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1 Introduction

A highly active area of focused research in string theory aims at a formulation of the
microscopic degeneracy of states of black holes to arrive at a statistical description of black
hole thermodynamics. This is a critical first step in gleaning insights into the organization
of the degrees of freedom in any purported theory of quantum gravity. A series of steady
definitive advancements has been accomplished in the last decades in this field, specifically
w.r.t. the exact counting of microstates of % BPS and % BPS black holes in four-dimensional
N =4 and N = 8 string theories, respectively [1-19]. In this paper, we address the problem
of black hole microstate counting for % BPS asymptotically flat black hole backgrounds. We
do this in a specific four-dimensional N = 2 string theory model, namely the STU model
of Sen and Vafa (example D in [20]), for which the holomorphic function F', which encodes
(part of) the Wilsonian effective action, has been determined recently [21]. The function F'
encodes an infinite set of gravitational coupling functions w(™ (n >1). A proposal for the
counting of microstates in this model has been made in [22], by only taking into account
the gravitational coupling function w(®. In this work, by using the detailed knowledge
about F' given in [21], we arrive at a different proposal. While doing so, we will work in a
certain region of moduli space, as we will explain below.

In four-dimensional N = 2 string models, extremal black hole backgrounds are char-
acterized by electric and magnetic charges (qr,p’) w.r.t. the various U(1) gauge fields in
these models. These backgrounds, which at weak string coupling correspond to BPS states,
possess a near-horizon AdSy geometry [23]. This geometry is an exact solution of the equa-
tions of motions that is decoupled from the asymptotics of the background. The decoupling
ensures that the values of scalar fields {¢} in the near-horizon black hole background as
well as all relevant length scales, such as the AdS, radius, are solely fixed in terms of the
charges and are independent of the asymptotic data. The near-horizon geometry, in effect,
acts as an attractor [24-26] for the scalar fields {¢} in the black hole background: the
attractor values of these scalars determine the near-horizon length scale, and hence the
black hole entropy Sgy. This, in turn, implies that the quantum gravity partition func-
tion Zag4s,(¢,p) in this attractor background, evaluated in a canonical ensemble defined
at fixed magnetic charges, is the generator of the dimension of the black hole microstate
Hilbert space, i.e. of the black hole microstate degeneracy dpu(q, p), graded by electric and
magnetic charges. Hence, formally, one has

Zaasy(6,p) = deu(g,p)e™. (1.1)
q

The SL(2, R)-isometries of AdSs indicate that the generator of degeneracies has modular
properties, an expectation that has been extensively borne out in all cases where the exact
microscopic degeneracy is known, such as in four-dimensional N = 4 and N = 8 string
theories. Here the microstate degeneracy dpp(q,p) is related to the macroscopic entropy
of the black hole by the Boltzmann relation

Spu = In du(q,p) - (1.2)



The macroscopic entropy Spp has an expansion in terms of the dimensionless black

hole area App as’

A
SBHzﬂﬁ—cllnABH—i-i—l—.... (1.3)
4 ApH

For extremal black holes with a near-horizon AdS, geometry, a proposal for their exact
macroscopic entropy was put forward in [28, 29]. This proposal is called the quantum
entropy function, and is defined in terms of a regulated path integral over AdSs space-
times with an insertion of a Wilson line corresponding to electric charges. This in turn
provides an operational definition for (1.1).

For BPS black holes in four-dimensional N = 2 string theories, the quantum entropy
function W (g, p) can be expressed as [30] (when strictly restricted to smooth configurations)

W(g,p) = /C do () Z1-100p(¢) €™ IMIOTIIZ0 ] (1.4)

The various ingredients that go into this formula will be reviewed in section 2. Here we note
that the holomorphic function F' appearing in the exponent is the holomorphic function
mentioned above that encodes (part of) the Wilsonian effective action. The function F'
can be decomposed as F = F(©) 4 2iQ, where F(©) denotes the prepotential of the model,
whereas © encodes all the gravitational coupling functions w(™, as a series expansion in
powers of Y/(Y9)2. Here, (T,Y?) denote rescaled supergravity fields (A4, X°), where A
denotes the lowest component of the square of a chiral superfield that describes the Weyl
multiplet, and where X denotes a complex scalar field belonging to one of the off-shell
vector multiplets in the associated supergravity theory.

The STU model of Sen and Vafa (example D in [20]) is based on four off-shell vector
multiplets, and € will therefore depend on four complex scalar fields Y/ that reside in
these multiplets. Introducing projective coordinates S = —iY!/Y? T = —iY?/Y° U =
—iY3/Y?, Q has the series expansion

QY,T) =" Z_% <(1£)2> W™ (S T, U) . (1.5)

This STU model possesses duality symmetries, namely [[o(2)]® symmetry and triality
symmetry. The former refers to the duality symmetry I'g(2)s x T'o(2)7r x T'g(2)y, associated
with each of the moduli S,7,U. Here, I'y(2) denotes a certain congruence subgroup of
SL(2,Z). In addition, the model possesses triality symmetry, i.e. invariance under the
exchange of S,T and U. Using all these symmetries, it was demonstrated in [21] that
the gravitational coupling functions w("+1)(S, T,U) are expressed in terms of one single
function w, and derivatives thereof with respect to .S,7T,U. The duality symmetries were
implemented by adding to € in (1.5) a term proportional to T In Y. However, such a term
is, strictly speaking, not part of the Wilsonian effective action. Since we will take 2 as an
input in (1.4), we will refrain from adding this term to Q. This term will be effectively
generated from Zj_joep in (1.4), as already noted in [31].

! Additionally, a constant contribution may be present. We will neglect such a contribution when com-
puting the quantum entropy function. For a recent development in this regard see [27].



The explicit expressions for the w("H)(S, T,U) in the STU model are complicated.
However, in [21] it was observed that they dramatically simplify in the limit where the real
part of two of the three moduli S, 7T, U are taken to be large. This is the limit in which we
will work in this paper. We will thus fix two of the moduli, say T and U, to large values,
which we will denote by Tp, Ug. In this limit, 2 becomes effectively replaced by

T «adw(S)
(V07 5 05

where a,y denotes constants, and where = encodes the higher gravitational couplings

QY% 5 1) =" <w(S) + +Z2(Y, 8, T)> : (1.6)

w1 with n > 2. The latter are expressed in terms of modular forms I,,(S) and products
thereof. The I, are themselves products of Eisenstein series for I'g(2), see (B.38). We are
thus led to an expansion of = in terms of I,, as

E(Y°,871) =) <(YE)2) w1 () (1.7)

n=2
S () 19 3 o () s

Here, the right hand side is organised in powers of I,. We call the first sector (which is
linear in I,,) the monomial sector, the second sector (which is quadratic in I,,) the binomial
sector, and so on. In [21], explicit expressions were only given for the coefficients of the
first two sectors: the ca,, were determined fully, and partial expressions for the a, , were
given. Notwithstanding this limited knowledge about the expansion coefficients, there are
several lessons that one can draw from the power series expansion (1.6), (1.7). Firstly, under
To(2)-transformations,  transforms in the same manner as the logarithm of 95(7, ), where
¥5(7, z) denotes one of the Jacobi theta functions, and where 7 = iS, z = 1/Y". Moreover,
the series expansion (1.6), (1.7) is reminiscent of the Taylor series expansion around z = 0 of
In9¥5(7, 2), see (D.21). In this expansion, the coefficients o, in the monomial sector behave
as 1/(2n)!, whereas in (1.7) they behave as 1/n!. Secondly, each of the I,-sectors in the
expansion of In¥5(7, z) defines a function that is given as a series expansion in z, and the
sum over all these functions gives rise to In 95(7, z), which is naturally expressed in terms of
variables ¢ = exp(27iT) and y = exp(2miz). It is tempting to conclude that a similar story
may apply to Q(Yo, S,Y). Thirdly, In9¥§(r,2) is a solution to a non-linear PDE derived
from the heat equation. So we may similarly ask whether = given in (1.7) arises as solution
to a non-linear PDE. The answer is affirmative, and we give a PDE whose solution yields
the monomial and binomial sectors displayed in (1.7) for the expressions of the coefficients
given in [21] ([21] obtained exact expressions for a,, and partial expressions for oy, ). The
higher sectors in (1.7), whose expansion coefficients have not been determined in [21], will
lead to modifications of this PDE, and we give a candidate for the modified PDE. Note that
= has weight 0 under I'g(2)-transformations. Finally, we note that the monomial sector
exhibits a connection with the two-particle rational Calogero model [32-34], as well as a
relation with Serre-Rankin-Cohen brackets which is suggestive of formal deformation [35].

In this paper we will compute the quantum entropy function (1.4) for large single-
center BPS black holes in the STU model. We follow [36, 37| and add a boundary term to



the quantum entropy function, so as to bring it into a manifestly duality invariant form.
This modified form is what we thenceforth call the quantum entropy function. It requires
specifying an integration contour C, which we take to be the one constructed in [38] in the
context of microstate counting for N = 4 BPS black holes. The quantum entropy function
will depend on the three ingredients displayed in (1.6), namely w(S), I1(S) = dw/0S and
2(YY,5). Since Q(Y?, S, T) depends on Y°, so will the quantum entropy function. The
dependence on Y brings in an explicit dependence on the magnetic charges (p°, p'), as we
will see. A microstate counting formula that reproduces the quantum entropy function will
have to take this dependence on Y into account. Microstate counting formulae for BPS
black holes in four-dimensional N = 4,8 string theories [1, 3, 5, 9] are based on modular
objects. In the N = 4 context, these are Siegel modular forms, and [22, 39] indicates that
they should also play a role in N = 2 theories. However, in the latter case, microstate
counting formulae cannot be solely based on Siegel modular forms due to the dependence
of the quantum entropy function on the additional modulus Y.

Let us briefly describe our microstate proposal. We find that w(S), which is propor-
tional to In¥5(S), together with subleading corrections in the quantum entropy function,
point to a dependence of the microstate counting formula on a Siegel modular form ®9
of weight 2. This Siegel modular form can be constructed by applying a Hecke lift [5] to
a specific Jacobi form constructed from the seed 95, and it differs from the Siegel modu-
lar form proposed in [22], which did not take into account the subleading corrections just
mentioned. Due to the dependence on Y, this needs to be supplemented by a modular
object that depends on Y. By focusing attention onto the leading divisor of the Siegel
modular form ®,, we give an expression for this modular object: one of the ingredients
that goes into it is =, which we view as a solution to the aforementioned non-linear PDE.
We then verify that on the leading divisor, the proposed microstate counting formula is
invariant under the subgroup H C Sp(4,7Z) that acts on the Siegel upper half plane and
implements the I'y(2)s-symmetry of the STU model. We stress that the various approxi-
mations that we have implemented (such as working in a certain region of moduli space,
or focussing attention on the leading divisor of ®3), render the microstate proposal to be
only an approximate one.

The paper is structured as follows. In section 2, we give a brief review of the quantum
entropy function for BPS black holes in N = 2 supergravity theories in four dimensions.
In section 3 we evaluate the quantum entropy function for large single-center BPS black
holes in the STU model. While doing so, we work in a certain region of moduli space in
which the function F' = F(©) +2iQ that encodes the Wilsonian effective action simplifies: €
becomes effectively replaced by (1.6). The modular invariant function = in (1.6) arises as a
solution to a non-linear PDE, and exhibits a relation with the two-particle rational Calogero
model, as well as with Serre-Rankin-Cohen brackets and formal deformation. We discuss
our integration contour C, which we take to be the one constructed in [38]. The result for the
quantum entropy function is based on several assumptions and approximations which we
explain. In section 4, we propose a microstate counting formula that reproduces this result
for the quantum entropy function. It is based on the Siegel modular form ®5 as well as
on another modular object that captures the dependence on the complex scalar Y°. Given



the various approximations that went into computing the quantum entropy function, the
proposed counting function will be an approximation to the (as yet unkown) exact counting
function. In section 5, we conclude with a brief summary and a few observations, and we
suggest a string web picture of our counting proposal. In appendices A—G, we collect
results about modular forms for SL(2,Z) and I'y(2), Jacobi forms, Siegel modular forms,
Rankin-Cohen brackets and Hecke lifts.

2 Quantum entropy function for BPS black holes in N = 2 supergravity
theories

2.1 Generic structure

The equations of motion of N = 2 supergravity coupled to ny Abelian vector multiplets in
four dimensions admit dyonic single-center BPS black hole solutions [24]. These are static,
extremal black hole solutions that carry electric/magnetic charges (g, p’), where the index
1 =0,...,ny labels the Maxwell fields in the theory. The near-horizon geometry of these
solutions contains an AdSs factor. These BPS black holes are supported by complex scalar
fields Y/ that reside in the vector multiplets. At the horizon, these scalar fields are fixed
in terms of specific values that are entirely specified by the charges carried by the black
hole.

In the presence of higher-derivative terms proportional to the square of the Weyl tensor,
the associated N = 2 Wilsonian effective action is encoded in a holomorphic function
F(Y,7T) [40], where the complex field T is related to the lowest component of the square
of the Weyl superfield. At the horizon of a BPS black hole, the field T takes the real value
T = —64, and Wald’s entropy of the BPS black hole [41] can be written as [42]

Spu(q,p) =7 [AImF(Y,Y) — i (Y  + Y1) , (2.1)

where 1
}”:§@Rwﬂ% YT =64 (2.2)

are evaluated at the horizon. The horizon value of ¢! is determined by extremizing the
right hand side of (2.1) with respect to ¢/,

4 821 ImF (¢ + ip, —64) = qr . (2.3)
Wald’s entropy (2.1) constitutes the semi-classical approximation to the exact macro-
scopic entropy of a BPS black hole. For extremal black holes whose near-horizon geometry
contains an AdS, factor, a proposal for the exact macroscopic entropy of extremal black
holes has been put forward in [28, 29]. This proposal is called the quantum entropy func-
tion, and it is a regulated partition function for quantum gravity in a near-horizon AdSs
space-time.
The quantum entropy function is a functional integral, which for the subclass of BPS
black holes can be defined by means of equivariant localization techniques [30, 36, 37, 43—
46] that reduce the infinite dimensional functional integral to a finite dimensional integral



over a bosonic localization manifold. When restricting to smooth field configurations in
near-horizon AdSs backgrounds, the resulting expression for the quantum entropy function
W (g, p) for BPS black holes takes the form

W(gp) = /c do () Z1-1o0p(¢) €T ME@TIIZa 0] (2.4)

where ¢ - ¢ = qr ¢!, with I = 0,...,ny. The localization manifold is labelled by ny + 1
parameters {¢'}. Note that the integral in (2.4) requires specifying a contour C. The
measure [(¢) arises as a result of the localization procedure implemented on the field
configuration space. The term Z;_jo0p(¢) describes the semi-classical correction, giving
rise to a super determinant, that arises when performing the Gaussian integration over
terms quadratic in quantum fluctuations around the localization manifold. The function
F entering in (2.4) is the holomorphic function that defines the N = 2 Wilsonian effective
action (with T = —64).

Let us describe the quantities that enter in (2.4) in more detail. The Wilsonian function
F' can be decomposed into

F(Y,Y) = FO®) +2iQ(Y,T), (2.5)

where the dependence on the field T is solely contained in Q. The first term F(©(Y) is the
so-called prepotential of the N = 2 model. Local supersymmetry requires both F(© and
Q to be homogeneous of degree 2 under complex rescalings [47],

FOOY) = A2 FO(y),
QY AT = \2Q(Y, ), XeC\{0}, (2.6)
and hence they satisfy the homogeneity relations
27 =y F
20 =Y1Q; +27Qy. (2.7)
Here, we have introduced the notation Fy = 9F/9Y !, Qy = 0Q/07Y.
The Wilsonian effective action is based on a function F' where Q(Y, T) is given in terms

of a power series expansion in Y. Choosing A = 1/Y? in the homogeneity relation (2.7)
implies that Q(Y,Y) takes the form

QY AT =T Z_% <(1;€)2> w24 | (2.8)

Here, the gravitational coupling functions w("*1) only depend on the projective coordinates
A =Y4YY (A =1,...,ny). In a generic N = 2 model, this perturbative series in
T/(Y%)?2 may not be convergent.

Next, let us discuss the measure factor y. While this measure factor has not yet been
worked out from first principles,? an approximate expression for it can be obtained by de-
manding consistency under electric-magnetic duality transformations as well as consistency
with semi-classical results for BPS entropy, as follows.

2A formalism for carrying out localization calculations in the presence of a supersymmetric background
has recently been given in [45, 46].



Electric-magnetic duality is a characteristic feature of systems with N = 2 Abelian
vector multiplets in four dimensions, also in the presence of a chiral background field [40].
Duality transformations act as symplectic transformations on the Abelian field strengths,
and hence, on the associated charge vector (p!,qr), as well as on the vector (Y, Fy) [47].
The semi-classical entropy (2.1) of a BPS black hole transforms as a function under sym-
plectic transformations, that is, under changes of the duality frame, and this should also
be the case for the exact macroscopic entropy W(q,p) of the BPS black hole. To ensure
that (2.4) transforms as a function under symplectic transformations, the measure factor

\/det ImFKL s (29)

as we will review in the next subsection. Here, F denotes the second derivative of the
Wilsonian function F (2.5) with respect to the Y.
In addition, the measure factor p should also include non-holomorphic terms, which

has to be proportional to [43, 48]

we will denote by X, that have their origin in the holomorphic anomaly equations for
the free energies of perturbative topological string theory, and are needed for consistency
with semi-classical results [49]. Keeping only non-holomorphic terms associated with the
topological free energy F(1)| ¥ takes the form

_x(0)
_ 1 O (X e ®

where x = 2(ny —ng +1), which is determined in terms of the number of vector and hyper
multiplets of the N = 2 model (ny and ngy, respectively), denotes the Euler number of the
Calabi-Yau threefold underlying the model, and

=i (VIR YT R (2.11)
We are thus led to consider a measure factor of the form

p=+/detImFxp, e*, (2.12)

which, when approximating F' by F©) takes the form (cf. eq. (4.21) in [49])

e—lC<0> X/24—1
~ | —— . 2.1

The expressions (2.12) and (2.13) are evaluated at (2.2). We stress that the measure
factor given in (2.13) is an approximate measure factor that will receive further corrections
stemming from  in (2.5). We will, in due course, make use of this observation. Note that
in this approximation, x only depends on the projective coordinates z4, z4.

Now let us turn to the 1-loop determinant Z;_jo0p, which reads [43, 44, 46]

Z1 oop = €~ FTX/2DK (2.14)

Here, the quantity
e X =i(Y'F -Y'F) (2.15)



is computed from the Wilsonian function F(Y,Y), and not just from the prepotential
FO(Y). The factor 2 in the exponent of (2.14) denotes the contribution from fluctuations
of the Weyl multiplet. Note that the expression for Z;_j,,, depends on Y0 and 24 (and
their complex conjugates), and that it is a symplectic function. Z;_io0p is again evaluated
at (2.2).

The quantum entropy function (2.4) requires a choice of integration contour C, which
we will specify in subsection 3.5 for the specific N = 2 model under consideration.

Let us close this subsection by mentioning three checks that one can perform on the
proposed approximate measure factor y and on Zj_j,p. Firstly, when replacing K by KO
in Zi_100p, One infers [43, 44] that the macroscopic entropy Sgu(q, p) = In W (q, p) receives
a logarithmic correction given by

ASpH = In Zy _joop|s = (2 — x/24) Ine |, . (2.16)

Here, * indicates that the expression is evaluated at the attractor values (2.3). For a large

—xc(0)

supersymmetric black hole, we |« equals the area Apy of the event horizon at the

two-derivative level [50], and hence
ASBH = (2 — X/24> In ABH y (217)

which reproduces the logarithmic area correction to the BPS entropy of a large black hole
computed in [31].
Secondly, approximating K by K in (2.14) results in [31]

1 21 toap = [V G120 K (2.18)
which is the combination that plays the role of a measure factor in the study [51] of the
OSV conjecture [42].

Thirdly, as mentioned above, the measure factor u is required to ensure that the
quantum entropy function is a symplectic function. To verify this, we will now compute
W (q,p) in saddle-point approximation.

2.2 Saddle-point approximation

Let us denote the exponent in (2.4) by

H(¢,p,q) =4ImF(¢ +ip) —q- ¢. (2.19)
Then, equations (2.3) follow by extremizing H (¢, p, q),
OH(¢,p,q)
=0. 2.20
8¢I ( )

Let us assume that for a given set of black hole charges (qs, p’) there exists only one non-
inflective critical point ¢., corresponding to BPS attractor values such that H (¢, p,q) > 0.
Expanding H(¢,p, q) around the critical point ¢,, we obtain

1 0*H

20 o1od7 ’(Zﬁ*
10%(4ImF)
2 091947

H(¢,p,q) = H(¢w,p,q) + 5! 57 + O((59)*),

= H(¢w,p,q) + 6. 60" 607 + O((5¢)%). (2.21)




Using (2.2), this equals

1
H(9,p,q) = H(¢u,p,q) + 5 ImFLy s, 00" 367 + O((59)°) . (2.22)

Next, we evaluate (2.4) in saddle point approximation by taking u Zi_io0p at the attractor
point,
1% Zlfloop’qﬁ* y (223)

and by integrating over the fluctuations é¢! € C in Gaussian approximation,

2 Zlfloop
W(g,p) ~ | ——itoor
(¢:p) (\/detImFKL> ¢ ©

= (5 21t o 7). 221

WH(d)* :P,Q)

We note that the factor /det InFx 7 has cancelled out against the corresponding factor
in (2.12).

In the absence of non-holomorphic corrections (¥ = 0), H is a symplectic function [48],
and hence, the result (2.24) is a symplectic function. This justifies the presence of the
factor y/det ImF 7, in (2.12). In the presence of non-holomorphic corrections (X # 0), the
discussion of symplectic covariance is more involved [48, 49, 52], but it can be shown that
the combination ¥ + 7H in (2.24) is a symplectic function.

In this paper, we will focus on a specific N = 2 model, namely the STU model of Sen
and Vafa (example D in [20]). This is a model for which the duality symmetries are known
exactly. We will analyze the expression (2.24) for this model in subsection 3.4.1, and verify
that it is consistent with the duality invariance of the model.

Finally, we recall that the attractor equations (2.20) take the form

Fr—Fr=iqr, I=0,...,ny, (2.25)
with Y = Z(¢! +ip!). The attractor value H(¢.,p,q) can be expressed as [48]

H(¢w,p,q) = [i Y'F —Y'F;) = 2i (Y Py — Y Fy)] | (2.26)

by means of homogeneity relations (2.7).

3 Quantum entropy function for the N = 2 STU model of Sen and Vafa

Next, we specialize to the N = 2 STU model of Sen and Vafa (example D in [20]). This
is a model with duality symmetries which are so restrictive that they have recently led to
the determination [21] of © in (2.5). We will consider large BPS black holes in this model,
and we will evaluate the quantum entropy function (2.4) for these black holes. In doing so,
we will work in a certain region of moduli space of the STU model in which the function
F simplifies. We begin by reviewing the form of F' for this model.



3.1 The N =2 STU model with x =0

The N = 2 STU model of [20] (example D), obtained by a Zs x Zs orbifold compactification
of type II string theory, is a model with ny = 3 vector multiplets and ny = 4 hyper
multiplets, and hence vanishing Euler number y = 2(ny — ng + 1). The complex scalar
fields residing in the three vector multiplets are denoted by S, T and U,

y! y? y3
S = —izl = —ZW, T = —iZQ = —’LW, U= —izg = —ZW . (31)
The prepotential F(9(Y) is exact and given by
yly?ys
FO(y) = — 57— (3.2)

The model possesses symmetries, in particular a duality symmetry I'g(2)sxTo(2)7xTo(2)v,
where I'y(2) denotes a congruence subgroup of the group SL(2,Z),

To(2) = {(Z Z) € SL(2,Z) : (Z Z) = (é :) (mod 2)} : (3.3)

where * can take any value in Z.
Duality transformations act as symplectic transformations on the vector (Y1, Fy). Un-
der T'9(2)s transformations, the complex scalars S and Y transform as

aS —ib

0 . 0
_>z'cS+d’ Y° = (icS+d)Y", (3.4)
while the scalars T, U transform as [49]
2ic o
T T+ ———s—
T Ges T (Y02 au
2ic o0
U—-U+ ——F5— 3.5
TV T S T (Y02 ar (8:5)

and hence are not inert in the presence of . Similar transformation rules apply under
I'o(2)ry transformations.

The symmetries of the model, namely I'g(2)s x I'g(2)7 x T'0(2) and triality symmetry
under exchange of S,T" and U, are very restrictive, and have recently been used [21] to
determine the coupling functions w1 (z4) in Q, cf. (2.8). This was achieved by adding
to  the term 2T yIn Y, with the constant ~ given by (3.7). This term, which is not of
Wilsonian type, since it is not of the power law type, was crucial to implement the duality
symmetries of the STU model while maintaining holomorphy. It was found that the higher
gravitational coupling functions w1 (z4) (with n > 1) are determined in terms of the
first gravitational coupling function w® (24). The latter takes the form [53]

W (S, T,U) = w(S) 4+ w(T) +w(U), (3.6)
where 1 . 1
w(S) = —§’Yh“92(5)a V= " omen (3.7)
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with 92(S) = 2n%(25)/n(9), and likewise for w(T) and w(U). Here, ¥5(S) denotes a
modular form of weight 4 under I'g(2)g (with trivial multiplier system [54]),

03 (S5g) = A1) 5565). (35
where

A(S) = icS +d. (3.9)

We refer to appendices A and B for a brief review of modular forms. We pick a single-valued
analytic branch of In9¥5(S) such that under T'(2)s, w(S) transforms into

w(S) — w(S) — 2y In A(S). (3.10)

Now let us describe the region in moduli space in which we will work. It was observed
in [21] that the coupling functions w1 (24) in Q simplify dramatically when working in
a regime where two of the three moduli S,T,U (say T" and U) are taken to be large, i.e.
ReT, ReU > 1. In this limit,

wTl)xT, wlU)xU, (3.11)
that is,
dw(T) 1 dwU) 1
or 256’ oUu 256 (3.12)

We introduce the combination

dw(T) dw(U) 1
or  oU  (256)2’ (3.13)

«

which is constant in this limit. In this region of moduli space, the coupling functions
w1 with n > 1 in (2.8) are functions of S only, and are moreover expressed in terms of
derivatives of w(S), as we now describe.

In this limit, the coupling function w(® is given by

()= 223, (3.14)
and the Wilsonian function Q(Y,Y) in (2.8) takes the form?
Y, S, T,U, 1) = T (w(T) +w(U)) + Y, 8,T),
~ T «dw(S)
QY. 8,7) =T |w(S — 28,1 3.15
(VO51) = T [(S) + s = g #2839

where we used (3.6). Here, Z contains the coupling functions w(™+1)(8) with n > 2, and it
denotes a function that is invariant under I'g(2) g transformations. This can be established
as follows.

%Note that the Wilsonian function Q used here differs from the function Q used in [21] by a term
T~ In[(Y?)?/7].
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Instead of working with variables S, Y9, we find it convenient to work with variables
S, z, where?
2=1/Y". (3.16)

Under T'g(2)g transformations, these variables transform according to (3.4), and hence,
2+ z/A. The derivatives of Q(Y?, S, T) are required [21] to transform according to

. _ _
<8Q> o et _0a [Az (89 - 2“) —2T2azQaA],

s oS oS 9z z oS
~ / ~
o 2T~y o 2Ty\ o 0A

where / denotes the transformed quantity. Inserting the expression for Q given in (3.15)
into (3.17) results in

0=\’ 0= 0=
T2 = AZZZ e A=
(as) o5 TR g,

o=\’ o=

where we used (3.10). Note that (3.18) is linear in =Z. Expanding Z in powers of Y 22 [21],
(o9}
E(z,8,1) =Y _ Y72 wM(S), (3.19)
n=2
we find® that (3.19) solves (3.18), provided the coupling functions w1 (S) in (3.19)
are modular forms of weight 2n. The solution (3.19) is therefore invariant under I'g(2)g
transformations. The coupling functions w(+1) (S) are expressed in terms of modular forms
I,, introduced in [21], as follows.
Consider the combinations

_ ()

1 Aw(S 1 /0w(S)\2
1(S) = Osl + 5 1F = 8552) %( a(s)) .

(3.20)

I>(S) transforms as a modular form under I'y(2)g transformations, whereas I;(S) does not
in view of (3.10). Therefore, and for latter use, we introduce the combination

A - Ow 2~
I = — — —
1(5:%) =53 (S+35)’

(3.21)

which transforms covariantly (with weight 2) under I'g(2)g transformations by virtue of
LI AZ(S)
S+S S+

4The variable z = 1/Y° should not be confused with the projective coordinates z** defined in (3.1).
SHere we assume that we may differentiate (3.19) term by term, with respect to both z and S.

—icA(S). (3.22)
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Next, define higher 7,,(S) by
I,41(S) = DsI,(S), n>2. (3.23)
Here, Dg denotes a holomorphic covariant derivative [55], an analogue of Serre derivative,
which acts as follows on I'g(2)s modular forms f,,(S) of weight 2n,
0 now(Y)
Dy fu(S) = (= + — (S), n>2. 24
s1n(8)=(55+5 “gs ) n(S), » (3.24)

Under I'g(2)s transformations, the I,, (with n > 2) transform as modular forms of weight
2n, ie. I,(S) — A?"1,(S). We refer to appendix B for further properties of the I,, in
particular their relation with Eisenstein series of I'g(2) [55].

The explicit form of Z(z,S5,Y), which was determined in [21], is in terms of a power
series in I,,(S) with n > 2,

[e.e] o
E(2,8,0) =Y an Y2 I,(S) + D Qmp Y2 [(8) I,(S) + ... . (3.25)
n=2 m,n=2

In this expansion, each summand is invariant under I'g(2) g transformations. This expansion
contains an infinite number of different sectors, characterized by different powers of I,,.
The expansion coefficients in (3.25) can, in principle, be determined by following the rather
laborious procedure described in [21], which consists in working at a generic point in moduli
space, solving the associated conditions on 2 imposed by duality, and only then taking T
and U to be large. In [21], only expressions for the coefficients «,, and ay, , of the two first
sectors were given: the a,, were determined fully, and partial expressions for the ayy, ,, were
given. Below we write down explicit expressions for these coefficients (with m,n > 2):

oy = <O‘>n (3.26)

n!

Y
m+n
AUmn = ﬁm,n <a> )
7
1 1 1 1 (m+n-2) 1
b = =0 G =D (n = 1)1 [m(mﬂ) D (men T2

The coefficients S, ,, satisfy the following recursion relation (with m,n > 2),

1 1
(m + TL) Bm,n = 5m,n—1 + Bm—l,n - % (m — 1)| (n _ 1)|

1t 11 &
2y (m—1)! ™ 2y (n—1)l ™
with 1, = Bm,1 = 0. Note that the terms in the bracket of 3, , are related to triangular

(3.27)

numbers.

In this paper we will focus on the two first sectors displayed in (3.25), with the coef-
ficients given by (3.26). Both series are convergent, as we will show in appendix D. The
quantity Z(z, S, T) will play a role in the microstate counting proposal for large BPS black
holes in section 4.

The expansion (3.25) in powers of I,, may look unfamiliar. In appendix D, we discuss
another example of such an expansion, namely the expansion of In 95(S, z).
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3.2 Properties of =Z(z,5,7T)

The expansion (3.25) with coefficients (3.26) satisfies various interesting relations, which
we now describe. First, we present a non-linear PDE that is satisfied by = in (3.25). We
also display a candidate for a non-linear PDE governing the all-order completion of (3.25).
Next, we relate the monomial sector in (3.25) to (Serre-) Rankin-Cohen brackets at level 1
and comment on its relation with formal deformation. And finally, we deduce a Hamilton-
Jacobi equation for Qin (3.15), whose Hamiltonian describes a time-dependent deformation
of a rational Calogero model.

3.2.1 Non-linear PDE

Let S = —ir, with 7 taking values in the complex upper half plane H, and z € C. Consider
the following non-linear PDE for a complex function = depending on S and 22,

2,1 (=N 2 o=
DsE=_—+—ul—— — Lu?— -V’ lu, 3.28
Vs 6u+27u<8u) +7 20 gy T Y (3:28)
where we set u = 22 for ease of notation in this subsection, and where v = oY /7. Here we
defined 1
D= =0sZ+ — [ u0,E. (3.29)
Y

I1 and I, denote the combinations given in (3.20).

Proposition: the non-linear PDE (3.28), subject to =|,—0 = 0 and (9,Z)|y=0 = 0, admits
a I'g(2)g invariant solution that is analytic in u in an open neighbourhood of u = 0. This
solution is given by the series (3.25) with coefficients (3.26), up to terms that involve
products of three I,, or higher.

Proof. We begin by showing that if a solution = to (3.28) exists that satisfies Z|,—0 = 0
and (0yE)|u=0 = 0, and that is analytic in w in an open neighbourhood of v = 0, then
it is unique. Such a solution will be given by the series =(u, S) = > o2, u™ hy(S), with
ha(S) = % I5(S). The latter follows immediately by inserting this series into (3.28) and
assuming that one can differentiate it on a term by term basis. Now suppose that there are
two such solutions, namely =; (u, S) = > 02 5 u™ hyp(S) and Za(u, S) = Y7 5 u™ gn(S), such
that ha(S) = g2(S). Then, if the n-th coefficient functions are the same, i.e. h,(S) = gn(S),
also the (n + 1)-st coefficient functions will agree, i.e. hpt1(S) = gnt+1(S). This follows
by direct inspection of the differential equation (3.28), which shows that the (n + 1)-st
coefficient function is determined in terms of the lower coefficient functions. This also
shows that the coefficient functions h,(S) are modular forms of weight 2n under I'g(2)g
transformations, and hence Z(u, S) is a I['g(2)s invariant solution.

Next, let us construct this I'g(2)g invariant solution =(u,S) = > o2, u™ hy(S). This
solution will be given in terms of an expansion in powers of I,(S) (with n > 2). To

distinguish between these various powers, we rescale = and I in (3.28) by a real parameter
A € R\{0}, to obtain

1]

=N [(92\? 2
vDg= = —|—u(> +/\LIQU
Y

9= 2 02
ou 2y ou

T v Iu. (3.30)
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We then construct a solution to (3.30) order by order in A. Since A is a dummy variable,
we set A = 1 at the end, thereby arriving at a I'g(2)s invariant solution Z(u,S) that is
organized in powers of I,,(.5), as in (3.25).

To lowest order in A, (3.30) reduces to

v DgE = 8% — 2 Lu. (3.31)

We seek a solution to this differential equation of the form
B(u, S) = u™ fulS). (3.32)
n=2

Inserting (3.32) into (3.31), and assuming that we can differentiate (3.32) term by term®,
one immediately infers that f,,(S) = %} I,,(S) for n > 2 by virtue of (3.24). This reproduces
the first (monomial) sector in the expansion (3.25).

At the next order in \, we return to (3.30) and substitute (3.32) into the term (9Z/du)>.
At this order, (3.30) is solved by the second (binomial) sector in the series (3.25), with the
coefficients satisfying the recursion relation (3.27), thus reproducing the result (3.26).

Setting A = 1 we conclude that (3.25) solves the non-linear PDE (3.28), up to terms
that involve products of three I, or higher.

0

The expansion = in (3.25) receives corrections that are of higher order (higher than
two) in the I,,. These will in turn lead to a modification of the PDE (3.28). The coefficients
of these higher order terms were not determined in [21]. Inspection of (3.28) suggests the
following all-order completion of (3.25) (under the assumption that the expressions for the
coefficients ayy, , displayed in (3.26) are actually the exact expressions).

Conjecture: the non-linear PDE governing the all-order completion of (3.25) is given by

oy L[ oo VPUPDh/y
v Dg (E/v) = ” <e 1 L+ G ) (3.33)

ou

However, at this stage, we cannot verify this, since we do not have at our disposal the
coefficients of the higher-order terms.
Note that Dg acts as follows on a given summand of = in (3.25). Consider the summand

Oy gy 220F2 ) [ T (3.34)

with o .., constant coefficients. Then,

k

L2mtnateng) pop Ink) = Oy g,y 22T D (L LY
(3.35)

Dg (an1,n27~--,nk

where Dg denotes the covariant derivative introduced in (3.24).

5This will be shown to be the case in appendix D, at least so long as Re S is taken to be large.
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3.2.2 I, and Rankin-Cohen brackets

Second, let us focus on the terms linear in I,, in the expansion (3.25),

El(z,S, T) = i an

n=2

20 1(S). (3.36)

Note that the coefficients have a 1/n!-suppression. This series is convergent, at least so
long as Re S and |Y?| are taken to be large, as we show in appendix D.

Using the property I,+1(S) = Dsl,,(S) for n > 2, together with I>(S) = Sy Ds&s(9),
where & (S) denotes the basis vector of the vector space Mo (T'g(2)), see (B.37), we obtain

2D

1 e’*Ps — 1 —p2?D

E1(2,5,7)=

(3.37)
where the operator on the right hand side is defined by the power series.
Next, let us add to Z1(z, S, T) the term proportional to I1(S) = dw(S)/0S that appears
in © given in (3.15), so that now we consider

21(2,5,7) = Z 22" I (3.38)

As we review in appendix C, the I, with n > 3, can be expressed in terms of 1st Rankin-

Cohen brackets for modular forms, while I can be expressed in terms of the quasi-modular

form I; by making use of 1st Rankin-Cohen brackets for quasi-modular forms of depth
1

[h=——|[I 3.39
2 49[ lag]la ( )

where g(S) = 9¥5(S) has weight 4. We thus have the following proposition.

Proposition: let g(S) = ¥3(5). Then, Z1(z, S, T) can be expressed as

S10e, - EE () (Cran) nis), (3.40)

where
1 1

no1
(g[vg]l) 1125[5[- [5[1179]1,--~79]1,9]17 (3.41)

with the understanding that this equals I; when n = 0. In the last step, the bracket [-, -]
denotes the 1st Rankin-Cohen bracket for quasi-modular forms of depth 1.

Proof. This follows immediately, using the results of appendix C.
O

The expression (3.40) exhibits a formal similarity with the differential (C.14) of the
exponential map exp : g — G from the Lie algebra g into the linear group G.
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Now consider the nth Serre-Rankin-Cohen bracket (C.16) for I'g(2),

;SRC’n(Ig, 9)(S) = (=1)" <” + 3) Tia(S), (3.42)

n

where we used (B.34). Thus, we can write Z(z, S, T) as

o
21(2,8,Y7) = v22 I1(S) + Z o 2 p2 202 1 o(8) (3.43)
n=0
2t & (=)™ n!

= vz 1(S)+6 p > R (v2%)" SRC, (I3, 9)(S5) -
n=0

We relate this to the formal deformation Eholzer product (C.17) by means of the generalized
hypergeometric function

a)p (b)y "
o Fy(a,b,c,d;x) = nz:%c”d (3.44)
where (a), =a(a+1)...(a+n—1). Using
> n!
Fy(1,1,3,4;2) = 12 " 4
2 2(7 737 ,II}‘) Z:;)(n_’_2)|(n+3)'x ) (3 5)
we obtain the formal expression
PN 24 dh vz?
21(2,8,7) = v22 L (S VZ§I§F1134‘—I 3.46
l(zv ) ) vz 1( )+47Tlg FL2 2(7777 h)?#ga ( )

where Iy#g is given as in (C.17), with A € C a deformation parameter, and the integra-
tion contour encloses the origin. It would be interesting to further study the relation of
Z1(2,5,T) with formal deformation.

3.2.3 Deformed Calogero model

We return to (3.17) and deduce a Hamilton-Jacobi equation from it, as follows.
Taking the square of the second equation in (3.17), and suitably combining it with the
first equation in (3.17), we obtain

2
12 0 69+<6§2 2w>

oS 0z z

/ 2
00 (80 2r
=A% 8T%a o + (az ;) . (3.47)

This implies that the combination [8 120 00/0S + (0902 — 27 7/2)2} transforms as a
modular form of weight 2 (with a trivial multiplier system) under I'g(2)g transformations.
We denote this combination by V(S,2)/22, where V (S, z) denotes a modular invariant

function,
2
aQ o0 2T’y V (S, z)
2 _ _ )
817 05 ~ ( 0z 2 ) 22 ' (348)
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Then, inserting the expression (3.15) for Q into (3.48) gives

= = =\ 2 =
v (3“+ L 1s) 8‘) -1 (8“> P LE )2

as % : 0z 8y 0z 2z 0z
4(yY)? - V(S,2)
( S T2 22 , (3.49)
where v = oY /v, as before. By comparing this equation with (3.28), we infer
V(S,z) =4(yY)*+2T°2 <E)z:> +2v° I5(9) 235 . (3.50)

Proposition: the partial differential equation (3.48) is a Hamilton-Jacobi equation with
Hamilton’s principal function S(t, z) given by

S(t,z) =Q(t,2) —2Y v Inz (3.51)

with ¢ = S/(4Y? ). While S is not invariant under T'g(2) transformations,

22 OA
S(t, Z) — S(t, Z) — E E 5 (352)
the combination & — Sy, with S;(¢, 2) = % %, is invariant.
Proof. Setting t = S/(4Y? o) we write (3.48) as
. . 2
OQ—2Yylnz) 1[0Q-2YyInz)) V(tz2) (3.53)
ot 2 0z 22 ’
Using (3.51), we obtain
oS oS
with ) Vit.2)
9 t,z
H(p, z,t) = 5 (p - > : (3.55)

Next, using (3.10) and (3.15), we infer the transformation behaviour (3.52). We can com-
pensate for the term proportional to A /It on the right hand side of (3.52) by considering
the I'y(2) invariant combination §& — Sy, where

1 22
Sl_§t+f’ (3.56)
which satisfies )
081 1 (908
_at_z<az> ' (3.57)

When t and z are real, S§; describes Hamilton’s principal function for a free particle.
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Using (3.15), we note that the combination & — S, when expressed in terms of S and
z, takes the form

S(S,2) —81(S,2) =T |w(S) —2yInz + v 22 11(S,S) + E(2,5,7T)| , (3.58)

with I; given in (3.21).

When truncating V (S, z) in (3.50) to the constant term, V' (S, 2) = 4 (v T)?, the Hamil-
tonian (3.55) becomes H(p, z) = 1(p? — g*/2?), with g? = 4(Y ) > 0. For real z, H(p, z)
is the conformal mechanics Hamiltonian of [57] (with negative coupling constant, though),
also related to the two-particle rational Calogero model [32]. When V(S,2) = 4 (y )32,
the PDE (3.49), subject to E|,—9 = 0 and (0,2E)|,=0 = 0, is solved by (3.36) in the
approximation that we drop the term quadratic in 0=/9z.

On the other hand, the full V(S,z) in (3.50) results in a time-dependent Hamilto-
nian (3.55), which can be viewed as a time-dependent deformation of the rational Calogero
Hamiltonian by an infinite set of terms involving powers of I,,(.S), starting with terms
quadratic in I, (S).

3.3 Charge bilinears in the STU model

In the STU model, BPS black holes may carry electric/magnetic charges (qs,p’), with
I =0,1,2,3. Under I'y(2)g they transform as follows [49],

P’ —=dp’ +ep', qo—raqo—ba,
pt—ap'+bp°, @ —daq —cq, (3.50)
PP —=dp® —cqs, g —aq—bp?,
pP=dp’ —car,  @3—agz—bp*.
These charges can be assembled into three charge bilinears,
n = —qp' + qqs,
m = p’q +p’p’,
= qop’ — qip" + q2p® + q@3p° . (3.60)
These bilinears transform as a triplet under I'y(2)g [49],
n a? b2 —ab n
m|—| ¢ d? —cd m |, (3.61)
l —2ac —2bd ad + be l

and the I'g(2) invariant norm of this vector is 4nm — [2.

3.4 Large single-center BPS black holes

Now we turn to the computation of the quantum entropy function (2.4) for large single-
center BPS black holes in the STU model.
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Definition: a large single-center BPS black hole is a dyonic spherically symmetric BPS
black hole carrying electric/magnetic charges (qr, p!) such that the charge bilinears m, n
and the charge combination 4nm — [? are positive, which ensures that the black hole has
a non-vanishing horizon area, proportional to v4nm — [2, at the two-derivative level.

At the two-derivative level, the horizon area Apy equals Apy = 47 (S + S)m [50],
where S denotes the value at the horizon. Hence S + S > 0 for a large BPS black hole,
which implies that p® and p' cannot be simultaneously zero.”

The semi-classical macroscopic entropy Spp of a BPS black hole equals
Spu = wH(¢p«,p,q), with H(¢«,p,q) given by (2.26). The quantum entropy function
computes corrections to the semi-classical entropy.

To compute the quantum entropy function, we will work in a regime where 7" and U
are large, so as to be able to use (3.15). We will expand H(¢,p, q) given in (2.19) around
large values Re Ty, Re Uy defined below in (3.67). These values, which depend on Y and
on S, are invariant under I'g(2)g transformations. When evaluated at the horizon of the
BPS black hole, Ty and Uy become entirely expressed in terms of the charges carried by
the black hole, and this implies that we will have to choose the charges of the black hole
in such a way as to ensure that the horizon values of Re Ty and Re Uy are large.

We will now evaluate H(¢, p,q) on the attractor values ¢2, ¢> that satisfy

F,—F,=iq,, a=2,3. (3.62)

We will denote the resulting expression by H(71,72,p,q), which we subsequently expand
around large values Re Ty, Re Uy. In doing so, we will keep all the charges, including p".
3.4.1 H(7,72,p,q)

We set Y2 = 1(¢? +ip?) and Y3 = £(¢3 +1ip?), and we solve the attractor equations (3.62).
We obtain

¢ = Si <—q3 - é(S— S)p* - 2@'AU) :
o3 — Sis <—q2 LS 8)p 2 AT> : (3.63)
where
Ap = % gg —c.c,
Ay = % 22 —c.c, (3.64)

and we note that Ar and Ay depend on Y, S (and on their complex conjugates) as well
as on ¢2, 2. This yields

Y? 2 T2

. i (6t ip)
Yo 2Y0

=Ty+t, U=—-i—=%

0= i gyo— =Uotu, (3.65)

"Imposing the magnetic attractor equation (2.2) gives Re S = (p' ¢° — p° ¢")/|#° + ip°|2.
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where

1

To= —— (g3 +iSp?
0 YO(S+S)( g3 +1iSp°) ,
i _
Up= - (—gqo +iSp®
0 YO(S+S)( q2 +1 p),
2
f=—— = A
Yo(s+5)~Y
P
. SN 3.66
YT Tyos+ 8 T (366)
We infer
1,2 0
= pp°+pags
Ty+Ty= L2 TP
A G
Uy + U, _M (3.67)
T YOR(S+8) '

Note that Ty and Uy are inert under I'g(2)g transformations, as can be checked by using
the transformation rules (3.59) and (3.4); ¢ and w, on the other hand, are not inert under
I'p(2)s transformations.

Next, we evaluate H(¢,p,q) given in (2.19) at the values T, U in (3.65). To this end,
we use the parametrization [48]

1 ;9,00 ; 1 _ 2,0
O L) A ) el Ll i (3.68)
S+S S+S
We will also set
T=iS=71+in, T=-iS=7—in (3.69)

in the following. Then, H (¢, p,q) becomes

z 2 1 g - ArA
NEMTMAEMTY |y (04 Q) +42120 (3.70)

T2 T2

H(717T27p7 Q) =

where we made use of the charge bilinears (3.60). This yields

l 2 2 B
H(leTQapa(J) = ne Tl+:;7—1 +mT2 +4(Q+Q)
L4 oo 4 0000
7 (YO)20T oU = 75 (Y9)29T oU
L4 (000 9000
Y2 \oT 80 " aT U )

(3.71)

The terms on the right hand side are evaluated at ¢2, ¢3. The first term in this expression
is invariant under I'g(2)g. When extremized with respect to 71 and 72 (cf. (3.92)), it yields
the entropy of a large BPS black hole at the two-derivative level. The terms proportional to
1/]Y?)? are also invariant under I'g(2)s, since both dQ/0T and 9Q/0U are invariant [49)].
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Now we expand H (71, 72,p, q) around large values of Re Ty, Re Up. First, we expand

2 ow
2 Ow
w(U) = W(UO)—mAT %|UO+~-- 5 (3.72)

and drop terms that involve higher order derivatives of w with respect to T" and U in view
of (3.11). Inserting this in the combination

2 o0 99
QF ———— 7 = 3.73
T 5T V02 aT oU (3.73)
that appears in (3.71), we obtain, using (3.15),
2 00 90
Q+———— — =7 T 74
s ot o = T @S) + (T + () (374
T2 (6N = —_— O
+W 5 L(S,S)+YTEY",S,T)
LMY (owde 0w dw),
(S+8) Y92 \or oU " oT oU ) "%
where (S, S) is given in (3.21).
Inserting the above into (3.71) gives
l 2 2
+4<T w(T) + c.c.)
T2 . 7 — 0
+4 <(Y,O)2 ;Il(T,T) +T._(Y ,T,T) +C.C.>
SaYY
W ) (3.75)

with Y9 expressed in terms of 7 = iS and charges (p", p') as in (3.68), and where in the

last line we replaced (9% g—g % 293 | 7,00 by 20 in view of (3.13).

Summarizing, (3.75) gives the value of H (¢, p, ¢) evaluated at ¢2 and ¢2, in the approx-
imation where the real part of Ty, Uy is taken to be large, so that terms involving higher
derivatives of w with respect to 7" and U can be dropped.

In this approximation, all the terms in (3.75) are invariant under I'g(2)g transforma-
tions, except for the term in the second line, whose duality invariance can be repaired by
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adding a term proportional to In Y and its complex conjugate to H (71,72, p, q),

n—+Iln +m712 —Hn7'22

(3.76)

H(7'177'27P7Q) + 87<T In Yo + C.C.) =

T2

+4(r (w(Tp) + w(Up)) + c.c.)
—|—4<T (w(T) + 27 In YY) + c.c.)
(Y02 v

+8aTT
o [YO]2°

2
+4( ! all(T,T)+TE(YO,T,T)+C.C.>

We recall that for BPS black holes the horizon value of T is real and given by T = —64,
and that

dr Yy =1. (3.77)

The combination on the left hand side of (3.76) is thus H (71, 72,p, q) + (4/7) In|Y?|. This
combination will play a role in the quantum entropy function below, cf. (3.100).

3.4.2 Evaluating W(q,p) beyond saddle point approximation

In (2.24) we displayed the value of the quantum entropy function W (g, p) in a saddle point
approximation. Now, we proceed with the evaluation of W (g, p) beyond the saddle point
approximation. In doing so, we will impose approximations that we will clearly delineate
in what follows.

We decompose

1 1
YO=2 (¢ +a®), Y=g (' +ip). (3.78)
Using (3.68) and (3.69) we infer

1 0
p —7T1p T1
P =T s D). (3:79)

to obtain
YO)?

—((¢0)2 + (p0)2) dri ANdmy =

72 72

do® A do! = dri Adry . (3.80)

Then, the quantum entropy function reads (using the approximate measure factor (2.18)
with x =0)

W(q,p) = 4/ dm dry dg® eI E (@ +ip)—a-9] |y 04 K@ . a=23. (3.81)
T2

Next, we integrate out ¢? and ¢3, by expanding the exponent 4 Im F'(¢-+ip) —q-¢ around the

attractor values ¢? and ¢ computed in (3.63), and retaining only quadratic fluctuations in

#? and ¢®. The associated quadratic form takes the form given in (2.21), with the indices

1, J restricted to I,J = 2,3. We approximate the resulting fluctuation determinant by

~ 93 -



replacing F' by FO in which case it takes the value 7'22. Thus, in this approximation, the
Gaussian integration® over fluctuations in ¢2, ¢> yields a factor

1/75, (3.82)

and we obtain the following approximate expression for the quantum entropy function,

M e7rH(7'1,7'27P=Q) ‘Y0‘4 e_lc(()) , (383)

W(q,p) =4 /
)
with H (71, 72,p,q) given by (3.71). Here, ek

in (3.65).

is evaluated at the values T,U given

To proceed, we perform three more approximations. First, we approximate ek
in (3.83) by replacing the values T, U by the values Ty, Uy given in (3.67),
KO Ty _ (PP +P°6) (0'p° + pge) (3.80)
2|Y 027, ) ’
Using
(p'p? +1°a3) (0'° + P°2) = (0')>m + p°p' L+ ("), (3.85)
where m, [, n denote the charge bilinears introduced in (3.60), we obtain
’Y0‘4 e—IC(O)(T1,7'2,To7U0) - |p1 — 7p0|2 [(p1)2 m pOpl (+ (p0)2 ’I’L] (3.86)

3 b
875

and hence,

1 [drdr
W(a.p) =5 / o e M) |l — ) <(p1)2m+p0pll+(p0)2n>- (3:87)
2

Using
()2 m = p" — 7" P m + 21 p°p' m — (0°)*(f + 75) m, (3.88)

we obtain
(P2 m4p°p" 1+ ()2 n = |p' =7’ P m+p"pt (1 + 271 m)+ ()% (n — m(rf +73)) . (3.89)

Hence we write (3.87) as

1 fdndre -

T
(1" = 7R+ %P (14 27 m) + ()2 (n = m(rE + 7)) | (3.90)
Now we note that the two combinations

I4+2rm, n—m(rd+713) (3.91)

8In doing so, we view (¢2, qu) as local coordinates on C2, and we choose an appropriate path of integration
to obtain a well defined Gaussian integral.
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vanish at the extremum of the combination (n + Imy + m7Z + m72)/m2 that appears in
the exponential of H(711,72,p,q) in (3.90). This yields the attractor value for 7 at the
two-derivative level,

Therefore, imposing the vanishing of (3.91) in (3.90) leads to the approximate result

1 [drdr
Wi(q,p) = 2/ 1_5 2 eﬂH(T1,7'27P,Q)‘p1 —Tp0’4m. (3.93)
2

The third approximation consists in replacing H (71, 72,p,q) in (3.71) by (3.75). This is
achieved by taking Re Ty, Re Uy to be large. Since Tp, Uy depend on 7, cf. (3.66), we replace
7 by the saddle point values (3.92) in the expression for Ty, Uy. Thus, from now on, Ty, Uy
will refer to the attractor values of T, U at the two-derivative level, which are entirely
expressed in terms of the charges of the BPS black hole. Then, requiring the real part of
Ty, Uy to be large, translates into a condition on the values of the charges.

Summarising, under these approximations, (3.93) becomes

1 drid I (n+lTi+mTi+mT T
W(g,p) = = eMT(@(T)+(Uo)+ec] / 71T572 o5 (ntlmtmr +mrd) A pt — % m,
2
(3.94)
where we introduced
T2 . _ — 0 8aYY
A =4 <Tw(7') =+ (YO)Q ;Il(T, 7') =+ T:(Y , Ty T) + C.C.) =+ W s (395)

and where we recall that Y is expressed in terms of p°,p! and 7 through (3.68).

In what follows, we will use the approximate result (3.94) as a starting point for various
considerations. One should keep in mind that there are subleading corrections to (3.94)
that will not be considered in this paper.

The integrand in (3.94) is not invariant under I'g(2)-transformations of (71,72). To
obtain an integrand that is invariant under I'g(2)-transformations, we perform a rewriting
of (3.94) following an approach given in [36, 37]. This requires a certain assumption, as
follows. We recall that the measure (2.18) that we used in (3.81) is an approximate measure.
Following [36, 37], let us assume that there are subleading corrections to the measure such
that m in (3.94) gets replaced by the combination (m + %2% + i%)? in which
case (3.94) becomes

Wiq,p) = %e47r[T(w(To)+w(Uo))+c.c.] /d’]—;gﬁ e%(n+lT1+m712+mT22)+7TA ]pl _ 7_po|4
2

1 .04
<m Ldd L dnfp —7p[7 Tp'). (3.96)

2dry 2w dry
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Now, consider the integrand of (3.96) and compute

d 1 = 2 24 o
— | = e (nHlri+mri+mry)+mA ’pl _ 7_pO|4 (397)
dra \ 75
dA 1ldln|pt — %\ = 2 2
_ 15 <2m Ldh 1 n|p! — Y| ) o2 (netimpmrEpmrd) A it — 0!
Ts dro dro
1

I (n4-lm +m724+mr2)+mA
2))672< e meA A o

—— (5 + Z(n+ Iy + mr? + mid
T2

Then, dropping an overall constant, we obtain for (3.96),

W(q,p) _ e47r[T(w(T0)+w(U0))+c.c.] (398)
dm d o 2 2
/ 7';2672 (5 + %(n + l7'1 + m7_12 + mTQQ)) o7 (n+lri+m] +m~r2)+7rA|p1 _ 7_po’4 ’

where we discarded the total derivative term in (3.97). We write (3.98) as

dryd
Wi(q,p) = / 7717272 etinmbd), (3.99)
2

where

Q¥ (rm2p.0) (5 + D+ lr +mr? + m722)> e (rompa) 4 YO(rma%phl - (3.100)
T2

with the combination 7H (71, 72,p,q) + 41n |Y (71, 79,p°, p!)| given in (3.76) (recall that
47T~y =1). Note that ¥ is invariant under I'y(2)g transformations.

The purpose of the various manipulations described above was to bring W(q, p) into
the form (3.99), which is invariant under I'g(2)s transformations. This was achieved by
subtracting a total derivative term from (3.96). The form of W(g,p) given in (3.99) will
provide the link with the microstate counting proposal that we will discuss in the next
section. Thenceforth, we will refer to (3.99) as the quantum entropy function.

To fully specify W(q,p), we also need to choose an integration contour C that passes
through (75, 73) given in (3.92). This requires extending (71, 72) € R? to (71, 72) € C2. The
contour C will be discussed in subsection 3.5, using a construction given in [38]. We thus
have the following proposition.

Proposition: for large black holes, and for large attractor values Tp, Uy, the quantum
entropy function W(q,p) of the STU model is approximately given by

dmd
W (g, p) _/c 2T Wirmopa) (3.101)

72
Finally, we note the following behaviour of the quantum entropy function (3.101):

Proposition: the quantum entropy function (3.101) is encoded in the function

F(Y,Y)=F(Y,T)+4i TylnY?, (3.102)
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where F(Y,T) denotes the Wilsonian function
F(Y,Y) = FO®Y) 4+ 2iQ(Y, T) (3.103)

yly?2ys T « _
-4 m[w(S) +alT) +w(U) + o 5 1(S) + =(Y0, S, T)} .

YO

The function F is the one that was obtained recently in [21] using the duality symmetries
of the model, in the limit of large T', U, see above (3.6).

Proof. 1t is straightforward to verify that for large values of Tj, Uy, the quantum entropy
function (3.101) takes the form

dr dr
W(q,p) =/ -2 <
c T

where ¢2,¢3, given in (3.63), are evaluated at large attractor values of Ty, Uy (cf. the
discussion below (3.93)), and where Y is given by (3.78) and (3.79).

5+ Tl(n + 1 + mri + m7'22)> e [4ImF (9+ip)—q-9] lg2.48, (3.104)
2

O]

3.5 Choice of contour

The quantum entropy function (3.101) has a form that is suggestive of a Siegel modular
form. Namely, following [58], we perform the change of variables

P=TI+iT2, 0=-T|+iT, (3.105)
in which case 1 ;
mn= 5(,o—o), 7-2:—5(/)—#0), (3.106)
and
% (n+lm+mm+mr3) = _pQ:LTiU <—n - %l(p —0o)+ mpo) . (3.107)

Next, introducing k& = 2, and using T = —64 as well as Ta/y = 7/4, we write W (q,p)
in (3.101) as

W(q,p)elnﬂQ(TO)ISIHWQ(UO”S:/dpd02<k+3—2wi{ L n_lﬂ—alp

| po 1 lp—0o
-2 — - = I —(k+2)1 A
exp{ m[p+am p—i—an 2p+0’] (k+2)ln(p+o)+m },

(3.108)

up to an overall constant, where

1 1
7A = =2 nd3(p) — 5 nd3(0) + 2In(p! — pp") + 2In(p" + 0 p°) + D(p,0),

D(,O, U) = —256m <4(}7:0)2 fl(p70) + 4(;-0)2 fl(gv P) + E(Yov P) + E(?O’ U))

1T

i (p+0)Y%p,0)Yp,0) (3.109)
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Here, Z(Y?, p) is given by (3.25) and (3.26), and

1 0
yO(pva):im7
pto
p—pp 0 . 0
Yop,o) =i————=Y"p,0) —ip’,
(p,o) = to (p,o) —ip
A Ow 2~
o, W , 3.110
) =i (G2 - 2 ) (3.110)

The integrand in (3.108) exhibits a dependence on the parameter k& = 2 (both in the
exponent and in the measure) that is characteristic of a microstate counting formula based
on a Siegel modular form ®9 of weight k = 2 [8], see (4.6) and (4.14) below. Thus, we expect
the microstate counting formula for large BPS black holes to involve ®5. Therefore, we
choose a contour C in (3.101) that captures the information about the locus of the second-
order zero of the Siegel modular form which yields the leading microstate degeneracy. This
contour was constructed in [38]. It is given by the image of a surface B’ in the complex
(71, 72)-plane, as follows.

Consider Siegel’s upper half plane Hs with local coordinates p = p1 + ip2, ¢ = 61 +
109, U = U1 + 102, where po > 0, G2 > 0, pa oy — f)% > 0, cf. (E.2). The surface B’ C Hs
is obtained by intersecting po = m1()\), 52 = n2(N), 92 = n3(N), with p&5 — 92 + 0 = 0.
The latter describes the locus of the second-order zero of the Siegel modular form that
is relevant for the microstate proposal. The intersection yields a family of curves given
by [38],

p2 = ni(A), 02 =n2(A), U2 =mn3(A),

5 = (mXN)F = m A)) (201 — 1)> , (3.111)
1N sV L (. 1) 1
( )( )%+ < 1—2> —27;()\) o1 (’01—2) —1—(771&)772(%)—77%(/\)) -

The last equation describes an ellipse in the (&1, 91)-plane so long as 0 < n1(A)n2(\) —
n(\) < 1/4,

(mN)me(N) —n3(N) 1 (VL)
15(A) e (Ul T2 7;@)”1) =7~ (Mm@ =n3(V) - (3.112)

The surface B’ is obtained by picking

n m l
"= e Y e P g G

and restricting A to lie in the range 0 < ¢ < A < 1, so that 0 < m(A)m2(N) — n3(N) =
A2/4 < 1/4. The requirement ¢ > 0 ensures the Siegel upper half plane conditions jy >
0, G2 >0, p2Go — 05 > 0. At A = 1, the surface B’ shrinks to a point,

1

o1 =0, 6125, p1 =0,

5 mn 5 : 5 " (3.114)
09 = ————, Vg=———_ = .

2 VAmn — [? 2 2v4mn — 2 P2 VAmn — [2

while at A = € > 0 the ellipse has maximal radii.
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Next, introducing variables (p, o, v) as [5]

S~ -9 55— (65— 1)2 o N
p:pa 0] _po (v )7 Ny v—i—v’ (3.115)

N g

Qe

it follows that on the locus p& — 92 + @ = 0,

v

p=—=, o=—, v=0. (3.116)
o
Then, using (3.106), we express (11, 72) in terms of (5, ?) on the locus v = 0,
1 (v -3) i i
N _ ! -t 11

We parametrize the ellipse (3.112) in terms of an angle 0 < 6 < 27,

V1 — )2 cosf . 1 I . v1—)X2sin6

S ok T S — 3.118
27_2* ; U1 01 ) ( )

51 =
2 2m 2

where 75 denotes the attractor value given in (3.92). Then, using (3.117), we obtain
A2 (1 - )2)cos2d
4 AV1— N2
i
A2 4+ (1 —A2)cos? 0

™ T2 [A +iv/1— A2 cos 9} . (3.119)

T A2+ (1— A2)cos?d

T T A2+ 1 (1= M%) cos? 0 — 75(1 — A?) sin 6 cos 6]

Ty sin

Since at A = 1 (11, 72) equals (77, 75), the image of the surface B’ in the complex (71, 72)-
plane is a surface that passes through the attractor point (3.92).

Next, for (p,o) given in (3.116), we verify that Imp > 0, Imo > 0. The condition
Imp > 0 gives

11 m(\) .
< - — , 3.120
2 ST T )t (3.120)
while the condition Im o > 0 results in
N N F1C I |
- = — < —-. 3.121
LT o) T 2 (3.121)

Inspection of (3.112) shows that both conditions are satisfied, for if |5; — 3 — :77;8\; a1l >

1/2, (3.112) does not have a solution for 0 < 7y (A)n2(A) — n3(\) < 1/4. Then, defining
q = exp[27i p] and § = exp[27i o], we obtain |¢| < 1, |¢| < 1, which is a necessary condition

for defining the modular forms 9¥5(p), ¥5(c), cf. (4.1). This gives another justification for
having to require € > 0.

Let us return to the integrand in (3.108) and analyse the behaviour of the real part
of the exponent. The three terms proportional to the charge bilinears, when evaluated
on (3.116), yield the contribution wA[m(75)? + m(73)% +n +I75] /75 [38], which is finite for
0 < e < A <1. Now, consider the term
pl 071 .

— —p? = —ip° (3.122)
T2 T2

1
2In[Y2YY =2In L —pol—i—ipo +2In
T2 T2
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contained in A. In the parametrization (3.119), this expression ceases to be defined when
A2+ (1 — A?)cos?0 = 0, which occurs when cosf = 0 and A — 0. In this limit, 71 /7
remains finite, while |73| — 0o, and hence 2In [Y° Y| — —oo, which yields an exponentially
damped contribution. Next, let us consider the contribution D(p,o) in (3.109), which
was determined in the context of the Wilsonian effective action as power series in inverse
powers of (Y?)2. This requires taking |Y°| to be large. To ensure that |Y°| remains large
on the integration contour C, we impose a charge dependent lower bound on ¢, as follows.
Computing ReY?(p, o) = ReY?(p, o) on C, we obtain

ReY%(p,0) = o p' + 2 p°. (3.123)

At A = ¢, we infer from (3.123) that ReY? = ¢ (m]o1 + %lpo) /V4mn — 2. By taking
Q = |mp'+31p°|/v4mn — 12 > 1 and choosing e = 1/1/Q we can ensure that [Re Y°| > 1.
Demanding Q > 1 imposes a condition on the charges carried by the BPS black hole.
Presumably, were we to have at our disposal the exact expression for the function H,
there would be no need for such a charge dependent lower bound on e. Noting that
lp+ 0| = 2|m| = 275 /A2 + (1 — A2)cos?20 > 275 > 1, we see that the first two terms
and the last term in the expression for D(p, o) are well-behaved on C. Z(Y?,p), on the

other hand, is given by (3.25). As shown in appendix D, the series converges in an open
neighbourhood of (g, z) = (0,0), where ¢ = exp[27ip] and z = 1/Y?. To ensure that we
work in this neighbourhood, we impose a further condition on the charges, as follows. In
the parametrization (3.119), we obtain

lq| = o 2m(Im7i+ReTs) _ e—zmgx\(m sin+1)/(A2+(1-A2) cos? ) (3.124)
To ensure that |q| < 1 when A = ¢, we demand 75¢ > 1, which results in (73)? > Q > 1,
which constitutes a further condition on the charges carried by the BPS black hole. In
this way, we conclude that the real part of the exponent of the integrand in (3.108) is
well-behaved in the range e = 1/1/Q < X < 1.

Under I'g(2)-transformations, the critical point (77, 75) gets mapped to a new critical
point (7{,75), given in terms of transformed charge bilinears m,n,l. The transformed
contour C will pass through (7, 7).

4 Microstate proposal

The quantum entropy function computes the macroscopic entropy of a BPS black hole.
Ideally, we would like to reproduce it by state counting. Microstate counting formulae for
BPS black holes in N = 4, 8 superstring theories [1, 3, 5, 9] suggest that the state counting
will be based on modular objects. In the NV = 4 context, these are Siegel modular forms,
whose Fourier expansion yields integer coefficients that count microstates of % BPS black
holes. Encoding microstate degeneracies of BPS black holes in terms of modular forms is
a powerful principle that we will also use in the context of the N = 2 STU model. This
gives a microstate proposal that can be tested by a state counting process as and when it
is divised.
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As already mentioned in the previous subsection, the approximate result for the quan-
tum entropy function W(q,p) in (3.108) exhibits a dependence on the parameter k = 2
that is characteristic of a microstate counting formula based on a Siegel modular form &4
of weight k = 2 [8]. Thus, we expect the microstate counting formula for large BPS black
holes to involve ®5. On the other hand, the integrand in (3.108) also depends on Y, on Y°
as well as on In(p' — pp®) and In(p' + o p°), which means that the counting formula cannot
solely be given in terms of Siegel modular form ®5. The microstate counting formula will,
in particular, have to depend on the charges (p°,p!), which transform as a doublet under
'o(2)s, cf. (3.59).

Let us first focus on the Siegel modular form ®5. For a given weight k& with respect to
a subgroup of the full modular group Sp(4,7Z), there may exist one or more Siegel modular
forms. We propose that the Siegel modular form ®9(p, o, v) relevant for the microstate
counting formula of large BPS black holes in the STU model is the Siegel modular form of
weight k = 2 briefly discussed in [9] in the context of N = 4 BPS black holes, which in the
limit v — 0 behaves as

Dy(p,o,v) = 4w 271602 98(p) ¥5(0) + O(v?). (4.1)

We note that ®- is related to the Siegel modular forms ®¢ arising in the heterotic Zo CHL
orbifold model and & arising in the heterotic string theory on 7 by &, = CID% /P10, up to
a normalization constant. This Siegel modular form can be constructed as follows [5].

Proposition: there exists a Siegel modular form ®2(p, o,v) of weight k = 2, symmetric
in p and o, with the property

Ba(p, 0,0) = dmv® 2710 93(p) 35 (0) + O(v*) (4.2)
as v — 0, that can be constructed by applying a Hecke lift to the Jacobi form

?9%(,0, Z) 2—8 198(,0)

$2,1(p,2) = 500) 2

of weight £ = 2 and index m = 1.

Proof. We refer to appendix G for the proof, which is based on the construction given
in [5]. Our proof of the property (4.2) relies on the relation (G.22), which we prove by
considering Hecke eigenforms.

Note that under T'o(2) transformations, ¥3(p, z)/n%(p) transforms as a modular form
of weight —2, while ¥§(p) transforms with weight 4, so that the total weight is k = 2. Also
note that none of these two factors has a non-trivial multiplier system.

O

As mentioned above, the microstate counting formula for large BPS black holes cannot
be solely based on the Siegel modular form ®5. It should be encoded in various modular
objects, one of them being ®5. In the following, we make a proposal for reproducing
Wi(q,p) e [92(To)[*+In92(V0)* iy terms of modular objects.
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Proposition: the approximate expression for the quantum entropy function given
in (3.108) is captured by the following integral in Siegel’s upper half plane Ha,

/ dpdodv | v?—po 1 1 p—o0o
——— — expy—2mi|——m+——n+-————1
o (2v—p—o0)° —p—o0 0—p—o0 220—p—o0
0 0 i
G(pv Y (07 p)) G(Ua Y (p7 U)) eXp [(p-i-O') YO(p,0) }70(,0,0-)] (44)

)

Po(p,0,v)

where

1 64m% . _
G(p,Y") = exp H? In93(p) + 2In(p' — ppo)] e Li(p,0) — 256 :(Yo,p)] :

642 . o
OE Ii(o, p) — 2567 :(Yo,a)} .

~ 1
G(0,Y") = exp HQ In¥5(c) +2In(p' + opo)] -
(4.5)
Here, Y9, Y and I; are given by (3.110), and Z is a solution to the non-linear PDE (3.28).
The contour C’' denotes a contour that encircles v = 0, and that in the (71, 72)-plane is

identified with the contour C discussed in subsection 3.5. Note that G is given in terms of
three distinct building blocks.

Proof. Let us begin by considering the integral

/ dpdodv o v — po . 1 n 1 p—o ; 1
————— exp{—2mi m n+ = .
o 2v—p—0)° P —p—o0 W—p—o0 220-p—o0 Dy(p,0,v)

(4.6)

As shown in [5], the exponent in (4.6) as well as

dpdodv
(20— p—0)® P2(p,0,0)

(4.7)

are invariant under symplectic transformations acting on Siegel’s upper half plane that
belong to the subgroup H C Sp(4,Z), which consists of elements h € H given by

0

NE (‘C‘ 2) € To(2).

0
a
0 0
d

A B
h = gl(a7 b7 ) d) g2 gl(a7 _ba -, d) (92)71 - (C D) B

S o O
SO QO <o

—c
(4.8)
with ¢g; and g2 given in (E.6) and (E.10), respectively. Indeed, using (E.4), one finds that
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under H-transformations,

p + ac(—po +v?) 4+ be(p — o) + bd

p— A )
A 2
U_)U—l—bc(a p) — bd + ac(po v),
A
v
A?
20—p—o0
20 — p— b
v—p—0 — A )
Dy(p,0,v) = A% Dy(p,0,0),
A = P(—po+v?) +cd(p— o) +d*. (4.9)

The charge bilinears (m,n,[) transform as in (3.61). Using these transformation rules, one
establishes that the exponent in (4.6) as well as (4.7) are invariant under H-transformations.

The integral (4.6) depends on a contour C’, which transforms as follows under H.
Under H, v gets mapped to v/A, see (4.9). Thus, a small contour around v = 0 gets
mapped to a small contour around v = 0. On the other hand, p and o get mapped to p’
and o’ according to (4.9). As mentioned in subsection 3.5, this means that in the limit
v = 0, the contour C passing through the attractor point (77,75 ) gets transformed into a
new contour that passes through the transformed attractor point.

In the limit v = 0, the transformation rules (4.9) result in (using ad — bc = 1)

A= (d+cp)(d—co) (4.10)

and

ap+b
cp+d’
ac —b
—co+d’
p+o
N

p —

g —

p+o — (4.11)
Supplementing this by (cf. (3.59))

p' = ap' +0bp°,

p° = dp’ +cp', (4.12)
we infer
1 0
1 0 p—pp
J— % .
D pp cp+d s
1 0
1 0 p +po
% - -
ptpe —co+d’
Y%p,0) = (cp+d)Y°(p,0),
Y%p,0) = (—co+d) Y% (p,0). (4.13)
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It follows that each of the three building blocks that make up G(p,Y°(c,p)) and
G(0,Y%p,0)) in (4.5) is invariant under H in the limit v = 0, and hence the whole
integrand in (4.4) is invariant under H in this limit.

Why is the subgroup H C Sp(4,Z) of relevance? For once, it implements the I'y(2)g-
symmetry of the STU model, cf. (4.8). This is similar to the role played by H in the
CHL Zg-orbifold counting formula discussed in [5]. In addition, in the limit v = 0, H-
transformations result in a simultaneous transformation of p,o,Y?, Y0 that is consistent
with the attractor point identification p = iS, o = iS, Y = (p! +iSp®)/(S + 5), Y0 =
(p" —iSp°) /(S +5).

Performing the contour integration over v in (4.6) using (4.2) results in (with k£ = 2)

1 1p—
/W<k+3—2m[ P7 - n— =2 UZD (4.14)
c(p+o) p+o p+o 2p+0

| po 1 1lp—o
exp{—2m [p+am_ p—l—an_2p+al] —lnﬁg(p)—lnﬁg(a)—(k—i-Z)ln(p—i-a)}.

Similarly, performing the contour integration over v in (4.4) yields the quantum entropy
function integral W (g, p) el [72(To)F+n2(Uo)® given in (3.108).
O

Thus, our proposal for a microstate counting formula for large BPS black holes which
reproduces the corresponding approximate quantum entropy function (3.108) is

A7) (m,n, 1) = e~ 192(To)*~In W2(Uo) ® / __dpdodv
y 1y Cz(2v—p—0)5

exp < —2mi vt = po m—+ ! n+1il
v—p—o0 2v—p—o0o 22v—p—o0o

0 /0 im
G(p, Y (0, p)) G0, Y (p,0)) exp [(pw) Yolpo) yow)}
®2(p, 0, v)

(4.15)

Being approximate, this formula, which is based on modular objects, gives a non-integer
value of d®’?")(m,n,l). Note that we have attached the label (p°, p!) to the degeneracy
d® ") (m,n,1), to indicate that it also depends on the I'y(2)g doublet (p°,p!).

5 Conclusions

We conclude with a brief summary and a few observations.

We computed the quantum entropy function (3.81) for large BPS black holes in the
N = 2 model of Sen and Vafa, by integrating out the moduli ¢? and ¢ in Gaussian
approximation, to arrive at the intermediate result (3.94), which we then converted into
the integral (3.101) by adding a total derivative term (3.97). In doing so, we resorted to
various approximations. The integrand in (3.101) is invariant under I'g(2) transformations
of (71, m). However, it also depends on Tp, Up, and is not invariant under I'g(2) transfor-
mations of Ty, Up. This is due to the fact that when evaluating (3.81), we expanded around
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background values Ty and Uy which we took to be large. There will then be subleading
corrections in Ty, Uy that will restore the invariance under I'g(2) transformations of Ty, Up.

Proceeding in the manner described above, namely integrating out the moduli
{¢%}a=23 and retaining the dependence on ¢°, ¢!, one obtains an integral which resem-
bles, in part, the expression obtained by integrating the inverse of a Siegel modular form
Dy (p,0,v) of weight 2 along a closed contour surrounding v = 0, as in (4.6). However,
the result of the quantum entropy function calculation also depends on the I'y(2)s doublet
(p°, p!) through the dependence on Y, and hence, a microstate counting formula cannot
solely be based on the inverse of a Siegel modular forms, since the evaluation of the lat-
ter gives a result that depends only on the three charge bilinears m,n,[, but not on the
individual charges (p°,p'). Thus, the proposal for a microstate counting formula has to
depend on an additional modular object G(p, Y%(o,p)), cf. (4.5).

We can generalize the above discussion to a certain class of N = 2 models with ny
vector multiplets, as follows. We take these models to have a holomorphic Wilsonian
function F(Y,Y) = FO(Y) 4 2iQ(Y, T) with a heterotic type prepotential of the form

B Ylyanabyb

F(O) (Y) = Yo

+..., a=2,...,ny. (5.1)
The ellipsis in (5.1) stands for one-loop corrections that involve Y, Y but not Y!, since
Y1/Y? serves as the loop-counting parameter in heterotic string theory. Moreover, intro-
ducing 7 = Y1/Y" we assume that the 7-dependence of the first gravitational coupling
function w™® in Q is encoded in a modular form of a certain weight under (a subgroup
of) SL(2,Z). Suppressing the dependence on the other moduli, we set 47 Yw® (1) = g(7).
This modular form will then be related to the seed of an associated Siegel modular form,
as we will discuss momentarily.

Setting Y/ = %(qb[ +ip!), and using the approximate measure factor (2.18), the quan-
tum entropy function for large BPS black holes in these models becomes

dm d .
W(q,p) _ / aTy aT dd)a eﬂ[4ImF(¢+zp)—q-¢] |Y0|4—X/12 e_;c(()) : (5‘2)

T2
with e K" given by (2.11), and with x = 2(ny — ng + 1) determined in terms of the
number of vector and hyper multiplets of the N = 2 model (ny and ng, respectively).

Following the steps in subsection 3.4.2 and integrating out the (ny — 1) moduli ¢% in
Gaussian approximation gives the approximate result

dry dm _ )
W(q,p) :/(nv+1)/2 e H(rm2pa) |y 0)4=x/12 =K (5.3)
T2
with 1 02—x/12
_ _k© _ |pt —Tp7[TX
yopz ek L PSP 0t 020y, ()
T2

up to an overall constant. Here, H (71, T2,p, q) takes a form similar to (3.75),

n+1Iln +m7'12 +m7'22

7T‘EZ‘(T177—27p7 Q) =TT + (9(7') + C'C’> + h(YO7 Y07T17 72) 9 (55)

T2
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where h encodes the dependence on Y°(7,72) due to presence of the higher gravitational
coupling functions, and where we have suppressed the dependence on the other moduli.
Then, the analogue of the intermediate result (3.93) is

1 dT1 dTQ 7w H(m .7 —
W(Qup) = 5 / T(nV+7)/2*X/12 € H(r,mp) |p1 - Tp0|4 X/lzm' (56)
2

By adding an appropriate total derivative term to (5.6), the latter can be brought into a
form analogous to (3.98),

dri d 7
Wi(g,p) = / ( o <nv RS + l(n +1Im +mTi + m7§)> ™ H(Tim2,4)

e VI U T TR

\pl _ Tp0]4_X/12 _ (5.7)
Introducing

ny+1  x 2y +1)+ny
we write (5.7) as
dri d
W(q,p) = / ne <k +3+ = (n+lm +mrt +m722)>
c T 72
™ H(m,m2:p,q)+(2—x/24) In |p! —rp° P~ (k+2) In 7> (5.9)

with an appropriately chosen contour C. Note the dependence of the measure on k + 3,
which suggests a microstate counting formula based on a Siegel modular form ®(p, o, v) of
weight k, with the property that as v — 0,

Dy (p,0,0) ~ v? frpa(p) frra(o), (5.10)

where fj12 is a modular form of weight k + 2 under (a subgroup of) SL(2,Z). Requiring
k to be integer valued imposes a restriction on the allowed values of (ny,ny). We assume
that this Siegel modular form can be constructed by applying a Hecke lift to a Jacobi form
¢1(T, 2) of weight k and index 1 (cf. (G.2)),

V2(T, 2)
n°(r)

fr+2(7) should be related to the modular form g(7) that appears in the first gravitational

Gr1(T,2) = frga(T). (5.11)

coupling function w(!), as mentioned below (5.1), but need not coincide with it.
Evaluating the analogue of (4.6),

/ dpdodv - v? — po n 1 +1 p—o 1
exp § —2mi m n+—
o (20— p—o)kt3 P W—p—o W—p—0c 220—p—o0 D (p,0,v)

(5.12)

by performing a contour integration over v around v = 0 gives [§]
dpd 1 1p—
/”Uﬂ<k+3—2m[ P - n— -2 UZD (5.13)
c(p+o)t pto pto  2pto

| po 1 lp—o0o
-9 — S Il =1 —1 .
exp{ i [p+am PR b ] n fri2(p) nfk+2<0)}
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Fig (a).

Dyonic effective string web

B B
A Fig (b).
Effective string tubular web

Identically labelled end-regions are
identified under toroidal periodicities

Figure 1. String web picture.

Using (3.105) this reproduces part of (5.9). This then needs to be further supplemented
by modular objects that depend on (p°, p') through Y%(p, ), as in (4.15).

An example of a model in this class is the FHSV model, which has ny = 11, x = 0,
k = 6 and modular subgroup I'g(2). For this model, g(r) = —3Inn?*(27), which we
write as

o(r) = ~W(B(IE(T)) + 3 M Eu(r) (5.14)

up to a constant (here we used the relation given below (B.29)). This suggests to use
as seed (5.11) for the Hecke lift the cusp form f,2(7) = 95(7)€4(7), which has weight
k + 2 = 8, has trivial multiplier system and equals [(7)n(27)]®, up to a normalization
constant (see below (G.2)). Since the vector space of cusp forms of weight 8 has dimension
one, fr+2(7) is a Hecke eigenform, and hence one deduces the property (5.10) in a manner
similar to the one given below (G.15). Using g(7) = —1In fri2(7) + 3 In&s(7), we note
that the transformation of the second term on the right hand side of g(7) under I'g(2)-
transformations is precisely compensated by the term 2In(p! — 7p°) in (5.9), and hence,
the combination (g(7) +c.c.) +21In|p' — 7p°|?> — 8In 73 in the exponent of (5.9) is invariant
under I'g(2)-transformations. We note that our proposal differs from the one made in [22].

We conclude by suggesting a string web picture of our counting proposal. We have
proposed an approximate degeneracy formula for % BPS states that gravitate to form a
large black hole at strong 't Hooft coupling in terms of a contour integral of the inverse
of a Siegel modular form and of additional subleading contributions expressed as a series
in 1/(Y%)2. A physical picture of this mathematical structure is suggested by the N = 4
picture discussed in [4, 11, 13], whereby a dyonic BPS black hole is viewed as a string web
wrapping a two-torus in type IIB string theory. In this picture, a dyonic black hole in
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type IIB is described in terms of a web of effective strings. Viewing the six-dimensional
compact manifold as a fibration over a two-torus, these effective strings wrap either one
of the two cycles of the two-torus. Electric states correspond to wrappings on one of
these cycles, while magnetic states correspond to wrappings on the other cycle. This
effective description is valid at points in moduli space where the volume of the fibre is
small compared to the volume of the two-torus. The electric-magnetic duality group I'¢(2)
is viewed as a subgroup of the large diffeomorphism group of the two-torus. A computation
of the Euclidean partition function of this string network requires time to be compactified,
so that the arms of the torus are tube-like and the resultant partition function of the string
web is a genus two partition function of an effective string theory that encodes BPS states
of the original type II theory. In the present N = 2 case, topological string theory is a
candidate for this effective string theory, since amplitude calculations in topological string
theory result in corrections to the free energy of the type II BPS partition function. In this
picture, the world sheet path integral will encode contributions from worldsheet instantons
corresponding to higher genera string webs. These contributions should correspond to the
series in 1/(Y?)2 which appears in the proposed degeneracy formula, and which is absent
in the NV = 4 case as a result of the larger supersymmetry in the system.
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A Modular forms for SL(2,7Z)

We review basic properties of modular forms for SL(2,7Z), following [59].
Let H = {7 € C : Im7 > 0} denote the complex upper half plane, and let H* =
H U {oo}.

Definition: let k € Z. A meromorphic function f : H — C is weakly modular of weight
kif,Vre H ,

F(r) = (er+ d)* f(7), (A1)
where h
y(r) = o d’ (A.2)
with

(CC” Z) € SL(2,2), (A.3)
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where

SL(Q,Z):{(a Z) ca,b,e,d € Z, ad—bc:l}. (A.4)
C

Remark: SL(2,7) is generated by two elements,

11 0-1 1
: 1 : ——. A.
<01> T—=T+1, (1 0) T = (A.5)

Remark: consider an open subset F C H such that no two distinct points of F are equiv-
alent under the action of SL(2,Z), and every 7 € H is equivalent to a point in the closure
D = F. Then, D is called a fundamental domain for SL(2,7Z),

1 1
D:{TEH\—igReTgﬁ and |7| > 1}. (A.6)

Remark: f is weakly modular of weight k if f(7 +1) = f(7), f(=1/7) = 7% f(7).

Definition: modular forms are weakly modular functions that are also holomorphic on
H and at oo, i.e. on H*.
Remark: to show that a weakly modular function f is holomorphic at oo, it suffices to
show that f(7) is bounded at Im 7 — oo, i.e. there exists C' € R such that |f(7)] < C Vr
with Im7 > 1.

Let D = {q € C: |¢q| < 1} denote the open complex unit disc, and D’ the punctured
disc D' = D — {0}. Consider the map

T T =g, (A7)

which takes H* to D. A modular form f is Z-periodic, since f(7+ 1) = f(7). Then, f has
the Fourier expansion

f@) = ang", q=€"". (A-8)
n=0

Definition: the set of modular forms of weight k € Z is denoted by My (SL(2,%Z)).
Remark: My (SL(2,Z)) forms a finite-dimensional vector space over C, and the direct sum

M(SL(2,2Z)) = @ M(SL(2,Z)) (A.9)

kEZ

forms a graded ring.

Definition: a cusp form of weight k € Z is a modular form of weight £ whose Fourier
expansion has a coefficient ag = 0, i.e.

f) = anq", q=e"". (A.10)
n=1

The limit point co represents the cusp of SL(2,Z). The modular images of oo are the
rational numbers y(oc0) = a/c € Q.
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Definition: the set of cusp forms of weight k € Z is denoted by Si(SL(2,Z)).

Example: the discriminant function A(7) = 7?4(7) is a cusp form with A € S12(SL(2,Z)).
It has a simple zero at ¢ = 0.

Example: let k£ € N with £ > 2. The Eisenstein series, defined by

1
Gan() = > e TEM (A.11)
(m.m)eZ2—{(0,0)}

is a modular form of weight 2k. It has the following Fourier expansion,
2(27i) % .
Gonlr) = 2(20) + 22T S o ), g = e (A12)
" n=1

where the sum op(n) = >, d¥ is over positive divisors of n, and ((z) is Riemann’s zeta
function.

Setting k = 1 in (A.12) yields G2, a quasi-modular form of weight 2 and depth s = 1,
i.e. a holomorphic function Gg : H* — C that, compared to (A.1l), transforms with an
additional shift proportional to ¢/(cT 4 d) under (A.2),

Ga (Z;:::Z) = (er +d)? Go(7) — 2mic(er + d). (A.13)

More generally, a quasi-modular function of weight k and depth s is defined as follows [56]:

Definition: let k € Z and s € N. A holomorphic function f : H* — C is a quasi-modular
form of weight & and depth s if there exist holomorphic functions Q1(f),...,Qs(f) on H
such that

er ) r (2E0) = 1) +§;Qi(f)(7) (5 (A14)

for all a,b, ¢, d € Z with ad — bc = 1, and such that Qs(f) is not identically zero.
The normalized Eisenstein series are Eop = Goy/(2((2k)). For k > 2, the normalized
Eisenstein functions can also be defined by [60]

1 1 1
Pulr) = 5 > mreE T X Ty

(m,n)€Z2—-{(0,0)}, ged(m,n)=1 n>0,meZ, gcd(m,n)=1
(A.15)

Definition: a weakly holomorphic modular form of weight & [61] is a weakly modular
function f : H — C that is holomorphic on H, with a pole at ¢ = 0. Its Fourier expansion
is given by

f@) = ang", q¢=¢€"7, (A.16)
n=—N

with N € N. Thus, f(r) grow as ¢~V at oo.
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Example: Z(7) =1/A(7) is a weakly holomorphic modular form of weight —12 with a
simple pole at ¢ = 0. Hence

Z(r)= > anq", q=e"". (A.17)

n=-—1

For large n, the Fourier coefficients a,, grow as
ap ~ eV (A.18)

Thus, they exhibit exponential growth, as required for the microstate degeneracy of small
BPS black holes in N = 4 string theories [62].

Depending on the nature of the modular form, the growth property of its Fourier
coefficients can be markedly different [61, 63]:

Growth conditions:
1. f € 8k(SL(2,2)): an = O(n*/?) as n — oo;
2. f € My(SL(2,7Z)), f & Sk(SL(2,7Z)): a, = O(n*1) as n — oo;
3. f weakly holomorphic modular form of weight k: a,, = O(e“V™) as n — oo for some
C>0.
B Congruence subgroups of SL(2,7Z)

We review basic properties of modular forms for congruence subgroups of SL(2,7Z), follow-
ing [59].

Definition: let N be a positive integer. The principal congruence subgroup of SL(2,7)

of level N is
T(N) = {(Z Z) € SL(2,7) : (Z Z) - ((1) 2) mod N} . (B.1)

In particular, I'(1) = SL(2, Z).

Definition: a subgroup I' of SL(2,Z) is a congruence subgroup if I'(N) C T' for some
N € Z*. The least such N is called the level of T.

Example: let N be a positive integer. Let
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In particular, I'(2) C T'1(2) = T'y(2), since a,d =1 mod 2. This is the case of interest
for this paper, I' = I'g(2).
Remark: T'g(2) is generated by two elements,

(; ?) =S8*(ST%S), T= ((1) 1) , (B.4)

0-1
-(02) o

Remark: each congruence subgroup I' of SL(2,7Z) contains a translation matrix of the form

(é?):THT—}—h (B.6)

for some minimal A € Z*. Hence, every function f : H — C that is weakly modular

where

with respect to I' is hZ-periodic, and has a corresponding function g : D’ — C with
f(r) = g(qn), where g, = e*™7/"_ Then, f is defined to be holomorphic at oo if g extends
holomorphically to ¢ = 0, in which case

)= andy, an=e>"" (B.7)
n=0

To define modular forms for a congruence subgroup I', one adjoins not only co to H, but also
the rational numbers Q. Then, one identifies all elements in {oco} UQ that are I'-equivalent.
When I' = SL(2,Z), all rational numbers are I'-equivalent to oo, i.e. y(—d/c) = oo, where
¢,d € Zwith ¢ # 0. When I" C SL(2,Z) is a proper subgroup, fewer points are I'-equivalent.

Definition: a I'-equivalence class of points in {oo} U Q is called a cusp of I'.

Example: for I' = I'g(2) there are two cusps, 0 and oo [63]. The orbit of co consists of
the set of rational numbers of the form a/c with a # 0, ¢ = 0 mod 2 and ged(a,c) = 1.
The orbit of 0 consists of the set of rational numbers of the form b/d with ged(b,d) = 1.
Thus, every element of {oo} U Q is in exactly one of the two orbits. Since there is no
element in I'y(2) that maps 0 to oo, there are two cusps.

Proposition (fundamental domain): let I' be a congruence subgroup of SL(2,7Z),
and let R be a set of coset representatives for the quotient I'\SL(2,7Z). Then, the set
Dr = User 7D is a fundamental domain for I' [63]. Here, D denotes a fundamental
domain for SL(2,Z).

Example: let I' =T4(2). A system of coset representatives for I'\SL(2,Z) is [63]

10 0—1 0 -1
AR e

ie. if o € SL(2,Z), then o = y4 with v € I" and 4 € R. A fundamental domain for I'y(2)
is thus given by Dr, o) = DUS(D)UST(D) [63, 64], see figure 2. Note that the two cusps,
0 and oo, are in the closure of Dr () in the Riemann sphere, but not in H [63].
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ST(D)

1
-5 3

Figure 2. A fundamental domain for I'y(2).

Definition: let I' be a congruence subgroup of SL(2,7Z), and let k € Z. A modular form
of weight k for the subgroup I' is a holomorphic function f : H — C that is weakly modular
of weight k for I' and holomorphic at all cusps of I'.

Definition: let I" be a congruence subgroup of SL(2,Z), and let & € Z. Writing any
element s € {oo} UQ as s = y(o0) for some y € SL(2,Z), holomorphy of f at s is defined
in terms of holomorphy of f[y]x at oo for all v € SL(2,Z). Here, f[y]x : H — C is defined
by (fIY]k)(7) = (et + d)7F f(y(7)). If ap = 0 in the Fourier expansion of f[y]; for all
v € SL(2,Z), then f is called a cusp form of weight k& with respect to T'.
Remark: for I, the finite-dimensional vector space over C of modular forms of weight k is
denoted by M (I"), and the vector subspace of cusp forms of weight k is denoted by Si(T).
The direct sums

M(T) = P M), ST)=EPs(T) (B.9)

kEZ keZ

form a graded ring.

Example: an example of a modular form of weight 2 for I'g(NN) with N > 2is NGa(NT)—
Go(7), where Go(7) denotes the Eisenstein series of weight 2 for SL(2,7Z) introduced be-
low (A.12).

Proposition: let I' = I'((2). Let kK € N, k > 2. Then, dimM(I') = [4] + 1 and
dim Sy (T") = [%4] — 1 for k even, while dim M,(I') = dim S,(I") = 0 for k odd [59]. Here,
[n] denotes the integer part of n.

Example: let I' = I'g(2). Then, dim Ms(I') = 1, dim My(T") = 2 and dim S4(T") = 0.
The vector space My(I") is generated by [55, 65]

Eo(T) = % (3& (1) — Ea(1)) = 2E2(27) — Ea(7) . (B.10)

Here, E2(7) = G2(7)/(2((2)) denotes the normalized quasi-modular form of weight 2 for
SL(2,Z), while &(7) denotes one of the normalized Eisenstein series on I'g(2), see (B.23).
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Definition: let k > 2. For I'g(2), define an Eisenstein series by [66]

1
Gok,n=2(T) = Z PRV
(m,n)€Z2,(m,n)=(1,0) mod 2 (m + 77,7')
x2(m)
s Gmran (B

(m,n)eZ2—{(0,0)}

where

1, if ged(m,N)=1
xovlm) = 4 b sedlm ) (B.12)
0, if ged(m,N)>1

xn(m) is called the principal character mod N.
Define the normalized Eisenstein series Eo4(7) by Gop n=2 = 2(2(2k) Ei,, where

= i XN(T) T_Qk . (B.13)
r=1

Remark: for N = 1, (1(2k) = ((2k), while for N =2, (5(2k) = (1 — 272¥) ¢(2k).
Proposition: let k > 2. Then, Gai ny=2(7) are modular forms of weight 2k for I'y(2) [66].

Proposition: let & > 2. The normalized Eisenstein functions &y (7) are given by [67]

Eop(T) = > . (B.14)

(m+2nT)%k
n>0,meZ, gcd(m,2n)=1

Proof. Write [67]

- Xz(r) Xz(m/r)
Gap,n=2(
7; (m,n>eZZ{(o,20>:},gcd<m,n>=r v (m/r+ 2 (nfr) 7)*"
- 2 e
(exd)ez2—{ (0.0}, ged(e.d)=1 (& T2€T)
1

(¢,d)€Z2—{(0,0)}, gcd(2¢,d)=1

O

Proposition: let £ > 2. Then, &y, has the following expansion around the cusp oo [65],

4k 0 1) 2k—1 n )
Exl(r) =1+ PP A A (B.16)

(1-2%)By &= 1-¢"

with By the k-th Bernoulli number. £9;(7) can also be written as

Eo(T) =1+ Zagk 1n)q", q= 627”7 (B.17)

1—2%
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where the sum

Gar—1(n) = (~1)*d*! (B.18)

din

is over positive divisors of n.

Proof. Using absolute convergence, we write

1 1
EONFETNEND et NS |
(mamezzqooy MTINTT (T 00y 2m 20T
= Goy(27) — 272 Goi(7) (B.19)

where G, denote Eisenstein functions for SL(2,7Z). Using (A.12) in the form

2( 1) 27T K — 2k—1 dm 27rz7'
Gor(T) = 2¢(2k) + —(% — E E d , qg=c¢ (B.20)
m=1d=1

we obtain, using absolute convergence,

k(o 2k [ 20 o
G n—a(7) = 20a(2k) + 2 2k2((2113_(217;) [2 (2d)2K~1 g2m _ sz% 1 dm
m=1d=1 m=1d=1

= 2(2(2k) + Q_ZkM i i(*l)d J2k-1 qdm

(2k — 1)! i
o 2(=DF2m)*F & d k-1 4
= 2(3(2k) + 2 S ;(—1) T
_ 4k - 2k—1 qd
= 2((2k) m Z; 44 1_qd] : (B.21)

Expanding in a geometric series,

Gor,n=2(T) = 2¢2(2F)

1_2% "B ZZ )4 q2h 1 dm] . (B.22)

d=1m=1

and interchanging the order of summations yields (B.17).

O
Definition: setting ¥ = 1 in (B.16) defines the second Eisenstein series & [55, 65],
_1—82 1iq q=e¥i, (B.23)
Proposition: & can be expressed as [55]
&= d Inv3, (B.24)

d
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where the theta function 95 has the product representation
0 .
Do(r) =245 Q=g (1+¢")?, q=€>", (B.25)
n=1

valid in the open complex unit disc D = {q € C : |q| < 1}. Thus, & is a quasi-modular
form for I'y(2),

1 ow(S) 1 .
2(7) P TS 1(5), iT (B.26)
Proof. Using (B.25) and (B.23) as well as absolute convergence, we compute
D ngs g =16 EOOn 7 —§w(2n—1)£ (B.27)
qdq 27 o ltqr H— 1—¢g?n1 )" ’

Using the relation
T T 222

l+e 1-a 1-a2
it follows that the right hand side of (B.27) vanishes. Since I; is quasi-modular, so is &s.
O

(B.28)

Remark: the vector space My(T), which has dim My(T") = 2, is generated by [65] £2 and
&s. Therefore, ¥5(7), which has weight 4, is given by a linear combination of 522 and &4,

namely [65]
_ 1 /s 1
25U (r) = = (E(r) — () = 375 (Balr) — Ea(27) - (B.29)
Note that ¥§(7) is not a cusp form of T'y(2), and that E4(7) = 16 n'2(7)/95(7).

Remark: & (7) has the following g-expansion,

[o.¢]
E(r)=1+24>"| > d|q*, q=€T". (B.30)
n=1 \d|n, dodd

Proposition: the series &, £, &4 satisfy the differential equations [65]

d&s 1
qdiq = 1 ((52)2 - 54) )
dés 1 /=
o =5 (Be-a),
d€ ~
QCT; = &8 —&¢&. (B.31)

Definition: given a modular form f(S) of I'g(2) of weight 2k, the operator [65]

B k Ow(S)
foDsf=osf+2 520 (8.32)
maps Mok (To(2)) to Maog2(T'9(2)). This operator can be written as
1 d k

— 46 —



Using the above relations, one readily verifies that [55]

Ds95(S) =0, (B.34)
as well as
I(S) = %7?2784,
I3(8) = v & &,
L(S) = nty (52 +2(6)? 54) . (B.35)

Acting with the operator (B.33) on & gives

1 ~ 1
— —Dg&ly = —=& B.36
o SC2 2 4 ( )
and hence we infer .
L= 7y Ds&s. (B.37)

Proposition: for k > 2, the [;(S) are given by

I(S) =~ Z Umn (éQ)m (&)™, (B.38)

m~+2n=k,m>0,n>1
where a,, , are real, positive constants.

Proof. The proof is by induction. The claim holds for k¥ = 2. Assume that it holds for a
ko with ko > 2. Then, consider operating with (B.33) on a summand (€)™ (£4)" of weight
2ko = 2m + 4n. Using the relations (B.31), one infers

<ch1 - l;&) (&)™ ()" = —% m (&)™ (E)™T — (&)™ (E)". (B.39)

Note that the terms on the right hand side have weight 2ky 4+ 2, and that they have the
same structure as in (B.38). Thus, when operating with (B.33) on Ij,, the resulting sum
is of the form (B.38) with m, n satisfying the relations m > 0, n > 1 and m + 2n = ko + 1.
Multiplying (B.39) with (—27), so as to obtain Dg on the left hand side, we infer that the

coefficients @, of Iy 11 are real and positive.
O

Next, we discuss the growth properties of the Fourier coefficients of modular forms for
Tp(2).

Proposition: let f € Si(I'0(2)), with k£ € N,

fr)=>ang", q=€"". (B.40)
n=1

Then |a,| < CnF/? V¥n €N for some C € R with C > 0 [59].
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Proposition: let I' = T'3(2). Consider the Eisenstein series (B.17) with k& > 2,

Eor(1) = Z anq", q=¢e""". (B.41)
n=0
Then [60]
la,| <Cn?*1 VYneN (B.42)
for some C' € R with C' > 0.
Proof. For k > 2, using [60]
|Fop—1(n)| <D d* T <2k - 1), (B.43)
d|n
we infer -
[Ea(r)| <14+ C Y 0 g, (B.44)
n=1

with C = |4k ((2k — 1) /(1 — 2%%) By |. Hence |a,| < Cn?*~! for n € N.

O
Proposition: consider the modular form & of weight 2 given in (B.30),
E(1) = Zan ", q=e*m. (B.45)
n=0
Then
lan| <Cn VneN (B.46)
for some C' € R with C' > 0.
Proof. We consider £2 and use (B.29),
5 8
522(7') :54(7)—1—*(E4(7') —E4(27‘)) . (B.47)

30
The right hand side is a linear combination of modular forms of weight 4. Each of them
has g-expansion coefficients a,, that exhibit the property |a,| < Cn?, cf. (B.42). Hence,
if we denote the g¢-expansion of 522 by 522 = > N0 eng”, the coefficients ¢y will also
satisfy |ex| < D N3, for some constant D > 0. Now consider (B.45), and let us assume
that its coefficients a, satisfy the bound |a,| < AnP, with p € N, A > 0. Then |&? <
(1 +AY - mp]q\m> (1 +A> o np|q]”). Using absolute convergence, we obtain, for

N >0, |en| < (2ANP+A2 >

the sum, for a given N, as follows. Extremizing mP n? = (N — n)P n? with respect to n

mtn=N, mn>1 mP np>. We now place an upper bound on
gives ny, = N/2, in which case mEnf = N2 / 22p, Using that the number of partitions of
N into two positive integers m and n with m +n = N is N — 1, we obtain the bound
Y mineN, mas1 MNP < mink (N —1) < BN?*! for some constant B > 0. Hence,
len| < D N?PFL for some constant D > 0. On the other hand, we had already concluded
that |ex| < D N3, so that p = 1.

O
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Proposition: let I' = T'y(2). Consider the modular form I}, of weight 2k given in (B.38),
with k > 2. We express its g-expansion as

o0
Ii(1) = Z anq™, q=e""". (B.48)
n=0
Then
la,| <Cn?*1 VYneN (B.49)

for some C € R with C > 0.

Proof. The claim holds for k = 2, since Iy o £;. Let us consider the case k > 2.

We begin by considering a summand €7 of weight 8 in (B.38). Then, using (B.42),
we obtain |£7| < <1 +ad -1 m3|q|m) (1 +a )~ n3|q|”) for some constant a > 0.
Denoting the g-expansion of £2 by £7 = > N>0 eng, and following the same steps as in
the proof given above, we obtain the bound |cy| < D N8L, for some constant D > 0.

Next, consider a summand &Y of weight 4p in (B.38). We proceed by induction. De-
noting the g-expansion of & by & = 3", ., b(n)q", and assuming |b(n)| < bn?~!, for
some constant b > 0, we proceed to show that the expansion coefficients of €f+1 ex-
hibit the growth property |cny| < DN Alp+1)-1, Namely, proceeding as before, we obtain
1E4E| < (1 +ad m3|q]m) (1 +b> 51 n4p_1|q|"> for some constants a,b > 0. Ex-
tremizing (N — n)3n*~! with respect to n gives n, = N(4p — 1)/(4p + 2), in which
case (N — n)3niP~t = N%+233(4p — 1)%~1/(4p + 2)%+2. Hence, we obtain the bound
> mtneN, mas1 M Pt <m? ne?~H (N —1) < BN**3 for some constant B > 0. Thus,
the expansion coefficients of £} 1 exhibit the growth property |cy| < DN AptD-1 a5 we
wanted to show. Note that this growth goes as N2*~1 with 2k = 4(p + 1).

Proceeding in a similar manner, one finds that the expansion coefficients of & EP exhibit
the growth property |cy| < D N*+1. By induction, one then shows that the expansion
coefficients of gé EY exhibit the growth property |cy| < D N#*2=1 This growth goes as
N1 with 2k = 4p + 2.

Hence we conclude that expansion coefficients of I, in (B.38), with k& > 2, exhibit the
growth property (B.49).

O

C Rankin-Cohen brackets

Definition: let n € Ny. The nth Rankin-Cohen bracket is a bilinear, differential operator
that acts on modular forms f, g of SL(2,7Z), of weight k € N and | € N, respectively, by [68]

.6h() = e 2" (’“ e 1) (l e 1) ), ()

r=0

where f() (1) denotes the rth derivative of f with respect to 7, and similarly for g (7).

In the following, we drop the normalization factor O
)
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Proposition: the nth Rankin-Cohen bracket [f,g], is a modular form for SL(2,Z), of
weight k + 1+ 2n [68].

Example: let f(S) be a modular form for SL(2,7Z) of weight k, and let g(S) = 95(S),
which has weight | = 4. Then,
~1V.gh = ~4Dsf (€2
where (cf. (B.32))
Dsf = <85—Z851ng>f. (C.3)

In particular, consider the case f(S) = I2(S), which we recall is proportional to the
Eisenstein series & of weight 4, cf. (B.35). Then,

1
- [IZag]l - _413 )
g

1 4
- [IQ,Q]Q =10 <I4 - I22> )
g Y

1 16
—[I2, )3 = =20 (IS - —1Ip 13> : (C.4)
g Y
For n > 2 we obtain
1 ~1\?1.1 ~1\" 2?11 1
I = _@Un—bgh = <4> g[;[ln—%gh»g]l = <4> 5[5[---[5[12,9]1,~--,9]1,9]1.
(C.5)

The above definition can be extended to include quasi-modular forms as well [56]. Here
we focus on quasi-modular forms of weight k£ and depth s = 1 of SL(2,Z). An example
thereof is provided by (A.13).

Definition: let f be a quasi-modular form of weight k and depth s = 1, and let g be a
modular form of weight [, respectively, for SL(2,7Z). Then, their nth Rankin-Cohen bracket
is given by

n

Fogln(r) = ——— 3 (=) (’“ Tetne 1) (l e 1) O gy, (C6)

(2mi)™ e n—r r

where f(")(7) denotes the rth derivative of f with respect to 7, and similarly for ¢g(»=")(r).
In the following, we drop the normalization factor W

Proposition: the nth Rankin-Cohen bracket [f, g], is a quasi-modular form for SL(2,7Z),
of weight k + 1 + 2n and depth < s =1 [56].

Example: as an application, set

F8) = 1i(s) = 55 9(8) = 5(S). 1
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with weights k = 2 and [ = 4, respectively. The depth of f is s = 1. Then

1 0w 1 [Ow)?
p [f, 9l = —4 (asz T3 (05) ) = —4I(S), (C.8)

which yields a modular form of weight 4 and depth s = 0.
Remark: the Rankin-Cohen bracket (C.1) endows the graded vector space M, of modular
forms of SL(2,7Z), M, = ®i>0 Mi(SL(2,Z)), with an infinite set of bilinear operators [68],

[', ]n : M* X M* — M*+*+2n . (Cg)

The Oth bracket makes (M, [, ]o) into a commutative and associative algebra. The 1st
bracket, on the other hand, makes (M, [-,-]1) into a graded Lie algebra, since the 1st
bracket, given by

[figh=~lg,fi=kfg —1[g, (C.10)
satisfies the Jacobi identity

[Lf, gl1, b1+ [lg, Rl f1u + ([, fl1,9li =0, Vf,g,h € M,. (C.11)

The space (M, [, o, [, ]1) is a Poisson algebra in view of the Leibnitz rule relation

[[f, glo, hlr = [[f, 1, glo + [lg, Rl1s flo,  Vf,g,h € M. (C.12)

We note the formal analogy between Rankin-Cohen brackets [-,-]; and the adjoint
representation of the Lie algebra g of a linear group G. To this end, let us recall the
differential of the exponential map exp : g — G [69]. Define a curve a(t) = exp(Z(t)) C G
with Z(t) = X +tY (X,Y € g). Then

eXP(_X) (Ccllta(t)> [t=0 - exp(_X) (C;lt eXp(X " tY)> [t=0 N = exfd((_Xa)d(X)) Y

(C.13)

where

1—exp(—ad(X)) > (—1)F .
ad(X) = kZ_O it 1) (ad(X))"™, (C.14)
and
ad(X):g — g,

Y= [X,)Y]. (C.15)

Now consider replacing the derivatives with respect to 7 in (C.1) by the covariant

derivative D; given in (B.32), to obtain the nth Serre-Rankin-Cohen bracket [35] for I'y(2)

(we drop the normalization factor W),

SRCu(£.9)(r) = Y (=)' <k . 1) <l e 1) DLf(T) DY "g(r).  (C.16)

n-—r
r=0
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Then, the sequence (SRC))nez>0 of bilinear maps defines a formal deformation [35] of
M, = ®p>0 Mp(T'o(2)) through the non-commutative Eholzer product #,

f#9=">Y SRC.(f.g) ", (C.17)

n>0

which is associative [68], i.e. given any modular forms f,g,p (of weight k, [, h € N, respec-
tively),

Y SRCu_y (SRC:(f.9),p) = Y SRCu—y (f,SRCy(g,p)), VneNg.  (C.18)

r=0 r=0

Note that the Eholzer product (C.17) is suggestive of a deformation quantization of the
Poisson algebra (C.12).

D Jacobi forms

In this section, we follow [61, 70].
Let H denote the complex upper half plane. Let 7 € H and 2z € C.

Definition: a Jacobi form of SL(2,Z) is a holomorphic function ¢y, : H x C — C that
transforms as follows under the modular group SL(2,7Z),

aT + b z . k 27T,L-7ncz2 a b
¢k,m <C7'—i—d7 m) = (CT -+ d) e +d Qbk-’m(T, Z), v (C d) S SL(2,Z), (Dl)

and under translations of z by Z71 + Z as
Ol (T, 2 + AT + ) = e~ 2mim(\ T42)2) Gm(T,2), YV ANpei. (D.2)

Here, k € 7Z is called the weight, and m € N is called the index of the Jacobi form.
Remark: 7 is called modular parameter, while z is called elliptic parameter.

Due to the periodicities ¢ (T + 1,2) = Gpm(7,2) and ¢ (7,2 + 1) = Gpm(T,2),
®k,m Possesses a Fourier expansion,

bem(rz) = S ) q'yT, q=eTT, y =i, (D.3)
n,reZ

The transformation behaviour under elliptic transformations (D.2) implies that
c(n,r) = C(A,7), A=dnm —r? (D.4)
where C(A,r) depends only on r mod 2m.
Definition: ¢y, ,, is called a holomorphic Jacobi form of weight k and index m if
c(n,r) =0, forA<DO, (D.5)

i.e.

Gk (T,2) = Z c(n,r)q"y". (D.6)

n>0, reZ, anm>r2
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Definition: ¢y, is called a cuspidal holomorphic Jacobi form if
¢(n,r) =0, for A<O, (D.7)

i.e.

G (T, 2) = > c(n,r)q"y". (D.8)

n>1, rez, dnm>r?
Definition: ¢y, is called a weak holomorphic Jacobi form if
¢(n,r) =0, forn<0, (D.9)
ie. if

brm(m2) = 3 clnr)q"y . (D.10)

n>0, reZ

Definition: ¢y, is called a weakly holomorphic Jacobi form if

c(n,r) =0, forn< —ng,,ng €N, (D.11)
ie. if
Gl (T,2) = Z c(n,r)q"y". (D.12)
n>—ng, r€ZL

Depending on the nature of the Jacobi form, the coefficients c(n, ) will have a certain
growth property [61].
Remark: the above generalizes to Jacobi forms of subgroups I' C SL(2,Z) [70].

Example: consider ¥5(7, z), where (7, ) denotes the Jacobi theta function defined by

Do(T, 2) = ¢*/® Z q%n(nﬂ) etz (D.13)
nez
which has the following product representation, valid for |¢| < 1,
oo
Vo(7,2) = 2¢"/8 cos (n2) H(l (1 +q"y) A+q"y ). (D.14)
n=1
For fixed z, ¥2(T, z) has one branch point inside the unit circle of the complex ¢-plane, at
g = 0, and a branch cut along the interval (—1,0) on the real axis. ¥2(7, 2) has zeroes at
z=3(2m+1) +n7 with (m,n) € Z2.
¥5(7, z), on the other hand, is analytic in both 7 € % and z € C, and is an example
of a modular form of weight k = 4 and index m = 4 with trivial multiplyer system under
I'p(2)-transformations.
Remark: 99 is even with respect to z,

Vo(T, —2) = Oa(T, 2) , (D.15)
and it solves the heat equation
5, 1 9
%192(57 Z) - E @192(83 Z) ) (D16)

with periodic boundary conditions (z — z + 1) imposed in the z direction. Here 7 = iS.
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Also observe that when taking an odd number of derivatives with respect to z, we have

ﬁ192(5, z) =0 Vne2N+1 (D.17)
oz" 4=0
due to (D.15).
Remark: consider f(S,z) = In95(S,z). We fix S, and we view 95(S, z) as a function of
z, which is non-vanishing in a small open neighbourhood of z = 0. It is then possible to
define a single-valued analytic branch of In ¥5(S, z) in that neighbourhood. We then Taylor
expand around z = 0, retaining only the first few terms for illustrative purposes,

22 24 20 28
f(8,2) = Wd3(S) + 5.0 flamo + 3705 flomo + 02 fla=0 + 505 =0 + O(=17) . (D.18)
Using (D.15) and (D.17) to convert an even number of derivatives with respect to z into
derivatives with respect to S, we obtain

2 22 g 24 3 28
f(S,2) = - <w(S) +4775I1(S) + (4m) IIQ(S) + (4m)° —I3(95)

6!
28
Ham' S (14(5) 4 3122(5)> 4 O(zg)> , (D.19)
where 1
w(S) = —g md3(S), 7= (D.20)

and where the I, are defined in (3.20) and in (3.23).
Thus, the expansion (D.19) is indicative of an expansion in powers of I,,(.5), as follows:

Proposition:

2 0 2n
£(5.2) = == [l8) + 47 3 1(S) + 3 _(dn)” i 1(5)
’ n=2 )

(

+ ) (AT f 2T L (S) L(S) | (D.21)

m,n>2
where the dots stand for higher powers of I,.

Proof. Let us first focus on the sector involving single powers of I, only, and let us verify the
expression for the monomials in I,, given in (D.21). Let us work in an open neighbourhood of
z = 0. First, observe that under I'g(2)-transformations (3.10), the first two terms in (D.21),
w(S) + 4m ZQ—? I1(S), transform precisely as f(S5, z). Therefore, the Taylor series in (D.18)
starting with the term z* has to be invariant under I'g(2)-transformations. Since each power
of z transforms as z — z/[A(S)] under I'y(2), it follows that each summand in (D.18)
starting with the term z* must be separately invariant under T'o(2), i. e. 92" f|,—¢

[A(S)]?" 02" f|.—o for n > 2. Using

8§n192(57 Z)

2n _
az f|Z:0_8 192(5’2) |Z:O+7

(D.22)
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where the dots stand for products of terms involving a lower number of z-derivatives of
Y2(S, z), we infer, using (D.16),

02" fl.=0 = 8 (47)" 6%;9(2;?+- = (Am)" O 93 (S) 4 = —2(47”)" L(S)+... . (D.23)

Covariance under I'g(2)-transformations dictates that the terms involving a lower number
of z-derivatives of ¥2(S, z) have to organize themselves into products of I;(5), so that the
dots in (D.23) stand for higher powers of I;(S), such that under I'g(2)-transformations,
02" fl—o0 — [A(S)])* 02" f|,—o. Thus we establish (D.21).

O

Another way of obtaining the same result is as follows. We note that f(S,z) =
In9¥5(S, ), satisfies the non-linear PDE

2
327 9 (S,z) =8 aa;f(S, z) + (aazf(S, z)> , (D.24)

oS
as a consequence of (D.16), with boundary conditions f(S,0) = In9§(S), 0.f|.—0 =
0, O2f|.—0 = —8mI1(S)/7y. Let us verify that (D.21) solves (D.24) when restricting to
the monomial sector in (D.21). To distinguish between the various sectors, we rescale w
and each power of [,, in (D.21) by a real constant A € R, in which case (D.21) becomes

Z2n
(2n)!

f(S,z,\) = 2 Aw(S) 4+ Mr i I1(S) + X i(mr)n I,(S)+ O\ | . (D.25)
’ n=2

v

Inserting (D.25) into (D.24) (we verify below that we may differentiate the series (D.25)
term by term) and working to first order in A, we establish that (D.25) solves (D.24) at
this order. Then, setting A = 1 yields the expression for the monomials given in (D.21).
The uniqueness of solutions of the form (D.25) can be established as follows. Suppose
that the differential equation (D.24) admits a solution f(.5, z) that is expressed as a power

series expansions in 22,

F(S,2) =" fal(S)2*", (D.26)

n>0

satisfies the boundary conditions given above, and that can be differentiated term by term.
Then, inspection of (D.24) shows that fo(S) = —47212(S)/(37), f3(S) = 27 Dgs f2(S)/15,
and that the functions f,,4+1(S) with n > 3 are determined recursively by

(2n+2)(2n + 1) for1(S) = c1Dg fu(S) + c2 > ELR(SAS),  (D27)
k+l=n+1;k,0>1

where ¢, co are numerical constants. Hence, a solution of the form (D.26) satisfying the
conditions mentioned above is uniquely specified.
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Thus, we have the following corollary:

Corollary: let

0 2n
g9(8,2) =Y (4m)" Gl 1,(9). (D.28)
n=2 :

9(S, z) is the unique I'g(2)-invariant solution, that is given by a Taylor series in even powers
of z, to the PDE

0 0? 27 d (4m)%
4 %g(s¢ Z) - @9(8, Z) - 711(5) zag(sv Z) - z IQ(S)v (D29)

with boundary conditions g|,—¢ = 0.9|.—0 = 029|.—0 = 99|.—0 = 0.

Proof. Let
© »2n
9(8,2) = (4m)" ) pn(S). (D.30)
n=2

Imposing I'g(2) invariance shows that p,(S) are modular forms for I'g(2) of weight 2n.
Inserting (D.30) into (D.29) and differentiating term by term, which will be justified below,
one infers pa(S) = I2(S) and pn41(S) = Dgpn(S) for n > 2. Hence, p, = I,,.

O

In the main part of the paper, we encountered a closely related series, namely (cf. (3.25))

0 22n
H(S,z)=> c" — In(8). (D.31)
n=2

with ¢ € C a constant. Note that the suppression factor is now 1/n!, instead of 1/(2n)!
in (D.28). The PDE which H (S, z) satisfies will thus be different from (D.29), cf. (3.28).
For fixed S, this series is a power series in z, and hence both absolutely convergent in a
open neighbourhood D(0, R) of z = 0 as well as uniformly convergent on any compact
subset contained in D(0, R). The radius of convergence R will depend on S. We can infer
a lower bound on R, as follows. First, using (B.25), we infer that for large Re S ( i.e.
lg| — 0), w(S) behaves as Ing ~ S, and hence, Ow/dS is constant, up to exponentially
suppressed corrections. Thus, at ¢ = 0, I}, (with k& > 2) is given by

na=0 =522 (5 lamo. (D32

On the other hand, evaluating (B.38) at ¢ = 0, we infer

k
Z am,n = Lkl)' <0w> lg=0 = (k— 1) ™ >0. (D.33)

2y oS 2
m—+2n=k,m>0,n>1
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Using (B.30) and (B.44), we obtain (with |¢| < 1)

. e d \?
Gl <140 Yl =1+ (ldlg ) (0= flla). Co=21,

n=1

[e'e) d 3
&l <140 Y Pl =1+ (m) 4 _ g, i =s0¢3).

ot dlgl) 1—la|
(D.34)
and hence, using (B.38),
S < bl |G > amalb (el (D.35)
m+2n=k,m>0,n>1
where we recall that a,, , are positive, and where
fa(lql)
h(lq]) = : (D.36)
f(lal)
If, for a fixed ¢, |h(]q|)| < 1, we may approximate (D.35) by
k—1)!
1(9)] < 1 |G| ES A0, (D.37)

whereas if |h(|q|)| > 1, we have the bound |h™(|g|)| < |h(|¢|)|*/?, and hence we approxi-
mate (D.35) by

kE—1)!
1(9)] < 1 |G| a2 B2k (0.3
Therefore, we obtain the following lower bound for the radius of convergence R,
1, h(lgDl <1
— = lim (|e[* [I(S)|/k)'* < 7|l | fa(g)] { (D.39)
R koo [h(laDl,  [R(lgD] > 1.

The functions fa(|g|) and f4(|g|) are monotonically increasing in the interval 0 < |¢| < 1,
and they blow up at |¢g| = 1. The function h(|q|) is bounded, 0 < h(|q|) < 1.5. Thus, so
long as |g| < r < 1, we have R > 0.

Next, let us consider fixing z in (D.31). Then, using (D.35), we infer

ADI {1, hla)] <1 (D.40)

1 2. |me2?
[H(S,2)| < 5 Y
2= K [A(laDI*, - [A(lal)] > 1.

The right hand side is a convergent series for |q| < 1, provided that |7 c2? fa(|q])] < 1

and | 22 fo(lql) /TR < 1. Consider Jg| < r < 1. Then, since fx(lql) and fi(lg])
are monotonically increasing functions, we infer |7 c2? fa(|g|)| < |rez? fo(r)] < 1 and

i c2? fa(lg)|/Ih(lg])| < |mez? fa(r)|\/Ih(r)| < 1. Thus, by the Weierstrass M test, the

function H (S, z) converges both absolutely and uniformly for all |¢| < r < 1, provided
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Figure 3. Behaviour of the functions f3(|g|) and h(|ql).
| c2? < 1/M, with M = max{fa(r), f2(r)y/|h(r)|}. In particular, it converges absolutely

and uniformly in an open neighbourhood of (g, z) = (0,0).
Next, let us consider the series of S-derivatives,

S z2n
> e — OsIn(S). (D.41)
n=2 :

Proceeding as above we obtain the bound

95T(S)] < P+ | K o(lal) | Fo(aDIF {1 MUaDE= 1 )

[7(ld]
[n(al)[*/2), [h(lgl)] > 1,

where the function v(|g|) is given by

3 4
ot =255 (a) (i) T+ Jeusrad (o) T4 @)

The function v(|g|) is monotonically increasing in the interval 0 < |¢| < 1 and blows up at
lg| = 1. Hence we obtain the estimate

L ] iy h(lql)| < 1
Zl - O514(5)] < wlal (la) Zl Falal {m DIE2L Jh(jgl)] > 1.

Thus, at fixed z, this series converges both absolutely and uniformly for all |¢| < r < 1,
provided |7 cz?| < 1/M, with M = max{fa(r), f2(r)y/|h(r)|}, as above. In particular, it
converges absolutely and uniformly in an open neighbourhood of (¢, z) = (0,0).

Thus, at fixed z satisfying |7 c 22| < 1/M, both (D.31) and (D.41) converge absolutely
and uniformly for all |¢g| < r < 1, and hence the S-derivative of (D.31) equals (D.41).

In the main part of the paper, we also encountered the series (cf. (3.25))

Z Fmn Bonm ,2(m-+n) I (S) I,(S) (D.45)

m,n>2

(D.44)

with ¢ € C a constant. For large m, n, the coefficients behave as 5, ,, & 1/[(m—1)! (n—1)!],
and the series (D.45) becomes

(2%0.2H(S,2))" (D.46)
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Figure 4. Function v(|q|), with 0 < |¢| < 1.

with H (S, z) given by (D.31). Thus, the series (D.45) has the same convergence properties
as H(S,z).

E Siegel modular forms

In this section, we follow [60, 70] as well as appendix A of [71].
Definition: siegel’s upper half plane Hs is defined by
Hy = {Q € Mat(2 x 2,C) : " =Q, ImQ > 0} , (E.1)

where Im 2 > 0 means that Im € is a positive definite matrix, i.e. Ho consists of complex

Q= (5 Z) (E.2)

with pa > 0, o2 > 0 and det(Im2) > 0, i.e. pooy — v% > 0, where p = p1 + ip2, 0 =

symmetric matrices

01 + 109, v = V1 + V2.
The Siegel modular group Sp(4,Z) acts on Hs as follows. An element M € Sp(4,7Z),

A B
we(2) -

can be written in terms of four real two-by-two blocks A, B, C, and D satisfying ATD —
CT'B=DAT —CBT =1,, ATC=CTA, BTD = DTB. Then, M € Sp(4,Z) acts on
Ho by

Q= Q' =(AQ+B)(CQ+ D)™ L. (E.4)

One then obtains 2 — Q +— (QCT + DT)=1(Q - Q) (CQ + D)~!, which shows that (Im )’
is positive definite.
A standard fundamental domain for the action of Sp(4,Z) on Hso is the set defined
by [72]
1 1
—igpl,al,mg? O<2’U2Sp2§02,|det(CQ+D)’21. (E5)
The condition | det(CQ2 + D)| > 1 applies to all Sp(4,Z) transformations of €.
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Next, we discuss the action of various subgroups of Sp(4,Z) on Ha:

1. SL(2,Z), (which leaves o — (v2)?/ps invariant):

a0b0
A B 0100 ap+b v cv?
b d) = = » Yy = ) v ’
gi(a,be.d) (CD) c0do|’ (pv,0) (cp+d cp—i—dg cp—I—d)
0001
(E.6)
where a,b,c,d € Z, ad—bc=1.
2. SL(2,7Z), (which leaves ps — (v2)?/09 invariant):
1000
A B 0a0b cv? v ac+b
= — — , , E.7
(OD) 0010| »vo) <p co+d co+d ca+d) (E7)
0cOd
where a,b,c,d € Z, ad—bc=1.
3. Heis, (which leaves 2 — Q invariant)
100 p
A B Al
<C’ D) =100 ‘1‘ f)\ . (pyv,0) = (p, v+ ptp, o200+ p+ A ptr) , (E.8)
000 1
where A\, u, k € Z.
4. Heis, (which leaves 2 — Q invariant)
1A kK p
A B 01 0
<C’ D) =100 'Lf NE (p,v,0) = (p+2A v+ N2 o+ X\ ptr, v+ o+p, o), (B.9)
00-X1
where A\, u, k € Z.
5. p o, v— —u
0100
A B -10 00
= = , ,0,0) = (0,—v,p). E.10
. (m) Joo s e ene. ®10)
0 0-10

In the main part of the paper, we are interested in the subgroup H C Sp(4, Z) consisting
of elements h € H with h = g1(a, b, c,d) g2 g1(a, —b, —¢,d) (g2) ~! with the restriction ¢ = 0
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mod 2, a,d =1 mod 2,

a 0 b0
_ A B 0 a 0-b ab
h:gl(aabacvd)QZ.gl(aa _bv —C, d) (92) L= <C D> - c 0dO ’ (C d) € FO(Q)
0—cO0 d

(E.11)

Definition: a Siegel modular form ®; of weight & € N with respect to the full Siegel
modular group Sp(4,Z) is a holomorphic function ®; : Hy — C that satisfies

DL((AQ+B) (CQ+ D)) = (det(CQ+ D))F 0,(Q), VM eSp(4,Z).  (E.12)

Remark (Kocher’s principle): a Siegel modular form @4, is bounded on any subset of Ha of
the form {Q € Ha|Im(£2) > Im(€p)}, for any Im(2g) > 0.

Theorem: let ®; be a Siegel modular form of weight k € N. It has the Fourier develop-
ment [70]

Oi(p,,0) = 3 Wrmlp,v) 27 (E13)

m>0

For m > 0, the function 1, ,,, is a holomorphic Jacobi form of weight k£ € N and index m.
For m = 0, the function 1y, o transforms as a Jacobi form with m = 0. If the first coefficient
Yy o is identically zero, the Siegel form is called Siegel cusp form.

Remark: the Fourier expansion of @ is

Or(p,0,v) = Z A(n,m,r) e2rinotmotro) (E.14)

n,m,r€Z;n,m,4mn—r2>0

It is well defined on Hs.

Theorem: let 1,1 be a holomorphic Jacobi form of weight £ and index 1. Then the
functions 77,9 1, with m > 1, defined in terms of the Hecke lift below, are the Fourier
coefficients of a Siegel modular form of weight & [70].

Remark: these theorems also hold if Sp(4,Z) is replaced by a congruence subgroup I' C
Sp(4,Z). We shall be interested in the congruence subgroup I' = I'g ¢(2) of Sp(4, Z), where
one restricts to C' = 0 mod 2. In particular, we shall be interested in the subgroup H

given by (E.11). Then, the functions v, in the Fourier development are Jacobi forms for
I'o(2) C SL(2,Z).
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F Hecke operators for SL(2,7Z)

We follow [60]. Let f € M(SL(2,Z)) with Fourier expansion f(7) = >, 5anq". Let m
be an integer with m > 1.

Definition: the m-th Hecke operator is a linear operator 7;,, that acts on modular forms
of weight &k by

T : Mu(SL(2,Z)) — My(SL(2,Z))
TCEE NGRS DI DY Cod P

ad=m, a,6>0 0<B<é

with «, 8,0 € Z.

Proposition: [60]

T f(T) = Z Z rk=1 A2 | 4" - (F.2)

n>0 \r|(m,n), r>0

Proof. Using » o<5.s e?mhn/0 — § if §|n, and 0 otherwise, we get

T f (1) = mF1 Z Z 6 ay, g0 (F.3)

n>0 ad=m, a,6>0

Since §|n, setting n’ = an/§ € Z and using n’ = an/d = a’n/m > 0, yields

Tmf(T) = Z Z ot Amn'! /a2 qn’ ) (F4)

n’>0 \al(m,n’)

where we used m/a = d, hence a|m, and n = mn’/a? = (m/a)(n’/a), and hence a|n’.

Note that T}, f(7) is holomorphic at oo. O
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Now consider the case when ap = 0 and a; = 1. Suppose also that f(7) is an eigen-
function of all the Hecke operators, i.e. T;, f = A, f, with eigenvalues A,,. f is then called
a Hecke eigenform. The first term of A, f is A, a1 = Ay, whereas the first term of T, f
(cf. (F.4)) is the term with n’ = 1 given by a,,. Hence, A\, = a;,. On the other hand,
Tonf = A f implies

Z af1 Umn! Jo? = Am Qn/ (F.5)
al(m,n’)
and hence [60]
Z of ! Uyt a2 = QO ;1 2> 1 (F.6)

al(m,n’)

Below we will encounter a similar relation when discussing the Hecke lift of a Jacobi form.

G Arithmetic lift of a particular Jacobi form for I'g(2)

In the following, we focus on a particular cuspidal holomorphic Jacobi form for T'y(2) of
weight k£ = 2 and index m = 1, and we discuss its arithmetic lift to a Siegel modular form
®y of weight 2. The lift of this particular Jacobi form was briefly discussed in the context of
black holes in [9], following the analysis given in [5]. Here, we first review this construction,
and then we use the technique of Hecke eigenforms of the previous subsection to prove the
decomposition (G.15) in the limit v = 0.

Jacobi forms ¢91 of weight 2 and index m = 1 transform as follows under modular
and elliptic transformations (cf. (D.1)),

cr+d er+d
Go1(T, 2+ AT+ ) = 672”i()‘27+2/\z)q52,1(7', z) ¥V Npez. (G.1)

b . 2
¢2’1 (aT + c ) = (CT + d)2 €2mT+d ¢271<7‘, Z) ,

Here, we restrict to I'g(2) transformations, i.e. ¢=0 mod 2, a,d =1 mod 2.
We will consider the following Jacobi form of I'g(2) of weight k£ = 2 and index m =1
(with trivial multiplyer system) as a seed for the arithmetic lift,

2
boa(rz) = P2 pry ) =2t i (G2)

n°(7)
with 91 (7, z) one of the Jacobi theta functions. Note that f(7), which has weight 4, is not
a cusp form of I'g(2) (the first cusp form of I'g(2) arises at weight 8; since dim Si(I'0(2)) =
[%] — 1, the vector space of cusp forms of weight 8 has dimension one, and is spanned
by 95(7) E4(7) [65], which equals [(7)n(27)]®, up to a normalization constant, as can be
verified by using the relation given below (B.29) and 93(7) = 16n%(27)/n*(7). The form
[n(7)n(27)]® is the standard cusp form of T'y(2)).

¢2,1 has a Fourier expansion in both 7 and z given by

$2,1(T, 2) = Z (4l — r?) ?milT 2mirz (G.3)

I,reZ, 1>1, 4l>r?
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with [5, 9]
(A== Y fabureia, (G.4)

s,n€l, n>1

where f,, denote the Fourier coefficients of

f(T) — 627r'£‘r(n7i)
& > fn : (G.5)

6
n n>1

Note the relations 4n + s2 —1 > 0, A = 4]l — 72 > 0, and hence c¢(A) = 0 for A < 0.
Hence, ¢2, is a cuspidal holomorphic Jacobi form of I'g(2). Note that the coefficients f,
are integers, and so are the coefficients ¢(A).
For latter use, we note that in the limit z — 0 we have 91 (7, 2) = 27 73(7) z + O(2?),
and hence, we infer
ho1(T,2) = 4m? f(1) 22 4+ O(21) . (G.6)

Next, we construct Jacobi forms ¢g,, of I'g(2) of weight £ = 2 and index m € N by
means of the Hecke operator T,,, which maps ¢o1 in (G.3) to ¢a,,. The action of the
Hecke operator T, on a Jacobi form ¢y ; is defined in a manner similar to (F.1) [70],

ar + 5 mz

G2,m(7,2) = Ting21(7,2) =m Z 52 Z ¢2,1< 5 3 ) . (G.7)

ad=m, a,0>0, a=1mod 2 0<p<é

One then verifies [5] that ¢2,,(7, z) transforms as a Jacobi form of weight k£ = 2 and index
m under modular and elliptic transformations (D.1) and (D.2). ¢2,,(7, 2) can be brought
to the form

Go,m(T, 2) = Z a(n,m,r) ™7 2Tz (G.8)

n,r€Z, n>1, 4mn>r2

with Fourier expansion coefficients [5, 9]

a(n,m,r) = 3 ac (W) | (G.9)

(6]
a€Z, a>0,a=1 mod 2, a|(n,m,r)

Note that a(n,m,r) = 0 for 4mn — r?> < 0. The expression (G.9) is obtained in a manner
analogous to (F.2). The Fourier coefficients a(n,m,r) are integer valued.
Next, define the Siegel cusp form ®o(p, o, v) by [9]

D9 (p7 g, ’U) = Z ¢2,m (pa U) eQTrima = Z a(n, m, T') ezm(”ﬂ‘*‘ma-‘ﬂv) ’
m21 n,m,r€Z, n,m>1, 4mn—r2>0

(G.10)
where we have relabelled 7 — p, z — v. By construction, ®2(p, o,v) is invariant under the
exchange p <> o, since the coefficients a(n, m,r) are invariant under the exchange n <> m.
®4(p, 0, v) transforms as a modular form under a certain subgroup G of Sp(4,Z) [9]. Here,
we will focus on the following subgroup H of G that consists of elements h € H given
by (E.11). Under H C Sp(4,Z), ®2 transforms as [5]

Dy ((AQ 4+ B)(CQ+ D)1 = det(CQ + D)? 5(Q) , (G.11)
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with Q given in (E.2). Introducing d*Q) = dp do dv, we note that

d3Q
(20— p—0)° 2,

(G.12)

is invariant under H-transformations. The combination (G.12) is one of the building
blocks of the microstate proposal. Since ®2(p, o, v) has integer valued Fourier coefficients
(cf. (G.10)), so does 1/®4(p, o, v) when expanded in powers of e2™i(nptmatrv),

Finally, as v — 0, we obtain from (G.10), using (G.7) and (G.6),

Do(p,0,v) = v° Fy(p,0) + O(vh). (G.13)
with
42 3 2mi 4 ap+p
Fy(p,0) =4x> Y m?*mm? > 5ty f (5) . (G.14)
m>1 ad=m, a,6>0, a=1mod 2 0<B<é
Although not apparent, F5(p, o) is symmetric under the exchange p <> o, and given by:
Proposition:
Fy(p,0) = 47 f(p) f(0). (G.15)
Proof. Using the Fourier expansion of f(p),
flp) =) ane®™, (G-16)
n>1

and similarly to (F.2), we rewrite (G.14) into

Fapro) = tn? 3 ¢dmime gnin'y ) 0 gz (G1T)

m>1,n'>1 a€Z, >0, a=1mod 2, a|(m,n’)

Now we use that f(p) can be expressed as in (B.29),

_ 1
flp) =27"05(p) = 320 (Ealp) = Ea(2p)) - (G.18)
Inspection of (F.1), (G.14) and (G.17) shows that
T f(p) = Z e2min'p Z o? Unim/a - (G.19)
n'>1 a€Z, a>0, a=1mod2, a|(m,n’)

Now we use that T),f(p) is a modular form for I'g(2) of weight 4. The vector space
M4(To(2)) is two-dimensional and spanned by £ and & [65]. Since (by inspection
of (G.19)) T, f(p) does not have a constant term in its Fourier expansion, T, f must
be proportional to the combination 5’22 — &y, ie.

Tmf(p) = )\m (E4(p) - E4(2p)) ) (G2O)

and hence f is a Hecke eigenform,

Tnf(p) =240 N\ f(p) ,Vm > 1. (G.21)
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Using a; = 1 and repeating the argument that led to (F.6), we obtain

Ay Ay = Z o? Apim/a? » (G.22)

a€Z, >0, a=1mod 2, a|(m,n’)

which ensures (G.15).
U

We perform numerical checks on the validity of (G.22). We take f(p) = (%)8 95(p),
and obtain for the first coefficients of the Fourier expansion,

f(p) = q+ 8¢% + 28¢° + 64¢* + 126¢° + 22445 + 344¢" +512¢° + 757¢° + ...  (G.23)

We then test (G.22) by taking m =n' =1 (

a=1=a=a)m=1n=2(@=1—
a1a2:a2)7m:n/:2(a:1_>a§:a4)’m:n/:3

(a=1,3 = a3 = ag + 27a1), to
find perfect agreement.
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