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ABSTRACT: We study odd entanglement entropy (odd entropy in short), a candidate of
measure for mixed states holographically dual to the entanglement wedge cross section,
in two-dimensional free scalar field theories. Our study is restricted to Gaussian states of
scale-invariant theories as well as their finite temperature generalizations, for which we show
that odd entropy is a well-defined measure for mixed states. Motivated from holographic
results, the difference between odd and von Neumann entropy is also studied. In particular,
we show that large amounts of quantum correlations ensure the odd entropy to be larger
than von Neumann entropy, which is qualitatively consistent with the holographic CFT.
In general cases, we also find that this difference is not even a monotonic function with

respect to size of (and distance between) subsystems.
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1 Introduction and summary

1.1 Introduction

One of the main interests in quantum (many-body) physics is the structure of entanglement
in a given density matrix. Entanglement entropy, the unique measure of the quantum
entanglement for pure states, is a useful instrument to tackle this problem. For general
mixed states, however, we have no unique candidate to approach this problems for now.
In light of the AdS/CFT correspondence [1], the entanglement entropy gives a sharp
geometrical counterpart, the area of the minimal surfaces [2]. This relation, called the Ryu-
Takayanagi formula, gives us a profound connection between entanglement in CFTs and



geometries in asymptotically AdS spacetimes. With the fact mentioned in the above para-
graph in mind, we can expect that we would have some generalization of this formula. Such
generalizations should elucidate the relation between the structure of correlations for mixed
states and a subregion in bulk spacetime, namely the so-called entanglement wedge [3-5].

Recently, a generalization of the minimal surfaces associated with the entanglement
wedge has been introduced, dubbed the entanglement wedge cross section [6, 7]. A natural
question is what is the boundary dual of the entanglement wedge cross section? After the
original proposal on the entanglement of purification [6, 7], we have also received many
possible candidates: logarithmic negativity [8, 9], odd entanglement entropy (often called
odd entropy in short) [10], reflected entropy [11], and R-correlation [12, 13]. Since the
Einstein gravity limit is quite universal, it would be possible that many different measures
for mixed states are related holographically to the same geometrical object.

However, this is not true for more general quantum systems. Comparing the holo-
graphic results with each quantity in more general systems, we could learn different per-
spectives on how holographic CFTs should be characterized. In other words, these quan-
tities can be useful to classify the many-body systems (including quantum gravity via
holography) in various senses.

In this paper, based on this expectation, we numerically study the odd entropy for free
scalar field theories by using the harmonic chains in various setups (see section 2). Since
very little is known about the odd entropy itself, this is indeed the first step towards the
understanding of generic features of this quantity.

1.2 Review of odd entropy

We review the odd (entanglement) entropy briefly. Let pap (AB = AU B) be a den-
sity matrix acting on bi-partite Hilbert space H4 ® Hp. First, we introduce the partial
transposition T [15],

(ka,l5| pi Ima,ng) = (ka,ng| pap |ma, lg) . (1.1)

Since the transposition is not a completely positive map, the partial one can lead to negative
eigenvalues. Then, the odd entropy is defined as

So(A: B) = Zsign(Ai)(—|/\i|log i), (1.2)

where \;s are eigenvalues of piBB. In particular, we have S,(A : B) = S(A) = S(B)
if pap is a pure state. Here, S(A) denotes the entanglement entropy for subregion A.
We are also interested in the difference between odd entropy and von Neumann entropy,
So(A: B) — S(AB). We expect this difference gives the area of the minimal cross section
of the entanglement wedge, so-called entanglement wedge cross section [6, 7],

S,(A: B) — S(AB) = Ew (A : B). (1.3)

'To be precise, the ways to relate these quantities to the entanglement wedge cross section are different
among each other. The case of odd entropy, the main target of this paper, will be reviewed in the next
subsection. In the two-dimensional CFT case, this universality can be also seen explicitly from the conformal
block at the large ¢ limit [14].



In the two-dimensional holographic CFTs, one can explicitly confirm this relation by using
the replica trick [10, 16-18].2 Since it is related to an area of a certain surface, we should
have S,(A : B) > S(AB) at the leading order of the large-N limit. One may expect this
inequality always holds, however, we can easily find counterexamples of the inequality from
mixed states in two qubit systems, for example (see appendix A.1). Therefore, it is worth
to understand when this inequality holds in more generic setups. This is the question we
address in the present paper.

1.3 Summary of results

In this paper, we study the odd entropy for reduced density matrices of the vacuum in
two dimensional free scalar fields (section 3). We also consider thermal states (section 4.1)
and its non-relativistic generalization called Lifshitz theories (section 4.2). The reason
is as follows: we can regard thermal state/Lifshitz vacuum state as the one parameter
generalization of the original vacuum state for the free scalar fields. In particular, these
deformation increase classical / quantum correlations. We are interested in how odd entropy
is different from the usual entropy via such deformations. Remarkably, odd entropy turns
out to become larger than the von Neumann entropy as we increase quantum correlations
(see figure 1). On the other hand, it becomes smaller as we increase classical correlations.
Note that, in holographic CFTs, we have large amount of quantum correlations [47] (see
also recent developments based on the entanglement wedge cross section [12, 41]). This
observation qualitatively answers the previous question, why the difference between odd
entropy and von Neumann entropy is always positive semi-definite for holographic CFTs.

Moreover, we will further confirm numerically the following (unproved®) properties
(see section 5):

e S,(A: B) > 0 (positive semi-definiteness)
o So(A: Bi1B32) > S,(A: By) (monotonicity)
o So(A:B1B3) < So(A: B1)+ So(A: By) (polygamy relation)

o Sy(A1As : B1Bg) > S,(A1 : By) + So(Ag : By) (breaking of strong super additivity)

These observations ensure that the odd entropy is a well-defined measure for mixed states.

The organization of the rest of this paper is as follows. In section 2, we first explain
technical aspects of our setup in terms of discretized models, harmonic chains. In sec-
tion 3, we study the odd entropy for reduced density matrix obtained from the vacuum.
Then, we further study the same setup in thermal states (section 4.1) and its Lifshitz-type
generalizations (section 4.2). In section 5, we explore some inequalities (monotonicity,

2See also recent progress on the relationship between correlation measures and entanglement wedge cross
sections [19-46].

30ne can prove positive semi-definiteness of S, for two-qubit systems, for example, by using the known
bounds of eigenvalues for partially transposed density matrices [48, 49]. However, it seems to be a non-trivial
task to show it in general situation. We leave analytical proofs for these inequalities for future work.



So(A: B) — S(AB)

-------
o

. An inflection point:
Add quantum correlations : P

“Decay of quantum correlations”

Add classical correlations

Figure 1. Qualitative behavior of the difference between S,(A : B) and S(AB) in our setup. The
horizontal axis corresponds to the distance between two subsystems A and B. The minimum value

increases/decreases as we “add” further quantum/classical correlations. We also find an inflection
point which reflects the decay of quantum correlations.

monogamy /polygamy relation and strong superadditivity) of odd entropy. In section 6,
we conclude with some discussion, especially comparison with the holographic results. In
appendix A, we discuss inflection points in S, — S further based on two qubit model and

thermal state with single interval. We also leave some plots in appendix B to compare the
odd entropy with other measures.

2 Basic setup in harmonic chain

This is a technical section to explain what kind of models we will consider in this paper
and how we can compute the odd entropy thereof. The reader who is not interested in the
technical details may skip this section.

We would like to study the odd entropy for free scalar field theories numerically. To

this end, we consider the one-dimensional harmonic chain which is a series of the harmonic
oscillators (g, pn). The Hamiltonian is given by,

N
H = ; [sz" + et E(Qn+1 — qn)

(2.1)

We will consider the Dirichlet boundary condition ¢; = gy = p1 = py = 0 (figure 2).

and periodic boundary conditions q1 = gny1,p1 = pyy1 (figure 3). These variables obey

the canonical commutation relation [gn, pm] = idpm and (others) = 0. After rescaling the
variables,

() = (ME)qn, (ME)™py),

(2.2)
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Figure 2. Our setup for 1d lattice with N sites. We mainly focus on Dirichlet boundary condition
and set the lattice spacing a = 1 for simplicity. We prepare the subsystem AB = AU B by tracing
over its compliment. In what follows, £4 and ¢5 denote the total number of the site (namely, length)
for each subsystem A and B. We also use d as distance between A and B. In this figure, we have
la=5,¢p =6, and d = 2. Since now we are not interested in the boundary effect, we put AB at
the center and take N large so that {4 +d+ fp < N.

Circle with periodic boundary condition

Figure 3. We also study the case with periodic boundary condition. In this case, as we will
comment in the next subsection, we need to introduce non-zero mass term into the theory in order
to avoid the zero-modes.

we have only two parameters,

2
1 2
E —i—— 24 - nil — Qn . 2.

Here we introduced a = /M /K. This Hamiltonian corresponds to the lattice free scalar
field with the lattice spacing a and mass w. The continuum limit can be realized as

Gn = O(x),pn/a — w(x) = ¢(x), (2.4)

with x = na, Na = L and a — 0, N — oo. In below, we set M = K = a = 1 for simplicity.
We have the following dispersion relation with respect to the Fourier mode k,

k 2
— yJw? + 4 sin 2= -1,---,N—1 9.
Wi \/w + <Sln 2N> 5 (k 5 ) )) ( 5)




for Dirichlet boundary condition and

1\ 2
wk:\/w2+4<sin7jrv> , (k=0,---,N—1). (2.6)

for periodic boundary condition. Note that we have zero modes in the latter case. There-

fore, we need to introduce small-mass parameter when we want to consider the CFT (mass-
less) limit. As far as wL = wN < 1 is satisfied, we can regard the numerical result as
massless (conformal) limit.

We can compute the odd entropy for Gaussian states from the correlation functions as
like the logarithmic negativity [50, 51]. In that, we can compute trace of the reduced density
matrices from the eigenvalues of so-called covariance matrices. For a review, please refer
to [52]. These matrices, we will spell out explicitly in below for each setup, are determined
by correlation functions for ¢,’s and p,’s with respect to a given state of interest.

Vacuum state. In this case, the correlation functions are given by

N-—1
1 1 2rk(n —m) )
= onr — —_— | = 2
(0lgman|0) = 5 kZ:O o o8 ( N ) QP (2.7)
N-1
1 2rk(n —m
k=0

for periodic chain and

13 wkm wkn
(0]¢m@qn|0) = N kz_o o sin <N> sin <N) = anDn), (2.9)
(Olpmpn|0) = ]17]: Olwk sin (ﬂ]]ifm> sin <7T]/$n> =p(D), (2.10)
for Dirichlet chain. Then, the trace of n-th power of reduced density matrix is given by
|AB| 1\ 1\"1
Trplip = }:[1 [(M + 2> - (;Ui - 2> ] ) (2.11)

where each p; denoted the (square root of) eigenvalues for the matrix Qap - Pap,

Spec(Qap - Pap) = {13, , ifap}- (2.12)

In the same way, one can compute the partially transposed one as

. |AB| 1\ 1\
Tr(p,5)" = ]:[1 KV + 2) - <w - 2) } , (2.13)
where we defined
Spec(Qas - PU%) = {v7, -+, ap (2.14)
P, = RpPagRp, (2.15)
(RB)mn = Smn(—1)°meE. (2.16)



Therefore, the odd entropy is computed as

|AB]
So(A: B) = ; [<VZ + ;) log (Vi + ;) — sign <V7; — ;) v; — % log |v; — ;H . (2.17)

Thermal states. In this case, we can simply replace the vacuum correlators to thermal
expectation values:

L-1
1 1 Bwr\ . Tkm\ . wkn
an = Z E_ : coth (2) Sin (L) S11 ( L ) ) (218)

k
L—
1 Bwr\ . [(7wkn\ . [wkm
P = 7 2 wy, coth <2> sin <L) sin <L> . (2.19)

Technically, all we need to do is just repeating the previous procedures by using the
above (2.18) and (2.19) instead of (2.9) and (2.10).

Lifshitz vacuum states. The model is defined very similar to (2.1) except that the
interacting term between oscillators is replaced as [53, 54]

z

2
(Qn—I—l - Qn)2 — (Z(_l)z+szanl+k> ) (2.20)

k=0

where now we have a longer range interaction proportional to z. Entanglement structure
of these models has been further studied in [55, 56]. The specific choice for such an
interaction term is made to recover a Lifshitz invariant scalar theory in the continuum. The
diagonalization of this model is again achieved by simply taking the Fourier transformation,
this time with the following dispersion relation for Dirichlet boundary condition

k 2z
— /w2 + 4 sin 2 2.21
W \/w + (sm 2N> (2.21)

and a similar one for the periodic chain. The correlation functions follow the same expres-

sions with the aforementioned generalized dispersion relation.

3 0Odd entropy for vacuum states

3.1 Two adjacent interval

If the subregion A and B are adjacent each other (d = 0 case in figure 2), the CF T4 result
is universally given by

So(A: B)=S(AB) + glog e(lffiBEB) + const. , (3.1)
S(AB) = S log (batLp) (3.2)
€
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Figure 4. Odd entropy for two adjacent interval of equal length ¢ < L/2 in a periodic chain with
total size L. Here we defined w = ¢/L.

where /4 p are size of the subsystems A, B, € is UV cutoff, and ¢ is the central charge.
In our case, we have ¢ = 1 and set ¢ = 1. The constant term depends on the detail of
theories which is not important now. This expression has been obtained from an alternative
expression of the odd entropy,

Trplfs — 1
So(A: B) = lim i V: Bl

no—1 1— No

(3.3)

Here we took n, as an analytic continuation of odd integer. This expression is particularly
useful when we compute the odd entropy in field theories.

First, we would like to compare our numerical result with the analytic one obtained
from (3.1) so that we can confirm our result consistently reproduces the CFT result. In
order to avoid lattice effect or cutoff parameter € in (3.1), we use the subtracted (or regu-
larized) odd entropy defined as follows:

S (w) = So(w) — So(1/4), (3.4)
c sin(mw)? sin(2mw
So(w) = 8 log ( )63 (2mw) + const. , (3.5)

where we defined w = ¢/L. We also set £4 = {p = { for simplicity and conformally mapped
previous (3.1) to one on a cylinder with circumference L. In figure 4, we plotted periodic
chain results together with the subtracted odd entropy. It nicely gives the consistency
between numerical and analytical results. Since the odd integer analytic continuation for
analytic results potentially contain subtleties, this indeed gives a sanity check of replica
trick calculations.

Note that the (3.1) is the same as the result in holographic CFTs. We can easily
confirm this coincidence by using the replica trick for two-dimensional CFTs. This is
because the result is determined by the three point function of the twist operators (in the
two-dimensional case, these are just local operators).



3.2 Two disjoint interval

Next, we move to disjoint interval cases (d > 0 cases in figure 2) where we have no full
analytic expressions for now. We plotted it in figure 5. As expected, S, is always positive.

An interesting question is the behavior of odd entropy in small-d and large-d regions.
We focus on the case £4 = £ = ¢ for simplicity. For the small d, one can fit S, as a simple
logarithmic function,

d
S, = aslog 7 +bs (d< ), (3.6)

where as; and b are positive constants. As we have already seen in the previous subsec-
tion 3.1, we could identify as; = 1/2 for strictly d — 0 limit, which is consistent with the
CFT calculations. However, we have to report that for small but non-zero d < ¢, the
coefficients as and by always depend on other parameters including the system size L. In
such regimes, we cannot avoid lattice effects in general.

For d > ¢, one can find

S, = ale"’l@ o (d>0), (3.7)

where a;, by, ¢; are again positive constants. These constants also depend on other param-
eters including the system size L. This would be because the non-compactness of scalar
fields. Fixing this behavior directly from other theories e.g. Ising model is an intriguing
future direction.

Next, we focus on the unusual shape of the curve in S, — S and discuss its origin.
Although S,(A : B) behaves almost the same as von Neumann entropy S(AB), the differ-
ence between them has a richer structure. In the middle distance, we have a small “bump”
which makes S, — S a non-monotonic function of d. We can see that this bump becomes
sharper if we increase classical correlations. We will be more concrete about this statement
when we consider the same setup for finite-temperature cases.

We should also notice that S, — .S is not a monotonic function for the subsystem size .
More precisely, we have a transition point at a certain value of d. Before and after this point,
the direction of increase or decrease is reversed. We will discuss this non-monotonicity in
more detail in section 5.

After the aforementioned “bump”, we have an “inflection point” such that the S, —
S can become closer to zero. The inflection point certainly appears when the negative
eigenvalues of pﬁ% effectively vanish. In other words, after the inflection point, classical
correlations dominate. Thanks to the numerics, we can confirm this statement directly
from the distribution of eigenvalues. One can also see a similar inflection point from a
simple toy model of two-qubit states (see appendix A.1).

4 One may think our state becomes

For sufficiently large d, S, — S reaches zero.
separable if we take large d limit — one important remark is that S, = .5 does not always

imply pﬁBB = pap in this limit. This caution is particularly important in our setup because

4Strictly speaking, our finite L calculation suggests that we still hold small long-range entanglement. In
other words, there is a tiny negative eigenvalue for pﬁ%. However, we report that this negative contribution
becomes smaller and smaller as we increase the system size L.
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Figure 5. Left: a plot for d-dependence of the odd entropy. Right: a plot for d-dependence of the
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Figure 6. Mass and boundary condition dependence (left panels: Dirichlet, right panels: periodic)
for odd entropy (upper panels) and deference between odd entropy and von Neumann entropy
(lower panels). Here we took L =2000,¢4 = {5 = 50.

there is a theorem that Gaussian states invariant under partial transposition are necessarily
separable [57]. For Lifshitz theories discussed in the next section, in specific cases, we
observed S, — S = 0 at large d together with p:ﬂ% = pAB-

~10 -



3.3 Comments on mass-dependence and boundary conditions

So far we mostly discussed massless scalar fields with Dirichlet boundary conditions. Here
we briefly comment on the dependence on the mass parameter m® and to boundary condi-
tions (Dirichlet or periodic). Figure 6 shows the mass and boundary condition dependence
of S, and S, — S. As we can see, there is no qualitative difference between Dirichlet and
periodic boundary conditions except for the long-range behavior.

For the Dirichlet boundary condition, we still have small deference between S, and
S even for large d limit. We expect this is just a boundary effect. As we have already
mentioned, this deviation is controllably suppressed as we increase the total subsystem
size L. Figures for massive cases may suggest that we should consider absolute value if one
wants to regard S, — S as a measure of certain correlations.

4 Classical versus quantum correlations in odd entropy

4.1 Increase classical correlations: thermal states

Next we consider thermal states which are genuinely mixed states. A motivation to study
these states is to confirm the sensitivity of odd entropy against classical correlations. We
are particularly interested in the behavior of odd entropy (S,) and the subtracted version of
it (S, —5) under the increase of temperature (classical correlations) in the original density
matrix.

The whole shape of the figure, in this case, is qualitatively similar to the one in the
vacuum. In particular, we still have the bump in the middle range of d and can learn how
it is sensitive to the temperature (see right panel of figure 7). Clearly, the minimum value
becomes smaller as we increase the temperature. It means that the strange bump in S, — S
is sensitive to the classical correlations.

On the other hand, in large d regime, we observed that the S, — S reaches to strictly
zero as opposed to the vacuum case with finite L (see right panel of figure 7). Therefore,
in this regime, we expect that S, — S does not pick up even classical correlations.

To summarize, if we have both quantum and classical correlations, the behavior of S, —
S is determined from both of them, however, once classical correlations become dominant,
S, — S becomes insensitive even to the classical correlations.

4.2 Increase quantum correlations: Lifshitz theories

So far we have described Gaussian states in the discretized version of a relativistic scale-
invariant model. We can also extend our study to discretized counterparts of non-
relativistic scale-invariant theories, known as Lifshitz theories. These theories, as well
as their harmonic lattice realization, are invariant under anisotropic scaling between the
spacial and temporal directions. This anisotropy is parametrized by a dynamical critical
exponent denoted by z.

Interestingly, as we increase the value of z, the system acquires longer-range total
correlations. In particular, if we focus on the short distance regime, we can expect such

5 . .
°From now, we will use m instead of w as a mass parameter.

- 11 -



0.00F —o—I ﬂ:SQ, '(=50

-0.02r o B=100, £=50 0 -

—-0.04} ~—e-= =200, £¢=50 !
Cll) 0.06 " —3.X —e— B=50, £=50
tOQ — V. |° ﬁ:l()(), =50

o Y -1Lx107f o= B=200, £=50

- _e———"
—-0.10F e
_1.5 X 1079 _, Y Y L " ]
-0.12k ‘ | | | h
0 2 4 6 8 10 490 492 494 496 498 500

d d

Figure 7. Behaviors of S, — 9 at finite temperature 5~ with the fixed subsystem size {4 = g = .
Here we took L = 2000. Left: small-d regime. Right: large-d regime. The results for 8 = 50 and
500 are degenerated.

150
151 1
— 21 — z=1
IOO-////P. z=2 z=2
c L | —s W 1
%) S
— 2=4 A — z=4
S50r — z=5 5F { — z=5
— 2=6 — 2=6
— 2z=7 N — 2z=7
0 s z=8 0 L L L L L z=8
0 20 40 60 80 100 120 0 2 4 6 8
d d
0.10~ T T : . 0.20
0.15F
0.05
i P A
VI§ 0.00 /‘T o5 U'JQ - 224
‘ — z=9 ’ 2=6
-0.05 1 — 2=13 0.00 — 2=8
-0.10~ . . . . —0.05-
0 5 10 15 20 0 2 4 6 8
d d
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m = 1.0 x 1075 under the periodic boundary condition. (Again, there are no difference between this
and massless Dirichlet boundary condition.) Notice that the minimum of S, — S increases for z > 1.

total correlations are dominated by quantum ones [55]. Therefore, in contrast to the
thermal states, the z-dependence of Lifshitz theories tells us how odd entropy is sensitive
to such quantum correlations.

We plotted d-dependence of the S, and S, — S in figure 8. First, let us look at the
small-d regime (upper panels in figure 8). Clearly, both of them increase as we increase the
value of z. This is quite reasonable from the harmonic chain Hamiltonian which acquires
longer range correlations as we increase the value of z.

- 12 —



Next, let us zoom up around the minimum value of S, — S (lower panels in figure 8).
In there, we can classify the shape of S, — S with the parity of z. For odd z, we can find
similar behavior as z = 1 case as we have seen in section 3. One remarkable point is that
the minimum value of S, — .S increases as we increase the value of z.

On the other hand, for even z, it is always positive semidefinite and suddenly decays
to zero.5 Interestingly, this is completely the same behavior as the logarithmic negativity,

ELn(A: B) =log|p'B|; = log 1+22 Al |, (4.1)
;<0

which quantifies only quantum correlations.” Here | X|; = Trv X XT. We have to note that
in this regime, the mutual information,

I(A: B) = S(A) + S(B) — S(AB), (4.2)

still takes non-zero value and behaves as a monotonically decreasing function with respect
to d. It means that for Lifshitz theories with even z, the S, — .S counts only quantum
correlations. For odd values of z, the larger the value of z, the closer gets S, — S to the
logarithmic negativity. We leave numerical plots of these measures in appendix B.

5 Some inequalities for odd entropy

5.1 Monotonicity

For any measures of correlations £, we should have the so-called monotonicity relation,

It is a natural requirement since enlarging one of two subsystems should increase the
total amounts of correlations sharing between the two subsystems. We will check the
relation (5.1) in the case of € = S, and € = S,—S. The figure 9 shows that S, nicely satisfies
monotonicity (5.1), whereas S, — S does not. It means that S, — S cannot be interpreted
as a correlation measure in general.® From the holographic perspective, this is rather
surprising because the entanglement wedge cross section clearly satisfies the monotonicity.
We can also confirm the monotonicity for £ = S, and breaking for £ =S, — .5 with z > 1.

5.2 Violation of monogamy relation and strong superadditivity

We expect measures of quantum correlations £ to satisfy the so-called monogamy rela-
tion [60, 61],
E(A:B1By) > E(A: By)+E(A: By). (5.2)

6See also [58] where similar behavior has been reported for specific models with z = 2.

"See also recent interesting work for Lifshitz theories [59]. In there, we can see the coincidence of S, — S
and the logarithmic negativity in some specific cases including higher dimension analytically.

8We are able to define some measures from S, — S which satisfy the monotonicity. A trivial modification
might be max{S, — 5,0} although it behaves almost everywhere trivially in our setup.
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Figure 9. Monotonicity plots for S, and S, —S. Here we took L = 2000,¢4 = 50 and d = 1,100
(short and long distance regime) with massless Dirichlet chain. We plotted 2 = ¢ dependence.
Figure suggests that finite temperature effects (increase of classical correlations) do break the mono-
tonicity even for fixed d. Interestingly, the short and long distance behaviors of S, — S reflect
monotonicity of (almost) opposite direction.

0.58 f
os6f 4 s e ] . 221
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Figure 10. Plot for a ratio which suggests the polygamy relation of the odd entropy for the vacuum
state. Here we took L = 2000,¢4 = 50,¢p, = {p, = 25 with the periodic boundary condition. In
these figures, we took m = 1.0 x 10~%. Left: (Inverse) temperature dependence of the same ratio
as the left panel. Right: z-dependence of the same ratio as the left panels.

For example, squashed entanglement, an ideal axiomatic measure of bi-partite quantum
entanglement for mixed states, always satisfies this relation. On the other hand, mutual
information, for example does not always satisfy it. In particular, we know that the (5.2) for
mutual information is violated for our free scalar fields [62]. The opposite inequality is called
as the polygamy relation. We expect quantum entanglement to be monogamous, whereas
inclusion of (a certain amounts of) classical correlations lead the opposite (polygamy)
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Figure 11. The breaking of strong superadditivity for S,. Left: we plotted inverse temperature
dependence of the cases with L = 2000,¢4, = ¢4, = ¢, = ¢, = 25,m = 1.0 x 10~2 and the
periodic boundary condition. Right: z-dependence of the same ratio as the left panels.

relation. We also have a relation for a 4-partite state pa, 4,B, B,, strong superadditivity,
g(A]_AQ : BlBQ) > g(Al : Bl) + g(AQ : Bg) (53)

Here we would like to ask whether S, in our scalar field theories can satisfy the
monogamy relation (5.2) and the strong superadditivity (5.3). To investigate these prop-

erties, let us define
S(A . BlBQ)
S(A : Bl) + S(A : BIBQ)’

The figures 10 shows S, does always break the monogamy relation. It means that

Rsa = (5.4)

S, measures not only quantum correlations but also classical ones very much. This is an
expected feature from our previous results. Since S, appears to be an entropy, we may call
this relation as “subadditivity” of odd entropy rather than the polygamy relation.

We would also like to check the strong superadditivity (5.3). To this end, we define

S(AlAQ : BlBQ)
S(Al : Bl) + S(A2 : Bz)

Rgsa = (5.5)

Figure 11 shows S, always violate the strong superadditivity.

6 Discussion

As concluding remarks, we would like to compare our results with holographic CFT's which
was the original motivation to introduce the odd entropy.

We have seen how/when odd entropy can be larger than the usual von Neumann
entropy by introducing thermal bath or Lifshitz-type generalization of the free theory. In
particular, our results qualitatively suggest that large amounts of quantum correlations can
make S,(A : B)—S(AB) positive. This is also qualitatively consistent with the holographic
CFT. In there, we expect an inequality,

So(A: B) — S(AB) >0, (6.1)
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always holds. We observed that this is also the case especially for the Lifshitz theories with
even integers, where S,(A : B) — S(AB) and the logarithmic negativity matches. This
is quite different behavior from the mutual information. Refer also to [59] for analytical
supports of similar setups in 2 + 1 dimensions. Interestingly, in some of these cases, we
can write down the vacuum wave functions explicitly. Therefore, it might be interesting
to compare further these results with the ones for gravity theory where we have universal
local correlations, so-called gravity edge modes [63]. Our result may also imply that the
quantum corrections of holographic theories can be non-positive.

However, we have to mention that once we introduce both thermal bath and Lifshitz
parameters, we observed the above story becomes more complicated. It suggests that the
above inequality highly constrains the theories to be “holographic”. To get a more quan-
titative understanding, we must further specify the role of quantum/classical correlations.
We leave this issue for future work.

We have obtained a series of numerical supports which ensures the odd entropy be
a well-defined measure for total correlations. So far, our target was a very special class
of field theories. Therefore, it would be fruitful to push forward this program further by
studying more general many-body systems, like spin chains.

Previous to this work, similar aspects of the entanglement of purification has been
studied in free scalar theories [65, 66]. Another interesting future direction is to study
the reflected entropy as another holographic candidate for the entanglement wedge cross
section [67] as well as time evolution of these quantities [68].
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A More on inflection points in odd entropy

In this appendix, we study further on the inflection points of S, — S discussed in the main
text.

A.1 A two qubit example

Here we note one simple example of two-qubit systems from which we may learn the origin
of the inflection point more easily. Let us consider a mixed state pap acting on bi-partite
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Figure 12. We have an inflection point at ¢ = 2/3. For 2/3 < ¢ < 1, we do not have any negative
eigenvalues for pﬁ%. It means that we can say classical correlations dominate in this regime.
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Figure 13. Left: S, — S and logarithmic negativity for thermal state with single interval. Here
we fixed the subsystem size ¢ and plotted its temperature dependence. The L corresponds to size

of the total system. Right: the same setup with various value of z. The solid and dashed curves
respectively correspond to S, — S and logarithmic negativity.

Hilbert space H4 ® Hp,
pap = (1—q) [ ¥7) (U7| + L4 ® Ip, (A1)

where |U™) is the EPR pair and 4 g are identity operator acting on H4 p. For pﬁBB, we
have the following eigenvalues,

(A.2)

2—q 2—q 2—q 3q—2
Spec(pi%) = :
pec(pAB) { 4 ’ 4 ) 4 ) 4
From the PPT criterion [15] for two qubit systems [64], this state is entangled for 0 < ¢ <

2/3, whereas separable for 2/3 < ¢ < 1. In figure 12, we plotted the S,(A : B) — S(AB)
for this example.

A.2 Thermal state with single interval

We can see similar inflection points from our scalar field theories. Let us discuss the thermal
state with a single interval case, namely B = A. Note that, in this case, we cannot relate
thermal results to vacuum ones via the naive conformal mapping. We plotted two figures
where we fixed the subsystem size ¢ (figure 13) or the inverse temperature 5 (figure 14).
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Figure 14. Plots for massless scalar field with Dirichlet boundary condition. The size of total
system is given by L = 300. The horizontal line labels the size of subsystem ¢. The hight of lump
decreases as we decrease the temperature. Clearly, the origin of lumps are classical correlations.

The shape of the curves in figure 13 is quite analogous to the previous qubit example.
In particular, at the inflection point of S, — S, the logarithmic negativity vanishes. It means
that after this point, we have no negative eigenvalues for our partially transposed density
matrix. In other words, the existence of such inflection point implies the decay of quantum
correlations. The right panel where the deep of the minima of S, — S for different values
of z is almost unchanged, is nicely showing that increasing z mainly increases quantum
correlations.

On the other hand, we can have another type of inflection point, after which the value
of S, — S decreases. Let us see figure 14. For sufficiently large £ such that 8 > a, where a
is the lattice spacing and we took a = 1, the S, increases monotonically under increasing
the size of the subregion ¢. However, if the size of the subsystem approaches near but
less than L/2, we observed a mild lump. After the lump, S, takes mostly a constant
value which is reminiscent of a holographic result. Note that the von Neumann entropy
S(AB) takes constant value for every ¢. Interestingly, in this case, we observed that we
obtain new negative eigenvalue contributions that do not effectively contribute before the
present inflection point. Therefore, we may regard the inflection points in odd entropy as
“creation” and “annihilation” of some quantum correlations. It might be an interesting
future work to sharpen this observation so that we can learn more physical intuitions.

B More on comparison of different measures

In this appendix, we show how the four measures we have studied, namely odd entropy
S,, deference between odd and von Neumann entropy S, — S, mutual information I and
logarithmic negativity €15 behave as functions of separation between A and B. In figure 15,
we have presented all measures for different values of z. We can confirm the odd entropy is
an entropy rather than a measure for total correlation between A and B. It monotonically
increases as a function of distance between subregions. As the value of dynamical exponent
increases, the value of all these measures increases. As mentioned previously, the mutual
information picks up more classical correlations than &;n and S, — S, especially in the
large d regime.
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Figure 15. Comparison of measure for z = 1,2, 3,4,5, 6 respectively starting from upper-left. In
all plots we have set ¢; = £5 = 100 on a massless Dirichlet chain with L = 2000.

In the scale of odd entropy, there is a tiny difference between S, — .S and & n. For
even values of z, these quantities coincide with each other. For odd values, as z increases,
due to the increase of quantum correlations, S, — S increases and for large enough values,
it coincides with & n.
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