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ABSTRACT: Motivated by recent advances in Donaldson-Thomas theory, four-dimensional
N = 4 string-string duality is examined in a reduced rank theory on a less studied BPS
sector. In particular we identify candidate partition functions of “untwisted” quarter-BPS
dyons in the heterotic Zo CHL model by studying the associated chiral genus two partition
function, based on the M-theory lift of string webs argument by Dabholkar and Gaiotto.
This yields meromorphic Siegel modular forms for the Iwahori subgroup B(2) C Spy(Z)
which generate BPS indices for dyons with untwisted sector electric charge, in contrast to
twisted sector dyons counted by a multiplicative lift of twisted-twining elliptic genera known
from Mathieu moonshine. The new partition functions are shown to satisfy the expected
constraints coming from wall-crossing and S-duality symmetry as well as the black hole
entropy based on the Gauss-Bonnet term in the effective action. In these aspects our
analysis confirms and extends work of Banerjee, Sen and Srivastava, which only addressed
a subset of the untwisted sector dyons considered here. Our results are also compared
with recently conjectured formulae of Bryan and Oberdieck for the partition functions of
primitive DT invariants of the CHL orbifold X = (K3 x T?)/Z5, as suggested by string
duality with type ITA theory on X.
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1 Introduction

Extremal black hole entropy from counting quarter-BPS dyons in AN/ = 4 string
theory. A benchmark test of any theory of quantum gravity is to provide a microscopic,
statistical explanation of the entropy carried by a black hole, which is semi-classically given
by the Bekenstein-Hawking entropy [1, 2]. Within string theory such an explanation was
provided in [3, 4], where the statistical entropy of a D-brane system indeed matches the
Bekenstein-Hawking entropy of the corresponding five-dimensional extremal black hole in
the large charge limit. As shown in [5], the entropy can also be derived in four-dimensional
N = 4 string theory (heterotic strings on T or type ITA strings on K3 x T2) from an
exact microscopic index formula for the quarter-BPS dyons of the theory. According to [5]

1

the dyon degeneracies are given by a contour integral of the reciprocal Igusa cusp form

!These degeneracies are actually indices, i.e., sixth helicity supertraces [6-8], making them invariant
under (small) variations of the moduli. An interpretation of this microscopic BPS index as a macroscopic
black hole degeneracy was justified in [9, 10].



Xfolv extracting Fourier coefficients of this Sp,(Z)-Siegel modular form. Their growth, as an
asymptotic expansion in large charges, is estimated by a saddle-point approximation [5, 11]
that picks up the dominant pole of the integrand, again reproducing the macroscopic
entropy formula of the extremal dyonic black hole [12, 13] along with a series of power
suppressed and exponentially suppressed contributions (from the dominant, respectively,
sub-dominant pole) [14]. Here the leading correction to the entropy can, on the macroscopic
supergravity side, be attributed to the inclusion of the Gauss-Bonnet term in the effective
action [7, 15] by following Wald’s generalization [16] of the black hole entropy [17, 18].
Apart from such higher-derivative corrections there are also quantum corrections to the
dyonic extremal black hole entropy. Based on the AdS/CFT correspondence the proposed
quantum entropy function of [19, 20] captures both kinds of corrections and accounts for
exponentially suppressed contributions? as demanded by the microscopic index formula [9,
14, 25]. See [10, 26, 27| for reviews and [28-33] for more recent studies of the (quarter-BPS)
quantum entropy that rely on localization of the supergravity path integral.

Dyon counting in CHL models from dual perspectives. The quarter-BPS index
formula of [5] was generalized to dyons in N/ = 4 CHL orbifolds [34-38] in [39-42] with
an appropriate Siegel modular form taking the role of y19.> These theories are obtained
upon orbifolding heterotic strings on 7% x T* by a 1/N shift along a circle in 7% and a
supersymmetry-preserving order N action on the internal CF'T describing heterotic strings
on T% By string-string duality [49-53] these are dual to type IIA theory on orbifolds
(K3xT?)/Zx, where the Z  action is a shift on T? combined with an order N holomorphic-
symplectic automorphism of the K3.

Clearly, apart from its eminent role in understanding black hole microstate entropy
versus its macroscopic counterpart, the counting of quarter-BPS states provides a non-
perturbative window to various string dualities. This manifests also in the approaches
taken to physically derive the proposed counting functions. In the type IIB frame these
are computed at weak coupling as partition functions of a rotating D1-D5-sytem in a
Taub-NUT background [54], similar to the proposal of [55].% Another derivation was given
in [42, 58], representing the dyons as string webs lifted to M-theory where the dyon partition
function can eventually be related to a genus two partition function of a heterotic string.
More recently the BPS indices have also been extracted from four- and six-derivative cou-
plings in the low energy effective action of three-dimensional heterotic CHL vacua with 16
supercharges. Upon circle decompactification to four dimensions [59-61] the index formula
is found with the correct choice of moduli-dependent integration contour proposed in [62].
This contour prescription renders the quarter-BPS index duality-invariant and captures the
(dis-)appearance of two-centered bound states at walls of marginal stability [47, 62-65]. In
the configurations contributing to the quarter-BPS index the two centers are each half-
BPS [66].°

2Logarithmic corrections consistently vanish micro- and macroscopically for N' = 4 theories [10, 21-24].
3 As was pointed out in [43], the dyon partition functions of [5, 39] actually only capture dyons satisfying

a primitivity constraint, namely that the discrete invariant I = ged(Q A P) built from the dyon charge
(Q, P) is unity. Partition functions for I > 1 have subsequently been worked out in [44-48)].

4See [26, 56, 57| for reviews.

5Three-center BPS bound states are conjecturally enumerated by a degree three Siegel modular form [67].



(Mock) Jacobi forms, moonshine and dyon counting. At fixed magnetic charge
invariant, quarter-BPS dyons are captured by meromorphic Jacobi forms arising in the
Fourier-Jacobi decomposition of the respective Siegel modular form.® A decomposition
of the former into a finite part (a mock Jacobi form) and a polar part (an Appell-Lerch
sum) separates the counting of single-centered black holes, which are stable across walls of
marginal stability, from the two-centered black hole bound states [69]. Modular invariance
can be restored upon addition of a non-holomorphic completion, and the completion of the
polar part has recently been interpreted physically as the continuum contribution in the
supersymmetric index of the quantum mechanical bound states [70]. Understanding mock
modularity from the physics perspective is an active research area [28, 31, 71, 72].

Recent interest in strings on K3, N/ = 4 CHL models and their BPS counting has also
arisen in moonshine contexts and we shall briefly sketch some connections. Quarter-BPS
partition functions can be constructed for more general CHL compactifications involving
orbifolds by any — not necessarily geometric — symmetry of the K3 non-linear sigma model
(NLSM) [73, 74] that commutes with the worldsheet N' = (4,4) superconformal algebra
and the half-integral spectral flows. Such K3 NLSM symmetries” belong to elements of the
largest Conway group Cog and were classified in [76], partially extended in [77] to full type
ITA theory at singular loci in moduli space, while [78] classify the resulting CHL models
and observe that the Fricke involution acts as S-duality in the self-dual models (i.e., when
the symmetry has balanced Frame-shape, as is the case with geometric symmetries).® The
dyon partition functions are obtained by multiplicative lifts [80-83] of the twining genera
associated to symmetry conjugacy classes [77], which map (vector valued) weak Jacobi
forms to Siegel modular forms for some congruence subgroup of Sp,(Z) [84-86].° This
includes the original case of type ITA theory on K3 x T? and x10 [5, 91, 92] as a special
case. In combination with constraints from modularity and wall-crossing this construction
has recently [93] been used to explicitly derive (almost) all of the twining genera. These
K3 twining genera often coincide with those of Mathieu [84, 94-98], Umbral [99-104] and
Conway [105-107] moonshine phenomena and hence establish a direct link to the dyon
partition function. An overview of moonshine phenomena from the physics perspective
can be found in [108, 109].

Quarter-BPS indices, Donaldson-Thomas invariants and the lost chapters.
Finally, the problem of counting quarter-BPS states has an avatar in the enumerative
geometry of holomorphic curves in the Calabi-Yau threefold X = K3 x T? as was first
pointed out for the type ITA theory on X in [110]. The reduced Gopakumar-Vafa invari-
ants on X were given an interpretation in terms of the cohomology of the moduli space

g associated to DO-D2-brane bound states inside X. Given a D2-brane wrapping a holo-
mophic genus g curve Cy in the class § € Ha(X, Z), the moduli space M7 was constructed

®For an introduction to the theory of Jacobi forms and their connection to Siegel modular forms see [68].

"K3 NLSM symmetries can also be interpreted in terms of derived equivalences of K3 surfaces [75].

8A yet broader notion of “CHL models” was proposed in [79], generically exhibiting Atkin-Lehner
dualities.

Similarly quarter-BPS partition functions for twisted BPS indices in the sense of [87-89] can be con-
structed from twisted-twining genera, see [90] for an overview.



in [110] as a singular Jacobian fibration Jac(g) over the deformation space of the curve Cy
in X. Roughly the integer n can be thought of as the number of DO-branes and its relation
to the degenerations of Jac(g) maps it to the genus counting parameter g. The decomposi-
tion of the cohomology of the moduli space M} with respect to an sl(2), x s(2); Lefshetz
action constructed using the Abel-Jacobi map allows explicit computations, if the singular-
ities of the Jacobian fibration are not too bad, and was used to conjecturally identify the
quarter-BPS states of the heterotic string with the reduced Gopakumar-Vafa invariants.
These symplectic invariants have been mathematically rigorously defined in terms of stable
pair invariants and Donaldson-Thomas (DT) invariants in [111]. For unit-torsion dyons the
proposal of [110] leads to the Igusa cusp form conjecture [112, 113] for the primitive DT
invariants, proven in [114, 115].

Given the success of this highly non-trivial physics prediction, one is immediately lead
to the question of how this generalizes to the CHL orbifolds. This question has recently
been addressed in [116], focussing on orbifolds by a symplectic automorphism ¢ of the
K3 (i.e., geometric K3 NLSM symmetries in the above terminology) and in particular the
(g9) = Z5 orbifold. Conjecture A of [116] proposes that the primitive DT partition function
of the Zy CHL orbifold (K3 x T?)/Z5 is given by the multiplicative lift Z®" of the twisted-
twined elliptic genera belonging to the [g] = 2A conjugacy class as in [40] — but only for
DT invariants coming from “twisted” curve classes. There is a binary distinction between
twisted and untwisted curve classes and for the latter Conjecture B of [116] proposes an
alternative primitive DT partition function Z""V. So far this new Siegel modular form,
somewhat surprisingly, does not seem to have made any appearance in physics, where
the twisted partition function has (almost) exclusively been considered. Does it have a
physical (dyon counting) interpretation? Regarding string-string duality, we should be
able to provide a derivation from the heterotic perspective. Apart from that, there are
stringent constraints coming from wall-crossing, S-duality invariance and the black hole
entropy. Addressing these questions will be the content of the lost chapters.

Before proceeding, we shall explain where to possibly fit them in the CHL story, so
let us comment on the distinction between twistedness and untwistedness on the physics
side. It is known (though mentioned less frequently) that the partition function of [40]
counts unit-torsion dyons whose electric charge @) in the heterotic frame belongs to the
“twisted sector”, i.e., for perturbative half-BPS states of charge (Q,0) the component
corresponding to the string winding number around the CHL circle is half-integral. This is
in contrast to untwisted sector charges corresponding to integral winding along the CHL
circle. It has been argued [56] that S- and T- transformations (i.e., those inherited from
the parent theory compatible with the orbifolding procedure) do not mix dyon charges
with twisted and untwisted sector charges in the winding number sense.!’ However, the
definition of twisted curve classes in DT theory a priori only concerns the Eg(—%)—part
of the (co-)homology lattice of (K3 x T?)/Z,, which is a sublattice of the electric charge
lattice Ae, while the twisted and untwisted charge sectors in physics (independently of the

10Physically this distinction does not apply for the unorbifolded case, for which the electric and magnetic
charge lattices are isomorphic and the U-duality group acts transitively on the unit-torsion dyon charges.
Due to duality invariance of the BPS index we hence expect only one quarter-BPS partition function.



Eg components) refer to the electric components along cosets U + % C U(3) C A and
U C U(%) C A, respectively. Both notions basically specify appropriate components of
the “residue” [116, appendix B] of a dyon charge, which is the class in the discriminant
group A./A%. Although the two notions of twistedness are not equivalent, one clearly needs
to understand both the BPS counting in the twisted and untwisted charge sectors, keeping
track also of the remaining residue components.

Motivated by these observations, we will independently derive (re-derive) quarter-BPS
partition functions for unit-torsion dyons with untwisted (twisted) sector electric charge,
distinguishing subsectors specified by the remaining charge residue components. Following
the M-theory lift of string webs approach of [42], the appropriate candidate BPS partition
functions are deduced from a chiral genus two orbifold partition function in the heterotic
Z5 CHL model. For each subsector we check the above mentioned constraints coming from
charge quantization, I'1(2) S-duality, wall-crossing and black hole entropy. As we will see,
these modular and polar constraints'! are strong enough to (almost) guess the partition
functions once the appropriate ring of Siegel modular forms has been identified. In the
cases where generators for the latter are explicitly known, namely cases leading to Siegel
modular forms for the Iwahori subgroup B(2) C Sp,(Z), these constraints indeed fix the
BPS partition function. First steps in that direction have been presented in [44] quite
some time ago, though the analysis in [44] was not carried through and remains limited
to a small subsector of the untwisted sector addressed here.'? Also, as it is the case for
the twisted sector partition function of [40], for large charge invariants the asymptotic
growth of the Fourier coefficients reproduces the correct black hole entropy. In accordance
with expectations from quarter-BPS black holes in four dimensions, we not only see the
leading Bekenstein-Hawking term, but also a subleading term that can be associated with
the (model-dependent) Gauss-Bonnet term in the effective action.

Our results relying on the string web argument of [42] also agree with those relying
on an analysis of suitable 3D protected couplings in [61]. Indeed, eq. (2.14) of [61] gives
an expression for the quarter-BPS index in (conjecturally) arbitrary charge sector in terms
of combinations of Fourier coefficients of the same Siegel modular forms and reproduces
the result of [40] as a special case.!> However, apart from supporting the results in [61]
from an independent perspective and demonstrating an extended range of applicability of
the approach in [42], we also provide a physical explanation for the B(2) Iwahori modular
symmetry of certain quarter-BPS partition functions (and show that this in turn fixes them
via the above constraints) and further compare with the DT conjectures of [116].

Now regarding the DT conjecture B, we first give an alternative (but equivalent) ex-
pression for Z""W in terms of the multiplicative lift of twining elliptic genera and two of

HModular constraints mean that the partition function is expected to transform as a Siegel modular form
under certain Sp,(Z) elements, while polar constraints give the singular behaviour near certain divisors
associated with walls of marginal stability.

12Tt is worth mentioning that in [44] these constraints were also used to propose the correct partition
function of dyons with torsion greater than one for the unorbifolded theory.

B3 The twisted /untwisted nomenclature employed here is not fully equivalent to the one of [60, 61], but
the results are.



its modular transforms. The dyon counting interpretation of Z""*W is, however, subtle.
There are several subsectors of the (untwisted) charge sector and for none of these the
dyon counting functions exactly matches Z"*". Rather, Z""*V is — at least formally — a
sum or average of two such functions, denoted Z(+) and Z(¥) below. Hence, one possible
interpretation is that the DT invariants in Z"*" are sums of quarter-BPS indices of two
representative states with charge in the union of two charge subsectors, instead of giving
the BPS index of a unique charge configuration (or its orbit). Clearly, it would be desir-
able to further improve the physical understanding of the DT formulae and see whether
the given interpretation is really the right one.

As an independent minor point discussed in an appendix, the “twisted” and “un-
twisted” helicity supertraces considered in [87-89] are not in one-to-one correspondence
with (standard) helicity supertraces for states with charge respectively belonging to the
twisted or untwisted charge sector in the sense above.

The paper is organized as follows: in section 2 we review N = 4 CHL models with a
focus on quarter-BPS dyon counting. Section 3 reviews the half-BPS counting functions
specific to the Zo model, which appear as wall-crossing data. The genus two derivation of
our candidate partition function in section 4 then proceeds in a similar fashion. Modular
and polar constraints on the latter are checked in section 5, with the black hole entropy
being treated separately in section 6. We compare our results to the DT results in section 7
and conclude in section 8. Background material on Siegel modular forms and twisted
helicity traces is collected in the appendices A and B.

2 Counting BPS dyons in four-dimensional A/ = 4 theories

This section provides a brief review of four-dimensional N’ = 4 CHL models [34-36], the
focus lying on BPS state counting via automorphic forms. Our presentation follows [44,
56, 57, 60, 61, 93, 116]. More on CHL models and their duals can be found, for instance,
in [36-38, 78, 117-124], see also [125-127].

2.1 Construction of N' = 4 CHL models

By virtue of N' = 4 string duality these models have dual descriptions as freely acting
orbifolds of heterotic string theory on T or IIA string theory on K3 x T2. Such models
have been classified in [78]. We will mainly be interested in the simplest and most studied
case where the orbifolding group Go, = Zy is a cyclic group of order N € {1,2,3,5,7}
and the rank of the resulting gauge group in the four non-compact spacetime dimensions
is r = 2k + 4, the integer k = 24/(N + 1) being determined by N.

As is well-known, the maximal rank case (i.e., the trivial orbifold) gives a gauge group
U(1)% at a generic point of the moduli space

[0(22,6; Z)\0(22,6)/(0(6) x 0(22))] x [SLa(Z)\SLa(R)/U(1)], (2.1)

corresponding to 22 vector multiplets, six graviphotons and the heterotic axio-dilaton.
Here, the first factor can be understood as the heterotic Narain moduli space [128] and the
quotient is taken by the discrete automorphism group O(Aaz6) = O(22,6;Z) of the Narain



lattice Aggg of momentum-winding modes.!* The discrete groups acting from the left are
the T- and S-duality group of that theory.

For a given factorization 76 = T* x S x S, the dual type II description is ITA[K3 x
S x 8], or via T-duality on the last circle IIB[K3 x S' x S!]. The complex structure
modulus of ST x S! in type IIB, the complexified Kéhler modulus of St x St in type
ITA and the heterotic axio-dilaton are dual to each other. Also the Narain lattice can be
reinterpreted in the type ITA theory as

Ao = Nopa @ Aa2, (2.2)

where Agy 4 = H*(K3,Z) is the integral cohomology lattice of the K3 surface, while Ag 5 is
the winding-momentum lattice for S' x S1. As an abstract lattice, the latter is given by
the direct sum of two hyperbolic lattices, i.e., Ay = Ue21s

Let us turn to the reduced rank theories. In the type IIA theory the cyclic orbifold
group is generated by a pair (g,d), consisting of an order N action g on the N' = (4,4)
K3 non-linear sigma model (NLSM) and a simultaneous order N shift in the direction §
on S, where § € Ay 2 has square zero in order to satisfy level matching. The condition on
g is to fix the superconformal algebra on the worldsheet and the spectral flow generators,
see [76] for a precise characterization. Indeed, one can choose A = 1 for symmetries g
that are geometric in the sense that g describes an automorphism of the K3 surface that
fixes the holomorphic-symplectic (2,0)-form (and thus keeps the SU(2) holonomy). Such
symmetries are uniquely determined by their induced action on the lattice H2(K3,Z). They
are in fact, up to lattice automorphisms, already determined by the order 1 < N <8 of g
and symplectic automorphisms of any order in that range do actually exist.'0 In this way
we only consider CHL models associated to a symplectic automorphism of a K3 surface
that has prime order. The middle cohomology lattice of the K3

A= H*(K3,7) =2 U @ Eg(—1)%? (2.3)
contains an invariant AY and a coinvariant (A, = (A9)") lattice with respect to g, i.e.,
ADAN ®A;, and A ={veA|lgv=u}. (2.4)

We illustrate the case N = 2, where g is called a Nikulin involution. The induced action
on A exchanges the Eg(—1) sublattices and fixes U®3 pointwise. Equation (2.4) becomes

A =U® @ Eg(—2), A, = Es(—2), (2.5)

with Eg(—2) C Es(—1)%? denoting the diagonal or the anti-diagonal, respectively.

!Recall that locally the Narain moduli space is parametrized by the metric and the antisymmetric B-
field on T° as well as by the 16 Wilson lines for the Cartan-torus of the Fs x Es or Spin(32)/Z2 gauge
group. This provides an embedding of the abstract lattice Eg52 ® UP = Ayyg, which is the unique
even unimodular lattice of signature (22,6) up to isomorphism, into the pseudo-Riemannian space R22:6,
Here we denoted by U = (? é) the hyperbolic lattice of signature (1,1). Furthermore, the Grassmannian
Gr, s == O(r,s)/(O(r) x O(s)) parametrizes splittings R™* = R™°@R**. In our notation O(r) = O(r, R) etc.

50n some subspaces of the Narain moduli space the generic gauge group will be enhanced, with non-
Abelian gauge bosons arising from additional root vectors in the Narain lattice. Enhanced gauge symmetry

occurs in the type ITA duality frame for degenerations of the K3 surface (see, for instance, [73]).
65ee [129, 130] or [131, ch. 15].



On the heterotic side, the Zy orbifold action is asymmetric, i.e., acts by a Zy cyclic
permutation and a shift on the left-moving coordinates while the right-moving coordinates
are invariant (up to shifts) [36]. For the N = 2 case this gives an exchange of the internal
Ey x Eg factors and an order two shift along a circle of 7%. The one-loop partition function
of this heterotic orbifold is reproduced in section 3 as it will be needed later.

Moduli of a CHL model are given by the g-invariant moduli of the parent theory and
take values in

Ga(D\ ([0(2k —2,6)/(0(2k — 2) x 0(6))] x [SL2(R)/U(1)]) (2.6)

for some discrete U-duality group G4(Z) in four non-compact dimensions, which includes
a T-duality group 7 acting (only) on the first factor and an S-duality group S acting on
the second factor (via Mdobius transformations on the heterotic axio-dilaton [132, 133]),

G4(Z) DT xS. (2.7)
The S-duality group turns out to be [118]
S =T1(N) C SLy(2) (2.8)

for the Z CHL models, while the T-duality group 7 should at least contain'” the cen-
tralizer C g 5) of the orbifold generator (g,d) in O(A225),

T O Clys) = {h € O(Ag26) | h(8) =6, hg = gh}. (2.9)

A common way to parametrize the moduli associated with the Grassmanian (at least
locally) is by means of a real r x r matrix M subject to

MLM' =L, M=M (2.10)

where L = L~! is an O(2k — 2, 6)-invariant matrix representing the non-degenerate bilinear
form on R%~26, This means L has 2k — 2 eigenvalues +1 and 6 eigenvalues —1 counted
with multiplicity and satisfies'®

OLO" =L, forall O¢cO(2k—2,6). (2.11)

As it has been argued in [78], there should also be a Fricke involution acting as
Shet —> —1/(IN.Shet) on the axio-dilaton and by an orthogonal, not necessarily integral,
transformation on the other moduli, see for instance [60, 61] for further discussion in that
direction. For simplicity we will mostly neglect possible Fricke type dualities. Here we
think of elements in the T-duality group 7 always as automorphisms of the electric charge
lattice defined next,

T C O(Ae) . (2.12)

7Tn practice, we will take this to be an equality and do not rigorously draw distinctions.
18Bquivalently we can write O LO = L for all O € O(2k — 2,6).



Electric-magnetic charges. Electric charges take values in a lattice of rank r = 2k 4+ 4
signature and signature (2k — 2,6)

A= (H'(K3,2)") o Ua U (§) (2.13)

while the magnetic charges take values in the dual lattice, which again has the same rank
and signature,
Ap=A,=H"(K3,2) U aU(N). (2.14)

Their direct sum gives the electric-magnetic lattice
Aem = Ae @ Ay (2.15)

For N > 1 the lattices are no longer self-dual (unimodular). Rather, they are N-modular,
meaning that A}, = Am(%) or AY (N) = Ay, i.e., they agree with their dual upon rotation
and rescaling (see [60, eq. (2.10)] for a concrete example):

ON
Jon € 02k —2,6;R) : A% = ZA,,. 2.16
on € Of ) i (2.16)

The notation A,,(3;) means that the bilinear form is rescaled by 1/N. Multiplying (2.16)
by N from the left and using the natural inclusion A, C A%, it follows that!?

NA,, € NAY =VNoy A, CA, C A (2.17)
For later reference we give the electric and magnetic lattice for the N = 2 orbifold explicitly,
n=m () sven ()

Ap =Eg(—2) oUP U (2). (2.18)

Duality actions and charge invariants. An element (a cbl> € I'1(N) of the S-duality
c

group acts on dyonic states with charge (Q, P)" € Ay, in the standard way [78, eq. (2.8)]:

-1
Q ab Q aShet + 0
She —_— . 2.19
(P “ed) \P) T St d (2.19)
The T-duality group 7 3 O fixes Spe; but acts on the remaining moduli and the charges as?’
Q 0'Q
<P “op) M= OMO" . (2.20)

We denote the quadratic T-invariants as

Q?*=Q'LQ, P’=P'LP and Q-P=Q'LP. (2.21)

9The inclusion NA}, C A,, is claimed in [60, 61], equivalent to (Nv,w) € Z for all v,w € A..
29We use the notation O = (0")~L.



The S-action of I';(N) on these follows from (2.19). For later convenience let us also
introduce the map?!

P2 Q2
t:Aem — Q% (Q,P)— (2,Q-P, 2) : (2.22)
There are further, discrete T-duality invariants characterizing the duality orbit of a
charge (@, P). Following [43], take some basis of the lattice A, and denote the integer
coordinates of a charge (@, P) with respect to this basis by Q); and P;, the greatest common
divisor of the integers (Q;P; — Q;P;), denoted as

I =gcd(QANAP), (2.23)

will then be a T-duality?? and S-duality invariant, sometimes called torsion.?? It has been
shown that for Het[T°] the quantity I and the above quadratic T-invariants are sufficient
to uniquely determine a duality orbit under S- and T-transformations in G4(Z). If S-
transformations are left out, apart from I and the quadratic T-invariants three further
discrete T-invariants (on which the S-duality group acts non-trivially) are needed to char-
acterize a T-orbit unambigously, see [134, 135] and [56, section 5.3] for details. Just in the
special case I = 1, which fixes the remaining three discrete T-invariants to unity, there is
a single T-orbit.

As was also pointed out in [116, appendix B], the precise duality group G4(Z) of a
four-dimensional Z CHL model with NV > 1 is not yet determined, nor is a complete set of
duality invariants that uniquely specifies the distinct charge orbits in A, with respect to
G4(Z). In any case, we expect that again finitely many duality invariants suffice to uniquely
determine a duality orbit. Having several distinct duality orbits of charges means we should
also expect several a priori distinct degeneracies associated to states with charge in the re-
spective orbits. In this work we elaborate on this idea in the case of counting dyonic quarter-
BPS states in the Zo CHL model. For simplicity we will focus on charges satisfying I = 1.
However, in contrast to the unorbifolded theory, this alone is not expected to uniquely
specify a duality orbit, as there is at least one more discrete (candidate) charge invariant.

As in [116, appendix B] the “residue” of a charge (Q, P) € Ay, is defined as the class
in the discriminant group?*

r(Q, P) = Q] € Ae/AL. (2.24)

*'Because of (2.13), (2.14) and (2.15) P?/2 and Q - P are actually integral.

22 As shown in [134, section 2] a change of basis given by an SL.(Z) matrix leaves the gcd invariant (there
r = 22 4+ 6 was considered). If 7 C O(A.) C SL,(Z) this argument also holds for Zy CHL orbifolds of
Het[T°).

#3We give some remarks. (1.) First note that (Q, P) being primitive in Acn, does not imply that Q@ € A,
or P € Ay, is primitive. In turn, if @ or P is primitive, then (Q, P) is primitive as well. (2.) If Q or P
is non-primitive then I > 1. On the other hand, I > 1 does not imply that @ or P are non-primitive, as
the example in [44, subsection 6.3] with I = 2 shows: there both @ and P are primitive (and @ £ P are
both twice a primitive vector). So I =1 is a sufficient, but not necessary condition for having both @ and

P primitive.
2Recall Ac/AL 22 AL, /A, so definition (2.24) is equivalent to the one given in [116, appendix B].
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This quantity was shown to be invariant under I';(N) x C(,5). For the Z; model the
discriminant group explicitly reads

Ao/N: =73 x 75, (2.25)

where the first factor comes from U(3)/U(2) and the second factor from Es(—3)/Es(—2).
In the perturbative heterotic description of section 3 we will interpret, for purely electric
half-BPS states, the respective components of [@Q] in terms of momentum-winding numbers
along the CHL circle and the internal EFg momentum. Especially, one Z, component here
distinguishes whether the state lies in the untwisted (i.e., even CHL winding number) or
twisted (odd CHL winding number) orbifold sector. Correspondingly, we will simply call
electric charges twisted sector charges or untwisted sector charges.

As already mentioned in the introduction, the dyon partition function introduced
in [39] counts unit-torsion quarter-BPS dyons whose electric charge belongs to the twisted
sector (see, for instance, the discussion in [56, section 5.3]). Our goal is to propose partition
functions belonging to other (unit-torsion) charge sectors. A first step in this direction was
undertaken in [44, section 6.5] for the Z, model by analyzing a closed subsector of the
untwisted sector of unit-torsion dyons. Although no closed formula for the respective par-
tition function was given, strong constraints on the latter coming from charge quantization,
wall-crossing and S-duality invariance were given. We will later verify this subsector result

in section 5.

2.2 Structure of quarter-BPS partition functions

In this subsection we briefly review the structure of partition functions of quarter-BPS
dyons in four-dimensional N' = 4 string theories, closely following the discussion in [44].
Many details will be omitted and can be found in the reference.

BPS multiplets and indices. Recall that quarter-BPS states transform in 26-dim-
ensional intermediate multiplets. It also follows from the N = 4 superalgebra that
quarter-BPS states with electric-magnetic charge (Q, P) € Ay, must satisfy Q §f P (i.e.,
the charges are not collinear as vectors in R"). Half-BPS states in turn transform in 2%-
dimensional short multiplets and obey the opposite charge condition, Q||P. Non-BPS
states transform in 28-dimensional long multiplets.?®

Since a quarter-BPS dyon breaks 12 out of 16 supercharges, an appropriate, i.e., non-
trivial, index to “count” such states of a given charge (Q, P) € A.y, is the sixth helicity
supertrace,?® denoted by Q¢(Q, P;-). Here the dot represents the moduli of the theory.
Locally this index is constant, but it changes discontinously once the asymptotic moduli of
the theory are varied across certain real codimension one subspaces, called walls of marginal
stability. Each wall is associated to a specific decay of the quarter-BPS dyon into a pair of
half-BPS dyons. This wall-crossing phenomenon [137-142] is best understood in the case
where the decay products carry primitive charges and for simplicity we restrict us to this

#5See, for instance, the references [57, 136] for explanation.
263ce, for instance, [8, 27, 57] for explanation or [6, 7] and references therein.
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case. Considering a quarter-BPS dyon with charge (Q, P) € A.,, that decays at a certain
(generically present) wall into two half-BPS states via

(Q P) —(Q,0) + (0,P), (2.26)

it is clear that we should restrict us to dyons where both Q) € A, and P € A,, are primitive
lattice vectors. Furthermore we restrict to the case I = 1. According to [43] this is also
a necessary condition for the dyon partition function to be related to a chiral genus two
partition function of the heterotic string, as we will discuss later.

In principle there can also be decays where at least one decay product is quarter-BPS,
however [143], if @ and P are both primitive charges these occur in the moduli space at
codimension two or higher. Thus generic points in this space can be connected by paths
that do not cross these loci and the BPS index is not affected by such decay channels.

BPS charge sets. For the purpose of analyzing or constraining a (quarter-BPS) dyon
partition function it may be convenient to reduce the problem to analyzing charge subsec-
tors, for which the counting problem simplifies. Let us introduce some notation. For a set
of electric-magnetic charges Q C A, we define the following conditions:

(Ql) Quarter-BPS condition:
For all (Q, P) € Q we have Q }f P.

(Q2) Unit-torsion condition:
For all (Q, P) € Q we have I = gced(Q A P) = 1.

(Q3) T-closure condition:
For any given triplet (q1, g2, ¢3) of the quadratic T-invariants the set

2

{(va)GQ‘ <};27Q'P72>:(Q17QQ7Q3)}7 (2.27)

if not empty, maps to itself under the action of the T-duality group 7.

(Q4) T-transitivity condition:
Any two elements of subsets of the form (2.27) are related via 7.

(Q5) Unboundedness condition:
Any of the quadratic T-invariants takes arbitrarily large absolute values on Q.

(Q6) Quantization condition:
There are rational numbers ¢; € Q" such that for any (Q,P) € Q we can find
integers v; € Z satisfying
P2 2
- =na Q- P=1wq , % = 13G3 - (2.28)
Some remarks are in order. If @ || P, then Q@ A P = 0, so (Q2) implies (Q1). The T-
closure condition (Q3) obviously transfers to the whole set Q@ = 7Q. Condition (Q4)
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especially implies that any (further) T-invariants become constant functions on sets of
the form (2.27). Under both assumptions (Q3) and (Q4) a unique representative can be
chosen for any non-empty set of the form (2.27) and the remaining elements of that set
are precisely all T-images of it. Furthermore, condition (Q6) is always satisfied for some
rational numbers ¢; € QT (cf. egs. (2.13) and (2.14)) and from now on we consider the
mazimal numbers q; € Q1 for which (2.28) is satisied.?” If (Q3) to (Q6) are satisfied the
T-orbits (2.27) are in one-to-one correspondence with points in ¢(Q), which form a subset
of some affine rank-three lattice?® L C Q3. The charge examples in [44] are constructed
such that already the T-representatives form an affine rank-three lattice Lo C Ay, which
then bijects to its T-invariants ¢(Q) = L and Q is obtained by simply taking all T-images,
Q = TLg. In this way (Q1)-(Q6) are satisfied simultaneously.

BPS partition functions. We make the standard assumption that the sixth helicity
supertrace Qg(Q, P;-) (or simply BPS index in the following) is invariant under S- and
T-transformations, i.e., at a given generic point in the moduli space it only depends on
the duality orbit of (Q,P) € Aem. Given Q satisfying (Q1), (Q3) and (Q4), because
of T-invariance the BPS index of dyons with charge (@, P) € Q will already be uniquely
determined by specifying the quadratic T-invariants of the charge and for some appropriate
fo we have

One can also introduce a partition function for these numbers via?’

Zo(T,2,0) = S I > (=)@ e(P?,Q - PQ7;-

) e27ri<7%2+zQ-P+a%2)
(I)Q(Tv 2, U) P2,Q-P,Q?

(2.30)
where a sign factor has been introduced to follow conventions in [44] and the sum runs
over all quadratic values belonging to charge vectors (Q, P) € Q.

Under the condition (Q5) the partition function is expected to have infinitely many
non-zero terms.>’ Typically the generalized chemical potentials 7, z, o conjugate to P?/2,
Q - P and Q?/2, must lie in a suitable domain of the Siegel upper half plane Hy for this
series to converge (see appendix A for a definition) and we will assume that this is the
case. Different domains of convergence admit different Fourier expansions, which in turn
give BPS indices valid for different regions of the moduli space. As Q satisfies (Q6), the

2"This becomes relevant when the charges in Q satisfy coarser quantization conditions than Ac,,, as
applying to the charge sets considered in [44, section 6]. In their simplest example one has a charge set
Q C Aem for which Q2/2 only takes even values, leading to g3 = 2 in that case, while A, = U@6€9E8(—1)®2
(considering charges of Het[T]) also allows for odd values of Q?/2 (corresponding to gz = 1).

28Recall that affine means that it is given by some lattice (including the zero vector), shifted by a non-zero
vector.

2Following [44], we also introduced ®g = (Zo(7, z,0))" . Writing the partition function in the form

Zo(7,2,0) = is alluding to the original DVV result 1/x10 and the CHL orbifold analogs considered

1

@o(r,2,0)

by Sen et al.
3%Eventually we want Zo to be a Siegel modular form (for some congruence subgroup) and we expect

that this requires infinitely many non-zero “Fourier modes” exp(2mikx), for each z € {7, 0, z}.
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partition function will be periodic:

Vni,ng,ng € Z: Zg <7’ + E,z + @,0 + ’flg) =Z9(1,2,0). (2.31)
qi 92 g3

BPS indices can be extracted from Zg by taking an appropriate contour integral

—omif +E2 Pro@
(_1)Q-P+1 . 271'1(7’ > +zQ-P+o 5

fo(P?,Q-P,Q%-) = drAdoAdz (2.32)

(q1a2a3) " Je Po(r,0,2)
over a (minimal) period in each direction at some fixed, large imaginary part. In this
work we will stay schematic with regard to the choice of integration contour, which could
in principle be analyzed more carefully as in [62], see also [44, 63]. As mentioned before,
we are mainly concerned with quarter-BPS dyons of unit-torsion, and for these dyons we
assume the validity of the moduli-dependent contour proposed in [62].

For quarter-BPS dyons of unit-torsion and we expect that a finite number of discrete
T-invariants provides a partition of the set

{(Q.P) € Aom|gea@nP) =1} (2.33)

into a finite number of pairwise disjoint subsets Q, each obeying (Q1) to (Q6). The
important point is that this yields a finite set of (a priori different) quarter-BPS partition
functions Zo.

We remark that for any two of such disjoint charge sets Q, Q' with quarter-BPS parti-
tion functions Zg, Zo/, respectively, one can formally define the sum Zg+Z¢/. If there are
no common triplets of quadratic T-invariants, ¢(Q) N #(Q') = @, hence no common triple
exponents in the respective expansion of the type (2.30), Q U Q' again satisfies (Q1) to
(Q6) and Zg + Zo can be interpreted as Zg,o/. No information is lost upon addition. On
the other hand, if t(Q) Nt(Q") # 0, condition (Q4) is no longer satisfied. Extracting from
Zo+Z o Fourier coefficients analogously to (2.32) in this case yields numbers for which the
interpretation (2.29) does not hold, as there is no unique charge orbit (or orbit representa-
tive) given the quadratic invariants. Rather it is a sum of two BPS indices. However, such
a “compound” BPS index can still be a well-behaved object, inheriting for instance the
wall-crossing properties of its components that we discuss below (mostly due to linearity),
and Zg + Zg exhibits modular transformation properties consistent with that. Similar
remarks can be made for the half-BPS partition functions in section 3.

2.2.1 Constraints from S-duality symmetry and charge quantization

Generically a subset Q will not be preserved (setwise) under the full S-duality group S
but only under a subgroup Sg C S and transformations in S\So map to other subsets Q'.
This is in line with the discussion after (2.23) and further examples can be found in [44].
In any case, the invariance under Sg C S has important consequences for Zg, as we will
now discuss.

Recall that the S-duality group acts on the charges via (2.19). Those transformations
which map Q to itself form a subgroup Sg and for such transformations (¢ Z) S-duality
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invariance of the BPS indices can be recasted into the (suggestive) form (see [44] for a

derivation)
®o((AZ + B)(CZ + D)) = det(CZ + D)* ®o(Z) (2.34)
for some k where
db 0 0
T Z A B ca 0 0
= d = ) 2.35
(za)’ an <CD> 00 a —c ( )
00 —-b d

At this point k£ is undetermined, since the determinant is unity. However, for the known
CHL examples the integer k agrees with the previously defined k£ and this is in fact required
by wall-crossing and modular invariance (more on this later). The 4 x 4 matrix in (2.35)
is symplectic and takes the form given in (A.5) for U = (¢ ¢).

Similarly, we can rewrite the periodicity property of ®¢g in the form (2.34), but now

with

107r; r

AB 017‘27"3
= 2.36
<CD> 001 0 (2.36)

000 1

and suitable periods rq, 72,73 subject to the choice of Q. This is also a special case of a
ey,

symplectic matrix, see eq. (A.4) with S = (7} 72

2.2.2 Constraints from wall-crossing

Let us now explain how wall-crossing puts additional modular constraints on ®o. A gen-
eral parametrization for the decay of a quarter-BPS dyon into a pair of half-BPS dyons is
given by

(Q, P) = (aodoQ — aobo P, codoQ — cobo P) + (—bocoQ + aobo P, —codoQ + aodoP) (2.37)

with agdy — bpcp = 1. The decay products on the right hand side of (2.37),

(Q1, P1) = (ap@', c0Q") = ((Zg 22) (QO/>> (2.38)

(Qa, P2) = (byP',doP’) = <<Z§ 22) (g)) : (2.39)

Q =doQ—bP and P :=—cyQ+aP, (2.40)

where we have set

again have to belong to the charge lattice A.,. Note that a charge set Q C Ay, al-
ways comes along with its allowed decays (2.37) and thus determines charges (Q', P") and

(Qi, F;).
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Following the ansatz that the jump in the BPS index due the decay (2.37) is determined
by a second order pole of @él at

7' = codo T + agbo o + (aody + boco) z =0, (2.41)
the contour integral (2.32) for the Fourier coefficient of (2.30) needs to pick up a residue®!
(—1) P QP dp(anQ’, coQ) dp(boP', doP") (2.42)

up to a sign. In this expression dj,(Q, P) = Q4(Q, P) denotes the fourth helicity supertrace,
an index only sensitive to half-BPS multiplets of dyonic charge (Q, P) (often simply called
half-BPS index). As in [44] we want to restrict to those cases where the half-BPS indices
again can be written as Fourier coefficients of a suitable partition function,

1 [iM+T/2 eme’Qa'

d 0O = = £ " 4 9.43
na@, Q) T Jiv-1/2  ¢e(0'; a0, co) 7 (2.43)

1 /iM+T’/2 e—imP7!
i

dp(boP',doP") = —

= ar’ . (2.44)

M-1'/2  Dm (7’3 bo, do)
Here the integration contour lies parallel to the real axis and extends over a unit period
T(T") of ¢pe(pp) and M > 0 is large enough to ensure convergence. Half-BPS partition
functions for purely electrically charged states (in the heterotic frame) can, for instance,
be found by counting perturbative, heterotic Dabholkar-Harvey (DH) states of the corre-
sponding charge (as reviewed in section 3 for the Z5 model). Requiring the existence of
functions ¢¢ (¢, ) as stated imposes constraints®? on Q:

(Q7) For any (Q',P') appearing as above, the values (Q')? takes for fixed (P’)? are
independent of the latter. The same holds for their roles reversed.??

(Q8) For fixed “decay code” (gg Zg), all the decay products (@1, P;) obtained from
letting (Q, P) run over Q need to fall into a single T-orbit for each value of Q".
The same holds for (Qz, P) and P’

Without (Q8), i.e., if there were several orbits, the half-BPS indices would not be functions
of the mere quadratic T-invariants.

The property (Q8) is similar to (Q4) above. In accordance with the remarks on page 14
for compound quarter-BPS indices obtained from unions of charge orbits the half-BPS
indices (or partition functions) occuring in the wall-crossing formula are again sums, coming
from the decay products of the component orbits.

A sufficient condition for the jump is that near 2z’ = 0 the function ®o behaves as

! (7,0,2) o (Ge(0'sa0,c0) " S ('sbo,do) " Z72+O("7) ) (2.45)

31This wall-crossing formula is only valid for primitive charges in the decay products, see [44, p. 7]
and [142].

32These are the subtleties mentioned in [44, pp. 19 f. and p. 21 f. n. 8].

33 An example of an excluded case: (Q')?/2 is odd iff (P’)?/2 is even and vice versa.
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in the transformed variables

dobg 0 O
=4 A B coag 0 0
7'=(" % | =(AZ+ B)(CZ+ D)™ =% 2.46
(z’ 0’) (AZ+B)(CZ + D)™, C D 0 0 ay —co (2.46)
0 0 —by dy
More explicitly, 2’ is as defined in (2.41) while
T =T+ b0+ 2bpdyz and o =T +ako+ 2apc 2. (2.47)

Note that (Q7) is generically required for the factorization in (2.45).

Given that the functions ¢, (7; bo, dp) and ¢.(7; ag, co) transform as weight k + 2 mod-
ular forms under fractional linear transformations (a.k.a. Mobius transformations) of 7
encoded by SLgy(Z)-matrices (0‘1 gll) and (P 21), respectively, we can map these to sym-

71
plectic transformations of the form

1

do bo 0 0 - a1 0 51 0 d() b() 0 0
Co Qo 0 0 0100 Co Qo 0 0 (2.48)
00 ag —Co Y1 0 51 0 00 ayg —Co
0 0 —by doy 0001 0 0 —by do
and )
dobp 0 O 1000 doybp 0 O
coag 0 O 0p1 0q coag 0 O (2.49)
0 0 ap —co 0010 0 0 ag —co|’
00 —bo do 0 1 0 S1 0 0 —bo do

respectively. These in turn act as Z +— (AZ+B)(CZ+D)~! when written in the usual block
form. Typically such a half-BPS partition function is a modular form for some congruence
subgroup of SLs(Z). In some cases (2.48) and (2.49) lift to modular symmetries of ®g in
the sense of (2.34). Also notice the simple relation between the modular weights k42 of the
functions ¢.,, and the weight k£ of the function ®o. Hence, wall-crossing determines the
location and coefficients of quadratic poles in our quarter-BPS partition function together
with candidate Siegel modular symmetries and the modular weight.>*

We remark that the middle matrix in each (2.48), (2.49) preserves the locus z = 0,
while the conjugated matrix preserves the locus 2z’ = 0.

Formally, (2.46) resembles an embedded S-duality transformation (cf. (2.35)), but the
matrix (‘;8 Zg) does not need to lie in Sg C SLy(Z). Indeed, S-duality can be shown to
act on a decay code (‘Zg gg) from the left. In this way S-duality symmetry of the theory
and the behaviour at z = 0, which is related to the decay (@, P) — (@,0) + (0, P) with

the identity matrix as decay code, already imply the location and coefficients of an infinite

34There might be additional (“accidental”) modular symmetries as in [44, subsection 6.4] or some of the
(genus one) modular symmetries do not lift to the full quarter-BPS partition function, see, for instance,
the example in [44, subsection 6.2].
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A0
0!

for any real A # 0 leads to an equivalent decay. The same holds for (% §). This makes it

set of quadratic poles. Furthermore, multiplying a decay code by ( ) from the right
clear that for heterotic strings on 76 with the weight 10 Igusa cusp form taking the role
of ®¢ all decays are related to the one at z = 0 by an SLy(Z) transformation, which is
known to be the S-duality group of that theory. However, in CHL orbifolds we may find
inequivalent walls after modding out the mentioned redundancies.

As was multiply exemplified in [44], the expected properties of ®¢ just described lead
to a heuristics for finding quarter-BPS counting functions subject to a charge set Q. By the
same token, they provide a set of highly non-trivial tests for any given candidate counting
function. Since the half-BPS partition functions form a key ingredient of this approach,
we will now recall some facts about the latter in case of the heterotic Z9 CHL model.

3 Half-BPS spectra from Dabholkar-Harvey states in the Z, model

In this section we reproduce from [144] the computation of electric half-BPS partition
functions in the heterotic Zo CHL orbifold®® that appear in wall-crossing relations for
quarter-BPS partition functions. Doing so we set the notation and collect relevant wall-
crossing data for section 5. The genus two analysis of section 4 will eventually go along
similar lines, so this review section also serves as a warm-up exercise.

By electric half-BPS partition functions we mean generating functions for fourth helic-
ity supertraces that count perturbative heterotic Dabholkar-Harvey (DH) states [146, 147]
of a given, purely electric charge. These are half-BPS states.?® For DH states the su-
perconformal side3” of the heterotic string is restricted to the oscillator ground state and
degeneracies can be computed both by direct enumeration of the relevant orbifold-invariant
bosonic oscillator configurations or by making use of the helicity supertrace method.?® We
make use of the latter.

Consider the generating function [§]

Z(g,G;v,0) = Try |(—1)Fe?™ 5 > glogho] (3.1)

where the trace is taken over the Hilbert space H of the perturbative heterotic Fgx Fg string
compactified on 7 or an orbifold thereof. The spacetime fermion number is denoted by F
and the physical helicity in the four non-compact spacetime dimensions J3 = J&¥ + JI is a
sum of the left-helicity J¥ coming from left-movers and the right-helicity J& coming from
right-movers. More precisely, the oscillators that contribute to the right-helicity Ji* come
from the right-moving light-cone bosons 0X* = X3 + i9X*, contributing helicity +1,
respectively, and the light-cone fermions 1*, again contributing +1 to the right helicity.

35See also [117] and [60, appendix A.1] for closely related results. For the prime order CHL models
these half-BPS partition functions, or rather those of the singly twisted sector, have recently been revisited
in [145] from a macroscopic point of view.

36When we speak of DH states in the following, we will always mean the perturbative heterotic half-BPS
states. Otherwise, DH states are not always half-BPS [69, f.n. 6].

3"Here the convention is made to call the superconformal side of the heterotic string right-moving.

38Helicity supertraces are reviewed in appendix E and G of [8], see also [148] for a short textbook chapter.

~ 18 —



On the other hand, only X contribute to the left-helicity J¥. For instance, the 2+2
chiral light-cone bosons contribute a factor of

£(v) (v) = g2/ ﬁ _ ' _ -
772 772 e (1 _ qne2mv)(1 _ qn6727rw) (1 _ qn627rw)(1 _ qn672mv)
(3.2)

Note that Z(q, q;0,0) = Try [(—I)FqLO(jEO} is just the ordinary one-loop partition function

of the heterotic string (or its orbifold) including the GSO projection.

Taking all together the generating function of helicity supertraces for the Zo CHL
orbifold is®’

(o g /2 7) 03 a/2
Z(g,q;v,0) = iw (1 21: (_1)a+6+aﬂ9[,8/2}( ) 0 [,3/2](0))

P\ 2,52 7 UK
1 Z h
x (;ggowzg[g}) . (3.3)

Here o, = 0,1 run over the four spin structures, h = 0,1 indicates the untwisted or
twisted sector and g = 0,1 indicates an insertion of the orbifold involution into the trace.
In the above expression we have the partition function of the (shifted) Narain-lattice

Zulf] = ¥ (19 e, 1)
Qe

where the subscript L/R denotes the left- and right-part of the lattice vectors?® and
h
A% = (Aes+ 39) (3.5)

is the Narain-lattice associated with 7%, possibly shifted by the null vector § = (0%; 09=1 1)
such that the CHL action on T is given by a half-translation along the last circle in 7% (the
CHL circle). Thus h = 0 means summation over untwisted sector charges, @ € Agg = U,
the winding number along the CHL circle taking integral values. On the other hand, h =1
gives twisted sector charges @ € Ags + g with the winding number along the CHL circle
taking values in Z+ 3. The factor (—1)°?, for g = 1, then becomes (—1) for an odd number
of momentum quanta along the CHL circle and (+1) for an even number. Furthermore,
in (3.3) we introduced the orbifold blocks Zg [Z} for the 16 chiral bosons compactified on

the Eg x Fg root lattice, where the orbifold involution exchanges the two Fg factors®! and

39We keep the ¢, ¢ dependence implicit, where ¢ = exp(2miT).

4OThat is, L, R denotes a projection onto the subspace of R%® of negative or positive signature (using
the moduli dependent embedding of the charge lattice into R%®) and similarly for higher rank lattices
(e.g., Ae,6 ® Fs(2)) appearing below. See, e.g., [69, section 2] for the projection operators.

41Upon diagonalization, this gives eight invariant chiral bosons and eight chiral bosons that pick up a
minus sign under the Z5 action.
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one finds

2
g 8 (7—) 0 T
2= P;f;)m} , z(f) = 202D, (36)
9 8 (I —27m1 0 8 (u)
Zs(5] = Enéz);)z) and Zg[l]=e? /3578(21212). (3.7)

Especially, 0p,1)(7) = Xoem (1) ¢i™™® = F4(r) is the weight four Eisenstein series.

As a remark, the terms in the first line of (3.3) should arise for all heterotic Zy CHL
orbifolds, as the superconformal sector of the heterotic string is unaffected by the orbifold
action. On the other hand, the terms in the second line of (3.3) are the orbifold blocks
specific to the order N = 2 shift along one of the circles of 76 and the order N permutation
on the left-moving chiral bosons.

Helicity supertraces can be obtained from the generating function (3.1) by taking
appropriate derivatives with respect to the generalized chemical potentials v and v coupling
to the left and right helicity, respectively:

B 10 10
Bn(q,Q)Z(

2mi Qv 2mi OV v=0=3
We now want to obtain the fourth helicity supertrace By4.*?> The fermion terms in the first

)n Z(q,qv,0)| . (3.8)

line of (3.3) can be rewritten using the Riemann identity to give 63 (v/2). This implies
that the only combination of v- and v-derivatives that does not vanish when evaluated at
v =1 = 0 is taking four v-derivatives, since 6;(0|7) = 0. Using further
950|172 |(@ = 277j(7)? 3.9
[a)@n)| = 2wt (3.9)
and £(0) = £(0) = 1 we obtain®?
. 31 1
Bia:q) = 5 772+6><< 2266[ | 25| ]) (3.10)
g,h=0
Inserting the identities (3.6) and (3.7) we can also write

3 1[0%,0(7) Ops(1)(27)
2 2| 6’6[8”W

;

Before interpreting the result (3.11), we interlude with a reminder of the unorbifolded

By(q,q) =

+ 67271'1/3

case. The contribution with Zg6[J] corresponds (up to the factor 1/2) to helicity super-
traces of perturbative states in the unorbifolded theory Het[T°]:

unor — 1 — 3 1
By"™(q,q) = p x Z6,6(81(a. ) ‘9?38(1)(7') x 202(r)

42Gtrictly speaking, this is rather another a generating function, not yet a helicity supertrace €04 in the

(3.12)

sense of section 2.
“3The factor 3/2 arises as 24 x (1/2)* coming from the 4! = 24 permutations of ¥-derivatives and the
inner derivative, cf. the argument ¢ = v/2.
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Let us pause to recall the semantics of this factorization. We have a continuous degeneracy
due to the momenta ps3,ps in the non-compact directions transverse to the light-cone,
leading to a factor of 1/75. Also we have the Narain-lattice sum of vectors Q € A =
Eg(—1)®2@ U0 and a factor 24(7) corresponding to oscillator modes of 24 chiral bosons
(transverse to the light-cone). As seen from the four-dimensional spacetime perspective for
each momentum (p3,ps4) and electric charge vector @) € Az (momentum and winding)
we have the full tower of DH states generated by allowing arbitrary left-moving oscillators
while keeping the superconformal sector in the ground state. The latter is, due to the GSO
projection, a Weyl spinor with 28/2 — 16 components. Hence for fixed (p3, pa) we can relate
the fourth helicity supertrace of states with charge @) to the absolute degeneracy of states
with charge Q as**

3 3

3729%8(@) = —pas(N). (3.13)

dn(Q,0) = Qu(Q) = 5

The level number N (not to be confused with the order of the CHL orbifold group) is
related to the charge @) € Aas ¢ via the level matching condition

No1= ] (Qh-0}) =@ (3.14)
Also recall that in the unorbifolded case the discriminant function A(c) = n?*(o) appears
on the diagonal divisor limit of x4 (Z), which is the (complete I = 1) quarter-BPS par-
tition function of heterotic strings on T° (cf. the discussion in 2.2.2). Historically the
appearance of this perturbative half-BPS partition function and its magnetic counterpart,
together with manifest electric-magnetic (S-)duality between them, was a crucial point in
the proposal of [5].

We return to the CHL orbifold and apply a similar logic to B4(q, ¢) in eq. (3.11), which
we split into the untwisted and twisted sector contribution,

By = B{™™ 4+ B (3.15)

Untwisted sector. To read off the degeneracies of DH states with fixed electric charge,
the Narain-lattice vectors (Pp, P,) € Eg(—1)%? are decomposed*® with respect to their sum
— which is invariant under 79 and hence a physical charge — and their difference. That is,

P tP,=2P £ P (3.16)

for some root lattice vectors Py, P_ € Eg(—1) and a shift vector P € Eg(—1)/(2Es(—1)).
The latter represents an element of a finite group of rank 2%, which is by a simple rescaling
by 1/4/2 isomorphic to the residue component from Fg(—1/2)/Es(—2) in eq. (2.25). In

“Recall that p24(N) is the number of ways of writing the non-negative integer N as a sum of 24 non-
negative integers. This is also the Fourier coefficient of ¢™ ' in n~2*(7). For any T € H the Fourier series of
the latter converges, so there is no ambiguity, i.e., no wall-crossing for these half-BPS states and no moduli
dependence in 4.

5 Also see [149] for a relation to numerators of affine characters of Es at level two.
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terms of F3(2) theta functions with characteristics P, defined as

. P2
Opg(2),p(T) = Z exp [WZT (\/iA - f) ] , (3.17)
A€Fg(1) 2
the theta function for Eg(1)®2 may be expressed as
0%8(1) = 9%8(2),1 +120 92E8(2),248 + 135 9%8(2),3875 . (3.18)

Here it has been used that 6 (o) p only depends on the orbit O, of P under the Weyl group
of Eg. There are three such orbits, namely the orbit of the fundamental weight of the trivial,
of the adjoint and of the 3875 representation of respective lengths 1+ 120 + 135 = 28, i.e.,

Es(-1)

m = 01 U O9y8 U O3875 , (3.19)

where the subscript labels the dimension of the respective representation. In general, any

vector @' in Eg(—1/2) = %Eg(—l) decomposes as

b
V2

for appropriate elements Q" € Eg(—1) and P € Eg(—1)/(2Es(—1)), and therefore one

also has

Q 2Q" +P) (3.20)

Eg(=1/2) = Es(=2) U (Es(=2) + Oa45) U (Es(—2) 4 Oss75) (3:21)
QES(%)(T) = Opg2)1 + 1200p,2)248 + 1350p,(2)3875 - (3.22)

Both (3.18) and (3.22) are easily checked by writing 6z (2) »(7) in terms of theta constants
(see appendix A). Note that under 7 — 7+ 1 only the sign of the term corresponding to
the 248-orbit in (3.22) flips, since P? = 2 (mod4) for this orbit, while P? = 0 (mod 4) for
the other two orbits.

The untwisted sector contribution reads in terms of the 6 2) p(7) functions*®

3 Ze,6[0] + €Z66(7] 1 (Oy2)1 1
Buntw _ 2 910 OL1 0 - < 8l4), >
1 (q,9) 9 ¢ 66{%;_1} 5 Bs(2)1 % 9 \ T2t + “B)E(2r)

OEg(2),248 Opg(2),387

In this form BJ™¥ corresponds to the non-orbifold counterpart (3.12), with the modular
form on the right-hand side of each “x”-sign playing the role of n=24. The Eg theta series
inside the parentheses sums only over the unphysical charge (@)2. The sign € corre-
sponds to two kinds of DH states in the untwisted sector. It specifies the sign picked up by

the oscillator monomial under Zy (cf. [144, eq. (3.14)]). This goes along with an even (+41)

. . 4 o
46This corrects a typo in [144, eq. (3.42)], where ejjlﬁ = ;’W‘L = W,
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or odd (—1) number of momentum quanta along the CHL circle, such that the two phases
coming from the (left-moving) oscillators and the (left-moving) zero-mode cancel out to
give an invariant state. As can be seen, e.g., from the explicit form of the T-transformations
on charges in [56], this “momentum parity” along the CHL circle is also invariant under
T-transformations, so we have a splitting into two disjoint T-orbits. Correspondingly, we
find that untwisted sector P = 0 DH states with odd (even) momentum parity possess a
separate half-BPS partition function

1 (g2 1

- 3.24

2( > +€778(T)778(2T)) (324
with € = —1 (¢ = +1), as was implicitly used in writing down [44, eq. (6.5.12)]. For

untwisted sector states with P # 0 the parity of the CHL momentum does not play a role
in the counting, as seen from eq. (3.23).

To get the half-BPS index for states with fixed electric charge from these partition
functions we reformulate the level matching condition (3.14), as the quantity @ € A
in (3.14) is no longer the physical electric charge in the orbifold theory. In the untwisted
sector we introduce the modified level number

_ 2 2
N’ ::N—(P14PQ):N—<P_—723> (3.25)

and with a physical electric charge Q € Eg(—3) ® U & U® we find again N’ — 1 = 1Q>.
Thus, when expanding eq. (3.24) in terms of ¢ = €2™7, the exponent of ¢ in each term
gives %2, while the coefficient gives the desired index Q4(@,0) for @ in the respective
charge sector (ignoring the universal factor 3/2), i.e., Q € Eg(—2) U (2) @UP for e = +1
and Q € Eg(—2) ® (U\U(2)) ® U® for ¢ = —1 in the example of (3.24). Here we have
identified U(2) C U as the (non-shifted) momentum-winding vectors with an even number

of momentum quanta along the CHL circle.

Twisted sector. The twisted sector part of By is

i Z5.b] + eZasl] (1 e2mif?
B =g x 2 B ["E&W 3 (nSmnS(;) +6nS<T>n8<T2“>>
+ 120 Opg (2,248 X ( 3 ! ¢ e 1 )
: Bt (r)nd(T5h)
+ 135 Opg(2),3875 X ( 8 : Te Gl )] ’ (3.26)
: BOeg) - s (rmB ()

Note that the relative sign between the two terms in each pair of parentheses is that of
(—1)Q" = (=1)P*/2(=1)@7 with (—1)@? = ¢. The twisted sector level-matching?? equates
the exponents in the g-expansion of the functions in parentheses in (3.26) to the value
of 3(Q3+ Q3+ QI+ Q) € %Z, where (Qs,Q1,Qs5) € Es(—3) @ (U + g) DU is a
physical electric charge vector in the twisted sector. The term Q% occurs twice, as the

47See [117, eq. (2.14)] or [144, section 3.3.].
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internal Fg momenta in the twisted sector automatically satisfy Py = P,. With slight
abuse of notation we WI‘itGQQ = (Qs,Qs,Q1,Q5) € Es(—3) & (U + g) ® UP® such that
F(QE+QE+Q1+ Q%) = % This allows to treat the untwisted sector and twisted sector
on an equal footing.

Comparing the sectors. In accordance with the analysis of the perturbative spectrum
in [117], the degeneracies for certain subsectors of the untwisted sector agree with twisted
sector degeneracies. This is due to the modular identities

1 (9E8(2) 1 1 ) 1 —2m/3
= =+ = 5+ + 3.27
2\t e B IR (3:27)
1
OEs(2 )248
1

1
2
} (HES(Q)J B 1 ) 1 1 + —2m/3
2\ n* nd(rnP2r)) 2\ n*(1)nP(3) (7
_1
224 2 i
_ 1

(3.28)

1 —27rz/3
- 3.29
( () @ (3:29)
9E8(2)3875

1 —27i/3
20?4 2 (778(7-)778(;) +n8(7)n8(r42r1)> . (3.30)

Note that on the right-hand-side of egs. (3.28) to (3.30) the second term is, up to sign, the
first term shifted by 7+ 7 4 1, which is

ot 1
P(rnf(3) Ve
Hence, adding the second term to the first projects to terms with even (egs. (3.28)

and (3.30)) or odd (eq. (3.29)) exponents of /g = ¥ The parity of this expo-
nent modulo two matches the parity of Q?/2 and due to this one might simply regard

+ 8+ 52,/q + 256q + 1122¢%/% + 43524 + 15640¢°/? + O (q3) . (3.31)

n8(T)n8(%) as the half-BPS partition function for twisted sector DH states — and in
fact as the half-BPS partition function for DH states with charge in any of the sectors
listed in egs. (3.28) to (3.30). The only charge sector that is not covered by this is that
of even momentum P = 0 untwisted states with e = 41 in (3.24), i.e., electric charges
Q € E3(—2)aU((2) U = A, C A.. Their degeneracy is not just given by the coefficient
of ¢@°/2 in n~8(r)n~3(%) but gets an extra contribution from the coefficient of ¢@/? in
n~8(7)n~8(27), as also observed in [60]. Another way to arrive at the same conclusion is
via the following identity. Since the exchange of the two Fg factors alone without the shift
along a circle of the torus gives back an equivalent theory, there is an equality between the
partition functions of the two theories [42, appendix B]:

Ey(r)? _ 1Ey(1)* | 1E4(21)  1E4(3) L€ e=2mi/3 By(TH) (3.32)
n'o(r)  20(r)  2n3(27)  21%(3) 2 A '
Using this (3.11) can be re-expressed as
3 L'z 1 Ty 1 Ty [(-)9]
Bu(q.q) = —— ‘- SR . T , 3.33
(@D = o, eeen T 2R ) 539
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where the notation [60]
Tpo[¥] = Y & 29 2% (3.34)
Q€A
was introduced. Pairs of (Narain) theta functions multiplying the same eta-quotient have
been recasted into a single lattice sum for the electric lattice A, or magnetic lattice A} C A,
as defined in (2.18). An equivalent representation is

3 @ | Jgea: 1 1 ()¢

1
Biy(q,q) = G QEAS‘J S E@Ren T 280 TIR(g) | 2e2mil3pB(r)ps(TEL) |

(3.35)

2
where (—1)9" = (—1)%(—1)hQ'5 with h as in (3.5). This also nicely demonstrates the
assertion that the DH states are electrically charged with respect to A as given in (2.18).
In section 4 a genus two analog of (3.32) will become important.

4 Quarter-BPS spectra from genus two partition function in the
75 model

Our analysis in section 2 mostly concerned generic quarter-BPS partition functions. We
now turn specifically to unit-torsion quarter-BPS dyons in the Zo CHL model, the prime
interest being dyons whose electric charge in the heterotic frame belongs to the untwisted
sector. The goal of this section is to obtain closed expressions for the relevant partition
functions by relating them to a genus two chiral partition function for the four-dimensional
heterotic Zo CHL model.*® Properties of the candidate dyon partition functions thus
obtained will be addressed in section 5.

According to [41, 42, 58, 150] quarter-BPS dyons can be represented as string webs [151,
152], which via an M-theory lift are related to a chiral genus two partition function of the
heterotic string. As was argued in [43], the genus g of the M-theory lift of the string
web is actually given by ¢ = I + 1, so the genus two partition function is expected to
only capture unit-torsion dyons (I = 1). Indeed, in [42] the twisted sector dyon partition
function of [39, 40] was re-derived by identifying appropriate contributions to the genus
two orbifold partition function that can be interpreted as arising from states of the relevant
charge type.* Our untwisted sector quarter-BPS partition functions should in a similar
fashion be found in this heterotic genus two partition function. The latter was recently
revisited in [61, section B.2], expanding the results of [42] by, for instance, also writing
down the remaining orbifold blocks. For the sake of a clear and coherent presentation,
we will reproduce parts of [61] and collect the relevant formulae that are needed in the
subsequent analysis.

Genus two orbifold blocks. As in the one-loop case, the chiral partition function is
given by a sum of orbifold blocks, each associated to a choice of periodicity conditions

“8Left- and right-moving partition function should be understood as in [42, f. n. 2].
““The contour prescription and wall-crossing phenomenon can also be studied in the genus two pic-
ture [150, 153], though the analysis was mostly spelled out for the maximal rank theory.
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[h1, ho] and [g1, g2] along the A- and B-cycles of a genus two surface with period matrix
Q=(I5)= (8; 8;3) = Q1+ € Hy, ie.,

1
ZW=5 Y Zhk] (4.1)
hi,h2€{0,1}
91,92€{0,1}

At least on the locus of the moduli space where the Narain-lattice splits as Eg @ Eg @ Ag 6
we may factorize the orbifold blocks into a contribution of the ten-dimensional Eg x Ejg
string and the contribution of the bosonic zero-modes of the chiral bosons on 7,

Z{gi 93} _28{95 93} ZGﬁ[gi g§]~ (4.2)
Here we have
Zogllile]= Y (1) @QtnQ) (rQp0nQ) im0y (4.3)

(@1 7Q2)€Ag% hal

with summation over r,s € {0, 1} here and in the following (no distinction between upper
and lower indices made). Let us abbreviate the exponential by e, 0,(€2). Also we have

h h
Ag?é’hﬂ = (A6,6 + ;5) ® <A6,6 + ;5) , (4.4)

the genus two analog of the Narain-lattice associated with T, shifted by half of the null
vector § = (0%; 01 1).50

In view of the twisted sector dyon states, the authors of [42] computed the orbifold block

~0RP(2r,22,20)  ©9)(3,2,20) OF)(TH, 2,20)
P60 16 ®6 1 16 g o

(4.5)

building on the results of [154]. Here we have the genus two theta series for the Eg root
lattice,
02 (q) = Q@ — p)(q 4.6
55 (£) ) e i (), (4.6)
(Q1,Q2)€Es®Es

agreeing with the Siegel-Eisenstein series Ef)(Q), as well as the weight six Siegel modular

forms ®¢ ) defined in appendix A (one of which is given by a multiplicative lift of the K3
twining genera of class 24). Rescalings and shifts in the arguments of the Eg theta series
can be rewritten in terms of the theta series for 2-modular lattices and insertions of sign

%0VWe interpret 6 - Q; as the momentum of the “CHL circle boson” flowing along the i-th B-cycle of the
genus two worldsheet. This should correct a typo below [61, eq. (B.52)] (there: “winding” instead of
“momentum”) and restore consistency with [60, section A.1]. Also note that we have dropped a factor of

(det 92)6/2 in Zg 6 [ Z} Z; ], which will not be relevant in our discussion.
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factors, for instance:%!

0% (27,22,20) = S @@ - g o) (4.7)
(Q1,Q2)€
By (2)©Fs(2)

09(3,2,20)= 27 Y O (4.8)
(Q1,Q2)€
Fs(2)*®Es(2)

Of (4t 2,20) = 270 Y (- @, (4.9)
(Q1,Q2)€
Es(2)*®Es(2)

Further expressions of this kind we will encounter below are moved to appendix A. The
third and second term in (4.5) turn out to be modular images of the first under the Pe-
tersson slash operator,

0¥ (27,22, 20)
Zs[5 9] = > ( : Tos

ver&2)/r¢) (2)

, (4.10)
.,

see (A.65) and (A.66) for explicit v. Per definition 1“2?(2) C Sp4(Z) is the index 15 sub-
group that preserves the periodicity conditions (characteristics) [§{] modulo 2, while the

(2) (2)

group I'g; (2) is its intersection with the level two congruence subgroup I'g™(2) C Spy(Z).

This intersection has index 3 in Fg)(2), the three cosets correspond to three terms in
eq. (4.10) or eq. (4.5). Since E£2)(2Q) and ®g(2) are Siegel modular forms for Fé2)(2)
(they are invariant under (-)|, for v € F(()Q)(2)), the other summands in (4.10) are Siegel
modular forms with respect to subgroups conjugate to F(()2)(2). From (4.10) it is clear that
Z3[9 9] is indeed invariant under the group Fg)(2) C Sp4(Z). An analogous formula also
holds when the torus contribution is taken into account,

(2) Qs
EAET D' (FU@S@E8@>[< 1 })

g
ver (2)/15) (2)

, (4.11)

¥
where we adopted the notation

Ffo) [X] _ Z X eiﬂQr,LQsz,L*iﬂQr,RQrst,R (4_12)
(@1,Q2)€(Ao)®2

for the case Ag = U0 @ Eg(2), X = (—1)%92 (the Fg charges being only “left-moving”,
as consistent with (4.6)).
Further modular transformations on the above block (4.11) with 4 € Sp4(Z)/Fg)(2)

generate the remaining 14 of the 2% — 1 = 15 orbifold blocks with non-trivial boundary

hi hg
g1 g2

conditions. The respective part from Zg[
The orbifold block Z [8 8] forms a separate orbit, which is the genus two chiral partition

} is displayed in table 1 for convenience.

function of the parent model, the (left-moving) heterotic string on 7% and the same holds
for Z[J9] in eq. (4.13) below.

"TLater we need theta series related to the ones in (4.5) by an exchange in the roles of (7, Q1), (o, Q2),
see egs. (A.44) and (A.45).

_97 —



- 2
(2] Zg[lhe] 5 € Spy(2)/T2(2)

) 2) @) (r+1 1000
[00] ®E8 (27,20,22) @ES(%,U,Z) @ES(TT,U,Z) 0100
01 ®g,0 24@&1 24<I>6’2 0010
0001
@) @) ) +1 0100
[00] @ES (27,20,22) ®E8 (27—,%,z) GES (27’,0'2 \Z) 1000
10 P60 24@6,3 24@6,4 0001
0010
2) (2) (2) /741 100 0
[01] eES(QT»%VZ) ®E8(%7%’§) + GES(TT’%yg) 000 —1
00 24<I>6,3 28@675 28¢'6’6 001 0
010 0
2) @) 2) (1 ot1 000 -1
[10] ®E8(%’20’Z) ®E8(%1%7%) ®E8(%702 7%) 100 0
00 24<I>6 1 28‘I>675 28‘19677 010 0
001 0
(2) (2) (741 o41 241 (2) —224 1000
[11] Ok (5:5:3) + Ok (55 %) + O g (27, 7=57,2—7) ~100 -1
00 28<I>6 5 28‘11)6 9 24(1)6,13 0110
0100
(2) +1 (2) +1 (2) (741 o1 100 0
[01] ®E8(2T702 ) GES(%’JQ 3) + ES(TQ 3) 010 -1
01 24@6,4 284)6,7 28(1)6,8 001 0
010 0
(2) (r41 (2)z+1 (2) (41 of1 010-1
[10] O (75:20,2)  Op/(5.5,3) Op,(5555) 1000
10 24@6 2 28(1)6,6 28<I>678 010 0
001 0
(2) (2) +1 (2) 1 +1 01 00
[01] ®E8(2T7%7z) + eEs(%zgazz )+ eES(TT7%722 ) 00 —-10
10 24q>6,3 28<I>6710 284)6,11 00 11
1-1 00
(2) 41 (2) 741 o+1 z+1 (2) 1 +1 01 -1-1
[10] Op, (75202 Op (5,5 55) n Ok (55:55) 1-10 0
11 24(1)6,2 28@679 28<I>6’11 01 0 O
00 1 0

(2) (2) +1 (2) +1 241 00 —1-1

[10] eEs(g,za,z) 9E8 59,5 )_|_ @Es(%vaz ) 1-10 0
01 24q>671 28‘136,10 28‘P6’12 01 0 O
00 1 0

(2) +1 (2) (741 o+1 z+1 (2) +1 241 01 00

[01] ®E8(27-,"2 ) + eEs(Tz ) + 6E8(5702 7) 1-1-10
11 24‘1’6,4 28@679 28436,12 00 11
1-100

2 2 _ 2 _ 0100

[00] @;ES) (27,20,22) n 95952 (27, ===2 222"'” Z—T) n 9598) (27, =222 22;'6+1,Z—T) 1100
11 6,0 24%¢ 13 24%6,14 00 11
0010

(2) 1 (2) 741 +1 (2) —2z+40+1 1000

[11] Ok (3:557:3) + By (25053 )+ g (2T 52 T) —110 -1
01 28513677 28‘136’11 24(I>6714 0110
0100

(2) 1 (2) 1 z+1 (2) —2z+4o+1 1110

[11] Op(53:3) _'_eES(%vaz 5 )+ B (2T T 2 T) ~100 -1
10 2851)6’6 28‘176’12 24(1)6,14 0110
0100

(2) 1 1 (2) +1 (2) —2z+ 1110

[11] Op (55 3) + By (35 5%) + g (27 =52 —T) —110-1
11 28<I>6,8 28‘1>6 10 24(1)6,13 0110
0100

Table 1. Chiral genus two orbifold blocks for the heterotic Zo CHL model (taken from [61]).
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As in the one-loop partition function there is a modular identity arising from the
equivalence of the Fg x Eg theory with its orbifold obtained by exchange of the Eg factors
(without any shift along 7°):

2
o)) /
28[881=[ 5@ _ > [l (4.13)
X10 h1,ha€{0,1}
917926{071}

This is the genus two analog of (3.32).

Using the behaviour of Ef) (©) and the genus two Thetanullwerte 64, 4,55, (€2) (Which
appear in ®¢ ) in the diagonal limit z — 0 together with some simple theta identities
(see appendix A), it is straightforward to verify that each orbifold block factorizes into two
genus one orbifold blocks:

Zg[hl hQ} = —47322

o Zs| ] (7) 2|2 | (0) + O("). (4.14)

This limiting behaviour mirrors the wall-crossing constraints of quarter-BPS partition
functions.

Identification of quarter-BPS partition functions. In the following we will iden-
tify the genus two period matrix 2 € He with the chemical potentials conjugate to the
quadratic T-duality invariants obtained from the electric and magnetic components of a
dyonic charge,
!
Qlz (=(12). (4.15)

This means 7 is conjugate to the magnetic charge %PQ, whereas ¢ is conjugate to the
electric charge %Q2.52 It has important consequences for finding the contributions in Z
that can be interpreted as arising from appropriate dyonic charges (@, P) = (Q2,@1) in
the lattice sums. The most convenient way to write Z for the following discussion is

1 /
2=2 3 Zs[hhe] (Zssl§9]+ Zes[lt2]) - (4.16)
hi1,h2€{0,1}
g1,92€{0,1}

g1 g2
the summation over ()1 = P in the lattice sums must go over the non-shifted lattice for

We first address the toroidal part Zﬁ,ﬁ[hl hQ} and recall (4.4) and (2.18), finding that

the interpretation as a magnetic charge being possible, i.e., we must consider terms with
hi1 = 0. Also P € A, has components only along the sublattice U(2) C U. This further
restriction will naturally be satisfied for terms in the Zg[’ﬁ Zg} blocks that appear both
for g1 = 0 and g; = 1. The reason is that this effectively means the presence of the desired

52The roles of the chemical potentials 7, o on the diagonal of the 2 x 2 period matrix are switched with

respect to [42, p. 8]. As a remark, switching the diagonal entries of a period matrix corresponds to the

action of the symplectic matrix (A.5), U = (?}), switching the periodicity conditions along the pairs of

cycles (A1, B1), (A2, B2), ie, (le Z;) — (Z; h ) However, in the sequel paper [43] the authors also use
the convention employed here.
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projector 3(1+ (—1)91%) to U(2) C U in the toroidal lattice sum. For untwisted sector

charges Q € Eg(—1) @ U @ U®?, i.e. hy = 0, such terms can only arise for
(2] e L1981, 991. 1891}, (4.17)

while for twisted sector charges @ € Eg(—1) @ (U + %) @ UP ie., hy = 1, the analogous
statement is

[Bete] e {24019 180,181} (4.18)

Note that due to the replacement (4.13) the characteristic [ 3] is not listed in (4.17).
Inspecting table 1, terms in the above blocks that appear for both g cases are the ones

with denominators

O, P63, Poa and Dg3, Py, (4.19)

respectively. Collecting these and writing out the sum over the torus lattice gives for the
untwisted case (hy = 0)

@gg) (271,22,20)

% Z €Q1,0:() (1+ (_1)5@1 + (_1)6-622 + (_1)5'Q1+5-Q2)

Q1eU%6 @6’0
Q2eU®6
0% (27,22, 9) P O} (27,22, 741
T T E5 ) gy (L@ s 2 (4 (1) 4.20
T (14 (=1)%@) + 165g.5 (14 (=1)7%1) (4.20)
and
Ly ) | 2B ey CRER2EEY
- e YT Y - .
22 Q1eU®s @ 1663 16 %a.
Q26(U+3)aU®®

for the twisted case (ha = 1). As announced, we may factor a projector (1 + (—1)%1?)
and henceforth restrict to summation over U(2) C U.

Next we address the Fg part. Recall that the charge components Q' = v2Q" + %
along Eg(—3) C A. come in three classes, where Q" € Es(—1) and P € Es(—1)/(2Es(-1)),
labelled by the orbit O7, Oa48, Osg75 under the Weyl group of Eg that P belongs to. For
these orbits O, define

Opi= Y > /M@ (4.23)
Pe0: (Q1,Q2)€
Es(2)ee(Es(2)+%)

— 30 —



The Siegel theta functions in the numerators of (4.20) may be re-expressed as

0% (27,22,2) = Y e = (4.24)

(Q1,Q2)€
Eg(2)®Es(2)

@SEZQ (27’, z, %) — 94 Z TR s Q° — O] + Ooys + Osgrs (4.25)

(Q1,Q2)€
Es(2)®Es(2)*

Ofer o) =2 3 M ()% = 0, — O+ Ouers. (426)

(Q1,Q2)€
Eg(2)®Es(2)*

The second of these relations is a genus two analog of (3.22). Collecting ©, gives

1(1 + (_1)6-Q2) 1 1 1
Q) |le 2 _
Z eQ17Q2( ) [ 1 X ( @6,0 + 2\16 @673 + 16 (1’6,4

Q1€U(2)aU®?
QocU®6

1{ 1 1 1{ 1 1
B Xy <16 D3 16 @674> T D881 X 3 <16 Bos | 16 @674” (4.27)

This in turn is the genus two analog of (3.23), the terms on the right-hand-side of each “x”-

symbol give the quarter-BPS partition function in the respective subsector of the untwisted

charge sector, depending on P and (—1)%@2 of the electric charge of the dyon. The sign
2

between ®g zl,) and Pg }1 matches (—1)737. Note also the presence of a projector in the term
with ®¢. It is zero unless the winding along the CHL circle is even, and since this term
only occurs for P =0= hg, we can equivalently say that it only arises for Q € A,,, C A, (or
r(Q,P)=1[Q]=10]). With the identities (3.27) to (3.30) we recognize pairs of corresponding
modular forms (®¢0,7%(0)n%(20)), (Pe3,7%(0)n*($)) and (Pe4,7%(0)nd(ZL)). The first
pair contains the cusp form for the level two congruence subgroup I'g(2) of the (Siegel)
modular group, the second is obtained from it via an (embedded) S-duality transformation
(") on o and the third pair is the o+ o+1 translate of the latter. Besides this we have

1 1 1 1
(1)6,0 - (271-1'2)2 778(7-)7]8(27_) 778(0’)7]8(20) (1 +O(ZO)) (4.28)
1 1 1 1
16Des  (2miz)2 nd(T)nP(27) ()3 (%) (1 "’O(ZO)) (4.29)
1 1 1 o—2mi/3
16Pes  (2miz)2 n3(T)P(27) ()P (25L) (1 +0(20)) ; (4.30)

by the help of which we immediately see that (3.27) to (3.30) re-appear in the linear
combinations of (4.27) near the diagonal locus z = 0. The same holds for twisted sector
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electric charges and

1 1 (—1)%@2
S e oy (gt
OreU B 2\ 16®g3 = 16Pgy
Q26(U+5)aU®5

1 1 (—1)0Q2 1 1 (—1)>@2
Oaus X = . 0 e
+ P28 x5 (16 Bos 1654 ) OB X3\ 16dgs | 16®64 ) |’

(4.31)

corresponding in turn to (3.26). As in the genus one case, these linear combinations of P4 %
and ®q 411 basically imply the projection to Fourier modes with even or odd exponents of
e?™7 depending on the parity of the momentum along the CHL circle encoded in (—1)‘5'@2.
One may thus argue that the quarter-BPS partition function of unit-torsion dyons with
twisted sector electric charge @ € Eg(—1)® (U + g) @ U is simply 2*4<I>g, 3, in agreement
with the result of [39, 42, 54].%3

Comparing the untwisted and twisted sector results (egs. (4.27) and (4.31)) and follow-
ing the logic of section 3, we similarly find that the quarter-BPS index of unit-torsion dyons
is given by the Fourier coeflicient of ¢4 il)) (understood with the moduli-dependent contour
prescription in (2.32)) plus an extra contribution in case that @ € A,, C A¢, coming from
the Fourier coefficient of g, é. By analogy with eq. (3.35) we can write

0Q.en: 1 1 (_1)Q%
~ 2eAr 1 . 4.32
Z 6@1@2( ) [ g + 2 \16Pg3 + 16 ®6 4 ( :
Q1€AR ' ’ 7

QQeAe

For later convenience let us introduce some notation for the basic partition functions that
are encountered here

1 1 1 1
70 — = 4.33
2 <16 @6,3 + 16 (1)6,4> + <I>6,0 ( )

1 1 1
yAS + . 4.34
2 (16@6,3 16<1>6,4> (4.34)

The forms Z( and Z(+) may also be rewritten in terms of modular forms W,Y, T for the

Iwahori subgroup B(2) C Sp,(Z) (see appendix A) via

1 1 1 N 1 16T
W g’ 16063 16054 YW’

(4.35)

where YW = yqg is the Igusa cusp form.

Our findings are compatible with the findings of [61, eq. (2.14)], if our partition func-
tions are subject to the condition P € A,,\2A.. In section 5 we will support this state-
ment by considering wall-crossing. To conclude, the M-theory lift of string webs argument

" Note that ®63(7,0,2) = Pg,1(0, T, 2) upon swapping the diagonal elements, so this is the same Siegel
modular form as in [42] once the meaning of the chemical potentials is properly matched.
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of [42, 43, 58], which lead us to analyzing the chiral fluctuations of the genus two heterotic
CHL string, provides quarter-BPS indices for a large class of unit-torsion dyons that are
compatible with indices obtained from suitable six-derivative couplings in the 3D CHL
vacuum in the circle decompactification limit [61]. As we have just shown, by analyzing
the genus two orbifold partition function in greater detail, one can make the previous point
not just for states with twisted sector electric charge (to which [42] was limited), but also
for untwisted electric charge sectors.

5 Modular and polar constraints in the Z, model

In the previous section we have proposed quarter-BPS partition functions for unit-torsion
dyons in various subsectors of the untwisted and twisted charge sector. In light of sub-
section 2.2 there are non-trivial constraints, especially from S-duality symmetry and wall-
crossing, such a partition function must satisfy. These constraints will be addressed in the
following. In fact, this analysis already highly constrains these partition functions. With
only few assumptions one might already “guess” the form of the latter.

5.1 Quantization of the charge invariants

First recall that for Q € A, the parity of

o P?
Q*="7+hQ-5 mod 2 (5.1)

depends on the Weyl orbit of the shift vector % € Es(—3)/Es(—2), the twistedness
h € {0,1} and the CHL circle momentum @ - & € Z. In fact Q? = [Q]? modulo two. This
parity is fixed within each of the charge subsectors considered in section 4 and determines
the periodicity the respective partition function must obey in the variable o. For even Q>
the period is 1, for odd @2 the period is 2. For each charge sector of eqs. (4.27) and (4.31)
(also see (4.32)) this expected periodity is indeed satisfied by the respective partition
function, as Z(© and Z(*) have period 1, while Z(-) is only periodic under o — o + 2.

Thus, according to (2.36), all symplectic matrices of the form

107 7o 1027
01 01727
2T e (5.2)
0010 0010
000 1 0001

acting on Z € Hs in the usual way leave the former two partition functions invariant, while
for Z(-) this is only the case if also r5 is even. For r3 = 1 the form Z(~) picks up a minus
sign. In all cases %2, Q@ - P € Z, so the period in both the 7 and z direction is unity.

5.2 S-duality symmetry

As a second constraint, the S-duality group for the Zo CHL model is I'1(2) = I'y(2) and

leaves unchanged the residue r(Q, P) = [Q] of a dyon charge, so for (¢%) € I'1(2) the
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embedded S-transformation (2.35), i.e., (4 B) in the form

db 0 0 27+1 7 0 0
ca 0 0 27 27 +1 0

N Sp,(Z .
00 a —c|S| o 0 2Z+1 27 Sp4(2), (5.3)
00 —b d 0 0 7 27+1

should describe the symmetry (2.34) of each quarter-BPS partition function, here simply
2(2)=2(Z")y, Z"=(AZ+B)(CZ+D)™'. (5.4)

For Z©) and Z(t) eq. (4.35) shows that (5.3) indeed is a valid modular symmetry as
the matrix lies in B(2), and for Sen’s partition function 2_4(1’(; }], this symmetry is also
known. The combination of these facts then demonstrates that Z(~) is also T';(2) S-duality
invariant.

5.3 Wall-crossing relations

We now apply the general lessons from 2.2.2 and study the implications of wall-crossing.

First wall. Regarding unit-torsion dyon charges (@, P) € A, ® A,, for any of the sub-
sectors of section 4 we first consider the decay into half-BPS states

(@, P) = (Q,0)+(0,P). (5.5)

This decay is encoded by the matrix (ao bo) = ($V) and demands that the respective

co do
partition function Z exhibits a quadratic pole at z = 0, with coefficient given by

Z((25)) x 5 97 (0) ¢ (1) + O(") . (5.6)
The functions ¢ ! (o) and ¢! (7) are the half-BPS counting functions of the decay products
(Q,0) and (0, P), respectively.

We start with the magnetic part. On page 32 we have already made the assertion that
our dyon partition functions are subject to the restriction P € A,,\2A. on the magnetic
charges. This was required by matching the results of [61]. It is also consistent with
wall-crossing. To give some background, we first remark that in [60], in accordance with
I'1(2) S-duality and Fricke symmetry, it was shown that the half-BPS index (fourth helicity
supertrace) for primitive charges (Q, P) € (Ae ® Ap)\ (A, @ 2A,) is given by

cd(2Q?, P2,Q - P
0@, P) = cs (—g Lo e )>, (57)
while for charges in the complement (Q, P) € (A, ® 2A.) it is given by
cd(2Q?, P2,Q - P cd(2Q? P2,Q- P
94(Q7P):Cg<_g (2Q 2 Q >>+08<_g <Q2'2 Q )>' (5.8)
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The numbers cg(...) are the (always positive) Fourier coefficients of the I'g(2) modular
form
N = i cs(m)q™ = 1 + 8+ 52¢ + 256¢% + O(¢%) . (5.9)
P (rm*2r) = q

Since %2 € Z in general, for purely magnetic charges (0, P) the first term in (5.8) always
contributes 08(%2) while the second term 08(%2) in (5.8) vanishes unless P? € 47. Fur-
thermore, considering @@ = 0 states where trivially @ € A,,, the condition P € A,,\2A,
holds if and only if (Q, P) € (Ae ® Ap)\ (A @ 2A¢), which in turn is equivalent to (5.7).
Otherwise (5.7) holds. Hence P € A,,\2A. is a sufficient condition for (5.7), and half-BPS
states of charge (0, P) being counted by

brl(r) = —— (5.10)

n(T)n®(27)
Indeed, the latter occurs on the diagonal divisor of all our quarter-BPS partition functions
by eqgs. (4.28) to (4.30), suggesting that our counting formula should be understood as
holding for states with P € A,,\2A..

The magnetic charge assumption for our unit-torsion quarter-BPS partition functions
in section 4 is also consistent with results in the literature that rely on charge configura-
tions for which this magnetic condition is explicitly satisfied. Regarding twisted sector unit-
torsion dyons, the derivation in [54, 56], which is independent from the ansatz pursued here
and in [42], starts indeed from charge representatives (Q, P) satisfying P € A,,\2A. and
arrives at the quarter-BPS counting function 2_4(1)6_, é This clearly exhibits (5.10) at z = 0,
counting half-BPS states with charge (0, P). Regarding untwisted sector unit-torsion dyons
in a certain (sub-)subsector, an analysis starting from explicit charge representatives (Q, P)
satisfying P € A,,\2A. was presented in [44, section 6.5] and again leads to constraints con-
sistent with our untwisted sector quarter-BPS partition functions (discussed further below).

Now we turn to the electric part. Here we can refer to eq. (4.32). Via the identi-
ties (4.28) to (4.30), the half-BPS partition function of states with charge (Q,0) always
reduces to the respective one in (3.35). This consistently works out for all types [Q] of
electric charge.

Since 7 8(7)n8(27) and Opy ) 1(0)/n** (o) transform as weight —8 modular forms
for To(2) = T'1(2) (recall (3.27), (3.28) and (3.30)), the weight of Z(®) and Z(*) must be
—6, which is indeed the case. They should also transform as Siegel modular forms under
modular transformations given by

27+10 Z 0 1 0 0 0
0 1 0 0 022+10 Z

N Sp,(Z A Sp,(Z 5.11

07 02z4+10]| 5P 0 0 1 0 P4(2), (5.11)
0 0 0 1 0 22 02Z+1

the first coming from the magnetic and the second coming from the electric part. Indeed,
as these matrices belong to B(2), the correct transformation of Z(*) and Z(©) is guaranteed.
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The form Z(7), where ¢ (0) = $(13(0)n®(3) — n®(o)n® (L)) is a modular form for
I'(2) (or for I'p(2) with multiplier (—1)%), transforms correctly under

97+10 Z 0 1 0 0 0
0 1 0 0 02Z+10 27

N Sp,(Z A Sp,(Z 5.12
27 02z410]|" 5P 0 0 1 0 P4(2), (5.12)
0 0 0 1 0 22 02Z+1

which of course must be the case as this is formally just a projection of the partition function
24@57 é to odd Q?/2. The latter is known to satisfy the modular and polar constraints
mentioned in subsection 2.2 (see [44, section 6.4] or [56]), and Z(~) will inherit this property.

Second wall. Next we want to investigate the decay into half-BPS states
(Q,P) = (Q—P0)+(PP). (5.13)

This decay is now encoded by the matrix (1) and demands that Z exhibits a quadratic
pole at 2/ =0 (recall eq. (2.41)), with coefficient given by

1 _
Z((25)) o 25 ¢ '(0/31,0) 6 (7'31,1) + O("). (5.14)
The variables for this decay are related via (2.46), explicitly

2 o z4o o

7! — (‘r’ z’) — (T+0+2z z+0) ) (5.15)

Even though this decay is related to the previous one by an S-duality transformation
in I'1(2), we shall briefly analyze it to further illustrate the appearance of the Iwahori
subgroup B(2) for Z© and Z(H) on physical grounds. Furthermore, it allows to better test
the untwisted sector partition functions against the analysis presented in [44, section 6.5].

Now note that adding any vector from A,, to @ € A. cannot change the residue
Q] € A\AL. As we have seen in section 3, the residue selects the half-BPS partition
function of purely electric states, so the partition function for decay products (Q—P,0) € A,
will be the same as the one for decay products (Q,0), i.e.,

¢. (0'31,0) = ¢, (o). (5.16)

For unit-torsion dyons the electric component (@Q,0) must be primitive and consistency
requires (@ — P, 0) to be primitive as well. Namely, if Q — P = nQ’ for some integer n and
primitive Q" € A¢, then QA P = n(Q" A P), but we know that I = ged(Q A P) = 1 for unit-
torsion dyons, so n = 1. Similarly, in the new duality frame obtained by the S-duality trans-
formation ({ }) we still count dyons of unit-torsion, so again  — P must be primitive in A..

Since S-duality also relates (P, P)" = ((21)(0,P))" to (0, P), we know that
01

1
=1/
i1,1) = 57—
P (D = S
Both (5.16) and (5.17) also follow from S-duality invariance for elements (5.3) by combin-
ing (5.4), (5.6) and (5.15).

(5.17)
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We have already mentioned that the functions appearing here are, in the case of Z©

and Z(+), modular forms for the congruence subgroup I'g(2) = T';(2) > (:11 ’gi ), (Pr .

Employing (2.48) and (2.49), each Z is required to transform as a Siegel modular form with

respect to
apor—1 B 0 I11l-pr @1 —¢
0 1 0 0 0 m —-a «
N Spy(Z), N Spy(Z), 5.18
o s o|mm@. O T T nse@, Gas)
m m 0—-11 0 r 1-s1 s

where 71 and r1 are even, while a1,d1,p1 and s; are odd. For Z(5) the integer ¢; must
be even.

Again we compare these constraints to the explicit form of Z© 7)) and Z-) proposed
before. Since (2.46) describes an S-duality transformation for this decay code, Z(Z) = Z(Z'")
holds via (5.4). This immediately translates (5.6) into

ot
()P (27)

and therefore matches (5.14) with (5.16) and (5.17).

2(2) x % 61 (o) + 0", (5.19)

Third wall. There is one decay channel only possible for dyons with untwisted sector
charge (@, P) subject to the extra condition @ € A,, C A¢, namely

(@.P) = (Q,Q)+(0,-Q+P). (5.20)
The decay code (gg Zg) = (19) does not lie in I'y(2) and coordinates appropriate for this
pole are now by (2.46)
/ / + T
zZ=("°)=( " ¢ = M3,2 5.21
<z’a’> <z+TT+U+2z 5 (5:21)
with
100 0
110 0 )
Mz, = Ty’ (2)\ B(2). 5.22
3 001 —1 clo ( )\ ( ) ( )
000 1

Recall that @ is primitive in A, since we consider unit-torsion, so the first decay product
(Q,Q) € (A \2A.)®? is again counted by

¢ (0 1,1) = — ! (5.23)

18 (0")n®(20")

in accordance with (5.7). Note that (Q,Q)" = ({ 1) ( (%) is related via an S-transformation
in T9(2) to a purely magnetic charge of the form (0, P) € A,,\2A..%

180 the subscript “e” in ¢, *(c”;1,1) is a notational artifact inherited from [44].
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It was mentioned before that () — P is primitive for unit-torsion dyons, so the second
decay product, a purely magnetic half-BPS state of charge (0,—Q + P) € A, \2A,, also
corresponds to the eta-quotient

rl(0,1) = — (5.24)

()P (2r)

Combining the ingredients we infer that wall-crossing demands that for 2’ — 0 the
quadratic pole in Z(9) becomes

Z0((13)) & o5 6710 1,1) 951 (70,1) + O() (5.25)

with the given eta-quotients. As a consequence, by (2.48) and (2.49) the partition func-
tion Z(© should also transform as a Siegel modular form with respect to the embedded

transformations
aq 0 B 01 1 00 O
—a1—11 — — -1 0
aq p1 —B ’ P1 P1 q (5.26)
1 0 6 o0+1 rn 1mls—1
0 0 0 1 rr 0 s

where (:11 ?11), (M3 er(2).

Let us see whether (5.25) is also satisfied for the concrete Z(%) proposed before. Starting
from (4.35), we consider the tautology Z(0(Z) = 20 (M5, Z"). Since My,! € F(()2)(2) \ B(2),
only the B(2) modular form T transforms non-trivially, so for T(M.!Z') we may use
the transformation formula for theta characteristics (see appendix A) to find a new

L o
Mgy 3l o ) p=1 & |- (5.27)
b2 b1+b2

162 T(Ms_lzl) = 9%100(2/) 9%111( /) (5-28)

characteristic

This means that

and thus
2W (2" 32 YW(Z") ' '

z70(2) =

Now use the behaviour of the theta constants 04, a,p,6,(Z’) under 2’ — 0 (again see ap-
pendix A) to find that the second term in (5.29), being proportional to #%,;,(Z’), vanishes
quadratically in 2’ for 2/ — 0. Only the first term contributes to the quadratic pole in 2z’
which is relevant for the BPS indices. More precisely, for 2/ — 0 we have

1 1 1 1 1 ,
200 =5 i 2 ) W) T O 60

nicely matching our wall-crossing expectations. The calculation also shows that only ®g [1)
contributes to the pole, while Z(*) does not.
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Modular symmetry group. In close parallel to [44, section 6.5] the question emerges,
whether the symplectic matrices (5.2), (5.3), (5.11), (5.18) and (5.26) fit into a subgroup of
Sp4(Z) defined by some congruence relation. Affirmative answer can be given for the group

27 +1 7 7z Z 7 7 7 7
22 22+1 Z z 277 7 7
7) = z 31
27 27 7 27+1 257 97 7 7

where the group on the right hand side is in fact the Iwahori subgroup B(2). To see
why (5.31) is an equality, we use eq. (A.3). Then for M, M~! € B(2) C Sp,(Z) we inspect
entries in MM~1 — 14 = 0 mod 2 to find what is claimed.

Thus, by analyzing the polar and modular constraints one is led naturally to B(2) as
the symmetry group for the charge sectors with even Q? = Q3. As we know by section 4
(recall egs. (4.27) and (4.31) or (4.32)), for these sectors the partition function is either
given by Z( (if [Q] = 0) or ZM) (if [Q] # 0) and both of them indeed are modular forms
for B(2).

Remark on a subsector. Let us comment on the relation between our findings and
that of [44, section 6.5].

The unit-torsion quarter-BPS partition function considered there concerns dyons with
untwisted sector electric charge subject to the constraints

1 1
5622€2z+1, 5P?ezz+1, Q- Pe27,
h=0, P =0, Q-6€27+1. (5.32)

As these restrictions are only preserved for S-transformations in I'(2) C I'1(2), the partition
function for this subsector does not need to be invariant under all elements in (5.3), but
only under those where b is even.

The partition function for unit-torsion dyons that have odd Q?/2 and satisfy all con-
straints in the second line of (5.32), but have generic values of %P2 €Zand Q-P € Z, are
counted by Z(7). The additional parity restrictions on the latter quadratic T-invariants
can be implemented in Z(-) by applying suitable projections. For odd P2/2, for instance,
one has the lower sign in

1
Z(’)(T, 0,2) = 3 (Z(i)(T, o,z) £ Z(f)(T + %7 o, 2’)) . (5.33)

With this and the properties of Z(7) it is straightforward to check that also on the sub-
set (5.32) the modular and polar constraints discussed in [44, section 6.5] are met.

As mentioned already, for magnetic half-BPS states (0, P) counted at z = 0, our as-
sumption (5.10) is compatible with the explicit representatives P chosen in [44, section 6.5].
These are primitive vectors P € A, \2A.. Indeed, these are also the same magnetic charges
as occuring in the twisted sector quarter-BPS states [44, section 6.4] (up to restriction to
odd “K” quantum number there, causing P2/2 to be odd for the untwisted case).
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Befor proceeding, we remark that affirmative consistency checks starting from charge
representatives in other subsectors can be performed in complete analogy to [44, section 6.5],
however, these are mostly straightforward and in light of our preceeding analysis rather
redundant so we will not display them here.

Stringency of the constraints. In summary, the constraints from quantization laws,
S-duality and wall-crossing suggest that Z(H) and Z() transform as Siegel modular forms
for the Iwahori subgroup B(2) with weight —6. As announced earlier, we may now conclude
that the modular and polar constraints alone are (almost) restrictive enough to guess the
respective Z in closed form. Of course, the analysis of section 4 already provides explicit
expressions, which we have shown to satisfy all constraints, nevertheless, it is instructive
to have an alternative approach that gives consistent results.

Since explicit generators for the ring of even (positive) weight Siegel modular forms for
FSQ) (2),K(2) and B(2) = FéQ) (2)NK (2) are known in the mathematics literature (references
are given in appendix A), a suitable ansatz might reduce the problem of fixing Z to a
determination of a finite number of coefficients. This Siegel modular form must exhibit
the quadratic poles in (5.6), (5.14) and (5.25). Indeed, any decay code (‘28 Z‘;) € SLy(2)
is related to either (§9) (first wall) or (}9) (third wall) by an S-duality transformation in
I'1(2), which has index two in SL2(Z). We can therefore demand that Z(Z) must exhibit
a quadratic pole at all images of the diagonal locus ({?) under the group generated
by SLz(Z)-transformations (2.35) and integer translations (5.2).°° The arguably simplest
compatible ansatz one might choose for Z(Z) is F(Z)/x10(Z), where the Igusa cusp form
X10, i-e., the product of the square of the ten even genus two Thetanullwerte, vanishes
quadratically at all Sp,(Z)-images of the diagonal. The latter is also the partition function
for unit-torsion quarter-BPS dyons in the parent theory and at least the untwisted sector
dyons of interest might be regarded as an invariant subset thereof. In this ansatz F(Z) is
a weight four Siegel modular form for B(2), which is expected to be holomorpic in Hy such
that there are no additional, spurious poles. Zeroes in F(Z) however might cancel any
additional, spurious poles in Xfol (if there are such). Working, for instance, with the ring
generators given in (A.38) and the properties of the theta constants, the behaviour of Z at
the wall-crossing divisors fixes F/(Z) eventually to F(*) = 8T or F(O) = Y 4 8T This gives
precisely back Z(H) and Z(9) found via the chiral genus two partition function in section 4.

6 Black hole entropy

There is one more physical constraint on a quarter-BPS partition function in four-
dimensional N/ = 4 theories. For large dyon charges (@, P) the microscopic BPS index
should yield the macroscopic entropy of an extremal black hole carrying these charges, for

" As an aside, motivated by CHL dyon counting functions Cléry and Gritsenko [155] classified and
constructed all so-called dd-modular forms, i.e., Siegel modular forms for the Hecke congruence subgroups
FSQ)(N ) which vanish precisely along the F((f)(N )-translates of the diagonal divisor z = 0 (with vanishing
order one; possibly with a multiplier system). Especially, this includes the square roots of the Igusa cusp
form and the Siegel modular form ®s, appearing in the N = 1,2 CHL models. However, this does not

characterize the partition functions Z(O), Z) or 7.
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instance, as computed in the supergravity approximation. The following analysis will focus
on the least intricate features, namely the Bekenstein-Hawking term and the first correc-
tion in inverse powers of the charges. We simply quote the mathematical consequences for
our 2O, Z(+) and Z(-) functions (which may be regarded as untwisted sector partition
functions), paralleling the discussion for the twisted sector [5, 11, 39, 44, 54, 56].

Generic for all CHL models, the leading term in the entropy of an extremal black
hole carrying large charges (@, P) is the just mentioned Bekenstein-Hawking area term.
Together with the leading correction in inverse powers of the charge this gives an entropy

Q-P VPP (Q Py

Spy = 7r\/Q2P2 —(Q-P)? 46412 ¢ < (6.1)

This correction has been determined in [18] from the entropy function [17] by including
the Gauss-Bonnet term in the effective supergravity action [7, 156],

/ d*z \/—detg ¢(a,S) (RWPUR“””" — 4R, R™ + R2) , (6.2)

where 7 = a + 1S denotes the axio-dilaton modulus. We also have a model dependent
function ¢ which for our Zs model becomes

#(a,S) = [8log S +log g(a +iS) + log g(—a + iS)] + const. (6.3)

6472
with
g(1) = n®(r)n®(27). (6.4)
In order to formulate the resulting constraint for our microscopic Z we follow [5, 11,
39, 54, 56]. In the known examples the asymptotic growth of the Fourier coefficients of the
respective Siegel modular form is estimated by a saddle-point approximation in (7, o) after
picking up the dominant pole in the z-plane. For unit-torsion dyons in heterotic string
theory on 7% and the Igusa cusp form Y19, as well as generic twisted sector unit-torsion
dyons in the Zo CHL model and the Siegel modular form ®¢ 3, the dominant contribution
comes from the divisor
Di=70—-2"4+2=0. (6.5)
At D = 0 the partition function exhibits a quadratic pole in both of these cases. Since our
untwisted sector partition functions Z can be written as F'/x19 with F' holomorphic, its
poles are controlled by the zeroes of x19. An ad hoc adaption of the analysis in [54, section
4] (i.e., ignoring the presence of F' while extremizing the exponential in (2.32) at a generic
divisor of x19) suggests that D = 0 again gives the dominant contribution to the Fourier
integral for large charges, with other divisors corresponding to exponentially suppressed
contributions to the entropy.®®
Let us thus address what behaviour of Z is expected near D = 0. Using a symplectic

transformation

1000

100-—1
Ms = 6.6
A7 lo=11 0 (6.6)

0100

®6This corresponds to the analyis of [54, section 4] up to eq. (4.14) there.
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to introduce new coordinates around the divisor,

7_,:7‘(7—,227 O_,:TO’—(Z—l)Q and Z,:Ta—zz—l-z’ 6.7)
o o o

the partition function should behave near D = 0 (now 2z’ = 0) like

1 1 1 1
2o o (zﬂg et @(2,4)) | (6.8)
As noted in [44, section 6.5], if this is the case the macroscopic entropy (6.1) will be
reproduced (upon standard procedure executed already for the twisted sector case).

We shall now check whether the partition function Z € {Z(0), Z(+) Z(=)} satisfies (6.8).
Since the symplectic transformation My is not an element of FSQ)(Q) or B(2), we have to
express Z in terms of the genus two theta functions using (A.32)—(A.36). By the transfor-
mation law (A.22) their characteristics transform as

M3 (a1,a2,b1,02)T} = (a1 + ag, by + b, b1, a2)7 . (6.9)
For instance, we have
Ooo10(Z) = Ooor0(M ;' Z') o (22 — 7' — ") 201111(Z') . (6.10)

Making use of (A.26) and (A.27) we find for the limit 2z’ — 0 that only the term with
Y’ in the numerator, formally the same as the twisted sector partition function 2_4<I>673,
contributes to the double pole. The calculation gives

1 1 1 1
L 0" 6.11
> 22 (22 — 7 — a')6 n12(p) 0L (") n'2(c")04 (o) +0(z7), (6.11)

which indeed reproduces the expectation (6.8) by virtue of the first eta-product identity
in (A.29). In other words, any untwisted sector partition function Z gives rise not just
to the leading Bekenstein-Hawking term, but also to the correct subleading correction in
inverses powers of the charges (6.1), very similar to the twisted sector quarter-BPS partition
function 2_46136_’ é We leave it as an open problem to perform more careful, extensive
analyses as, e.g., in [14, 25] and to check whether a difference in the entropy of twisted sector
and untwisted sector (quarter-BPS unit-torsion) dyons can be found in further subleading
terms (say at exponentially suppressed orders). If so, one might ask for a macroscopic
explanation in the quantum entropy function (say as certain sub-leading saddles to the
supergravity path integral), see the references in the introduction for similar research.

Having successfully passed the test of black hole entropy, we finally compare the dyon
partition functions to the Donaldson-Thomas partition functions.

7 Comparison to results from Donaldson-Thomas theory

The spectrum of quarter-BPS states in four-dimensional A/ = 4 string theories has been
linked to the enumerative geometry of algebraic curves in Calabi-Yau threefolds. Predic-
tions from string duality have thus led to precise mathematical conjectures [112, 116], some
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of which have been proven in recent years [114, 115]. Here we explore the connection be-
tween quarter-BPS indices and reduced Donaldson-Thomas (DT) invariants by comparing
the BPS partition functions in the Z, CHL model with recently conjectured formulas for
(tentative) DT counterparts [116].

Summary of DT result. For this let us briefly collect some definitions and (conjectural)
formulas for DT invariants of the Zo CHL model from [116]. The geometric N = 2 CHL
model is given by the Calabi-Yau threefold X = (S x F)/Zy, where S is a non-singular pro-
jective K3 surface and F is a non-singular elliptic curve. In accordance with subsection 2.1
the orbifold group Zs acts by a symplectic involution g : S — S on S and a translation in
FE by some two-torsion point ey. Correspondingly, there is a projection operator

= (140 H'(5,Q) » H(S,Q) (7.1)

and an isomorphism [116, appendix B]
I(H*(S,Z)) = (H*(S,Z)%)" = Eg(—3) @ U, (7.2)

By the divisibility of a curve class v € Image(Il|y,(5)) one means the biggest integer
m € Nso for which

1
% € Image(Il|y,(s)) C 5 Ha(S.2) (7.3)

is satisfied, where Nj(-) denotes the group of algebraic one-cycles. If its divisibility is 1, v
is called a primitive class, which is further called untwisted if v € H(S,Z), or twisted if
v e %HZ(Sv Z) \ HQ(Sv Z)

We consider the curve class®”

ﬂ:(’yad)eNl(X)CH2(X’Z) (74)
for some primitive, non-zero v with self-intersection

A if v untwisted

(v,7) =2s, se€ { . (7.5)

%Z if ~ twisted

The reduced Donaldson-Thomas invariant DTZ{ (7,d) only depends on n,s,d and whether
v is untwisted or twisted, so one may also write DT“““Z and DT 's.a for the two cases.
Introducing respective partition functions

2" (g tp) =Y D> DTN ¢t (—p)" (7.6)

s€Z d>0neZ
s>—1

th(‘]atap) = Z Z Z DTn s,d qd ! t° (_p)n (77)
Z d>0ne”Z
52—1/2

"By [116, eq. (9), Lemma 1.4] we have He(X,Z) = Im(II) ® Z[E/Z2) and N1(X) = II(N1(S)) ®Z[E/Z,),
both modulo torsion.
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and writing
q= 627ri7—’ t = 62m’o’ p= 627r'£z7 and Z = (7Z— g) c [H2 (78)

one obtains tentative Siegel modular forms.

The partition function for the twisted primitive DT invariants on X is conjecturally
given by the negative reciprocal of the Borcherds lift of the corresponding twisted-twined
elliptic genera,

Z%(g,t,p) = —i);Z) , (7.9)

and thus agrees with the quarter-BPS counting function obtained in [39, 40], which is
(possibly up to a multiplicative constant) the function 2*4@6_7 é
On the other hand, the untwisted primitive DT invariants are determined by

~8Fy(Z) + 8G4(Z) — B (22)
x10(Z) ’
where y1¢ is the weight ten Igusa cusp form appearing already in the partition function of

the unorbifolded model, namely DT theory on S x E, physically ITA[S x E] or Het[T%]. In
the numerator we have two Siegel modular forms G4(Z) and EiQ)(QZ ), both of weight four

Zuntw(q’ t,p) _ (710)

for the level two congruence subgroup F(()Q) (2) C Sp4(Z). The function Fy(Z) is a weight four
Siegel paramodular form of degree two for the paramodular group K (2). All of them can be
expressed within the ring of even genus two theta constants, see appendix A. Thus, Z"V is
a weight —6 Siegel modular form for the level two Iwahori subgroup B(2) = K(2) HFSQ)(Q).
We remark that with the help of (A.33), (A.36), (A.63) and (A.68), Z"™" might be recasted
into the form
untw 1/1 16T
2= (W * yw)
1Y + V' + 5V
2 YW

_ (A + 1 + 1 (7.11)
2\ Do 20Dg3 20Dy ) '

DT invariants as BPS indices. A connection to physics was already outlined in the

appendix of [116], which we shall reproduce and build on.

DT invariants on Calabi-Yau threefolds are believed to give virtual counts of D6-D2-
DO bound states in type ITA theory, which in turn engineer dyonic BPS states. Recall
that a BPS D(2n)-brane wraps an algebraic n-cycle in X and especially has support in
Hs,(X,7Z). These D-branes source various components of the dyon charge (@, P). The
translation to the heterotic duality frame and others is given in table 2, which we have
adapted from the K3xT? case described in [136]. The magnetic charges are sourced by the
non-perturbative objects of the parent theory surviving the orbifolding procedure (see [78,
section 4], for instance). Those D4-branes supported on the elliptic curve times a curve in
the K3 which survive the orbifold projection are charged in the invariant lattice H?(S,7Z)9 =
Eg(—2) @ U®3. Since the sympletic involution on the K3 leaves invariant the H° and H*
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Electric and magnetic charges (Q,P) € A, © Ay,
Het 1A M 11B
Zs\ Sy xSty xSty xT? Sy xSly K3 Sk xSk, xSly xK3 St xSty xK3
I p(4) DO p(1) F1(1)
F1(4) D4(K3) M5(1,K3) NS5(1,K3)
U p(2) p(2) p(2) D1(1)
F1(2) NS5(2,K3) M5(2,K3) D5(1,K3)
U p(3) p(3) p(3) p(3)A
F1(3) NS5(3,K3) M5(3,K3) KKM(1)
Es(-1)oU® qa D2(a?) M2(a?) D3(1,a4)
- NS5(4) D2(2,3) M2(2,3) F1(3)
KKM(4) D6(2,3,K3) TN(2,3,K3) NS5(3,K3)
- NS5(2) F1(3) M2(1,3) D1(3)
KKM(2) KKM(2) KKM(2) D5(3,K3)
) NS5(‘3A) F1(2)A M2(1,2) p(l)A
KKM(3) KKM(3) KKM(3) KKM(3)
Eg(—2)pU®3 pA D4(2,3,Capa®) M5(1,2,3,Capa®?) D3(3,Capa®)

Table 2. Sources of the dyon charge (Q, P) in different duality frames of the four-dimensional N' = 4
Z5 CHL model. The a4’s are a basis of the 14-dimensional lattice Es(—2)@®U®3 = H?(S,7Z)9 with
bilinear form denoted by Csp. (Table adapted from [136, table 3.1].)

components of the cohomology spanning a U summand, we have simply kept the notation

of [136] for the D0- and D4(K3)-charges.
number F1(3) along the CHL circle 5(13) is quantized in units of 1 and the momentum p(3)

The fundamental (heterotic) string winding

along the CHL circle in integer units, giving rise to U (%) C A.. Moreover, a configuration of
two NS5-branes localized in 5(13), denoted by NS5(3), with a separation of §/2 survives the
orbifolding, so this charge will be quantized in units of 2 and gives rise to the U(2) C A,
summand. An integer unit of KKM(3) charge belongs to a Kaluza-Klein monopole with
the CHL circle 5’(13) /75 as asymptotic circle.

Now in the case of primitive DT invariants on S x E and unit-torsion dyons of ITA[S x E]]
(or of Het[T%]) an explicit charge assignment (Q, P) subject to the requirement®®

DT, = F(P*Q- P.Q%) (7.12)

58We suppress the dependence on the moduli domain. Also note the relative overall minus sign between
egs. (7.6)—(7.7) and (2.30).
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for (v,d) € Hy(S x E,Z) is given by
Q = (ne1,0,0,7) and P = ((d—1)e; +¢€2,0,0,0). (7.13)

Here e; and es denote the generators of the hyperbolic lattice U, n is the DO-charge, + the
D2-charge. We have a single unit of D6-charge. These charges have been highlighted in
table 2, where Es(—3) @ U®3 should be understood as Eg(—1)%2 & U®? before orbifolding
and similar for other sublattices. Again f expresses the sixth helicity supertrace (the
quarter-BPS index) of unit-torsion states in terms of the quadratic T-invariants

Q*=~>=2s, P’=2d-1), Q-P=n. (7.14)

Matching notations, we are lead to identify the Siegel coordinate Z in (7.8) with the
chemical potentials Z in (2.35) conjugate to the quadratic T-invariants. In the non-orbifold
theory on S x F the quarter-BPS index of the D6-D2-D0 configuration and the DT invariant
are both obtained from 1/x1o.

Now returning to the CHL model X, note that if v € II(H2(.S, Z)) then already v € A,
since II(H2(S,Z)) € (H*(S,72)9)" C A¢ (cf. eq. (7.2) and egs. (2.13), (2.18)). Thus, the
charges assigned in (7.13) indeed belong to the CHL electric lattice (2.13) and CHL mag-
netic lattice (2.14), respectively. In other words, the assignment is still meaningful.

Moreover, for primitive untwisted v € Ha(S,Z)9 = Eg(—2) ® U®3, the charge assign-
ment (7.13) gives electric charge with P = 0. So regarding DT invariants DTff, (y,d) We may
expect that the charge formulas (7.13) are still valid for the orbifold case X = (S x E)/Zs
if v € Ho(S,Z)9. However, the function (7.11) is not found amongst the untwisted sector
partition functions in (4.27) (nor amongst those of the twisted sectors in (4.31)). Formally,
the function (7.11) is the average of the modular forms Z() and Z(*). In (4.27) these two
functions belong to orbits (—1)%?% = +1 and —1, respectively (but both with P = 0 and
h = 0). Alternatively, for fixed value (—1)9% = +1 the functions Z(?) and Z(*) distinguish
between the h = 0 and h = 1 case, respectively (i.e., the P = 0 terms of (4.27) and (4.31),
respectively). Note also that the charge residue component ((—1)", (-=1)9?) € U(3)/U(2)
is apparently independent of any D-brane charges in the type ITA theory (cf. table 2) and
especially the heterotic CHL winding number is not seen by the type II D-branes (nor in
the data specifying the DT invariant). In any case, there does not seem to be a unique
charge (orbit) whose partition function reduces to Z""™", but rather a pair (union) thereof.

For a primitive twisted class v € Es(—3) @ U®? (with P # 0) the DT formula for
Z™ is not in tension with the results of (4.27) for the respective quarter-BPS generating
functions ZF, since the two possible cases for P € 0948 U Q3575 via (5.1) belong to different
modes in the Fourier expansion of Z*, collected in ZT. Formally, this again agrees with
the (in this case trivial) average over (—1)@% (h = 0 fixed) for each Weyl orbit of P or,
alternatively, the average over h = 0,1 ((—=1)9% = +1 fixed).

Whether the DT invariants computed in [116] really should be interpreted as averages
of suitable quarter-BPS indices or whether the relation is more subtle than that remains
an interesting open question to be clarified by future research.
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8 Conclusion

In this paper we have studied the spectrum of quarter-BPS states in the Zo CHL model.
Partition functions for unit-torsion dyons in various charge classes, especially such with
untwisted sector electric charge, have been (re-)derived from a chiral genus two orbifold
partition function in the heterotic frame, paralleling and refining the original derivation [42]
for well-known twisted sector dyons. Stringent constraints coming from charge quantiza-
tion, wall-crossing and S-duality symmetry are shown to be satisfied. As we have argued,
these do not only elucidate the role of the Siegel modular symmetry group underlying the
counting function, but also allow for a “modular bootstrap derivation” of the latter in cases
where the appropriate ring of modular forms is sufficiently well understood. As a partition
function of black hole microstates each also reproduces the correct macroscopic entropy of
a dyonic extremal black hole in the large charge limit, including the Bekenstein-Hawking
term and the first power-suppressed correction that can be accounted for by the inclusion of
the Gauss-Bonnet term in the 4D effective action. According to N = 4 heterotic-type IIA
duality, these dyons have type IIA realizations on X = (K3 x T?)/Z5. In this perspective
BPS indices are expected to be closely related to Donaldson-Thomas invariants of the CHL
orbifold X. For the primitive “untwisted” DT partition function conjectured in [116] an
alternative, but equivalent, expression is found, which opens up a tentative interpretation
of DT invariants as suitable sums of BPS indices. It is an important open question whether
this interpretation is indeed correct or whether there are further subtleties missed out here,
which eventually could restore a more conservative interpretation in which a DT invariant
really is a quarter-BPS index of a suitably chosen charge (orbit), and not a sum of such.

Let us comment on other possible extensions of the Zo model analysis presented here.
In many points this means performing checks and derivations that were hitherto only done
with the twisted sector counting function (possibly because handy closed formulae were not
known otherwise). One can ask whether the untwisted sector partition function(s) can also
be derived in the type IIB frame, say from a rotating D1-D5-Kaluza-Klein monopole-system
similar to the twisted sector analysis in [54], or from an M-theory compactification.

A careful analysis of the contour prescription and the asymptotic growth of the BPS
indices, which addresses further (say exponentially suppressed) corrections to the black hole
entropy, also seems relevant for comparing the microscopic degeneracies to the macroscopic
degeneracies in quantum gravity. Roughly speaking, compatibility with discrete duality
groups (as seen in string theory) demands special arithmetic properties of the black hole
degeneracies, such as the dependence on discrete duality invariants and the formation of
distinct charge orbits. For instance, higher torsion configurations are known to give rise to
exponentially suppressed terms in the entropy, which in the quantum gravity description
correspond to orbifold geometries in the AdSs path integral (see [33] for recent progress). It
would be interesting to see whether the entropy of twisted sector dyons can be distinguished
from the one of untwisted sector dyons in subleading contributions and how to account for
this distinction (non-perturbatively) on the quantum gravity side.

Furthermore, it has been conjectured in [157] that for single-centered black holes with
regular horizon, i.e., quarter-BPS states subject to a certain restriction on their quadratic
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charge invariants, the quarter-BPS index should be positive. Numerical evidence was given
in [157] for low lying (twisted sector) charges in the order N € {1,2,3,5, 7} orbifolds, and
for N non-prime in [158]. For the unorbifolded theory (i.e., N = 1), this conjecture
has rigorously been proven for a subset of the corresponding charges [159].7Y We leave
it to future work to check the conjecture for the untwisted sector quarter-BPS states
considered here.

Clearly, there is also room for extending the present analysis to untwisted sector dyons
in other N' = 4 CHL models. On one side, this includes models for symplectic K3 automor-
phisms for higher (prime or composite) order N as well as non-cyclic orbifold groups. On
the other side, we may consider CHL models arising from “non-geometric” symmetries of a
K3 non-linear sigma model [76, 78]. This could lead to interesting enumerative predictions
for the symplectic invariants of these theories, as was also remarked in [116].5

Since one of the biggest challenges in counting stable BPS states in different regions of
the moduli space and relating them to the black hole entropies is to consider less supersym-
metric — in particular N/ = 2 — compactifications, let us conclude here with a comparison
of the formalism used in this paper with recent BPS counts on related N' = 2 Calabi-
Yau geometries. The closest NV = 2 cousin of the CHL (K3 x T?)/Zy compactification
is the Ferrara-Harvey-Strominger-Vafa (FHSV) compactification [161], which is likewise a
(K3 x T?)/Z5, with the difference that the Z5 action is the Enriques involution on the K3
and the hyperelliptic involution of T2 leaving the four branch points fixed. The threefold
has a K3 fibration with four Enriques fibers, SU(2) x Zy holonomy, Euler number y = 0
and a considerably milder scale dependence than generic N' = 2 compactifications. In
particular it has no genus zero world-sheet instantons and the D2-D0-brane states that are
counted by the topological string theory at higher genus are related to the direct integration
of the holomorphic anomaly [162], starting with the automorphic function constructed by
a Borcherds lift as product formula in [80] for the K3 fiber and the Dedekind eta function
for the base [163, 164]. In N' = 2 compactifications the duality symmetries are realized in
a much more complicated way, which makes it hard to extract information about different
brane states from the same modular object. However, in [162] it was observed that the
automorphic form of [80] has two cusp expansions: one yielding the D2-D0-brane states
and one involving light D4-brane states wrapping the K3 fiber. It would be very important
to understand the non-perturbative completion of the FHSV model by an extension of the
duality and wall-crossing arguments used here for the CHL orbifold model.

Heterotic strings on CHL Zy orbifolds are dual to type IIA compactifications on el-
liptically fibered K3 with N sections, completed by the 72 and modded out by the shift
symmetry [116]. As mentioned the primitive DT partition functions Zy of [116] are re-

%9In the case of N' = 4 type II toroidal orbifolds the conjecture, however, seems to be violated [71].

50Tn addition, [79] proposed a yet broader notion of CHL compactifications. Speculatively, there might
be CHL versions of heterotic strings on 7% whose BPS spectrum could have an enumerative geometric
meaning on appropriate Calabi-Yau duals, say on K3xT* or orbifolds thereof. This was also speculated
in [160], where for the case of heterotic strings on 7% a BPS counting function was written down in terms
of the Borcherds automorphic form ®12. It is natural to guess the appearance of similar automorphic forms
in the corresponding CHL orbifolds.
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lated to the inverse of Siegel modular forms of (Iwahori) congruence subgroups of Sp,(Z).
These forms generalize the weight ten Igusa cusp form of Sp,(Z), whose inverse Z; de-
scribes the BPS states of K3 x T2. Moreover, the Fourier expansions of Zx specialize in
the non-perturbative limit to inverses of the cusp forms Ax(7) of I'(N) of weight [NQ—j‘;J
For N prime these are the same cusp forms that have been obtained in the leading non-
perturbative expansion in [39], see eq. (2.18) there, and they are associated to the action
of T'1(N) on the perturbative CHL string. On the A/ = 2 side it has been realized in [165]
that on elliptically fibered Calabi-Yau threefolds with one section and no singularities from
the fiber, the topological string has an expansion in terms of Jacobi forms that bears sim-
ilarity to the expansion of Z; in terms of Jacobi forms of SLy(Z) as discussed in section 5
of [69], with the difference that the index of the Jacobi form grows cubic with the exponent
of the expansion parameter Qg rather than linear as in [69]. This fact has been used to
check the microscopic entropies of spinning black holes [166]. In [167] the work of [165]
has been extended to genus one fibrations with N-sections as well as to elliptic fibrations
to N sections in the limit of the Kéhler parameters that corresponds to the additional
sections. In the former case Jacobi forms of I'1(N) occur in the BPS expansion related
to D2-D0-branes also for non-prime N, while in the latter case these BPS expansions are
expressible in terms of Jacobi forms of I'(V) and in particular the cusp forms Ay (7) occur
in the denominators. This indicates that some features of the analysis of BPS degeneracies
related to the more complicated fibration structures carry over from the N' = 4 to the
N =2 case.
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A Siegel modular forms

In this appendix we collect basic definitions and useful formulae for the Siegel modular
forms appearing in the main text. Our main references are [168, chapter VII], [116, section
2] and [61, appendix A], also see [69] for a review that emphasizes the relation between the
theory of Siegel modular forms, mock modular forms and quantum black holes.

Preliminaries. By Sp,(Z) we denote the symplectic group of integer 4 x 4 matrices
M = (4 B) that satisfy

1
MJIM=J and J=[ " %), (A1)
—15 0
which is equivalent to
A'C=C'A, BBD=D'B and A'D-C'B=1, (A.2)
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for the 2 x 2 block matrices in M. The groups Sp,(Q) and Sp,(R) are defined analogously.
If M € Sp,(Z) as above then the inverse of M is given by

D' —B'
M= A.
(_CT AT ) ( 3)

and by using this in (A.1) we see that also M' € Sp,(Z). Taking the Pfaffian and using
Pf(M"JM) = det(M)Pf(J) one concludes that det(M) = 1, which more conceptually is
equivalent to the fact that symplectic transformations are orientation preserving.

Special examples of symplectic matrices that also play a role for the quarter-BPS
partition functions are (for K = Z, Q, R, respectively)

<12 5 ) with S" =5 (A.4)
0 1o

T
and (I{) U01> with U € GLy(K). (A.5)

Any symplectic matrix with C = 0 can be written as a product of the form “(A.5)
times (A.4)”. The prinicipal congruence subgroup I'®)(N) (with N > 1) is defined by

r@(N) = { (g g) € Sp4(Z)‘ (é g) - (%2 ]D mod N}. (A.6)

A congruence subgroup I' C Sp,(Z) is a subgroup that contains a principal congruence
subgroup, for instance,

r?(N) = { (é g) € Sp,(2) ‘ C'=0 mod N} STA(N). (A7)

For a prime number p > 1 the group K(p) is defined by [169, 170]

7 7 p'7 7
pZ 7 7 7
K(p) =S N A8
() = Sp4(Q) vZpZ 7 p7|’ (A.8)
pZ 7 7 7
while the Iwahori subgroup is defined by the intersection
7 7 7 7
7 7 7 7
B(p) = K(p)nTP(p) =Spy2)n | ¥ A9
0) = K@) TP @) =spu@n |75 25 (4.9)
pZ pZ 7 7

By conjugation in GL4(Q) (see [169] for references) the group K (p) is related to the Siegel
paramodular group I'P*"?(p), formed by integer 4 x 4 matrices that obey (A.1) with J
replaced by Ja2(p) = (_OP g) with P = diag(1,p).
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Let Hy be the (genus two) Siegel upper half space, i.e., the set of 2 x 2 symmetric

Z = (Z j) (A.10)

with positive definite imaginary part, explicitly

complex matrices

S(r) >0, (o) >0, and  (7)3(0) — I(2)? > 0. (A.11)
A group action of Sp,(R) > M, M’ on Hy 3 Z is defined by
MZ = (AZ + B)(CZ+ D)™, (A.12)

where M and M’ define the same action if and only if they differ by their sign. The special
examples (A.4) and (A.5) above act via

Z—Z+S and Z—U'ZU, (A.13)

respectively. Important for wall-crossing relations are the following embedded, commuting
SL2(R) subgroups of Sp,(R):

a0bo
ab 0100

SLQ(IR)T : (C d) = cOdO (A14)
0001
1000
ab 0aOb

SLa(R)y : (c d) = o010l (A.15)
0cOd

Their action on the Siegel coordinate Z is given by

ab at+b z
o) 2= (e miL (A.16)
€4 : ord 77 orid

CZ2 z
(i Z) Z= (T_;”d g%i%) : (A17)

co+d co+d

and

respectively. From these expressions it follows that the diagonal locus z = 0 is preserved
under the two embedded subgroups, where they operate componentwise on 7 € H; and
o € Hy, respectively. Another symplectic transformation preserving the diagonal locus is
given by (A.5) with U = ({}), which exchanges the diagonal entries of Z.

Now let f : Hy — C be a holomorphic function, k be an integer and I' C Sp,(Z) be a
congruence subgroup (or a discrete subgroup I' C Sp,(R) with finite covolume [169, 171]). If

f(MZ) =det(CZ + D) f(2) (A.18)
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for all M = (é g) € T, then f is called a Siegel modular form of weight k for I'. As in [116]
denote by Mod,(f) (T") the space of Siegel modular forms of weight k for I' and by

Mod®(I") = €D Mod{”(I") (A.19)
k

the C-algebra of Siegel modular forms for I'. Also introduce the Petersson slash operator
for a function f : Hy — C, an element M € Sp,(R) and an integer k via

(f|,M)(Z) = det(CZ + D)™ * f((AZ + B)(CZ + D)™ "). (A.20)

Then f € Modf) () is equivalent to f| M= fforall M e .51 One often simply writes
fIM. If (A5) liesin T for U = (9}), such f(Z) is invariant under exchange of the diagonal
entries of Z (possibly up to a root of unity).

Modular forms for level two subgroups. Generators for rings of modular forms can
often be expressed in terms of genus two theta constants (german Thetanullwerte), which
a1 !

we introduce now. For column vectors m' =a = (gl), m”" =b= (Zg;) €Z? and m = ()

consider the genus two theta constant of characteristic m

Om(Z)=> e (1 (x + 1m'>T Z (:U + 1m'> + (x + 1m'>T mﬂ) (A.21)

2 2 2 2 2
z€Z?

with shorthand e(z) = exp(2miz) for z € C. This is also written as 0[] = 04,4,6,5,- The

theta constants vanish identically iff a'd mod 2 is odd. For genus two there are precisely

ten “even” non-trivial theta constants. There is a useful transformation formula under

M € Spy(2),

Ortm) (M Z) = v(M, m) det(CZ + D)'/?6,,(2), (A.22)
where v(M,m) is an eigth root of unity and, denoting by (...)o the diagonal as a column
vector,

_ T
M{m}y = M{(3)} =M (%) + (((igT));)) mod 2. (A.23)

As special cases we have for the elements in (A.4) and (A.5) simplified formulas

i T

0117 + S) = Oy sy ](7) - TS (A.24)
and  0[51(U"ZU) = 0[ %%, ](2). (A.25)

On the diagonal z = 0 the theta constants factorize as
0[31((§2)) =004, 1(7) 0[5, ](0)- (A.26)

For [} 1] this vanishes linearly in z — 0, more precisely
H(Z2) = = 0[N 1), with &'[3]=2m’. (A.27)

2T

51Here we only deal with the case of a trivial multiplier system.
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In these expressions we used standard genus one theta constants defined in complete anal-
ogy to (A.21) (read: sum over x € Z, Z € Hy, m',m” € 7). Special instances, labelled by

0[] = b2, 93] = 63, and 0[] = 04, (A.28)
relate to the eta-products of the Zo CHL orbifold partition function via
O5(r)n'(r) = 2'9(27),  O3(r)n(7) = =" (TH) and 01(m)n(7) = nP(3), (A.29)

and satisfy

03(7) — 9§(T) + 911(7) =0 (Riemann identity) , (A.30)
05(7)03(7)04(T) — 20°(1) = 0 (Jacobi triple product identity) . (A.31)
Now set%?

X =27 (93000 + 05001 + 00010 + 93011) (A.32)

Y = (600000001 0001000011)* (A.33)

Z = 27" (85100 — 6110)° (A.34)

W = 27"(60100001100100001001 0110001111 ) (A.35)

T =27 (Bo10000110)" - (A.36)

As was proven in [171] (see also [172]), the functions X,Y, Z, W are Siegel modular forms
for FéQ)(Q) of respective weight 2,4,4 and 6 and they generate the ring of even weight
modular forms for F[()Q)(Q), ie.,

Mod® (TP (2)) = C[X,Y, Z,W]. (A.37)

even

The function W agrees with the function “K” defined in [155]. On the other hand, the
function T is a weight four modular form for the Iwahori subgroup B(2) and by [171] the
structure of the ring of even weight modular forms for B(2) is known to be

Mod(2)

even

(B(2) =CIX,Y, Z,W,T| = Clz,y, z,w,t]/], (A.38)

where x,y,z,w,t are five algebraically independent variables and j is the ideal of
Clz,y, z, w, t] spanned by

64w? + 16xtw + t(—16yz + tfz* —y — 1024z — 64t]) . (A.39)

For the structure of the ring of modular forms for K(2) D B(2) we refer to the results
given in [169] and just mention that the function Fy(Z) appearing in the untwisted sector
quarter-BPS partition function is the unique weight four Siegel modular form for K(2),
which may be defined as

1
Fy(Z) = %(XZ +3Y + 30727 + 960T) . (A.40)

521t should be clear from the context whether the symbol Z = (I Z) is referring to a coordinate for He
or the Siegel modular form Z defined in (A.34).
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Also the Siegel modular form G4(Z) appears in the untwisted sector partition function,
which satisfies

1, 3. 12 ) @
G4(Z)_120X WV 54 €Mo 4P (g (2)). (A.41)

(2 )

As in the genus one case, the theta function ©} for the Eg root lattice yields a (Siegel)

Eisenstein series and we have the following expressmns in terms of theta constants:

EP(Z)=4X% -3V +122882 € Mod\? (Sp,(2)) (A.42)
EP(22) = iXQ + ZY ~192Z e ModP({?(2)). (A.43)

These both appear in section 4, along with closely related functions (Ef)(2Z))\ u for
appropriate M € Sp4(Z)\F((]2) (2), which we give in the form

oY @r 23 =27 3 e (A.44)

(Q1,Q2)€
Es(2)®Es(2)*

0P @r oy =27t 3 (~1)B QT (A.45)
(Q1,Q2)€
Eg(2)®Es(2)
All of these may again be expressed in terms of theta constants. We note that in the
limit z = 0 these reduce to products of the genus one theta series for the Eg root lattice or
related functions, which we list here for convenience:

1
Oy (7) = 5 (63 + 65+ 63) (A.46)

1
O (1)(27) = o7 (65 + 05 + 140301 (A.47)
Opg1)(5) = 05 + 05 + 140305 (A.48)
Ope1)(THE) = 05 + 65 — 146505 . (A.49)

Besides those, of interest are also

1 1
O (7) = 5 (65 + 65 + 140301) = 5 (6305 + 16 0301 — 0301) (A.50)
1 1
OB (2),248(T) = o1 (9:38, - 92) = 51 (9493 + 9294> (A.51)
1 1
Ops(2),3875(T) = o1 05 = (93931 - 9393) ; (A.52)

with the notation of eq. (3.17), and the two sets are related via

Op5(1)(27) = Opy(2)1(7) (A.53)
Ors1)(5) = Opg(2),1(T) + 120 0gg(2) 248(7) + 13504 (2) 3875(7) (A.54)
Opg(1)(T5L) = Opy(2)1(T) — 120 0(2) 248(7) + 135 O (2) 3875(T) - (A.55)
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. . 2
Coming back to Siegel modular forms, the Igusa cusp form xi9 € Modgo)(Sp4(Z)),
whose reciprocal counts unit-torsion dyons in Het[T%], is given by the well-known product
of the squares of all even genus two theta constants

x10(2) =YW. (A.56)

In the Zy orbifold we also encounter the F(()z)(2) cusp form ®so = W and its modular

images
(1)6,1' = q)G,O’Mi (A57)

under M; € Sp4(Z)\I‘82)(2) (the M; being specified in (A.65) and (A.66)):

2 2 2 2
1 _ 90000900019001090011 _

1
= = A.58
D 0 X10 w ( )
1 08000980019T0008T001
_ (A.59)
Pg,1 X10
o 0700097001 9301093011
_ (A.60)
Dg 2 X10
L 05000950109310093110 _ Y’ (A.61)
Dg 3 X10 Yw
L _9(2)0019(2)0119310093110 _ Y’ _ (A.62)
Dg 4 X10 Yw
Here we have kept the notation of [61] and introduced
Y’ = (80000000100010000110)*>  and Y = —(0o001000110010000110) - (A.63)
With the help of (A.24) one easily checks that®3
YN(Z+@)=Y"(2) = @3(Z+(§7)) = P6a(2). (A.64)

The corresponding elements M; € Sp4(Z)\I‘(()2)(2) are in the notation of (A.14) and (A.15)

Mi=(07) M=Q07%), Ms=(07), and Mi=(17),. (A6
Indeed ®g 1,9 and Pg 3,4 map to each other under exchange of the diagonal elements of
Z € Hy, for instance, M is conjugate to M3 by the element (A.5) with U = ({}). For the
other Siegel modular forms ®¢ j, with k& € {5,6,10,11}, that appear in section 4 we do not

need explicit expressions and just give

1001 1011
My= (230,00, Mo=(E), (45, o= (318)a0. M= (418) 5.
(A.66)

53The minus sign in (A.60) and (A.62) is imporant for reproducing the result for the orbifold block Zs[9 9]
obtained in [42, eq. (4.38)], cf. the relative signs between the terms in (4.5).
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There are many quadratic relations that the squares of the theta constants satisfy and
which have, for instance, been reviewed in [173]. One particular identity important for our
untwisted partition functions is the relation [173, eq. (5.1)]

0510093110 = O500003010 — F500103011 - (A.67)
which implies for the above Siegel modular forms
162T =Y +Y". (A.68)

Finally, we remark that the quadratic divisors, on which x19 and its orbifold analog
®g1 (or Pg3 with the roles of the diagonal entries swapped) vanish quadratically, can,
for instance, be found in [54, section 4] or [56, appendix D]. By an appropriate Sp,(Z)-
transformation they can be mapped to the standard diagonal divisor, as was used in [25].

B Comments on the Z,-twisted BPS index

In [87-89] so-called “twisted” helicity supertraces were introduced as helicity supertraces
with a discrete Z symmetry generator inserted into the trace. As some of the BPS states
considered so far are in an untwisted sector of a Z, orbifold, one could naively expect that
their BPS index can be obtained by projecting the index of the original theory onto the
subspace of Z5 invariant states, which could practically be realized by linearly combining
(un-)twisted helicity supertraces.®* This can be ruled out, as we will see now.

First recall that the type of BPS index we have considered so far is the (2n)th helicity
supertrace [6-8], which can be defined as®

(@ Pi1) = o T [(-D 2] (B.1)
where h is the third component of the angular momentum of a state in the rest frame and
the trace is taken over all states carrying charge (@, P). For 2n = 4 and for 2n = 6 these
traces were called half-BPS or quarter-BPS index, respectively, as they only get non-zero
contributions from states with the indicated amount of broken supersymmetries.

On special moduli subspaces of the N' = 4 compactification under consideration —
here, in the type IIA picture, a Zy, CHL orbifold by an order NN, translation along a
circle ST € T? of K3 x T? combined with an order N, symplectic K3 symmetry — the
theory might possess a discrete Zp, symmetry, generated by an element gs that commutes
with the orbifold group. The subscripts “o0” and “s” stand for “orbifold” or “symmetry”,
respectively. For dyons of charge (@, P), which must be a gs-invariant charge, one defines
a twisted index via

% Trq.p) [gs <—1)2’”‘(2h)2”} ; (B.2)

54We thank the anonymous referee for suggesting us to comment on this idea.
55This is denoted by Bz, in [87—89].
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where the trace is taken over states with the respective charge in the Zy,_ orbifold theory.
The index (B.2) receives contributions from quarter-BPS states [88]. As with the standard
non-twisted index (B.1) (equivalently the trivially twisted index), the dot denotes potential
dependence on the moduli, and indeed, the twisted sixth helicity supertrace shares the wall-
crossing features of g, see [87-89] for details.

As suggested by Sen [88, eq. (1.15)], one can compute the non-twisted index for states
carrying a definite gs-eigenvalue Ay = exp(2mia/Ns) and gs-invariant charge (Q, P) using
the combination

1 g T Q S n| Ns=2 1igs n
Y N T py [(90) (—)P 2R NS g py | S5 (1R L (B3)
5 b=0

Following [87-89] we first consider a symplectic K3 automorphism gy that commutes
with the orbifolding by g, in the construction of the CHL model. Examples of such Zy, x
Zy, groups are given in [36, 38]. Note, however, that the gs symmetry is not accompanied
by any shift along a circle (as is the case for Zy_). Generating functions for these twisted
quarter-BPS indices have been derived from the D1-D5 system in [87, 88], leading to
product formulae very similar to the Borcherds lifts giving rise to the (standard) quarter-
BPS counting functions considered earlier in [54]. Another construction of such twisted-
index generating functions was given in [89], namely via an additive lift of suitable Jacobi
forms, in turn similar to the construction in [39] for the standard quarter-BPS counting
functions in the Zy, orbifold.

We are interested in the Zy, = Zz symmetry, acting as Nikulin involution on K3
or swapping the Eg’s in the heterotic picture, and we first recall relevant results [87-89).
The generating function for the Zs-twisted quarter-BPS index of unit-torsion dyons in
the Z;-orbifold is given by the weight -6 Siegel modular form 1/®¢(Z). In contrast, the
generating function for the Z;-twisted quarter-BPS index of unit-torsion dyons in the Z»
CHL orbifold is given by the weight -6 Siegel modular form 1/(2% ®¢3(2)), if the electric
charge lies in A¢\A,,. Also recall that the Z;-twisted quarter-BPS indices for unit-torsion
dyons in the Z;-orbifold are generated by the original DVV-result 1/x;o.

Now a gs-invariant charge (Q,P) € Az @ Ao in the trivial orbifold necessarily
has the same components along the two Eg root lattices in each Asyg, i.e., the respective
components of () must lie on the diagonal Eg(—2) C Eg(—1) @ Eg(—1) C Asze. This
implies that for these @) € Aag ¢ the coset element P = 0 vanishes when writing the two Ex
components in terms of their sum and their difference. The momentum-winding charges
along T are not affected by this gs, hence Q € U6 @ Eg(—2) for a generic gs-invariant
charge. By S-duality (@, P) — (—P, Q) in this theory, the same is expected to hold for the
invariant magnetic charges P.% So a gs-invariant charge (Q, P) is subject to

Qe UaU @ Eg(—2) C Axng=A. (B.4)
Pe Ua U@5 D Eg(—Q) C A22’6 = Am, (B5)

66Note that the Zs-twisted index generating function ®g o is symmetric under o <> 7 and the half-BPS
counting functions on the diagonal divisor z = 0 are both given by n°(-)n®(2").
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which includes as a special case P-charges in the intersection (U(2) @ U% @ Eg(—2))NAga 6.
Considering 2n = 6, by the standard contour prescription (2.32) the projected in-
dex (B.3) for a gs-invariant unit-torsion charge can thus be obtained as a Fourier coefficient

1/ 1 1
- —*x—]. B.6
2 <X10 ‘196,()) (B.6)

However, (B.6) differs from the untwisted sector (unit-torsion, P = 0) quarter-BPS parti-

of the generating function

tion functions in the Zs orbifold in (4.27), though we can formally compare quarter-BPS
indices for charges (@, P) lying in the same charge sublattices. As the orbifolding projects
out 8 gauge bosons odd under Z; the rank of A, and A,, = A} is reduced from 28 to 20.
After orbifolding the physical electric charge coming from (P, P,) € Eg(—1)%2 is their sum
P, + P,. Internal momentum vectors P; — P>, odd under Zs, distinguish electric charges in
the parent theory, but not in the Zo CHL orbifold theory. In the latter we thus have states
with the same electric charge (lying in a rank 20 electric lattice), but with different values
for Py — P, (see also [144, section 3.3]). This means when taking the helicity supertrace over
states of fixed electric-magnetic charge (Q, P) in the Zs orbifold, the lattice vector P, — Py
is not fixed by (@, P), i.e., various states of different P; — P, might (and do) contribute to
the BPS-index. For instance, in eq. (3.23) or eq. (3.24) this gave rise to the Eg(2)-theta
function in the numerator of the half-BPS counting function. This is different for a helicity
supertrace of gs-invariant charge in the parent theory, where the Eg charges are completely
fixed (@, P) and must be equal (hence P, — P, = 0). The half-BPS index for electric DH
states of gs-invariant charge (Q,0) € UP® @ Fg(—2) C Aga 6 are now counted by

1 1 1
fxlo) =3 (7724(0) - 778(0)778(20)> ’ (B.7)

where the sign is that picked up by the monomial in the 24 bosonic oscillators, (2+6+8=16)
of them even under gs and 8 of them odd under g5 after diagonalization. Note that the Fg
theta series associated with Py — P, = 2P_ in the anti-diagonal Eg(—2) C Eg(—1)%? C Agag
is in (B.7) absent in comparison with egs. (3.23) and (3.24). And indeed, the quadratic
pole of (B.6) at z = 0 reads (dropping an overall factor)

2 \n?H o) (7) = n*(o)n®(20)n®(7)n®(27) F (@) fo(T) + [ (o) f(T) = “="
(B.8)
which admits the interpretation that the gg-eigenvalue of the decaying quarter-BPS dyon
is the product of the half-BPS decay products with charges (@,0) and (0, P).
In fact, although the Zs symmetry just discussed is not quite the symmetry used

(S — 1 )- {f+<a)f+(f)+f_(o)f—(f) L

in construction of the Zy9 CHL model as it did not include the simultaneous order-two
translation along a circle of T% (or the type II elliptic curve), the argument concerning the
different roles played by the off-diagonal vectors P; — P still goes through. In other words,
one should not expect that the generating function for projected BPS indices (B.3) (of
dyons carrying a gs invariant charge) in the parent theory with gs now including the CHL
translation matches the corresponding untwisted sector quarter-BPS counting functions in
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the Z5 orbifold. This mismatch can explicitly be seen for the fourth helicity supertrace.
For perturbative DH states of charge (Q,0) € U%0 @ Eg(—2) C Agag, the gs eigenvalue is
given by the sign picked up by the oscillator monomial times (—1)?, where (=1)%% = +1
for an even momentum quantum number along the CHL cirle (i.e., if (Q,0) € U(2) &
U® @ Fg(—2) C Agag) and (—1)°¢ = —1 otherwise. This implies that fixing (Q,0) €
U2) @ U @ Eg(—2) (i.e., (—1)*? = +1) the projected half-BPS index for \s = +1
is given by fi (o), while that for \; = —1 is given by f_(o). In turn taking charges
(Q,0) € U @ Eg(—2) C A with (—1)7Q = —1 switches the roles of f, and f_. For
neither choice of the invariant charge® (Q,0) € U6 @ Eg(—2) C Agg 6 the untwisted sector
DH partition function (3.24) from the Zo CHL orbifold is recovered, as the #-contribution is
missing. By the same logic, we expect a mismatch for the Siegel modular forms generating
the corresponding (projected) sixth helicity supertraces.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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