Table 1. Generators of the super-Schrodinger symmetry. The generators above and below the dashed line are
bosonic and fermionic operators, respectively.

H : time translation e P; : translation
J : rotation e D : dilatation

B’ : Galilean symmetry e ( :special Schrodinger symmetry
N : central charge: phase rotation e AN} : fermion number symmetry

W
Q|
O

) 5 0 1 2
Fig.1. (Ao, jo) of the generators.

2.1.1.  Super-Schrodinger algebra
The generators of the super-Schrodinger symmetry are summarized in Table 1. The non-vanishing
bosonic part of their commutation relation is given by

[H,B?] = —iP; [H,Cl=iD, [P:,C]=—iB, |[Ps,B]=—2imN, (2.6)

[J,0] = —jo0, [D,0]=—iA00, [N;,0l=—¢70, 2.7)

where B = B| + iB», B = By —iBy, P, = (P —iP,)/2, and P; = (P + iPy)/2. The symbol o
denotes any eigenoperator of (J, D, J\Cr). The eigenvalues of (J, D) are summarized in Fig. 1, and the

fermion numbers are go = 1 for (O, ¢, S) and go = 0 for the bosonic operators. The non-vanishing
part of the commutation relation containing the fermionic generators is given by

. - 3

(0.0)=2H, {(Q.g}=P: (0.5 =D+ ~JiNy, (2.8)
{g.9y =mN, {q.8}=-B, {S,8}=2C, (2.9)

[H,S1=i0, [C,Q]=—iS, [P:S]=[B,Q]=2ig. (2.10)
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2.1.2.  Bosonic part of super-Schrodinger symmetry
Let £* be the non-relativistic version of the conformal Killing vector,

£' =ey +2ept —ect®, & = —2(ep+epl) + (ep —ect +iey)z, £ =&, (2.11)

where € are transformation parameters. Then the bosonic part of the super-Schrédinger transfor-
mations takes the form

5 = [g“’DM Pt ia]qb, Sy = [é“DM A+ i+ isf}p, 2.12)
¢t = [g“DM Fa— ia]qs‘f, syt = [S“DM A —ia— igf]w, (2.13)
54, = £"Fy., (2.14)

where the real functions A and « are given by

A =¢p—ect, o = enN +mzeg + mzeg + glzlzec. (2.15)

2.1.3.  Fermionic part of super-Schrodinger symmetry
To see the invariance of the action under supersymmetry, let us first note that the following
transformation does not change the action:

1 - -
8 = — (mty—2icoD:) Y. Y =~ (mly—2iloD:) 4, 2.16)
1, - . .
09T = —— (mly +2itoDe) ¥', 8y = — (mgy +2itoD:) ¢, (2.17)
54, = —2%; Al sz = 2% el 2.18)
= kmCQ(b , z—kmCQ ¢, (2.
84, = 5 (mt, +2i50D:) v ¢' + (e, (2.19)

where ¢, and ¢p are fermionic SUSY transformation parameters corresponding to the supercharges
g and Q, respectively. Actually, there exists one more supersymmetry generated by the supercharge S
whose transformation law can be obtained from Eqgs. (2.16)—(2.19) by promoting the transformation
parameters ¢, and {p into the following functions depending on the coordinates (¢, z, z):

$q = &4 — Zés, o = ep + tes, (2.20)
where (g4, €9, €s) are transformation parameters corresponding to the supercharges (¢, 0, S):

8 =49+ 600 + £5S + (h.c.). (2.21)

2.2.  Harmonic trap and modified super-Schrodinger symmetry

Now let us put the SUSY Jackiw—Pi system in a harmonic trap. The harmonic potential term can be
introduced by adding the Noether charge C (corresponding to the special Schrodinger transformation)
to the Hamiltonian. As shown in Appendix A, a Hamiltonian with such generalized chemical potential
terms possesses a modified symmetry even though the original symmetry appears explicitly broken.
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In the present case, the generalized chemical potential terms can be turned on by introducing the
following external gauge field 4" as 4, — A, + A}

I _ m - A .
Ajrdxt = Ema)(zdz —zdz) + |:E( 2 o)z - mr Ny — ia Na]dl‘, (2.22)

where /\A& is the fermion number operator,

Now =, Nyg =0, (2.23)
and ]\7a (a =1,...,Np) are the flavor number operators:
Na s = Sap b1 Nay = 8ap V- (2.24)

The parameters (w, @, ir, pq) correspond to the following generalized chemical potentials:

© w : the strength of the harmonic trap

© @& : the angular velocity of the rotation

© s : the fermion number chemical potential
O g : the flavor symmetry chemical potential.

In the presence of the external gauge fields, the differential operator Ay in the kinetic terms is
replaced by the differential operator A obtained by replacing the covariant derivatives with those
with the external field

2 NE
IN ~ — maw A A
= Ao — 0(D: = 2D2) — —— Izl + Ny + ) palNi, (2.25)
a=1

where 75/1 denotes the covariant derivative including the external field,
Du¢ = By +idy, + iAS), etc. (2.26)

Since the differential operator A does not commute with some generators of the super-Schrodinger
transformation, it appears that the part of the super-Schrodinger symmetry including the supersymme-
try is broken in the Jackiw—Pi system in the harmonic trap. Although the original super-Schrédinger
transformation is no longer a symmetry of the action, there exists a modified super-Schrodinger
symmetry even in the presence of the external field. By using the general method explained in Appen-
dix A, we can find the following modified super-Schrédinger symmetry (see Eqgs. (B.19)—(B.23) in
Appendix B for the explicit forms of the symmetry transformations).

2.2.1.  Bosonic part of modified super-Schréodinger symmetry

To write down the bosonic part of the modified super-Schrodinger symmetry it is convenient to
introduce 7n;(¢) defined by the following differential equations:

i0;(ng F iwnp) = (® £ w)(ng F iwnp), id;(nc + 2iwnp) = 2w (nc + 2ionp), (2.27)
oy = —wdmy = —2wnp, omn = 9y = 0. (2.28)
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By using these functions, “the non-relativistic conformal Killing vector £# for the modified
Schrédinger symmetry” can be written as

&' =nu, & = -2np+ (np +iny)z, £7 = —2np + (np — iny)Z. (2.29)

Then the bosonic part of the modified super-Schrodinger transformations takes the form

56 =[§"Du+atialg, by = 4D, +h+ia+in |y, (2.30)
50! =[6"Dy+ 1 —ialo’,  su'=["D, +h —ia — i v, 2.31)
54, = £"F o, (2.32)

with A = np and
- e o 1 - 1 .
a =ny +mng —ionp)z +m(ng + ionp)z + m[inc +ony — E(w2 - CUZ)’?H] z1%. (2.33)

These are essentially the same as the modified Schrodinger symmetry in the free system (see Appen-
dix B for the explicit forms of the symmetry transformations). By appropriately identifying the
integration constants of the differential equations in Egs. (2.27) and (2.28) with the transforma-
tion parameters £», we can confirm that this transformation reduces to the standard Schrodinger
symmetry when the chemical potential terms are turned off (w = & = 0).

It is worth noting that the SU (V) flavor symmetry is also not broken but modified as

8¢ =i X(1), Sy = iy T(¢), (2.34)
where T(¢) denotes a time-dependent generator of SU (Vg) such that

19,3 = [M, 2], T(0) € su(Np), M =diag(uy, ..., unp). (235

2.2.2.  Fermionic part of modified super-Schrodinger symmetry

The fermionic part of the modified super-Schrodinger transformation takes the same form as the
unmodified one in Egs. (2.16)—(2.19) if the covariant derivative is promoted as D, — f)u and ¢,
and ¢p are replaced with the functions satisfying the differential equation

10y — pr ii(d)z — a)z) g B o -
( [0z 10, — py — 20 ¢o =0, 0:0 = 0z69 = 3:64 = 0. (2.36)

The general solution takes the form
é‘q — e_i“fteq _ e—i(po—l-ZJ))t Ef/(t), é‘Q — e—l'(ll.f+25))tf(t), (237)

where the function f'(¢) is given by

fo=1 [(sg + ”—S) el@me) 4 (8Q - ’8—5) e"““*‘“”] : (2.38)
2 w w
and /7 (¢) is the time derivative of /' (7). The integration constants (&4, €0, €s), which can be interpreted

as the transformation parameters of the modified symmetry, are chosen so that ¢, and ¢p reduce to
the original forms in Eq. (2.20) in the limit w, @, uy — 0.
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By applying these transformations to the action with the generalized chemical potential terms, we

can explicitly check that the action is invariant under these modified symmetries. !

3. 1/3 BPS equation and Jackiw—Pi vortices
3.1. 1/3 BPS condition

Since the SUSY Jackiw—Pi system has the modified super-Schrodinger symmetry even in the har-
monic trap, it is possible to consider BPS states of the Jackiw—Pi vortices [14], which preserve part
of the modified super-Schrodinger symmetry. A BPS condition can be obtained by requiring §v = 0
for each choice of the transformation parameters (g4, £9, £5). We can obtain a BPS equation with no
explicit time dependence by setting

gg =0, gs = —iweg. 3.1)
By using the differential operators V, and V; defined by
V,=D, — %mwé, V; =D; + %ma)z (3.2)
we can write the BPS equation corresponding to Eq. (3.1) as
V:¢ =0. (3.3)

Any solution of this BPS solution satisfies the full set of equations of motion if the following first-order
differential equations are also satisfied:

iFa: + %w =0, V=0, (3.4)
where we have defined
i Ne
Vi = D+ Wwﬁ +i(® — &) (D, —2Ds) + i ;(w — 1) N, (3.5)

In the following, we consider field configurations satisfying the set of equations in Egs. (3.3) and (3.4)

with asymptotic behaviors?

¢ — 0, F — 0. (3.6)

I Although it is possible to directly show the invariance of the action by using the explicit form of the
transformation, we can bypass the complicated computation by performing the coordinate transformation

= 1 . _ .
XM= (1,2,7) > XM = (T,Z,7)with T = — tanw(t — to), Z = JT'(t) €¥'z, Z = \/T'(1) "'z
w
and the field redefinition (4,,, ¢, V) — (Ay, @, ¥) given by A, dx" = Ay dX™ and

O(t,2,2) = JT' () D(T,2,2), Y(t,z,z) =T V(T Z,27),

with & = (,sz./([f + uaM)t - "’T"’z |z|>T. For an arbitrary value of #, € R, the action expressed in terms of the
fields (4,,, ®, V) and the coordinates (7, Z, Z) takes the original form in Eq. (2.2), and the modified super-
Schrodinger symmetry reduces to the original one. Then we can check the invariance of the Lagrangian (up to
total derivative) in each coordinate patch by choosing the parameter #, € R in such a way that the singularities
of the coordinate transformation at = ) + Z(n + 1/2) (n € Z) are not contained in the patch. Note that the
super-Schodinger symmetry itself is non-singular everywhere.

2 Since the generalized chemical potential terms introduced to deform the action can be regarded as the
external gauge field 4, — A, + 4}, the solution of the deformed equation of motion A,Sfl can be mapped to
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3.2.  General BPS solution
To write down the general solution of Egs. (3.3) and (3.4) it is convenient to introduce an arbitrary

N x Nr holomorphic matrix Hy(¢,z), called the moduli matrix [28,29]. By using Hy(¢,z), we can
formally solve Egs. (3.3) and (3.4) as

¢ = ST'Hy(t,z) diag(e™V, 2! .. &), (3.7)
s =S 1aS + %mwz, (3.8)
Ay =Z-9¢' +i(w - &)(cd: —24) — o, (3.9)

where the N x N matrix S (¢, z, Z) is an element of the complexified gauge group U (N)® = GL(N, C)
satisfying

300.QQ7YH = mo — %HOHJQ—I, Q=SS (3.10)

This equation ensures that the Gauss law iF,z + %qﬁqﬁ* = 0 is satisfied. The BPS equation Vz¢ = 0,
which can be rewritten as

9:Ho(t,z) = 0, (3.11)

is automatically satisfied for an arbitrary choice of the holomorphic matrix Hy(¢,z). The remaining
equation V;¢ = 0 determines the time dependence of the solution as

[a, Fi(w — @)(z0, — E&g)]S - [at Fi(w— @) (0, — 585)]1‘10 —0. (3.12)

It follows from this equation that S and Hy have no explicit ¢ dependence if they are written in terms
of the coordinates z, and z, defined as

i(o—w)t z,

y=e Z, = e (@)t 7 (3.13)

This implies that the whole system is rotating in the z-plane with angular velocity @ — w. By solving
Eq. (3.10) for €2, physical quantities such as energy density profiles can be explicitly obtained for
an arbitrarily chosen Hy(z,).

Note that for N = Nr = 1, Eq. (3.10) can be rewritten into the vortex equation classified as follows
[34]:

mw=0, k<0 Jackiw—Pi [14]
mw >0, k <0 Ambjern—Olesen [35,36]

mw > 0, k >0  Taubes [37]
mw > 0, k = oo Bradlow [38]
mw <0, k<0 Popov [39]

a solution of the original equation of motion 4, = Aff‘ + A;7. Neverthless, the original system with boundary
condition 47, — 0 and the deformed system with the boundary condition in Eq. (3.6) are inequivalent since
Eq. (3.6) corresponds to the boundary condition 4}, — 4.
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Although Eq. (3.10) has an identical form to the vortex equation, the boundary conditions are different
and consequently the vortices in our setup have some distinctive physical properties.

The stability of the solution is guaranteed by the conserved charges associated with the spatial
rotation and the internal phase rotation. We can show that for given values of the Noether charges,
the energy of the system is bounded from below as

Nr
E > (0-&)J+ ) (0— pta)Na (3.14)

a=1

where J and N, are the angular momentum and the flavor symmetry Noether charges,

J = f d’x ¢ (D, —2Dz)¢py, Ny = f d*x ] ¢y (no sum over a). (3.15)

The BPS solution saturates this lower bound for the energy. This is an example of O solitons, that
is, solitons which are stabilized by Noether charges.

It is worth noting that we can obtain more general solutions of the equations of motion (breathing
solutions, etc.) by applying the modified Schrodinger transformation to the BPS configurations
discussed in this section. Such solutions preserve different combination of the supercharges and
satisfy a certain time-dependent BPS equations.

3.3.  Static BPS solution

Although a generic BPS configuration is a stationary solution which depends on time #, the solution
in Egs. (3.7)—(3.9) becomes static if H is chosen so that the resulting scalar field ¢ is invariant under
the rotation and the flavor transformations, that is,

J¢ = Na¢> = 0+ {infinitesimal gauge transformation}. (3.16)
By appropriately fixing the gauge, the static solution with, e.g., wu, J\7'a¢ = pnp =

diag(u1, ..., uN )¢, can be written as

_1
¢ = (e 272" | Oy ve—my) (3.17)
Az =30 (o —molzl?), (3.18)
T ~ - .

A= 99' +io = &) =24z +il) = (0 — ), (3.19)
where L = diag(/1,/,...,Iy) is an N x N diagonal matrix with /; € Zx¢. The matrix ¢ =
diag(o1,07,...,0n) denotes a set of real profile functions satisfying

. — T2l o 9 )y —
0,0:0; = mw — ;|z| e i, (z0; —z03)0; = 0, (3.20)

with asymptotic behavior o; — mw|z|?>. We can show that the subleading part of o; takes the form
o; — molz|? — p;log |z|. (3.21)

From this asymptotic behavior, it follows that the real parameters p; correspond to the magnetic
fluxes and the flavor charges

1 2. 1.
— | d°xiF,;; = —=diag(p1,...,poNn), Ny = —pq. (3.22)
2 2 2
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zero winding with k >0 one winding with k >0
112
p=38
0.8Ff
06
p=3

0.4+ =2

02f p=1
. ) . "oy . . . — oy
1 2 3 4 5 6 1 2 3 4 5 6

Fig. 2. Profiles of particle number density |¢|> fork =7, N = Ny = 1, mo = 1.

zero winding with k<0 one winding with k<0
1612 1612

15+

Fig. 3. Profiles of particle number density |¢|> fork = —7, N = Ng = |, mow = 1.

See Figs. 2 and 3 for the profiles of the charge density.

As in Ref. [20], time-dependent solutions can be obtained from these static solutions by applying
the modified Schrodinger symmetry. Although such solutions do not satisfy the BPS equation in
Eq. (3.3), they preserve a certain time-dependent linear combination of the supercharges.

4. Spectrum of fluctuation modes in BPS background

In this section we consider fluctuations of the fields (64, §¢, 8y) around a BPS background (4, ¢)
and show that, in addition to the so-called massive NG modes in the bosonic fluctuations, there
exist fermionic massive NG modes associated with the broken supercharges of the modified super-
Schrodinger symmetry.

4.1. Linearized equations for fluctuations

When we discuss fluctuations of the bosonic fields, it is convenient to remove the gauge zero modes
by imposing the gauge-fixing condition on the fluctuations as

54, = —%(&pw +¢8¢") — i(w — @) (284 — 284z). (4.1)

This gauge-fixing condition does not completely remove unphysical gauge zero modes since there
remain gauge degrees of freedom generated by A € u(N) such that

DiA + i(w — &)(zD.A — ZD:A) + %[dxp*, Al =0. 4.2)
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This residual gauge degrees of freedom can be fixed by imposing the additional gauge-fixing
condition as

i(D:54z + Ds842) + %(Mmﬁ — 9" = 0. 4.3)

The Gauss law equation iF,z + %¢¢T = 0 reduces to the linearized Gauss law for the fluctuation
fields:

i(D.84s — D8 A.) + %(Mxp* +¢spT) = 0. (4.4)

If the gauge-fixing condition in Eq. (4.1) and the linearized Gauss law in Eq. (4.4) are satisfied, the
linearized equations for the fluctuation fields can be written as

<Nt + EV@> ( 84z ) =0, (Nt + 3ﬁv) sy =0, (4.5)
m 3¢ m

where the differential operators are given by?

Np
) Y ) )
V, = D, + %WT +i(w — @) (J — z/\_ff> + i;(w — a)Na —i(py + @ + O)N; (4.6)

and

V:(ﬂé‘fT), 6:(1'(/3 v5>. 4.7)

The operators qAﬁ and qST denote the right multiplications of ¢ and ¢T, e.g. ¢3 - 843 = 8A45¢,, and the
differential operators V. and V; are defined by

1 1
V,=D, — Ema)Z, V: =D; + Ema)z. (4.8)

4.2. FEigenmode expansion and supermultiplets

Here we consider fluctuations around the static BPS background in Egs. (3.17)—(3.19). Let us consider
the eigenmode expansion of the fluctuations

0Az n
< 56 ) = Z(pn(l‘) < Zg’ ) ) 8¢ = ZXn(t) Uf n» (4.9)

where (ug, »,us n) and uy , are bosonic and fermionic mode functions satisfying the eigenmode
equations

. 2_< Ug n . 2 ¢
iV(epn) + -V ) =o, iV(erm)+ VY ) up, =0,  (4.10)
m ’ m ’

Us, n

3 The generator J denotes the angular momentum operator including the spin part:

J=zD.—3D.+ 8.
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where V(€) is the operator which can be obtained from V; in Eq. (4.6) by replacing the time
derivative id; with an eigenvalue €. Then the linearized equations reduce to the following equations
for the bosonic and fermionic degrees of freedom ¢, (¢) and yx,(¢):

1010n (1) = €b,n on (1), 10 xn(t) = €f,n Xn (D). (4.11)

Note that since V (¢) commutes with VV and Vﬁ,

Us n

[V(en,m, V¥ ] ( ak ) =0, Vi, VV]urn =0, (4.12)

the solution to the bosonic (fermionic) linearized equation can be decomposed into simultaneous
eigenmodes of V (¢) and VV (VV).

Since the BPS background configuration preserves a linear combination of three complex super-
charges (¢, 0, S), eigenmodes of the bosonic and fermionic fluctuations are paired so that they form
supermultiplets of the unbroken supersymmetry. Let (ug, 1) be a bosonic eigenmode with eigenvalue
€p. The partner fermionic eigenmode u, can be obtained as

Us

W:ﬁ(”‘g), & =eh— 1y — 0 — . (4.13)

On the other hand, any fermionic eigenmode u; with eigenvalue €, can be mapped to its partner
bosonic eigenmode as

(Zg ):Vuf, =€+ +oto. (4.14)
A

Since (ug,us) and uy are eigenmodes of VV and VV respectively, the sequential mappings
(boson — fermion — boson) and (fermion — boson — fermion) do not give new eigenmodes,

g —~ VV Ug X e R ur — VVur o uy. 4.15
f f f
Uy Uy U ‘ ‘ '

Therefore, a generic supermultiplet consists of a pair of bosonic and fermionic eigenmodes.

It is worth noting that, unlike the case of ordinary supersymmetry, bosonic and fermionic eigen-
modes in a supermultiplet have different eigenfrequencies, €, — €/ = s + @ + @. This is due to
the unbroken supersymmetry being part of the modified supersymmetry which explicitly depends
on the time ¢#. One can check that the unbroken supersymmetry becomes independent of + when
&p—€=pur+o+w=0.

4.2.1.  Short supermultiplets

Although a generic supermultiplet is made up of a pair of bosonic and fermionic eigenmodes, there
also exist short supermultiplets, each of which consists of only a single bosonic eigenmode. Such a
short multiplet can be found by solving the linearized BPS equation V:8¢ + ié4:¢ = 0, i.e.

6( Zg ) - 0. (4.16)

For a bosonic eigenmode satisfying this equation, the boson — fermion mapping in Eq. (4.13)
vanishes. Furthermore, there is no fermionic eigenmode such that Vuy is a solution of the linearized
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BPS equation since the operator VV = V,V: — mw has no zero mode.* Therefore, this type of short
multiplet consists of only a single bosonic mode.

4.2.2. Linearized Gauss law and gauge-fixing condition
Since the bosonic component of a long supermultiplet is an element of imV, the linearized Gauss
law in Eq. (4.4) and the gauge-fixing condition in Eq. (4.3) are automatically satisfied:
b4 i b4
iD.uy + ;us(ﬂ — D, (?’ufw) n ;vzuquf — 0. 4.17)

On the other hand, for any solution of the linearized BPS equation in Eq. (4.16) (element of Ker V),
we can always find a short multiplet satisfying the constraints in Eqgs. (4.4) and (4.3) by using the
symmetry of the eigenmode equation,

Ug ) (e DAY (4.18)
Uy us +iAg
where A € gl(V) isan N x N matrix satisfying V(e,) A = 0 and

i[DZDgA _ %A(pw] = iD.ug + %usczﬂ“. (4.19)

In this way, we can find physical short multiplets satisfying the linearized Gauss law equation and
the gauge-fixing condition.

4.3.  Bosonic and fermionic massive Nambu—Goldstone modes

Since the static BPS configuration in Egs. (3.17)—(3.19) breaks part of the super-Schrodinger
symmetry, there exist NG modes in the fluctuations of the fields.

4.3.1.  Bosonic massive Nambu—Goldstone modes

In the presence of the external fields, the super-Schrodinger symmetry is modified in such a way that
the generators explicitly depend on the time ¢. Consequently, the corresponding NG modes become
massive. The bosonic NG modes satisfying the constraints of Egs. (4.4) and (4.3) take the form

_ —iF.- —
P, —ioB — | "¢ ) = e e ) , € =0—w, (4.20)
Uy —iV;¢
— _F —
P+ioB — [ " )= 5= |, € =&+ w. 4.21)
Uy —iV;¢
u zF ;3
D+ 2iwC — &)= S = , €p = 2w, 4.22
Uy ) @D, +zD: + 1) ¢ ’ ( )

where the first NG mode generated by P, — iwB’ is in a short multiplet and we have used the
symmetry in Eq. (4.18) so that it satisfies the constraints in Egs. (4.4) and (4.3). These three complex

YVV =V.V: —mwisa negative definite operator, since for any function £,

/dzxf(VZVg—ma))f - —fd2x [ ‘(az+mz—wz)f‘2+mwm2] <0
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modes (and their complex conjugate) correspond to the broken modified symmetry generated by six
real operators (translation, Galilean, dilatation, and special conformal symmetry). There also exist
massive NG modes corresponding to the broken modified flavor symmetry in Eq. (2.34).

4.3.2.  Fermionic massive Nambu—Goldstone modes

Since the BPS configuration breaks part of the supersymmetry, there also exist fermionic NG modes.
As in the bosonic case, the modified supersymmetry transformations explicitly depend on time and
hence the corresponding fermionic NG modes are massive. There are two such fermionic massive
NG modes corresponding to the broken fermionic generators ¢ and Q + iwS,

q — ur=9, € = — Uy, (4.23)
O+iwS — ur =z¢, €& =—ur — o+ o. (4.24)

We can check that the NG modes generated by (P, + iwB?, ¢) and (D + 2iwC, Q + iwS) are the pairs
of supermultiplets related by the boson—fermion mapping discussed above.

4.4.  Infinite towers of eigenmodes in static BPS background
As we have seen in the previous section, the bosonic and fermionic massive NG modes have eigen-
frequencies given by the chemical potentials with the integer coefficients determined by the charges
of the corresponding generators. Here we show that there are infinite towers of eigenmodes with
such eigenvalues.

Let us first consider the case of short multiplets. Since the BPS equation V:¢ is satisfied by
Egs. (3.7)—(3.9) for an arbitrary matrix Hy(z, z), the linearized BPS equation can be solved by using
the linearized version of Egs. (3.7)—(3.9), which takes the form

ug \ 0 —D:A
( Uy ) - ( e~ 198 Hy () >+< iNg ) (4.25)

where A is the N x N matrix determined by the constraint’
i[DZDgA _ %AMT] = %e—%"aHo(z)qﬁ. (4.26)

This solution of the linearized BPS equation satisfies the eigenmode equation with eigenvalue € if the
matrix § Hy(z) is chosen so that A (¢) 8Hy = 0. This condition is satisfied when § Hy has one non-zero
component given by a monomial of z. For example, if §Hy has z/ (I € Z>y) in its (j,J)-component,

(8Ho)ir = 2'8;817, (4.27)
the eigenfrequency of the corresponding short multiplet is given by
e = —l)(w—o) — uy+ u;. (4.28)

The NG mode generated by P. — iwB® corresponds to a linear combination of the modes with
(1,J) = (I; — 1,j). The NG modes corresponding to the broken (modified) flavor symmetry are also
contained in these towers of eigenmodes.

5 The matrix A can also be written as A = ie"2°8S by using the solution §S of the linearized version of
Eq. (3.10) which determines the matrix S.
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In addition to the short multiplets, we can also find exact spectra of a class of ordinary long
supermultiplets. Such supermultiplets can be obtained from the fermionic eigenmode corresponding
to the lowest Landau level. For example, s is an eigenmode with frequency

& =—0)®—a)— s+ — (4.29)

if us has a non-zero monomial in the (7,/)-component
(up)ir = e_%gjzl&'jfslj- (4.30)

The fermionic massive NG modes in Egs. (4.23) and (4.24) correspond to the linear combinations of
the eigenmodes with (/,J) = (;,j) and (1,J) = (I; + 1, /), respectively. The corresponding bosonic
mode can be obtained by applying the map in Eq. (4.14),

] 1
(ug)ir = %e—%“’ﬁf’”z’zbayau, (ug)i = €297 (1 = Eraraj) Si6u,  (4.31)

where r = |z|. As we have seen above, this bosonic mode has eigenfrequency related to that of the
fermionic mode as in Eq. (4.13),

e=>10-)(w—-0)—pu +u—ow—0o. (4.32)

The towers of the eigenmodes in Eqgs. (4.27) and (4.30) can be interpreted as the lowest Landau
levels in the bosonic and fermionic sectors, respectively. As was done in the non-linear Schrodinger
system [40], it would be interesting to discuss the low-energy dynamics of such degrees of freedom
with physically distinctive properties.

5. Summary and discussion

In this paper we have discussed the supersymmetric Jackiw—Pi model in the harmonic trap. The super-
Schrédinger symmetry of the original SUSY Jackiw—Pi model is modified in the presence of the
external background fields which correspond to the generalized chemical potential terms including
the harmonic potential. We have seen that the 1/3 BPS states of Jackiw—Pi vortices, which preserve
part of the modified supersymmetry, are stationary configurations rotating around the origin. They
become static when the moduli matrix is at the fixed points of the spatial rotation and the flavor
symmetry. We have investigated fluctuations around the static BPS backgrounds and revealed the
structure of supermultiplets of eigenmodes. In addition to the bosonic massive NG modes, we
identified the fermionic massive NG modes associated with the broken modified superconformal
symmetry. We have also found the eigenmode spectra of the infinite towers of supermultiplets
corresponding to the bosonic and fermionic lowest Landau levels.

While we have discussed one of the simplest examples of (modified) non-relativistic supersymme-
try in the Jackiw—Pi model, it is known that there exist Chern—Simons matter systems with extended
non-relativistic supersymmetries [41—43]. It would be interesting to investigate bosonic and fermionic
massive NG modes in the extended models such as the non-relativistic Aharony—Bergman—Jafferis—
Maldacena model. Another direction to be explored is to clarify the relation between the quantum
states of the Jackiw—P1i vortices in the harmonic potential and the spectrum of the chiral primary
operators [44,45] from the viewpoint of the non-relativistic version of the state—operator mapping
[46]. If we set uy + w + @ = 0 in our model, the explicit time dependence of the supersymmetry
preserved by the 1/3 BPS states disappears and hence we can compactify the time direction without
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breaking the supersymmetry. Such a situation is quite similar to the Q2-background [47,48], and it
would be possible to compute certain types of superconformal indices by using the supersymmet-
ric localization method [49]. As in the case of the vortex partition functions in two-dimensional
N = (2,2) theories [50,51], the moduli matrix method, which was used to describe the BPS vor-
tex solution, would play a crucial role in the localization computation and hence it is an important
future work to investigate the structure of the space of the BPS solutions from the viewpoint of the
moduli matrix formalism and its relation to the Atiyah—Drinfield—Hitchin—Manin-like construction
discussed in Ref. [22].
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Appendix A. Generalized chemical potential and massive Nambu—Goldstone mode

In this section we summarize the basic properties of the generalized chemical potential, modified
symmetry, and the massive NG mode.

Consider a system with a symmetry generated by conserved charges O obeying the commutation
relation

[0% 0°1 = if *.0°. (A1)

If some of these generators have explicit time dependence, they do not commute with the Hamiltonian.
It follows from the Noether theorem and the Heisenberg equations of motion

do“ 907
dt or

= i[H, 0] + 0 (A.2)

that the explicit time dependence of the conserved charges can be written as

0 = ("), 0", (A.3)

where H% is the matrix defined by
[H,0" = iH' 0" (A4)

and Q“ are operators which do not have explicit time dependence and satisfy the same commutation
relation as Q¢,

_Qb — 0’ [Qa,Qb] — lfachc. (AS)
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Note that Q¢ are identical to the symmetry generators Q¢ if the Q¢ do not have explicit time depen-
dence. Using Q“, we can add “chemical-potential-like terms” to the Hamiltonian without introducing
explicit time dependence,

H=H— pn,0°, (A.6)

where u, are parameters corresponding to the chemical potentials. In the presence of these terms,
which we call generalized chemical potential terms, the original symmetry of the system is explicitly
broken. Nevertheless, we can find the same number of conserved charges as follows. Consider a linear
combination of O with time-dependent coefficients

0" =G%(nQ". (A7)
The Heisenberg equation of motion implies
an_-~”a aQa_ a b db 9 a c
r = i[H,01+ 3 |:—g b(H C_Mdf c>+agb Q_ (A.8)

This equation implies that O are conserved charges if the coefficients G (¢) are chosen so that they
satisfy

0
=% = G (K — naf ). (A9)
For constant chemical potentials 14, the conserved charges O are given by
0% = G(nQ" = (") 0", Hey = H% — /. (A.10)

We call the symmetry generated by 0% “modified symmetry.” It is worth noting that even for time-
dependent /1., we can construct 0% by using the solution of Eq. (A.9).

Appendix A.1. Massive Nambu—Goldstone mode

Here we briefly review the massive NG mode, which appears when a symmetry with explicit time
dependence is spontaneously broken.

Let us assume that the matrix # is diagonalizable. Then, corresponding to the eigenvector of H,
there exists a linear combination of the modified conserved charge in Eq. (A.10) such that

0% = e 0%, (A.11)

where o is an eigenvalue of H and QY is a certain linear combination of the operators Q“. The

Heisenberg equation for 0% implies that
QO{ (t) — e*iat ei[j]IQ_b<0)e7if~]l’ (A 12)

where Q_b (0) denotes the operator Q_b at t = 0 (Schrodinger picture). Consider a matrix element
0“ () between two energy eigenstates |E;) and |E,), given by

(E2| 0% ()|Ey) = B2 F1m 9 B 0P (0) |y ). (A.13)

Since the matrix element of the conserved charge is independent of time, the right-hand side cannot
have time dependence. Therefore, if a matrix element of Q% is nonzero,

(E2|Q%|Ey) # 0, (A.14)
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then there exists a gap between the two energy eigenstates,
AE =E;, — E| = . (A.15)

The massive mode corresponding to this gap is the massive NG mode, whose mass is exactly given
by an eigenvalue of H%, = H%, — uf““p. See Ref. [3] for a more precise argument for the massive
NG theorem.

Appendix B. Schrodinger symmetry in free Schrodinger system

In this section we briefly review the Schrodinger symmetry, the generalized chemical potential,
and the modified symmetry in the free Schrodinger system as an example. The action of the free
Schrodinger system in (2+1) dimensions takes the form

S:/dﬁ%&&@+%ﬁﬂ¢. (B.1)

This is a non-relativistic system, in which the canonical commutation relation is given by

[¢(x), p(x)] = 82 (x — X'). (B.2)

This system is invariant under the Schrodinger symmetry:

time translation S = 019,

dilatation Spd = (23 +x'9; + D),

rotation 8¢ = (x102 — x201)9,

special Schrodinger symmetry Scp = [lzat +i(x0+1)—i %Xﬂ é,
Galilean boost dp, ¢ = (10; — imx;) @,

translation dp,p = —0ip,

phase rotation SN = —i¢.

The corresponding conserved charges are given by

- 1
Hamiltonian H = /dzxqﬁ |:——8l~2i| o,
2m
- t
dilatation charge D:fﬁw[— +Mﬁ+ﬂ¢
m
angular momentum J = /dzxq_b[i(xlaz —x231)]¢,
. v 1 2 7 12 2 . m
special Schrodinger charge C= | dx¢ _2_31‘ + it (x;0; + 1) + 2% o,
m
Galilean boost charge f d*x ¢l itd; + mx,]

[
momentum / d’x qS[ ]

particle number N = f d’x ¢¢.
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Table B1. Generator spins and conformal weights.

H P p. D J N B B: C

Ao 2 1 1 0 0 0 —1 —1 -2
Jjo 0 —1 1 0 0 0 1 —1 0

These charges satisfy the Schrodinger algebra, whose non-trivial part takes the form
[H,Bi] = —iP;, [C,Pil=iB;, [B;,Pj]=iméN, [H,C]=iD, (B.3)
[/, 0] = —joO, [D,0] = —iAopO, (B.4)

where O denotes an arbitrary eigenoperator of the Cartan part (J, D, ') with eigenvalues (jo, Ap).
The spins jo and conformal weights Ao of the generators are given by Table B1, where P, =
(P1 — iPy)/2 and B, = By + iB;. The conserved charges given above can be written as linear
combinations of the time-independent operators defined in Eq. (A.3):

H=H 11=/d2x<13[—i8?]¢,

2m
D=D+uH z_>=/d2x¢3[i<x,-a,~+1>]¢,
J=J J= /dzxq5[—i(X132 —xzal)]¢,
C=C+tD+’H Q=/d2xq—5[%x,-2]¢,
B =B, — 1P, B, = [ @xg[m]o.
=P, r= [ @[ - ia]o.
N =N X = [ dxdo.

Note that the time dependence is at most quadratic since the matrix H defined in Eq. (A.4) satisfies
H3 = 0 and hence e’ = 1 + Ht + (H1)?/2 in the case of the Schrédinger symmetry.
Now let us deform the Hamiltonian by introducing the generalized chemical potential terms,

H=H— pn,0" (B.5)

For the most generic chemical potential, the deformed Hamiltonian terms takes the form

~ - 1
H :f d2x¢[— %8,-2 - i(MDxi + y€jxj — H“Pi)ai

m

et + mygx; + u)]as. (B.6)

- (iMD +
These chemical potential terms can also be written as an external gauge field as

ﬁ—:/d%é[—l—ﬁ2+A“]¢ (B.7)
- 2m ! ! ’ '
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where 25“ = dy +id}] with
ox i — - m. o, .2 2
4, dxt = Ema)|:(z —zo)dz — (z — zo)dz] + [E(a) — @%)|z — z¢] :|dt + da. (B.8)
Here, z = x1 + ixy is the complex coordinate and the function « is given by

muyp
o =
2

Iz —Z/)? — pt. (B.9)
The chemical potentials 1, and the parameters (w, @, i, zo, z’) are related by
m - ~ .
o==0, pe=—lo+impl,  uy=p—Z[@ =& +1dz +inp 1P|, (B.10)

wg, +iup, = (@* — &M)2' + (& — inp)(@z0 + inpz),  pp, +ipnp, = —i(@2 + ippz’).
(B.11)

Equations (B.7) and (B.8) show that the generalized chemical potential terms for the Schrodinger
symmetry can be essentially regarded as the harmonic potential and constant magnetic field
characterized by the frequencies w and o, respectively.

For simplicity, let us focus on the case with up = up, = up, = 0 (zo = z’ = 0). In the presence
of uc = —w, uy = —@, and ppr = w, the modified conserved charges in Eq. (A.10) are given by

H=H+o’C+adJ —uN, (B.12)
N =N, (B.13)
J =J, (B.14)
0 = DB, % iBy) +i(P) iPy) ], (B.15)
0o = ezl'wf[wzg —iwD — 11]. (B.16)

These conserved charges are chosen so that the matrix 7 takes the diagonal form, that s,

[H,J]1=0, [H,N1=0, [H,0+] = —0104, [H,00] = —20Q0, (B.17)
with w+ = w £ ®. These equations implies that they satisfy the conservation law

an_. =, aQa_
dt =7, 07+ ar

0. (B.18)

Note that O+ and Qp are complex quantities and hence Ql and Qg are also conserved.
The explicit forms of the transformations corresponding to the modified conserved charges are
given by

350 = 319, (B.19)
Sy = ig, (B.20)
830 = i[z0. —Z0z]9, (B.21)
8+ = '[9 £ idy + mo(x) £ ix)]¢, (B.22)

So¢p = ¥[8, + i(mew?|z* — ) + i (28 + 20; + 1) — id(zd, — 232) . (B.23)
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We can show that the deformed system, which is described by the action
—~ 1 -~
S = / dt d’x [idbD,qS + 2—¢D$¢} , (B.24)
m

is invariant under the modified transformations given above. The last two equations in Eq. (B.17)
imply that Ql and QT, are essentially the creation operators of massive quanta,

(A,0l1=w: 0L, (A0 =200 (B.25)

Therefore, if a state is not invariant under the modified symmetry generated by Ql and Qg , there
exist massive NG modes with masses w+ and 2w.
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