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As a first case, we consider a state produced by Euclidean AdS2 evolution followed by
flat space evolution. We use the fine grained entropy formula to explore the nature of the
state. We find that the naive hyperbolic space geometry leads to a paradox. This is solved
if we include a geometry that connects the bra with the ket, a bra-ket wormhole. The
semiclassical Lorentzian interpretation leads to CFT state entangled with an expanding
and collapsing Friedmann cosmology.

As a second case, we consider a state produced by Lorentzian dS2 evolution, again
followed by flat space evolution. The most naive geometry also leads to a similar paradox.
We explore several possible bra-ket wormholes. The most obvious one leads to a badly
divergent temperature. The most promising one also leads to a divergent temperature but
by making a projection onto low energy states we find that it has features that look similar
to the previous Euclidean case. In particular, the maximum entropy of an interval in the
future is set by the de Sitter entropy.
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1 Introduction

1.1 General motivation

Recent work has highlighted the useful properties of the fine grained entropy formula,
the Ryu-Takayanagi formula and its generalizations [1–4], for understanding properties of
states in quantum gravity. This formula is believed to give an accurate estimate for the
fine grained entropy of the exact state in terms of a computation that can be done knowing
only the semiclassical solution, a background geometry plus propagating quantum fields.
This formula was very useful for computing the entropy of Hawking radiation coming from
black holes [5–8].

It is then natural to ask whether we can use the gravitational fine grained entropy
formula for cosmological problems in order to gain some insight about properties of the
exact state in terms of the semiclassical state. The formula is best understood in situations
where there is a region where we can neglect gravity. This is important for defining the
density matrix (and the associated Hilbert space) whose entropy we are computing. At
first sight, we do not seem to have such a region in cosmology. However, we can think of
the late universe as classical, neglecting quantum gravity effects at late times. Then we
can define entropies of subregions and study the effects of quantum gravity on the early
universe. This is routinely done in the study of small primordial fluctuations. Here the
idea is to do something similar to learn about some non-perturbative effects that can lead
to major corrections to the entropy of subregions. We are imagining that the state is
produced by some version of the no boundary proposal [9]. With this motivation in mind,
we set out to study a very simple two dimensional toy model for inflation. We consider
de Sitter JT gravity [10, 11] coupled to matter consisting of a conformal field theory (see
also [12, 13].) To the future of the de Sitter region, we imagine a flat space region with no
gravity, see figure 1(a). We can think of the de Sitter evolution as producing a particular
state for the subsequent flat space evolution.

– 1 –
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Figure 1. The two main cases we study. (a) We model an inflationary spacetime as follows. We
consider a two dimensional de Sitter JT gravity theory coupled to a matter CFT2. Inflation ends
when the dilaton reaches a large value. We then transition to a flat space region, where we neglect
the effects of gravity. This procedure produces a certain quantum state for the CFT2 in the flat
space region. (b) Another way to produce a state in a flat space CFT. We do Euclidean evolution
in Euclidean AdS2 JT gravity followed by Euclidean evolution in flat space. We impose transparent
boundary conditions for the CFT2 at the AdS2 boundary.

We considered the entropy of intervals. When the interval is very long, we found that
there is a kind of island which seems to imply that the entropy saturates at the de Sitter
entropy. While this is an initially pleasing answer, further study revealed that there were
inconsistencies with this result.

1.2 Boundary states generated by Euclidean AdS evolution

This prompted us to study a similar problem in the more familiar AdS setup. In this case,
we consider AdS2 JT gravity, again coupled to a CFT. We use Euclidean AdS evolution
to produce a certain state in the CFT, which we then further evolve in flat space, with no
gravity, see figure 1(b). For this case, we expect a holographic interpretation as a boundary
state for the CFT. Also in this case, when we apply the gravitational fine grained entropy
formula we find islands for long enough intervals. As in the de Sitter case, these islands
are inconsistent with the entropy strong subadditivity formula, see section 2.3.

The fact that the bra and the ket get connected when we compute traces of the density
matrix motivates the introduction of bra-ket wormholes [14]. We find bra-ket wormholes
that are a simple Euclidean rotation of the wormholes considered in [15]. This leads to a
new semiclassical configuration, discussed in section 3.1. When we apply the fine grained
entropy formula for this new configuration we find also that the entropy of the interval
saturates at a finite value for large intervals. In addition, the inconsistencies that we
discussed above disappear, see section 3.2.1.

This new bra-ket wormhole semiclassical geometry is such that it appears to prepare a
mixed thermal state in the flat space region. The reason is that the wormhole connection
has a finite Euclidean time circle which leads to a thermal looking state. Nevertheless,
the fine grained entropy formula tells us that the entropy of the whole universe is zero for
the following reason. The Lorentzian continuation of the state produces a semiclassical
state that consists of a thermal state in flat space with no gravity plus a thermal state
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in an FLRW geometry with gravity which collapses both in the past and the future to a
singularity, where the dilaton goes to minus infinity, making the gravitational description
very strongly coupled. In a situation like this, the fine grained entropy formula applied
to the whole flat space region, includes an island consisting of the whole FLRW region.
The entropy is zero, since we have a pure state in the union of the two universes. Since
the entanglement wedge of the non-gravitational region includes the FLRW region, we can
view this setup as a holographic description of such an expanding and collapsing FLRW
universe, as explained in section 4.

These bra-ket wormholes are closely related to the Euclidean wormholes that are puz-
zling from the point of view of factorization of amplitudes. Namely, a small variant of
the states we considered, where we project onto pure states give examples of Euclidean
wormholes solutions that pose a factorization problem interpretation, in a manner very
similar in spirit to the one discussed in [16], which inspired section 5.

1.3 Bra-ket wormholes and de Sitter

Motivated by the success of bra-ket wormholes in the Euclidean AdS problem, we searched
for similar bra-ket wormholes in de Sitter in section 6.1. To produce such a geometry, we
explored analytic continuations of the familiar de Sitter solutions. As in the no-boundary
proposal, we allowed the contour to deviate into the Euclicean time direction in the past.
We considered three choices of contour which give three different candidate states. The
simplest contour does not include any Euclidean time evolution and produces a rather
singular state. The next contour produces a state very similar to the Hartle-Hawking state,
but it does not appear to solve the problem. Finally, there is an intermediate contour that
produces a semiclassically thermal state, but with a temperature that is driven to very
large values. Except for this detail, the state solves the paradox. This large value of the
temperatures is the same as saying that the inflationary period becomes very short. This is
also a problem that arises when we apply the Hartle Hawking proposal in four dimensional
inflationary models, a problem for which there is no generally accepted answer.1 We will
leave this issue unsettled in this paper.

The problem of finding a consistent wavefunction for the universe is one that is fa-
mously unresolved. In this paper, we have explored the possibility of spacetime manifolds
connecting the bra and the ket. We will describe some suggestive configurations in two
dimensions, which will not lead to well defined wavefuntions. We hope that perhaps with
a suitable modification, or additional matter content, they might lead to interesting wave-
functions. Moreover, our discussion will be restricted to two dimensions. It would be
interesting to see if similar configurations exist in higher dimensions, a generalization that
will likely involve new ideas.

1Some researchers think that this means that the Hartle-Hawking wave function is simply wrong. A
resolution was proposed in [17]. We think that the Hartle-Hawking wave function is an interesting proposal
that deserves to be understood better, and that is what we attempt to do in this paper.
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2 States prepared by Euclidean AdS2 evolution and boundary states

2.1 Black holes and boundary states

In studies of evaporating black holes, a certain toy model has been studied extensively [6,
18]. This model involves a simple theory of two dimensional gravity, the AdS2 Jackiw
Teitelboim theory, coupled to a two dimensional matter CFT. At the AdS2 boundary, this is
in turn coupled to the same CFT but in a flat space with no gravity. We impose transparent
boundary conditions for the matter CFT at the interface between the AdS2 region and the
flat space region, see figure 2. In other words, we have the two dimensional action

I = −S0
4π

[∫
R+ 2

∫
K

]
− 1

4π

[∫
φ(R+ 2) + 2φb

∫
K

]
+ ICFT (2.1)

The term involving S0 gives rise to the extremal entropy. We have boundary conditions
that set φ = φb at the AdS2 boundary and also fix the metric along the boundary. Finally
the CFT action is defined both in AdS2 and in flat space. We can think of this theory as the
low energy theory of a possibly more complicated UV theory.2 We assume that the central
charge c of the CFT is large, c� 1, so that we can neglect the quantum mechanics of the
gravitational boundary degrees of freedom [18–20]. Recall that this model does not have
propagating gravitational degrees of freedom. The quantum fluctuations of the boundary
degree of freedom can be neglected because, in the large c limit, it becomes effectively
massive (or gapped) and weakly coupled,3 with a coupling going like 1/c.

It is standard to conjecture that the complete gravity theory has a holographic de-
scription as a CFT coupled to a quantum mechanical system at the boundary. In other
words, we could replace the region that has dynamical gravity by a system that lives at
the boundary of the flat space region, see figure 2(b). By going to Euclidean time, and
exchanging the Euclidean time direction with the space direction, we can view this system
as producing a particular state in the conformal field theory, which we call |B〉. This is
a state of the CFT in the flat space theory without gravity. It can be further evolved in
Euclidean time, producing |B(τ)〉 = e−τHCFT |B〉. The notation suggests that we think of
|B〉 as a boundary state, representing an effective boundary condition for the CFT. Of
course, this is generated by the boundary degrees of freedom, which give rise to a rather
non-trivial state. States such as |B(τ)〉, but with simpler boundary conditions were con-
sidered in the past as models for the result of a quantum quench between a gapped theory
and a conformal field theory [22]. In that context, the state was then evolved in Lorentzian
time. After this preparation, we can also evolve it further in Lorentzian time in our case
too. In our case, we expect that |B〉 is a short ranged entangled state because the black
hole entropy in figure 2(a) is finite, and so the g function is finite (see appendix A for
further discussion).

Going back to the gravity picture, the state is defined by performing the Euclidean
gravitational path integral with fixed metric and dilaton boundary conditions. We also

2This theory, as it is, is not a UV complete gravity theory because there are divergencies that arise when
we consider topologies with thin handles. This is the usual tachyon divergence of bosonic string theory.

3We are talking about the boundary mode becoming massive, there are no propagating two dimensional
modes. The massive graviton perspective was emphasized, in a higher dimensional context, in [21].
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Figure 2. (a) AdS2 with gravity plus flat space. (b) Holographic dual consisting of a flat space CFT
interacting with some boundary degrees of freedom. (c) Euclidean rotation. We prepare a state in
the CFT by doing Euclidean evolution in the gravity theory. (d) Boundary state interpretation.

consider the fields of the matter CFT propagating on this geometry with transparent
boundary conditions at the boundary. If we consider particular semiclassical solutions, this
procedure prepares a state |B〉s in the conformal field theory. The subscript s indicates that
this is the boundary state given by the semiclassical gravity approximation, as opposed to
the state |B〉 which is the one we would get by the full non-perturbative gravity theory.

We will now explore some properties of the state produced in this fashion. In particular,
we will analyze the entropies of subregions, using the gravitational fine grained entropy
formula [1–4]. We will find that the entropies computed in this fashion do not obey strong
subadditivity, in some particular cases. We will then argue that we should also include
bra-ket wormholes, and that they lead to a solution of that problem. Furthermore, these
wormholes lead to a very interesting picture for the boundary state.

Let us also briefly mention that there is a close connection between this boundary
state |B〉 and the S matrix of the Lorentzian problem. If the CFT is a free theory, say of
free fermions, then we can define an S-matrix for the Lorentzian problem which tells us
what comes out of an extremal black hole after we send in some excitations. This tell us
how particles bounce off the boundary, generally creating other particles. The Euclidean
boundary state that we are discussing is an analytic continuation of that S matrix. It can
be obtained through a crossing relation.4

4This relationship was particularly exploited in integrable models [23]. Of course, in our case we do not
have an integrable theory.
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Figure 3. We consider a region A in the state produced by the gravitational (green) plus the field
theory (yellow) Euclidean evolution. (a) The naive result with no islands which just gives the field
theory entropy of the interval in the vacuum. (b) The entropy when there are non-trivial quantum
extremal surfaces. When ` is large the two intervals, represented by the dotted lines, are very
far away. (c) The full computation involves two sides corresponding to the bra and the ket, here
represented above and below the red interval. We can put the quantum extremal surface on either
side indpendently for each of the two extremal surfaces.

2.2 Subsystem entropies computed using the naive geometry

We will start by discussing the simplest Euclidean geometry that contributes to the path
integral with these boundary conditions, see figure 2(c). The metric and dilaton

ds2 = dz2 + dx2

z2 , φ = φr
(−z) for z ≤ −ε (2.2)

ds2 = dz2 + dx2

ε2
for − ε ≤ z (2.3)

describe Euclidean AdS2 (or H2) joined to flat space. At the boundary we set φb = φr/ε.
We imagine we can take ε to be very small keeping φr constant [18–20]. Notice that the
matter CFT lives on a space that is conformally flat. Therefore its state, in the semiclas-
sical description, is the usual vacuum. In other words, we find that the semiclassical state
is |B〉s = |0〉.

Interestingly, the gravitational fine grained entropy formula is supposed to give us
entropies of subregions of the full state |B〉 in terms of a formula we can evaluate on the
semiclassical spacetime solution. We consider a subregion A consisting of an interval of
length ∆x = ` in the x coordinates. We place the interval at z = τ from the boundary of
AdS2, see figure 3. The naive answer would be to compute the entropy of such interval in

– 6 –
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the usual vacuum
Sno island = c

6 log
(
`2

ε2
uv

)
(2.4)

where εuv is a UV cutoff in the definition of the field theory entropy, which should not be
confused with ε in (2.2).

We see that (2.4) becomes large when ` becomes large. A feature of the fine grained
gravitational entropy formula is that we can sometimes decrease the entropy by including
certain “islands”. Computing the entropy using the replica trick, this formula is derived
from the existence of replica wormholes [7, 8], which in turn can be viewed as the result of
inserting extra twist operators in the gravitational region. So we could imagine exploring
configurations such as the ones depicted in figure 3. These configurations contain two
intervals. We need to add an extra term involving the dilaton at the two new endpoints.
In the regime that ` is very large, we assume we can compute their entropy by using
an operator product expansion for the underlying twist operators. We will check this
assumption a posteriori. To leading order, this gives us just the sum of the entropies of
the two intervals. The extremization for each interval is independent of the other. By
symmetry, both will be at the same x position. So we only need to consider

Sgen(z) = 2
{
S0 + φr

−z
+ c

6 log
[

(τ − z)2

(−z)εuv

]}
(2.5)

and extremize it over z, ∂zSgen(z) = 0, to find the position z∗. In the particular case of
τ = 0 we find

− z∗ = 6φr
c

for τ = 0. (2.6)

For general τ we need to solve a quadratic equation, see (A.2) in appendix A. We should
note that φr/c is a distance scale. In the black hole interpretation of figure 2(a), it is
the evaporation time scale, after we introduce some energy into the black hole [18]. This
distance scale will appear in many of our formulas. Inserting (2.6) into (2.5) we get

Sisland = 2S0 + c

3

[
1 + log

( 6φr
c εuv

)]
. (2.7)

Notice that the full computation involves two copies of the gravity region, one for the bra
and one for the ket. Therefore, we can also put the quantum extremal surfaces on the
other side, see figure 3(c). In principle, we should sum over such configurations when we
evaluate the Renyi entropies. The effects of the sum give corrections which are subleading
in the 1/c expansion. A more complete discussion of situations with competing saddles
can be found in [24, 25].

Comparing (2.4) and (2.7) we find that for

` >
6φr
c

exp (6S0/c+ 1) (2.8)

the configuration with the non-trivial quantum extremal surface dominates. Note that
when the island dominates ` � |z∗|, which a posteriori justifies our OPE approximation
when computing the entropies of the two intervals using the replica trick.
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In this paper we work in the regime

c� 1 , S0
c

= fixed (and somewhat large) , φr
c

= fixed (2.9)

so that the exponential in (2.8) is not too large.
Formula (2.7) gives a constant result for large `, which is indeed what we expect for

a short range entangled state. This result is simply twice the result for the entropy of
a semi-infinite line. In turn, the result for the semi-infinite line is the same as the one
obtained in [26] when considering the entropy of an interval containing the boundary in
the interpretation in figure 2(a), and it comes from the finiteness of the black hole entropy.

2.3 An entropy subadditivity paradox

We now consider a problem with the above formulas. We spell out this problem in detail
in order to motivate the inclusion of bra-ket wormholes in later sections.

In order to formulate the paradox we assume that the matter CFT consists of two
decoupled CFTs. One is a large c CFTc and the other is a small cp “probe” CFTp. Both
exist in the gravity region and the flat space region without gravity. In the semiclassical
gravity approximation, they are only coupled by the boundary graviton, which we are
ignoring in our analysis. In the flat space region, they are completely decoupled. Therefore
we can define the following subsystems. We pick a long interval lying in the flat space
region as before, at τ = 0. The first subsystem, called Ac contains the fields of the CFTc
in that given interval. Another subsystem, called Ap, involves the probe fields of CFTp
on that same interval. Similarly we define Āp to be rest of the space, but containing only
the fields of CFTp. We now consider the entropy subaditivity inequality for the three
subsystems: Ac, Ap and Āp, see figure 4,

S(Ac ∪Ap) + S(Ap ∪ Āp) ≥ S(Ac ∪Ap ∪ Āp) + S(Ap) . (2.10)

We would like to emphasize that all the subsystems are defined in the non-gravitational
region. Consequently, Ac, Ap and Āp are inherently distinct quantum degrees of freedom.
Nevertheless, we will see that this inequality fails, and does so by a large amount.

Specifically, we choose the following regime in the parameter space:
6φr
cp

exp (6S0/cp)� `� 6φr
c

exp (6S0/c+ 1) . (2.11)

This implies that the calculation of the entropy of Ac is dominated by the island contribu-
tion, while the entropy of just the probe fields, of Ap, is given by the no-island expression.
We display the quantum extremal surfaces for each case in figure 4.

Let us calculate all the terms in (2.10) one by one, using the formulas obtained in the
previous section. For S(Ap) we get the no island result

S(Ap) = cp
3 log

(
`

εuv

)
. (2.12)

In the region Ap ∪ Āp we have the vacuum for the probe fields, a pure state. Then

S(Ap ∪ Āp) = 0 . (2.13)

– 8 –
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Figure 4. We display the quantum extremal surfaces involved in the computation of the various
entropies. Though we are computing them at τ = 0 we included a bit of the (yellow) flat space
region to emphasize that the subsystems are defined in the region with no gravity.

For the region Ac ∪Ap we can apply our previous result (2.5)

S(Ac ∪Ap) = 2S0 + c+ cp
3

[
1 + log

( 6φr
cεuv

)]
, (2.14)

where we neglected the change in the position of the island due to addition of the probe
fields since this only gives subleading corrections. For the region Ac ∪ Ap ∪ Āp we have
emergent twist operators which affects both CFTs, but in the boundary we only have a
twist operator for the CFTc. Therefore we get an extra cut affecting the probe fields in the
bulk, see figure 4(d). It is also important to keep in mind that the emergent twist fields
are necessarily twist fields for both CFTs, since they are just geometrical objects that do
not distinguish between the matter species. We find

S(Ac ∪Ap ∪ Āp) = 2S0 + c

3

[
1 + log

( 6φr
cεuv

)]
+ cp

3 log
(
`c

6φr

)
. (2.15)

Combining these expressions we obtain

S(Ac∪Ap)+S(Ap∪Āp)−S(Ac∪Ap∪Āp)−S(Ap) = cp
3

[
1−2log

(
`c

6φr

)]
< 0 . (2.16)

We see that strong subadditivity is violated by a quantity of order cp log(`c/φr) � 1, for
`� φr

c .
Let us now make a few comments. In spirit, the problem is somewhat similar to the

black hole information paradox, as formulated in [27, 28]. Namely, since the entropy of a
large interval is saturated at (2.14), adding probe fields does not increase it by a sufficient

– 9 –
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amount. This means that Ap and Āp cannot be entangled in the way dictated by the EFT
in the bulk. In this sense, Ap and Āp are analogous to modes outside and inside the black
hole in [28]. However, our situation is also conceptually different: unlike the black hole case,
both Ap and Āp live in the non-gravitational region and can be simultaneously observed.
Thus we need a different resolution of the problem. The key ingredient is introduced in
the next section.

3 Bra-ket wormholes for states prepared by Euclidean AdS2 evolution

3.1 The bra-ket wormhole

In this section, we consider a different geometry, a wormhole connecting the bra and the
ket. We will call it the bra-ket wormhole. It consists of a flat strip with the metric as
in (2.2):

ds2 = dz2 + dx2

ε2
, 0 ≤ z ≤ 2τ (3.1)

plus a region with dynamical gravity connecting the two sides of the strip, see figure 5.
The strip has width ∆z = 2τ . The geometry that connects the two sides can be described
by the metric

ds2 = dσ2 + dχ2

sin2 σ
, σc ≤ σ ≤ π − σc. (3.2)

This is to be patched to the two sides of the flat strip. The coordinates x and χ are related
by a rescaling that we determine below. This metric describes Euclidean AdS2 (or H2) in
some coordinates that are conformal to a strip.

This geometry appears naturally when we compute expectation values of local observ-
ables in the state |B〉, or 〈B|O|B〉. The operator is naturally inserted at z = τ , which is
the point where we glue the bra and the ket to compute the expectation value. The fine
grained entropy is computed as the n → 1 limit of similar expectation values involving n
copies of the system, but this is the n = 1 geometry.

The fact that a connected wormhole topology can appear is familiar when the two
boundaries interact [29, 30]. In fact, the flat space strip connecting the two asymptotic
regions of the gravity theory can be viewed as adding an interaction between the two sides.5

Actually, the geometry we are discussing is essentially the same as the one discussed in [15]
but with euclidean time and space interchanged. Of course, this interchange is just a matter
of how we will interpret the geometry. For this reason, the solution is the same as the one
discussed in [15], which we now proceed to review.

For simplicity we will first discuss the solution when τ = 0. Since the matter is in a
thermal state, we get a non-zero contribution to the stress tensor. On a flat cylinder of
circumference d = π the stress tensor is

T flat
σσ = −T flat

χχ = − πc

6d2 , d = π. (3.3)

5Other situations where wormhole geometries, even off shell ones, have been shown to be crucial in-
clude [31, 32].
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Figure 5. (a) We consider a (green) wormhole geometry which connects two asymptotic boundaries,
each of which is connected to the edges of a flat (yellow) strip. (b) In the dual description, we take the
bra and the ket of the boundary state and compute the trace after doing some Euclidean evolution.
In other words we compute 〈B(τ)|B(τ)〉. We can compute expectation values of operators by
inserting them in the flat space region.

The Weyl factor gives an additional contribution due to the conformal anomaly. The
anomaly contains two parts. One part is proportional to the metric, whose effect is just
to shift φ by a constant, which we absorb into the definition of S0. The second part is
traceless and given by

T anomaly
σσ = −T anomaly

χχ = c

24π . (3.4)

Adding (3.3) and (3.4), we get the total stress tensor

Tσσ = −Tχχ = − c

6π + c

24π = − c

8π . (3.5)

The dilaton solution in the presence of this stress tensor is

φ = c

4

( π
2 − σ
tan σ + 1

)
, for τ = 0 (3.6)

which asymptotes to +∞ towards both boundaries of the wormhole. We now impose the
boundary conditions on the metric and dilaton.

φ = φr
ε

= cπ

8σc
−→ ε = 8φr

πc
σc

dx

ε
= dχ

σc
−→ χ = σc

ε
x = πc

8φr
x (3.7)

The bra-ket wormhole gravitational action has a suppression of order e−2S0 relative
to the disconnected geometry. This fact will be most clearly seen once we make x (or χ)
compact. However, the matter partition function enhances the contribution because the
matter entropy is in a thermal state.6 If the direction x is infinite this matter contribution
dominates and this connected geometry is the leading contribution.

6In [15], this was described as negative Casimir energy, since were are exchanging space and euclidean
time.
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According to this semiclassical geometry, conformal field theory state we have in the
flat region is a thermal state with temperature7

Tχ = 1
π
, or Tx = c

8φr
, ρs = e−H/Tx (3.8)

Here H is the CFT Hamiltonian that generates translations in the coordinate z in (3.1).
The fact that we get a thermal state is clear because the euclidean time direction is compact
in figure 5. Of course, this temperature, as well as the density matrix ρs are semiclassical
concepts. The exact state |B〉 is supposed to be pure. We will see that the gravitational
fine grained entropy formula says that its entropy is zero.

As a very simple example where something similar happens, consider a free fermion
theory in a state produced by a simple Dirichlet boundary condition. In such a state the
left and right movers are entangled. However, if we only consider the left movers, they
are in a thermal state. If we consider both left and right movers, they are in pure state.
With this simple boundary condition it was easy to recognize the operators that show that
the state is pure, rather than thermal. For states prepared by the gravity solutions we
discussed above, we expect that it would be more difficult to construct such operators.

Even though we discussed entropies, of course, the existence of the bra-ket wormhole
changes the expectation values of local operators, since we would be computing them in a
thermal state rather than in the vacuum.

3.2 Entropy of an interval and the disappearance of the paradox

We are now ready to reexamine the computation of the entropy of an interval. When
we compute the gravitational fine grained entropy, we should always use the dominant
geometry, which is the wormhole in the current case. We compute the entropy of a region
A consisting of an interval of length `. The no island answer for the entropy is no longer
that of an interval in the vacuum, (2.4). Instead, we get the answer corresponding to an
interval in the thermal semiclassical state, ρs, which gives

Sno island = c

3 log
[

sinh (∆χ)
εuv,χ

]
= c

3 log
[sinh (πTx`)

πTxεuv

]
, (3.9)

which grows linearly with the size of the interval.
As before, we look for islands by placing quantum extremal surfaces in the bulk.

When ∆x = ` is very large, the problem reduces to finding the quantum extremal surface
associated to each endpoint separately. By symmetry, the emergent twist operator lies at
the same χ position as the original one, see figure 6(a). The generalized entropy function
is given by

Sgen(σ) = 2
{
S0 + c

4

( π
2 − σ
tan σ + 1

)
+ c

6 log
[

sin2 σ

sin σ εuv,χ

]}
. (3.10)

Extremizing over σ by setting ∂σSgen(σ) = 0, we get

σ∗ = π

2 , (3.11)

7The subindex in the temperature says how the associated time coordinate is normalized. χ and x are
space coordinates but we imagine that the time coordinate is defined as σ in (3.2) or z in (3.1) respectively.
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Figure 6. (a) We are interested in the entropy of a region A with length ∆χ. One can look for a
configuration with two emergent twist operators in the gravity region, and they pair up with the
two boundary twist operators of A in the limit ∆χ � 1. (b) After extremization, the quantum
extremal surfaces and the island (denoted by I and the dotted line) are found to be on the throat
of the wormhole. The matter entropy that appears in the QES prescription can then be interpreted
as the entropy of A ∪ I in a |TFD〉 state.

which is at the middle of the wormhole, see figure 6(b). Inserting (3.11) into (3.10) we find

Sisland = 2
{
S0 + c

4 + c

6 log
(

1
εuv,χ

)}
. (3.12)

As in (2.7), this is also IR finite. Comparing (3.12) with (3.9), we find that the island
configuration dominates when

∆χ = πc`

8φr
∼ 6S0

c
, (3.13)

which is shorter than (2.8). Note that the fact that the entropy saturates at a finite value
for very long intervals indicates that the state could be written as a matrix product state, at
least at very long distances. We make a few comments on tensor networks in appendix G.

Despite the similarities in these results for the entropy, the wormhole geometry has
some new features which are absent in the naive geometry. In particular, the wormhole has
a Z2 reflection symmetry around σ = π/2, which is precisely where the quantum extremal
surfaces lie on in (3.11). This also means that, when we continue to Lorentzian signature,
we can cut the cylinder in half and view the bottom part of the path integral as giving an
entangled state consisting of the state in the flat space region and the state at the middle
of the wormhole. Of course, from the point of view of the bulk matter theory this is just
the thermofield double state, see figure 6(b). The matter entropy which appears in the
gravitational fine grained entropy formula can then be interpreted as the entanglement
entropy of the region A union the island I, in the state |TFD〉.

3.2.1 Paradox lost

We now check that we do not run into the strong subaditivity paradox discussed in
section 2.3. We consider the same setup with matter given by two CFTs and a distance `
large enough that we should include an island when we consider Ac but not if we consider
Ap. Since the area terms on both sides of (2.10) cancel out, we only need to focus on the
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Figure 7. We draw the regions involved in the computation of various entropies. The original
regions in the definition of the entropy are drawn in solid, while the emergent regions (islands) are
drawn in dotted lines. A crucial point is that we can view the euclidean evolution on the depicted
half cylinder as preparing a state for the matter theory. This state lives on two lines, the one in
the (yellow) non gravitational region and the one in (green) the middle of the wormhole.

matter contribution to the entropy. The matter region we should consider are shown in
figure 7. In particular, the cases when we have islands give

S(Ap ∪ Āp ∪Ac) = Area terms + Sbulk(Ac ∪ Ic) + Sbulk(Ap ∪ Āp ∪ Ip), (3.14)
S(Ap ∪Ac) = Area terms + Sbulk(Ac ∪ Ic) + Sbulk(Ap ∪ Ip), (3.15)

For the other two cases we have no islands and we have

S(Ap) = Sbulk(Ap), (3.16)
S(Ap ∪ Āp) = Sbulk(Ap ∪ Āp). (3.17)

Note that Sbulk(Ap ∪ Āp) is nonzero because the semiclassical state is thermal, and it is
actually infinite in the current case since we have a non-compact spatial direction. For the
sake of the argument here, we can imagine the spatial direction being long but finite, which
is the case we will study in detail in section 3.3.2.

Combining (3.14)–(3.17), we find that the strong subaddivity of the fine grained
entropy

S(Ap ∪A) + S(Ap ∪ Āp) ≥ S(Ap ∪ Āp ∪A) + S(Ap) (3.18)

is guaranteed by

Sbulk(Ap ∪ Ip) + Sbulk(Ap ∪ Āp) ≥ Sbulk(Ap ∪ Āp ∪ Ip) + Sbulk(Ap), (3.19)
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which is a strong subadditivity inequality for the probe field in the |TFD〉 state. Thus
we see that the strong subadditivity paradox is resolved in this case. The key point is
that the matter computation involves regions which can be viewed as living in the matter
state produced by euclidean evolution on the half cylinder. Therefore strong subadditivity
should be obeyed since this is a reasonable matter computation. This happens because
the quantum extremal surface lies at a Z2 symmetric point, a moment of time reflection
symmetry, which makes the analytic continuation to Lorentzian signature straightforward.8

This is however not true for the solution in section 2.2, in which the physical interpretation
of the bulk entropy term is more obscure.

3.3 Compact spatial slice

In this section we consider a compact spatial direction of length L. This subsection can be
skipped by a reader in a hurry. We will also take the amount of Euclidean evolution τ in
the flat space to be general. The focus will be to understand how the two different solutions
discussed in section 2.2 and 3.1 generalize and compete. We will restrict our attention to
the cases where L� φr/c and τ � L where we can construct the solution explicitly.

3.3.1 The disconnected solution

The metric in the flat space region is

ds2 = dz2 + dx2

ε2
, 0 ≤ z ≤ 2τ, x ∼ x+ L. (3.20)

We fill in the gravity region with a disconnected geometry involving two disks, each can be
described by:

ds2 = dσ2 + dθ2

sinh2 σ
, φ = 2πφr

L

1
(− tanh σ) , σ ≤ −σc, θ ∼ θ + 2π. (3.21)

Since θ = 2πx/L, the cutoff σc is related to ε by 2π/σc = L/ε. In the semiclassical
approximation, the matter CFT state at z = 0 is just the vacuum state |0〉 on a cylinder,
|B〉s = |0〉. The length of the cylinder in the flat space region is ∆z = 2τ . The configuration
is shown in figure 8.

We can now compute the partition function of this solution Zdisc = ZgravZCFT. We
can write the metric of each of the hyperbolic disks as ds2 = e2ωdŝ2

flat, and compute the
partition function of matter by using the conformal anomaly

Zanomaly
CFT,disk = exp

[
c

24π

(∫
d2x

√
ĝ(∂ω)2 + 2

∫
∂
dy
√
γ̂K̂ω

)]
. (3.22)

But this only gives a (divergent) term proportional to the boundary length and a term that
can be absorbed into the definition of S0. Apart from the contribution from the two disks,
we also have an extra contribution due to the propagation of the vacuum state across the

8One might wonder whether Z2 non-symmetric quantum extremal surfaces exist. We can check that
they do not exist in this model when we consider the cases for general τ in section B.2.1.
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Figure 8. We can have a disconnected solution whose gravity region involves two disks.

Figure 9. An illustration of a bra-ket wormhole in the compact spatial direction case. The minimal
geodesic length of the wormhole is given by b.

cylinder in the flat space region. The energy of the CFT vacuum state on a cylinder with
circumference L is − c

12
2π
L , and the length of the flat space cylinder is 2τ . Thus we have

ZCFT,flat cylinder = exp
[
c

12
4πτ
L

]
. (3.23)

Then the full disconnected partition function is

Zdisc = ZgravZCFT,flat cylinder = exp
(

2S0 + 2πφr
L

+ πcτ

3L

)
, (3.24)

where we also removed a term proportional to the boundary length.

3.3.2 Connected solution

We now look at the connected wormhole geometry, which is described by

ds2 = dσ2 + dχ2

sin2 σ
, σc ≤ σ ≤ π − σc, χ ∼ χ+ b, b = σc

ε
L. (3.25)

We have a family of geometries labeled by the parameter b, which is the length of the throat
of the wormhole. The parameter b will be fixed after we solved for the dilaton. See figure 9.

We will first assume that b � 1, i.e. a very short wormhole, and then justify this
assumption a posteriori. The pure gravity configuration also has a zero mode which corre-
sponds to a relative shift, or twist, between the two sides of the wormhole along its throat.
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When we have matter, this zero mode gets lifted because the CFT partition function on
a torus decreases when the twist is non-zero. When we have a very long spatial direction
compared to the time direction, or in other words, b � 1, the integral over this mode is
dominated by the saddle point where there is no twist, which in the semiclassical descrip-
tion gives us a simple thermal density matrix ρs for the matter fields on the geometry.
Actually, this integral over the twist enforces the momentum constraint, which does not
allow momentum to flow through the wormhole. So when we say that ρs is thermal we
should always also say that we project onto zero momentum states.

For b� 1, the thermal stress tensor in the bulk can still be well approximated by that
in (3.3), with d replaced by the new length of the wormhole in the σ coordinate, which is

d = π + 2τ × b

L
. (3.26)

The anomaly contribution to the stress tensor is the same as in (3.4). Thus the total stress
tensor is given by

Tσσ = −Tχχ = − c

6π
1(

1 + 2τb
πL

)2 + c

24π . (3.27)

The dilaton is proportional to the negative energy in the bulk, and is given by

φ =

 c

3
(
1 + 2τb

πL

)2 −
c

12

( π
2 − σ
tan σ + 1

)
. (3.28)

Demanding φb = φr/ε, and combining with b/σc = L/ε, we find the following equation for b:

φrb

L
= π

2

 c

3
(
1 + 2τb

πL

)2 −
c

12

 . (3.29)

This equation always has a solution for arbitrary τ (when we neglect the quantum mechan-
ics of the boundary graviton). It is illuminating to look at the solution in two limits. The
first limit is when τ is small compared to φr/c

b ≈ πc

8φr
L, for τ � φr

c
. (3.30)

Thus we see that we recovered the rescaling relation derived in (3.7). The assumption that
b� 1 is a posteriori justified in the regime L� φr/c. The second limit is when τ is much
greater than φr/c

b ≈ π

2τ L, for τ � φr
c
. (3.31)

Here the assumption b � 1 is justified when τ � L. Note that b decreases as we increase
τ , namely the wormhole becomes thin under Euclidean evolution. Alternatively we can
say that it becomes longer along the σ direction.9 This is consistent with the dual picture
in which we are lowering the temperature of the state by performing Euclidean evolution.
We plot the behavior of the dimensionless parameter bφr

Lc with respect to τc
φr

in figure 10(a),
where we also superposed the approximate solutions (3.30) and (3.31).

9These equations were discussed in a very similar setup in [33].

– 17 –



J
H
E
P
0
2
(
2
0
2
1
)
0
0
9

Figure 10. (a) We plot the behavior of bφr

Lc with respect to τc
φr

coming from solving (3.29). We
also plotted the two approximate expressions in (3.30) and (3.31). (b) We plot the minimal values
of L

Lc
in order for the wormhole to dominate, as a function of τc

φr
. The blue shaded region is the

wormhole phase. We also plotted the approximate expression in (3.38) when τ � φr/c.

Although the wormhole always exist for any τ , it does not mean that it is the dominant
saddle. To compare it with the disconnected saddle, we need to compute the partition
function of this solution Zcon = ZgravZCFT. Since we have a wormhole geometry, we do
not have the e2S0 factor in (3.24), but we do get a contribution from the boundary term
in (2.1)

Zgrav = exp
(
−φr2π

b2

L

)
. (3.32)

The matter partition function ZCFT can be computed as a product of Zflat
CFT and Zanomaly

CFT .
Zflat

CFT is the partition function of a flat torus dŝ2 = dσ2 + dχ2 with length d given in (3.26)
and width b. Under the assumption b � 1, the partition function is dominated by the
contribution of the ground state propagating along the b direction. Since the ground state
energy on a circle with length d is given by −cπ/(6d), we have

Zflat
CFT ≈ exp

(
πc

6db
)

= exp
(
c

6
b

1 + 2τb
πL

)
(3.33)

where we used (3.26) in the second step. From (3.22) with e2ω = 1/ sin2 σ, we compute
the anomaly contribution logZanomaly

CFT = − cb
24 , where we dropped a (divergent) term pro-

portional to the length. Of course this is the same term we dropped when we computed
the two disks contribution. The final answer is then

Zcon = exp
(
−φr2π

b2

L
+ c

6
b

1 + 2τb
πL

− cb

24

)
. (3.34)

Extremizing Zcon over b gives (3.29), which is another way to derive that equation. Inserting
this value of b in (3.34) we get the final value for Zcon, which decreases as τ increases. In
two limits we get,

Zcon ≈ exp
[
πc2L

128φr

]
, for τ � φr

c
, (3.35)

Zcon ≈ exp
[
πcL

48τ −
πφrL

8τ2

]
, for φr

c
� τ. (3.36)
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Figure 11. When the region A is the entire spatial slice in the flat space region, we have an island
that covers the entire throat or the spatial section of the FLRW universe (see section 4).

By comparing (3.35) with (3.24) we find that the wormhole dominates for

L & Lc ≡
256φr
πc

S0
c
, and τ � φr

c
(3.37)

By comparing (3.36) with (3.24), the wormhole dominates for

L &
96
π
τ
S0
c

+ 576φr
πc

S0
c

= Lc

(3τc
8φr

+ 9
4

)
,

φr
c
� τ (3.38)

In general, we can find that the wormhole always dominates for L > Lcf(τ), whose form
is plotted in figure 10(b).

In appendix B.1 we discuss the entropy of intervals and check that the wormholes
starts dominating before the subaditivity paradox can arise.

3.4 Purity of the state

In this section we explore the purity of the state prepared by the gravitational path integral.
First we apply the gravitational fine grained entropy formula to the whole state. This is
slightly more clear in the case we have a long compact circle (but is also true in the non-
compact case). Now A is the entire spatial slice in the flat space region. Then the island
I covers the entire throat of the wormhole, see figure 11. Since there are no extremal
surfaces, the entropy is just the semiclassical entropy of A ∪ I,

Sisland = Sbulk(A ∪ I) = 0. (3.39)

We get zero since A and I can be viewed as the two sides of a pure |TFD〉 state prepared
by half of the Euclidean evolution.

We have been proposing that our the gravitational path integral is computing |B〉〈B|.
In fact, more naively we would say that it computes a density matrix σ, which would then
give us expectation values of local operators on the strip via

Tr [σ(τ)O] , σ(τ) ≡ e−τHCFTσe−τHCFT , (3.40)

without assuming that σ is a pure state.
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Figure 12. (a) The gravity computation of Tr
[
σ(τ)2], where we fix the boundary conditions in

the flat space region, while letting the dynamical gravity regions to connect in arbitrary ways. (b)
A configuration that is the product of two wormholes. (c) A long wormhole configuration.

We can check the purity of the state through a direct replica computation. We use
gravity to compute the purity Tr

[
σ(τ)2] of the (un-normalized) density matrix σ(τ). In

the exact description, the way we compute Tr
[
σ(τ)2] would be to take two replicas of the

density matrix, and identifying the bra/ket of the first replica to the ket/bra of the second
replica, and then letting the dynamical gravity regions to connect in various ways,10 see
figure 12(a).

A natural way of connecting the dynamical gravity regions is depicted in figure 12(b),
which is simply two copies of the wormhole that we discussed in section 3.3.2. This simply
gives us the square of Tr [σ(τ)].11 On the other hand, there is a different way of connecting
the gravity regions as shown in figure 12(c). However, this is not an on-shell solution, since
the length d of this is greater than 2π (in the conformally flat coordinate σ of (3.25)),
by (3.3) and (3.4) and we see that we no longer have negative energy in the bulk.

Thus at the level of on-shell solutions, we find

Tr
[
σ(τ)2

]
= (Tr [σ(τ)])2 (3.41)

It remains a question whether off-shell configurations like the one in figure 12(c) give
corrections to the purity, and we make no statement on them here.12

We comment on the relative entropy between σ and the thermal state in appendix E.

4 Lorentzian geometry and a collapsing FLRW cosmology

So far, our discussion was purely in Euclidean signature. However, it is natural to consider
the Lorentzian time evolution of the state |B(τ)〉. We would like to understand how to
describe it using gravity. For this purpose, it is slightly more intuitive to focus on the
compact case, assuming L is large enough so that the bra-ket wormhole dominates.

10For a critique of this procedure see [34].
11When the wormhole is not the dominant saddle, we can replace the wormholes in 12(b) by the discon-

nected configuration in section 3.3.1. We also get (Tr [σ(τ)])2.
12If they contribute off shell, and we have an ensemble, purity is restored after using an additional n→ 0

replica trick [35].
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Figure 13. Lorentzian continuation of the state prepared by the Euclidean evolution. On the
right (yellow) we have a cylinder with no gravity. On the left (green) we have a initially expanding
and then collapsing FLRW universe with dynamical gravity. The matter fields are in a thermofield
double state, with each side on each of these two spaces.

As we discussed previously, the full wormhole configuration has a moment of time
reflection symmetry which we can view as initial conditions for Lorentzian evolution. In
Lorentzian time, we get two disconnected spacetimes, see figure 13. We get a flat cylinder
with no gravity and a closed universe with gravity. Semiclassically, we get an initial matter
state which is entangled between the two universes. Up to a conformal rescaling, the matter
state is the thermofield double state where one side lives in the cylinder with no gravity
and the other in the closed universe. Semiclassically, if we look only at the cylinder, we
get a thermal state. On the other hand, since this state is entangled with a state on the
FLRW universe, the gravitational fine grained entropy formula tells us that we have a
pure state on the cylinder in the exact theory, as mentioned in [36]. Conceptually, this
is the same situation that happens when we have a fully evaporated black hole, except
that here we have a very explicit and simple construction and we do not encounter the
difficulties associated to the endpoint of black hole evaporation. This also means that the
entanglement wedge of the state on the cylinder includes all of the closed universe.

The metric and dilaton on the closed universe, for the case τ = 0, is obtained by
analytic continuation from (3.25) and (3.28).

ds2 = −dη
2 + dχ2

cosh2 η
, φ = c

4 (1− η tanh η) , for τ = 0 (4.1)

In addition, the matter at η = 0 is in a thermal state at temperature Tη = 1
π . For τ > 0,

we get the same metric, a rescaled dilaton (3.28) and a different temperature (3.8). This
geometry corresponds to an FLRW (Friedmann-Lemaitre-Robertson-Walker) universe that
emerges from a singularity at η = −∞, expands, reaches the maximum size at η = 0, and
then recollapses when η →∞. We see that the spatial direction shrinks as η → ±∞, which
corresponds to a finite proper time. This produces a geometric singularity if χ is compact.
Even if χ were not compact, we get that the dilaton is going to −∞, which is a strong
coupling region, where fluctuations in the topology are enhanced, and we cease to trust
the semiclassical approximation.
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Since this whole closed universe is in the entanglement wedge of the matter in the
cylinder, we could say that we are getting a holographic description for a closed universe
cosmology! Of course, the devil is in the details of entanglement wedge reconstruction.
This could be explored using either the Petz map [8] or the modular flow method [37].

Note that the whole closed universe can be included in the entanglement wedge of an
interval, A, that does not cover the full circle around the cylinder. This happens when
the complement of the interval, Ā, is small enough that the dominant contribution to its
gravitational fine grained entropy formula comes from the naive semiclassical entropy of the
interval. If the cylinder size is very big, then we can divide the circle into intervals for which
their dominant contribution to the entropy will come from islands with non-trivial quantum
extremal surfaces, such as the one discussed in figure 6. In this case, we see that the island
portion of the closed universe is encoded inside the cylinder interval. Therefore we have
an approximate notion of locality for the encoding of the FLRW region of the geometry.

In [38], they started with a simple boundary state, after some euclidean time evolution
|B(τ)〉, and then studied the Lorentzian time evolution of the entropy of a subregion. For
simplicity, we consider just the non-compact case and compute the entropy of a half line.
For generic boundary states this is expected to be a finite, but a linearly rising function
of time. In order to compute this, it is useful to first compute the entropy for a situation
where we consider the region A located in Euclidean time, at time τ ′ with 0 < τ ′ < τ ,
where τ is the Euclidean time that we use to construct the state |B(τ)〉. Then, after we do
the computation, we set τ ′ = τ ± it to do the computation at Lorentzian time t. Tracking
the quantum extremal surface through this procedure, we find that it starts at η∗ = 0 for
t = 0 and for positive times t it now moves in the negative η direction. However, even
for large t it does not significantly move in the η direction, and furthermore η∗ remains
bounded as t → ∞, for details see appendix B.2.2. It is simple to state the basic reason.
If we had just the TFD state, and we pick some time t on one of the sides, then on the
other side we would want pick the time η = −t to minimize the entropy. However, we
have two extra effects in the FRLW region: the conformal factor and the dilaton terms
in (4.1). Both of them prefer η = 0, and this preference dominates (at large η). It is for
this reason that η∗ does not go to large values. This means that the qualitative form of the
entropy is similar to what we would get for the thermofield double when we consider a half
space on both sides of the thermofield double (as in [39]), giving a linearly rising function
of time with precisely the same coefficient that we would find for the thermofield double,
S ∼ S0 + #c+ c

3πTtt.

4.1 The doubly holographic setup

To gain some further intuition, we can consider the “doubly holographic” set up introduced
in [36]. Namely the conformal fields are holographic by themselves so that they have a three
dimensional dual. In this case, we have a further description of the system as a gravity
theory in AdS3. Our flat space region lives on the rigid boundary of the AdS3 space, while
the dynamical gravity region of the 2d description corresponds to a dynamical Planck brane
extending from the rigid boundary into the bulk of AdS3.
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Figure 14. We consider a doubly holographic set up, where the flat space region (yellow) is a
segment of the AdS3 boundary, while the 2d dynamical gravity regions (green) correspond to Planck
branes in the 3d bulk (shaded in light green). The spatial direction is suppressed in the figure,
which can be either infinite or compact and is perpendicular to the page. (a) The disconnected
configuration for the Planck branes. (b) The connected configuration. (c) We can continue the
connected configuration into Lorentzian signature, and the Planck brane becomes an end of the
world brane behind the horizon (denoted by the dashed lines).

When we consider 〈B(τ)|B(τ)〉, we have two Planck branes extending from the bound-
ary into the bulk. Naively the two branes are disconnected, see figure 14(a), and this cor-
responds to the disconnected saddles we have discussed in sections 2.2 and 3.3.1. However,
since the Planck branes are dynamical objects in the 3d theory, we should also allow the
possibility that they are connected in the bulk, see figure 14(b). This would correspond to
the connected saddles we studied in section 3.1 and 3.3.2. We can view the Planck branes
as branes created by the boundary conditions of the boundary CFT. The fact that they
can be connected was discussed in [40, 41]. The new ingredient in our discussion is the
further completely 2d interpretation of such branes. The fact that we should allow such
connected brane configurations gives us another piece of evidence that bra-ket wormholes
should be included. Similar constructions were discussed in [42–45].

Notice that in the Lorentzian geometry of figure 14(c) the cylinder where the CFT lives
is the yellow boundary on the right and the FLRW universe is the green line on the left.
The entanglement is represented as a geometric connection between these two boundaries.
The boundary on the left side is a dynamical gravity configuration and is viewed as part
of the state in the CFT. In other words, the state in the CFT is a particular pure state of
a black hole (or black brane).

An advantage of the doubly holographic set up is that, to leading order in c � 1,
the entropy can be computed geometrically in the 3d bulk through the RT/HRT formula.
Since the matter fields are holographic, the entropy of an interval A in the semiclassical
state can be evaluated by the area of an extremal surface that is homologous to A. (This
surface is a line in 3d). The surface can also land on the Planck branes, and when it does,
we get an extra area term from the brane that is the value of the dilaton φ at that point.
The prescription gives the same results as our computations in 2d, but it provides a simple
geometrical viewpoint of the computation.

For simplicity, let us consider the case that we have an infinite spatial direction, and
the region A is half of the infinite line. Then the only place the extremal surface can land
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Figure 15. (a) In the disconnected geometry, the extremal surface can land on either one of the
branes (denoted by the solid and dashed lines), resulting in a Z2 symmetry breaking. (b) In the
connected geometry, the extremal surface lands on the symmetric point of the brane and the Z2
symmetry is preserved. (c) When we continue into Lorentzian signature, the entanglement wedge
of the boundary includes the entire bulk region to the end of the world brane behind the horizon.

on is on the Planck brane. In the disconnected case, the extremal surface can land on
either one of the branes, and the Z2 symmetry is spontaneously broken, see figure 15(a).
In the connected case, the Z2 symmetry is preserved by the solution since the extremal
surface lands on the reflection symmetric point of the brane, see figure 15(b).

In the situation where the Planck branes are connected in the bulk, we can slice the
system open around the Z2 symmetric point and continue it into Lorentzian signature, see
figure 14(c). In the Lorentzian picture, the Planck brane is completely detached from the
boundary. From the bulk point of view it is an “end of the world brane” (EOW brane).
The entanglement wedge of the boundary includes the whole space up to this end of the
world brane. Note that the end of the world brane is behind the horizon, so naively an
observer on the boundary can never send a signal to the brane. However, by the idea of
entanglement wedge reconstruction, one can in principle communicate with the brane by
doing operations that are sufficiently complex.

However, for the disconnected case, see figure 15(a), if we do the same continuation to
Lorentzian time, we get an empty AdS3 space in the bulk. Thus if we compute the entropy of
the half infinite line A in the Lorentzian signature, the solution of the extremal surface will
be necessarily complex so that it can reach and land on the Planck brane. In particular, this
does not lead to a clear interpretation of the entanglement wedge. Fortunately, whenever
we have islands, the connected configuration always dominates over the disconnected one,
so we should always use the connected configuration to compute entropy.

We comment on the relation between the extra third dimension and the tensor networks
in appendix G.

5 Euclidean wormholes after projecting on to a typical state

In section 2.1, we started by saying that the state |B〉 is defined by performing the Euclidean
gravitational path integral with fixed metric and dilaton boundary conditions. The state
defined in this way is usually referred to as the Hartle-Hawking state |HH〉 or no-boundary
state, as one sums over all no-boundary manifolds in the gravitational path integral. Later
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in the discussion, we have argued that when we compute quantities of the form

〈B(τ)|O |B(τ)〉 (5.1)

we should include geometries with different topologies, namely bra-ket wormholes, see fig-
ure 9. From the point of view of holography, this is not too surprising since computing (5.1)
is analogous to introducing some interaction between the two quantum systems that de-
scribe each of the two sides. In fact, this setup is basically the same as the one considered
in [15] (based on [29]).

The computation of (5.1) can be viewed as a two step process, first computing the
density matrix ρ = |B〉〈B| and then taking the trace Tr[ρO]. One could wonder whether
the wormholes should be included in the computation of this density matrix, or particular
elements of the density matrix. In fact, [14] gave a prescription for computing the density
matrix of the universe which includes such wormholes. As [46] emphasized, this is different
than the Hartle Hawking prescription, which would not allow such connections. Here we
have only argued that bra-ket wormholes should be included if we trace over some of the
degrees of freedom. If we trace over all the field theory degrees of freedom, we have a setup
similar to the traversable wormholes of [15]. We need to include them to solve the entropy
subaditivity paradox.13

The discussion of whether one should include wormholes is also related to the fac-
torization puzzle in AdS/CFT [47]. Suppose one computes the product of two partition
functions Z(β1) × Z(β2) of two holographic CFTs using gravity. If we include wormholes
connecting the two asymptotic boundaries, we violate factorization explicitly, unless the
wormholes can be cancelled in some miraculous way. Note, however, that all of our dis-
cussion so far does not violate factorization explicitly, since we considered quantities like
〈B(τ)|O |B(τ)〉, which are not factorized in the dual description. In fact, our wormhole
appears to be much smarter than just not causing puzzles, it solves the strong subadditiv-
ity paradox we found, and also respects the purity of the state, as long as one applies the
gravitational fine grained entropy formula.

However, we can change the problem in a way that the factorization puzzle starts to
emerge. This discussion was inspired by [16]. As we have discussed in section 3.3.2, at the
semiclassical level, the wormhole gives us a thermal state ρs on the geometry (3.8). In the
non-gravitational flat space region, we can now insert a projection operator onto a typical
state |Ei〉, with the same energy as the one determined by ρs, which is just the energy of
the CFT at temperature Tx (3.8). This is an energy and momentum eigenstate (with zero
momentum) which implies that the stress tensor is constant. Therefore we have the same
equations and solutions for the wormhole that we had previously, see figure 16(a). In the
dual description, inserting a projector means we are computing

| 〈Ei|B(τ)〉 |2 , (5.2)

which factorizes into the product of the amplitude 〈Ei|B(τ)〉 and its complex conjugate,
see figure 16(b). On the other hand, the gravity computation is not manifestly factorized

13Of course, in this discussion we are assuming that the gravitational fine grained entropy formula is
correct, since the paradox arose under that assumption.
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Figure 16. Projecting on to a typical energy eigenstate in the (yellow) non-gravitational region.
(a) We find the same type of bra-ket wormhole solution. (b) The dual interpretation, we have a
boundary state, which we evolve for a time τ in Euclidean time and then we overlap it with the
energy eigenstate |Ei〉. Independently, we have a similar computation with the bra.

if we include wormholes as in figure 16(a), and thus we do have a factorization puzzle when
we consider typical states. As in [8], the puzzle becomes more clear if we consider two
orthogonal states |Ei〉 and |Ej〉, then we cannot use the connected wormhole to compute
〈B|Ei〉〈Ej |B〉. On the other hand, we expect that it should be a random variable with a
modulus with an average value given by (5.2) and also containing a phase which we do not
know how to calculate. One important lesson of ER=EPR, and of traversable wormholes, is
that the procedure involved in preparing the state creates a spacetime itself, and that space-
time could be connected with the region we are focusing on. As a simple example, we discuss
in appendix F the case where the state which we project on is |B〉 itself. In that particular
example, we find that the factorization puzzle is avoided at the level of on-shell solutions.

One option is that this computation inherently involves an average over couplings.
This average over couplings has been demonstrated in pure JT gravity [32].14 A different
possibility is that, in the complete theory, one has the freedom to choose whether to include
wormholes or not, and different choices lead to the same final result [48]. Notice that in
JT gravity with matter the sum over topologies is not well defined due to divergences from
very thin wormholes. This suggests that perhaps the full UV theory will be involved in
proving factorization when there is a puzzle.

The energy eigenstates are highly non-local along the x direction, and therefore 〈En|B〉
does not have a simple dual interpretation as a quantum system evolving along the Eu-
clidean x direction. Nevertheless, it is possible to consider a slightly different setup where
such an interpretation is simpler. Let us instead assume that the matter CFT consists of
c independent massless scalar fields with a compact circle target space.15 In addition, let

14If we take a single member from the ensemble, then the wormhole only gives a good description for
quantities that are self-averaging. The same lesson can be possibly extended to theories that are not a
member of the ensemble. When we compute quantities as 〈B(τ)|O |B(τ)〉, the fact that we sum over all
the intermediate states in the middle suggests that the quantity does not depend on the fine detail of the
parameters in the theory, which can be an explanation of why they can be computed by a wormhole.

15This last condition is imposed so that we do not have to worry about complications from the non-
compact target space.
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Figure 17. (a) We study a model which consists of de Sitter gravitational evolution followed by an
evolution in flat space with no gravity. (b) When we consider expectation values, we join the bra
and the ket following the Schwinger-Keldysh contour. In (c) we see a more traditional depiction of
the Schwinger-Keldysh evolution. We go forwards in time to prepare the bra, then go backwards
in time to prepare the ket.

us assume that τ = 0. We can now choose a boundary condition for the scalar fields of the
form ϕ|Bdy = ϕi0(x), i = 1, · · · , c. This computes

Z[ϕi0(x)] = 〈B|ϕi0(x)〉 , (5.3)

which, by viewing x as Euclidean time, is expected to give us the partition function of
a quantum mechanical system with (Euclidean) time dependent couplings, set by ϕi0(x).
Taking the square of (5.3) we expect a factorized answer. Nevertheless, we get a worm-
hole that connects the two copies as a possible gravity solution, as long as the profile is
sufficiently typical that the stress tensor is similar to what we had before. After taking
the square of (5.3) and integrating over ϕi0(x) we effectively enact a transparent bound-
ary condition and connect the matter fields through the AdS boundaries. So we see that
the connected wormhole solution for the case with connected boundaries is intimately re-
lated to the wormhole solution when the boundaries are not connected but have correlated
couplings that depend on Euclidean time. Similar examples of Euclidean wormholes with
Euclidean-time dependent couplings will be discussed in [49].

6 A two-dimensional model of inflation and bra-ket wormholes

In this section, we consider a toy model for inflationary cosmology. It is a two dimensional
model with a period of de Sitter evolution followed by a flat space region. Furthermore,
we imagine that gravitational effects are important during the de Sitter phase, but can be
neglected during the flat space region.

More concretely, we study the following model. We consider a dS2 version of JT gravity
coupled to matter that is described by a CFT, see figure 17. At late times we join this
to a flat space theory with no gravity. This could be an approximation to a full model of
two-dimensional gravity where we interpolate between dS2 JT gravity and flat space JT
gravity, but where the dilaton becomes extremely large in the flat space region, so that we
can neglect the effects of gravity there. In two dimensions, we can achieve this by changing
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the “potential” from linear, which gives de Sitter, to constant which gives flat space. If
this change happens at a very large value of φ, we can neglect quantum gravity effects in
the flat space region.

The (Lorenzian) action for this model is

I(dS) = S0
4π

[∫
R+ 2

∫
K

]
+ 1

4π

[∫
φ(R− 2) + 2φb

∫
K

]
+ ICFT . (6.1)

where the action for the CFT is defined both in the de Sitter region as well as in the flat
space region. The standard evolution of the conformal fields through the transition between
de Sitter and flat space gives us transparent boundary conditions for the conformal fields.
In other words the fields evolve continuously from the de Sitter region with gravity to the
flat space region with no gravity. The future boundary of de Sitter, which is the location
of the “reheating” surface, is set where φ = φb, with φb a fixed large value, which we will
typically scale as φb = φr/ε, keeping φr fixed. Of course, in the real world we do not turn
off gravity completely after reheating. Our objective is to define a model that is as simple
to analyze as possible, leaving more realistic models for the future.16

Note that we are fixing the geometry of the future, in particular, we are assuming we
have a single large connected universe, and not many disconnected ones. If the spatial
direction is compact, we will be fixing its length. We can view all these conditions as a
certain projection condition on the most general state resulting from inflation, which could
contain disconnected universes. We are not fixing the state of the CFT, this is determined
by the gravitational dynamics. We expect to have a well defined state in the CFT, in the
flat space region, after all these projections.

The advantage of turning off gravity in the future is that we can define precise quan-
tum states and we can talk about the von-Neumann entropy of subregions. We can view
the whole de Sitter evolution as producing a state |C〉, which is an initial state for the
Lorentzian evolution in the flat space region. We use the letter C for Cosmological. We
will make no assumptions on whether it can be computed in terms of a quantum sys-
tem residing at the boundary, which would be the case if some version of dS/CFT was
true [50–52]. However, the formulas we will find are essentially consistent with that idea.
Our main approach is to use the gravitational fine grained entropy formula [1–4] to calcu-
late subregion entropies using the semiclassical state in order to understand properties of
the exact state.

This setup is very similar to that considered in section 2.1. In both cases we prepare
a state in the flat space region. In section 2.1 the state was prepared by Euclidean AdS2
evolution. Here it is prepared by Lorentzian dS2 evolution. This Lorentzian evolution relies
on a choice of state and we will discuss some possible choices below.

Before we start, let us mention that there are three different solutions of equations
of motion resulting from (6.1), and each of them plays some role in our discussion,17 see

16In higher dimensions, there are propagating gravitons, so when we talk about turning off gravity we
really mean that we select a background spacetime, and we consider gravitons propagating on this fixed
background as perturbative fluctuations, including them as one type of “matter” field.

17We hope that the use of the same letter for various time coordinates will not cause a confusion.
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Figure 18. We display the various cases we considered. They are distinguished by the isometries
preserved by the dilaton. We join a flat space region (yellow) to the future in each case. (a) Poincare
case. (b) Global case. (c) Milne case, where the top light green region of de Sitter is the Milne
patch covered by the coordinates (6.4). The two future blue triangles can be described also as a
Milne wedge. This can be viewed as having black holes in dS2, or as a one dimensional universe
with two black holes at their ends. The black hole interiors are shaded in blue, and the dark green
regions are the static patches in between the Milne wedge and the black holes.

figure 18,

Global : ds2 = −dη
2 + dϕ2

sin2 η
= −dt2 + cosh2 t dϕ2 , φ = φ̃r

− tan η , (6.2)

Poincare : ds2 = −dη
2 + dx2

η2 = −dt2 + e2tdx2 , φ = φr
−η

, (6.3)

Milne : ds2 = −dη
2 + dχ2

sinh2 η
= −dt2 + sinh2 t dχ2 , φ = φ̃r

− tanh η , (6.4)

where we take η < 0. By taking the central charge of the CFT to be very large, c � 1,
we can ignore the fluctuations of the boundary graviton mode. Then, at a small value of
η = ηc we glue these metrics to flat Minkowski space

ds2 = −dt
2
M + dx2

ε2
, and set φ = φb = φr

ε
, φ̃r = φr

(−ηc)
ε

(6.5)

We will see later how to determine the ratio (−ηc)/ε, which is a free parameter for now.
In the Poincare case we set ηc = −ε so that φr = φ̃r.

We start by applying the Hartle-Hawking rule to determine the wavefunction. Namely,
we continue the geometry into the Euclidean time direction so as to produce a reason-
able state.

This is usually done in the global coordinates, (6.2), whose analytic continuation give
us the metric of a sphere and a non-singular imaginary dilaton which breaks the SU(2)
isometries to U(1). In this case, the free parameter is fixed in terms of the size of the circle
L by demanding that x ∼ x+ L translates into ϕ+ ϕ+ 2π. This gives a probability

|Ψ|2disconnected ∼ e2S0 ∼ eSdS . (6.6)

where S0 is the full entropy including some terms of order c from the matter conformal
anomaly, and 2S0 is the de Sitter entropy. Semiclassiclally, we state that we produce is the
vacuum on the cylinder |B〉s = |0〉.
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When the size of the circle is very large, L � φr/c, we can approximate the relevant
region of the geometry by the Poincare coordinates, (6.3). This is ordinarily done in
discussions of inflation applied to our universe. In the Poincare case, the semiclassical
state that is produced is simply the vacuum in the CFT.

We now consider the computation of the entropy of an interval of length ∆x = ` that
is located in the flat space region. In the semiclassical theory, the Hartle-Hawking state for
the conformal field is just the ordinary vacuum. When there are no islands, the entropy of
the interval is identical to (2.4), or Sno island = c

3 log(`/εuv). As before, we can consider the
possibility of islands. In fact, we expect that these dominate for large `. We can introduce
islands and search for the location of quantum extremal surfaces. If ` is large, we expect
that this search boils down to a search for a quantum extremal surface near each end point
of the original interval. This is again justified by thinking about an OPE expansion of
the twist operators. It should be emphasized that this search for the quantum extremal
surface takes place on the two “leaves” of the Schwinger Keldysh contour that is used to
calculate the state at late times, see figure 17(b-c). The quantum extremal surface could
be on either side of the contour, the bra or the ket sides. For example, when it is on the
ket side we get a generalized entropy of the form

Sgen = 2
{
S0 + φr

−η
+ c

6 log
[

(t− η)2

(−η)εuv

]
+ i

cπ

6

}
(6.7)

where we have already used that the quantum extremal surface will be at the same spatial
position as the endpoint of the interval. The overall factor of two is because we have
two endpoints. The imaginary part arises because we have a timelike separation for the
underlying twist operators, and we used the standard prescription for continuing their
correlators from spacelike to timelike separations. The extremization of this quantity leads
to a result that is essentially the same as (2.6), or η∗ = −6φr

c . Notice that the imaginary
term is constant and does not affect the extremization. Furthermore, when we sum over the
bra and ket contribution, this imaginary part cancels out. Note that this sum is supposed
to be done at the level of the twist operators, in the computation of the Renyi entropies, and
could produce terms that are subleading in the large c expansion that we are ignoring. The
situation seems similar to the one when there are competing quantum extremal surfaces,
as in [24, 25].

This result is very pleasing because it is saying that the entropy of the interval can
never become larger than the de Sitter entropy, 2S0 + O(c). However, it must be wrong
in detail because we can set up the same paradox that we described in section 2.3. The
general setup is the same, we view the matter CFT as the sum of two CFTs and we select
the same choice of regions. In the Euclidean AdS problem, we saw that this paradox is
avoided if we included bra-ket wormholes.18

Before trying to solve this problem, let us also search for islands in the Milne coor-
dinate system (6.4). When we talk about the state produced in the Milne coordinates it

18Note that the presence of this paradox is not unique to the no-boundary state we study. As long as
inflation lasts longer than ∼ log 6φr

cε
e-foldings, the paradox will likely occur independently of the initial

conditions for inflation.
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is important to realize that we have a physical parameter which is the effective tempera-
ture of the state that is produced in the flat region. Alternatively we could think of this
parameter as the length of inflation from t ≈ 0 in (6.4) to the end of inflation. It turns
out that this is set by the free parameter that we had in (6.5). The free parameter, sets
the rescaling between the χ and x coordinates. The ratio between these two coordinates
amounts to the physical temperature Tx in the fixed flat space coordinates (6.5) versus the
temperature T = 1/(2π) in the η, χ coordinates. In other words, we define

Tx = 1
2π

(−ηc)
ε

= 1
2π

dχ

dx
, → φ̃r = 2πTxφr (6.8)

We will later discuss its value. However, before doing that, we can imagine that we are given
this semiclassical geometry and we can compute the entropy of intervals. More precisely,
we assume that we have the standard Bunch Davies (or Hartle-Hawking) state and we then
use the gravitational fine grained entropy formula for computing entropies of intervals in
the flat space region.

Even before we look for islands, we can compute the entropy of some interval of length
` in the flat space region. As is well known, for conformal fields, the usual de Sitter vacuum
looks thermal in the Milne coordinates. For an interval of length ` the no island contribution
is just the standard thermal answer at the temperature Tx in (6.8), Sno island = c

3πTx`,
for Tx`� 1.

We can now search for islands. In these coordinates, we can think of the solution as
an expanding de Sitter region with two black holes, one on the left side and one on the
right side. These two black holes are entangled with each other if the full space is de
Sitter, which has a compact spatial slice, see figure 18(c). So this setup is rather similar
to the one considered in [26], and we therefore expect islands in the interior of these black
holes. Indeed, we can make an ansatz and find islands there. For details see appendix C.1.
The final position of the island is shown in figure 19(a). These islands do not lead to the
subadditivity paradox because they are behind the horizon.

In addition, we have islands that are similar to the ones we found above for the Poincare
coordinates. It is clear they should exist for very tiny Tx, Txφr � 1, in which case we can
approximate well a region of this solution by the Poincare coordinates. However, even
if we cannot make this approximation, we can still find such islands, see figure 19(b).
Furthermore, in some regions in parameter space, they dominate over the black hole interior
ones, see appendix C.1. Therefore, these lead to paradoxes.

6.1 Cosmological bra-ket wormholes

A crucial point about cosmological observations is that we normally trace over what will
continue to happen in the future. This creates a connection between the bra and the ket. In
other words, if we think in terms of a Schwinger-Keldysh in-in contour computation of an
observable, the connection arises when we join the ket part of the contour with the bra part
of the contour at the time we do the observation. Lessons from traversable wormholes, or
their euclidean counterparts of section 3.1, imply that such direct connections can result in
spacetime geometries that are connected between bra and ket in the far past. Connections
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Figure 19. We calculate the entropy of the interval A in the Milne case and examine the contri-
bution from islands. We are identifying the left and right parts of the figure because we imagine
that the geometry is the usual dS2 spacetime with a compact spatial section. This means that the
two black holes can be viewed as entangled with each other. (a) An island that is in the inside of
the black hole region. (b) Another type of island which can lead to paradoxes.

between bra and ket in cosmology were first suggested by the Page prescription for the
wavefunction of the universe [14].19 As emphasized in [46], this is, in principle, a different
prescription than the Hartle-Hawking one. Here we are saying something slightly different.
We are saying that, by virtue of tracing out some of the degrees of freedom in the future,
we are connecting the bra and the ket computations and therefore there is no reason to
forbid connections between bra and ket in the past. In fact, we have seen that we run
into trouble if we only consider the naive geometry. Similar bra-ket connections were also
suggested by the JT gravity model (without propagating fields) considered in [8].

Once we allow the possibility of such connections, we need to figure out which concrete
spacetimes to consider. Notice that the gravitational action of the bra-ket wormholes does
not contain the factor of e2S0 present in (6.6). Thus, in order for them to dominate there
should be some enhanced matter contribution.

In our case, the search is simplified because we can first impose the dilaton equation
of motion which fixes the metric to be de Sitter. Then the choice of contour boils down
to a choice of complex contour in either proper time t or conformal time η. We will
consider various possible contours that define distinct bra-ket wormholes. As discussed
in detail in [54], in principle, we are allowed to consider any contour in the complex t-
plane to create a state. Naturally, contours that can be smoothly deformed into one
another without crossing a singularity lead to equivalent states. Presumably, there are
some constraints on which contours can and cannot contribute, but at the moment we
lack a complete understanding of these constraints. What we can impose with confidence
is that the resulting density matrix should be Hermitian and positive-definite. We will
consider three candidate contours below, depicted in figure 20. When we have a non-trivial
displacement along the imaginary η direction, it is natural to consider the geometry in the
Milne form (6.4), which is periodic under η → η + iπ. So in principle we could consider
contours where the endpoints are separated by ηbra = ±ηket + inπ. We will consider only
three options.

19This idea was further analyzed in e.g. [53].
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Figure 20. Three contours that we consider, the red circle is the bra and the blue circle the ket.
We describe them in the η coordinates and real values of η correspond to the vertical axis. (a) The
identity contour, we simply go back in time and join the bra and the ket. It does not matter how
far back in time we go. (b) The 2π contour with the Milne metric (6.4). Now we have a non-trivial
displacement in imaginary time, which will lead to a thermal state for the CFT. Both the solid
line and dashed lines contours are equivalent for conformal matter. We suspect that the solid line
contour gives the usual Hartle Hawking state also for any massive field. (c) The π contour, also for
the Milne metric (6.4). It has a shorter displacement in the imaginary direction.

Figure 21. We display the same contours as in figure 20, but in the t plane. We marked the
singularities of the metric (6.4) using black dots. The contour can be smoothly deformed as long
as it does not cross the singularities.

An important property of the contours is the (inverse) temperature which is seen
by our CFT matter fields once they are placed on this geometry and evolved along the
corresponding contour. This is given by

1
Tη(γ) = β(γ) = i

∫
γ

dt

a(t) = i

∫
γ
dη , (6.9)

where γ is the contour. For the three contours we consider, depicted in figures 20, 21, the
inverse temperatures are

βIdentity contour = 0 , β2π contour = 2π , βπ contour = π . (6.10)

We now evaluate the matter stress tensor on these geometries and calculate the backreac-
tion on the dilaton, as in section 3.1. We first calculate 〈C|C〉, meaning that we impose
periodic boundary conditions on the matter fields along a contour. We get (dismissing the
cosmological constant term that can be absorbed by a shift of S0)

Tηη =Tχχ = cπ

6

(
1
β2
i

− 1
4π2

)
, φ= φ̃r

−tanhη−
cπ2

3

(
1
β2
i

− 1
4π2

)(
η

tanhη−1
)
. (6.11)

where the second term in the stress tensor comes from the conformal anomaly.
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We can search for a solution as follows. We have already imposed the equation of
motion for the dilaton, which fixes the metric to be de Sitter. After choosing the contour, we
evaluate the matter partition function. At this point, we typically have one free parameter,
discussed near (6.5), which is the length of inflation, or the effective temperature of the
state produced by the wormhole. We can now do one of two things. We can evaluate
the full partition function of gravity plus matter in terms of this free parameter and then
extremize it. Since the gravity part of the action is purely a boundary term, we see that it
cancels in all cases between the bra and the ket contributions. So we only need to extremize
the matter part. Alternatively, we can determine the matter stress tensor, solve for the
dilaton and impose its boundary condition. These two procedures give the same answer.
Since the gravity theory makes no contribution, we will find that the extremization sets
the traceless part of the matter stress tensor to zero in the de Sitter region and then the
dilaton is unchanged (compared to the one without matter). In practice, it is a bit more
illuminating to attempt to extremize the matter partition function, since sometimes we
will not find a solution, and this process will tell us where the free parameter is driven to.

In computing the matter partition function, it is important to remember to include
the effects of the conformal anomaly, which is non-trivial when the contour includes some
Euclidean evolution in the de Sitter region. This is easiest to compute in the η coordinates,
we find only a contribution from the Euclidean parts of the contour since the Lorentzian
parts cancel each other. We can evaluate the Euclidean piece of the contour by setting
ω = − log sinh(ηL+iηE) ∼ (ηL+iηE) in (3.22), for a very large ηL � 0 and ηE parametrizes
the shift into the Euclidean part of the contour. Then the anomaly contributes as

logZanomaly = c

24π

∫
dχdηE (∂ηEω)2 ∼ − c

24
∆ηE
π

∆χ (6.12)

Note that ∆χ is the length in the χ coordinate in (6.4) which we yet need to convert into
∆x, which is the physical coordinate in Minkowski space (6.5).

6.1.1 The identity contour

The simplest possible connection is just an identification between the bra and ket parts of
the contour, see figure 20(a). This is the type of identification we make in the future when
we have a Schwinger-Keldysh contour, see figure 17(c). So it is fairly natural to assume
that we can also have it in the past. We will call this the “identity” contour. Unfortunately,
this results in an infinite temperature state, independently of the time when we do this
identification. In fact, with this identification, the past parts of the bra and ket contours
cancel out (as the future parts cancel in the Schwinger-Keldysh contour). The reason we
get this infinite temperature is that we do not have any period of Euclidean evolution, so all
states in Hilbert space are equally weighed. Though this result looks physically unreason-
able, in the sense that it cannot model our universe, it is not clear why it is wrong from the
mathematics of the problem. This is related to the fact that if we weigh all present possible
states of the universe equally, the current state of the universe looks extremely unlikely.

Note that in the Euclidean case considered in section 3.1, we considered contours of
arbitrary length in Euclidean time. The minimum of the action was given by one with a
finite amount of evolution in Euclidean time. So the zero length one was disfavored.
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In order to get more insight on this contour, we can regularize its contribution by
doing an extra Euclidean evolution by Euclidean time τ in the flat space region. This
decreases the effective temperature to a finite value T = 1/(2τ). The Lorentzian dS part
of the solution has a free parameter. The matter partition function only depends on the
geometry of the flat region outside and it is independent of this free parameter. When x

is very long, x ∼ x+ L, it gives

Z = exp
(
πcL

12τ

)
, L� τ (6.13)

If we compute the full entropy of the universe, with a compact spatial section, then we find
zero if we include the whole lorentzian region as an island. If we compute the entropy of
an interval, it depends on the free parameter mentioned above and it is unclear to us how
to treat it.

6.1.2 The 2π contour

In order to avoid this problematic contour we will consider alternative contours that involve
some amount of Euclidean evolution. This is already present in the standard Hartle-
Hawking prescription (which implies the Feynman’s iε prescription at small scales).

The simplest contour of this kind that we could think of is the 2π contour which
consists of shifting η in (6.4) by 2π in the Euclidean direction before joining again to the
bra part of the contour

ηket = −2πi+ ηbra (6.14)

The contour is depicted in figure 20(b). When we have a non-compact spatial direction, it
produces a state on the infinite line that has temperature Tη = 1/(2π) and is exactly the
same as the Hartle Hawking state on the Milne patch. It is a thermal state with the usual
temperature. This is easy to see by doing a conformal rescaling to the flat coordinates
ds2 = −dη2 + dχ2. In these coordinates, this 2π contour is just the ordinary flat space
thermal Schwinger-Keldysh contour. The fact that it is thermal can be viewed also as
arising from the fact that the whole future boundary of de Sitter space is covered by the
two future Milne patches, see figure 18(c). When the χ coordinate is non-compact, this is
giving the same as the Hartle-Hawking state in Milne coordinates, see appendix C.3.

However, this contour also allows us to define the state even if we compactify the
direction χ. In this case, we are breaking the de Sitter isometries, but we can continue to
define the state using this 2π contour. As we pointed out before, the gravitational part
of the action gives zero. The matter part of the action recieves a contribution from the
anomaly (6.12), with ∆ηE = 2π. This precisely cancels the usual torus partition function
in the regime of ∆χ� 1, which is logZflat = c

12∆χ.
This precise cancellation implies that the parameter Tx, (6.8), is not determined. As we

mentioned, this parameter also determines the length of inflation. Notice that the second
term in the expression for the dilaton in (6.11) vanishes when β = 2π. Maybe by considering
fluctuations of the Schwarzian mode, Tx will be driven either to large or low values.

Another option, is to compactify the x direction, x ∼ x + L. With the metric (6.4),
this leads to a singularity at t = 0, or η = −∞. The contour we are choosing leads to well
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defined state in the CFT despite this metric singularity, since we avoid it by moving into
the complex plane. Now the matter partition function is enhanced by making ∆χ small.
Notice that even though ∆x = L is fixed, ∆χ can vary because of the free parameter
discussed near (6.8). This drives the solution to small Tx. For such small values the matter
partition function is dominated by the vacuum contribution in the cross channel. This gives
a divergent contribution for small Tx that comes from a relatively thin tube joining the bra
and the ket. It seems natural to imagine that this divergence is cured by transitioning into
the two disconnected disks giving the traditional Hartle Hawking wavefunction. Thus, this
contour does not appear to lead to a resolution of the paradox.

The conclusion is that this contour has a zero mode when L is infinite and it leads
to the usual Hartle-Hawking state in Milne coordinates. For L finite, Tx is driven to very
small values.

6.1.3 The π contour

This contour leads to a higher effective temperature, see figure 20(c). When we evaluate the
matter action including the contribution from the conformal anomaly, we get (for L� 1),

logZanomaly + logZflat =
(
− c

24 + c

6

)
∆χ = c

82πTxL (6.15)

Since the gravity part cancels this drives Tx →∞. So, now we are generating a state with
very high temperatures. In (6.15) we used that Tx governs the rescaling between x and χ
coordinates (6.8).

We can regularize this by adding, in the flat space region, a period of Euclidean time
evolution by an amount τ , see figure 22. Now the size of the circle in the η coordinates is
π(1 + 4τ T̃x), where we defined T̃x to be Tx defined as the rescaling present in (6.8), but
we have not identified it with the physical temperature yet. The matter part of the action
then becomes

logZanomaly + logZflat =
(
− c

24 + c

6(1 + 4τ T̃x)

)
∆χ =

(
− c

24 + c

6(1 + 4τ T̃x)

)
2πT̃xL

(6.16)
which now has a maximum at T̃x = 1

4τ . Having fixed T̃x, we find that φ̃r = π
2τ φr. Fur-

thermore, this implies that the total Euclidean time evolution in the η coordinates is
π(1 + 4τ T̃x) = 2π. This also means that T̃x = Tx is the physical temperature of the state
of the CFT prepared by this whole process. In addition, the stress tensor, as well as the
correction to the dilaton vanish (6.11). The conclusion is that the state prepared by this
procedure agrees, in the de Sitter region, with the standard Hartle-Hawking state in the
Milne coordinates!

So this is the one case where we have managed to fix the free parameter! Furthermore,
at this maximum, the result is positive, so that for large enough L it can win over the two
separate disk contribution (6.6). However, it is a bit unphysical because we had to perform
an additional Euclidean time evolution after the end of inflation.

For this case, we can now search for islands and we get islands at a value of η whose
imaginary part lies in the middle of the contour, see figure 22(b).
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Figure 22. Regularized π contour. We add further Euclidean time evolution in the flat space
region, which is denoted by the yellow lines. (a) Basic contour defining the density matrix. (b)
Location of Islands for long intervals. (c) We can further evolve in Lorentzian time, tL, the state
prepared in (a).

The entropy of an interval of length `, without any island, is given by the usual thermal
answer S = c

3πTx` = cπ`
12τ . When the interval is large, this gives us a very large answer.

As usual, we can also search for an island on the contour. In particular, motivated by
the Euclidean discussion, we expect the island to be at half way through the contour, i.e.
η = iπ2 − η̃, see figure 22(b). Thus we have, see appendix D,

Sgen(η̃) = 2

S0 + φ̃rtanh η̃ + c

6 log


(
2 cosh η̃

2

)2

cosh η̃ εuv,χ


 . (6.17)

Extremizing over η̃, we find the following equation

cosh η̃ tanh η̃2 = 6φ̃r
c
, (6.18)

which always has solution η̃ > 0. We find that

Sisland = 2S0 +O(c). (6.19)

Thus for an interval with size ` & 24S0
πc τ , its entropy is given approximately by the de Sitter

entropy SdS = 2S0.
We can also further evolve the final state in Lorentzian signature, see figure 22(c).

Then the island shifts along coordinate η̃ and sweeps out the full range of η̃. As expected
for a state resulting from a quench [22], for a semi-infinite interval we get an entropy that
grows linearly with lorentzian time, see appendix D for more details.

Let us compare this result with what we had in the AdS case. A common feature is
that the island is located in the “middle” of the Euclidean evolution, hence we can again
argue that the CFT is in a |TFD〉-like state with some other system. This, in turn, ensures
the restoration of strong subadditivity, as long as this solution is the dominant one. Note,
however, that even for an interval that is placed at zero Lorentzian time in the flat space
region, the island is separated from the slice η = −iπ/2. This is perhaps not surprising
since our contour always involves some Lorentzian evolution during the dS2 region, and
when Lorentzian time was added to our boundary state in the AdS case, the island was
also shifted in Lorentzian time, as in (B.19).
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The metric in the region that the islands reside can be written as

ds2 = dη̃2 − dχ2

cosh2 η̃
= −

(
−dη̃2 + dχ2

cosh2 η̃

)
. (6.20)

If we ignore the overall minus sign, we find the same FLRW universe as discussed in
section 4. On the other hand, if we do not ignore it, for the non-compact case, this is the
metric of the static patch in the Milne solution of (6.4), see figure 18, which lies between
the black hole horizon and the cosmological horizon. From this perspective, the island is
extended along the timelike direction, η̃, in (6.20). We do not know how this should be
interpreted. We note that this foliation of the static patch is similar to the one that inspires
the “dS/dS” correspondence [55].

So far, we have discussed the case of very large L. When L is finite, there is actually
a solution. This is obtained as follows. We have seen that for very large Tx we obtain the
matter partition function (6.15), which diverges. For very small Tx we also expect that it
diverges, for reasons similar to the ones we mentioned at the end of section 6.1.2. This
means that there is a minimum of the partition function for some value of Tx of the order
Tx ∝ 1/L. This gives a classical solution. We also get that the stress tensor in the dS
region is zero. Unfortunately, this is a maximum of the action rather than a minimum. It
is conceptually similar to the unstable “hot wormhole” phase described in [15, 56]. The
matter action at the solution is given by c, up to an order one number. Then we expect
it to be subdominant to the disconnected solution. In addition, if we regularize the whole
problem by adding a bit of euclidean time evolution, τ > 0, then it is clearly subdominant
compared to the bra ket wormhole we discussed above.

6.1.4 Bra-ket wormholes and bouncing cosmologies

Let us finally make the following observation. The most straightforward interpretation
of our bra-ket geometries is that they have a “Big-bang” singularity in the past. This
is most clear if we compactify the direction x in (6.4), x ∼ x + L, so that t = 0 is an
actual singularity. We nevertheless avoid this singularity by deforming the contour in the
Euclidean direction thus providing a non-singular state. The resulting geometry is similar
to those that appear in the so-called “bouncing cosmologies” where a circle contracts to
zero size and then expands again, see e.g. [57]. However, our interpretation is very different:
the contracting part of the geometry is interpreted as the “bra” of the wave function of the
universe and the expanding one as the “ket”. It would be interesting to study this type of
contour in more realistic models to see whether they could provide for a phenomenologically
interesting universe.

6.2 Summary and discussion of the de Sitter case

To summarize the above discussion, we found that the dS2 JT gravity plus matter CFT
theory “almost” has classical bra-ket wormhole solutions that bear similarities with the
bra-ket wormholes in AdS2 and can resolve the strong subadditivity problem present in
the Hartle-Hawking state. It is reasonable to imagine that a proper UV completion of the
theory, for example viewing this theory as an approximation to a higher dimensional theory,

– 38 –



J
H
E
P
0
2
(
2
0
2
1
)
0
0
9

Figure 23. The geometry that appear in the π contour is very similar to the double cone considered
in [31], except for an overall sign in the metric, which exchanges space and time and changes the
sign of the curvature, taking the locally AdS2 space to a locally dS2 one geometry.

will supply the necessary ingredients to stabilize the solution. If this is the case, the length
π contour appears to be the most promising one. If the Euclidean action on the resulting
solution were still negative, it would dominate over the Hartle-Hawking state and hence
provide the leading contribution to the calculation of correlators in our inflationary state
|C〉. Our discussion in section 5 on typical states and factorization similarly applies here.

We note that the wormhole geometry of our length-π contour appears similar to the
“double-trumpet” solution studied in [31] which is responsible for the “ramp” in the time
dependence of the spectral form factor in SYK-like theories, see figure 23. It is, however,
not identical because in their case the bulk theory is AdS2. Also, in [31], the parameter
analogous to Tx is the black hole temperature and it is natural to fix it (or similarly fix
the energy). It would be interesting to see if these solutions are related by any analytic
continuation. The importance of bra-ket wormholes for de Sitter space was emphasized
in [8]. Their model did not have local matter and the contour considered was most similar
to our “identity” contour. In the model in [8] the actual classical solution also does not
exist, however, since the bulk theory was pure JT gravity, the authors were able to calculate
the path integral exactly without relying on semiclassical approximation. Other types of
connected geometries between bra and ket were discussed in [58].20

We should mention that the problem of fixing the parameters of classical solutions
in the no boundary approach is something that is unsolved even for the simplest case of
inflation. The simplest approach, which does not fix the overall size of the spatial S3 at
the reheating surface, leads to a small amount of inflation, which is analogous to our high
temperature problem. There are various approaches to this problem, one involves some
effects that focus on the idea that we are unlikely observers [17]. Another, more popular
one, is to ditch the no boundary proposal all together and search for other measures. What
we have done here is to allow for further interesting candidate topologies and we found that
they sometimes dominate (the π contour) but they still do not lead to a reasonable state.

In most of our analysis we fixed L, the length of the circle in the future. But it is
also natural to let it vary. We have not explored this in full detail, since it requires some
further understanding of what we are keeping fixed. It seems reasonable to fix boundary
conditions on a “slit”, which would be a finite region of the universe, tracing everything
else. A similar idea was recently explored in [58].

20We think that in the setup of section 3 of [58] one will also have to include configurations somewhat
similar to the bra-ket wormholes we are discussing, at least in some regions of parameter space, since their
geometry can lead to a similar entropy subadditivity paradox.
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Finally, we noted that some of the bra-ket wormholes we considered have some simi-
larities to “bouncing cosmologies”, but with a different physical interpretation. It would
be interesting to study whether this interpretation helps to provide well defined states with
promising phenomenology.

7 Conclusions and discussion

In this section we summarize our findings and discuss some open questions.
In this paper, we discussed peculiar CFT states that are prepared by performing a

certain gravitational path integral. We considered two main cases: states produced by Eu-
clidean AdS2 (orH2) evolution and states produced by dS2 evolution. There is a naive semi-
classical geometry giving a first guess for the state. In order to gain some non-perturbative
insight, we used the gravitational fine grained entropy formula. We found that the naive
semiclassical geometries lead to an entropy subaditivity paradox. We argued that this
paradox is solved by including bra-ket wormholes, which are other semiclassical geometries
that connect the bra and ket contours of the gravitational path integral. Once we include
these other geometries this particular paradox disappears.

In the Euclidean AdS case, we have a fairly traditional setup, very similar to the
one modeling an evaporating blackhole. The bra-ket wormhole is an explicit semiclassical
solution, a version of the ones in [15]. It dominates the path integral before the paradox
can arise and it does not give rise to a paradox by itself. One important feature is that
the entanglement entropy of a long interval is never larger than about 2S0. It would be
interesting to find examples with definite (non-ensemble) holographic duals.

Semiclassically, we can interpret the bra-ket wormhole solution as creating a pair of
entangled lorentzian states: one living in the CFT with no gravity and the other consisting
of a matter CFT in an FLRW expanding and collapsing cosmology. This means that the
full entanglement wedge of the CFT state includes the closed universe. Then we expect that
this FLRW cosmology is encoded within the state of the boundary CFT. Understanding
in more detail how the cosmological region is encoded within the CFT state would be very
interesting.

Poetically, we can call the FLRW universe a “puppet universe”, which is controlled
via threads of ghostly entanglement to the actual state living on the CFT. In the doubly
holographic setup of section 4.1 we have an actual geometric connection between the two
universes through the third dimension, see figure 14(c). The emergence of this apparently
detached universe is similar in sprit to a black hole that has completely evaporated, ex-
cept that the present setup has more symmetries. It would be interesting to find higher
dimensional versions of these solutions, specially ones with definite holographic duals, if
they exist!

In section 5, we pointed out that a minor modification of these bra-ket wormholes,
namely a projection onto typical intermediate states, leads to Euclidean wormholes that
appear to display a factorization problem unless they are viewed as an ensemble average,
as in [32, 48, 59, 60]. This is closely related to [16].
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Let us now turn to our second model, where we prepare the state via de Sitter evolution.
This is a simple model of cosmology. Again we found that the most obvious semiclassical
solution violates the strong subaditivity condition for very long intervals. This led us to
explore possible bra-ket wormholes. These are constructed by choosing a certain integration
contour in the complex time plane.

The most naive way to join the bra and the ket lead to a very divergent answer. We
have not understood why this is excluded from first principles. In [8], this contour did not
lead to a problem because there were no propagating fields in their model.

Next we considered contours with a certain amount of evolution in Euclidean time.
The first guess gave a state that is essentially the same as the Hartle Hawking state in
the Milne setup. However, this state contains an unfixed zero mode (at leading order),
which is the length of inflation. Furthermore, this configuration does not contain the
requisite enhancements for it to dominate over the usually discussed de-Sitter no-boundary
wavefunction.

Finally, we studied a contour with half of the previous euclidean time evolution. We
found that the effective length of inflation gets driven to zero, giving an infinite temperature
state in the CFT. Furthermore, it dominates over the usual de-Sitter wavefunction. For
this last reason, we do not view the short inflation problem as a fatal flaw, rather as a
feature of this wavefunction. We can regulate this by projecting onto low energy states
by performing some Euclidean evolution in the flat space region. This gives a well defined
solution where we have performed a few computations. This contour has several features
in common with the double trumpet that reproduced the ramp in the black hole case [31].

Of course, one would like to find examples of cosmological wavefunctions, or cosmo-
logical measures, which would lead to more physically reasonable states (without extra
projections on to lower energy states). This is of course a very well known open problem.
We think that solutions where the bra and ket part of the geometries are connected, are
very natural in cosmology because we are tracing out over unobserved regions of the uni-
verse (see [58] for some exploration along these lines). Furthermore, even if some version
of dS/CFT was true, the fact that we are not observing the universe in the far future could
naturally lead to an average over couplings. In bra-ket wormholes, that sum leads to a
connection in the very early universe.

In the present discussion, we considered a single connected universe. Of course, we
could imagine that we create pairs of macroscopic correlated universes, etc. So we should
view our computation as projecting the full wavefunction of many universes onto a single
macroscopic connected component of length L at the end of inflation.

With healthy skepticism, one might say that the above picture is too strange and that
bra-ket wormholes should be excluded from the gravitational path integrals. But this leads
to a state where the fine grained entropy formula leads to a violation of strong subaditivity.
We view this as excluding the exclusion of bra-ket wormholes. However, one could doubt
the validity of the gravitational fine grained entropy formula when the quantum extremal
surface is timelike separated from the endpoint of the interval. For this reason, it would
be nice to derive this rule from first principles. Of course, we have not proven that bra-ket
wormholes do not lead to other inconsistencies.
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There are some similarities between the bra-ket wormholes we considered and bouncing
universes, but the interpretation is different. We view the collapsing region as the bra part
of the contour. It looks collapsing because time runs backward along the bra contour.

The observations in this paper were a formal study of the no-boundary-like probability
measures and we did not attempt to find models that could be relevant for the real-world
cosmology. Note also that many of the features we discussed are special to two dimensions,
and, in particular, we have not found islands for the Hartle-Hawking state in higher di-
mensional de-Sitter. Nevertheless, it is possible that phenomenologically interesting models
in which bra-ket wormholes play an important role do exist and we plan to research this
question in the future. An exciting possibility is that, perhaps, we need to go beyond
the semiclassical theory to obtain a reasonable measure for the correct computation of
probabilities.21
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A Discussion on the g function

The entropic g function introduced in [62] is defined in terms of the entropy of an interval
of size r that includes the boundary, see figure 24:

S(r) = c

6 log
(
r

εuv

)
+ c0 + log g(r) , (A.1)

where c0 is a constant that depends on the bulk CFT but not on the boundary conditions.
We now consider the usual Lorentzian interpretation for a black hole coupled to a

CFT, as in [6]. We think of this system as a CFT with a (non-conformal) boundary. The
computation of the entropy of the interval was done in [26]. It is obtained by using (2.5),
with τ = r, and setting ∂zSgen = 0 to obtain

− z∗ = 3φr
c

[
1 + w +

√
1 + 6w + w2

]
, w ≡ rc

6φr
(A.2)

We can then insert this answer into the entropy and define the g function as in (A.1). We get

log g(r) = S0 − c0 + c

6

{
2

1 + w + ws
+ log

[
(1 + 3w + ws)2

2w(1 + w + ws)

]}
; ws ≡

√
1 + 6w + w2

(A.3)
21Another popular alternative is that the dynamics of inflation or eternal inflation is the key to the

definition of the measure, see, e.g. [61].
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Figure 24. For a CFT with a boundary we define entropic g function at scale r by computing the
von Neumann entropy of the shaded region which includes the boundary.

We see that for r → ∞ we get that log g goes to a constant, in agreement with the idea
that in this setup we flow to a conformal invariant boundary condition in the IR. For small
r it goes as log g ∼ − c

6 log r which comes from the fact that S(r) is finite at r = 0. This is
indicating that the boundary has a diverging number of degrees of freedom in the UV. This
divergence comes from the matter CFT degrees of freedom and their continuity across r = 0.

As expected from the entropic g theorem of [62], we see that (A.3) monotonically
decreases as we increase r.

Note that for this problem, we do not have the bra-ket wormholes because the flat
space region is infinite in the direction orthogonal to the boundary.

B Computing entropies of intervals for the compact case

B.1 Islands for the disconnected configuration

Here we discuss the island solutions in the disconnected geometry with a compact spatial
direction and general Euclidean evolution τ . The geometry is given in (3.20), (3.21). In
the end, in section B.2.1, we will argue that whenever these islands appear, the bra-ket
wormhole dominates and changes the answer.

Let us consider a subregion A with length ` in the x coordinate, located at z = τ . The
angle ∆θ that this subregion spans is ∆θ = 2π`/L. Thus its entropy in the case without
island is given by

Sno island = c

3 log
[

2 sin ∆θ
2

εuv,θ

]
= c

3 log
[
L sin π`

L

πεuv

]
, εuv,θ = 2π

L
εuv (B.1)

We see that the entropy is maximized at ` = L/2 since we have a compact circle.
Now we can also consider a configuration where we have quantum extremal surfaces in

the gravity region, as depicted in figure 25. In the limit that the interval A is large, we will
assume that we have a configuration that the computation factorizes into two intervals,
each connecting one boundary point of A to an extremal surface in the gravity region with
the same θ coordinate. The distance between the boundary point and a quantum extremal
surface at σ is given by ∆σ = 2πτ/L−σ. Thus the generalized entropy function is given by

Sgen(σ) = 2

S0 + 2πφr
L

1
(− tanh σ) + c

6 log


(

2 sinh
2πτ
L
−σ

2

)2

(− sinh σ)εuv,θ


 , (B.2)

where the dilaton is given in (3.21). Solving ∂σSgen(σ) = 0 gives us the location σ∗ of the
quantum extremal surface. In the special case of τ = 0, we find

sinh σ∗ = −12πφr
cL

, for τ = 0 (B.3)
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Figure 25. We consider a non-trivial configuration of quantum extremal surfaces in the discon-
nected geometry.

As in section 3.3, we will be interested in the case that L� φr/c. Note that since σ∗ � 1,
the operator product expansion is a valid approximation in getting (B.2). We get

Sisland = Sgen(σ∗) ≈ 2S0 + c

3 + c

3 log 6φr
cεuv

, for τ = 0. (B.4)

Comparing (B.4) with (B.1), we find

Sisland − Sno island = 2S0 + c

3 + c

3 log 6πφr
cL sin π`

L

. (B.5)

There is a minimal total size L of the spatial direction in order for an island to ever appear,
which is given by

L ≥ 6πφr
c

exp
(6S0

c
+ 1

)
(B.6)

For general τ 6= 0, extremizing (B.2) gives us a function σ∗(τ). In the limit φr/c �
τ � L, one has

σ∗(τ) ≈ −2πτ
L

+O
(
φr
cL

)
, (B.7)

and
Sisland = Sgen(σ∗) ≈ 2S0 + 2φr

τ
+ c

3 log 8πτ
Lεuv,θ

. (B.8)

Comparing (B.8) with (B.1), we find

Sisland − Sno island = 2S0 + 2φr
τ

+ c

3 log 4πτ
L sin π`

L

. (B.9)

Again, for an island to appear, L has a lower bound

L ≥ 4πτ exp
(6S0

c
+ 6φr

cτ

)
. (B.10)

(this is bigger than the similar looking distance in (2.8).) As one increases the amount
Euclidean evolution τ , one needs a longer total spatial length in order for an island to arise.

Similar to the discussion in section 2.3, when island arises, we will run into a strong sub-
additivity paradox. As we will check in section B.2.1, in these cases, we should not use the
disconnected geometry to do computation, as the wormhole geometry will be dominating.
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Figure 26. We consider a non-trivial configuration of quantum extremal surfaces in the connected
geometry.

B.2 Islands for the connected configuration

Here we discuss the entropy computations in the connected geometry with finite spa-
tial direction and a general Euclidean evolution τ . The metric and dilaton are given
in (3.1), (3.2), (3.28). We will be considering a region A at z = τ with length ` < L/2.

First we consider the entropy computed without introducing any quantum extremal
surfaces. Since the region is much smaller than the total spatial direction, we can approx-
imately view the spatial direction as non-compact and use the same formula as (3.9):

Sno island = c

3 log
[

sinh(πTχ∆χ)
πTχεuv,χ

]
= c

3 log
[sinh (πTx`)

πTxεuv

]
. (B.11)

Here Tχ, Tx are the effective temperature of the state measured in χ and x coordinates:

Tχ = 1
π + 2τ bL

, Tx = b

L
Tχ = 1

2τ + πL
b

, (B.12)

where b is determined by (3.29). The entropy grows linearly with the size of the interval.
We now consider the non-trivial configuration where we have quantum extremal sur-

faces in the dynamical gravity region as in figure 26. When the interval A is large, we are
in the limit that we can find the quantum extremal surface associated to each boundary
points independently. By symmetry, the quantum extremal surface will be at the same χ
coordinate as the boundary point, and we only need to extremize over their σ coordinate.
The dilaton profile has been found in (3.28). For the bulk entropy term in the QES pre-
scription, we need to find the entropy of an interval extending from z = τ to location σ in
the bulk. In the σ coordinate, the length of the interval is σ+ τb/L, while the total length
of the wormhole is 1/Tχ. When we compute the entropy of an interval, we again approxi-
mately treat the spatial direction as non-compact, which is justified as b� 1. Combining
the dilaton and the matter entropy, we have

Sgen(σ) = 2

S0 +

 c

3
(
1 + 2τb

πL

)2 −
c

12

( π
2 − σ
tan σ + 1

)
+ c

6 log

sin2
(
πTχ(σ + τb

L )
)

(πTχ)2 sin σ εuv,χ


 ,

(B.13)
Solving ∂σSgen(σ) = 0, we find that we always have σ∗ = π/2. Thus the quantum extremal
surfaces are always on the throat of the wormhole, and Z2 symmetry breaking does not
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happen. Taking σ∗ = π/2 into (B.13), we find

Sisland = 2
(
S0 + c

3(πTχ)2 − c

12 + c

6 log
[

1
(πTχ)2εuv,χ

])
. (B.14)

Comparing (B.14) and (B.11), we find

Sisland − Sno island = 2S0 + 2c
3 (πTχ)2 − c

6 −
c

3 log [πTχ sinh(πTχ∆χ)] . (B.15)

Thus we see that the transition happens when

∆χ ≥ 1
πTχ

(6S0
c

+O(1)
)
, (B.16)

or equivalently

` ≥ `c ≡
1
πTx

(6S0
c

+O(1)
)
. (B.17)

Since Tx decreases as one increases τ , the threshold length for an island to appear increases
with τ .

B.2.1 Checking that the paradox does not appear

We now proceed to check that the strong subadditivity paradox does not appear. As
we checked explicitly in section B.2, whenever the wormhole is dominating, the quantum
extremal surfaces lie on the throat of the wormhole, and we do not run into a paradox based
on the argument presented in section 3.2.1. Thus we only need to check that whenever the
disconnected saddle is dominating, it will not be convenient to have islands.

We can first consider the possibility that the wormhole never dominates, namely L is
below the threshold given by (3.37). However, since the right hand side of (3.37) is always
much less than the right hand side of (B.6) for arbitrary values of S0, c, the island will
never appear in the disconnected geometry, and one does not encounter paradoxes.

Another possibility is that a wormhole first dominates when τ is small, and then stops
dominating at some point. We can check this explicitly in the case that L is well above the
threshold given by (3.37), so that the value of τ where the wormhole becomes subdominant
is given by (3.38). In other words, we have

L .
96S0
πc

τ + 576φr
πc

S0
c
. (B.18)

By comparing (B.18) with (B.10), we also see that after the wormhole becomes subdom-
inant, the island will not arise in the disconnected geometry. For the intermediate cases
where the wormhole becomes subdominant at τ ∼ φr/c, we expect the same to be true,
since the inequalities used in the above argument are quite loose. This can be explicitly
checked with the equation (3.29) for b and the formulas for the partition functions (3.24)
and (3.34).
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B.2.2 Lorentzian time evolution

To gather further intuition about the emergent closed universe we can manipulate the
positions of twist operators that define region A and see how the island moves inside the
closed universe. In particular, after a short Euclidean evolution of our state we can evolve
it in Lorentzian time by taking z = τ+ it. Of course if the island includes the entire spacial
slice of the closed universe it does not matter at which time it is placed, so we will consider
a situation when an island of finite length dominates. So from each endpoint of the interval
we get

S0 + c

4 (1− η tanh η) + c

6 log
(

cosh2(η − t̃)
cosh η εuv,χ

)
, t̃ ≡ bt

L
(B.19)

Extremizing this with respect to η we find that for small t the island is located at η ≈ −t̃,
while taking t large will push the island to some finite, order one, value of η. So we can
move the island a little bit in the Lorentzian time of the closed universe. Importantly, the
Euclidean time coordinate of the island does not change. In other words, the islands is at
a real physical FLRW time. Note that these results are easy to understand. First, if we
purely had the TFD state, neglecting the dilaton and the warp factor in (4.1), the entropy
would involve just the term c

3 log cosh(η − t̃). Then η∗ = −t̃ would be the extremum. In
other words, if we are free to move the time on the left side, we would want to set it to
the case there is no net Lorentzian evolution for the TFD. In the actual problem we also
have a dilaton and warp factor contributions. At large η, η � 1, the behavior of (B.19) is
roughly S ∼ − 5c

12 |η| +
c
3 |η − t̃| which wants to take us back to η of order one. Since η∗ is

of order one, the final behavior of the entropy is then

Shalf = S0 + #c+ c

3 t̃ = S0 + #c+ c

3πTxt (B.20)

This is the expected behavior of the entropy for a generic boundary state at large times,
for a half of an infinite line [22].

C Islands in the dS2 Milne case

In this appendix, we discuss the island configurations in the Milne case of the de Sitter
discussion. The island configurations were drawn in figure 19. We will first discuss the
island in the Milne wedge (see figure 19(b)), and then discuss the island in the black hole
interior (see figure 19(a)).

As we discussed around (6.8), the problem has a free parameter which is the physical
temperature Tx in the flat space region. It also corresponds to the coefficient φ̃r in the
expression of the dilaton (6.4). In this appendix we will fix this parameter, and discuss
the islands on a fixed geometry. We take the matter fields on the geometry to be in the
Hartle-Hawking vacuum.

We will also neglect the possible bra-ket wormhole configurations discussed in
section 6.1. However, as we will explain in appendix C.3, the results given by the Hartle-
Hawking vacuum for the CFT can be equivalently viewed as the one given by the 2π
contour discussed in section 6.1.2 for the non-compact case. In other words, here we are
only neglecting the identity contour and the π contour.
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χ

η

w+w−

Figure 27. The conformal field is in the vacuum state of a Minkowski spacetime as shaded in
blue, which is conformally equivalent to the original metric. We can parametrize the region with
coordinates w±.

C.1 An island in the Milne region

The metric and the dilaton for the Milne patch are

ds2 = −dη
2 + dχ2

sinh2 η
, η < −ηc, χ ∈ (−∞,∞), φ = φ̃r

− tanh η (C.1)

The Hartle-Hawking vacuum for the CFT is conformally equivalent to the vacuum state
on a cylinder, which is also equivalent to the Minkowski vacuum in a Poincare patch on
the cylinder. In figure 27, we denoted this Poincare patch in blue. Up to the Weyl factor,
the Milne region covers the usual Milne wedge of the Minkowski spacetime. One can
parametrize the Minkowski region by coordinates

w± = eη±χ, −dw+dw− = e2η(−dη2 + dχ2). (C.2)

The metric of the Milne region and the subsequent flat space region are then given by

ds2 = −dw
+dw−

e2η sinh2 η
(Milne region), ds2 = −dw

+dw−

e2ηε2
(flat space region). (C.3)

Now we consider a region with size ∆χ in the flat space region. For simplicity, we
consider the region to be close to the surface where the Milne region is joined to flat space.
The ordinary formula for the entropy would be

Sno island = c

6 log
[
|∆w+∆w−|

ε2
uv

]
= c

3 log
[

2 sinh ∆χ
2

εuv,χ

]
. (C.4)

The entropy grows linearly with the size of the interval when the region is large, which is
in accordance with the fact that we have a thermal state with inverse temperature 2π in
the flat space region.
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We can consider the possibility that for each of the boundary points, there is an
emergent extremal surface at some η < 0. For each pair of twist operators, the separation
in w± coordinate is

−∆w+∆w− = −(1− eη)2 = −eη
(

2 sinh η2

)2
, (C.5)

and thus we have

Sgen(η) = 2
{
S0 −

φ̃r
tanh η + c

6 log
[ (

2 sinh η
2
)2

(− sinh η)εuv,χ

]}
. (C.6)

Extremizing over η we get

sinh η∗ = −6φ̃r
c
. (C.7)

We can have a solution for arbitrary values of φ̃r/c. As a simple case, when S0 � φ̃r/c� 1,
we have

Sisland, Milne ≈ 2(S0 + φ̃r), (C.8)

where we omitted the dependence on the UV cutoff εuv,χ. Thus the island contribution
dominates when

c

3 |∆χ| & 2(S0 + φ̃r). (C.9)

The region does not need to be as large as in the Poincare case in order for the transition
to happen, which is due to the fact that we have a thermal state in the flat space region,
and the naive entropy grows linearly with the size of the region.

C.2 An island in the black hole interior

We can also search for an island in the black hole interior. The metric and dilaton in the
interior region are (see figure 28):

ds2 = −dη
′2 + dχ′2

sinh2 η′
, η′ < 0, φ = φ̃r

tanh η′ . (C.10)

This can be obtained from (6.4) by setting η = iπ−η′. It would be convenient to introduce
another set of coordinates v±, which cover both the flat space region and the black hole
interior:

v± = ±e±η+χ, v± = ∓e∓η′+χ′
, η′ = iπ − η (C.11)

We have defined χ and χ′ such that they both increase or decrease when we apply a dilation
at v± = 0. Then the metrics of the interior region and the flat space region are

ds2 = −dv+dv−

e2χ′ sinh2 η′
(interior region), ds2 = −dv

+dv−

e2χε2
(flat space region). (C.12)

Since the blue shaded region in figure 28 covers another Poincare patch of the cylinder
in which the CFT is in the vacuum state, the CFT is in the Minkowski vacuum with
respect to the v± coordinates. We imagine having two extremal surfaces in the interior
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χ

η

χ′ η′

v+v−

Figure 28. The conformal field is in the vacuum state of a Minkowski spacetime as shaded in
blue, which is conformally equivalent to the original metric. We can parametrize the region with
coordinates v±.

region. When the original interval is large, one of the end point will be close to v± = 0,
while the other will be far away. In the interior region, we can also place one of the extremal
surfaces to be close to v± = 0, while the other to be far away. Then we are again in an OPE
limit, where two twist operators near v± = 0 are close to each other, while the two twist
operators far away from v± are also close as the spatial direction is identified at χ, χ′ →∞.
Let us then focus on one pair of the twist operators, one at (η, χ) = (0, χ0), and the other
at (η′, χ′). In the v± coordinates, their separation is

−∆v+∆v−=−(eχ0 +e−η′+χ′)(−eχ0−eη′+χ′) = 2eχ0+χ′(cosh(χ0−χ′)+coshη′), (C.13)

and thus the contribution to Sbulk from one pair of twist operators is

c

6 log
[

2eχ0+χ′(cosh(χ0 − χ′) + cosh η′)
eχ′(− sinh η′)eχ0εuv,χ

]
= c

6 log
[

2(cosh(χ0 − χ′) + cosh η′)
(− sinh η′)εuv,χ

]
. (C.14)

Since the dilaton has no dependence on χ′, we can extremize over χ′ and get χ′∗ = χ0.
We see that χ′∗ approaches ±∞ in the same direction as χ, which is consistent with our
assumption about the OPE limit. Then the generalized entropy function is given by

Sgen(η′) = 2
{
S0 + φ̃r

tanh η′ + c

6 log
[

2(1 + cosh η′)
(− sinh η′)εuv,χ

]}
. (C.15)

Extremizing with respect to η′ we get

sinh η′∗ = −6φ̃r
c
. (C.16)

We also have solutions for arbitrary values of φ̃r/c. As a simple case, let us also consider
the case where S0 � φ̃r/c� 1, and

Sisland,interior ≈ 2(S0 − φ̃r). (C.17)
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We see that the island in the interior leads to a smaller entropy than the island in the
Milne wedge and thus dominate when φ̃r/c� 1. The transition from the naive answer to
Sisland,interior occurs when

c

3 |∆χ| & 2(S0 − φ̃r),
φ̃r
c

= 2πφrTx
c

� 1. (C.18)

These interior islands are very similar to the islands discussed in the black hole context [5, 6],
particularly in the setup of [26]. For this reason, we expect that such islands in the interior
also exist for Schwarzschild de Sitter spacetime in any dimensions. They are just the usual
black hole islands, except that the black hole is evaporating into an expanding universe.

When φ̃r/c is small, we can have a situation where the island in the Milne wedge
dominates over the interior island by winning in the matter entropy term.

C.3 Equivalence between the 2π contour and the Hartle-Hawking vacuum for
the CFT

Here we comment on the connection of the discussion of C.1 and C.2 to the bra-ket worm-
hole with the 2π contour. The observation is that when we consider the reduced density
matrix of the Hartle-Hawking vacuum inside the Milne wedge, we get the same thermal
state as that from the 2π contour.

To see this, we note that in figure 28, the regions covered by {η, χ} and {η′, χ′} are
conformal to parts of the two Rindler wedges of the Minkowski spacetime as shaded in blue.
Since we are considering conformal fields, we can neglect the non-trivial Weyl factor of the
metric. A well-known fact is that the Minkowski vacuum gives rise to a thermal state with
inverse temperature 2π in the Rindler wedge. Thus we know that it is equivalent to the
thermal state given by the 2π contour.

However, we can make the connection between the vacuum and the 2π contour much
more explicit. Let us first consider the entangled state on a slice (the blue line in
figure 29(a)) that is close to the future boundary of the de Sitter spacetime. We would
like to find the contour such that we can go smoothly from the right wedge covered by
η coordinate to the left wedge covered by η′ coordinate. From (C.11), η and η′ can be
expressed in terms of light cone coordinates:

η = 1
2 log v+ − 1

2 log(−v−), η′ = 1
2 log v− − 1

2 log(−v+). (C.19)

In the path integral that prepares the ket state of Minkowski vacuum, we demand the
boundary condition that the fields are regular at Im(t) > 0, which selects the negative
frequency solutions. This tells us that in the contour that relates η to η′, we should
continue both v+ and v− through the upper half plane. Thus we find that

η = −η′ + iπ. (C.20)

This gives us the contour shown in figure 29(b). Note that we have η, η′ < 0 at both ends
of the contour. Similarly, the contour for the bra satisfies η = −η′− iπ. To get the contour
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Figure 29. (a) We highlight the Rindler structure in figure 28. The black horizontal line denotes
the future boundary of the de Sitter spacetime. We consider the Hartle-Hawking vacuum on the
slice Σ = ΣL ∪ ΣR that is close to the future boundary. (b) The contour that prepares the ket
state on Σ. (c) When we combine (b) with the contour for the bra and trace out ΣL, we get the
2π contour for the density matrix.

Figure 30. We evolve the state described by the π contour further in Lorentzian time with amount
tL, after an Euclidean regularization with amount τ . The possible location of the island is marked
by the red cross.

for the density matrix for ΣR, we can simply take one ket contour and one bra contour,
and join them by tracing out ΣL. This gives us the 2π contour shown in figure 20(b).

Note that the above argument only relates the Hartle-Hawking state to the 2π contour
with a non-compact spatial direction, while the 2π contour is also well defined for compact
cases. The argument also only applies to conformal fields. However, in [63], it was shown
that for free massive scalar fields in dS4, the Hartle-Hawking vacuum in the Milne wedge
(or hyperbolic slicing) is also equivalent to the state given by a 2π contour, so we expect
there could be more general statement relating the two.

D More on islands for the regularized π contour

In this appendix, we discuss further details of the islands for the regularized π contour in
section 6.1.3. In particular, we imagine evolving the state in Lorentzian signature after an
amount τ of Euclidean regularization, and compute the entropy for an interval at Lorentzian
time tL. The contour including the Lorentzian evolution is drawn in figure 30.

For simplicity, let us consider the case with a non-compact spatial direction and an
interval A that is a semi-infinite line. Its naive entropy is infinite so the island configuration
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will always dominate. As shown in the figure 30, we try an ansatz in which the quantum
extremal surface is at η = iπ/2 − η̃ and then extremize over the value of η̃. The distance
between the quantum extremal surface and the original twist operator in η coordinate is

∆η = 2πTx(−iτ + tL)−
(
i
π

2 − η̃
)

= η̃ + πtL
2τ − iπ, (D.1)

where we used the value of Tx = 1
4τ . Thus the generalized entropy function for the semi-

infinite line is given by

Sgen(η̃) = S0 + φ̃r
coth η̃ + c

6 log


(
2 sinh ∆η

2

)2

cosh η̃ εuv,χ



= S0 + φ̃r
coth η̃ + c

6 log


(

2 cosh η̃+πtL
2τ

2

)2

cosh η̃ εuv,χ

 .
(D.2)

Here we have set η = iπ/2 − η in the expression for the dilaton and the warp factor
appearing in the logarithm, as compared to (C.6). We have also discarded an i inside the
logarithm. This i does not affect the extremization procedure. It arises because of a phase
appearing in the scale factor of the metric as we go along the contour. For this particular
computation the i could be removed by raising the argument of the logarithm to the fourth
power and dividing the constant multiplying the logarithms by four. It would be nice to
understand how this should be treated in a more proper way. Extremizing over η̃, we get
the following equation

cosh2 η̃

(
tanh η̃ − tanh

η̃ + πtL
2τ

2

)
= 6φ̃r

c
. (D.3)

This equation has solutions for arbitrary tL. To see the behavior of the entropy under
Lorentzian evolution, let us consider a special limit where tL � τ . In this limit, we can
write η̃ = πtL/(2τ) + δη̃ and expand the equation as

e2
(πtL

2τ +δη̃
)

4

(
−2e−2

(πtL
2τ +δη̃

)
+ 2e−2

(πtL
2τ + δη̃

2

))
≈ 6φ̃r

c
, (D.4)

and find

δη̃ = log
(

12φ̃r
c

+ 1
)
, (D.5)

which is an order one number. Thus we have

S ≈ S0 + φ̃r+ c

6 log
[

4cosh πtL
2τ

εuv,χ

]
= S0 + φ̃r+ c

6 log
[

2
εuv,χ

]
+ c

3πTxtL, tL� τ. (D.6)

We see that the entropy grows linearly with tL, with a rate that is consistent with the
entanglement growth after a quench.
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E Relative entropy between the exact state and the thermal state

We have seen that σ(τ) prepared by gravitational evolution as discussed in section 3.4 is
actually pure, despite looking thermal for simple observables. In other words, we have
σ(τ) = |B(τ)〉 〈B(τ)|. In this appendix, we quantify the difference between the two by
looking at the relative entropy between σ and the precisely thermal one ρβ = 1

Z(β)e
−βHCFT

S(σ(τ)|ρβ) = Tr [σ(τ) log σ(τ)− σ(τ) log ρβ ]
= β〈HCFT〉σ(τ) + logZ(β).

(E.1)

We can extremize over the value of β to find the thermal density matrix that resembles
σ(τ) the most. We have

0 = d

dβ
S(σ(τ)|ρβ) = 〈HCFT〉σ(τ) − 〈HCFT〉ρβ . (E.2)

Of course, this is simply telling us that the best fit of thermal density matrix should have
the same energy (or temperature) as the exact σ(τ) in the semiclassical description. When
we take the value of β that satisfies (E.2), we find

S(σ(τ)|ρβ) = S(ρβ), (E.3)

namely the relative entropy is given by the thermal entropy of the corresponding temper-
ature. This is a large quantity which scales as the size L of the system. Since the effective
temperature decreases as we increase τ , the relative entropy also decreases, which is what
we expect as we are projecting into low energy states.

This discussion is valid for any typical pure state with the same energy as a thermal
state.

F Projection into the typical state that is |B〉 itself

Though we do not have a general resolution to the factorization puzzle of section 5, we
would like to point out the following calculation where it does not arise, at the level of
classical solutions.

The example involves looking at a special family of typical states, namely the states
built on |B〉 by acting with Euclidean evolution or some other operators. For simplicity, let
us consider the state |B(τ)〉, see figure 31(a). By construction, this state is a member of the
typical states, as it can be approximated by ρs, (3.8), when computing simple observables.
Naively we can apply the same argument as in section 5. Namely, we project on to a typical
state in the field theory region, except that the typical state we choose is |B〉 itself, the pure
state of the exact theory. Then one would think that, with this projection, | 〈B(τ)|B(τ)〉 |2

is the wormhole in figure 16(a). Here we are interpreting the middle |B(τ)〉〈B(τ)| as the
projection on to a typical state. However, we have learned that the quantity 〈B(τ)|B(τ)〉
itself is actually described by a wormhole, and the correct gravity description should be the
one in figure 31(b), which is the product of two wormholes and gives a factorized result.
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Figure 31. We consider the computation of 〈B(τ)|B(τ)〉〈B(τ)|B(τ)〉. In (a) we display the
holographic dual with boundary states. Starting with the state |B〉 we evolve by time τ to get
|B(τ)〉 and then overlap it with 〈B(τ)|. We do the same with the bra. In (b) we have the gravity
computation. In (c) we have a candidate topology, but there are no solutions with this topology.

The same holds for states that are built on |B(τ)〉 by acting with operators. The geometry
here is the same as that appearing in the purity discussion of section 3.4, we are only
interpreting it from a different angle.

The major difference from the previous idea is that instead of thinking of the typical
state as just a boundary condition where nothing is on the other side, we are imagining that
it also comes from an evolution involving gravity, and thus also carries its own dynamical
gravity region. When we compute | 〈B(τ)|B(τ)〉 |2, we let the dynamical gravity decide how
the gravity regions connect with each other. A lesson of this simple example is that when
we deal with complicated states, we cannot neglect the spacetime involved in producing it.

As in the purity discussion of section 3.4, other than the factorizing configuration in
figure 31(b), we also get a long wormhole configuration as in figure 31(c). As we mentioned
in section 3.4, it is not a solution. It remains a question whether off-shell configurations
like it should be included or not, and whether they are consistent with factorization, but
what we saw here is an explicit example where factorization is respected at the level of
on-shell solutions, while we imposed no restrictions on the type of configurations in the
gravitational path integral.

G Bra-ket wormholes and tensor networks

It is natural to wonder about the relation between these gravity results and tensor networks.
Let us consider the state |B〉 that is produced by Euclidean AdS2 evolution, discussed in
section 3, taking the spatial line to be infinite, L =∞. We have seen that the entropy of an
interval behaves as follows. We have the usual vacuum result for ` . 1/Tx. It then behaves
as the entropy of a thermal state for 1/Tx . ` . `c ∼ S0

c
1
Tx
. For larger lengths, `c . `,

the entropy saturates at a value of order 2S0. This suggests that, at very long distances,
the state can be represented by a matrix product state. These results suggest a picture as
indicated in figure 32. We have the usual MERA structure near the UV [64, 65]. We then
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Figure 32. Tensor network representation of the CFT state produced in the setup of section 3.
We have a tensor network that has two MERA sides joined together, as we expect for a thermal
state in a CFT. The top side represent the external legs representing the accessible degrees of
freedom in the CFT. At the bottom, we join the legs of the MERA network to a matrix product
state that is representing the UV degrees of freedom of the two dimensional gravity theory. These
are just internal legs of the final network and not directly accessible. (a) A long interval and the
RT-like surfaces. The entropy saturates at 2S0. (b) A is an intermediate size interval where we see
a thermal behavior. A′ is a small interval where we see a vacuum like behavior.

reflect it to get the structure of a thermofield double. Finally we cutoff the bottom side
and insert a particular matrix product state, represented by the thick black line, which
takes into account the degrees of freedom of 2d quantum gravity. We expect that there are
roughly eS0 indices running along the thick black line.

In other words, the network containing thin lines creates essentially the TFD state
for the matter CFT. The top side in figure 32 represents the flat space spatial line, the
bottom side corresponds to a spatial slice at the middle of the wormhole, which is the
spatial direction of the FRLW universe. The CFT degrees of freedom on this slice are not
directly accessible, and are contracted with a matrix product state that represents the UV
degrees of freedom of two dimensional quantum gravity. In principle, we are allowed to
move the thick black line up or down if we also change S0 → S0− c

6 log(1/εgrav) where εgrav
is the effective cutoff on the CFT in the gravity region.

In the doubly holographic picture of section 4.1 we can think of this tensor network
as giving rise to the extra dimension. In other words, the horizontal red line of figure 15
corresponds to the vertical direction in figure 32. And the horizontal direction in figure 32
is the dimension orthogonal to the page in figure 15. The segments given by doted lines in
figure 32 are then similar to the RT surfaces of the corresponding intervals.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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