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1 Introduction

For a class of supersymmetric black holes in five- and four-dimensional theories of gravity,

string theory explains the entropy in terms of underlying microscopic degrees of freedom.

Earlier studies dealt with black holes carrying large charges [1], and found that in the large
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charge limit string theory gives a perfect match with the Bekenstein-Hawking entropy of

the corresponding black hole in the two-derivative theory. This matching is widely regarded

as one of the biggest successes of string theory.

Since then, this matching has been improved from both the gravity and the microscopic

sides. On the microscopic side, for a class of black holes, precision counting formulas

are known [2–6]. These counting formulas, also often known as the black hole partition

functions, give an integer for the indices corresponding to the BPS microstates underlying

the given supersymmetric black hole. On the gravity side, Sen’s quantum entropy function

formalism posits that a path integral computation in string theory on AdS2×K near-horizon

geometry should give the black hole indices in the full quantum theory [7–9], where K is

a compact manifold. Since this computation only refers to the near-horizon geometry, the

answer is expected not to be sensitive to the nature of the solution far away from the

horizon. That is, if two black holes have identical near-horizon geometries, they must have

identical microscopic indices.

There is, however, a well known and well-studied counterexample to this: the BMPV

black hole in flat space [10] versus the BMPV black hole in Taub-NUT space [4, 11]. These

two types of black holes have identical near-horizon geometries but different microscopic

indices. Banerjee, Mandal, Jatkar, Sen, and Srivastava (one of the authors of this paper)

in [12, 13] identified that the key to the resolution of this puzzle is the black hole hair modes:

smooth, normalisable, bosonic and fermionic degrees of freedom living outside the horizon.

For the case of K3 compactification of type IIB theory, Jatkar, Sen, and Srivastava [13]

constructed hair modes as non-linear solutions to the supergravity equations and showed

that once the contributions of the hair modes are properly removed, the 4d and 5d partition

functions match.

The purpose of this paper is to extend the non-linear hair mode analysis of [13] in

two ways:

• In [13], smoothness analysis for hair modes was mostly presented for non-rotating

black holes, even though rotation plays an important role in their arguments. This

paper presents details on the smoothness analysis of hair modes for rotating black

holes, thereby filling this gap in the literature. The smoothness analysis is essential.

For example, in reference [12], certain modes corresponding to the transverse oscil-

lations of black holes were counted as hair modes but were later removed from the

counting in [13], as these modes turn out to be singular at the horizon of the black

hole. To confirm that rotation does not alter any of the conclusions of [13], it is

important to fill this gap.

• We extend the matching of hair removed partition functions to more general K3

compactifications, the so-called Chaudhuri-Hockney-Lykken (CHL) orbifold mod-

els [14–17]. These models are widely studied in the context of precision counting

of black hole microstates [18–27] and are reviewed in [6]. For these models, the puz-

zle of the mismatch of the 4d and 5d partition functions is more challenging due to

the presence of the twisted sectors. We identify hair modes in the untwisted as well

as twisted sectors and show that after removing the contributions of the hair modes
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from the microscopic partition functions, the 4d and 5d horizon partition functions

perfectly match.

The rest of the paper is organised as follows.

All of our analysis in sections 2 through 6 is in six-dimensional (2,0) supergravity

coupled to nt number of tensor multiplets.

In section 2, we present relevant details on (2,0) supergravity coupled to nt number

of tensor multiplets. Most studies on the CHL models are done in four dimensions. To

facilitate the transition between our six-dimensional notation and a four-dimensional no-

tation, we recall that upon dimensional reduction, each self-dual or anti-self-dual tensor in

six-dimensions gives a vector in four dimensions. From the pure 6d (2,0) graviton multiplet,

we get 7 vectors in 4d: 5 from the self-dual tensor fields and 2 as graviphotons. Hence the

number of vectors in 4d is,

n4d
V = nt + 7. (1.1)

Often a notation n4d
V = 2k + 8 is used. Thus,

nt = 2k + 1 =⇒ k + 2 =
1

2
(nt + 3). (1.2)

The number nt + 3 plays a key role in our later considerations.

In section 3, BMPV black hole in flat space is discussed. The near-horizon geometry,

a set of vielbeins, and Killing spinors are presented. A set of coordinates are introduced in

which the metric and the three-form field strength are analytic near the horizon.

In section 4, hair modes on BMPV black hole are studied. Specifically, in section 4.1

bosonic deformations of the BMPV black hole generated by the Garfinkle-Vachaspati trans-

form are studied. It is found that all these bosonic deformations are non-smooth. In

section 4.2 fermionic deformations of the BMPV black hole are studied.

In section 5, BMPV black hole in Taub-NUT space is discussed. As in the earlier

section on BMPV black hole in flat space, the near-horizon geometry, a set of vielbeins,

and Killing spinors are presented. A set of coordinates are introduced in which the metric

and the three-form field strength are analytic near the horizon.

Hair modes on BMPV black hole in Taub-NUT are studied in section 6. In section 6.1,

bosonic deformations of the BMPV black hole in Taub-NUT generated by the Garfinkle-

Vachaspati transform are studied. In section 6.2, a class of deformations corresponding to

anti-self-dual form fields are studied. In section 6.3, fermionic deformations are studied. A

key observation of this section is that the number of hair mode deformations corresponding

to the anti-self-dual form fields is equal to the number of tensor multiplets nt in the 6d

theory. Since different CHL models have a different number of tensor multiplets, the

number of such (untwisted sector) hair modes change from theory to theory.

In section 7, we turn to the discussion of hair removed 4d and 5d partition functions.

In section 7.1, we first review the microscopic considerations relevant for our discussion

and highlight that the 4d and 5d partition functions (and microscopic degeneracies) are

different. Due to the presence of twisted sectors in type IIB CHL models, the difference in

the 4d and 5d partition functions is quite non-trivial.
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In section 7.2, we identify twisted sector hair modes in ten-dimensional supergravity

description, and compute the hair removed 4d and 5d partition functions. The twisted

sector hair modes can be schematically understood as follows. We recall that the CHL

models are obtained as ZN orbifold of type IIB theory on K3 × S1 × S̃
1
. The orbifold

group is generated by g̃ such that g̃N = 1. The orbifold action also involves a shift along

the S1. To obtain the six-dimensional supergravity description, only the g̃−invariant fields

are kept. Hence in six-dimensions, we only see the g̃−invariant (or the untwisted sector)

hair modes. In ten-dimensions, a more general situation is possible. Let C10d
4 denote the

ten-dimensional RR four-form field. Let ω denote a two-form in the cohomology of K3

that is not g̃−invariant. Then, it can be multiplied with a two-form c6d
2 (not visible in 6d

supergravity)

C10d
4 ∝ c6d

2 ∧ ωK3, (1.3)

such that c6d
2 picks up the opposite phase under the orbifold action compared to ωK3. The

combined effect ensures that the ten-dimensional C10d
4 is g̃−invariant. These modes give

rise to additional hair modes. In section 7.3, we show that the hair removed 4d and 5d

partition functions perfectly match.

We conclude with a summary and a brief discussion of open problems in section 8.

The main body of the paper is mostly a technical analysis of either the hair modes

or the microscopic partition functions. Some additional technical details are relegated

to two appendices. The authors of [13] introduced the concept of weight that proves

very convenient, both in the analysis of the background solutions and in the analysis of

bosonic and fermionic deformations. In appendix A we review the concept of weight. In

the smoothness analysis of the hair modes, we find that often a specific set of Lorentz

transformations needs to be performed on local Lorentz frames in six-dimensions. The

transformation of the gravitino field under those Lorentz transformations is discussed in

appendix B.

Readers only interested in the microscopic analysis may choose to skip directly to

section 7. In order to help such readers, we now briefly summarise the untwisted sector

hair modes for both types of black holes found in sections 4 and 6, respectively. The twisted

sector hair modes are discussed in section 7.

For the BMPV solution, the six directions are the four transverse spatial directions to-

gether with an S1 and the time direction. The S1 is along which the D1 and D5 branes wrap

in the brane description of the BMPV solution. Since the BMPV solution is independent

of the S1 coordinate (labelled x5), it is useful to regard it as a black string extended along

the S1 direction. In such a description, a left-moving mode represents a set of deformations

labelled by an arbitrary function of the light cone coordinate v := x5 + t. Functions of

coordinate v describe the propagation of plane waves along the negative S1 direction. Ge-

ometric quantisation of these modes is expected to generate degeneracies associated with

hair modes.

For the four-dimensional black hole, i.e., a BMPV black hole in Taub-NUT space,

the same discussion applies except the four transverse spatial directions are now the four
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directions of the Taub-NUT space. The Taub-NUT circle is denoted as S̃1. Dimensional

reduction over S1 × S̃1 gives the four-dimensional description.

For the five-dimensional BMPV black hole, the hair modes consist of (apart from

zero modes):

• Four left-moving fermionic modes describing the propagation of goldstino modes as-

sociated with four of the twelve broken supersymmetries.

In reference [12] four left-moving bosonic modes corresponding to the transverse oscillations

of the BMPV black string were also counted but were later removed from the counting

in [13], as these modes turn out to be singular at the horizon of the black hole. We show

that the same conclusion holds for the rotating black holes.

For the BMPV black hole in Taub-NUT space, the hair modes consist of (apart from

zero modes) in 6d supergravity analysis:

• Four left-moving fermionic modes describing propagation of goldstino modes associ-

ated with four of the twelve broken supersymmetries, as in the BMPV case.

• nt left-moving bosonic modes arising from certain deformations of the anti-self-dual

two form field of each tensor multiplet.

• Three left-moving bosonic modes describing deformations in the three non-compact

directions of the Taub-NUT space.

In reference [12] four left-moving bosonic modes corresponding to the transverse oscillations

of the BMPV black string relative to the Taub-NUT were also counted but were later

removed from the counting in [13]. At the black hole horizon, these modes are expected

to be exactly the same as those for the BMPV black hole, and hence singular. Although

an explicit analysis of these modes is likely to be not difficult, it is still missing in the

published literature.1

As an important summary point, we note that the 4d black hole has nt + 3 additional

left-moving bosonic hair modes compared to the 5d black hole. The number nt + 3 plays

a key role in section 7.

Note added. A few days after this paper appeared on the arXiv, a paper by Chattopad-

hyaya and David [56] also appeared that overlaps with our section 7. Specifically, our

counting of hair modes, boundary conditions analysis of hair modes on the S1 and hair

removed partition functions overlap with the results of [56].

2 Supergravity set-up

We now present relevant details on (2,0) supergravity coupled to nt number of tensor

multiplets. Such a theory is obtained from appropriate truncation of type IIB theory on

K3/ZN or T4/ZN with a total of 16 supersymmetries. The case of nt = 21 corresponds

to K3 compactification considered in [13]. We present the discussion in two steps: (i) a

1We thank Samir Mathur and Dileep Jatkar for discussions on this point.

– 5 –



J
H
E
P
0
2
(
2
0
2
1
)
1
2
5

truncation of IIB theory compactified on T4 to pure (2,0) 6d supergravity, (ii) coupling

this (2, 0) theory to nt tensor multiplets. This split is artificial, but we found it easiest to

think in these terms.

Toroidal reduction of type IIB supergravity to six dimensions leads to the unique

six-dimensional (2, 2) supergravity. The spectrum of (2, 2) six-dimensional supergravity

consists of a graviton, 8 gravitinos, 5 two-forms, 16 gauge fields, 40 fermions, and 25

scalars. See, for example, table 5 of [28]. This theory was first constructed by Tanii [29].

It can be consistently truncated to pure (2, 0) supergravity by setting the 4 right chiral

gravitinos, anti-self-dual parts of the 5 two-forms fields, 16 gauge fields, 40 fermions, and

25 scalars to zero [29]. In other words, the resulting (2, 0) theory consists of a graviton, 4

gravitinos, and 5 self-dual tensor fields.

A tensor multiplets in six-dimensions contains an anti-self-dual tensor field, 4 fermions

and 5 scalars. If we consider pure (2, 0) theory coupled to nt tensor multiplets, then we

have the field content: a graviton, 4 left chiral gravitinos, 5 self-dual two-forms, nt anti-self-

dual two-forms, 4nt fermions, and 5nt scalars. For nt = 5 this is a consistent truncation of

(2, 2) supergravity. In this truncation, compared to the (2, 2) theory, we have left out the

4 right chiral gravitinos, 16 gauge fields, and 20 fermions. This truncation is often used in

the studies of the D1-D5 system [30].

For the (2, 0) theory coupled to nt tensor multiplets, we follow the conventions of [31]

together with the simplifications introduced in [13]. In the following, we summarise the

relevant bosonic/fermionic equations of motion and the Killing spinor equations, restricting

ourselves to the details we need later. A complete description can be found in [31].

Let us denote the self-dual and the anti-self-dual field strengths by H̄k
MNP (1 ≤ k ≤ 5)

and Hs
MNP (6 ≤ s ≤ nt + 5) respectively, satisfying

H̄kMNP = +
1

3!
| det g|−1/2εMNPQRS H̄k

QRS , (2.1)

HsMNP = − 1

3!
| det g|−1/2εMNPQRS Hs

QRS , (2.2)

where εMNPQRS is the totally anti-symmetric symbol. The sign convention for the anti-

symmetric symbol will be made explicit in the next section. Throughout this paper, we

shall set all the scalar fields to fixed (attractor) values. As a result, all the derivatives of

the scalar fields are zero. This significantly simplifies the presentation of the equations of

motion. For the bosonic equations, we then have

RMN = H̄k
MPQ H̄

kPQ
N +Hs

MPQH
sPQ
N , (2.3)

together with

H̄k
MNPH

sMNP = 0. (2.4)

Following [13] we choose the convention where H̄1 and H6 denote the self-dual and anti-

self-dual components of the six-dimensional F
(3)
MNP Ramond-Ramond (RR) field coming

from IIB theory. The six-dimensional version of the 3-form RR field is obtained by simply

restricting the indices of the ten-dimensional RR field to six-dimensions. More precisely,

F
(3)
MNP = 2 e−Φ

(
H̄1
MNP +H6

MNP

)
, (2.5)

where the dilaton Φ takes a constant (attractor) value in the backgrounds we consider.
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The fermion fields in six-dimensional theory consist of a set of four left-chiral gravitinos

Ψα
M (0 ≤ M ≤ 5, 1 ≤ α ≤ 4, spinor indices are suppressed) and a set of 4nt right-chiral

spin-1/2 fermions χαr (1 ≤ r ≤ nt, for nt tensor multiplets). Let ΓM ’s (0 ≤M ≤ 5) denote

8 × 8 gamma matrices for six spacetime dimensions written in the coordinate basis. Let

A,B, . . . denote the six-dimensional tangent space indices, so that

eAMΓM (2.6)

are the standard six-dimensional Clifford algebra matrices. In order to avoid any notational

confusion, we put wide-tildes on the tangent space gamma matrices and define,

Γ̃A = eAMΓM . (2.7)

The Clifford algebra is then,

{Γ̃A, Γ̃B} = 2ηAB, (2.8)

for 0 ≤ A,B ≤ 5 tangent space indices. With this notation, the chirality conditions for the

fermionic fields are(
1

6!
| det g|−1/2 εMNPQRSΓMNPQRS + 1

)
Ψα
M = 0 =⇒ (Γ̃012345 + 1) Ψα

M = 0 , (2.9)(
1

6!
| det g|−1/2 εMNPQRSΓMNPQRS − 1

)
χαr = 0 =⇒ (Γ̃012345 − 1)χαr = 0. (2.10)

The R-symmetry group of (2, 0) theory is SO(5) ' USp(4). Following [31], we exclu-

sively work with SO(5) notation.2 In this notation, α, β, . . . are spinor indices of SO(5)

and i, j, k, . . . are vector indices of SO(5) (e.g., the index k used above for the self-dual

tensors). In order to work with SO(5) spinor indices we also need to introduce 4× 4 SO(5)

gamma matrices. We denote these matrices with wide-hats (Γ̂i)αβ . They satisfy Euclidean

Clifford algebra in five-dimensions,

{Γ̂k, Γ̂l} = 2δkl. (2.11)

In the fermionic sector, our considerations are restricted to linear equations of motion

in the spinor fields (at least to begin with). For the backgrounds we will work with, not

only the scalars are set to constant values but also the spin-1/2 fermions χαr are all set to

zero. With these conditions, the fermion sector field equations of motion simplify to

ΓMNPDNΨα
P − H̄kMNPΓN Γ̂kαβΨβ

P = 0, (2.12)

HsMNP ΓMNΨα
P = 0, (2.13)

where the DN is the standard full covariant derivative with the unique torsion free spin

connection. In complete detail,

DMΨα
P = ∂MΨα

P − ΓNMPΨα
N +

1

4
ωMAB Γ̃AB Ψα

P , (2.14)

2Reference [30] works with the USp(4) notation.
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where

ΓMNP ≡
1

2
GMR (∂NGPR + ∂PGNR − ∂RGNP ), (2.15)

and

ωABM ≡ 2eN [A∂[Me
B]
N ] − e

N [AeB]P eMC∂Ne
C
P , (2.16)

where we remind the reader that M,N,P, . . . are the spacetime indices and A,B,C . . . are

the tangent space indices. For the first order gravity manipulations we follow the standard

conventions, e.g., chapter 7 of [32].

We now discuss the Killing spinor equations. For the black hole backgrounds with-

out hair the anti-self-dual fields are all zero. With this simplification the Killing spinor

equations reduce to only one equation,

DM ε−
1

4
H̄ i
MNPΓNP Γ̂iε = 0. (2.17)

In writing this equation all spinor indices are suppressed. ε is the supersymmetry trans-

formation parameter. Since the theory is a chiral theory, the supersymmetry parameter

satisfies,

(Γ̃012345 + 1)ε = 0, (2.18)

i.e., ε is a six-dimensional left chiral Weyl spinor. In six-dimensions the symplectic Majo-

rana condition is consistent with chirality, so in addition ε satisfies,

ε̄ = εT C Ω, ΩT = −Ω, (2.19)

where C is the symmetric charge conjugation matrix for the six-dimensional Clifford algebra

for the Lorentz group SO(5,1) and Ω is the anti-symmetric charge conjugation matrix for

the Euclidean five-dimensional Clifford algebra for the R-symmetry group SO(5). Ω being

antisymmetric is the only consistent choice for Euclidean five-dimensional space, see e.g.,

table 1 of [33]. Moreover,

(CΓ̃A)T = −CΓ̃A, (ΩΓ̂i)T = −ΩΓ̂i. (2.20)

To discuss supersymmetry of black holes with hair, we will also need the Killing spinor

equations when the gravitino fields and the anti-self-dual fields are not set to zero. The

equations are obtained by setting the supersymmetry variation of all fields to zero. For

the vielbein, the gravitinos, the self-dual 2-form fields and the spin-1/2 fields respectively,3

these equations are [31],

ε̄ Γ̃AΨM = 0, (2.21)

DM ε−
1

4
H̄ i
MNPΓNP Γ̂iε = 0, (2.22)

ε̄Γ[M Γ̂iΨN ] = 0, (2.23)

ΓMNPHs
MNP ε = 0. (2.24)

3For the backgrounds of interest, the supersymmetry variation of the anti-self-dual fields and scalars do

not give non-trivial equations.
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3 BMPV black hole in flat space

In this section, we start by reviewing the BMPV black hole [10] in flat space. In section 3.1

various coordinates we need to describe the black hole, metric, three-form field strength,

and near-horizon geometry are presented. In section 3.2 Killing spinors for these black

holes are constructed. In section 3.3 coordinates in which the black hole metric is smooth

at the future horizon are constructed.

3.1 Coordinates, metric, and form field

In a standard set of coordinates four-dimensional Euclidean flat space takes the form

ds2 = dr̃2 + r̃2(dθ̃2 + cos2 θ̃dφ̃2 + sin2 θ̃dψ̃2). (3.1)

These coordinates are related to cartesian coordinates as,

w1 = r̃ cos θ̃ cos φ̃, w2 = r̃ cos θ̃ sin φ̃, (3.2)

w3 = r̃ sin θ̃ cos ψ̃, w4 = r̃ sin θ̃ sin ψ̃. (3.3)

To cover the full range of wi we need to restrict ourselves to,

θ̃ ∈
(

0,
π

2

)
, φ̃ ∈ (0, 2π), ψ̃ ∈ (0, 2π), (3.4)

with

(φ̃, ψ̃) ≡ (φ̃+ 2π, ψ̃) ≡ (φ̃, ψ̃ + 2π). (3.5)

We can extend the range of θ̃ to (0, π) by introducing the identification,

(θ̃, φ̃, ψ̃) ≡ (π − θ̃, φ̃+ π, ψ̃). (3.6)

The coordinates we will use for the most part are the Gibbons-Hawking coordinates

(r, θ, φ, x4) defined via,

r̃ = 2
√
r, θ̃ =

θ

2
, (3.7)

φ̃ =
1

2
(x4 + φ), ψ̃ =

1

2
(x4 − φ). (3.8)

In these coordinates flat space metric becomes,

ds2
flat =

1

r
dr2 + r(dθ2 + sin2 θdφ2 + (dx4 + cos θdφ)2), (3.9)

and the identifications (3.5)–(3.6) become,

(θ, φ, x4) ≡ (2π − θ, φ+ π, x4 + π) ≡ (θ, φ+ 2π, x4 + 2π) ≡ (θ, φ, x4 + 4π). (3.10)

Next we introduce a one-form

χidw
i = −2ζ, (3.11)

– 9 –
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where

ζ = − J̃
8r

(dx4 + cos θdφ). (3.12)

In the other coordinates introduced above ζ takes the form,

ζ = − J̃
r̃2

(cos2 θ̃dφ̃+ sin2 θ̃dψ̃) = − J̃
r̃4

(
w1dw2 − w2dw1 + w3dw4 − w4dw3

)
. (3.13)

The BMPV black hole metric takes the form,

ds2 = GMNdx
MdxN

= ψ−1(r)
[
dudv + (ψ(r)− 1)dv2 − 2ζdv

]
+ ψ(r)ds2

flat, (3.14)

where

u = x5 − t, v = x5 + t. (3.15)

The x5 coordinate is periodic with size 2πR5. It is the S1 along which the BMPV string is

extended. The D1 and D5 branes intersect on this S1 and the momentum is also carried

along this direction. Often the BMPV black hole is written with three harmonic functions,

one each for D1, D5, and P charges. Here we have set them all equal to ψ(r), where

ψ(r) = 1 +
r0

r
. (3.16)

The six-dimensional dilaton is set to its constant asymptotic value throughout the

spacetime,

e−2Φ = λ−2. (3.17)

The only other nontrivial field is the three-form RR field. It takes the form

F (3) =
r0

λ

(
ε3 + ∗6ε3 +

1

r0
ψ(r)−1dv ∧ dζ

)
, (3.18)

where we use the conventions εt54rθφ = +1 and where

ε3 = sin θ dx4 ∧ dθ ∧ dφ. (3.19)

The first two terms in (3.18), (ε3 + ?6ε3), are manifestly self-dual as (?6)2ε3 = ε3.

Performing a small calculation one can see that ψ(r)−1dv ∧ dζ is also self dual. Hence

the full F (3) is self-dual. Thus, for the BMPV background the anti-self-dual fields are all

set to zero. Among the self-dual three-form fields, only H̄1
MNP is non-zero for the BMPV

background. It takes the value,

1

3!
H̄1
MNPdx

M ∧ dxN ∧ dxP =
λ

2
F (3) =

1

2
(1 + ?6)ε3r0 +

1

2
ψ(r)−1dv ∧ dζ. (3.20)

Now, we can readily check that the BMPV background satisfies the bosonic equation of

motion,

RMN = H̄1
MPQH̄

1
N
PQ. (3.21)

The other bosonic equations are trivially satisfied as all the anti-self-dual fields vanish.
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To obtain the near-horizon geometry, we work with t, v, x4, r, θ, φ coordinates. We

rescale r and t as follows

r = r0βρ, t = τ/β, (3.22)

and take the limit β → 0. We get the near-horizon metric,

ds2 = r0
dρ2

ρ2
+ dv2 +

J̃

4r0
dv(dx4 + cos θdφ)− 2ρdvdτ + 4r0dΩ2

3, (3.23)

where dΩ2
3 is the metric on the round three-sphere in Gibbons-Hawking coordinates,

dΩ2
3 ≡

1

4

(
(dx4 + cos θdφ)2 + dθ2 + sin2 θdφ2

)
. (3.24)

In this limit the form field becomes,

F (3) =
r0

λ

[
ε3 + ?6ε3 +

J̃

8r2
0

dv ∧
(

1

ρ
dρ ∧ (dx4 + cos θdφ) + sin θdθ ∧ dφ

)]
, (3.25)

and the dilaton remains the same, cf. (3.17). Note that the ?6 is now with respect to the

metric (3.23).

For later use we introduce the following vielbeins,

e0 = ψ−1(r)(dt+ ζ), (3.26)

e1 =
(
dx5 + dt− ψ−1(r)(dt+ ζ)

)
, (3.27)

e2 = ψ1/2(r) r1/2(dx4 + cos θdφ), (3.28)

e3 = ψ1/2(r) r−1/2 dr , (3.29)

e4 = ψ1/2(r) r1/2 dθ , (3.30)

e5 = ψ1/2(r) r1/2 sin θ dφ . (3.31)

With a bit of calculation one sees that the background fields can be written in terms of

the orthonormal frame (3.26)–(3.31) as

ds2 = −(e0)2 + (e1)2 + (e2)2 + (e3)2 + (e4)2 + (e5)2, (3.32)

and

F (3) =
r0

λ r2

[
ψ−3/2(r) r1/2 (e2 ∧ e4 ∧ e5 + e0 ∧ e1 ∧ e3) (3.33)

+
J̃

8r0
ψ−2(r) (−e0 ∧ e2 ∧ e3 + e0 ∧ e4 ∧ e5 − e1 ∧ e2 ∧ e3 + e1 ∧ e4 ∧ e5)

]
.

Our convention is ε012345 = +1. In this form, it can be easily checked that the three-form

F (3) is self-dual.
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3.2 Killing spinors

In this section we write explicit expressions for Killing spinors for the BMPV black string.

The Killing spinor equation is (2.17). Among the self-dual three-form fields, only H̄1
MNP is

non-zero for the BMPV background. As a result the Killing spinor equation simplifies to,

DM ε−
1

4
H̄1
MNPΓNP Γ̂1ε = 0. (3.34)

We work with u, v, x4, r, θ, φ coordinates. We demand the projection conditions,

Γvε = 0, (3.35)

Γ̂1ε = ε. (3.36)

Due to projection condition (3.36), the Killing spinor equation further simplifies to

DM ε−
1

4
H̄1
MNPΓNP ε = 0. (3.37)

At this stage, introducing the notion of weight developed in [13] proves convenient.4

For a more detailed discussion see appendix A. The weight is defined for components of any

tensor in u and v coordinates. For a given component of a covariant tensor, it is defined as

wtcov = # of v indices −# of u indices. (3.38)

For a given component of a contravariant tensor, weight is defined as

wtcont = # of u indices −# of v indices. (3.39)

The projection condition (3.35) ensures that the weight of any term appearing in equa-

tion (3.37) is greater than or equal to the sum of weights of the various field components

(H̄1
MNP or ΨM ) that enter that term. For example, for M = v the weight of the equation

is 1. Only weight 1 and weight 0 components of H̄1
vNP can contribute: in this case there

is no other choice, as weight 1 is the highest weight. However, for M = u the projection

condition (3.35) plays a crucial role. Components H̄1
uNP can be of weight −1 or of weight

0. The weight zero term necessarily comes with Γv. However, since Γvε = 0, and GvP = 0

for P 6= u, the projection condition ensures that only weight −1 fields contribute.

To see this more explicitly, let us begin by analysing the u equation by setting M = u

in equation (3.37). For ε independent of u, the equation becomes

1

4
ωuABΓ̃ABε− 1

4
H̄1
uNPΓNP ε = 0. (3.40)

From the weight argument it follows that both terms ωuABΓ̃ABε and H̄1
uNPΓNP ε are zero,

as both metric and the form-field components have at least weight 0. Indeed, the fact that

4This notion of weight is closely related to the concept of boost weight used in general relativity. It

is often used in the algebraic classification of the Weyl tensor based on the existence of preferred null

directions. See, e.g., [34].
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both ωuABΓ̃ABε and H̄1
uNPΓNP ε are zero can be checked without much effort. Consider

the following vielbeins for the full weight 2 metric,

e0 = ψ−1

[
1

2
(dv − du) + ζ

]
e1 = dv − e0, (3.41)

and the e2, e3, e4, e5 as given in equations (3.28)–(3.31). For this choice, the only non-zero

components of the spin connection ωuAB turn out to be:

ωu03 = ωu13 = −1

4
r1/2ψ−5/2ψ′. (3.42)

Thus for the term ωuABΓ̃ABε we have

ωuABΓ̃ABε = 2ωu13(Γ̃13 + Γ̃03)ε = 2ωu13

(
e1
µ + e0

µ

)
e3
νΓµνε (3.43)

= 2ωu03e
3
rΓ

vΓrε = 0, (3.44)

where in the last step we have used Γvε = 0 and Gvr = 0. In Gibbons-Hawking coordinates,

the only non-zero component of H̄1
uNP is H̄1

uvr. Thus, H̄1
uNPΓNP ε = 2H̄1

uvrΓ
vrε = 0, since

Γvε = 0, and Gvr = 0. Thus, we conclude that u equation is automatically satisfied,

provided the Killing spinors are u independent and the projection conditions are satisfied.

Let us now set M = v in equation (3.37). The v component of the equation has weight

1. Various terms in the equation can receive contributions from weight 0 and weight 1 terms

in the field configuration. Demanding Killing spinors to be v independent, the equation

becomes,
1

4
ωvABΓ̃ABε− 1

4
H̄1
vNPΓNP ε = 0. (3.45)

In Gibbons-Hawking coordinates, the non-zero components of H̄1
vNP are:

H̄1
vur = −1

4

ψ′

ψ2
H̄1
vx4r = − J̃

16r2ψ2
(3.46)

H̄1
vφr = − J̃ cos θ

16r2ψ2
, H̄1

vθφ =
J̃ sin θ

16rψ
. (3.47)

For weight 0 and weight 1 terms in the metric, a convenient choice for vielbeins is

e0 =
1

2
(dv − ψ−1(du− 2ζ)),

e2 = ψ1/2r1/2(dx4 + cos θdφ),

e4 = ψ1/2r1/2dθ,

e1 =
1

2
(dv + ψ−1(du− 2ζ)),

e3 = ψ1/2r−1/2dr,

e5 = ψ1/2r1/2 sin θdφ.

(3.48)

From this choice, the only non-zero components of the spin connection ωvAB turn out to be:

ωv03 = −ωv13 = −1

4
r1/2ψ−3/2ψ′ = +

1

4
r0r
−3/2ψ−3/2,

ωv23 = −ωv45 = − J̃

16r2ψ2
.

(3.49)
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Using these spin connection coefficients, we see that

ωv03Γ̃03 + ωv13Γ̃13 = ωv13(−Γ̃03 + Γ̃13) (3.50)

= ωv13(−e0
µe

3
ν + e1

µe
3
ν)Γµν

= ωv13 (−e0
µ + e1

µ) ψ1/2r−1/2Γµr

=
1

4

r0

r2ψ2

(
Γur +

J̃

4r

(
Γx

4r + cos θ Γφr
))

. (3.51)

Similarly,

ωv23Γ̃23 + ωv45Γ̃45 = ωv23 e
2
µe

3
νΓµν + ωv45 e

4
µe

5
νΓµν (3.52)

= − J̃

16r2ψ
(Γx

4r + cos θ Γφr) +
J̃

16rψ
sin θ Γθφ. (3.53)

With these expressions at hand, we readily see that the v equation (3.45) is satisfied for

all spinors obeying the projection conditions (3.35)–(3.36).

Next we analyse x4, r, θ and φ components of the Killing spinor equation. Since these

four equations are at weight 0, we only need to consider only weight zero field components.

Ignoring weight 1 and 2 terms, we are left with only weight 0 terms in the metric:

ds2 = ψ−1(r)dudv + ψ(r)ds2
flat. (3.54)

We can choose weight 0 vielbeins as,

e0 =
1

2
(dv − ψ−1du), e1 =

1

2
(dv + ψ−1du), (3.55)

e2 = ψ1/2(r) r1/2(dx4 + cos θdφ), e3 = ψ1/2(r) r−1/2 dr , (3.56)

e4 = ψ1/2(r) r1/2 dθ , e5 = ψ1/2(r) r1/2 sin θ dφ . (3.57)

The relevant spin connection coefficients turn out to be,

ω23
x4 =

(rψ)′

2ψ
, ω45

x4 =
1

2
, ω25

θ =
1

2
, (3.58)

ω34
θ = −(rψ)′

2ψ
, ω23

φ =
(rψ)′

2ψ
cos θ, ω24

φ = −1

2
sin θ, (3.59)

ω35
φ = −(rψ)′

2ψ
sin θ, ω45

φ = −1

2
cos θ, ω01

r = − ψ
′

2ψ
. (3.60)

Note that for vielbeins (3.55) e0 + e1 = dx5 + dt = dv. Thus, Γv = (e0
µ + e1

µ)Γµ = Γ̃0 + Γ̃1,

the projection condition (3.35) can also be written as (Γ̃0 + Γ̃1)ε = 0. It then implies,

Γ̃0(Γ̃0 + Γ̃1)ε = 0, i.e.,

Γ̃0Γ̃1ε = ε. (3.61)

This form of the projection condition proves very convenient. Let us set M = r in equa-

tion (3.37). We have (
∂r +

1

2
ωr01Γ̃01 − 1

2
H̄1
ruvΓ

uv

)
ε = 0, (3.62)
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together with H̄1
ruv = ψ′

4ψ2 . Due to the projection condition (3.61) this equation becomes(
∂r +

ψ′

4ψ
− ψ′

8ψ2
Γuv
)
ε = 0. (3.63)

Moreover, we have, Γv = Γ̃0 + Γ̃1,Γu = ψ(Γ̃1 − Γ̃0). Thus,

Γuvε = −1

2
ΓvΓuε =

1

2
ψ(Γ̃0 + Γ̃1)(Γ̃0 − Γ̃1)ε = −2ψε. (3.64)

Hence the radial equation becomes (
∂r +

ψ′

2ψ

)
ε = 0. (3.65)

Since the gravitinos are all of definite chirality, cf. (2.9), the supersymmetry variation

parameter is also of the same chirality and hence all the Killing spinors we seek are also of

the same chirality. Thus, ε is a six-dimensional left chiral Weyl spinor, i.e.,

(Γ̃012345 + 1)ε = 0 =⇒ Γ̃012345ε = ε. (3.66)

Together with the projection condition (3.61) the chirality condition implies,

Γ̃23ε = −Γ̃45ε,

Γ̃25ε = −Γ̃34ε,

Γ̃24ε = +Γ̃35ε.

(3.67)

With this input, the x4, θ, and φ equations simply become,

∂x4ε = 0, (3.68)

∂θε−
1

2
Γ̃34ε = 0, (3.69)

∂φε−
1

2
sin θ Γ̃35 ε− 1

2
cos θ Γ̃45 ε = 0. (3.70)

To solve for the Killing spinors explicitly, we need to use a representation of Γ̃ matrices.

We use

Γ̃0 = 12 ⊗ 12 ⊗ (−i)σ1, Γ̃1 = 12 ⊗ 12 ⊗ σ2, (3.71)

Γ̃2 = 12 ⊗ σ1 ⊗ σ3, Γ̃3 = σ3 ⊗ σ3 ⊗ σ3, (3.72)

Γ̃4 = σ1 ⊗ σ3 ⊗ σ3, Γ̃5 = σ2 ⊗ σ3 ⊗ σ3. (3.73)

The above choice has the advantage that Γ̃3, Γ̃4, Γ̃5 are represented as three distinct Pauli

matrices in the first factor. Using these matrices we can solve the Killing spinor equations.

We find two independent solutions,

ε = ψ(r)−
1
2 e

i
2
φ

(
cos θ2
− sin θ

2

)
⊗

(
−i
1

)
⊗

(
1

0

)
, (3.74)

ε = ψ(r)−
1
2 e−

i
2
φ

(
sin θ

2

cos θ2

)
⊗

(
−i
1

)
⊗

(
1

0

)
. (3.75)
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Let us count the number of independent Killing spinors. To begin with ε has 32

complex components. There are two conditions for it to be the supersymmetry parameter

of (2,0) theory; namely, the chirality condition and pseudo-Majorana reality condition.

This brings the number of independent real spinor components to sixteen. The projection

conditions (3.35)–(3.36) give the total number of independent Killing spinors for BMPV

solution to be 4.

3.3 Smooth coordinates near the future horizon

In this section, following [13, 35–38], we write the BMPV black string in coordinates such

that its metric and form-field are smooth near the future horizon. These coordinates will

then be used to analyse the smoothness of hair modes at the horizon in later sections.

For simplicity we start with the non-rotating BMPV black string. The metric simplifies

to

ds2 = ψ−1(dudv +Kdv2) + ψ
(
r−1dr2 + 4 r dΩ2

3

)
, (3.76)

where,

K(r) = ψ(r)− 1 =
r0

r
, (3.77)

and dΩ2
3 given in (3.24). We do the following coordinate transformation from (u, v, r) to

(U, V,W ):

V = −
√
r0 exp

(
− v
√
r0

)
, (3.78)

W =
1

R
exp

(
v

2
√
r0

)
, (3.79)

U = u+
R2

2
√
r0

+ 2v , (3.80)

where

R ≡ 2

√
r0

(
1 +

r0

r

)
. (3.81)

At the future horizon the standard time coordinate t goes to infinity, as a result,

v = x5+t goes to infinity. As v →∞, the coordinate V goes to zero from below. The region

outside the horizon has V < 0. In reverse, the coordinate transformation (3.78)–(3.80) is,

v =
√
r0 ln

(
−
√
r0

V

)
, (3.82)

r = − 4r
3/2
0 VW 2

1 + 4
√
r0 VW 2

, (3.83)

u = U +
1

2VW 2
− 2
√
r0 ln

(
−
√
r0

V

)
. (3.84)
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Inserting (3.82)–(3.84) in (3.76), the metric takes the form,

ds2 = 4 r0

[
W 2dUdV + dV 2r0W

4Z−3(24 + 128
√
r0VW

2 + 192r0V
2W 4)

−dV dW 4
√
r0WZ−3(3 + 12

√
r0VW

2 + 16r0V
2W 4) +W−2Z−3dW 2 + Z−1dΩ2

3

]
,

(3.85)

where

Z = 1 + 4
√
r0 VW

2. (3.86)

From this expression it is easy to see that the metric is regular (in fact analytic) at the

future horizon V = 0. Near the horizon the metric is locally AdS3×S3. We can verify this

by computing the Ricci tensor for the above metric. We find that,

RMN +
1

2r0
gMN = 0, (3.87)

in the V → 0 limit for the (U, V,W ) part of the metric; and

RMN −
1

2r0
gMN = 0, (3.88)

in the V → 0 limit for the x4, θ, φ part of the metric. The Ricci tensor and the metric take

the block form in the limit V → 0, i.e., there are no cross terms in the AdS3 and S3 parts.

We can also write the three-form field strength in the new coordinates. We get

F (3) =
r0

λ

[
sin θ dx4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU

]
. (3.89)

F (3) is well behaved and independent of V . One can also easily check the self-duality

property of the F (3). The epsilon convention in the new coordinates become εUVWx4θφ=+1.

For the rotating BMPV black hole, metric in Gibbons-Hawking coordinates has

the form,

ds2 = ψ−1

(
dudv +Kdv2 +

J̃

4r
(dx4 + cos θ dφ) dv

)
+ ψ

(
r−1dr2 + 4 r dΩ2

3

)
. (3.90)

In order to introduce coordinates in which the metric functions are analytic in the near-

horizon region we proceed in three steps. First, we shift x4 coordinate as

x4 = x̃4 − J̃

8r2
0

v, (3.91)

so that the cross term between dv and (dx̃4 + cos θ dφ) has a zero at r = 0, as in the

non-rotating case. The transformed metric takes the form,

ds2 = ψ−1

[
dudv +

(
K +

J̃2

64r4
0

rψ2 − J̃2

32r2
0 r

)
dv2 +

(
J̃

4r
− J̃r

4r2
0

ψ2

)
(dx̃4 + cos θ dφ) dv

]
+ψ

(
r−1dr2 + 4 r dΩ̃2

3

)
, (3.92)
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where now,

dΩ̃2
3 ≡

1

4

(
(dx̃4 + cos θ dφ)2 + dθ2 + sin2 θ dφ2

)
. (3.93)

The shift (3.91) changes the identification under x5 ≡ x5 + 2πR5. The new identification

takes the form

(x̃4, x5) ≡

(
x̃4 +

J̃

8r2
0

2πR5, x
5 + 2πR5

)
. (3.94)

This, however, does not affect our (local) analysis.

Next, we carry out a rescaling,

u =

(
1− J̃2

64r3
0

)1/2

ũ, (3.95)

v =

(
1− J̃2

64r3
0

)−1/2

ṽ, (3.96)

so that the coefficient of the dṽ2 term in the metric remains unity as r → 0, as in the

non-rotating case. In order to carry out this rescaling we must have,

J̃2 < 64r3
0. (3.97)

This condition is the cosmic-censorship bound on the angular momentum parameter of the

BMPV black hole. See, e.g., discussion in [39]. Thus, for all parameter values relevant for

the BMPV black hole we can carry out this rescaling. The rescaling gives the metric,

ds2 = ψ−1

dũ dṽ +

(
K +

J̃2

64r4
0

rψ2 − J̃2

32r2
0r

)(
1− J̃2

64r3
0

)−1

dṽ2

+

(
J̃

4r
− J̃r

4r2
0

ψ2

) (
1− J̃2

64r3
0

)−1/2

(dx̃4 + cos θ dφ) dṽ


+ψ

(
r−1dr2 + 4 r dΩ2

3

)
. (3.98)

In this metric the coefficient of the dũdṽ term and the coefficients of the flat space coor-

dinates (r, x̃4, θ, φ) are the same as for the non-rotating BMPV black hole. Moreover, in the

r → 0 limit, the coefficients of the dṽ2 and (dx̃4+cos θdφ) dṽ terms have the same numerical

values as for the non-rotating BMPV black hole. Thus, as a first guess it is natural to try

to the same coordinates as for the non-rotating black hole, i.e., equations (3.82)–(3.84):

ṽ =
√
r0 ln

(
−
√
r0

V

)
, (3.99)

r = − 4r
3/2
0 VW 2

1 + 4
√
r0 VW 2

, (3.100)

ũ = U +
1

2VW 2
− 2
√
r0 ln

(
−
√
r0

V

)
. (3.101)
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When we do this transformation, we find that except for the dV 2 term all terms are smooth

in the V → 0 limit. The dV 2 term has a singularity of the form,

ds2 = − J̃2

8r
3/2
0

(
1− J̃2

64r3
0

)−1

W 2V −1dV 2 + non-singular terms (3.102)

This singular term, however, can be easily removed by adjusting the coefficient of the

ln
(
−
√
r0
V

)
term in the ũ transformation (3.101). With the transformation,

ũ = U +
1

2VW 2
−

2
√
r0 +

J̃2

32r
5/2
0

(
1− J̃2

64r3
0

)−1
 ln

(
−
√
r0

V

)
. (3.103)

the resulting metric is smooth in the V → 0 limit. The resulting metric is not particularly

illuminating, so we do not present those details (though we use it for our later calculations).

The three-form field strength in the new coordinates is also non-singular. It takes

the form,

F (3) =
r0

λ

[
sin θ dx̃4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU

− J̃
r0

(
1− J̃2

64r3
0

)−1/2

WdW ∧ dV ∧ (dx̃4 + cos θ dφ)

− J̃

2r0

(
1− J̃2

64r3
0

)−1/2

W 2 sin θ dV ∧ dθ ∧ dφ

]
. (3.104)

It can be confirmed that expression (3.104) is self-dual.

4 Deformations of the BMPV black hole

In this section we analyse a class of null deformations of the BMPV black hole generated

by the Garfinkle-Vachaspati transform [40, 41]. The deformations added by this method

turn out to be singular [13, 37, 41] on the BMPV black hole, however, it is instructive to

show this in detail as similar modes turn out to be non-singular for the BMPV black hole

in Taub-NUT.

4.1 Bosonic deformations generated by Garfinkle-Vachaspati transform

It is useful to identify solution generating techniques that can be exploited to add hair

modes on black holes. One such technique is the Garfinkle-Vachaspati transform [40, 41].

This method transforms known solutions to new exact solutions of supergravity theory,

where the new solution describes a gravitational wave on the original background. The

technique works as follows: given a space-time metric GMN , we identify a vector field kM
such that it is

null : kMkM = 0, (4.1)

hypersurface orthogonal : ∇[MkN ] = k[M∇N ]A, (4.2)

Killing : ∇(MkN) = 0, (4.3)
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for some scalar function A. New exact solutions to the supergravity equations are con-

structed by the following transform,

G′MN = GMN + eA T kM kN . (4.4)

The above is a valid solution if T satisfies,

∇2T = 0 and kM∂MT = 0, (4.5)

and matter fields, if present, satisfy certain mild conditions.5

The BMPV black string in six-dimensions possesses such a vector,

kM∂M =
∂

∂u
. (4.6)

It is hypersurface orthogonal with eA = ψ. Applying the Garfinkle-Vachaspati transform

we get,

ds2 = ψ−1
[
du dv + (ψ − 1 + T (v, ~w)) dv2 + χi(r) dv dw

i
]

+ ψ ds2
flat, (4.7)

The six-dimensional Laplacian ∇2 in the BMPV black hole metric simply reduces to a

four-dimensional Laplacian acting on T (v, ~w):

∇2T = ∂wi∂wiT = 0. (4.8)

A general solution for ∂wi∂wiT = 0 can be written as an expansion in spherical harmonics.

Requiring regularity at infinity and at the origin and keeping only terms that cannot

be removed by coordinate transformations [42], we can choose

T (v, ~w) = fi(v)wi,

∫ 2πR5

0
fi(v)dv = 0, (4.9)

with four arbitrary functions fi(v). The deformed metric (4.7) does not look asymptot-

ically flat, but via a standard change of coordinates [42] it can be seen to be manifestly

asymptotically flat. Further comments on this deformation can be found in [12, 13]. We

note that the deformation only adds a weight 2 term to the metric and the other fields

remain unchanged. As a result, the Killing spinor analysis of section 3.2 remains exactly

the same. The deformed solution admits the same Killing spinors (3.74)–(3.75) as the

undeformed solution. Since we are mostly concerned with the question whether the defor-

mation represents a smooth hair mode or not, we next turn to its smoothness analysis. The

smoothness analysis below generalises the corresponding discussion of [13] to the rotating

BMPV black hole.

The deformation adds the following extra term to the metric,

δ(ds2) = ψ−1T (v, ~w)dv2 = ψ−1fi(v)widv2 = 2r1/2ψ−1fi(v)midv2 (4.10)

5Our configurations satisfy those mild conditions. It follows from the analysis of reference [41] that we

do not need to modify the matter fields while deforming the BMPV black hole or the BMPV black hole in

Taub-NUT.
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where mi = wi/|w| is the four-dimensional unit vector. The SO(4) unit vector mi only

depends on the angular coordinates. In order for a deformation to be considered as a hair

mode, it is necessary that it is only supported outside the horizon. This is most easily

analysed in the near-horizon ρ, τ, v coordinates introduced in (3.22) with β → 0 limit. In

the near-horizon limit,

2r1/2 ψ−1(r) fi(v)midv2 −→ 2r
1/2
0 (β ρ)3/2 fi(v)midv2. (4.11)

Since these deformations scale as β3/2, they vanish in the near-horizon limit. Thus, they

are supported outside the horizon and are possible hair modes.

To analyse whether they are smooth or not, we write them in non-singular coordi-

nates (3.99), (3.100), and (3.103). The deformation takes the form,

δ(ds2) =
1024

64r3
0 − J̃2

r
21/4
0 W 3√

1 + 4
√
r0W 2V

dV 2

√
−V

f(V, x̃4, θ, φ), (4.12)

where fi(v)mi is written as f(V, x̃4, θ, φ) in the new coordinates. Note that x4 is replaced

with x̃4; cf. (3.91). The metric in these coordinates is singular at V = 0.

The singular term (4.12) can, however, be removed by the following shift of the U

coordinate,

U = Ũ −G(V,W, x̃4, θ, φ), (4.13)

with

G(V,W, x̃4, θ, φ) =
256r

17/4
0

64r3
0 − J̃2

W

∫ V

0

f(V ′, x̃4, θ, φ)

(1 + 4
√
r0V ′W 2)1/2

dV ′√
−V ′

. (4.14)

This shift results in a metric that is again smooth near V = 0, though it generates additional

terms,

−4r0W
2∂WG(V,W, x̃4, θ, φ)dWdV − 4r0W

2∂θiG(V,W, x̃4, θ, φ)dθidV (4.15)

where θi collectively denotes x̃4, θ, φ. These additional terms all vanish in the V → 0 limit.

The V derivatives of the function G, however, diverge. This hints at possible divergences in

the Riemann tensor. Indeed, by an explicit calculation one can check that some components

of the Riemann tensor diverge. For example,

RVWVW = −2r0W
−1∂W∂V (W 3∂WG) + non-singular (4.16)

= − 1√
−V

1536r
21/4
0

64r3
0 − J̃2

Wf(V, x̃4, θ, φ) + non-singular, (4.17)

and

RVWV θi = −(2r0W∂W (W∂iθ∂VG) + non-singular (4.18)

= − 1√
−V

1024r
21/4
0

64r3
0 − J̃2

W 2∂iθf(V, x̃4, θ, φ) + non-singular, (4.19)

diverge as V → 0.

Upon setting J̃ = 0 we recover the expressions from appendix C of [13].

Since these modes are singular at the horizon, they are not be counted as proper hair

modes of the BMPV black hole.
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4.2 Fermionic deformations

The (2, 0) supergravity theory we are working with has 16 supersymmetries. The black

hole solutions we are working with preserve 4 of these supersymmetries and hence give rise

to 12 fermionic zero modes. Out of these 12 zero modes, four are left moving and 8 are

right moving. The 4 left moving modes can be elevated to arbitrary functions of v keeping

the supersymmetry of the original solution unchanged [12]. The aim of this section is to

construct these modes and to analyse their smoothness properties.

The linearised equations of motion in the fermionic sector for the gravitino ψαM were

given in section 2, which we rewrite below for convenience:

ΓMNPDNΨα
P − H̄kMNPΓN Γ̂kαβΨβ

P = 0, (4.20)

HsMNPΓMNΨα
P = 0. (4.21)

Equation (4.21) is automatically satisfied as all anti-self-dual fields HsMNP = 0 for the

undeformed background.

We will now solve the gravitino equation (4.20) in the undeformed background and ar-

gue that the deformations generated by the Garfinkle-Vachaspati transform do not modify

the solutions. We will also argue that the gravitino modes do not back-react, i.e., their

stress tensor does not change the background solution.

We make the following ansatz,

Ψα
M = 0 for M 6= v, (4.22)

∂uΨα
M = 0, (4.23)

together with the gauge condition,

ΓMΨα
M = 0. (4.24)

The gauge condition along with the above ansatz reads,

ΓvΨα
v = 0. (4.25)

It is evident that ansatz (4.22) guarantees that the fermionic deformations being con-

structed are of weight 1. We now argue that all terms in equation (4.20) must be of weight

1 or more. This is achieved by looking at all the ways of changing the weight of a term

and concluding that none of them can decrease the weight of a term involving Ψv. There

are three potential ways to decrease the weight:

– Multiplying with other background fields: all fields in the original background, be it

the metric or the form field, are of weight ≥ 0. Thus multiplying the gravitino by these

fields can only increase the weight.

– Acting with u-derivatives: the metric, 3-form field and the gravitino (by ansatz) are

all independent of u coordinate. Hence u derivatives cannot reduce the weight.

– Acting with Γv: Γv annihilates the field Ψα
v , cf. (4.25). Hence terms of the form ΓvΨv

cannot reduce the weight of a term. In expanding the antisymmetric ΓMNP , we may find
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other gamma matrices sandwiched between Γv and Ψα
v . Such a Γv can be shifted next to the

gravitino. The additional terms obtained by the use of the Clifford identity do not decrease

the weight. For instance, we might have a term ΓvΓMΨv = −ΓMΓvΨv + 2GvMΨv =

2GvMΨv. The inverse metric is such that GvM 6= 0 only for M = u and this does not

decrease the weight.

In then follows that the choice M = u, N = i, and P = v in (4.20) gives the only

non-trivial equation,

Γuiv
(
∂i +

1

4
ωiABΓ̃AB

)
Ψα
v − H̄1uivΓiΓ̂

1
αβΨβ

v = 0. (4.26)

This is a weight 1 equation.

The contravariant u index carries with it the total weight of the equation and hence

terms in the background fields with weight > 0 do not contribute. Thus, the weight 0

vielbeins (3.55)–(3.57) and the corresponding spin connection coefficients (3.58)–(3.60) can

be used. Furthermore, the form field can be truncated to F
(3)
0 = r0

λ (ε3 + ?6ε3) to only

capture its weight 0 components.

Using Clifford identity, we see that

Γuiv = −GviΓu +GuvΓi, (4.27)

in which the truncated metric ensures the presence of the second term alone. Similarly,

H̄1uivΓi = GuNGvP H̄1
NiPΓi, (4.28)

= GuvGvuH̄1
viuΓi. (4.29)

Choosing the transverse coordinates to be the Gibbons-Hawking coordinates i =

(r, θ, φ, x4), and dropping an overall factor of Guv = 2ψ, we set out to expand the fol-

lowing equation:

Γi
(
∂i +

1

4
ωiABΓ̃AB

)
Ψα
v + ΓiGvuH̄1ivuΓ̂1

αβΨβ
v = 0. (4.30)

The only non-zero form field components are H̄1uiv = H̄1urv = ψ′

4ψ2 . In section 3.2 it was

noted that our choice of vielbeins implies Γv = Γ̃0 + Γ̃1 and this translates the gauge

condition (4.25) to

Γ̃0Γ̃1Ψα
v = Γ̃01Ψα

v = Ψα
v . (4.31)

We separately look at the terms corresponding to each of the transverse coordinates

starting with i = r:

Γr
(
∂r +

1

2
ωr01Γ̃01

)
Ψα
v + ΓrGvuH̄1rvuΓ̂1

αβΨβ
v . (4.32)

Since Γ̃3 = e3
MΓM = e3

rΓ
r we have Γr = r1/2ψ−1/2Γ̃3. With these, we obtain,

r1/2ψ−1/2Γ̃3

(
∂r +

1

4

ψ′

ψ
− 1

2

ψ′

ψ
Γ̂1

)
Ψv. (4.33)
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The gravitino Ψα
v being a six-dimensional left chiral Weyl spinor satisfies the following

chirality conditions, cf. (3.67),

Γ̃23Ψv = −Γ̃45Ψv, (4.34)

Γ̃25Ψv = −Γ̃34Ψv, (4.35)

Γ̃24Ψv = +Γ̃35Ψv. (4.36)

These chirality conditions are used as and when needed. The terms contributing to i =

x4 are

Γx
4

(
∂x4 +

1

2
ωx423Γ̃23 +

1

2
ωx445Γ̃45

)
Ψv. (4.37)

Replacing Γx
4

= (rψ)−1/2(Γ̃2 − cot θ Γ̃5) and simplifying the spin connection terms we

obtain,

(rψ)−1/2(Γ̃2 − cot θ Γ̃5)∂x4Ψv + r1/2ψ−1/2

(
Γ̃3 ψ

′

4ψ
− Γ̃4 cot θ

ψ′

4ψ

)
Ψv. (4.38)

The i = θ terms give,

Γθ

(
∂θ +

1

2
ωθ25Γ̃25 +

1

2
ωθ34Γ̃34

)
Ψv. (4.39)

The relation Γθ = (rψ)−1/2Γ̃4 helps to bring the above terms to the form,

(rψ)−1/2Γ̃4∂θΨv + r1/2ψ−1/2Γ̃3

(
1

2r
+
ψ′

4ψ

)
Ψv. (4.40)

Finally, contributions from i = φ give a derivative term and the four spin connection

coefficients ωφ23, ωφ24, ωφ35 and ωφ45. We make use of the relation Γφ = (rψ)−1/2(sin θ)−1Γ̃5

to get{(
(rψ)−1/2sin θ−1Γ̃5

)
∂φ+r1/2ψ−1/2

(
Γ̃4 cot θ

ψ′

4ψ
+Γ̃3 1

2r
+Γ̃3 ψ

′

4ψ

)
+

1

2
(rψ)−1/2 cot θ Γ̃4

}
Ψv.

(4.41)

Putting together all the above contributions, we end up with an equation that we want

to solve,

r1/2ψ−1/2 Γ̃3

(
∂r +

ψ′

ψ
+

1

r
− 1

2

ψ′

ψ
Γ̂1

)
Ψv +

(
(rψ)−1/2(sin θ)−1Γ̃5

)
∂φΨv

+(rψ)−1/2 (Γ̃2 − cot θ Γ̃5)∂x4Ψv + (rψ)−1/2Γ̃4

(
∂θ +

1

2
cot θ

)
Ψv = 0. (4.42)

Solutions to this equation were qualitatively predicted in [12] from the zero-mode consid-

erations. The solutions should have no momentum along the x4 direction and m = ±1/2
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units of momentum along the φ direction. Incorporating these eigenvalues, the partial

differential equation simplifies to,

r1/2ψ−1/2Γ̃3

(
∂r +

ψ′

ψ
− 1

2

ψ′

ψ
Γ̂1

)
Ψv

+ (rψ)−1/2Γ̃4

[
im(sin θ)−1Γ̃4Γ̃5 + Γ̃4Γ̃3 +

(
∂θ +

1

2
cot θ

)]
Ψv = 0. (4.43)

This form enables us to achieve a separation of variables. We choose a convenient

gamma matrix representation indicated in (3.71)–(3.73). Choosing either projection con-

dition Γ̂1Ψv = ±Ψv, the equation involving r (with a zero separation constant) becomes,(
∂r +

ψ′

ψ
∓ 1

2

ψ′

ψ

)
R(r) = 0, (4.44)

with solutions, R(r) = ψ(r)−1/2 or R(r) = ψ(r)−3/2. Thus, we have

Ψv = ψ−3/2η(v, θ, φ) for Γ̂1η = −η, (4.45)

Ψv = ψ−1/2η(v, θ, φ) for Γ̂1η = η. (4.46)

The equation that fixes the θ-dependence becomes,[
∂θ +

1

2
cot θ −m(sin θ)−1σ3 − iσ2

]
η(v, θ, φ) = 0. (4.47)

A simple calculation tells us that the two possible solutions are

η(v, θ, φ) = h(v) eiφ/2

(
cos (θ/2)

− sin (θ/2)

)
for m = 1/2, (4.48)

η(v, θ, φ) = h(v) e−iφ/2

(
sin (θ/2)

cos (θ/2)

)
for m = −1/2. (4.49)

Having no constraint imposed on the v dependence, h(v) is an arbitrary periodic function

of the v coordinate. The spinorial properties of Ψv are completely captured by η making

it both an SO(5,1) spinor as well as an SO(5) spinor.

How do these solutions behave in non-singular coordinates given in (3.99), (3.100),

and (3.103)? The gravitino configuration with Γ̂1η = η behaves as,

ΨV = ψ−1/2η(v, θ, φ) =

(
∂v

∂V

)
Ψv =

16r
9/4
0

(64r3
0 − J̃2)1/2

1√
−V

W η(v(V ), θ, φ) (4.50)

and the gravitino configuration with Γ̂1η = −η behaves as,

ΨV = ψ−3/2η(v, θ, φ) =

(
∂v

∂V

)
Ψv =

64r
11/4
0

(64r3
0 − J̃2)1/2

√
−V W 3 η(v(V ), θ, φ). (4.51)
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However, we cannot comment the smoothness of the gravitino field by looking at these ex-

pressions. The gravitino field was computed using vielbeins (3.26)–(3.31). These vielbeins

are singular in the non-singular coordinates.

To see this, let us write vielbeins (3.26)–(3.31) in the new coordinates. They take

the form,

e+ := e0 + e1 = − 8r2
0

(64r3
0 − J̃2)1/2

dV

V
, (4.52)

e− := e1 − e0 =
1

(64r3
0 − J̃2)1/2

(
r
−1/2
0 J̃2W 2 − 96r

5/2
0 W 2 +

8r2
0

V

)
dV

+
(64r3

0 − J̃2)1/2

2r0

(
−VW 2dU +

dW

W

)
+ J̃(4r0)−1(1 + 4

√
r0VW

2)(dx̃4 + cos θ dφ), (4.53)

and

e2 =

√
r0

(1 + 4
√
r0VW 2)1/2

(
dx̃4 + cos θ dφ+

J̃

(64r3
0 − J̃2)1/2

dV

V

)
, (4.54)

e3 =
2
√
r0

(1 + 4
√
r0VW 2)3/2

(
dW

W
+
dV

2V

)
, (4.55)

e4 =

√
r0

(1 + 4
√
r0VW 2)1/2

dθ, (4.56)

e5 =

√
r0

(1 + 4
√
r0VW 2)1/2

sin θ dφ. (4.57)

Note that e+, e−, e2, e3 are singular at V = 0. The metric in non-singular coordinates can

be expressed as

ds2 = e+e− + (e2)2 + (e3)2 + (e4)2 + (e5)2. (4.58)

A non-singular set of vielbeins can be obtained by a sequence of Lorentz transforma-

tions: first,

ê+ = αe+, ê− =
1

α
e−, ê2 = e2, ê3 = e3, (4.59)

then,

ě+ = ê+, ě− = ê− − 2βê3 − β2ê+, ě2 = ê2, ě3 = ê3 + βê+, (4.60)

and finally,

ẽ+ = ě+, ẽ− = ě− − 2γě2 − γ2ě+, ẽ2 = ě2 + γě+, ẽ3 = ě3, (4.61)

– 26 –



J
H
E
P
0
2
(
2
0
2
1
)
1
2
5

where

α = −(64r3
0 − J̃2)1/2

4r
3/2
0

V, (4.62)

β = − 1

2V (1 + 4
√
r0VW 2)3/2

, (4.63)

γ = − J̃

2V (1 + 4
√
r0VW 2)1/2(64r3

0 − J̃2)1/2
. (4.64)

The new vielbeins ẽ+, ẽ−, ẽ2, ẽ3 are all regular and a direct calculation shows that in the

non-singular coordinates

ds2 = ẽ+ẽ− + (ẽ2)2 + (ẽ3)2 + (ẽ4)2 + (ẽ5)2. (4.65)

The β and γ transformations are examples of null rotations of e− about e+ [34].

These local Lorentz transformations act on the gravitino field. As shown in appendix B

the combined action is simply

Ψ̃V = Ψ̂V =
1√
α

ΨV . (4.66)

For the gravitino configuration with Γ̂1η = −η, we have

Ψ̃V =
128r

7/2
0

(64r3
0 − J̃2)3/4

W 3 η(v(V ), θ, φ). (4.67)

This field is well behaved at the horizon, though it does not vanish at the horizon. We can

make it vanish by doing a local supersymmetry transformation with a parameter propor-

tional to

W 3

∫ V

0
η(v(V ′), θ, φ)dV ′. (4.68)

The second solution to the fermionic deformation equation with Γ̂1η = η, cf. (4.46), is

singular,

Ψ̃V = Ψ̂V =
1√
α

ΨV = − 32r3
0W

(64r3
0 − J̃2)3/4

1

V
η(v(V ), θ, φ). (4.69)

Hence, it is not an allowed deformation.

In the new coordinate system and the new Lorentz frame, the Killing spinors behaves as

4r0

(64r3
0 − J̃2)1/4

W, (4.70)

and hence are well defined at the horizon.

Let us now count the independent left-moving smooth gravitino modes. To begin with

Ψα
v is a 32 component complex spinor. The chirality condition ensures that only 16 of the

32 components are independent. The symplectic Majorana reality condition reduces the

number to 16 real components. The gauge condition Γ̃01η = η and the eigenvalue equation

Γ̂1η = ±η brings it down to 8 components (4 with Γ̂1η = η and 4 with Γ̂1η = −η). We
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saw that the Γ̂1η = η solutions are singular at the horizon. Hence, we have only four

independent left-moving gravitino modes [12, 13].

These modes go to zero in the near-horizon limit as β3/2, and hence are genuine

hair modes.

It may seem that since the above solutions are obtained using the linearised gravitino

equation, they may not be solutions when possible non-linear terms are included in the

gravitino equation. This is not the case. These solutions remain solutions even after taking

into account possible non-linearities. This is because, the gravitino equation will remain a

weight 1 equation. The non-linear terms will necessarily of be weight 2 or more and hence

they will not contribute to the weight 1 equation.

The deformation generated by the Garfinkle-Vachaspati transform also does not change

the gravitino solutions. This also follows from weight considerations. The minimum weight

at which the Garfinkle-Vachaspati deformation term can contribute in the gravitino equa-

tion is 3, since the deformation itself is of weight 2 and gravitino is of weight 1. However,

since the gravitino equation is of weight 1, such terms cannot contribute to the gravitino

equation.

Let us now address the back-reaction that the gravitino deformations can produce.

The dilaton equation is weight zero and hence is completely unaffected by the gravitino

deformations. The vv component of Einstein’s equation prima facie can get a contribution

from gravitino bilinears constructed with even number of gamma matrices. However, all

such weight 2 terms vanish by the combination of the ansatz (4.25) and properties of the

spinor fields in six-dimensions.

It remains to comment on the supersymmetry of the fermionic deformation modes.

These modes affect two of the Killing spinor equations (2.21) and (2.23). Consider equa-

tion (2.21) with the insertion of an identity matrix: (ε̄ Γ̂1) Γ̃A (Γ̂1 ΨM ). The projection

condition on ε (3.36) implies that ε̄ Γ̂1 = ε̄. The smoothness analysis picks out the solution

Γ̂1 ΨM = −ΨM for the gravitino hair mode. These opposite SO(5) projection conditions

guarantee that equation (2.21) is satisfied. We note here that the gravitino solutions with

Γ̂1 ΨM = ΨM are not only singular at the future horizon, but also break supersymmetry,

as equation (2.21) cannot be satisfied.

The fermionic deformations give the weight 1 term ε̄Γwi Γ̂i Ψv for equation (2.23). The

SO(5,1) chirality and projection conditions imply Γ̃2345Ψv = Ψv and Γ̃2345ε = ε. Inserting

(Γ̃2Γ̃3Γ̃4Γ̃5)2 = 1 as

ε̄Γwi Γ̂i (Γ̃2Γ̃3Γ̃4Γ̃5)2Ψv (4.71)

and moving Γ̃’s appropriately we see that contributions to (2.23) vanish. Hence, the

fermionic hair modes preserve the supersymmetry of the original background.

5 BMPV black hole in Taub-NUT space

In this section, we review the BMPV black hole in Taub-NUT space [4, 11]. In section 5.1

coordinates, metric, three-form field strength, and near-horizon geometry are presented. In

section 5.2 Killing spinors are constructed. In section 5.3 a set of coordinates is presented

in which the black hole metric is smooth at the future horizon.
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5.1 Metric and form field

The four dimensional Taub-NUT space in Gibbons-Hawking coordinates is given by

ds2
TN =

(
4

R2
4

+
1

r

)−1

(dx4 + cos θdφ)2 +

(
4

R2
4

+
1

r

)
(dr2 + r2dθ2 + r2 sin2 θdφ2). (5.1)

Compared to flat space in Gibbons-Hawking coordinates, the only difference is that 1
r

factors in flat space metric are replaced with
(

4
R2

4
+ 1

r

)
. The x4 coordinate labels the circle

S̃1 and it is periodic with size 2πR4. Introducing the one form

ζ̃ = − J̃
8

(
4

R2
4

+
1

r

)
(dx4 + cos θdφ), (5.2)

the six-dimensional metric of the BMPV black hole in Taub-NUT space takes the form,

ds2 = ψ−1(r)[dudv + (ψ(r)− 1)dv2 − 2ζ̃dv] + ψ(r)ds2
TN. (5.3)

The field strength F (3) supporting this solution is self-dual,

F (3) =
r0

λ

[
(ε3 + ∗6ε3) +

1

r0
ψ−1(r)dv ∧ dζ̃

]
. (5.4)

As with the BMPV black hole, the dilaton is set to its asymptotic value eΦ = λ.

Recall the set of coordinates (ρ, τ) introduced in (3.22) for obtaining the near-horizon

geometry by taking the β → 0 limit. The near-horizon limit for the BMPV black hole in

Taub-NUT space coincides with that obtained for the BMPV black hole in flat space (3.23).

The form field strength F (3) in the near-horizon limit also matches with (3.25).

A set of vielbeins can be introduced as was done in (3.26)–(3.31) with ζ replaced with

ζ̃ and with appropriate factors of

χ(r) =

(
4

R2
4

+
1

r

)
(5.5)

inserted. They are

e0 = ψ−1(r)(dt+ ζ̃), (5.6)

e1 =
(
dv − ψ−1(r)(dt+ ζ̃)

)
, (5.7)

e2 = ψ1/2 χ−1/2 (dx4 + cos θdφ), (5.8)

e3 = ψ1/2(r)χ1/2 dr , (5.9)

e4 = ψ1/2(r)χ1/2 r dθ , (5.10)

e5 = ψ1/2(r)χ1/2 r sin θ dφ . (5.11)

Metric (5.3) and three-form field (5.4) can accordingly be expressed in terms of viel-

beins (5.6)–(5.11) analogous to equations (3.32) and (3.33).
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5.2 Killing spinors

The following construction of Killing spinors closely parallels the discussion in section 3.2.

We again demand the projection conditions Γvε = (Γ̃0 + Γ̃1)ε = 0 and Γ̂1ε = ε. These

conditions simplify the Killing spinor equation to equation (3.37). We analyse this equation

for different values of M .

Setting M = v we get a weight 1 equation. Taking ε to be v independent, we get

1

4
ωvABΓ̃ABε− 1

4
H̄1
vNPΓNP ε = 0. (5.12)

This equation only receives contributions from weight 0 and weight 1 fields. A set of

vielbeins for the simplified metric with only weight 0 and weight 1 terms takes the form,

e0 =
1

2
(dv − ψ−1(du− 2ζ̃)), e1 =

1

2
(dv + ψ−1(du− 2ζ̃)), (5.13)

e2 = ψ1/2χ−1/2 (dx4 + cos θdφ), e3 = ψ1/2χ1/2 dr, (5.14)

e4 = ψ1/2χ1/2 rdθ, e5 = ψ1/2χ1/2 r sin θdφ. (5.15)

As in the case of flat space, the above choice of vielbeins is such that e0 + e1 = dv. We

also note that e0 − e1 = ψ−1(du− 2ζ̃). Using these vielbeins, we find the spin connection

coefficients ωM
AB. The non-zero ωvAB components are

ωv03 = − ωv13 =
1

4

ψ′

ψ3/2
χ−1/2, ωv23 = − ωv45 = − J̃

16r2ψ2
. (5.16)

From these expressions, we have,

ωv03Γ̃03 + ωv13Γ̃13 =
1

4

r0

r2ψ2

[
Γur +

J̃

4
χ(Γx

4r + cos θ Γφr)

]
, (5.17)

and

ωv23Γ̃23 + ωv45Γ̃45 = − J̃

16r2ψ
(Γx

4r + cos θ Γφr) +
J̃ sin θ

16ψ
Γθφχ. (5.18)

The contributing field strength components H̄1
vNP are,

H̄1
vur = −1

4

ψ′

ψ2
,

H̄1
vθφ =

J̃ sin θ

16ψ
χ,

H̄1
vrφ =

J̃ cos θ

16r2ψ
+
J̃ cos θ

16

ψ′

ψ2
χ,

H̄1
vrx4 =

J̃

16r2ψ
+
J̃

16

ψ′

ψ2
χ.

(5.19)

Plugging in these expressions, we see that the v equation, cf. (5.12), is satisfied.

Setting M = u in (3.37) we get,(
∂u +

1

2
(ωu03Γ̃03 + ωu13Γ̃13)− 1

2
H̄1
uvrΓ

vr

)
ε = 0. (5.20)

The relevant ωuAB coefficients are ωu03 = ωu13 = −1
4

ψ′

ψ5/2χ
−1/2. This implies that ωu03Γ̃03+

ωu13Γ̃13 = −1
4
ψ′

ψ2 Γvr. Using Γvr = −ΓrΓv and taking the Killing spinor to be u independent

we see that equation (5.20) is satisfied.
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The other four equations are all of weight 0. A convenient choice of weight 0 truncated

vielbeins is,

e0 =
1

2
(dv − ψ−1du), e1 =

1

2
(dv + ψ−1du), (5.21)

e2 = ψ1/2χ−1/2 (dx4 + cos θ dφ), e3 = ψ1/2χ1/2 dr, (5.22)

e4 = ψ1/2χ1/2 rdθ, e5 = ψ1/2χ1/2 r sin θ dφ. (5.23)

The spin connection coefficients ωi
AB that arise from these are

ωr01 =
ψ′

2ψ
ωθ25 =

1

2r
χ−1 (5.24)

ωθ34 = −
( 4

R2
4

+
1

2r

)
χ−1 − rψ′

2ψ
ωx423 =

1

2r2
χ−2 +

ψ′

2ψ
χ−1 (5.25)

ωx445 =
1

2r2
χ−2 ωφ23 =

(
1

2r2
χ−2 +

ψ′

2ψ
χ−1

)
cos θ (5.26)

ωφ24 = − 1

2r
χ−1 sin θ ωφ45 = −

(
1

2
+

2

R4
2χ
−1 +

2

rR4
2χ
−2

)
cos θ (5.27)

ωφ35 = −

(
1

2
+ r

ψ′

2ψ
+

2

R2
4

χ−2

)
sin θ. (5.28)

Accordingly, for the radial equation we get,(
∂r +

1

2
ωr01Γ̃01 − 1

2
H̄1
ruvΓ

uv

)
ε = 0. (5.29)

Using Γuvε = −2ψε, this equation simplifies to(
∂r +

ψ′

2ψ

)
ε = 0. (5.30)

We see that this is exactly the r component of the equation we obtained for the

BMPV black hole in section 3.2. A complete analysis shows that all the other equations

also coincide with those obtained for the BMPV black hole — we once again get equa-

tions (3.68), (3.69) and (3.70), independent of the additional factors of χ. Thus, Taub-NUT

space has no effect on the solutions of the Killing spinor equation.

5.3 Smooth coordinates near the future horizon

Let us start with the non-rotating BMPV black hole in Taub-NUT space. In the no rotation

limit, the metric simplifies to,

ds2 = ψ−1(dudv +Kdv2) + ψ ds2
TN, (5.31)

where as before,

ψ = 1 +
r0

r
, K = ψ − 1 =

r0

r
. (5.32)
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The difference between the above metric and the non-rotating BMPV metric comes only

from the replacement of the four-dimensional base from flat space to Taub-NUT space.

In the r → 0 limit, Taub-NUT space becomes flat space, hence even this difference

disappears in this limit. Thus, as a first guess it is natural to try the same coordinates

as for the non-rotating BMPV black hole, i.e., equations (3.82)–(3.84). When we do this

transformation, we find that all terms except for the coefficient of dV 2 term are smooth in

the V → 0 limit. The dV 2 term has a singularity of the form,

ds2 = −16r
5/2
0 W 2

R2
4V

dV 2 + non-singular terms. (5.33)

This singular term, however, can be easily removed by adjusting the coefficient of the

ln
(
−
√
r0
V

)
term in the u transformation (3.84). With the transformation,

u = U +
1

2VW 2
− 2
√
r0

(
1 +

2r0

R2
4

)
ln

(
−
√
r0

V

)
, (5.34)

the resulting metric is smooth in the V → 0 limit. The resulting metric is not particularly

illuminating, so we do not present it in full detail. In the V → 0 limit, it takes the form,

ds2 = 4r0W
2dUdV +

32r2
0(8r0 + 3R2

4)W 4

R2
4

dV 2 − 16(4r
5/2
0 + 3r

3/2
0 R2

4)W

R2
4

dV dW

+
4r0

W 2
dW 2 + 4 r0 dΩ2

3 (5.35)

This metric is locally AdS3 × S3. We verify this by computing the Ricci tensor and then

taking the V → 0 limit. For the three-form field strength in new coordinates, we get the

same expression as (3.89):

F (3) =
r0

λ

[
sin θ dx4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU

]
. (5.36)

In the V → 0 limit, F (3) is well behaved (in fact independent of V ). One can also easily

check the self-duality property of F (3).

For the rotating black hole, metric can also be written in the form:

ds2 = ψ−1

(
dudv +Kdv2 +

J̃

4

(
1

r
+

4

R2
4

)
(dx4 + cos θ dφ) dv

)
+ ψds2

TN. (5.37)

In order to introduce smooth coordinates in the near-horizon region we proceed in steps

parallel to section 3.3. First, we shift x4 coordinate as

x4 = x̃4 − J̃

8r2
0

v, (5.38)

so that the cross term between dv and (dx̃4 +cos θdφ) has a zero at r = 0. The transformed

metric takes the form,

ds2 = ψ−1

[
dudv +

(
K +

(
4

R2
4

+
1

r

)−1 J̃2

64 r4
0

ψ2 −
(

4

R2
4

+
1

r

)
J̃2

32r2
0

)
dv2

+

((
4

R2
4

+
1

r

)
J̃

4
−
(

4

R2
4

+
1

r

)−1 J̃

4r2
0

ψ2

)
(dx̃4 + cos θ dφ) dv

]
+ ψ d̃s

2

TN, (5.39)
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where now,

d̃s
2

TN =

(
4

R2
4

+
1

r

)−1

(dx̃4 + cos θ dφ)2 +

(
4

R2
4

+
1

r

)
(dr2 + r2dθ2 + r2 sin2 θ dφ2). (5.40)

The shift (5.38) changes the identification under x5 ≡ x5 + 2πR5. The new identification

takes the form (3.94). Next, we carry out a rescaling,

u =

(
1− J̃2

64r3
0

)1/2

ũ, v =

(
1− J̃2

64r3
0

)−1/2

ṽ, (5.41)

so that the coefficient of the dṽ2 term in the metric remains unity as r → 0, as in the

non-rotating case. In order to carry out this rescaling we must have,

J̃2 < 64r3
0. (5.42)

The rescaling gives,

ds2 = ψ−1

dũ dṽ +

(
K +

(
4

R2
4

+
1

r

)−1 J̃2

64r4
0

ψ2 −
(

4

R2
4

+
1

r

)
J̃2

32r2
0r

)(
1− J̃2

64r3
0

)−1

dṽ2

+

((
4

R2
4

+
1

r

)
J̃

4
−
(

4

R2
4

+
1

r

)−1 J̃

4r2
0

ψ2

) (
1− J̃2

64r3
0

)−1/2

(dx̃4 + cos θ dφ) dṽ


+ψ d̃s

2

TN, (5.43)

In this metric the coefficient of dũ dṽ term and the coefficients of the Taub-NUT coor-

dinates (r, x̃4, θ, φ) are the same as for the non-rotating BMPV black hole. Moreover, in the

r → 0 limit, the coefficients of the dṽ2 and (dx̃4+cos θdφ) dṽ terms have the same numerical

values as for the non-rotating BMPV black hole. Thus, as a first guess it is natural to try

to the same coordinates as for the non-rotating black hole, i.e., equations (3.99)–(3.101).

However, as in the previous cases, when we do this transformation, we find that all terms

are smooth in the V → 0 limit except for the coefficient of dV 2 term. The dV 2 term has a

singularity of the form,

ds2 = − J̃2

8r
3/2
0

(
1− 6r0

R2
4

)(
1− J̃2

64r3
0

)−1

W 2 dV
2

V
+ non-singular terms. (5.44)

This singular term can easily be removed by adjusting the coefficient of the ln
(
−
√
r0
V

)
term in ũ transformation (3.101). With the transformation,

ũ = U +
1

2VW 2
−

2
√
r0

(
1 +

2 r0

R2
4

)
+

J̃2

32 r
5/2
0

(
1− J̃2

64 r3
0

)−1(
1− 6 r0

R2
4

) ln

(
−
√
r0

V

)
,

(5.45)

the resulting metric is smooth in the V → 0 limit. The resulting metric is not particularly

illuminating, so we do not present those details.

– 33 –



J
H
E
P
0
2
(
2
0
2
1
)
1
2
5

The three-form field strength in the new coordinates is also non-singular. It takes

the form,

F (3) =
r0

λ

[
sin θ dx̃4 ∧ dθ ∧ dφ+ 4WdW ∧ dV ∧ dU

− J̃
r0

(
1− J̃2

64r3
0

)−1/2

WdW ∧ dV ∧ (dx̃4 + cos θ dφ)

− J̃

2r0

(
1− J̃2

64r3
0

)−1/2

W 2 sin θ dV ∧ dθ ∧ dφ

]
. (5.46)

It can be confirmed that expression (5.46) is self-dual.

6 Deformations of the BMPV black hole in Taub-NUT space

In this section, we study deformations of the BMPV black hole in Taub-NUT space. A class

of these deformations is generated by Garfinkle-Vachaspati transform. These are studied

in section 6.1. Taub-NUT space admits a self-dual harmonic form. A class of deformations

is generated by anti-self-dual form fields using this self-dual two-form. These are studied in

section 6.2. Finally, a class of fermionic deformations of the type discussed for the BMPV

black hole can also be added to the BMPV black hole in Taub-NUT space. These are

studied in section 6.3.

6.1 Bosonic deformations generated by Garfinkle-Vachaspati transform

The bosonic deformations generated by the Garfinkle-Vachaspati transform take the form,

ds2 = ψ−1(r)[du dv + (ψ(r)− 1 + T̃ (v, x4, r, θ, φ)) dv2 − 2ζ̃ dv] + ψ(r) ds2
TN, (6.1)

where now the condition is that T̃ (v, x4, r, θ, φ) is a harmonic function on four-dimensional

Taub-NUT space. For an x4 independent function, the condition simply reduces to the

function T̃ being harmonic on three-dimensional transverse space R3 spanned by (r, θ, φ).

As in the BMPV case, requiring the deformation to be regular at the origin and at infinity

and dropping terms that can be removed by coordinate transformations, we can choose

T̃ (v, ~y) = gi(v) yi,

∫ 2πR5

0
gi(v) dv = 0, (6.2)

where yi are cartesian coordinates on R3 and gi(v) are three arbitrary functions of v apart

from the restriction that their integral over dv is zero (this eliminates the constant terms

in the Fourier series of gi(v)). The metric is not manifestly asymptotically flat, but using

a standard set of coordinate transformations, it can be brought into a manifestly asymp-

totically flat form.

In the ρ, τ, v near-horizon coordinates, these bosonic deformations scale as β2 in the

β → 0 limit. To characterise these deformations into smooth hair modes or not, we now turn
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to their smoothness analysis. The smoothness analysis below generalises the corresponding

discussion of [13] to rotating black holes.

The deformation adds the following extra term to the metric,

δ(ds2) = ψ−1 T̃ (v, ~y) dv2 = ψ−1 gi(v) yi dv2 = r ψ−1 gi(v)ni dv2, (6.3)

where ni = yi/|y| in the three-dimensional unit vector. The SO(3) unit vector ni only de-

pends on the angular coordinates. Let us first set J̃ = 0. For the non-rotating BMPV black

hole in Taub-NUT space, a non-singular set of coordinates are (3.82), (3.83), and (5.34).

In these coordinates, the extra term takes the form,

δ(ds2) = 16r3
0 n

i gi(v)W 4(1 + 4
√
r0W

2V )−1 dV 2. (6.4)

As V → 0, v coordinate changes rapidly from a finite value to infinity. As a result, gi(v),

although finite at the horizon, oscillate rapidly as V → 0. We want to get rid of these

rapid oscillations. We can ensure that δGV V vanishes by a shift in the U coordinate

U = Ũ −H(V,W, θ, φ), (6.5)

with

H(V,W, θ, φ) = 4r2
0W

2

∫ V

0
(1 + 4

√
r0W

2V ′)−1nigi(v(V ′))dV ′. (6.6)

The shift generates additional terms in the metric,

−4r0W
2∂WH(V,W, θ, φ)dV dW − 4r0W

2∂θiH(V,W, θ, φ)dθidV (6.7)

where θi collectively denotes θ, φ. These additional terms all vanish in the V → 0 limit.

The resulting metric is smooth at V = 0; however, V derivatives of the function H are

not. Specifically, although ∂VH is finite at V = 0, ∂2
VH diverges at V = 0. These

divergences, however, do not appear in the Riemann tensor components. It can be seen by

an explicit calculation. It can also be argued using weight considerations. The divergent

terms necessarily have weight 3: ∂2
VGWV , ∂

2
VGV θi . Whereas covariant Riemann tensor

components are of at most weight 2. Hence, such divergent terms do not appear in the

Riemann tensor components.

For the rotating BMPV black hole in Taub-NUT, a similar analysis applies. A non-

singular set of coordinates are (3.99), (3.100), (5.38), and (5.45). In these coordinates, the

extra term (6.3) takes the form,

δ(ds2) =
1024

64r3
0 − J̃2

r6
0W

4(1 + 4
√
r0W

2V )−1nigi(v) dV 2. (6.8)

As V → 0, v coordinate changes rapidly from a finite value to infinity. Once again, we can

ensure that δGV V vanishes by a shift in the U coordinate

U = Ũ − H̃(V,W, θ, φ), (6.9)
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with

H̃(V,W, θ, φ) =
256r5

0

64r3
0 − J̃2

W 2

∫ V

0
(1 + 4

√
r0V

′W 2)−1nigi(v(V ′))dV ′. (6.10)

The shift generates

−4r0W
2∂W H̃(V,W, θ, φ)dV dW − 4r0W

2∂θiH̃(V,W, θ, φ)dV dθi (6.11)

where θi collectively denotes θ, φ. These additional terms once again all vanish in the

V → 0 limit. The resulting metric is smooth at V = 0; however, V derivatives of the

function H̃ are not. Specifically, ∂2
V H̃ diverges at V = 0. These divergences, however, do

not appear in the Riemann tensor components.

Thus, we see that the three functions gi(v) generate smooth deformations of the BMPV

black hole in Taub-NUT. The modes are supported entirely outside the horizon. They are

genuine hair modes.

6.2 Two-form field deformations

Taub-NUT space has a self-dual harmonic two-form (with convention εx4rθφ = +1),

ωTN = − r

4r +R2
4

sin θ dθ ∧ dφ+
R2

4

(4r +R2
4)2

dr ∧ (dx4 + cos θ dφ). (6.12)

Using this two form, a six-dimensional anti-self-dual three-form can be constructed by

simply

hs(v) dv ∧ ωTN (6.13)

where hs(v) is an arbitrary function of v for 1 ≤ s ≤ nt. Since in the (2, 0) theory under

consideration, there are nt tensor multiplets, there are nt such deformations. Such a term

can be taken to be the source for deformation in the tensor-multiplet sector, with

δHs = hs(v) dv ∧ ωTN. (6.14)

Taking the deformation of this form, bosonic equation (2.4) continues to be satisfied

with the self-dual three-form supporting Taub-NUT black hole (5.4). Equation (2.3) is

satisfied with metric deformed by

ds2 = ψ−1(r)[dudv + (ψ(r)− 1 + S̃(v, r))dv2 − 2ζ̃dv] + ψ(r) ds2
TN, (6.15)

with function S̃(v, r) satisfying

∇2
TNS̃(v, r) =

R2
4

4r +R2
4

(
r ∂2

r S̃(v, r) + 2 ∂rS̃(v, r)
)

= − 8R4
4

(4r +R2
4)4

(
nt∑
s=1

hs(v)hs(v)

)
,

(6.16)

where ∇2
TN is the Taub-NUT Laplacian. A solution for the function S̃ can be taken to be,

S̃(v, r) = − 4r

R2
4(4r +R2

4)

(
nt∑
s=1

hs(v)hs(v)

)
. (6.17)
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The function S̃(v, r) does not vanish at infinity, so once again the deformed metric

does not look manifestly asymptotically flat. However, this can be readily fixed by shifting

u coordinate as,

u→ u+
1

R2
4

∫ v

0

(
nt∑
s=1

hs(v′)hs(v′)

)
dv′. (6.18)

The anti-self-dual form fields δHs in the near-horizon limit (3.22) scale as β and the

metric deformation term ψ−1(r)S̃(v, r) scales as β2. Since these terms vanish in the near-

horizon β → 0 limit, they are potential hair modes.

How the supersymmetry properties are affected due to these deformations? We note

that the Killing spinor equations with the anti-self-dual form fields turned on are (2.22)

and (2.24). An anti-self-dual form field deformation enters directly in equation (2.24) and

in equation (2.22) through the weight 2 term added to the metric. As we also argued in

section 4.1, a weight 2 term in the metric does not alter the Killing spinor analysis for

equation (2.22). The anti-self-dual form field deformation being weight 1, necessarily come

as ΓvijHs
vijε in equation (2.24). All such terms vanish due to the projection condition

Γvε = 0 for ε used in section 5.2. Thus, the anti-self-dual form field deformations preserve

the supersymmetry properties of the original background.

To check whether the deformation is smooth or not at the future horizon, we follow the

same procedure as before. We write the deformed solution in smooth coordinates of the

background spacetime and check whether the deformation is well behaved or not. If not,

then we perform coordinate transformations to make the deformation well behaved and

check for the Riemann tensor and matter field strength components. If the metric, matter

field strength, and Riemann tensor components all turn out to be smooth, we declare that

the deformation is smooth.

The deformed anti-self-dual three-form field in the new coordinates near V = 0 be-

haves as

δHs ' 32r
7/2
0 hs(v)

R2
4(64r3

0 − J̃2)1/2
dV ∧

(
−W 2 sin θ dθ ∧ dφ+ 2W dW ∧ (dx4 + cos θ dφ)

)
. (6.19)

This tensor is clearly smooth near the horizon V = 0. The functions hs(v) depend on the

v coordinate that changes from a finite value to infinity at the horizon. As a result, hs(v),

although finite at the horizon, oscillate rapidly as V → 0. Since we do not need to take

further derivatives on this function, this is not a concern.

The deformation term in the metric in the new coordinates becomes,

δ
(
ds2
)

= ψ−1(r)S̃(v, r))dv2 = − 4r ψ−1(r)

R2
4(4r +R2

4)

(
nt∑
s=1

hs(v)hs(v)

)
dv2 (6.20)

= −8

(
nt∑
s=1

hs(v)hs(v)

)
512 r6

0 W
4(64r3

0 − J̃2)−1

R2
4(R2

4(1 + 4
√
r0VW 2)− 16r

3/2
0 VW 2)

dV 2. (6.21)

As V → 0, v coordinate changes from a finite value to infinity. As a result, hs(v) oscillate

rapidly as V → 0. We can ensure that δGV V vanishes by a shift in the U coordinate

U = Ũ − F (V,W ), (6.22)
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with

F (V,W ) = − 1024W 2 r5
0

R2
4(64r3

0 − J̃2)

∫ V

0

∑nt
s=1 h

s(v(V ′))hs(v(V ′))

(R2
4(1 + 4

√
r0V ′W 2)− 16r

3/2
0 V ′W 2)

dV ′. (6.23)

The shift generates an additional term in the metric,

−4r0W
2∂WF (V,W )dWdV. (6.24)

This additional term vanishes in the V → 0 limit. The resulting metric is thus smooth near

V = 0; however, the V derivatives of the function F are not. Specifically, ∂2
V F diverges

at V = 0. These divergences, however, do not appear in the Riemann tensor components:

the divergent terms are of weight 3. The change of coordinate (6.22) does not affect the

three-form (6.19).

Thus, for each tensor multiplet, there is a smooth deformation parameterised by an

arbitrary function hs(v).

6.3 Fermionic deformations

The construction of fermionic deformations closely follows the logic of section 4.2. We again

use the ansatz and gauge condition (4.25) and by similar arguments utilizing the concept of

weight, arrive at the weight 1 equation (4.30) to be solved in the Taub-NUT background.

Since Ψv is already weight 1, we only need weight 0 contributions from the other fields.

The appropriate weight 0 truncated vielbeins are given in equations (5.21)–(5.23) and the

non-zero spin connection coefficients are given in (5.24)–(5.28). Substituting these into the

gravitino equation (4.30), with the function χ(r) defined in (5.5), we get,

(ψχ)−1/2Γ̃3

(
∂r +

ψ′

ψ
+

1

r
− 1

2

ψ′

ψ
Γ̂1

)
Ψv +

(ψχ)−1/2

r sin θ
Γ̃5∂φΨv

+ψ−1/2χ1/2

(
Γ̃2 − cot θ

rχ
Γ̃5

)
∂x4Ψv +

(ψχ)−1/2

r
Γ̃4

(
∂θ +

1

2
cot θ

)
Ψv = 0. (6.25)

As was the case in flat space, we take fermionic modes to have no momentum along the

x4 direction, i.e., ∂x4Ψv = 0. Then, the common factor of χ−1/2 means that the gravitino

equation reduces to the radial and angular equations that result from (4.42). Thus, the

Taub-NUT space does not have any effect on the fermionic deformations obtained earlier.

In the near-horizon limit, these deformations scale as β3/2 just like their flat space

counterparts.

In section 6.2, we switched on anti-self-dual form fields that could enter the second

gravitino equation (4.21). This is a scalar equation, i.e., weight 0, whereas all the form

field deformations HsMNP that were turned on are of weight 1. This means that all the

non-zero components of HsMNP have one u index and no v index. We must have a v index

in order to contract with Ψv. Since this is not possible, it follows that the second fermionic

equation is identically satisfied. Previously it was noted that the weight 2 terms in the

metric do not affect the fermionic deformation modes. Hence we do not need to worry

about the effect of metric deformations (6.3) or (6.20) on the fermion modes.
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Like their flat space counterparts, these fermionic deformations preserve the supersym-

metry of the original background.

The smoothness analysis also proceeds as in the case of flat space. We begin by looking

at the vielbeins in the smooth coordinates and find that vielbeins (5.6)–(5.11) are singular.

We analyse the non-rotating and rotating cases separately. For non-rotating BMPV black

hole in Taub-NUT,

e+ := e0 + e1 = −
√
r0
dV

V
, (6.26)

e− := e1 − e0 =
√
r0
dV

V
− 12r0W

2

(
1 +

4r0

3R2
4

)
dV − 4

√
r0VW

2dU +
4
√
r0

W
dW, (6.27)

e2 =
√
r0

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)−1/2 (
dx4 + cos θ dφ

)
, (6.28)

e3 =
2
√
r0

(1 + 4
√
r0VW 2)2

(
1+4
√
r0

(
1− 4r0

R2
4

)
VW 2

)1/2(dW
W

+
dV

2V

)
, (6.29)

e4 =

√
r0

(1 + 4
√
r0VW 2)

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)1/2

dθ, (6.30)

e5 =

√
r0

(1 + 4
√
r0VW 2)

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)1/2

sin θ dφ. (6.31)

Note that e+, e−, e3 are singular at V = 0. The metric in non-singular coordinates can be

expressed as

ds2 = e+e− + (e2)2 + (e3)2 + (e4)2 + (e5)2. (6.32)

A non-singular set of vielbeins can be obtained by a sequence of Lorentz transforma-

tions: first,

ê+ = −2V e+, ê− = − 1

2V
e−, ê3 = e3, (6.33)

and then,

ẽ+ = ê+, ẽ− = ê− − 2βê3 − β2ê+, ẽ3 = ê3 + βê+, (6.34)

with

β = − 1

2V (1 + 4
√
r0VW 2)2

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)1/2

. (6.35)

For the rotating black hole in Taub-NUT, the corresponding expressions are much

more cumbersome. We refrain from presenting those details. It suffices to say that in the

new coordinates e+, e−, e2, e3 are singular at V = 0. A non-singular set of vielbeins can be

obtained by a sequence of Lorentz transformations, as before: first,

ê+ = αe+, ê− =
1

α
e−, ê2 = e2, ê3 = e3, (6.36)

then,

ě+ = ê+, ě− = ê− − 2βê3 − β2ê+, ě2 = ê2, ě3 = ê3 + βê+, (6.37)
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and finally,

ẽ+ = ě+, ẽ− = ě− − 2γě2 − γ2ě+, ẽ2 = ě2 + γě+, ẽ3 = ě3, (6.38)

where

α = −(64r3
0 − J̃2)1/2

4r
3/2
0

V, (6.39)

β = − 1

2V (1 + 4
√
r0VW 2)2

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)1/2

, (6.40)

γ = − J̃

2V (64r3
0 − J̃2)1/2

(
1 + 4

√
r0

(
1− 4r0

R2
4

)
VW 2

)−1/2

. (6.41)

These local Lorentz transformations act on the gravitino field. As shown in appendix B

the combined action is simply,

Ψ̃V = Ψ̂V =
1√
α

ΨV =
128r

7/2
0

(64r3
0 − J̃2)3/4

W 3 η(v(V ), θ, φ). (6.42)

The field is smooth in the V → 0 limit. This field does not vanish at the horizon. However,

we can make it vanish by doing a local supersymmetry transformation with a parameter

proportional to

W 3

∫ V

0
η(v(V ′), θ, φ)dV ′. (6.43)

7 Hair removed 4d and 5d partition functions

Having obtained the hair modes as solutions to non-linear supergravity equations for both

4d and 5d black holes, we now turn to the discussion of hair removed partition functions.

The hair removed 4d and 5d partition functions themselves are interesting quantities, as

they are expected to be obtainable on the gravity side from the quantum entropy function

formalism [7–9]. In section 7.1, we review the microscopic considerations relevant for

our discussion. In section 7.2, we identify twisted sectors hair modes in ten-dimensional

supergravity description and compute the hair removed 4d and 5d partition functions. In

section 7.3 we show the hair removed 4d and 5d partition functions perfectly match.

7.1 4d and 5d counting formulas

We consider type IIB string theory compactified on M× S̃1 × S1 where M is either K3 or

T4 and mod out this theory by a ZN symmetry generated by 1/N shift along the S1 and an

order N transformation g̃ on M. The orbifolding acts in such a way that the final theory

has 16 real supercharges, i.e., N = 4 supersymmetry in four-dimensions, equivalently (2,0)

supersymmetry in six-dimensions. These models [14–17] are widely studied in the context

of precision counting of black hole microstates [2, 4, 5, 12, 13, 18–27]; and are reviewed

in [6]. Most of our comments below are for M = K3, some comments are for T4.
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We follow the notation and conventions of [6]. We take the radius of S1 to be N

and the radius of S̃1 to be 1. In this convention the orbifolded circle S1/ZN has radius

1. The action of the orbifolding group involves translations along the S1 by 2π and under

this translation various fields get transformed by a g̃ action. Momentum along the circle

S1 is quantised in units of 1/N . Following [5, 6], we consider a single D5 brane wrapped

on M× S1, Q1 D1-branes wrapped on S1, a single KK monopole with negative charge

associated with the circle S̃1 and momentum −n/N along the S1 and momentum J along

S̃1. Since the D5 brane wraps the four-dimensional manifold M, it also carries a negative

D1 charge given by the Euler character χ(M) ofM divided by 24 [43]. The net D1 charge

is therefore, Q1 − β, where

β =
1

24
χ(M). (7.1)

For such a set-up T-duality invariant charge bilinears are

Q2 = 2n/N, P 2 = 2(Q1 − β), Q · P = J. (7.2)

Let us denote by d4d(n,Q1, J) the helicity trace index for the four-dimensional black

hole carrying charges (n,Q1, J). The four-dimensional partition function is defined as

Z4d(ρ̃, σ̃, ṽ) =
∑
n,Q1,J

(−1)J+1d4d(n,Q1, J) exp[2πi{(Q1 − β)/Nσ̃ + nρ̃+ Jṽ}]. (7.3)

In the region of the moduli space where the type IIB string coupling is small, the result

for d4d(n,Q1, J) for the models we consider is

d4d(n,Q1, J) = (−1)Q·P+1 1

N

∫
C
dρ̃ dσ̃ dṽ e−πi(Nρ̃Q

2+σ̃P 2/N+2ṽQ·P ) Z4d(ρ̃, σ̃, ṽ), (7.4)

with

Z4d(ρ̃, σ̃, ṽ) =
1

Φ̃(ρ̃, σ̃, ṽ)
, (7.5)

where details on the contour C and an explicit expression for Φ̃(ρ̃, σ̃, ṽ) are given in equations

(5.1.4) and (5.1.5) of [6].

The index d4d(n,Q1, J) of 1/4-BPS states in the four dimensional theory was ob-

tained [2, 18, 20] by placing the five dimensional D1-D5 system in the background of an S̃1

Kaluza-Klein monopole [4]. To obtain the index for the five-dimensional system, we simply

need to [27],6

• remove from the index of the four dimensional system the contribution of the Kaluza-

Klein monopole,

• remove the contribution of the supersymmetric quantum mechanics that binds the

D1-D5 system to the Kaluza-Klein monopole,

• and multiply with the contribution of fermion zero modes present in the five dimen-

sional system.

6We thank Nabamita Banerjee to very helpful discussion on these issues.
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This procedure gives us a 5d partition function, Z̃5d(ρ̃, σ̃, ṽ). However, this is not the

final answer. There is an additional subtlety [44–46]. The 5d electric charges measured

at infinity differ from the charges measured at the horizon. This difference arises due to

the inclusion of higher derivative Chern-Simons coupling in the 5d action. In our context,

this effect amounts to producing a shift of c2
24 units in the left momentum charge along the

S1, where c2 is the second Chern class for the compactification manifold M× S̃1 × S1. In

the unorbifolded theory with M = K3, c2 is 24 and hence this effect produces a shift of

the S1 momentum by one unit. It implies that if the 5d black hole carries −n/N units of

momentum in the orbifolded theory then the corresponding 4d black hole carries −(n−1)/N

units of momentum. The 5d partition function is hence defined as

Z5d(ρ̃, σ̃, ṽ) =
∑
n,Q1,J

(−1)J+1d5d(n,Q1, J) exp[2πi{(Q1 − β)/Nσ̃ + (n− 1)ρ̃+ Jṽ}], (7.6)

where d5d(n,Q1, J) is the modified helicity trace index for the five-dimensional black hole

carrying charges (n,Q1, J). For the definition of modified helicity trace index see [12]. Note

that the coefficient of ρ̃ is (n− 1) in the above equation. We conclude that

Z5d(ρ̃, σ̃, ṽ) = Z̃5d(ρ̃, σ̃, ṽ) e−2πiρ̃. (7.7)

To compute Z̃5d(ρ̃, σ̃, ṽ), we proceed as discussed above. The partition function as-

sociated with the supersymmetric quantum mechanics that describes the D1-D5 center of

mass motion in the KK monopole background is [6],

− (eπiṽ − e−πiṽ)−2. (7.8)

The additional zero modes present in the five dimensional system contribute [12, 47]

− (eπiṽ − e−πiṽ)2. (7.9)

As a result,

Z̃5d(ρ̃, σ̃, ṽ) = (eπiṽ − e−πiṽ)4Z4d(ρ̃, σ̃, ṽ)

ZKK(ρ̃)
= (eπiṽ − e−πiṽ)4 f(ρ̃)

Φ̃(ρ̃, σ̃, ṽ)
, (7.10)

where 1/f(ρ̃) is the partition function associated with a single Kaluza-Klein monopole. An

expression for f(ρ̃) is [6, 21],7

f(ρ̃) = e−2πiα̃ρ̃
∞∏
l=1

(1− e2πilρ̃)−nl , (7.11)

where

C = −α̃/N , C = − 1

24

N−1∑
l=0

nl +
1

4

N−1∑
l=0

nl
l

N

(
1− l

N

)
, (7.12)

7This is equation (5.2.13) of the review [6]. To simplify the presentation (see also e.g. [27]) we have

removed the factor of 16 associated with the degeneracy coming from the fermion zero modes of the KK

monopole in type IIB theory. This is not a mistake. This factor is properly taken into account in the full

partition functions.
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N Q0,0 Q0,1 Q0,2 Q0,3 Q0,4 Q0,5 Q0,6 Q0,7 α̃ k + 2 nt + 3

1 24 1 12 24

2 24 8 1 8 16

3 24 6 6 1 6 12

4 24 4 8 4 1 5 10

5 24 4 4 4 4 1 4 8

6 24 2 6 8 6 2 1 4 8

7 24 3 3 3 3 3 3 1 3 6

8 24 2 4 2 8 2 4 2 1 3 6

Table 1. Useful data on ZN orbifolds of K3 × S1 × S̃1 for calculating 5d partition function from

4d partition function. Note from the last two columns that 2(k + 2) = nt + 3.

and nl given as

nl =

N−1∑
s=0

e−2πils/N Q0,s, (7.13)

with Q0,s being the number of left handed bosons minus fermions weighted by g̃s, on the

world volume of KK monopole. The number C represents the momentum quantum number

in units of 1/N of the vacuum of the Kaluza-Klein monopole when all oscillators are in

their ground states.

For the K3/ZN models with N = 1, 2, 3, 5, 7 (non-composite numbers) Q0,s for can be

read from [20] and for N = 4, 6, 8 (composite numbers) they can be read from [26]. These

numbers are summarised in table 1. Substituting these values give the functions f(ρ̃) for

different N in simplified form as products of scaled Dedekind η−functions. These products

of η−function are most conveniently described in terms of the associated cycle shape for

orbifolds of K3, which we now briefly discuss following [26].

One associates a cycle shape for orbifolds of K3. A cycle shape is of the form

ρ = 1a12a2 · · ·NaN , (7.14)

with ∑
j

j aj = 24. (7.15)

They are written in table 2. Given a cycle shape, the function f(ρ̃) is given by the eta

product as follows:

f(ρ̃) =

N∏
j=1

η(j ρ̃)aj . (7.16)

This is a modular form of a level N subgroup of PSL(2,Z) of weight

w =
1

2

∑
j

aj := k + 2. (7.17)

Thus, for N = 1, 2, 3, 5, 7,

f(ρ̃) = η(ρ̃)k+2η(Nρ̃)k+2, (7.18)
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N 1 2 3 4 5 6 7 8

ρ 124 1828 1636 142244 1454 12223262 1373 12214182

cycle sum 24 16 12 10 8 8 6 6

Table 2. Cycle shapes for ZN orbifolds of K3× S1 × S̃1.

N 2 3 4

ρ 1162−8 193−3 14264−4

Table 3. Frame shapes for ZN orbifolds of T4 × S1 × S̃1. Note that
∑

j jaj = 0. The negative

numbers give eta-quotients for the function f(ρ̃).

with

k + 2 =
24

N + 1
. (7.19)

For,

N = 4 k = 5 f(ρ̃) = η(ρ̃)4η(2ρ̃)2η(4ρ̃)4, (7.20)

N = 6 k = 4 f(ρ̃) = η(ρ̃)2η(2ρ̃)2η(3ρ̃)2η(6ρ̃)2, (7.21)

N = 8 k = 3 f(ρ̃) = η(ρ̃)2η(2ρ̃)η(4ρ̃)η(8ρ̃)2. (7.22)

The number of tensor multiplets nt associated with these compactifications is given by

nt + 3 =
∑
j

aj = 2(k + 2). (7.23)

The fact that
∑

j jaj = 24 is closely related to the fact that α̃ is 1 for all cases in

table 1. This uniform value of α̃ nicely ties up with the shifted partition function (7.7) as

discussed below.

We note that for N = 5 and N = 6 the number of tensor multiplets in six-dimensional

supergravity description are the same, namely nt = 5. In contrast, the functions f(ρ̃) are

different. Thus, it is clear that just knowing the number of tensor multiplets is not enough

to fix the function f(ρ̃) uniquely. The same is true for N = 7 and N = 8 where nt = 3.

For ZN orbifolds of T4 × S1 × S̃1 the shift in the partition function (7.7) is not there.

Thus,

Z5d(ρ̃, σ̃, ṽ) = Z̃5d(ρ̃, σ̃, ṽ). (7.24)

This nicely ties up with the fact that
∑

j jaj = 0 for T4 Frame shapes [48]. The Frame

shapes for T4/ZN models for N = 2, 3, 4 are shown in table 3 in the D1-D5 frame.

7.2 Hair partition functions

5d hair partition functions. A set of hair of the 5d black hole consists of 12 gravitino

zero modes corresponding to 12 broken supersymmetries. Since the four unbroken super-

symmetries are left-chiral, eight of the broken supersymmetries are right-chiral and four of

the broken supersymmetries are left-chiral. These zero modes give a contribution to the

partition function of the form (eπiṽ − e−πiṽ)4 [12].
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We found in section 4.2 that there are 4 left-moving gravitino hair modes. These modes

are the uplift of the four left-chiral zero modes mentioned in the previous paragraph. These

modes give additional contribution to the partition function of the black hole hair.

Since these modes are periodic in our six-dimensional supergravity description, these

modes can only carry integer units of momentum along the orbifolded circle S1/ZN . In

particular, these modes do not carry the most general momentum allowed quantised in

units of 1/N . (Say, a mode carries l ∈ Z+ integer units of left momentum along the

orbifolded circle S1/ZN , then since −l = 1
N (−Nl), it carries Nl units of momentum in our

conventions.) As a result, these modes give a contribution to the hair partition function,

∞∏
l=1

(1− e2πiNlρ̃)4. (7.25)

Combining these two contributions we get

Zhair
5d (ρ̃, σ̃, ṽ) = (eπiṽ − e−πiṽ)4

∞∏
l=1

(1− e2πiNlρ̃)4 . (7.26)

For N = 1 this answer is the same as the one given in [13]. The hair removed partition

function Zhor
5d (ρ̃, σ̃, ṽ) is

Zhor
5d (ρ̃, σ̃, ṽ) =

Z5d(ρ̃, σ̃, ṽ)

Zhair
5d (ρ̃, σ̃, ṽ)

=
f(ρ̃)

Φ̃(ρ̃, σ̃, ṽ)
e−2πiρ̃

∞∏
l=1

(1− e2πiNlρ̃)−4. (7.27)

4d hair partition functions. In this case, the hair modes include 12 fermion zero

modes. By construction, they are all used in saturating the helicity factors inserted into

the helicity trace. Hence these zero modes simply contribute 1 [12, 13]. Besides these,

there are nt left-moving bosonic modes associated with the 2-form deformations and 3

left-moving bosonic modes associated with the transverse oscillations of the black hole. All

these modes are neutral under the x4 translation. Finally, as in the 5d case, there are four

left-moving gravitino modes, also neutral under x4. These four fermionic modes cancel the

contribution from four of the bosonic modes. Since these modes are periodic, they only

carry integer quantised momentum, l ∈ Z+. Thus, their contribution to the hair partition

function is:

Zhair
4d (ρ̃, σ̃, ṽ) =

∞∏
l=1

(
1− e2πiNlρ̃

)−nt+1
. (7.28)

For nt = 21 and N = 1 this answer is the same as the one given in [13]. For N 6= 1 this

is not the end of the story. There are additional hair modes. They come from the twisted

sectors. A way to incorporate the twisted sectors in supergravity is to analyse the problem

in ten-dimensions.

Let us schematically denote y to be the K3 directions and x to be the remaining six-

dimensions in the unorbifolded theory. Then, in ten-dimensions the RR four-form field

schematically decomposes as [49],

Ĉ4(x, y) = C4(x) +
∑
γ

cγ2(x) ∧ ωγ(y) + c0(x) ?K3 1(y), (7.29)
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N b0 b1 b2 b3 b4 b5 b6 b7 nt + 3 = b0 + 5

1 19 24

2 11 8 16

3 7 6 6 12

4 5 4 6 4 10

5 3 4 4 4 4 8

6 3 2 4 4 4 2 8

7 1 3 3 3 3 3 3 6

8 1 2 3 2 4 2 3 2 6

Table 4. Hodge data on ZN orbifolds of K3 × S1 × S̃1. The numbers bs denote the number

of anti-self-dual (1, 1) form transforming as g̃s. We note that number of tensor multiplets in six-

dimensional supergravity description is simply the number of g̃ invariant anti-self-dual (1,1) forms

b0 plus 2: nt = b0 + 2. The plus 2 comes from the self-dual and anti-self-dual decomposition of the

type IIB RR and NS-NS 2-form fields. The ratio of the 4d and 5d partition functions depends on

nt + 3, which is equal to b0 + 5. This information is listed in the last column.

where ωγ(y) are the self-dual and anti-self-dual harmonic forms spanning the cohomol-

ogy H2(K3). On the elements on this cohomology, the abelian orbifold group of order N

generated by g̃ acts.

To obtain the six-dimensional supergravity description discussed in the previous sec-

tions only the g̃−invariant forms were kept. In ten-dimensions, however, a more general

situation is possible, where ωγ(y) are not g̃−invariant and accordingly the fields cγ2(x)

must pick up the opposite phase under the orbifold action. This phase comes because the

orbifold action also involves a shift along the S1. The combined effect ensures that the

ten-dimensional Ĉ4(x, y) is g̃−invariant. These modes give rise to additional hair modes.8

In order to account for their contributions to the partition functions, we want to know

the number of harmonic 2-forms ωγ(y) transforming as g̃s for 0 ≤ s ≤ N − 1. From this

information we would know the hair modes that are not neutral under the orbifold action,

but must satisfy the boundary condition

cγ2(t, x5 + 2π, x4, r, θ, φ) = exp
[
−2πi

s

N

]
cγ2(t, x5, x4, r, θ, φ). (7.30)

For the CHL models this information can be read from [17]. This data is summarised

in table 4.

Let us start our discussion for accounting for these modes for N = 2. For N = 2

there are 8 additional hair modes with anti-periodic boundary conditions (for N = 2 only

non-trivial choice in s = 1 in equation (7.30)):

cγ2(t, x5 + 2π, x4, r, θ, φ) = −cγ2(t, x5, x4, r, θ, φ). (7.31)

8Since Ĉ4(x, y) in ten-dimension is g̃−invariant, nothing special is needed to analyse the smoothness

of these modes in ten-dimensions. We expect that the discussion of section 6.2 admits a straightforward

extension to ten-dimensions. We leave the precise details to be worked out in the future.
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Since these modes are anti-periodic along the orbifolded circle S1/Z2, they carry odd

units of momentum −n = −(2k − 1) along in the unorbifolded circle S1. Thus, their

contribution to the partition function to the Z2 CHL model is,

∞∏
k=1

(
1− e2πi(2k−1)ρ̃

)−8
= (1− q)−8 ·

(
1− q3

)−8 ·
(
1− q5

)−8
. . . . (7.32)

where

q = e2πiρ̃. (7.33)

Together with the contribution from the periodic modes we get

Zhair
4d (ρ̃, σ̃, ṽ) =

(
1− q2

)−12 ·
(
1− q4

)−12 ·
(
1− q6

)−12
. . . (7.34)

× (1− q)−8 ·
(
1− q3

)−8 ·
(
1− q5

)−8
. . . (7.35)

The hair removed partition function Zhor
4d (ρ̃, σ̃, ṽ) is

Zhor
4d (ρ̃, σ̃, ṽ) =

Z4d(ρ̃, σ̃, ṽ)

Zhair
4d (ρ̃, σ̃, ṽ)

=
1

Φ̃(ρ̃, σ̃, ṽ)
×
(
1− q2

)12 ·
(
1− q4

)12 ·
(
1− q6

)12
. . .

× (1− q)8 ·
(
1− q3

)8 · (1− q5
)8
. . . (7.36)

7.3 Matching of the 4d/5d horizon partition functions

From the previous discussion we have, for N = 2 f(ρ̃) = η(2ρ̃)8η(ρ̃)8. Thus,

Zhor
5d

Zhor
4d

= f(ρ̃) e−2πiρ̃
(
1− q2

)−16 ·
(
1− q4

)−16 ·
(
1− q6

)−16
. . . (7.37)

× (1− q)−8 ·
(
1− q3

)−8 ·
(
1− q5

)−8
. . . (7.38)

= f(ρ̃) e−2πiρ̃
∞∏
k=1

(
1− q2k

)−8
·
∞∏
l=1

(
1− ql

)−8
(7.39)

= 1. (7.40)

The horizon partition functions perfectly match.9

This is not a coincidence. Using information from table 4 and appropriate periodicity

of the modes we see that the hair removed partition functions match in all cases. For

N = 1, nt = 21, f(ρ̃) = η24(ρ̃). This matching was already observed in [13]. Let us then

check for the rest of the values of N , i.e., N = 3, 4, 5, 6, 7, 8 one by one.

The basic ingredients for this check is to note that for a given value of N , the contri-

bution to the 4d hair partition function due to the modes transforming as g̃s is of the form,

Zhair
4d,bs =

∞∏
l=1

(1− qlN−s)−(bs+5δs,0) , s = 0, 1, · · ·N − 1, (7.41)

9In reference [12] the small black hole contributions to the partition functions were also considered.

Following [13], we ignore this complication in this paper.
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with the full 4d hair partition function given by the product,

Zhair
4d =

N−1∏
s=0

Zhair
4d,bs . (7.42)

Also it is useful to keep in mind the identity,

η(Nρ̃) = qN/24
∞∏
l=1

(1− qNl) . (7.43)

Case of N = 3. For this case f(ρ̃) = η(ρ̃)6η(3ρ̃)6. From table 4 we see there are six

modes that satisfy

cγ2(t, x5 + 2π, x4, r, θ, φ) = exp

[
−2πi

3

]
cγ2(t, x5, x4, r, θ, φ), (7.44)

and six modes that satisfy

cγ2(t, x5 + 2π, x4, r, θ, φ) = exp

[
−4πi

3

]
cγ2(t, x5, x4, r, θ, φ). (7.45)

The ratio of the 5d and 4d partition functions is therefore,

Zhor
5d

Zhor
4d

= f(ρ̃) e−2πiρ̃
(
1− q3

)−12 ·
(
1− q6

)−12 ·
(
1− q9

)−12
. . .

× (1− q)−6 ·
(
1− q4

)−6 ·
(
1− q7

)−6
. . .

×
(
1− q2

)−6 ·
(
1− q5

)−6 ·
(
1− q8

)−6
. . . (7.46)

= f(ρ̃) e−2πiρ̃
∞∏
k=1

(
1− q3k

)−6
·
∞∏
l=1

(
1− ql

)−6
(7.47)

= 1. (7.48)

Case of N = 4. For this case f(ρ̃) = η(ρ̃)4η(2ρ̃)2η(4ρ̃)4. Once again using the entries

from table 4 we can express the ratio of the 5d and 4d partition function as,

Zhor
5d

Zhor
4d

= f(ρ̃) e−2πiρ̃
(
1− q4

)−10 ·
(
1− q8

)−10 ·
(
1− q12

)−10
. . .

× (1− q)−4 ·
(
1− q5

)−4 ·
(
1− q9

)−4
. . .

×
(
1− q2

)−6 ·
(
1− q6

)−6 ·
(
1− q10

)−6
. . .

×
(
1− q3

)−4 ·
(
1− q7

)−4 ·
(
1− q11

)−4
. . . (7.49)

= f(ρ̃) e−2πiρ̃
∞∏
k=1

(
1− q4k

)−4
·
∞∏
l=1

(
1− ql

)−4
·
∞∏
j=1

(
1− q2j

)−2
(7.50)

= 1. (7.51)
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Case of N = 5. For this case f(ρ̃) = η(ρ̃)4η(5ρ̃)4. Reading entries of table 4, the ratio

can be expressed as

Zhor
5d

Zhor
4d

= f (ρ̃) e−2πiρ̃

×
∞∏
k=1

[(
1− q5k

)−4 (
1− q5k

)−4 (
1− q5k−1

)−4

×
(

1− q5k−2
)−4 (

1− q5k−3
)−4 (

1− q5k−4
)−4

]
= f (ρ̃) e−2πiρ̃

∞∏
k=1

[(
1− q5k

)−4 (
1− qk

)−4
]

= 1. (7.52)

Case of N = 6. For N = 6, f(ρ̃) = η(ρ̃)2η(2ρ̃)2η(3ρ̃)2η(6ρ̃)2. Repeating the same

procedure as before,

Zhor
5d

Zhor
4d

= f (ρ̃) e−2πiρ̃

×
∞∏
k=1

[(
1− q6k

)−4 (
1− q6k

)−4 (
1− q6k−1

)−2 (
1− q6k−2

)−4

×
(

1− q6k−3
)−4 (

1− q6k−4
)−4 (

1− q6k−5
)−2

]
= f (ρ̃) e−2πiρ̃

∞∏
k=1

[(
1− qk

)−2 (
1− q2k

)−2 (
1− q3k

)−2 (
1− q6k

)−2
]

= 1. (7.53)

Case of N = 7. For this case f(ρ̃) = η(ρ̃)3η(7ρ̃)3. This case addresses the last of the

non-composite values of N . From table 4, we can write

Zhor
5d

Zhor
4d

= f (ρ̃) e−2πiρ̃

×
∞∏
k=1

[(
1− q7k

)−3 (
1− q7k

)−3 (
1− q7k−1

)−3 (
1− q7k−2

)−3

×
(

1− q7k−3
)−3 (

1− q7k−4
)−3 (

1− q7k−5
)−3 (

1− q7k−6
)−3

]
= f (ρ̃) e−2πiρ̃

∞∏
k=1

[(
1− q7k

)−3 (
1− qk

)−3
]

= 1. (7.54)
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Case of N = 8. For N = 8, f(ρ̃) = η(ρ̃)2η(2ρ̃)η(4ρ̃)η(8ρ̃)2, and we have

Zhor
5d

Zhor
4d

= f (ρ̃) e−2πiρ̃

×
∞∏
k=1

[(
1− q8k

)−4 (
1− q8k

)−2 (
1− q8k−1

)−2 (
1− q8k−2

)−3

×
(

1− q8k−3
)−2 (

1− q8k−4
)−4 (

1− q8k−5
)−2 (

1− q8k−6
)−3 (

1− q8k−7
)−2

]
= f (ρ̃) e−2πiρ̃

∞∏
k=1

[(
1− qk

)−2 (
1− q2k

)−1 (
1− q4k

)−1 (
1− q8k

)−2
]

= 1. (7.55)

Thereby we have explicitly shown that the 4d and 5d horizon partition functions match

perfectly for K3/ZN CHL models for N = 1, 2, 3, 4, 5, 6, 7, 8.

8 Discussion

In this paper, we have presented hair modes in the untwisted as well as twisted sectors

for a wide class of CHL models. We have shown that after removing the contributions of

the hair modes from the microscopic partition functions, the 4d and 5d horizon partition

functions match. We have also presented details on the smoothness analysis of hair modes

for rotating black holes, which were largely missing from the literature.

Our results offer several opportunities for future research. Perhaps the most inter-

esting among them is an analysis of hair modes for the T4 orbifold models with N = 4

supersymmetry. It will be most convenient to analyse this problem in ten-dimensional type

IIB supergravity. For these set-ups the dynamics of Wilson lines along T4 also contributes

to the microscopic partition functions [6, 21]. At the same time, there is a possibility

of additional hair modes (with excitations along the T4 directions) [50, 51]. It will be

interesting to analyse this problem and understand the hair removed partition functions.

These models were also recently studied in reference [52], where the authors noted that the

sign of the index for sufficiently low charges for single-center 4d black holes violates the

positivity conjecture of [53]. The hair removed partition functions are expected to satisfy

the positivity conjecture. It will be interesting to check this explicitly.

Although not analysed in this paper, it is expected from the analysis of [6, 21] that

the matching we showed above also works for more general ZN CHL orbifold models (non-

geometric orbifolds). As we saw in section 7, the agreement between the 4d and 5d hair

removed partition functions essentially boils down to consistency between table 1 and 4.

It was shown in [6, 21, 48] that the Hodge data for orbifolds for K3 (and also for T4) is

directly related to the data that enters in the construction of the 1
2 -BPS partition functions.

It will be interesting to revisit this in the context of hair removal.

The smoothness analysis of twisted sector hair modes requires a ten-dimensional dis-

cussion. As mentioned in footnote 8, we expect the details to be a straightforward extension

of the analysis in section 6.2. It will be useful to work out these details in the future.
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The puzzle of the difference between the 4d and 5d partition functions seems to be

even more challenging for N = 8 compactification [3, 54, 55] than the cases analysed in

this paper. We wonder if the hair modes can account for the difference.

We hope to report on some of these problems in our future work.
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A The notion of weight

The authors of [13] introduced the concept of weight that proves very convenient, both in

the analysis of the background solutions and in the analysis of the bosonic and fermionic

deformations. Here we review this concept and expand on it.

The notion of weight is defined for components of any tensor in u and v (or U and V )

coordinates. The tensor can be contravariant, covariant, or mixed. For a given component

of a covariant tensor, weight is defined as

wtcov = # of v indices −# of u indices. (A.1)

For a given component of a contravariant tensor, weight is defined as

wtcont = # of u indices −# of v indices, (A.2)

and for a given component of a generic mixed tensor, weight is defined as

wt = wtcov + wtcont . (A.3)

Note that the notion of weight is exactly opposite for the contravariant and covariant tensor

components.

Given any tensor, we can think of it as a collection of its components. Each component,

by definition, has a unique weight assigned to it. Therefore given a tensor, we can always

write it as a tensor sum of tensor components of fixed weight. For example, consider a

rank-2 covariant tensor PMN . Let us decompose any index as M = {u , v , i }. Then we

can write,

PMN = Puu︸︷︷︸
weight−2

⊕
Pui ⊕ Piu︸ ︷︷ ︸
weight−1

⊕
Puv ⊕ Pvu ⊕ Pij︸ ︷︷ ︸

weight 0

⊕
Pvi ⊕ Piv︸ ︷︷ ︸

weight 1

⊕
Pvv︸︷︷︸

weight 2

(A.4)
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Generically, a rank-r covariant tensor decomposes as

PMi...Mr =
w=r⊕
w=−r

[ ⊕
wt({Mi})=w

P{Mi}

]
. (A.5)

Since the definition of the weight is exactly opposite for a covariant and contravariant

index, under index contraction the weight remains unchanged. As an example, consider

PMN = Q T
MNT . We can write,

PMN = Q v
MNv +Q u

MNu +Q i
MNi . (A.6)

Each term on r.h.s. has the same weight as the l.h.s. for a given M,N .

The definition of weight, while dependent on the specific choice of coordinates u and

v, is completely insensitive to the choice of coordinates on the transverse 4d space. The

weight of a given component of a tensor, remains the same whether we use wi coordinates

or any other coordinates, such as (r, θ, φ, x4) to describe the 4d transverse space.

Throughout our paper, we follow the convention that derivatives are with respect to

contravariant coordinates only, i.e., derivatives are always with lower indices. A rule of

thumb is then: ∂u decreases weight by 1 and ∂v increases weight by 1. Note that taking

derivatives with respect to u or v, or multiplying with other tensors, or multiplying with

objects like gamma matrices or spin connection coefficients, are the only ways to change

the weight of a given tensor component.

B Action of Lorentz boosts and null rotations on gravitino configurations

In the main text, at two places we came across the following Lorentz transformations in

six-dimensions,

ê+ = αe+, ê− =
1

α
e−, ê2 = e2, ê3 = e3, (B.1)

followed by,

ě+ = ê+, ě− = ê− − 2βê3 − β2ê+, ě2 = ê2, ě3 = ê3 + βê+, (B.2)

and (optionally),

ẽ+ = ě+, ẽ− = ě− − 2γě2 − γ2ě+, ẽ2 = ě2 + γě+. ẽ3 = ě3. (B.3)

In this appendix we discuss the action of the above Lorentz boost (parametrised by α)

and null rotations (parametrised by β and γ) on gravitinos configurations of interest. These

results were used in [13]. The various minus signs can be a potential source of confusion,

so we work this out explicitly. Let us start with the boost. The boost can be written as

êA = ΛAB e
B, with ΛAB =

(
exp

[
1

2
λCDm[CD]

])A
B, (B.4)
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with Lorentz generators in six-dimensional vector representation,

m[CD]
A
B = δACηBD − δADηCB = −m[DC]

A
B, (B.5)

and parameters λ01 = −λ10 = logα.

We choose the following gamma matrices in six-dimensions (as in the main text),

Γ̃0 = 12 ⊗ 12 ⊗ (−i)σ1, Γ̃1 = 12 ⊗ 12 ⊗ σ2, (B.6)

Γ̃2 = 12 ⊗ σ1 ⊗ σ3, Γ̃3 = σ3 ⊗ σ3 ⊗ σ3, (B.7)

Γ̃4 = σ1 ⊗ σ3 ⊗ σ3, Γ̃5 = σ2 ⊗ σ3 ⊗ σ3. (B.8)

The gravitino configurations of interest are of the form ΨM = 0 for M 6= V , together

with the projection condition (Γ̃0 + Γ̃1)ΨV = Γ̃+ΨV = 0. These conditions imply that the

field ΨV is of the general form,

ΨV = {ψ1, 0, ψ3, 0, ψ5, 0, ψ7, 0}T , (B.9)

where ψ1, ψ3, ψ5, ψ7 denote the general non-zero entries.

The action of Lorentz boosts on the spinor ΨV is simply,

exp

[
1

2
λ01Σ01 +

1

2
λ10Σ10

]
ΨV (B.10)

where

ΣAB =
1

4
[Γ̃A, Γ̃B]. (B.11)

A short calculation shows that

exp

[
1

2
λ01Σ01 +

1

2
λ10Σ10

]
ΨV = e−

1
2

logαΨV =
1√
α

ΨV . (B.12)

Thus, the Lorentz boost simply acts as a rescaling. For our applications α ∝ −2V , which

gives the result that in the hatted Lorentz frame,

Ψ̂V ∝ (−2V )−1/2ΨV . (B.13)

The null rotation parametrised by β, ěA = ΛAB ê
B, is generated with λ03 = β and

λ13 = −β. Since (βΣ03 − βΣ13) ∝ βΓ̃3+, it follows that for a spinor annihilated by Γ̃+,

exp [βΣ03 − βΣ13] Ψ̂V = 1 · Ψ̂V = Ψ̂V . (B.14)

That is, such a null rotation does not change the spinor.

The null rotation parametrised by γ is generated with λ02 = γ and λ12 = −γ. Once

again such a null rotation does not change the spinor annihilated by Γ̃+.
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