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Alerted by the recent LHCb discovery of exotic hadrons in the range (6.2 6.9) GeV, we present new results
for the doubly-hidden scalar heavy (QQ)(QQ) charm and beauty molecules using the inverse Laplace
transform sum rule (LSR) within stability criteria and including the next-to-leading order (NLO) factorized
perturbative and (G>) gluon condensate corrections. We also critically revisit and improve existing lowest
order (LO) QCD spectral sum rules (QSSR) estimates of the (0Q)(QQ) tetraquarks analogous states. In the
example of the antiscalar-scalar molecule, we separate explicitly the contributions of the factorized and
nonfactorized contributions to LO of perturbative QCD and to the (@,G*) gluon condensate contributions in
order to disprove some criticisms on the (mis)uses of the sum rules for four-quark currents. We also
reemphasize the importance to include PT radiative corrections for heavy quark sum rules in order to justify
the (ad hoc) definition and value of the heavy quark mass used frequently at LO in the literature. Our LSR
results for tetraquark masses summarized in Table II are compared with the ones from ratio of moments
(MOM) at NLO and results from LSR and ratios of MOM at LO (Table IV). The LHCb broad structure
around (6.2-6.7) GeV can be described by the 7.1, J/wJ/w and 7.y, molecules or/and their analogue
tetraquark scalar-scalar, axial-axial and vector-vector lowest mass ground states. The peak at (6.8-6.9) GeV
can be likely due to a y .oy .o molecule or/and a pseudoscalar-pseudoscalar tetraquark state. Similar analysis is
done for the scalar beauty states whose masses are found to be above the 7,17, and Y(15)Y(1S) thresholds.
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I. INTRODUCTION

QCD spectral sum rules (QSSR) a la Shifman-Vainshtein-
Zakharov [1-3] have been applied since 41 years1 to study
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successfully the hadron properties (masses, couplings, and
widths) and to extract some fundamental QCD parameters
(ag, quark masses, quark, and gluon condensates,..). In a
previous series of papers [18-23], we have used the inverse
Laplace transform (LSR) [24-27] of QSSR to predict the
couplings and masses of different heavy-light molecules and
tetraquarks states by including next-to-next nonleading
order (N2LO) factorized perturbative (PT) corrections
where we have emphasized the importance of these correc-
tions for giving a meaning of the input heavy quark mass
which plays an important role in the analysis though these
corrections are small in the MS-scheme. However, this
feature (a posteriori) can justify the uses of the MS running
masses at LO in some channels [28] if the «}-corrections
are small, especially in the ratios of moments used to extract
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the hadron masses where these corrections tend to compen-
sate[4,5].

In this paper, we pursue the analysis for the fully/
doubly-hidden heavy quarks (QQ)(QQ) molecules and
(00)(QQ) tetraquarks states, where the effect of the quark
mass value and its definition are (a priori) important as we
have four heavy quarks which bound these states.

We separate explicitly the factorized and nonfactorized
contributions to the four-quark correlators at LO of PT
QCD and for the lowest dimension gluon condensate
(a,G*) contributions. We add the contribution of the
NLO perturbative corrections from the factorized part of
the diagrams which as we shall see is a good approxima-
tion. We also include the triple gluon condensate (G*)
contributions in the operator product expansion (OPE).

We use these QCD results using the LSR sum rules
within different stability criteria used successfully in some
other channels to extract the masses and couplings of the
previous molecules and tetraquarks states assumed to be
resonances.

Our results are improved estimates of the LO ones given
in the QSSR literature.

We expect that these will be an useful guide for further
experimental searches of these exotic states and for
identifying the different new states found by LHCb [29,30].

II. THE INVERSE LAPLACE SUM RULES

A. The QCD molecule local interpolating currents

We shall be concerned with the following QCD local
interpolating currents of dimension-six:

(OIOF () IM) = FlMi: OF(x) = URJIR)(x) - (1)
where % is the meson decay constant; J%, (x) is the lowest
dimension bilinear quark currents and H = S, P, V, A.

For the scalar (0™") molecule states, these currents are

S.P,V.A
T = 0l s v vsnil. ()
Interpolating currents constructed from bilinear (pseudo)
scalar currents are not renormalization group invariants
such that the corresponding decay constants possess
anomalous dimension:

W) = 757 pa) (1 - kya). (3)

L) . o L
where: f; 7 is the renormalization group invariant cou-
pling and -, = (1/2)(11 = 2n;/3) is the first coefficient
of the QCD p-function for n, flavors. a; = (a,/x) is the
QCD coupling. ks = 2.028(2.352) for n; = 4(5) flavors.

B. Form of the sum rules

We shall work with the finite energy version of the QCD
inverse Laplace sum rules (LSR) and their ratios:

féil (4)
Lo’

where m,, is the heavy quark mass, 7 is the LSR variable,
n =0, 1 is the degree of moments, ¢, is the threshold of the
“QCD continuum” which parametrizes, from the disconti-
nuity of the Feynman diagrams, the spectral function
Im 1%, (1, my, u*) where I, (z, m3, p?) is the scalar cor-
relator defined as:

Ru(z) =

f(q*) = / dix e= (0| T O (x)(O5(0)]0).  (5)

III. THE QCD TWO-POINT FUNCTION

A. The LO @ (G?*) contributions

Using the Shifman-Vainshtein-Zakharov [1,2] operator
product expansion (OPE), we give below the QCD expres-
sion of the two-point correlators associated to the yoyo
molecule to LO of PT QCD and up to dimension-four
condensates which can be extracted from the Feynman
diagrams in Figs. 1-3:

S O

(@)

FIG. 1. LO PT contribution to the spectral function: (a) factor-
ized diagram; (b) nonfactorized diagram.

AN AR
I

FIG. 2. Factorized (G*) contribution to the spectral function
where the 3rd diagram gives a null contribution.

SO

FIG. 3.
function.

Nonfactorized (G?) contribution to the spectral
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1 S;LO 3
—ImISEO (1) = ——
Prs )(04)(0(,() 29”_6 vz

Fao(M? 1) [6m* + dxym*(2M?* — 5t) — 3xyz(x + y + z — 1)(M* — 6M?t + 71)]

- 2”66/ Fo(M?, 1) [6m* + 4xym?(2M?* — 5t) — 3xyz(x +y + z — 1)(M* — 6M?t + 71%)]
T Jxyz

T X0qX0g 27 71-5 - Xy

llml'IS;G2 (1) = (@.G*) / %{3x2[2m4 +m*(2M?* =31)(x(y = 22) = 2z(y+z—1)) —xyz(x + y + z — 1),

x (3M* = 12M?t + 102)] + 2m*y[3xz(x + y + z = 1)(¢(4y 4+ 3) = 2M?*(y + 1)) + m*(x(2y — 2z + 3),
—2z(y+z—=1)) + (m* — txy)(m* + tz(x +y + z — 1))8(t — M?)]},

,G? 1
+M/ —— (322 [=6m* — m2(2M? = 31) (xy — 4z(y + 2 — 1)) + 3xyz(x + y + 2 — 1)

3x2°7° [y, Xy

X (3M* = 12M?t + 10£2)] + 2m?y[Bxz(x + y + 2= 1) 2M>*(y + 1) — t(dy + 3)) + m?*(2z(y + z — 1)
—x(2y =22+ 3)) = (m* — xy)(m* + 1z(x +y + 2 = 1))8(t = M?)]}, (6)

where m = mg, is the heavy quark mass, € = 0 corresponds to the factorized contribution and ¢ =1 to the sum of

factorized @ nonfactorized ones. The other parameters are

1 2 2\ 2 4 2
xm__{(l_gﬂ)i\/(l_%) _i},
min 2 t t t

min

(m? — tx)?

o :%{1 . [\/(mZ—i—t(x—1)x)(m2(8x—|—1)+t(x—1)x)+x<m23t_x[x+

)]}

M> 1 1 1 1
— = +-+—,
l-x-y-z

The contribution of the (¢°G?) condensate is quite
lengthy and is given in Appendix A.

We have cross-checked that, using our calculation method,
we recover the results for charmonium where the heavy quark
condensate contribution is already included into the gluon
condensate one through the relation [1,2,31-34]:

- 1 1

mo(0Q) = - 13- (a,G?) LAR

— M L. 8
14407 mg, " ®)

The LO @ (G?) expressions of the other molecules
spectral functions are given in Appendix B. The one of the
(G?) condensates which are lengthy are not quoted.

We note that the inclusion of higher dimension con-
densate contributions (d > 8), as abusively done in the
current literature, does not help, except in some few cases,
because the OPE is often convergent at the optimization
scale while the size of higher dimension condensates are
not under control due to the violation of factorization for
the four-quark [35-38] and to the inaccuracy of the dilute

Fo(M?t) = (M?* —1)", 0% = —-¢°,

NP (x+y=D)(m* (= + 2xy + x =y +y) + xy(x +y = 1))
= {(1 ! y)i\/ txy —m?(x +y) }’

xmax ymax Zmax
= dx dx dz.
xyz Xmin Ymin Zmin
(7)

|
gas instanton estimate of higher dimensions gluon [39-41]
condensates.

B. NLO PT corrections to the spectral functions

We extract the next-to-leading (NLO) perturbative (PT)
corrections by considering that the molecule/tetraquark
two-point spectral function is the convolution of the two
ones built from two quark bilinear currents (factorization)
as illustrated in Fig. 4. This is a good approximation
because we have seen for the LO that the nonfactorized part

"/

FIG. 4. NLO factorized PT contribution to the spectral
function.
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of the QCD diagrams gives a small contribution and
behaves like 1/N, where N, is the number of colors.

~ 1
IPS(x) = Qlirs. 11Q —  Imy"5(1)
_ 1
) = Ol @ = Imyt ) ()

In this way, we obtain the convolution integral [42,43]:

1 12 (Vi=2me)?
2 H (£ — 01— LAY R )
”ImHM(t) o(t 16mQ)<4ﬂ> t Amz dn
(Vi—y/1)?
x/ " dnVRKCH, (10)
4, 2

e

ot 21 1
,CS‘PE (_1+72_ 1) X;ImwS’P(tl);Iml//S'P(tz),
VA L b 2 tf 1 VA
s = —+==1 +ST X*Iml//’(ll)
t t t T
1
X~ Iy (1), (11)
V4

with the phase space factor:

= (1-WE=VBR) (_WEEVBR

t t

and mgy is the on-shell / pole perturbative heavy
quark mass.

The NLO perturbative expressions of the bilinear equal
masses pseudoscalar spectral functions are known in the
literature [4,5,10,44].

We estimate the N2LO contributions assuming a geo-
metric growth of the numerical coefficients [45]. We
consider this contribution as an estimate of the error due
to the truncation of the PT series.

C. From the on-shell to the MS-scheme

We transform the pole masses m,, to the running masses
o (u) using the known relation in the MS-scheme to order
a2 [46-54]:

4
mg = ig(u) |1+ 5, + (162163 = 1.0414n)a}
e
+1In (a, + (8.8472 - 0.3611n,)a?)
m
9]

2
+1n2 2 (17917 - 0.0833n))a?. .|, (13)
m
0

TABLE I. QCD input parameters from recent QSSR analysis
based on stability criteria. ., (/. ;) are the running ¢, b quark
masses evaluated at 71, ,.

Parameters Values Sources Reference
a,(My) 0.1181(16)(3) Mm_ﬁ_Mw LSR [55]
m.(m.) 1286(16) MeV B, & J/w Mom. [56,57]
my, () 4202(8) MeV B, ®Y Mom. [56,57]

(a,G?) x 10 (6.35+£0.35) GeV? Hadrons  Average [55]
(PG /(a,G*) (82=+1.0) GeV? J/y family QSSR [39-41]

for n; = 3:u,d, s light flavors. In the following, we shall
use ny = 4 or 5 total number of flavors for the numerical
value of a, respectively for the charm and bottom quarks.

IV. QCD INPUT PARAMETERS

The QCD parameters which shall appear in the following
analysis will be the QCD coupling @, the charm and bottom
quark masses m,,, the gluon condensates (a,G?) and
(g°G?). Their values are given in Table 1.

A. QCD coupling «;
We shall use from the M, — M, mass-splitting sum
rule [55]:

s(2.85) = 0.262(9) — a,(M,) = 0.318(15)
= a,(M;) = 0.1183(19)(3) (14)

which is more precise than the one from M, — M, [55]:

,(9.50) = 0.180(8) — a,(M,) = 0.312(27)
— a,(M;) = 0.1175(32)(3). (15)

These lead to the mean value quoted in Table I, which is in
complete agreement with the world average [58]:

a,(Mz) = 0.1181(11). (16)

B. ¢ and b quark masses

For the ¢ and b quarks, we shall use the recent
determinations [56,57] of the running masses and the
corresponding value of a, evaluated at the scale y obtained
using the same sum rule approach from charmonium and
bottomium systems.

C. Gluon condensate (a,G?)

We use the recent estimate obtained from a correlation
with the values of the heavy quark masses and a, which can
be compared with the QSSR average from different
channels [55].

094001-4
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V. THE SPECTRAL FUNCTION

In the present case, where no complete data on the
spectral function are available, we use the duality ansatz:

ImITY, ~ f3,M},6(t — M%) + ©(t — t.) “Continuum”,

(17)

for parametrizing the molecule spectral function. My and
fx are the lowest ground state mass and coupling analogue
to f,. The “Continuum” or “QCD continuum” is the
imaginary part of the QCD correlator from the threshold
t.. Within a such parametrization, one obtains:

RS =R~ M, (18)

indicating that the ratio of moments appears to be a useful
tool for extracting the mass of the hadron ground state
[4-7,16].

This simple model has been tested in different channels
where complete data are available (charmonium, botto-
mium, and e"e~ — [ = 1 hadrons) [4,5,12]. It was shown
that, within the model, the sum rule reproduces well the one
using the complete data, while the masses of the lowest
ground state mesons (J/y, Y and p) have been predicted
with a good accuracy. In the extreme case of the Goldstone
pion, the sum rule using the spectral function parametrized
by this simple model [4,5] and the more complete one by
ChPT [59] lead to similar values of the sum of light quark
masses (m, + m,) indicating the efficiency of this simple
parametrization.

An eventual violation of the quark-hadron duality (DV)
[60—62] has been frequently tested in the accurate deter-
mination of a,(z) from hadronic z-decay data [35,61,63],
where its quantitative effect in the spectral function was
found to be less than 1%. Typically, the DV behaves as:

AImITH, (1) ~ te™ sin(a + p1)0(r —1.),  (19)

where «, a, ff are model-dependent fitted parameters but not
based from first principles. Within this model, where the
contribution is doubly exponential suppressed in the
Laplace sum rule analysis, we expect that in the stability
regions where the QCD continuum contribution to the sum
rule is minimal and where the optimal results in this paper
will be extracted, such duality violations can be safely
neglected.

Therefore, we (a priori) expect that one can extract with
a good accuracy the masses and decay constants of the
mesons within the approach. An eventual improvement of
the results can be done after a more complete measurement
of the corresponding spectral function which is not an easy
experimental task.

In the following, in order to minimize the effects of
unknown higher radial excitations smeared by the
QCD continuum and some eventual quark-duality vio-
lations, we shall work with the lowest ratio of moments
Ry for extracting the meson masses and with the lowest
moment L for estimating the decay constant f.
Moment with negative n will not be considered due to
their sensitivity on the nonperturbative contributions at
Zero momentum.

VI. OPTIMIZATION CRITERIA

For extracting the optimal results from the analysis, we
have used in previous works the optimization criteria
(minimum sensitivity) of the observables versus the varia-
tion of the external variables namely the z sum rule
parameter, the QCD continuum threshold 7. and the
subtraction point p.

Results based on these criteria have lead to successful
predictions in the current literature [4,5]. z-stability has
been introduced and tested by Bell-Bertlmann using the toy
model of harmonic oscillator [12] and applied successfully
in the heavy [12,24,25,64-72] and light quarks systems
[1,2,4-7,16,73].

It has been extended later on to the ¢.-stability [4-6,16]
and to the p-stability criteria [55,67,73-75].

Stability on the number n of heavy quark moments have
also been used [39-41,57].

One should notice in the previous works that these
criteria have lead to more solid theoretical basis and
noticeable improvement of the sum rule results. The quoted
errors in the results are conservative as the range covered by
t. from the beginning of z-stability to the one of z..-stability
is quite large. However, such large errors induce less
accurate predictions compared with some other approaches
(potential models, lattice calculations) especially for the
masses of the hadrons. This is due to the fact that, in most
cases, there are no available data for the radial excitations
which can be used to restrict the range of f.-values.
However, the value of 7. used in the “QCD continuum”
model does not necessarily coincide with the 1st radial
excitation mass as the “QCD continuum” is expected to
smear all higher states contributions to the spectral func-
tion. This feature has been explicitly verified by [38] in the
p-meson channel.

VIL. THE SCALAR ..o MOLECULE

Using the previous QCD expression given in Eq. (6) and
adding the PT NLO contribution, we study the dependence
of the coupling and mass on the LSR parameter 7, the
continuum threshold 7. and the subtraction scale p. We
shall also study the relative contribution of the continuum
versus the ground state one.
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t. [GeV?]; u = 4.5 GeV

030 035 ¢
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025

FIG. 5. f,.y., and M, . —as function of 7 at NLO for different

values of 7., for y = 4.5 GeV and for values of ., (i) given
in Table L.

A. 7- and ¢ -stabilities

We show in Fig. 5, the = and ¢, behaviors of the
0" (xe0 — xco) molecule fixing y = 4.5 GeV from some
other channels, [56,75,76] which we shall justify later. We
see that f, . ~and M, , present respectively inflexion
points and minima at 7~ (0.38 £0.02) GeV~2 which
appear for t, > 55 GeV?. The t,-stability is reached for #, ~

70 GeV? We take t, ~62.5(7.5) GeV>.

B. p-stability

Fixing t, = 70 GeV? and 7 = (0.35 — 0.38) GeV 2, we
show in Fig. 6 the u behavior of the mass and coupling
where we note an inflexion point at:

p=(45+02) GeV, (20)

in agreement with the one quoted in [56,75,76] using
different ways and/or from different channels.

C. QCD continuum versus lowest resonance

To have more insights on the QCD continuum contri-
bution, we study the ratio of the continuum over the lowest
ground state contribution as predicted by QCD:

(21)

100 s :
dre™""Im
o= ;f’ Weont t=70 GeV?
ﬁm 95} f 162 dte‘”Imy/m
> “F—  NLO :7=0.36 GeV™
=
u_><°
80 ‘ ‘ ‘
4.0 45 5.0 5.5
ulGeV]
6.92 : :
_ 2
6.90 1 t.=70 GeV
> 6.88] NLO : r=0.38 GeV~2
=
% 6.86}
X
S 6.84}
=
6.821
680 0 a2 44 46 48 50 52

ulGeV]

FIG. 6. f, ., and M, . ~at NLO as function of y for fixed
values of . = 70 GeV?, for y =4.5 GeV and for values of
m.p(m,;) given in Table 1.

We found that for ¢, > 55 GeV?, the continuum contribu-
tion is less than 60% of the ground state one and decreases
quickly for increasing 7. indicating a complete dominance
of the ground state contribution in the sum rule.

D. PT series and higher order terms

We compare in Fig. 7 the LO and NLO perturbative
contributions. As the input definition of the quark mass is
ambiguous at LO, we use the running mass evaluated at
u =4.5 GeV and the corresponding on-shell / pole mass
M(u = M) = 1.53 GeV. We see that, for the coupling, the
two mass definitions lead to about the same predictions but
there is a difference about 400 MeV for the mass prediction.
This systematic error is never considered in the literature
where a running mass is often used ad hoc with not any
justification. This ambiguity is avoided when the PT
corrections are added.

Comparing the predictions for the running mass at given
7~0.17 GeV~2, t.~70 GeV? and u=4.5 GeV, one can
parametrize numerically the result as:

Frore ®43 keV(1 +8.7a, +75.7a5),

M, , =776 GeV(1 - 0.5a, £ 0.25a2), (22)
where the PT corrections tend to compensate in the ratio of
moments used to determine the mass of the meson. We
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250
tc= 70 GeV?, u=4.5 GeV
200F
fffffff LO (MS)
= 1500 0N | LO (POLE)
[}
= —— NLO (MS)
3
«~ 100F
50t
0 1 1 \\ = 1 1
0.1 0.2 0.3 0.4 0.5
7 [GeV?]
8.5
tc=70 GeV?, = 4.5 GeV
sop LO (MS)
s [ = e LO (POLE)
[
(&)
%75 NLO (MS)
E
=
7.0
6.5 . . . ,
0.0 0.1 0.2 0.3 0.4

7 [GeV~?]

FIG.7. Comparison of the LO and NLO contributions on f,
and M, , = as function of 7 for fixed values of 7, =55 GeV?
and u = 4.5 GeV.

have estimated the N2LO contributions from a geometric
growth of the PT coefficients [45] which we consider as an
estimate of the uncalculated higher order terms of the PT
series.

One can notice, like in the case of the two-point
functions of the scalar quark bilinear currents, that the
coefficients of radiative corrections are large for the decay
constant [4,5,26]. However, the PT series converge numeri-
cally at 4 = 4.5 GeV but induce a relatively large system-
atic error when the higher order terms of the PT series are
estimated using a geometric growth of the numerical
coefficients.

VIIL THE i, J/wl /v, %101 MOLECULES

The 7, t. and p behaviors of the coupling and mass of
these molecules are very similar to the one of jq.yo. and
will not be repeated here. The values of 7 and 7. at the
stability regions are shown in Table III where one can
notice that, for the 7.1, the stabilities are reached at earlier
values of 7, which is dual to the lower value of the 7.1,
molecule mass.

140

te= 70 GeV2, = 4.5 GeV
120t

———————— LO (M)
————————— LO (POLE)
100t NLO (MS)
S 80
<
& 60}
40p™
20f
0
0.20
9.5
9.0l =70 GeV?, y = 4.5 GeV
——————— LO (Ms)
8.5F | -mmm LO (POLE)
—— NLO (MS)
S 8of
9
=75
7.0f
6.0 . . . .
0.3 0.4 0.5 0.6 0.7
7[GeV )
FIG. 8. Comparison of the LO and LO @ NLO contributions

on f5, and My, as function of 7 for fixed values of 7. =
55 GeV? and y = 4.5 GeV.

In all cases, the inclusion of the (G?) condensate shift the
z-stabilty to smaller values. In the case of the 7.7, it
becomes 0.36 GeV~? for the coupling (minimum) and
0.34 GeV~2 for the mass (inflexion point).

The main difference with the y¢.yo. as shown in Fig. 7 is
the almost equal position of the 7 minima for the LO and
LO & NLO contributions as shown in Fig. 8, which can be
attributed to the different reorganization of the terms in
each channel.

Our results also emphasize the importance to add
radiative PT corrections for a proper heavy quark input
(pole or MS running) mass definition. In the MS scheme,
the a correction is small as can be seen explicitly in this
numerical parametrization:

fin =80 keV(1 — 1.4a, & 1.96a),
M;., ~64 GeV(l —057a, +032a%).  (23)

The u-stability is reached at y = 4.5 GeV. The results of
the analysis are shown in Table II.
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TABLE II.  Predictions from LSR at NLO and sources of errors for the decay constants and masses of the molecules and tetraquark
states. The errors from the QCD input parameters are from Table I. Ay are given in Egs. (20) and (24). We take |Az| = 0.02 GeV~2. In
the case of asymetric errors, we take the mean value. The inclusion of the (G*) contribution and the way to estimate the systematics
induced by the truncation of the OPE are explained in Sec. X.

Observables At At Au Am Aa, Aa,G? AG3-OPE HO-PT Values

gq=c, b C b c b c b c b c b c b c b c b c b

Su [keV]

0" Molecule

figNg 08 04 02 01 30 02 10 12 5 2 07 01 122 08 09 02 56 +17 98 +24
Twl )y, XYY 46 06 10 06 20 01 107 43 19 25 34 04 456 38 04 O 160 £ 51 23.4+63
X\ Xq1 09 16 1.1 09 09 02 6 3 9 4.8 10 0.0 4 3 5 19 162+ 16 48.9 +20.1
Xq0X q0 28 001 04 01 25 01 37 05 35 07 1.2 01 115 0.6 16 0.2 69 £21 40+£1.1
0" Tetraquark

Eq. (26)

S‘qu 01 01 07 02 9 23 20 23 9 37 03 0.1 7 9 87 0.1 249490 29.6 +10.2
A A, 14 41 10 72 15 34 192 40 88 64 036 0. 10 28 65 27 220469 87.4 £29.5
V,V, 52 04 10 03 65 03 118 15 54 24 19 02 9 03 09 0.1 102+18 17.2£29
P,P, 14 1.8 04 23 34 05 72 1 3.5 1 1.3 0.1 89 35 48 1.2 60 £+ 14 6.5+4.9
Eq. (27)

AA, 3 36 15 2 48 2 375 77 176 123 0.8 0.1 12 7 108 72 448+ 117 136 =74
My [MeV]

0" Molecule

fgNg 23 4 3 15 23 26 51 29 24 49 14 13 186 58 3.8 1.6 60294198 19259 + 88
WJ/‘/” Y 34 31 11 42 24 27 27 52 49 30 31 22 359 116 1.3 0 6376 4+367 19430+ 145
XqiXql 26 4 29 99 20 22 42 25 20 43 5 22 16 73 7 6 64944+66 19770 £ 137
X q0X q0 11 39 8 28 10 24 47 36 19 18 29 13 76 112 9 8 6675+98 19653 + 131
07 Tetraquark

Eq. (26)

S‘qu 12 1 28 38 21 26 54 29 43 59 1 2 25 89 9 9 6411+383 19217 + 120
AA, 26 37 32 132 20 23 43 25 21 43 2 1 38 53 0.0 10 6450+75 19872 + 156
ViV, 59 27 10 22 26 4 47 29 25 50 21 15 152 39 1 0.1 64624175 19489 +79
PP, 34 10 19 40 23 24 46 28 20 46 30 22 258 23 22 5  67954+268 19754 +£79
Eq. (27)

A A, 4 21 3 95 21 25 43 27 21 47 2 0 39 30 16 2 647167 19717+ 118

IX. THE j30x350 MOLECULE

The extension of the analysis to the b quark channel is

straightforward. We show in this example the details of the 16
analysis. =70 GeV?, y = 4.5 GeV
14t N |
A. 7- and ¢ -stabilities N e tg ir;)m
The 7 and 7. behaviors of the 0" (7,0xp0) molecule = ,N no
fixing u = 7.5 GeV from some other channels [56,75,76] LE ______________________
are shown in Fig. 10, where the stability (minima and EIO e
inflexion points) is reached for r7~0.17 GeV™2 and = I
t. ~ (420 — 460) GeV>.
The p-stabilty is shown in Fig. 11. 8\//
B. u-stability & 10 15 20 25 30

Fixing 7, = 460 GeV? and 7 = 0.17 GeV~2, we show in "

Fig. 11 the p behavior of the mass and coupling, where we ~ FIG. 9. Comparison of the LO and LO @ NLO contributions
find a clear inflexion point for the coupling but a slight for ~ on M;_, ~as function of the degree n of moments M,, for fixed
the mass at: values of t, = 70 GeV? and u = 4.5 GeV.
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16

14 t[GeV?]; u =17.5 GeV

0.05 0.10 0.15 0.20
7 [GeV7?]

21.5

t[GeV*]; p =175 GeV

21.0

M)(bo )(bo[GeV]

20.0

19.5

0.05 0.10 0.15 0.20

FIG. 10.  f, 4, and M,, . “as function of 7 at NLO for different
values of 7., for y = 7.5 GeV and for values of mm,(/m,) given in
Table I.

u = (7.25+0.25) GeV, (24)

in agreement with the one quoted in [56,75,76] using
different ways and/or from different channels.

C. LO versus NLO contributions

We compare in Fig. 12 the LO and LO @ NLO con-
tributions. We note (as expected) that the radiative correc-
tions are smaller for b than for ¢ as the coupling and mass
are evaluated at higher p-values. Using this result, we can
numerically parametrize the previous observables as:

f)(bo)(bo ~3.9 keV(l + 3-805 + 14461?)
M ~20.1 GeV(1 —0.3a, £0.1a?) (25)

Xb0X b0

where the PT corrections tend to compensate in the ratio of
moments while, compared to the c-quark channel, the PT
corrections are relatively small. As in the previous cases,
we have estimated the N2LO contributions from a geo-
metric growth of the PT coefficients [45] which we
consider as an estimate of the uncalculated higher order
terms of the PT series.

5.5

t.=460 GeV?
5.4}

NLO : 7=0.18 GeV ™2

5.31

f)(bo )(bo[kev]

6.0 6.5 7.0 7.5 8.0 8.5
ulGeV]

tc=460 GeV?

MXbO Xbo [Gev]

19.6¢ NLO : 7=0.17 GeV™?

6.0 6.5 7.0 7.5 8.0 8.5
u[GeV]

FIG. 11. f, .. and M,, . ~at NLO as function of u for fixed
values of t, = 460 GeV?, for y = 4.5 GeV and for values of
my,(/my,) given in Table 1.

X. (G*) AND TRUNCATION OF THE OPE

We have included the (G*) condensate contribution into
the sum rule. We have cross-checked that with our method
of calculation we reproduce the results of [33] for char-
monium sum rules.

We have noticed that in the y.y. channel, the con-
tribution of the (G?) condensate is relatively small and does
not modify the shape of the mass and coupling curves
versus the variation of 7 and for different values of z... It
only decreases the decay constant by 0.4 keV and increases
the mass by 14 MeV.

However, this is not the case of some other channels
which will be analyzed later on where the (G*) contribution
can be large and modify the minimum of the mass found for
{a,G?) into an inflexion point (see Fig. 13) and vice-versa
for the coupling. This feature renders the mass result quite
sensitive to the localization of this inflexion point. An
analogous effect of (G*) has been also observed, e.g., in the
analysis of charmonium sum rules [39—-41] and the inclu-
sion of the (G*) condensates which act with an opposite
sign restores the stability of these sum rules.

To circumvent this problem and due to the difficulty for
evaluating the (G*) contribution, we consider the optimal
result at the value of z where the coupling presents a
minimum. Then we consider as a final result (here and in
the following), the mean obtained with and without the
(G?) contribution. The error induced in this way will be

094001-9
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20
tc= 460 GeV?, u=7.5 GeV
sk | LO (MS)
~wme=e= LO (POLE)
S —— NLO (MS)
()
=3
=

0.06 0.08 0.10 0.12 0.14 0.16

7 [GeV?]
21.0
20.8f t.=460 GeV?, u = 7.5 GeV
——————— LO (MS)
20.6
rrrrrrrr LO (POLE)
> 20.4 —— NLO (MS)
=
<202
- D
s
20.0
19.8
19.6}
0.05 0.10 0.15 0.20

7 [GeV?]

FIG. 12. Comparison of the LO and LO @ NLO contributions
on fy, .. and Mz, . —as function of 7 for fixed values of 7, =

460 GeV? and u = 7.5 GeV.

included as the systematics due to the truncation of the OPE
as quoted in Table II.

XI. THE ’_Tb']b’ TY, )?lb)(lb MOLECULES

The analysis of these scalar molecules is very similar
to the analysis presented above. The QCD expressions of
their corresponding two-point functions are given in
Appendix A. One should mention that in these channels
the PT radiative corrections and the contribution of the (G?)
condensate are small indicating a good convergence of the
PT series and of the OPE at the optimization scale. The
results are quoted in Table IT where the LSR parameters
used to get them are shown in Table III

TABLE III.
OPE truncated at (a,G?).

16 — : : : : : :
147, p=75GeV
> ' 2
g 12 + N T - tc=460 GeV / i
10t i
8t N —— Pt - 4
0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
7 [GeV?]
21.0 L T T T T
»05k p=75GeV ]
2 t.=460 GeV’
< 20.0p E
2
= 195 . ]
19.0f T
0.05 0.10 0.15 0.20 0.25
T [GeV’z]
FIG. 13. Effect of the (G*) condensate on the 7-behavior of
Sawre @and My . - for fixed values of 7. =460 GeV? and

u =15 GeV.

XII. THE SCALAR TETRAQUARK STATES

We repeat the previous analysis for the case of tetraquark
states with same choice of diquark currents as in [77]:

JESAVE— QT ClL, 75,7, 157, Qb (26)

in order to make a direct comparison with their LO results.
We do not consider the current associated to ¢,, which
corresponds to a two-point correlator of higher dimension.

We shall also consider the four-quark operator:

OT = €abc€cde(Q£C7be)(QgCyMQe)v (27)

Values of the LSR parameters ¢, and the corresponding 7 at the optimization region for the PT series up to NLO and for the

Scalar Molecules Tetraquarks
Parameters el J)wl)w XeoXeo XetXet MMy YY  Zsoteo Zowtsr S.S. AA. V.V. P.P. 8,8, AA, VvV, PP,
t. [GeV?] 4555 5570 5570 5570 400-460 400 460 420 460 420 460 55 70 55 70 50 70 60 90 400 460 420 460 400 460 420 460

7 [GeV~2]10% 50, 54 30,34 36,38 34 21,22 14,16

16, 17

7,9 34 3238 38 32,34 22 638 15,16 818
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TABLE IV. Comparison of the values of the 0" scalar tetraquark masses and couplings from different QSSR approaches. Our
predictions are at LO (only the central value is quoted) and up to NLO of PT series where the errors come from Table II. The predictions
of Ref. [77] are from Moments at LO and of Ref. [78] from LSR at LO. As already mentioned earlier, we notice that the choice of the
numerical values of the MS running quark masses used at LO is not justified due to the ambiguous quark mass definition to that order.
One may also have equally used a pole / on-shell mass which naturally appears in the expression of the spectral function evaluated using

on-shell quark mass.

Scalar ME‘ cce [GCV] MB bbb [GEV]

349499 LO NLO NLO & G3 LO [77] LO [78] LO NLO NLO & G3 LO [77] LO [78]
Eq. (26)

S'qu 6.59 6.39+0.08 6.41 £0.08 6.44 +0.15 19.51 19.13£0.08 19.22 +0.12 18.45 £0.15

Aqu 6.52 6.49 +0.07 6.45+0.08 6.46+0.16 - 19.51 1993 +0.15 19.87 +0.16 18.46+0.14 -
\_/q\/q 6.55 6.61 =0.09 6.46+0.18 6.59 £0.17 19.49 19.53 £0.07 19.49 £0.08 18.59 +£0.17

PqPq 7.37 7.05+0.07 6.80£0.27 6.82 £0.18 19.96 19.78 £008 19.75 +0.08 19.64 +0.14

Eq. (27)

Aqu 6.50 6.51 +£0.06 6.47 +£0.07 5.99+0.08 1949 19.75+0.11 19.72 +0.12 18.84 £+ 0.09

in order to make a direct comparison with [78]. One should
notice that due to the epsilon-tensor, most of the currents
used by [77] are not present in [78].

The QCD expressions of their corresponding two-point
functions are given in Appendix B.

The behaviors of different curves are very similar with
the ones of the corresponding molecule case.

We quote the results in Table II and the optimal LSR
parameters used to get them in Table III. These results are
compared with the ones in [77,78] in Table IV.

XIII. COMMENTS ON THE RESULTS

A. The quest of factorization and Landau singularities

We have shown explicitly in Eq. (6) that the contribu-
tions from the nonfactorized diagrams appear already to LO
of perturbative series and for the lowest dimension {a,G?)
gluon condensate contributions. This result does not sup-
port the claims of [79,80] that nonfactorized contributions
start to order 2. However, this effect shown in Fig. 14 is
numerically small(about 3%=1/(10N,)) of the sum of
factorized @ non-factorized contributions as expected from
large N, limit and Fierz transformations. This feature has
been already observed explicitly in our previous work
[19,23]. This small effect of the nonfactorized contribu-
tion justifies the accuracy of our approximation by only
using the factorized diagrams in the NLO perturbative
contributions.

We do not also see the relevance / appearance of the
Landau singularities mentioned by [79,80] in the analysis
using the OPE in the Euclidian region. However, the two-
point function analyzed in [79,80] has nothing to do with
the one analyzed in our paper as it corresponds to a four-
point function compacted into a two-point function but
with four legs, i.e., with two incoming and two-outgoing
momenta. This four-point function is more relevant for the
analysis of hadron-hadron scatterings (see the example of

zz and yy in [81,82]), while in this case, a two-point
function enters differently via a gluonium intermediate
state [83].

From the analysis of Eq. (21), we have shown that the
postulated lowest mass ground state dominates the spectral
function. This feature indicates that the nonresonant states
do not play a crucial role in the analysis. This conclusion
may go in line with the answer of [84,85] on some of the
comments of [79,80].

B. Systematic errors

As mentioned in Sec. V, one expects that at the
optimization region, an eventual duality violation is
expected to be negligible and the QCD continuum con-
tribution which parametrizes nonresonant states is domi-
nated by the lowest resonance as can be checked from

40
35¢
~
[
~
2 30
B te= 70 GeV? y = 4.5 GeV
g_><
TOT
25
20 0.05 0.10 0.15 0.20
7 [GeV?]

FIG. 14. Comparison of the factorized and factorized @ non-
factorized (TOT) at LO including the a,G> condensate contri-
bution to the decay constant f,, , =~ versus the  for fixed values of
t. =70 GeV? and p =4.5 GeV. We use the pole mass of
1.53 GeV.
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Eq. (21). Therefore, the high-energy tail of the spectral
function cannot bring a sizeable systematic error.

The error due to the truncation of the PT series cannot be
quantified with a good accuracy as the LO contributions are
quite sensitive to the quark mass definition (pole or
running) in some other channels. Using an approach similar
to the one leading to Eq. (22) where a geometric growth of
the a,-coefficients has been assumed, we deduce the error
estimate in Table II.

We have estimated the unknown higher dimension
condensates contributions in the OPE quoted in Table II
as discussed in Sec. VII.

C. New compared with available QSSR results

Compared to previous QSSR LO results given in the
literature (see Table IV):

We have included (for the first time) the NLO corrections
which is mandatory for giving a sense on the definition and
numerical values of the input heavy quark mass which
plays a crucial role in the analysis.

We have added the contributions of the dimension-six
(G?) condensates, which are quite large for the 7,7, and
J/wJ/w., XYY molecules and for the V,V, and P,P,
tetraquark states.

Our results are shown in Table II where systematic
analysis of some possible configurations of the 0+
molecule and four-quark states have been done.

D. LSR versus the ratio of MOM results

Taking, the example of the 7.y molecule and S,S,-
tetraquark, we use the ratio of moments as in [77]:

) ML) .
M= M0~ 9
P _1/°° Im I (1)
MH(QO) _7[ 16m2Q (t+ Q%)n ’ (28)

where M1, is the molecule or tetraquark mass. We take,
e.g., 03 = 4m2Q.

Then, we find that the LO and LO @ NLO results are
about the same as from the LSR obtained in the previous
sections. To NLO and including (@,G?), one obtains in
units of GeV:

M)(c())(c()

=~ 693, MS(TSL' =~ 638, MSbSb =~ 1929,

(29)

compared to the ones from LSR in Table II, indicating
that the two methods give (within the errors) the
same results.

E. On the ratio of MOM results of Ref. [77]

Using the QCD expression of the S ¢S4 tetraquark two-
point function given in Appendix A, we have also com-
pared our LO @ (a,G*) MOM results:

Mg s ~6.78 GeV, Mg, ~19.53 GeV, (30)
with our LO LSR results given in Table IV where we find
(within the errors) a good agreement.

However, by comparing these LO MOM results with
the ones from [77] quoted in Table IV, one can see that the
results of [77] are about 0.34 GeV (resp. 1.08 GeV) for the
charm (resp. beauty) case lower than the ones in Eq. (30).
More generally, compared to our LO ones, the LO results of
[77] have the tendency to underestimate the mass results.

With the inclusion of the NLO QCD corrections, our
predictions agree (within the errors) with the LO results of
[77] for the charm and for the I_’qPq beauty channels. For

the §,S,,A,A, and V,V, beauty ones, the disagreements
persist and range from 0.77 to 1.41 GeV. We cannot trace
back the origin of a such discrepancy as the comparison of
the QCD expressions of the full correlator given in [77]
with the one using the spectral function is not easy due to
the choice of variables used by the authors.

Therefore, unlike Ref. [77], we expect, like in the charm
case, that the tetraquark beauty states are above the 7,1,
and Y(1S5)Y(1S) thresholds. The future experimental
findings of these beauty states may select among these
theoretical predictions.

F. Comparison with the LLSR results of Ref. [78]

We have also compared our results for the f_\qu scalar
tetraquark with the LO ones of [78] using the current
in Eq. (27).

The PT QCD expressions agree each other at LO. There
is a slight difference for the (a;G?) contribution for higher
values of ¢ to all values of the heavy quark mass but this
difference affects only slightly the predictions.

At LO and including the (a;G?) contribution, our values
of the Aqu couplings of about 287 (resp. 78) keV for the
charm (resp. bottom) are comparable with the ones of [78]
(289 (resp. 54) keV) if the (unjustified) choice of MS-mass
is used.

For the charm, the /_lqu mass of [78] is (460~550) MeV
lower than the one of [77] and our LO result, while for the
bottom it is 670 MeV lower than our LO result but
380 MeV higher than that of [77] (see Table IV).
However, the origin of this discrepancy does not come
from the QCD input parameters as we use about the same
values. This example puts a question mark on the unusual
treatment of the sum rules by the author in [78].

His choice of the subtraction scale y ~ (1.2 ~2.2) GeV
for the charm (resp. (2.3 ~ 3.3) GeV for the bottom) based,
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for instance, on the identification of the sum of the PT
running mass (m, + my,)(u) with the value of the B.-mass
[86] is difficult to justify in the absence of NP-contributions
(binding energy). However, such low values of y are quite
dangerous as, at this low scale, the PT radiative corrections
are expected to be large and can strongly affect the final
result. This is indeed the case for the coupling where, at
the p-stability (4.5 GeV for the charm and 7.25 GeV for the
bottom) the NLO corrections increase it by 59% for the
charm and 83% for the bottom. This effect is obviously
larger for smaller values of u.

Moreover, using only the p-dependence of the running
values of a; and m, into the PT LO expression of the sum
rule is also inconsistent while the identification of the QCD
continuum threshold with the mass of the first radial
excitation can be inaccurate as the QCD continuum is
expected to smear all higher state contributions.

It is also remarkable to notice from Tables II and IV the
(almost) independence of our results on the form of the
current for the Aqu tetraquark.

For a consistency check of our results, we compare our
result for the Aqu tetraquark mass Mj 4 = 6.47 (resp.

19.72) GeV from the current of [78] within a 3, ® 3, color
representation with the one from the combination of
molecule currents 2(S,S, + P,P,) +V,V,—A,A, given
there. Using a quadratic mass relation, we deduce at
NLO & G3: Mj A, =~ 6.38 (resp. 19.49) GeV in agreement

(within the errors) with our predicted tetraquark masses.

G. Some phenomenological implications

One can notice from Tables II and IV that:

Our different QSSR predictions cannot disentangle
(within the errors) the mass of a molecule from a tetraquark
state as already found in some of our previous works
[18-22].

Our results do not favor the ones from some potential
models where the exotic states are below the 7.1, meson
thresholds. Instead, our results may explain the existence of
a 0™ broad structure around (6.2~6.7) GeV which can be
due to #.4., ¥c1xc1 and J/—z//J /w molecules or /and to
scalar-scalar, vector-vector and axial-axial scalar tetraquark
states.

1Imn (1) = <93G3>/ !

Ha0kq0 32%x 2978 )1y 222
+480M%xz3y? — 12001x23y?
+14401x7%y°
—60M2xz3y?
+30M2xz%y?
+30M?xzy? —45txzy?

+108m2x2

+1201xz%y* + 88m>x?

y? = 120m2z>
—20m2xy? +20m%zy’ — 60M2x2zy® + 120tx2 7y + 270m2xzy® +30M2xzy® — 751xz)°
V2 420m2z2y?
—75txz2y? — 88m2xy? + 162m2x2zy?

If the new LHCb peak candidate [29,30] around (6.8
6.9) GeVis a 0" state, the value of its mass suggests that it
is likely a jy.ox.o molecule or a pseudoscalar-pseudoscalar
tetraquark states. Its signature from a J/wJ/y invariant
mass may come from the di-y., decaying to di-yJ/y.

In the case of a y,.;y.; molecule, the predicted mass is
below the .1y threshold while our NLO predictions for
the beauty states indicate that all of them are above the 7,1,
and Y(15)Y(1S) thresholds.

We plan to calculate the spectra of some other 0~, 1+ and
27" channels and eventually their widths in a future work.

APPENDIX A: (G*) CONTRIBUTIONS TO THE
XogXog SPECTRAL FUNCTION

The (G*) contributions to the 7,0, spectral function are
given by the Feynman diagrams drawn in Figs. 15 and 16.
As the expression is quite lengthy, we shall only present the
one for Yo.xo, but not for some other molecules. For
convenience, the spectral function is parametrized (here
and in the following) in terms of the variables x, y, z and the
corresponding limits of integration defined in Eq. (7). The
parameter € is equal to zero for factorized and to one for
the total (factorized & nonfactorized) contributions. The
(G?) contributions read:

FIG. 15.

HODE-

FIG. 16. Nonfactorized (G>)
function.

Factorized (G®) contribution to the spectral function.

contribution to the spectral

5 (480M%xz2y* — 12001xz%y* + 108m*xy* —60M2xzy* + 1201xzy*

y3 +480M?x>72y3 — 1200tx%z2y? — 600M?x7>y3

—60M>x>72y? +120tx%2%y* + 162m?x7%y?
—30M2x%zy? 4+ 451x27y% —94m2 xzy?
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+ 108m?xz>y — 20m2xz%y — 20m2x%zy + 20m2xzy + 108m?xz* + 108m>x%z> — 216m?xz?)

o
+ 22)9;;26 /x},z ey;:; (54237°m® — 54M%xz*t*m® — 54M?yz*t*m® — 180y*em® — 315yz3tmb + 25y3zomb
— 180xy m* — 108xyz>m* — 180x2y*m* + 180xy*m* — 108xy2z*m* + 90y2z*m* — 108x2yz*m* + 423xyz*m*
+270y23m* 4+ 135y*22m* + 25xy322m* — 50y322m* — SAMAxy> 2 m* — 54M*xy> 74 t*m* — SAMAx*y AP m?

+ 54M*xy*e?m* 4 90y  zm* — 155xy*zm* + 220y*zm* + 25x%y3zm* — 25xy3zm* — 180M%xy> tm*

— 108M2xyZdtm* — 180M*x*y*rm* + 180M>xy*tm* + 90M>y? 4 rm* — 108M*xy? 2 em* — 108M*x*yz*em*
+423M?xyztem* + 135M>y* 22 em* + 25M%xy3 22em* + 90M?y> zzm* — 155M?xy*zem®* + 25M*xy3 zem*

— 25M?*xy3zem* + 360M*xy* 72 m?* + 360M>*xy3ztm? + 360M>x?y*z*m? — 630M?xy*z*m? — 400M?y’ > m?

+ 50M2y* 22 m? + 540M2xy* 22 m?* — 50M*xy* 2 m? + 50M?y° z2m? + 900M>xy> 72 m? + 540M>x?y* 7> m?
—370M2xy*72m? — S0M?x*y322m? + 50M°xy322m? + 360M2xySzm? + 360M*x>y zm?> — 140M>xy> zm?

+ 220M%xy*zm? — 220M?xy*zm? + 90M*xy? 22 tm? + 90M*xy3 z*em? + 90M*x?y*z*tm? — 90M* xy*z*tm?

— 100M*y> 3 em? + 135M*xy* 22 tm? + 225M*xy 22tm? + 135M*x*y*22tm? — 135M*xy*22em?
+90M*xySzem? + 90M*x*y3 zem? — 90M*xy’ zem? — 900M*xy3z* + 50M*xy*z* — 900M*xy°73 — 900M*x?y3 73
+ 1000M*xy> 23 + 50M*x>y*73 — 50M*xy*z3 + 50M*xy®z> + S0M*x*y>z2 — 50M*xy’ 7> — 100M°xy’ 7%z

— 100M°xy° 737 — 100M°®x2y’ 737 + 100M°xy° 737)

3G3 1
- 35% 213316 / 2 (2080M?%xz2y* — 5200tx72y* 4 472m*xy* — 180M>xzy* 4 360txzy* + 2080M>xz3y?
xyz

—5200tx23y? + 472m%x%y? — 480m>z%y> + 2080M>x*z%y? — 5200tx>72y> — 2440M*x7%y? + 59201x7%y3
—408m>xy® + 32m?zy? — 180M*x*zy* + 3601x’zy° + 904m>xzy® + 90M>xzy® — 225txzy® — 180M%xz3y?
+3601xz°y* + 208m>x?y? + 80m?z2y? — 180M>x?z2y* + 3601x>z2y* + 184m*xz2y* + 90M?xz%y? — 2251x7%y?
—208m?2xy? + 432m*x%zy? — 90M>x*zy? + 135tx%zy? — 332m2xzy* + 90M2xzy* — 135txzy? + 184m>xzy
+40m?x>7%y — 100m?xz%y — 60m>x%zy + 60m’xzy + 144m>xz* + 144m?x*z> — 288m*xz3)

€<g3G3> e—sz
~ 352060,° / — (1082372m® — 108M*xz*2>m® — 108M?yz*t*m® — 1080y*tm® — 630yz3tm®
- Jxyz V2

+ 60y3zem® — 360xy m* — 216xyz°m* — 720x2y*m* + 720xy*m* — 216xy*z*m* + 180y*z*m* — 216x2yz*m*

+ 846xyztm* + 540y*22m* + 810y*22m* + 190xy322m* — 120y°22m* — 108M*xyz>t*m* — 108M*xy?z*t*m*
—108M*x?yz*e?m* + 108M*xyz*t>m* + 180y’ zm* — 170xy*zm* + 1500y*zm* + 100x>y3zm* — 100xy> zm*
—360M2xy>m* — 216M?xyz>tm* — 720M*x*y*tm* + 720M*xy*tm* + 180M?y*z*zm* — 216M*xy*z*tm*
—216M>x%yz*tm* + 846M>xyz*tm* + 810M?y* 22zm* + 190M>xy3 22em* + 180M?y> zem* — 170M*xy* zem*
+ 100M2x%y3 zem* — 100M>xy3 zem* + 720M%xy*22m? + 920M%xy3 4 m? + 720M>x%y*z*m?* — 1260M>xy*z*m?
— 2400M?y> 23 m?* + 300M>y* 23 m? 4+ 920M*xy* 22 m? + 200M*x*y3 22 m? — 425M%xy* 23 m? + 120M?y° 22 m?

+ 4520M%xy° 22m? + 2160M>x%y* 22m? — 1785M>xy* 22 m?* — 225M>*x>y322m?* + 225M?*xy3 72 m?

+ 2360M2xy°zm? + 2360M>x2y> zm?* — 2120M?xy> zm? 4+ 780M*x>y*zm? — 780M*xy* zm?

+ 180M*xy*dtm? + 230M*xy3z*tm? + 180M*x*y?z*tm? — 180M*xy*z4tm?* — 600M*y> 73 tm?

+ 230M*xy* 23 tm? 4+ 590M*x%yS zem? — S9O0M*xy’ zem? — 5850M*xy>z* + 225M*xy*z* — 5850M*xy°z3

— 5850M*x?y> 73 4+ 6300M*xy 73 + 225M*x*y*73 + 50M*x*y3 3 tm? — 50M*xy* 3tm® + 1130M*xy’ 227m?

+ 540M*x?y* 22 tm? — 540M*xy* 22 em? + 590M*xyOzzm® — 225M*xy*z® + 225M*xy0 7% + 225M*x*y3 72
—225M*xy° 72 — 650M5xy> 74t — 650M°xy° 737 — 650MOx?y’ T + 650M°0xy3737). (A1)
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APPENDIX B: OTHER MOLECULES SPECTRAL FUNCTIONS AT LO & (a,G?)

1. 7,17, molecule

1 : 12 -
—ImIEO(f) = ( 66) / Fr(M?,0)[6m* + 4m?yz(5t — 2M?) 4 3xyz(M* — 6M?*t +71%)(1 —x — y — 2)]
o i 20487° /..
€I’i’l2
- Fo(M?, £)yz(5t — 2M?), Bl
2567° AZ 2(M7 1)yz( ) (B1)

1
—ImITSY (1)
/4

Tty

(9°G?) 1 2 4,2 4 2172,2.2 21124252 2142 vy3

51275 —— (4m*xz? — 6m*y? + 4m*yz? — 6m*yz — 12m>*M*x*y* + 12m*M>x*yz* — 12m* M*xy
73 xvzy

+ 12m2M?xy* 22 — 12m*M?*xy?z + 12m>M?xy* + 12m>M?xyz> + 6m*M*y3 7 + 18m>tx>y? — 24m*tx*yz* + 18m>txy3

—24m?txy? 7% + 18m?txy*z — 18m>txy* — 24m>txyz> 4+ 6m>txyz> — 9m>ty3z + OM*x*y3z + OM*xy*z + OM*xy3 7

— OM*xy3z — 36 M?tx*y37 — 36M?txy*z — 36M?txy3 72 + 36M?txy37 + 30£2x%y3 7 + 3012 xy* z + 30£2xy3 72 — 3012xy3z)

2G? 1
2<O48 6> / (4m xz2 —6m*y? + dm*yz? — 2m*yz — 8m>M*x*y? + 4m>M?x*yz* + 16m>M>xy® + 4m>M*xy? 72
T xvzy Z

—8m*M?xy?z + 8m>M?xy* + 4m>*M?*xyz> + 8m>M?xyz? + 6m*M?y>z + 12m?tx*y? — 8m?tx’yz? — 24m’txy?
— 8m?txy? 2% + 12mPtxy?z — 12m%txy* — 8m>txyz® — 10m2txyz® — 9m?ty3 7 + OM*x*y3z + OM*xy*z + OM*xy3 22
— OM*xy3z — 36 M?tx*y37 — 36M?txy*z — 36M?txy3 72 + 36M?txy37 + 30£2x%y3 7 + 3012 xy* z + 30£2xy3 72 — 3012 xy3z)

_<92 >|:(1320727)IGLyZyIS[m4—|—m2tz(x+y)—|-t2xyz(l—X—y—z)]—lseg/é” L}Zyt (x—|—y):|5(l—M2), (BZ)

2. J/wJ/w, XYY molecule

. (6
SLO (1) = 25266/ Fo(M?,1)[6m* — 2m2yz(2M? — 5t) + 3xyz(M* — 6M?t + 72)(1 —x —y —z)],  (B3)

s T/l fw XY

—ImISe (1)
P Iyl [y, XYY
(°G*) [ 1 2.2 2 2
== (4mxz+4myz—12my+24Mxyz+24Mxyz+24MxyZ
2567° )y 3P
— 12M?xyz — 6M?*y> — 48tx*yz — 48ty z — 48txyz* + 30txyz + 9ty°)

_elg?@?)

1536.° / —— (dm*xz? + 12m*y? + 4m*yz? — 12m*yz + 24m* M?x*yz? — 24m>M?xy? + 24m> M*xy*?
T xyzy <

+24m>M?xyz® — 12m>M?xyz* — 18m>M?y3z — 48m?tx*yz> + 36m>txy® — 48m*txy*z> — 48m’txyz>
+ 30m%txyz? + 27m?ty3z — 18M*x?y* 7 — 18M*xy*z — 18M*xy> 22 + 18M*xy3z + T2M*tx*y3z + T2M*txy*z
+ 12M?txy3 72 — 12M?txy37 — 6012x2y3 7 — 60£2xy* 7 — 6012 xy> 2> + 601%xy37)

m*(g*G*) (6 + ¢) / 1
7687° xyz y3

= [2m* + mP1z(x + y) + 22xyz(1 = x =y = 2)|6(t = M?). (B4)
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3. X14%14 molecule

;ImH)?lmq( )= 2562 .. Fo(M?,1)[2m* — 2m?yz(5t — 2M?) + xyz(M* — 6M?*t + 71*)(—x —y — z + 1)]
3m? ) ’
+ an 6 .7:2(M s t)yZ(St -2M ), (BS)
327° Jxyz

1 2
—ImH)flgn ()
m?(g*G?) 1 ) , , .
= T 2560 7 — (4mPxz + 4m*yz + 12m*y — 24M>x*yz — 24M>xy*z — 24M?xyz* + 36M*xyz
Xyz

— 6M?y? + 481xyz + 481xy?z + 48txyz® — 661xyz + 91y?)

G? 1
+ eéﬁﬂﬁ / E (4m*xz? — dm*y? + 4m*yz* + dm*yz — 8m>M>x%yz> + 8m>*M?xy? — 8m>M*xy*z> — 8m>*M*xyz?
xXyz

+20m>M?xyz? — 2m*M?y3z 4+ 16m*tx*yz? — 12m2txy® + 16m*txy*z> + 16m’txyz> — 34m*txyz> + 3m?ty’z

+ 6M*x2y37 + 6MAxytz + 6M*xy3 7> — 6M*xy3 7 — 24M?tx>y37 — 24M?txy*z — 24M?txy3 7> + 24M?%txyz
262\ ;

+202x%y3 7 + 208 xy*z 4+ 207 xy3 22 — 207 xy%z) + u/ —z(x +y)8(t — M?)

384rx vz Y

m2<92G2>(6+€)/ 1

76875 vy

— [2m* — m*tz(x + y) + 22xyz(1 —x — y — 2)|8(t — M?). (B6)

APPENDIX C: TETRAQUARKS SPECTRAL FUNCTIONS AT LO & (a,G?)
1. Squ tetraquark

q

1 ‘ 1
;Imng;go(t) = Tgﬂﬁ/ Fo(M?, £)[6m* + 4m>yz(5t — 2M?) + 3xyz(M* — 6M?t +7)(1 —x -y —2z)],  (Cl)
xXyz

1 : ¢G?
;Imng’gz(t) = f536n>/ {2m [822(x +y) + 3y(y — 42)] + m?y[(3t — 2M?)(8xz>(1 — 4x — 4y — 47)
+6xy(l —x—y —z) +3y%22) + 16M%xz*(1 —x —y — 2)] + 3xy*z(3M* — 12M?*t + 10/2) (1 —x —y — 2)}

2072
_%/ yl[m +m?tz(x +y) + Pxyz(1 —x —y — 2)|6(t — M?). ()

2. V,V, tetraquark

1
—Ime,LVO() 5 6/ Fa(M?,1)[6m* — 2m?yz(5t — 2M?) + 3xyz(M* —6M*t +7)(1 —x —y — )], (C3)

z
1 ;G (°G?) 2 2 2 2
—Im T (1) = 688 / —{2m*[82%(x +y) + 3y(Sy + 8z)] — m?y[(3t — 2M?)(3y*(10x + z) + 8xz
T T xyzy <
x (11 = 8x — 8y — 8z)) + 32M*xz>(1 —x —y — 2)] + 15xy3z(3M* — 12M?t + 102)(1 —x —y — 2)}
2 ZGZ 1
- M/ — [2m* — m?tz(x + y) + 2xyz(1 —x —y — 2)|6(1 — M?). (C4)
96x xyz Y
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3. Aqu tetraquark [current in Eq. (26)]

1
;ImHiLAO() 64 6/ Fo(M? 1) [6m* + 2m*yz(5t — 2M?) + 3xyz(M* —6M*t + 7°)(1 —x —y — z)], (C5)

1 ) 2072
—Im -’zt:<gG> m*[3y(2y + 8z) — 8z%(x + y)] + m?y[(3t — 2M?*)(3y*(2x — 2
7 Aghq 76875 X)Zy
—4xz%(5 — 8x — 8y — 82)) — 16M*xz*(1 —x — y — 2)] + 3xy*z(3M* — 12M?*1 4+ 102)(1 —x — y — 2)}
2 2G?
- %ﬁ / — [2m* + mPrz(x + ) + 22xyz(1 = x — y — 2)]8(t — M?). (C6)
1927 x}zy
4. Aqu tetraquark [current in Eq. (27)]
1
ﬂIme‘i‘O( )= T 6/ Fr(M?, t)[6m* 4 2m*yz(5t — 2M?) + 3xyz(M* — 6M?t + 7*)(1 —x —y — 2)],  (C7)
1 G 2G?
—ImIEC (1) = {g 6> / ——{2m*[3y(y 4 42) — 42 (x +y)] + m?y[(3t — 2M?) (3y*(2x — z)
r Aghq 1927° /. v3z
—4xz2(5 — 8x — 8y — 82)) — 16M*xz*(1 —x —y — 2)] + 3xy’z(3M* = 12M*t + 102)(1 —x —y — 2)}
2(2G?
_M/ — [2m* + mP1z(x + y) + 2xyz(1 —x —y — 2)]6(1 — M?). (C8)
48~ xyzy

1

1
—ImI50(r) =

APPENDIX D: PqPq TETRAQUARK AT LO & G*

P p, 58.7° / Fo(M?, 1) [6m* — d4m?yz(5t — 2M?) + 3xyz(M* — 6M?*t + 7*)(1 —x—y—7z)],  (DI)

15367°
—6xy(l —x—y—2z)—3y*2) + 16M*xz*(1 —x —y — 2)] = 3xy’z(3M* — 12M*1 + 10°)(1 —x —y — 2)}

“ImIS (1) = Lo / ¥ z{2m4[8z2(x+y) = 3y? + 12yz] = m?y[(31 — 2M?)(8x2*(7 — dx — 4y — 42)

2G2)m2 1
_ <97>’6" / — [m* = m?rz(x +y) + Payz(l = x =y = 2)]86(1 = M?), (D2)
1927 xyz Y

1 S;G3
;Im HPqPq (t)

3G3 1
- 2;? 1843:6 / e (1848m2x?y* + 2592m*x%y*z + 1408m*x?y* + 120m?x*yz*
xyz

—260m>x>yz — 6912m?x%73 + 1848m>xy* + 4440m>xy3z — 440m?xy> + 2712m*xy*z> — 1444m>xy*z

— 1408m?*xy? — 6792m*xyz> — 380m>xyz? + 260m>xyz — 6912m>xz* + 13824m>xz> — 1920m?>y3 7>

+ 320m%y3z 4 320m>y?z% + 8160M%x%y3 7> — 780M>*x>y3z — T80M>x%y*z> — 390M*x*y?z + 8160M>xy* 7>
— 780M%xy*z 4+ 8160M?*xy373 — 9720M>xy3 2> + 390M?*xy3 7 — 780M?*xy?* 7> + 390M>xy*z% + 390M?*xy?z
— 204001x%y3 2% + 15601x2y 7 + 15601x2y2 2% + 5851x%y?z — 20400txy* 2% + 15601xy*z — 204001xy° 7>
+235201xy372 — 975txy>z + 1560txy%z> — 9751xy%z% — 585txy’z7)
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(F°G?)
5520607

_|_

-M?z
/ © - (17282322m® — 1728M2xz* 226 — 1728M2yz*22m6 + 1440y*em® — 10080yz>tm®
xyz Y%

—200y3zzm® 4 1440xy m* — 3456xyz7m* 4 1440x%y*m* — 1440xy*m* — 3456xy%z*m* + 2880y’ z*m*
—3456x%yz*m* + 13536xyz*'m* 4 8640y?z3m* — 1080y*z?m* — 150xy3z>m* + 400y322m* — 1728M*xyz>t*m*
— 1728 M*xy* 242 m* — 1728 M*x?yz*e*m* + 1728 M*xyz* e m* — 720y’ zm* + 1290xy*zm* — 1760y*zm*

— 150x2y3 zm* + 150xy3zm* + 1440M>xy>zm* — 3456 M>*xyz>tm* + 1440M>x>y*tm* — 1440M>xy*em*

+ 2880M2y2 24 tm* — 3456 M2 xy? 2t tm* — 3456 M2 x>y em* + 13536 M2xyz tm* — 1080M2y*227m*

— 150M%xy3 22em* — 720M>y3zem* + 1290M?xy*zem* — 150M>x%y3 zem* + 150M%xy3 zem*

+ 11520M2xy?2m? + 11320M>xy>z*m?* + 11520M>x*y?z*m? — 20160M>xy*z*m?* + 3200M>y3 73 m?

— 400M>y* 3 m? — 4520M>xy* 22 m? — 200M*x>y3 22 m? + 525M*xy> 22 m? — 400M?y° 22m? — 7400M>xy’ 2> m?>

— 4320M°%x%y*22m? + 2885M%xy* 22 m? + 325M>x%y3 2 m? — 325M?xy3 22m?* — 3080M>xy°zm?

—3080M2x%y>zm? + 1320M>xy> zm?* — 1760M>x>y*zm?* 4+ 1760M>xy*zm? + 2880M*xy? 7> tm?

+ 2830M*xy*zttm? + 2880M*x*y? 7 tm? — 2880M*xy? 74 tm? + 800M*y3 23 tm? — 1130M*xy*z3tm?

— 50M*x*y3B3m? + 50M*xy3 3 em? — 1850M*xy> 22tm? — 1080M*x?y* 22 tm? + 1080M*xy*z2tm?

— 770M*xy°zem? — TT0OM*x2y’ zem? + TT0M*xy’zzm? + 7650M*xy z* — 325M*xy*z* 4 7650M*xy°73

+ 7650M*x?y’ 73 — 8300M*xy° 73 — 325M*x*y*z3 + 325M*xy* 23 — 325M*xy07% — 325M*x?y> 2% + 325M*xy>7*

+ 850M°xy3z* + 850M°xy®z37 + 850M6x2y3 737 — 850Mxy° 7).

(D3)

[1] M. A. Shifman, A. 1. Vainshtein, and V. 1. Zakharov, Nucl.
Phys. B147, 385 (1979).
[2] M. A. Shifman, A.I. Vainshtein, and V. 1. Zakharov, Nucl.
Phys. B147, 448 (1979).
[3] V.1. Zakharov, Int. J. Mod. Phys. A 14, 4865 (1999).
[4] S. Narison, World Sci. Lect. Notes Phys. 26, 1 (1989).
[5] S. Narison, Cambridge Monogr. Part. Phys., Nucl. Phys.,
Cosmol. 17, 1 (2004), https://arxiv.org/abs/hep-ph/0205006.
[6] S. Narison, Phys. Rep. 84, 263 (1982).
[71 S. Narison, Nucl. Part. Phys. Proc. 258-259, 189 (2015).
[8] S. Narison, Nucl. Part. Phys. Proc. 207-208, 315 (2010).
[9] B. L. Ioffe, Prog. Part. Nucl. Phys. 56, 232 (2006).
[10] L.J. Reinders, H. Rubinstein, and S. Yazaki, Phys. Rep.
127, 1 (1985).
[11] E. de Rafael, arXiv:hep-ph/9802448.
[12] R. A. Bertlmann, Acta Phys. Austriaca 53, 305 (1981).
[13] F.J Yndurain, The Theory of Quark and Gluon Interactions,
3rd ed. (Springer, New York, 1999).
[14] P. Pascual and R. Tarrach, QCD: Renormalization for
Practitioner (Springer, New York, 1984).
[15] H. G. Dosch, Non-Pertubative Methods, edited by Narison
(World Scientific, Singapore, 1985).
[16] S. Narison, Acta Phys. Pol. B 26, 687 (1995), https://arxiv
.org/abs/hep-ph/9503234.

[17] S. Narison, Riv. Nuovo Cimento 10, 1 (1987).

[18] R. M. Albuquerque et al., Nucl. Part. Phys. Proc. 300-302,
186 (2018), and references therein.

[19] R.M. Albuquerque, S. Narison, D. Rabetiarivony, and
G. Randriamanatrika, Int. J. Mod. Phys. A 33, 1850082
(2018).

[20] R. M. Albuquerque et al., Nucl. Part. Phys. Proc. 282-284,
83 (2017).

[21] R. M. Albuquerque, S. Narison, A. Rabemananjara, and D.
Rabetiarivony, Int. J. Mod. Phys. A 31, 1650196 (2016).

[22] R. M. Albuquerque, S. Narison, A. Rabemananjara, and D.
Rabetiarivony, Int. J. Mod. Phys. A 31, 1650093 (2016).

[23] R. M. Albuquerque, F. Fanomezana, S. Narison, and A.
Rabemananjara, Phys. Lett. B 715, 129 (2012).

[24] J.S. Bell and R. A. Bertlmann, Nucl. Phys. B177, 218
(1981).

[25] J.S. Bell and R. A. Bertlmann, Nucl. Phys. B187, 285
(1981).

[26] C. Becchi, S. Narison, E. de Rafael, and F.J. Yndurain,
Z. Phys. C 8, 335 (1981).

[27] S. Narison and E. de Rafael, Phys. Lett. B 522, 266 (2001).

[28] For a recent review, see e.g.: R.M. Albuquerque, J. M.
Dias, K. P. Khemchandani, A. M. Torres, F. S. Navarra, M.
Nielsen, and C. M. Zanetti, J. Phys. G 46, 093002 (2019).

094001-18


https://doi.org/10.1016/0550-3213(79)90022-1
https://doi.org/10.1016/0550-3213(79)90022-1
https://doi.org/10.1016/0550-3213(79)90023-3
https://doi.org/10.1016/0550-3213(79)90023-3
https://doi.org/10.1142/S0217751X9900230X
https://doi.org/10.1142/0647
https://arxiv.org/abs/hep-ph/0205006
https://arxiv.org/abs/hep-ph/0205006
https://doi.org/10.1016/0370-1573(82)90023-0
https://doi.org/10.1016/j.nuclphysbps.2015.01.041
https://doi.org/10.1016/j.nuclphysbps.2010.10.078
https://doi.org/10.1016/j.ppnp.2005.05.001
https://doi.org/10.1016/0370-1573(85)90065-1
https://doi.org/10.1016/0370-1573(85)90065-1
https://arXiv.org/abs/hep-ph/9802448
https://arxiv.org/abs/hep-ph/9503234
https://arxiv.org/abs/hep-ph/9503234
https://doi.org/10.1007/BF02740660
https://doi.org/10.1016/j.nuclphysbps.2018.12.031
https://doi.org/10.1016/j.nuclphysbps.2018.12.031
https://doi.org/10.1142/S0217751X18500823
https://doi.org/10.1142/S0217751X18500823
https://doi.org/10.1016/j.nuclphysbps.2016.12.016
https://doi.org/10.1016/j.nuclphysbps.2016.12.016
https://doi.org/10.1142/S0217751X16501967
https://doi.org/10.1142/S0217751X16500937
https://doi.org/10.1016/j.physletb.2012.07.024
https://doi.org/10.1016/0550-3213(81)90389-8
https://doi.org/10.1016/0550-3213(81)90389-8
https://doi.org/10.1016/0550-3213(81)90274-1
https://doi.org/10.1016/0550-3213(81)90274-1
https://doi.org/10.1007/BF01546328
https://doi.org/10.1016/S0370-2693(01)01274-6
https://doi.org/10.1088/1361-6471/ab2678

DOUBLY-HIDDEN SCALAR HEAVY MOLECULES AND ...

PHYS. REV. D 102, 094001 (2020)

[29] R. Aaij et al. (LHCb Collaboration), arXiv:2006.16957.

[30] L. An (LHCb Collaboration), LHC-CERN seminar (2020),
https://indico.cern.ch/event/900972.

[31] D. Broadhurst and C. Generalis, Phys. Lett. 139B, 85 (1984).

[32] D. Broadhurst and C. Generalis, Phys. Lett. 165B, 175
(1985).

[33] E. Bagan, J.I. Latorre, P. Pascual, and R. Tarrach, Nucl.
Phys. B254, 555 (1985).

[34] E. Bagan, J. I. Latorre, P. Pascual, and R. Tarrach, Z. Phys. C
32, 43 (1986).

[35] S. Narison, Phys. Lett. B 673, 30 (2009).

[36] Y. Chung, H. G. Dosch, M. Kremer, and D. Schall, Z. Phys.
C 25, 151 (1984); H. G. Dosch, M. Jamin, and S. Narison,
Phys. Lett. B 220, 251 (1989).

[37] G. Launer, S. Narison, and R. Tarrach, Z. Phys. C 26, 433
(1984).

[38] R. A. Bertlmann, G. Launer, and E. de Rafael, Nucl. Phys.
B250, 61 (1985).

[39] S. Narison, Phys. Lett. B 693, 559 (2010); 705, 544(E)
(2011).

[40] S. Narison, Phys. Lett. B 706, 412 (2011).

[41] S. Narison, Phys. Lett. B 707, 259 (2012).

[42] A. Pich and E. de Rafael, Phys. Lett. 158B, 477 (1985).

[43] S. Narison and A. Pivovarov, Phys. Lett. B 327, 341 (1994).

[44] D.J. Broadhurst, Phys. Lett. 101B, 423 (1981).

[45] S. Narison and V. I. Zakharov, Phys. Lett. B 679, 355 (2009).

[46] R. Tarrach, Nucl. Phys. B183, 384 (1981).

[47] R. Coquereaux, Ann. Phys. (N.Y.) 125, 401 (1980).

[48] P. Binetruy and T. Siicker, Nucl. Phys. B178, 293 (1981).

[49] S. Narison, Phys. Lett. B 197, 405 (1987).

[50] S. Narison, Phys. Lett. B 216, 191 (1989).

[51] N. Gray, D.J. Broadhurst, W. Grafe, and K. Schilcher,
Z. Phys. C 48, 673 (1990).

[52] J. Fleischer, F. Jegerlehner, O. V. Tarasov, and O. L. Veretin,
Nucl. Phys. B539, 671 (1999).

[53] K. G. Chetyrkin and M. Steinhauser, Nucl. Phys. B573, 617
(2000).

[54] K. Melnikov and T. van Ritbergen, Phys. Lett. B 482, 99
(2000).

[55] S. Narison, Int. J. Mod. Phys. A 33, 1850045 (2018); 33,
1850045(E) (2018), and references therein.

[56] S. Narison, Phys. Lett. B 802, 135221 (2020).

[57] S. Narison, Phys. Lett. B 784, 261 (2018).

[58] M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018), and 2019 update.

[59] J. Bijnens, J. Prades, and E. de Rafael, Phys. Lett. B 348,
226 (1995).

[60] M. A. Shifman, Quark-hadron duality, in At the Frontier of
Particle Physics (World Scientific, Singapore, 2001),
pp. 1447-1494.

[61] O. Cata, M. Golterman, and S. Peris, Phys. Rev. D 77,
093006 (2008).

[62] D. Boito, I. Caprini, M. Golterman, K. Maltman, and S.
Peris, Phys. Rev. D 97, 054007 (2018), and references
therein.

[63] A. Pich and A. Rodriguez-Sanchez, Phys. Rev. D 94,
034027 (2016).

[64] S. Narison, Phys. Lett. B 387, 162 (1996).

[65] S. Narison, Nucl. Phys. B, Proc. Suppl. 54, 238 (1997).

[66] S. Narison, Phys. Lett. B 707, 259 (2012).

[67] S. Narison, Phys. Lett. B 721, 269 (2013).

[68] R. A. Bertlmann, Nucl. Phys. B204, 387 (1982).

[69] R. A. Bertlmann, Non-Pertubative Methods, edited by S.
Narison (World Scientific Company, Singapore, 1985).

[70] R. A. Bertlmann, Nucl. Phys. B, Proc. Suppl. 23, 307
(1991).

[71] R. A. Bertlmann and H. Neufeld, Z. Phys. C 27, 437
(1985).

[72] J. Marrow, J. Parker, and G. Shaw, Z. Phys. C 37, 103
(1987).

[73] S. Narison, Phys. Lett. B 738, 346 (2014).

[74] S. Narison, Phys. Lett. B 718, 1321 (2013).

[75] S. Narison, Int. J. Mod. Phys. A 30, 1550116 (2015), and
references therein.

[76] S. Narison, Phys. Lett. B 807, 135522 (2020).

[77] W. Chen, H.-X. Chen, X. Liu, T. G. Steele, and S.-L. Zhu,
Phys. Lett. B 773, 247 (2017).

[78] Z.G. Wang, Eur. Phys. J. C 77, 432 (2017).

[79] W. Lucha, D. Melikhov, and H. Sazdjian, Phys. Rev. D 100,
074029 (2019).

[80] W. Lucha, D. Melikhov, and H. Sazdjian, Phys. Rev. D 101,
074011 (2020).

[81] G. Mennessier, Z. Phys. C 16, 241 (1983).

[82] G. Mennessier, S. Narison, and X.-G. Wang, Phys. Lett. B
696, 40 (2011).

[83] G. Mennessier, S. Narison, and W. Ochs, Phys. Lett. B 665,
205 (2008).

[84] Z.G. Wang, Phys. Rev. D 101, 074011 (2020).

[85] Z.G. Wang, arXiv:2005.12735.

[86] Z.G. Wang, Eur. Phys. J. A 49, 131 (2013).

094001-19


https://arXiv.org/abs/2006.16957
https://indico.cern.ch/event/900972
https://indico.cern.ch/event/900972
https://indico.cern.ch/event/900972
https://doi.org/10.1016/0370-2693(85)90715-4
https://doi.org/10.1016/0370-2693(85)90715-4
https://doi.org/10.1016/0550-3213(85)90233-0
https://doi.org/10.1016/0550-3213(85)90233-0
https://doi.org/10.1007/BF01441349
https://doi.org/10.1007/BF01441349
https://doi.org/10.1016/j.physletb.2009.01.062
https://doi.org/10.1007/BF01557473
https://doi.org/10.1007/BF01557473
https://doi.org/10.1016/0370-2693(89)90047-6
https://doi.org/10.1007/BF01452571
https://doi.org/10.1007/BF01452571
https://doi.org/10.1016/0550-3213(85)90475-4
https://doi.org/10.1016/0550-3213(85)90475-4
https://doi.org/10.1016/j.physletb.2010.09.007
https://doi.org/10.1016/j.physletb.2011.09.116
https://doi.org/10.1016/j.physletb.2011.09.116
https://doi.org/10.1016/j.physletb.2011.11.058
https://doi.org/10.1016/j.physletb.2011.12.047
https://doi.org/10.1016/0370-2693(85)90798-1
https://doi.org/10.1016/0370-2693(94)90739-0
https://doi.org/10.1016/0370-2693(81)90167-2
https://doi.org/10.1016/j.physletb.2009.07.060
https://doi.org/10.1016/0550-3213(81)90140-1
https://doi.org/10.1016/0003-4916(80)90139-6
https://doi.org/10.1016/0550-3213(81)90410-7
https://doi.org/10.1016/0370-2693(87)90410-2
https://doi.org/10.1016/0370-2693(89)91393-2
https://doi.org/10.1007/BF01614703
https://doi.org/10.1016/S0550-3213(98)00705-6
https://doi.org/10.1016/S0550-3213(99)00784-1
https://doi.org/10.1016/S0550-3213(99)00784-1
https://doi.org/10.1016/S0370-2693(00)00507-4
https://doi.org/10.1016/S0370-2693(00)00507-4
https://doi.org/10.1142/S0217751X18500458
https://doi.org/10.1142/S0217751X18500458
https://doi.org/10.1142/S0217751X18500458
https://doi.org/10.1016/j.physletb.2020.135221
https://doi.org/10.1016/j.physletb.2018.08.003
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1103/PhysRevD.98.030001
https://doi.org/10.1016/0370-2693(95)00105-T
https://doi.org/10.1016/0370-2693(95)00105-T
https://doi.org/10.1103/PhysRevD.77.093006
https://doi.org/10.1103/PhysRevD.77.093006
https://doi.org/10.1103/PhysRevD.97.054007
https://doi.org/10.1103/PhysRevD.94.034027
https://doi.org/10.1103/PhysRevD.94.034027
https://doi.org/10.1016/0370-2693(96)00954-9
https://doi.org/10.1016/S0920-5632(97)00047-9
https://doi.org/10.1016/j.physletb.2011.12.047
https://doi.org/10.1016/j.physletb.2013.03.026
https://doi.org/10.1016/0550-3213(82)90197-3
https://doi.org/10.1016/0920-5632(91)90697-D
https://doi.org/10.1016/0920-5632(91)90697-D
https://doi.org/10.1007/BF01548649
https://doi.org/10.1007/BF01548649
https://doi.org/10.1007/BF01442073
https://doi.org/10.1007/BF01442073
https://doi.org/10.1016/j.physletb.2014.09.056
https://doi.org/10.1016/j.physletb.2012.10.057
https://doi.org/10.1142/S0217751X1550116X
https://doi.org/10.1016/j.physletb.2020.135522
https://doi.org/10.1016/j.physletb.2017.08.034
https://doi.org/10.1140/epjc/s10052-017-4997-0
https://doi.org/10.1103/PhysRevD.100.074029
https://doi.org/10.1103/PhysRevD.100.074029
https://doi.org/10.1103/PhysRevD.101.074011
https://doi.org/10.1103/PhysRevD.101.074011
https://doi.org/10.1007/BF01571611
https://doi.org/10.1016/j.physletb.2010.12.001
https://doi.org/10.1016/j.physletb.2010.12.001
https://doi.org/10.1016/j.physletb.2008.06.018
https://doi.org/10.1016/j.physletb.2008.06.018
https://doi.org/10.1103/PhysRevD.101.074011
https://arXiv.org/abs/2005.12735
https://doi.org/10.1140/epja/i2013-13131-7

