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care is taken to present details on the smoothness analysis of hair modes for rotating black
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Introduction

For a class of supersymmetric black holes in five- and four-dimensional theories of gravity,

string theory explains the entropy in terms of underlying microscopic degrees of freedom.

Earlier studies dealt with black holes carrying large charges [1], and found that in the large



charge limit string theory gives a perfect match with the Bekenstein-Hawking entropy of
the corresponding black hole in the two-derivative theory. This matching is widely regarded
as one of the biggest successes of string theory.

Since then, this matching has been improved from both the gravity and the microscopic
sides. On the microscopic side, for a class of black holes, precision counting formulas
are known [2-6]. These counting formulas, also often known as the black hole partition
functions, give an integer for the indices corresponding to the BPS microstates underlying
the given supersymmetric black hole. On the gravity side, Sen’s quantum entropy function
formalism posits that a path integral computation in string theory on AdSs x K near-horizon
geometry should give the black hole indices in the full quantum theory [7-9], where K is
a compact manifold. Since this computation only refers to the near-horizon geometry, the
answer is expected not to be sensitive to the nature of the solution far away from the
horizon. That is, if two black holes have identical near-horizon geometries, they must have
identical microscopic indices.

There is, however, a well known and well-studied counterexample to this: the BMPV
black hole in flat space [10] versus the BMPV black hole in Taub-NUT space [4, 11]. These
two types of black holes have identical near-horizon geometries but different microscopic
indices. Banerjee, Mandal, Jatkar, Sen, and Srivastava (one of the authors of this paper)
in [12, 13] identified that the key to the resolution of this puzzle is the black hole hair modes:
smooth, normalisable, bosonic and fermionic degrees of freedom living outside the horizon.
For the case of K3 compactification of type IIB theory, Jatkar, Sen, and Srivastava [13]
constructed hair modes as non-linear solutions to the supergravity equations and showed
that once the contributions of the hair modes are properly removed, the 4d and 5d partition
functions match.

The purpose of this paper is to extend the non-linear hair mode analysis of [13] in
two ways:

e In [13], smoothness analysis for hair modes was mostly presented for non-rotating
black holes, even though rotation plays an important role in their arguments. This
paper presents details on the smoothness analysis of hair modes for rotating black
holes, thereby filling this gap in the literature. The smoothness analysis is essential.
For example, in reference [12], certain modes corresponding to the transverse oscil-
lations of black holes were counted as hair modes but were later removed from the
counting in [13], as these modes turn out to be singular at the horizon of the black
hole. To confirm that rotation does not alter any of the conclusions of [13], it is
important to fill this gap.

e We extend the matching of hair removed partition functions to more general K3
compactifications, the so-called Chaudhuri-Hockney-Lykken (CHL) orbifold mod-
els [14-17]. These models are widely studied in the context of precision counting
of black hole microstates [18-27] and are reviewed in [6]. For these models, the puz-
zle of the mismatch of the 4d and 5d partition functions is more challenging due to
the presence of the twisted sectors. We identify hair modes in the untwisted as well
as twisted sectors and show that after removing the contributions of the hair modes



from the microscopic partition functions, the 4d and 5d horizon partition functions
perfectly match.

The rest of the paper is organised as follows.

All of our analysis in sections 2 through 6 is in six-dimensional (2,0) supergravity
coupled to n; number of tensor multiplets.

In section 2, we present relevant details on (2,0) supergravity coupled to n; number
of tensor multiplets. Most studies on the CHL models are done in four dimensions. To
facilitate the transition between our six-dimensional notation and a four-dimensional no-
tation, we recall that upon dimensional reduction, each self-dual or anti-self-dual tensor in
six-dimensions gives a vector in four dimensions. From the pure 6d (2,0) graviton multiplet,
we get 7 vectors in 4d: 5 from the self-dual tensor fields and 2 as graviphotons. Hence the
number of vectors in 4d is,

nid =ny 4+ 7. (1.1)

Often a notation n%,d = 2k 4 8 is used. Thus,

1
nt:2k:—|—1:>k:+2:§(nt+3). (1.2)

The number n; + 3 plays a key role in our later considerations.

In section 3, BMPV black hole in flat space is discussed. The near-horizon geometry,
a set of vielbeins, and Killing spinors are presented. A set of coordinates are introduced in
which the metric and the three-form field strength are analytic near the horizon.

In section 4, hair modes on BMPYV black hole are studied. Specifically, in section 4.1
bosonic deformations of the BMPV black hole generated by the Garfinkle-Vachaspati trans-
form are studied. It is found that all these bosonic deformations are non-smooth. In
section 4.2 fermionic deformations of the BMPYV black hole are studied.

In section 5, BMPV black hole in Taub-NUT space is discussed. As in the earlier
section on BMPV black hole in flat space, the near-horizon geometry, a set of vielbeins,
and Killing spinors are presented. A set of coordinates are introduced in which the metric
and the three-form field strength are analytic near the horizon.

Hair modes on BMPYV black hole in Taub-NUT are studied in section 6. In section 6.1,
bosonic deformations of the BMPYV black hole in Taub-NUT generated by the Garfinkle-
Vachaspati transform are studied. In section 6.2, a class of deformations corresponding to
anti-self-dual form fields are studied. In section 6.3, fermionic deformations are studied. A
key observation of this section is that the number of hair mode deformations corresponding
to the anti-self-dual form fields is equal to the number of tensor multiplets n; in the 6d
theory. Since different CHL models have a different number of tensor multiplets, the
number of such (untwisted sector) hair modes change from theory to theory.

In section 7, we turn to the discussion of hair removed 4d and 5d partition functions.
In section 7.1, we first review the microscopic considerations relevant for our discussion
and highlight that the 4d and 5d partition functions (and microscopic degeneracies) are
different. Due to the presence of twisted sectors in type IIB CHL models, the difference in
the 4d and 5d partition functions is quite non-trivial.



In section 7.2, we identify twisted sector hair modes in ten-dimensional supergravity
description, and compute the hair removed 4d and 5d partition functions. The twisted
sector hair modes can be schematically understood as follows. We recall that the CHL
models are obtained as Zy orbifold of type IIB theory on K3 x S x gl. The orbifold
group is generated by g such that g% = 1. The orbifold action also involves a shift along
the S!. To obtain the six-dimensional supergravity description, only the g—invariant fields
are kept. Hence in six-dimensions, we only see the g—invariant (or the untwisted sector)
hair modes. In ten-dimensions, a more general situation is possible. Let C1° denote the
ten-dimensional RR four-form field. Let w denote a two-form in the cohomology of K3
that is not g—invariant. Then, it can be multiplied with a two-form cgd (not visible in 6d
supergravity)

10 o (54 A W53, (1.3)

such that cgd picks up the opposite phase under the orbifold action compared to w3. The
combined effect ensures that the ten-dimensional C’iOd is g—invariant. These modes give
rise to additional hair modes. In section 7.3, we show that the hair removed 4d and 5d

partition functions perfectly match.

We conclude with a summary and a brief discussion of open problems in section 8.

The main body of the paper is mostly a technical analysis of either the hair modes
or the microscopic partition functions. Some additional technical details are relegated
to two appendices. The authors of [13] introduced the concept of weight that proves
very convenient, both in the analysis of the background solutions and in the analysis of
bosonic and fermionic deformations. In appendix A we review the concept of weight. In
the smoothness analysis of the hair modes, we find that often a specific set of Lorentz
transformations needs to be performed on local Lorentz frames in six-dimensions. The
transformation of the gravitino field under those Lorentz transformations is discussed in
appendix B.

Readers only interested in the microscopic analysis may choose to skip directly to
section 7. In order to help such readers, we now briefly summarise the untwisted sector
hair modes for both types of black holes found in sections 4 and 6, respectively. The twisted
sector hair modes are discussed in section 7.

For the BMPYV solution, the six directions are the four transverse spatial directions to-
gether with an S! and the time direction. The S! is along which the D1 and D5 branes wrap
in the brane description of the BMPV solution. Since the BMPV solution is independent
of the S! coordinate (labelled z°), it is useful to regard it as a black string extended along
the S! direction. In such a description, a left-moving mode represents a set of deformations
labelled by an arbitrary function of the light cone coordinate v := z° + t. Functions of
coordinate v describe the propagation of plane waves along the negative S direction. Ge-
ometric quantisation of these modes is expected to generate degeneracies associated with
hair modes.

For the four-dimensional black hole, i.e., a BMPV black hole in Taub-NUT space,
the same discussion applies except the four transverse spatial directions are now the four



directions of the Taub-NUT space. The Taub-NUT circle is denoted as S!. Dimensional
reduction over S! x S! gives the four-dimensional description.

For the five-dimensional BMPV black hole, the hair modes consist of (apart from
zero modes):

e Four left-moving fermionic modes describing the propagation of goldstino modes as-
sociated with four of the twelve broken supersymmetries.

In reference [12] four left-moving bosonic modes corresponding to the transverse oscillations
of the BMPV black string were also counted but were later removed from the counting
in [13], as these modes turn out to be singular at the horizon of the black hole. We show
that the same conclusion holds for the rotating black holes.

For the BMPV black hole in Taub-NUT space, the hair modes consist of (apart from
zero modes) in 6d supergravity analysis:

e Four left-moving fermionic modes describing propagation of goldstino modes associ-
ated with four of the twelve broken supersymmetries, as in the BMPV case.

e 1, left-moving bosonic modes arising from certain deformations of the anti-self-dual
two form field of each tensor multiplet.

e Three left-moving bosonic modes describing deformations in the three non-compact
directions of the Taub-NUT space.

In reference [12] four left-moving bosonic modes corresponding to the transverse oscillations
of the BMPV black string relative to the Taub-NUT were also counted but were later
removed from the counting in [13]. At the black hole horizon, these modes are expected
to be exactly the same as those for the BMPV black hole, and hence singular. Although
an explicit analysis of these modes is likely to be not difficult, it is still missing in the
published literature.'

As an important summary point, we note that the 4d black hole has n; + 3 additional
left-moving bosonic hair modes compared to the 5d black hole. The number n; 4+ 3 plays
a key role in section 7.

Note added. A few days after this paper appeared on the arXiv, a paper by Chattopad-
hyaya and David [56] also appeared that overlaps with our section 7. Specifically, our
counting of hair modes, boundary conditions analysis of hair modes on the S! and hair
removed partition functions overlap with the results of [56].

2 Supergravity set-up

We now present relevant details on (2,0) supergravity coupled to n; number of tensor
multiplets. Such a theory is obtained from appropriate truncation of type IIB theory on
K3/Zy or T*/Zy with a total of 16 supersymmetries. The case of n; = 21 corresponds
to K3 compactification considered in [13]. We present the discussion in two steps: (i) a

"We thank Samir Mathur and Dileep Jatkar for discussions on this point.



truncation of IIB theory compactified on T* to pure (2,0) 6d supergravity, (ii) coupling
this (2,0) theory to n; tensor multiplets. This split is artificial, but we found it easiest to
think in these terms.

Toroidal reduction of type IIB supergravity to six dimensions leads to the unique
six-dimensional (2,2) supergravity. The spectrum of (2,2) six-dimensional supergravity
consists of a graviton, 8 gravitinos, 5 two-forms, 16 gauge fields, 40 fermions, and 25
scalars. See, for example, table 5 of [28]. This theory was first constructed by Tanii [29].
It can be consistently truncated to pure (2,0) supergravity by setting the 4 right chiral
gravitinos, anti-self-dual parts of the 5 two-forms fields, 16 gauge fields, 40 fermions, and
25 scalars to zero [29]. In other words, the resulting (2,0) theory consists of a graviton, 4
gravitinos, and 5 self-dual tensor fields.

A tensor multiplets in six-dimensions contains an anti-self-dual tensor field, 4 fermions
and 5 scalars. If we consider pure (2,0) theory coupled to n; tensor multiplets, then we
have the field content: a graviton, 4 left chiral gravitinos, 5 self-dual two-forms, n; anti-self-
dual two-forms, 4n; fermions, and 5n; scalars. For n; = 5 this is a consistent truncation of
(2,2) supergravity. In this truncation, compared to the (2,2) theory, we have left out the
4 right chiral gravitinos, 16 gauge fields, and 20 fermions. This truncation is often used in
the studies of the D1-D5 system [30].

For the (2,0) theory coupled to n; tensor multiplets, we follow the conventions of [31]
together with the simplifications introduced in [13]. In the following, we summarise the
relevant bosonic/fermionic equations of motion and the Killing spinor equations, restricting
ourselves to the details we need later. A complete description can be found in [31].

Let us denote the self-dual and the anti-self-dual field strengths by H% v p (1 <k < 5)
and Hj,yp (6 <s < ny+5) respectively, satisfying

_ 1 _
HkMNP — +§ ’detg|_1/26MNPQRS HééRS? (21)
s
HSMNP _ _5 |detg|_1/26MNPQRS HEQRS’ (22)
where eMNPQRS g the totally anti-symmetric symbol. The sign convention for the anti-

symmetric symbol will be made explicit in the next section. Throughout this paper, we
shall set all the scalar fields to fixed (attractor) values. As a result, all the derivatives of
the scalar fields are zero. This significantly simplifies the presentation of the equations of
motion. For the bosonic equations, we then have

Ryn = ﬁ]lfJPQ FIJ@PQ + Hiypg vaPQa (2.3)
together with
HY npHSMNE = 0 (2.4)

Following [13] we choose the convention where H! and H® denote the self-dual and anti-
self-dual components of the six-dimensional F 1&2\/ p Ramond-Ramond (RR) field coming
from IIB theory. The six-dimensional version of the 3-form RR field is obtained by simply
restricting the indices of the ten-dimensional RR field to six-dimensions. More precisely,

5 e
Fiihp =2¢"" (Hynp + Hinp) (2.5)

where the dilaton ® takes a constant (attractor) value in the backgrounds we consider.



The fermion fields in six-dimensional theory consist of a set of four left-chiral gravitinos
Ud, (0 < M <5,1 < a <4, spinor indices are suppressed) and a set of 4n; right-chiral
spin-1,/2 fermions x®" (1 < r < ny, for n; tensor multiplets). Let T™’s (0 < M < 5) denote
8 X 8 gamma matrices for six spacetime dimensions written in the coordinate basis. Let
A, B, ... denote the six-dimensional tangent space indices, so that

ey ™M (2.6)

are the standard six-dimensional Clifford algebra matrices. In order to avoid any notational
confusion, we put wide-tildes on the tangent space gamma matrices and define,

4 = e M, (2.7)

The Clifford algebra is then,
{14,175} =297, (2.8)

for 0 < A, B < 5 tangent space indices. With this notation, the chirality conditions for the
fermionic fields are

1 - ~

<6' | det g| 71 /2 MNPQRRSD v pops + 1> U =0 =  (Toiosas + 1) UY =0, (2.9)
1 _ ~

<6‘ ]det g’ 1/2 €MNPQRSFMNPQRS — 1) Xar =0 = (F012345 — 1) an = 0. (210)

The R-symmetry group of (2,0) theory is SO(5) ~ USp(4). Following [31], we exclu-
sively work with SO(5) notation.? In this notation, a, 3, ... are spinor indices of SO(5)
and i, j,k, ... are vector indices of SO(5) (e.g., the index k used above for the self-dual
tensors). In order to work with SO(5) spinor indices we also need to introduce 4 x 4 SO(5)
gamma matrices. We denote these matrices with wide-hats (fi)ag. They satisfy Euclidean
Clifford algebra in five-dimensions,

{TF, T} = 263. (2.11)

In the fermionic sector, our considerations are restricted to linear equations of motion
in the spinor fields (at least to begin with). For the backgrounds we will work with, not
only the scalars are set to constant values but also the spin-1/2 fermions x" are all set to
zero. With these conditions, the fermion sector field equations of motion simplify to

MNP DNwg — FPMNP TR 9l = 0, (2.12)

«
HSMNP Ty 0% =0, (2.13)

where the Dy is the standard full covariant derivative with the unique torsion free spin
connection. In complete detail,

1 ~
DyU% = 0y 0% — TV o 0% + 1 “MAB 4B g (2.14)

*Reference [30] works with the USp(4) notation.



where 1
F]]\V/‘[P = 3 GME (ONGpr + 0pGNRr — ORGNP), (2.15)

and
wif = 2eN[A8[Meff]] — NP ey canef, (2.16)

where we remind the reader that M, N, P,... are the spacetime indices and A, B,C ... are
the tangent space indices. For the first order gravity manipulations we follow the standard
conventions, e.g., chapter 7 of [32].

We now discuss the Killing spinor equations. For the black hole backgrounds with-
out hair the anti-self-dual fields are all zero. With this simplification the Killing spinor
equations reduce to only one equation,

1. ~
Dyre — ZJLJ;W\,PFNPF% = 0. (2.17)

In writing this equation all spinor indices are suppressed. € is the supersymmetry trans-
formation parameter. Since the theory is a chiral theory, the supersymmetry parameter
satisfies,

(Tot2345 + 1)e = 0, (2.18)

i.e., € is a six-dimensional left chiral Weyl spinor. In six-dimensions the symplectic Majo-
rana condition is consistent with chirality, so in addition e satisfies,

e=¢c CQ, o = -q, (2.19)

where C is the symmetric charge conjugation matrix for the six-dimensional Clifford algebra
for the Lorentz group SO(5,1) and  is the anti-symmetric charge conjugation matrix for
the Euclidean five-dimensional Clifford algebra for the R-symmetry group SO(5). € being
antisymmetric is the only consistent choice for Euclidean five-dimensional space, see e.g.,
table 1 of [33]. Moreover,

(crHT = —c14, ()T = -1 (2.20)

To discuss supersymmetry of black holes with hair, we will also need the Killing spinor
equations when the gravitino fields and the anti-self-dual fields are not set to zero. The
equations are obtained by setting the supersymmetry variation of all fields to zero. For
the vielbein, the gravitinos, the self-dual 2-form fields and the spin-1/2 fields respectively,®
these equations are [31],

eT AW, =0, (2.21)

1. ~
Dyre — ZJLI;MNPF”’P% =0, (2.22)
el "Wy = 0, (2.23)
TMNPrs pe = 0. (2.24)

3For the backgrounds of interest, the supersymmetry variation of the anti-self-dual fields and scalars do
not give non-trivial equations.



3 BMPYV black hole in flat space

In this section, we start by reviewing the BMPV black hole [10] in flat space. In section 3.1
various coordinates we need to describe the black hole, metric, three-form field strength,
and near-horizon geometry are presented. In section 3.2 Killing spinors for these black
holes are constructed. In section 3.3 coordinates in which the black hole metric is smooth
at the future horizon are constructed.

3.1 Coordinates, metric, and form field

In a standard set of coordinates four-dimensional Euclidean flat space takes the form
ds? = di* + 7(d6? + cos? 0dp* + sin® fdip?). (3.1)
These coordinates are related to cartesian coordinates as,
wt :Fcosécosqg, w
w? :Fsinécosﬁ, w

To cover the full range of w’ we need to restrict ourselves to,

fe (o, g) . de(0,2m),  ¢el(0,2m), (3.4)
with

(6:4) = (¢ +2m,9) = (9,9 + 2m). (3.5)
We can extend the range of 6 to (0,7) by introducing the identification,
(év é?l/;) = (7T— é7é+ﬂa&)' (36)

The coordinates we will use for the most part are the Gibbons-Hawking coordinates
(1,0, ¢, x*) defined via,

~ 0
~ 1 ~ 1
¢ = §($4+¢), @025@4—@5)‘ (3-8)
In these coordinates flat space metric becomes,
1
dsd.. = ;er +7(d6? + sin? 0d¢?® + (dz* + cos dp)?), (3.9)

and the identifications (3.5)—(3.6) become,
0,0,2Y) = 2r — 0,0+ m, 2t +7) = (0,0 + 2m, 2t + 21) = (0, ¢, 2" + 4m). (3.10)
Next we introduce a one-form

Xidw' = =2, (3.11)



where

¢ = _é(d@«‘i + cos 0ddp). (3.12)

In the other coordinates introduced above ( takes the form,

J - _ J
(= —ﬁ(cos2 0d¢ + sin? Ode)) = —= (w'dw? — wdw' + w?dw* — wdw?). (3.13)
The BMPYV black hole metric takes the form,

ds® = GyndzMdzN

= 1 (r) [dudv + ((r) — 1)dv* — 2¢dv] + 1 (r)dsfay. (3.14)
where
u=x"—t, v=2a"+t. (3.15)

The 2° coordinate is periodic with size 2w Rs5. It is the S' along which the BMPV string is
extended. The D1 and D5 branes intersect on this S! and the momentum is also carried
along this direction. Often the BMPV black hole is written with three harmonic functions,
one each for D1, D5, and P charges. Here we have set them all equal to ¥ (r), where

() =1+ 7;—0 (3.16)
The six-dimensional dilaton is set to its constant asymptotic value throughout the
spacetime,
e 2 = \72 (3.17)
The only other nontrivial field is the three-form RR field. It takes the form
1
F(S) = TXO <63 + *g€3 + flb(r)ild'l) N dC) , (318)
ro

where we use the conventions €249 = +1 and where
€3 = sinf dz' A df A do. (3.19)

The first two terms in (3.18), (e3 + *ge3), are manifestly self-dual as (xg)%e3 = e3.
Performing a small calculation one can see that (r)~ldv A d( is also self dual. Hence
the full F®) is self-dual. Thus, for the BMPV background the anti-self-dual fields are all
set to zero. Among the self-dual three-form fields, only f_I}w N p is non-zero for the BMPV
background. It takes the value,

1
3!
Now, we can readily check that the BMPV background satisfies the bosonic equation of

1 1
Ap® = L ey + SV v Ade. (320)

motion,
Ryn = HypoHNT?. (3.21)

The other bosonic equations are trivially satisfied as all the anti-self-dual fields vanish.

~10 -



To obtain the near-horizon geometry, we work with ¢,v,z% 7,60, ¢ coordinates. We
rescale r and t as follows

r=rofp, t=1/8, (3.22)

and take the limit 8 — 0. We get the near-horizon metric,

d 2
ds® = 7«0% + dv? + %dv(dm‘* + cos 0d¢) — 2pdvdT + 4rodQ3, (3.23)
p 70

where dQ% is the metric on the round three-sphere in Gibbons-Hawking coordinates,

dQ3 = ~ ((dz* + cos 0d¢)? + db* + sin? 0dp?) . (3.24)

1
4
In this limit the form field becomes,

To

1
F® = T | €8 Hoes + %dv A (d,o A (dz* + cos Bdg) + sin Odf N d¢>] : (3.25)
7’0 P

and the dilaton remains the same, cf. (3.17). Note that the *¢ is now with respect to the
metric (3.23).

For later use we introduce the following vielbeins,

e’ = ¢~ (r)(dt + (), (3.26)
e' = (dz® +dt — oy (r)(dt +()), (3.27)
e = Y2 (r) r'/?(da* + cos 0dg), (3.28)
et = 2 () r 2 dr, (3.29)
et = 1/11/2(7") /240, (3.30)
¢® = Y2(r)r'/? sinfdg. (3.31)

With a bit of calculation one sees that the background fields can be written in terms of
the orthonormal frame (3.26)—(3.31) as

ds® = —(%)? + (e")? + (€)* + (¢*)* + (e")* + (), (3.32)
and
FO = % [1&73/2(7“) 22 Net Aed + el nel AeP) (3.33)
+8i)7,/}_2(7“)(—60/\62/\€3+60/\64/\65 —etne?ned +el /\64/\65)].

Our convention is €9123%5 = 41, In this form, it can be easily checked that the three-form
F®) is self-dual.

- 11 -



3.2 Killing spinors

In this section we write explicit expressions for Killing spinors for the BMPV black string.
The Killing spinor equation is (2.17). Among the self-dual three-form fields, only H3,yp is
non-zero for the BMPV background. As a result the Killing spinor equation simplifies to,

1_ .
Dye — ZH}WVPFNPrle =0. (3.34)
We work with u,v,z*, 7,0, ¢ coordinates. We demand the projection conditions,

Ie = 0, (3.35)
Ile = (3.36)

Due to projection condition (3.36), the Killing spinor equation further simplifies to
1_
Dyre — ZH}WNPFNPE = 0. (3.37)

At this stage, introducing the notion of weight developed in [13] proves convenient.*
For a more detailed discussion see appendix A. The weight is defined for components of any
tensor in u and v coordinates. For a given component of a covariant tensor, it is defined as

wt_,, = # of v indices — # of u indices. (3.38)

c

For a given component of a contravariant tensor, weight is defined as

wt

= # of u indices — # of v indices. (3.39)

cont

The projection condition (3.35) ensures that the weight of any term appearing in equa-
tion (3.37) is greater than or equal to the sum of weights of the various field components
(I:I}W ~p or Vi) that enter that term. For example, for M = v the weight of the equation
is 1. Only weight 1 and weight 0 components of FI&NP can contribute: in this case there
is no other choice, as weight 1 is the highest weight. However, for M = u the projection
condition (3.35) plays a crucial role. Components H!\ , can be of weight —1 or of weight
0. The weight zero term necessarily comes with I'V. However, since I'e = 0, and G*F =0
for P # u, the projection condition ensures that only weight —1 fields contribute.

To see this more explicitly, let us begin by analysing the u equation by setting M = u

in equation (3.37). For € independent of u, the equation becomes

1 ~ 1
From the weight argument it follows that both terms w4 BfAB € and FI& N PFN Pe are zero,

as both metric and the form-field components have at least weight 0. Indeed, the fact that

4This notion of weight is closely related to the concept of boost weight used in general relativity. It
is often used in the algebraic classification of the Weyl tensor based on the existence of preferred null
directions. See, e.g., [34].
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both wy, ABfAB € and H’i NPFN Pe are zero can be checked without much effort. Consider
the following vielbeins for the full weight 2 metric,

e =yt [;(dv —du) + C] el =dv—é°, (3.41)
4 .5

and the e2,e3, e*, € as given in equations (3.28)(3.31). For this choice, the only non-zero
components of the spin connection w,4p turn out to be:

1 -
Wy03 = Wy13 = —Zrl/Qw 52y, (3.42)

Thus for the term w4 BfAB € we have

wuaplABe = 2wu13(f13 + f03)e = 2wWy,13 (ei + 62) eSTH e (3.43)

= 2,032 TVT"e = 0, (3.44)

where in the last step we have used I'Ye = 0 and G¥" = 0. In Gibbons-Hawking coordinates,

Thus, H!ypTVPe =2H] TV = 0, since

the only non-zero component of H!\  is H} wor

uvr*®

I[Ye = 0, and GY" = 0. Thus, we conclude that u equation is automatically satisfied,
provided the Killing spinors are u independent and the projection conditions are satisfied.
Let us now set M = v in equation (3.37). The v component of the equation has weight

1. Various terms in the equation can receive contributions from weight 0 and weight 1 terms
in the field configuration. Demanding Killing spinors to be v independent, the equation

becomes,
1 ~ 1_

In Gibbons-Hawking coordinates, the non-zero components of H, 3 Np are:

_ 1/ _ J

H =_-1 H  =—-—2 4
vur 4 ,¢2 vadr 167“2’(7Z)2 (3 6)

_ Jcos _ Jsin6

. —_ ., =" A4
’U(]b’f‘ 16r2w27 ’U0¢ 16T‘¢ (3 7)

For weight 0 and weight 1 terms in the metric, a convenient choice for vielbeins is

1 B 1 _
0 = 5 (dv— ™ (du — 20), ! = 3 (dv 47 (du — 20)),
o2 — 1/}1/2r1/2(dx4 + cos8dg), oS — ¢1/2T_1/2d7‘, (3.48)
et = /21240, e® = /212 5in 0dp.

From this choice, the only non-zero components of the spin connection w,4p turn out to be:

1 _ 1 _ _
Wy03 = —Wy13 = —17”1/21/1 B2y = +o o7 827302,
+ (3.49)

Wy23 = —Wyss = _W.
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Using these spin connection coefficients, we see that
wy0sl? + wy1sT'? = wyr(—T% + T1?) (3.50)
= wvlg(—egei + eiei)f"”

— s (el + ) /22

o L ro ur j ( z4r ¢r>
= 12 (F + ™ I'*"+cosf T . (3.51)
Similarly,
wU23f23 + wv45f45 = Wy23 eieif“” 4 Wyas e;‘;eif“y (3.52)
J . J
- _ rer OT9") + — sinH T, .
16r2¢( + cos )+ T6r0 sin (3.53)

With these expressions at hand, we readily see that the v equation (3.45) is satisfied for
all spinors obeying the projection conditions (3.35)—(3.36).

Next we analyse 24,7, 0 and ¢ components of the Killing spinor equation. Since these
four equations are at weight 0, we only need to consider only weight zero field components.
Ignoring weight 1 and 2 terms, we are left with only weight 0 terms in the metric:

ds® = = (r)dudv + ¢ (r)dsi,,. (3.54)

We can choose weight 0 vielbeins as,

0 = (v — ), ! = 5 (dv -+ du), (3.55)
e? = 1/11/2(7") rl/Q(da:4 + cos 0dg), e3 = 1/11/2(7’) r1/2 dr, (3.56)
et = ¢1/2("”) ri/2dp, ed = 1/11/2(7’) /2 sin@dg. (3.57)

The relevant spin connection coefficients turn out to be,

/ 1 1
=0, Wl = 3, =, (3.58)
/ /
1
wit = — (;i) , wf’ = (;Zi) cos b, w3,4 = ——siné, (3.59)
55 (rd) 45 _ 1 on_ V¥
wy = — 20 sin 0, Wy =5 cos b, W, = 2 (3.60)

Note that for vielbeins (3.55) € + e! = da® + dt = dv. Thus, I' = (62 + et)F“ =T0 4T,
the projection condition (3.35) can also be written as (I'Y + I'!)e = 0. It then implies,
[0 +THe =0, ie.,

MTe =e. (3.61)
This form of the projection condition proves very convenient. Let us set M = r in equa-
tion (3.37). We have

1 =y 14
(ar + iwr()lFOl — Qijr“v> €e=0, (3.62)
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together with H, Due to the projection condition (3.61) this equation becomes

mw 4w2
Y W _
(a 1w 8w2 e =0. (3.63)
Moreover, we have, I'V = o+ fl,F“ = 1/1(f1 — fo)‘ Thus,
1 1 o~y o~~~
e = - T'T"e = 5zp(ro +TH(I0 —The = —2¢pe. (3.64)

Hence the radial equation becomes

(a +21;> = 0. (3.65)

Since the gravitinos are all of definite chirality, cf. (2.9), the supersymmetry variation
parameter is also of the same chirality and hence all the Killing spinors we seek are also of
the same chirality. Thus, € is a six-dimensional left chiral Weyl spinor, i.e.,

(Totzsas +1)e = 0 = T4 = ¢, (3.66)

Together with the projection condition (3.61) the chirality condition implies,

T2 — T4,
[%e = —T'¥, (3.67)
[ = +F356.

With this input, the z?, 8, and ¢ equations simply become,

Opae = 0, (3.68)

1~
Ope — §r34e =0, (3.69)

1 ~ 1 ~
Ogpe — 3 sinf %% ¢ — 3 cos T e = 0. (3.70)
To solve for the Killing spinors explicitly, we need to use a representation of T matrices.

We use

fO =12®1,Q (—i)al, fl = 1o ® 12 ® o9, (371)
f2: 1o ® o1 ® o3, f3: 03 Q 03 K 03, (372)
f4: 01 ® o3& o3, f5: 092 X 03 X 03. (3.73)

The above choice has the advantage that f?’, f4, IS are represented as three distinct Pauli
matrices in the first factor. Using these matrices we can solve the Killing spinor equations.
We find two independent solutions,

. r_%e%¢ cosg —1 1 374
v(r) el e ) (3.74)

€ = T 7%67%@) sing — 1 . .
¥(r) cos ! @)@l (3.75)
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Let us count the number of independent Killing spinors. To begin with ¢ has 32
complex components. There are two conditions for it to be the supersymmetry parameter
of (2,0) theory; namely, the chirality condition and pseudo-Majorana reality condition.
This brings the number of independent real spinor components to sixteen. The projection
conditions (3.35)—(3.36) give the total number of independent Killing spinors for BMPV
solution to be 4.

3.3 Smooth coordinates near the future horizon

In this section, following [13, 35-38], we write the BMPV black string in coordinates such
that its metric and form-field are smooth near the future horizon. These coordinates will
then be used to analyse the smoothness of hair modes at the horizon in later sections.

For simplicity we start with the non-rotating BMPYV black string. The metric simplifies

to
ds* = ¢~ (dudv + Kdv*) + 1 (r'dr® + 47 dQ3) , (3.76)
where,
K(r)=u(r) —1= "0, (3.77)

and dQ3 given in (3.24). We do the following coordinate transformation from (u,v,r) to
(U, V,W):

V= e (), a7

W = %exp (25%> : (3.79)

2

2./fo

R=2/rq (1 + %0) . (3.81)

At the future horizon the standard time coordinate t goes to infinity, as a result,

U=u+ + 2v, (3.80)

where

v = x°+1 goes to infinity. As v — 0o, the coordinate V goes to zero from below. The region
outside the horizon has V' < 0. In reverse, the coordinate transformation (3.78)—(3.80) is,

v = /o In <—‘</FO> , (3.82)

A 4T3/2 VW2 (3 83)
144y VW '
1 V70
= — — 2 In{—+—]. .84
u U+2VW2 Vo n( V> (3.84)
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Inserting (3.82)—(3.84) in (3.76), the metric takes the form,
ds® = 4ro |[W2AUAV + dV23roWAZ73(24 + 128/roVIW? + 19210 VW)

—dV AW 4\/roW Z73(3 + 12/roVW?2 + 16rgV2W*) + W2Z3aW? + Z71dQ3 |
(3.85)

where

Z =14 4ro VW2, (3.86)

From this expression it is easy to see that the metric is regular (in fact analytic) at the
future horizon V' = 0. Near the horizon the metric is locally AdSz x S3. We can verify this
by computing the Ricci tensor for the above metric. We find that,

1
Ryn + 5 IMN = 0, (3.87)
7o

in the V' — 0 limit for the (U, V, W) part of the metric; and

1

- — =0 .88
Ryn 5 IMN ; (3.88)

in the V' — 0 limit for the 2%, 0, ¢ part of the metric. The Ricci tensor and the metric take
the block form in the limit V — 0, i.e., there are no cross terms in the AdS; and S? parts.
We can also write the three-form field strength in the new coordinates. We get

F® = %0 [sin 6 dz* A df A dp+ AW dW A dV A dU] . (3.89)

F®) is well behaved and independent of V. One can also easily check the self-duality
property of the F'®). The epsilon convention in the new coordinates become UVWalto — 41

For the rotating BMPV black hole, metric in Gibbons-Hawking coordinates has
the form,

J
ds? = 1 <dudv + Kdv? + " (dz* + cos 0 do) dv) + (rtdr? +4rdQ3).  (3.90)

In order to introduce coordinates in which the metric functions are analytic in the near-

horizon region we proceed in three steps. First, we shift 2 coordinate as
=1 — —v (3.91)

so that the cross term between dv and (dz* + cosfd¢) has a zero at r = 0, as in the
non-rotating case. The transformed metric takes the form,

J2 J Jr
2 -1 2 2 . 2 ~A4
ds® = 1 [dudv—i— (K—i— 64r§r¢ 32r§r> dv* + <4r 4r(2)¢ ) (dz* + cos 0 do) dv]
+1 (r_ldTQ + 4rd§§) , (3.92)
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where now,

~ 1
dQ3 = i ((dz* + cos 0 dg)? + dO” + sin® 0 d¢?) . (3.93)

The shift (3.91) changes the identification under z° = 2° + 2w R5. The new identification

takes the form

- . J
(T4, 2°) = <x4 + WQTFR&.Z‘S + 27TR5> . (3.94)
0

This, however, does not affect our (local) analysis.
Next, we carry out a rescaling,

7 1/2
=1—-——F u .
u ( 647“8) u, (3.95)
o\ —1/2
J? ~
v ( 647“8) v, (3.96)

so that the coefficient of the dv? term in the metric remains unity as » — 0, as in the
non-rotating case. In order to carry out this rescaling we must have,

J? < 64r. (3.97)

This condition is the cosmic-censorship bound on the angular momentum parameter of the
BMPYV black hole. See, e.g., discussion in [39]. Thus, for all parameter values relevant for
the BMPYV black hole we can carry out this rescaling. The rescaling gives the metric,

~ ~ ~ -1

J2 J2 J2
ds> = ¢~ |du dv+ | K + ——r¢? — 1-— dv?
R U+< T oaa 32r§r> ( 64rg> !

~ o~ ~ N\ —1/2

J Jr J? 4 ~

— - — 11— ——= d 0do)d
+ <4r 47"(2)1/] ) ( 647“8) (d&" + cos 6 d¢) dv

+1p (r7tdr® +47rdQ3) . (3.98)

In this metric the coefficient of the dudv term and the coefficients of the flat space coor-
dinates (r, 2%, 6, ) are the same as for the non-rotating BMPV black hole. Moreover, in the
7 — 0 limit, the coefficients of the dv? and (dz?+cos 0d¢) dv terms have the same numerical
values as for the non-rotating BMPV black hole. Thus, as a first guess it is natural to try
to the same coordinates as for the non-rotating black hole, i.e., equations (3.82)—(3.84):

5= Jioln <_\§> , (3.99)

3/2 2
o A VW (3.100)
1+4,/ro VIW?
~ 1 \/T0
= — — 2 In{—+—]. 101
u U+2VW2 Vo n( V> (3.101)
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When we do this transformation, we find that except for the dV? term all terms are smooth
in the V — 0 limit. The dV? term has a singularity of the form,

~ ~ N\ -1

J? J?

ds® = — 37 (1 - 643) W2V ~1dV? + non-singular terms (3.102)
8r, 7o

This singular term, however, can be easily removed by adjusting the coefficient of the
In (—%/—FO) term in the u transformation (3.101). With the transformation,

~ ~ -1
~ 1 J? J? \/To

the resulting metric is smooth in the V' — 0 limit. The resulting metric is not particularly
illuminating, so we do not present those details (though we use it for our later calculations).

The three-form field strength in the new coordinates is also non-singular. It takes
the form,

FG® = %0 [sinedf‘*Ad@Ad¢+4WdW/\dVAdU

i 72\
=1 = WdW AdV A (dz? 6d
- ( 647’8) (dz™ + cos 0 do)
~ ~ —1/2
_ 1—‘]—2 / W2 sinf@dV Adf A dg (3.104)
2rg 6473 ' ‘

It can be confirmed that expression (3.104) is self-dual.

4 Deformations of the BMPYV black hole

In this section we analyse a class of null deformations of the BMPV black hole generated
by the Garfinkle-Vachaspati transform [40, 41]. The deformations added by this method
turn out to be singular [13, 37, 41] on the BMPV black hole, however, it is instructive to
show this in detail as similar modes turn out to be non-singular for the BMPV black hole
in Taub-NUT.

4.1 Bosonic deformations generated by Garfinkle-Vachaspati transform

It is useful to identify solution generating techniques that can be exploited to add hair
modes on black holes. One such technique is the Garfinkle-Vachaspati transform [40, 41].
This method transforms known solutions to new exact solutions of supergravity theory,
where the new solution describes a gravitational wave on the original background. The
technique works as follows: given a space-time metric Gasn, we identify a vector field ks
such that it is

null : kM =0, (4.1)
hypersurface orthogonal : V(yrkn) = kpVaA,
Killing : V(prkny =0,
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for some scalar function A. New exact solutions to the supergravity equations are con-
structed by the following transform,

Gy = Gun + e Tk kn. (4.4)
The above is a valid solution if T satisfies,

V=0 and  KMoyT =0, (4.5)

and matter fields, if present, satisfy certain mild conditions.?

The BMPV black string in six-dimensions possesses such a vector,

0
KMoy = —. 4.6
M= u (4.6)
It is hypersurface orthogonal with e? = 1. Applying the Garfinkle-Vachaspati transform

we get,
ds* =1 [dudv+ (¥ — 14T (v, @)) dv* + xi(r) dv dwi] +1pdst (4.7)

The six-dimensional Laplacian V2 in the BMPV black hole metric simply reduces to a
four-dimensional Laplacian acting on T'(v, w):

V2T = 0,0, T = 0. (4.8)

A general solution for 0,,:0,,:T = 0 can be written as an expansion in spherical harmonics.
Requiring regularity at infinity and at the origin and keeping only terms that cannot
be removed by coordinate transformations [42], we can choose

27 R5
T, @) = fi(0), /0 Fi(v)dv = 0, (4.9)

with four arbitrary functions f;j(v). The deformed metric (4.7) does not look asymptot-
ically flat, but via a standard change of coordinates [42] it can be seen to be manifestly
asymptotically flat. Further comments on this deformation can be found in [12, 13]. We
note that the deformation only adds a weight 2 term to the metric and the other fields
remain unchanged. As a result, the Killing spinor analysis of section 3.2 remains exactly
the same. The deformed solution admits the same Killing spinors (3.74)—(3.75) as the
undeformed solution. Since we are mostly concerned with the question whether the defor-
mation represents a smooth hair mode or not, we next turn to its smoothness analysis. The
smoothness analysis below generalises the corresponding discussion of [13] to the rotating
BMPYV black hole.
The deformation adds the following extra term to the metric,

§(ds?) = ™ T (v, @)dv? = L fi(v)w'dv? = 21271 fi(v)mido? (4.10)

SQOur configurations satisfy those mild conditions. It follows from the analysis of reference [41] that we
do not need to modify the matter fields while deforming the BMPYV black hole or the BMPV black hole in
Taub-NUT.
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where m’ = w'/|w| is the four-dimensional unit vector. The SO(4) unit vector m‘ only
depends on the angular coordinates. In order for a deformation to be considered as a hair
mode, it is necessary that it is only supported outside the horizon. This is most easily
analysed in the near-horizon p, 7,v coordinates introduced in (3.22) with 8 — 0 limit. In
the near-horizon limit,

2rl/2 @Zfl(r) fi(v) midv® —s 27“5/2 (B8 p)3/2 fi(v) midv?. (4.11)

Since these deformations scale as 3%/2, they vanish in the near-horizon limit. Thus, they
are supported outside the horizon and are possible hair modes.

To analyse whether they are smooth or not, we write them in non-singular coordi-
nates (3.99), (3.100), and (3.103). The deformation takes the form,

o 1024 retws o av?
0(ds*) = = I
6478 — J2 /T + 4 /roW2V =V

where f;(v)m! is written as f(V, %%, 0, ¢) in the new coordinates. Note that x* is replaced

V,i%,0, ), (4.12)

with #4; cf. (3.91). The metric in these coordinates is singular at V = 0.
The singular term (4.12) can, however, be removed by the following shift of the U
coordinate,
U=U-G(V,W,%,0,9), (4.13)

with
2567, * /V FVE0,6)  dV!
643 — 72 Jo (L4 4/rVWR2 =V

This shift results in a metric that is again smooth near V' = 0, though it generates additional

G(V,W,i",0,¢) = (4.14)

terms,

—4roW2ow G(V, W, 4,0, ¢)dWdV — 4roW 20, G(V, W, %, 6, ¢)d'dV ~ (4.15)

where 6% collectively denotes #4,6, ¢. These additional terms all vanish in the V' — 0 limit.
The V derivatives of the function GG, however, diverge. This hints at possible divergences in
the Riemann tensor. Indeed, by an explicit calculation one can check that some components
of the Riemann tensor diverge. For example,

Ryvwvw = —2T0W713Wav(WSawG) + non-singular (4.16)
21/4
1 15367, . ,
= — —W f(V,z*,0,¢) + non-singular, 4.17
and
Rywvei = —(2roWow (W0yG) + non-singular (4.18)
1 1024r2Y%
= 024 _ W20, f(V,2*, 6, ¢) + non-singular, (4.19)

a v-=V 647“8 — J?
diverge as V — 0.
Upon setting J = 0 we recover the expressions from appendix C of [13].

Since these modes are singular at the horizon, they are not be counted as proper hair
modes of the BMPV black hole.
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4.2 Fermionic deformations

The (2,0) supergravity theory we are working with has 16 supersymmetries. The black
hole solutions we are working with preserve 4 of these supersymmetries and hence give rise
to 12 fermionic zero modes. Out of these 12 zero modes, four are left moving and 8 are
right moving. The 4 left moving modes can be elevated to arbitrary functions of v keeping
the supersymmetry of the original solution unchanged [12]. The aim of this section is to
construct these modes and to analyse their smoothness properties.

The linearised equations of motion in the fermionic sector for the gravitino %, were
given in section 2, which we rewrite below for convenience:

MNP DNwg — FRMNPDATE 0, = 0, (4.20)

«

HSMNPD ) w09 = 0. (4.21)

Equation (4.21) is automatically satisfied as all anti-self-dual fields HMN¥ = 0 for the
undeformed background.

We will now solve the gravitino equation (4.20) in the undeformed background and ar-
gue that the deformations generated by the Garfinkle-Vachaspati transform do not modify
the solutions. We will also argue that the gravitino modes do not back-react, i.e., their
stress tensor does not change the background solution.

We make the following ansatz,

=0 for M # v, (4.22)
Ve = 0, (4.23)

together with the gauge condition,

r’™Mys, = 0. (4.24)
The gauge condition along with the above ansatz reads,

rews = 0. (4.25)

It is evident that ansatz (4.22) guarantees that the fermionic deformations being con-
structed are of weight 1. We now argue that all terms in equation (4.20) must be of weight
1 or more. This is achieved by looking at all the ways of changing the weight of a term
and concluding that none of them can decrease the weight of a term involving W,. There
are three potential ways to decrease the weight:

— Multiplying with other background fields: all fields in the original background, be it
the metric or the form field, are of weight > 0. Thus multiplying the gravitino by these
fields can only increase the weight.

— Acting with u-derivatives: the metric, 3-form field and the gravitino (by ansatz) are
all independent of u coordinate. Hence u derivatives cannot reduce the weight.

— Acting with I'V: T annihilates the field ¥, cf. (4.25). Hence terms of the form I'V¥,,

FMNP

cannot reduce the weight of a term. In expanding the antisymmetric , we may find

- 292 —



other gamma matrices sandwiched between I'V and W¢. Such a I'” can be shifted next to the
gravitino. The additional terms obtained by the use of the Clifford identity do not decrease
the weight. For instance, we might have a term I''T'M¥, = —T'M1Q, + 2G°My¥, =
2G"M¥,,. The inverse metric is such that G*™ #£ 0 only for M = w« and this does not
decrease the weight.

In then follows that the choice M = u, N = i, and P = v in (4.20) gives the only
non-trivial equation,

. 1 _ N
puiv (& + Jwia BFAB)xIJg“ — DT wl = o, (4.26)

This is a weight 1 equation.

The contravariant v index carries with it the total weight of the equation and hence
terms in the background fields with weight > 0 do not contribute. Thus, the weight 0
vielbeins (3.55)—(3.57) and the corresponding spin connection coefficients (3.58)—(3.60) can
be used. Furthermore, the form field can be truncated to Fég) = “(e3 + xp€3) to only
capture its weight 0 components.

Using Clifford identity, we see that
Fuiv — _Gviru + Guvri, (427)
in which the truncated metric ensures the presence of the second term alone. Similarly,

q"T, = G*NGYPHY, pT, (4.28)

= G"G"™H}, T (4.29)

Choosing the transverse coordinates to be the Gibbons-Hawking coordinates i =

(r,0,¢,2%), and dropping an overall factor of G¥ = 2, we set out to expand the fol-
lowing equation:

. 1 - N
ri (ai + S ABFAB) WO 4 TG Hy gy T g 02 = 0. (4.30)

,Ll}l
o w2
noted that our choice of vielbeins implies I'" = T° + I'" and this translates the gauge
condition (4.25) to

The only non-zero form field components are H'% = [urv — . In section 3.2 it was

rortee =g = g, (4.31)

We separately look at the terms corresponding to each of the transverse coordinates
starting with ¢ = r:

1 - L
" (ar + §Wr01F01> WO 4 TG Hy o T 5 07 (4.32)

Since I3 = e:])’WFM = eI we have I'" = r1/2¢_1/2f3. With these, we obtain,

7,1/21/]71/21?3 (& + le:i/ _ ;qifﬂ) v, (4.33)
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The gravitino ¥ being a six-dimensional left chiral Weyl spinor satisfies the following
chirality conditions, cf. (3.67),

I3y, = -1y, (4.34)
%y, = -y, (4.35)
v, = +I%y,,. (4.36)
These chirality conditions are used as and when needed. The terms contributing to i =
4
x* are
1 ~ 1 ~
r' (8904 + 5%42;23 + 2w$445f45> T,. (4.37)
Replacing T*" = (1) ~1/2(I'2 — cot 1) and simplifying the spin connection terms we
obtain,
- - - w/ ~4 w/
(rp) V22 — cot 0T°)D,a Uy, 4 /27 1/2 F3@ 4 cot §— 10 (4.38)
The i = 0 terms give,
0 Looomos L =3y
TV 0y + §w9251“ + §w9341“ v,. (4.39)

The relation T? = (r))~1/2I'4 helps to bring the above terms to the form,
. - /
(rg)) V2T 40 W, + /2= 12T ( fw> v, (4.40)

Finally, contributions from ¢ = ¢ give a derivative term and the four spin connection
coeflicients wyas, Wh24, Wess and wgas. We make use of the relation I = (rw)*lﬂ(sin 0)~11°
to get

{((Tw) 1/2in 9~ 1F5)3 /2y~ 1/2(T4cot0ww—|—f‘3 + 3;@) —(ry)” 1/200t9f4}\11

(4.41)
Putting together all the above contributions, we end up with an equation that we want
to solve,

rl/2g=1/2 3 (& + QZ + % - ;ﬁ ) ((Tw)’”z(sin 9)’1f5) Oy

+(rip) Y2 (T2 = cot OT°)D,a W, + (rop) /2T (89 + % cot 6) U, = 0. (4.42)

Solutions to this equation were qualitatively predicted in [12] from the zero-mode consid-
erations. The solutions should have no momentum along the z# direction and m = +1/2
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units of momentum along the ¢ direction. Incorporating these eigenvalues, the partial
differential equation simplifies to,

P1/2)=1/2]8 <8 n Y 1Wf1> o
T 17/} 2 w v

~ ~yms g 1
+ (r) 1214 [z'm(sin 0) "' T 4+ T3 + (ag + 5 cot 9) v, = 0. (4.43)

This form enables us to achieve a separation of variables. We choose a convenient
gamma matrix representation indicated in (3.71)—(3.73). Choosing either projection con-
dition I''¥,, = £, the equation involving r (with a zero separation constant) becomes,

/ 1 w/
O+ —F -— |R(r) =0, 4.44
Sy R (449
with solutions, R(r) = 4 (r)~%/? or R(r) = ¢(r)~3/2. Thus, we have
Uy =~ n(,0,6)  for  Thy=-n, (4.45)
U, =~ Y2(0,0,¢) for I (4.46)

The equation that fixes the 6-dependence becomes,

9 + %cot 0 —m(sin ) 'o® — i02] n(v,0,6) = 0. (4.47)

A simple calculation tells us that the two possible solutions are
cos (0/2)
—sin (0/2)

sin (0/2)
cos (0/2)

n(v,0,¢) = h(v) '/? ( ) for m =1/2, (4.48)

n(v,0,¢) = h(v) e/ ( ) for m = —1/2. (4.49)

Having no constraint imposed on the v dependence, h(v) is an arbitrary periodic function
of the v coordinate. The spinorial properties of ¥, are completely captured by n making
it both an SO(5,1) spinor as well as an SO(5) spinor.

How do these solutions behave in non-singular coordinates given in (3.99), (3.100),
and (3.103)7 The gravitino configuration with fln = 7 behaves as,

9/4
a”)xm: 167, L wanw(v).6,6)  (4.50)

_ =12 _ ([ ZY
\I/V w U(U, 9, ¢) <8V (647,8 o j2)1/2 ﬁ

and the gravitino configuration with fln = —n behaves as,

11/4
‘9”) vo= 67, VWA (V),0,6).  (4.51)

_ ,—3/2 Y —_—_—
Uy =1 77(’0707 ¢) - <av 64T8 _ j2)1/2
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However, we cannot comment the smoothness of the gravitino field by looking at these ex-
pressions. The gravitino field was computed using vielbeins (3.26)-(3.31). These vielbeins
are singular in the non-singular coordinates.

To see this, let us write vielbeins (3.26)—(3.31) in the new coordinates. They take

the form,
et =l +e! = B (4.52)
' (64r3 — J2)1/2 V' ‘
1 B . 2
e i=el — el = RS <r0 1/2(]21/1/2 — 96?"(5)/21/1/2 + 87’0> 1%
(6473 — J2)Y/ 4
(6413 — J2)1/2 ) AW
0 = (—vW2U + —
+ 27"0 + w
+ J(4ro) M1 + 4/roVIW?)(dz* + cos 0 do), (4.53)
and
J d
e? = V7o NYE di* + cos 0 do + #—V ) (4.54)
(1+4/roVIV2) (6473 — J2)1/2 V
2,/To dw  dv
P = — 4 = 4.55
N TR T <W + 2v>’ (4.5)
et = Vo de, (4.56)
(14 4,/rgVW?2)1/2
e = Vo sin @ de. (4.57)

(1 +4/rVIW?2)1/2

Note that e, e, 2, e? are singular at V = 0. The metric in non-singular coordinates can
be expressed as

ds? = ete” + (e2)? + ()2 + (e!)? + (7). (4.58)

A non-singular set of vielbeins can be obtained by a sequence of Lorentz transforma-

tions: first,
et =ae, e = éef, e2 = ¢, et =e?, (4.59)
then,
et =et, & =eé —2p8e° — pZet, & =é% & = e+ pet, (4.60)
and finally,
et =et, e =¢& —2ye? — A%t &2 =% + et e =éd, (4.61)
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where

(6ar — T2

a=-———"20 "'y (4.62)
47’8’/2
1
— 4.63
& 2V (1 4 4,/rVIW?2)3/2’ (4.63)
v=— J (4.64)

2V (1 + 4/roVW2)1/2(64r3 — j2)1/2'

3

The new vielbeins éT,é7, &2, & are all regular and a direct calculation shows that in the

non-singular coordinates
ds® = &' + (&%) + (&) + (¢) + (@)%, (4.65)

The /3 and ~ transformations are examples of null rotations of e~ about et [34].
These local Lorentz transformations act on the gravitino field. As shown in appendix B

the combined action is simply
1

Uy =y = —=Uy. 4.66
v ="y =2ty (4.66)
For the gravitino configuration with fln = —n, we have
7/2
~ 128
by = L Wn(u(V), 0, 9). (4.67)

(6473 — J2)3/4

This field is well behaved at the horizon, though it does not vanish at the horizon. We can
make it vanish by doing a local supersymmetry transformation with a parameter propor-
tional to

. Vv
w3 /0 n(v(V'),0,¢)dV’. (4.68)

The second solution to the fermionic deformation equation with fln =, cf. (4.46), is
singular,
1 32r3W 1
Ly, ooV 1,
Ve (6473 — J2)3/4 V

Hence, it is not an allowed deformation.

Uy = Uy = (w(V), 6, ¢). (4.69)

In the new coordinate system and the new Lorentz frame, the Killing spinors behaves as

47“0

— W, 4.70
(64rf — J2)1/4 (.70

and hence are well defined at the horizon.

Let us now count the independent left-moving smooth gravitino modes. To begin with
U is a 32 component complex spinor. The chirality condition ensures that only 16 of the
32 components are independent. The symplectic Majorana reality condition reduces the
number to 16 real components. The gauge condition fmn = 1 and the eigenvalue equation
fln = 41 brings it down to 8 components (4 with fln = 7 and 4 with fln = —n). We
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saw that the fln = 7 solutions are singular at the horizon. Hence, we have only four
independent left-moving gravitino modes [12, 13].

These modes go to zero in the near-horizon limit as $%/2, and hence are genuine
hair modes.

It may seem that since the above solutions are obtained using the linearised gravitino
equation, they may not be solutions when possible non-linear terms are included in the
gravitino equation. This is not the case. These solutions remain solutions even after taking
into account possible non-linearities. This is because, the gravitino equation will remain a
weight 1 equation. The non-linear terms will necessarily of be weight 2 or more and hence
they will not contribute to the weight 1 equation.

The deformation generated by the Garfinkle-Vachaspati transform also does not change
the gravitino solutions. This also follows from weight considerations. The minimum weight
at which the Garfinkle-Vachaspati deformation term can contribute in the gravitino equa-
tion is 3, since the deformation itself is of weight 2 and gravitino is of weight 1. However,
since the gravitino equation is of weight 1, such terms cannot contribute to the gravitino
equation.

Let us now address the back-reaction that the gravitino deformations can produce.
The dilaton equation is weight zero and hence is completely unaffected by the gravitino
deformations. The vv component of Einstein’s equation prima facie can get a contribution
from gravitino bilinears constructed with even number of gamma matrices. However, all
such weight 2 terms vanish by the combination of the ansatz (4.25) and properties of the
spinor fields in six-dimensions.

It remains to comment on the supersymmetry of the fermionic deformation modes.
These modes affect two of the Killing spinor equations (2.21) and (2.23). Consider equa-
tion (2.21) with the insertion of an identity matrix: (¢T*)T4 (I'' W);). The projection
condition on € (3.36) implies that € I'! = &. The smoothness analysis picks out the solution
o pm = —Wyy for the gravitino hair mode. These opposite SO(5) projection conditions
guarantee that equation (2.21) is satisfied. We note here that the gravitino solutions with
IR v = Vs are not only singular at the future horizon, but also break supersymmetry,
as equation (2.21) cannot be satisfied.

The fermionic deformations give the weight 1 term €' T W, for equation (2.23). The
SO(5,1) chirality and projection conditions imply f2345\I/U =V, and [2345¢ = . Inserting
(T2T3T4T%)2 = 1 as

T, I (I°I°rr)%v, (4.71)
and moving I’s appropriately we see that contributions to (2.23) vanish. Hence, the
fermionic hair modes preserve the supersymmetry of the original background.

5 BMPYV black hole in Taub-NUT space

In this section, we review the BMPV black hole in Taub-NUT space [4, 11]. In section 5.1
coordinates, metric, three-form field strength, and near-horizon geometry are presented. In
section 5.2 Killing spinors are constructed. In section 5.3 a set of coordinates is presented
in which the black hole metric is smooth at the future horizon.
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5.1 Metric and form field

The four dimensional Taub-NUT space in Gibbons-Hawking coordinates is given by

-1
dsty = (4 + i) (dx* + cos Odg)* + (

4 1 2 202 2 2002
2 + )(dr + r°df” + r”sin® dg”). (5.1)

Compared to flat space in Gibbons-Hawking coordinates, the only difference is that %

factors in flat space metric are replaced with (% + %) The z* coordinate labels the circle
4

S! and it is periodic with size 2w R4. Introducing the one form

- J[(4 1
(= -3 <R?L + 7") (dz* + cos 0dp), (5.2)

the six-dimensional metric of the BMPV black hole in Taub-NUT space takes the form,
ds? = ¢~ (r)[dudv + ((r) — 1)dv? — 2(dv] + ¥ (r)dsry. (5.3)
The field strength F'®) supporting this solution is self-dual,

FO =2 g+ wgeq) + -7 (r)do )| (5.4)
As with the BMPV black hole, the dilaton is set to its asymptotic value e® = \.

Recall the set of coordinates (p, ) introduced in (3.22) for obtaining the near-horizon
geometry by taking the 8 — 0 limit. The near-horizon limit for the BMPV black hole in
Taub-NUT space coincides with that obtained for the BMPV black hole in flat space (3.23).
The form field strength F®) in the near-horizon limit also matches with (3.25).

A set of vielbeins can be introduced as was done in (3.26)—(3.31) with ¢ replaced with
Z and with appropriate factors of

4 1
0= (+7) (5.5
inserted. They are

¥ =y~ (r)(dt + O, (5.6)
et = (dv =y ()t + Q). (5.7)
e = M2 V2 (da? + cos 0dg), (5.8)
e = 1!}1/2(7“) X1/2 dr, (5.9)
et =P 2(r) X2 rdd, (5.10)
e = 2 (r)x"?r sinfdé. (5.11)

Metric (5.3) and three-form field (5.4) can accordingly be expressed in terms of viel-
beins (5.6)—(5.11) analogous to equations (3.32) and (3.33).
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5.2 Killing spinors

The following construction of Killing spinors closely parallels the discussion in section 3.2.
We again demand the projection conditions I'Ve = (fo + fl)ﬁ =0 and I'le = €. These
conditions simplify the Killing spinor equation to equation (3.37). We analyse this equation
for different values of M.
Setting M = v we get a weight 1 equation. Taking € to be v independent, we get

1 - 1
Z(,uqJABFABe - ZHQ}NPFNPe =0. (5.12)

This equation only receives contributions from weight 0 and weight 1 fields. A set of
vielbeins for the simplified metric with only weight 0 and weight 1 terms takes the form,

e = %(dv — ¢~ (du — 20)), el = %(dv + 7 (du — 20)), (5.13)
e? = wl/QX_l/Q (d:c4 + cos 0do), e = ¢1/2X1/2 dr, (5.14)
et = 22 ras, ¢® = YV M2 psin 0. (5.15)

As in the case of flat space, the above choice of vielbeins is such that e® + e! = dv. We
also note that e — e! = ¢~ (du — 2¢). Using these vielbeins, we find the spin connection
coefficients wy;AP. The non-zero w,4p components are

1y J
Wy03 = — Wyl13 = 41/:§/QX 1/2, Wy23 = — Wya5 = —W (516)

From these expressions, we have,

~ ~ 1 7 J 4
Wl + w3 = 1722}2 r+ Zx(f‘x "4+ cosHT |, (5.17)
and _ _
wvggf + wv45F = —m (Fz " 4+ cos6T T) + WF X (518)
The contributing field strength components ﬁvl Np are,
= 1y _ Jcos®  Jcos6
H =--= L= R
4y Hyrg 1620 16 2% (5.19)
_ Jsin _ J J e .
gL =227 T Y 7Y
v 169 X5 Hyp 16129 + 16 2 X:
Plugging in these expressions, we see that the v equation, cf. (5.12), is satisfied.
Setting M = w in (3.37) we get,
1 703 13 1~ 1 vr
Oy + §(wu03F + wy13l ) — iHuW‘F e=0. (5.20)
The relevant w, 4 p coefficients are wy03 = wy13 = —i wf;z X_l/ 2. This implies that wu03f03+

wu13f13 = —i;ﬁ—;f‘w. Using I'"" = —I""T"Y and taking the Killing spinor to be u independent
we see that equation (5.20) is satisfied.
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The other four equations are all of weight 0. A convenient choice of weight 0 truncated
vielbeins is,

= %(dv — ¢~ du), el = 1(dv + 1~ tdu), (5.21)
e? = 2712 (dxt + cos 0 do), el = ¢1/2 2 qr, (5.22)
el = ¢1/2X1/2 rdf, ed = 1/)1/2)(1/2 rsin @ do. (5.23)

The spin connection coefficients w; A8 that arise from these are

' L
_ X = — .24
Wt = 5 wo2s = 5 X (5.24)
4 Iy 4 m// 1 (0 !
we34 = _<R421 *) 21/} Wya23 = 2 52X 4+ — 21/} (5.25)
1 _ 1 _ v
Wetds = 5 5X 2 We23 = (27“2X 24 @X 1) cosd (5.26)
1. 12 2
- _ ) == 0 (5.27
We24 2rX sin Weds <2 + R42X + TR42X ) cosf ( )
1 1/)’ o\ .
Wz = —< 21/} R2X ) sin 6. (5.28)
Accordingly, for the radial equation we get,
1 ~
<8r + iwrmr‘“ — QH;WFW> =0. (5.29)
Using I'Ye = —21)¢, this equation simplifies to
/
(a + 1@) =0. (5.30)

We see that this is exactly the r component of the equation we obtained for the
BMPYV black hole in section 3.2. A complete analysis shows that all the other equations
also coincide with those obtained for the BMPYV black hole — we once again get equa-
tions (3.68), (3.69) and (3.70), independent of the additional factors of x. Thus, Taub-NUT
space has no effect on the solutions of the Killing spinor equation.

5.3 Smooth coordinates near the future horizon

Let us start with the non-rotating BMPV black hole in Taub-NUT space. In the no rotation
limit, the metric simplifies to,

ds? = ¢~ Hdudv + Kdv?) + ¢ dshy, (5.31)

where as before,
¢=1+7;0, sz_lzr—o_ (5.32)
r r
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The difference between the above metric and the non-rotating BMPV metric comes only
from the replacement of the four-dimensional base from flat space to Taub-NUT space.

In the r — 0 limit, Taub-NUT space becomes flat space, hence even this difference
disappears in this limit. Thus, as a first guess it is natural to try the same coordinates
as for the non-rotating BMPV black hole, i.e., equations (3.82)—(3.84). When we do this
transformation, we find that all terms except for the coefficient of dV? term are smooth in
the V' — 0 limit. The dV? term has a singularity of the form,

167"5/2VV2
RQV

This singular term, however, can be easily removed by adjusting the coefficient of the

ds* = dV? 4 non-singular terms. (5.33)

In (—‘/?FO) term in the u transformation (3.84). With the transformation,

v~ gt -2 (1 22) 1 (42), 30

the resulting metric is smooth in the V' — 0 limit. The resulting metric is not particularly
illuminating, so we do not present it in full detail. In the V' — 0 limit, it takes the form,

32r2(8ro + 3R2)W* . 16(4r)? + 3r3 2 RO)W

- dvdw
R} R

ds® = 4roW2dUdV +

W2 "0 W2 4 4o dQ2 (5.35)

This metric is locally AdSs x S3. We verify this by computing the Ricci tensor and then
taking the V' — 0 limit. For the three-form field strength in new coordinates, we get the
same expression as (3.89):

F® = XO [sinf dz* A df A de + AWdW AdV AdU] . (5.36)

In the V' — 0 limit, F®) is well behaved (in fact independent of V). One can also easily
check the self-duality property of F®).

For the rotating black hole, metric can also be written in the form:
J

ds? =7t <dudv + Kdv? + = n

<1 + ;2> (dz* + cos 0 do) d ) + hdsy. (5.37)

In order to introduce smooth coordinates in the near-horizon region we proceed in steps
parallel to section 3.3. First, we shift 2 coordinate as

~ J
=3 - o, (5.38)
8rg

so that the cross term between dv and (dz*+cos 0d¢) has a zero at r = 0. The transformed
metric takes the form,

4 1\' J? 4 1\ J?
ds® =~ |dudv + | K 2 = dv?
=Y [“U+< +<R2+> 6ard’ (R4+r>32rg v

4 INJ (4  INT L\,
— ) (S ) = d 0 do)d
+<<Ri+r>4 <R§+r) 4T8¢>(x+cos @) dv

~2
+ 1/) dSTN7 (539)
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where now,

~ 4 1\ 4 1
dsQTN = (2 + ) (dz* + cos 6 do)? + <2 + ) (dr? + r2d6? + r%sin” 6 dp?). (5.40)
Ry r Ry r

The shift (5.38) changes the identification under z° = 2° + 2w R5. The new identification
takes the form (3.94). Next, we carry out a rescaling,

~ N\ 1/2 ~ N\ —1/2
2 2
u = 1—J— u, v= 1—J— v, (5.41)
647"8’ 647“3

so that the coefficient of the dv? term in the metric remains unity as r — 0, as in the
non-rotating case. In order to carry out this rescaling we must have,

J? < 64rd. (5.42)

The rescaling gives,

~, ~ ~ —1
4 1\ 2 4 1\ J? J?
ds> =t |du dv+ | K + [ = + = e e e 1 R el LA
SEv | ”+< +<R§+r) 6ara " <R§+r>32rgr 603 )

~ o~ ~ N\ —1/2
4 1\J 4 1N ‘tJT o, J? 4 _
)i (S42) 5 [ d 0 dg)d
+<(R§+r> 1 <R§+r> 4r(2]¢> ( 64r3> (427 + cosf dg) dv

~2
+1p dsty;, (5.43)

In this metric the coefficient of du dv term and the coefficients of the Taub-NUT coor-
dinates (r, 2%, 6, ) are the same as for the non-rotating BMPV black hole. Moreover, in the
7 — 0 limit, the coefficients of the dv* and (dz?+cos d¢) dv terms have the same numerical
values as for the non-rotating BMPV black hole. Thus, as a first guess it is natural to try
to the same coordinates as for the non-rotating black hole, i.e., equations (3.99)—(3.101).
However, as in the previous cases, when we do this transformation, we find that all terms
are smooth in the ¥V — 0 limit except for the coefficient of dV? term. The dV? term has a
singularity of the form,

= ~ \ -1
J? 6r J? dV2
2__ 7 [q_200 4 2 .
ds” = g3/2 (1 RZ) (1 647"8’) w = + non-singular terms. (5.44)

0
This singular term can easily be removed by adjusting the coefficient of the In (—@)

term in u transformation (3.101). With the transformation,

~ ~ -1
_ 1 27 J? J? 670 N
U+ —— 2/ [ 1+ 22 )+ (1 =] (1-222) | m(-X2
=Vt Svmn T°< +R§>+32r5/2< 6473 rRZ)| V)
0

(5.45)
the resulting metric is smooth in the V' — 0 limit. The resulting metric is not particularly
illuminating, so we do not present those details.
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The three-form field strength in the new coordinates is also non-singular. It takes
the form,

FO® = %0 !sin0d§4Ad9/\d¢+4WdWAdV/\dU

i, 2\
— 1= WdW AdV A (dz* 6 d
- ( 647’8’) V A (dz” + cos 6 do)
~ ~ —1/2
J J2 / 5 .
1= == W= sin@dV ANdO Ado| . (5.46)
2ro 64ry

It can be confirmed that expression (5.46) is self-dual.

6 Deformations of the BMPV black hole in Taub-NUT space

In this section, we study deformations of the BMPV black hole in Taub-NUT space. A class
of these deformations is generated by Garfinkle-Vachaspati transform. These are studied
in section 6.1. Taub-NUT space admits a self-dual harmonic form. A class of deformations
is generated by anti-self-dual form fields using this self-dual two-form. These are studied in
section 6.2. Finally, a class of fermionic deformations of the type discussed for the BMPV
black hole can also be added to the BMPV black hole in Taub-NUT space. These are
studied in section 6.3.

6.1 Bosonic deformations generated by Garfinkle-Vachaspati transform

The bosonic deformations generated by the Garfinkle-Vachaspati transform take the form,
ds* = () [dudv + (P(r) — 1+ ’f(v,:c4,r, 0,¢))dv* — div] + 9 (r) dsty, (6.1)

where now the condition is that TV(U, z*,r, 0, ¢) is a harmonic function on four-dimensional
Taub-NUT space. For an z* independent function, the condition simply reduces to the
function T being harmonic on three-dimensional transverse space R? spanned by (r,6, ¢).
As in the BMPV case, requiring the deformation to be regular at the origin and at infinity
and dropping terms that can be removed by coordinate transformations, we can choose

~ . 27 R5
T(0,7) = gi(v) o', /O gi(w) dv =0, (6.2)

where y are cartesian coordinates on R? and g;(v) are three arbitrary functions of v apart
from the restriction that their integral over dv is zero (this eliminates the constant terms
in the Fourier series of g;(v)). The metric is not manifestly asymptotically flat, but using
a standard set of coordinate transformations, it can be brought into a manifestly asymp-
totically flat form.

In the p, 7, v near-horizon coordinates, these bosonic deformations scale as 42 in the
B — 0limit. To characterise these deformations into smooth hair modes or not, we now turn

~ 34—



to their smoothness analysis. The smoothness analysis below generalises the corresponding
discussion of [13] to rotating black holes.
The deformation adds the following extra term to the metric,

5(ds?) = o~ T(v, ) dv? = ¥ gy(v) ' do? = 1 gi(v) ' do?, (6.3)

where n’ = 3% /|y| in the three-dimensional unit vector. The SO(3) unit vector n’ only de-
pends on the angular coordinates. Let us first set J = 0. For the non-rotating BMPV black
hole in Taub-NUT space, a non-singular set of coordinates are (3.82), (3.83), and (5.34).
In these coordinates, the extra term takes the form,

§(ds?) = 1615 n' g;(v) W1 + 4y/roW?V) L av2. (6.4)

As V — 0, v coordinate changes rapidly from a finite value to infinity. As a result, g;(v),
although finite at the horizon, oscillate rapidly as V' — 0. We want to get rid of these
rapid oscillations. We can ensure that dGyy vanishes by a shift in the U coordinate

U=U-H(V,W,0,¢), (6.5)
with
V .
H(V,W,0,¢) = 4r2W?> / (1 + 4/roW2 V) Il g (v (V') dV". (6.6)
0

The shift generates additional terms in the metric,
—4roW20w H(V, W, 0, 0)dVdW — 4rogW?20p, H(V, W, 0, ¢)d0"dV (6.7)

where 0 collectively denotes 6, ¢. These additional terms all vanish in the V' — 0 limit.
The resulting metric is smooth at V' = 0; however, V derivatives of the function H are
not. Specifically, although Oy H is finite at V' = 0, 93 H diverges at V = 0. These
divergences, however, do not appear in the Riemann tensor components. It can be seen by
an explicit calculation. It can also be argued using weight considerations. The divergent
terms necessarily have weight 3: 8‘2/GWV,0‘2/GV9i. Whereas covariant Riemann tensor
components are of at most weight 2. Hence, such divergent terms do not appear in the
Riemann tensor components.

For the rotating BMPV black hole in Taub-NUT, a similar analysis applies. A non-
singular set of coordinates are (3.99), (3.100), (5.38), and (5.45). In these coordinates, the
extra term (6.3) takes the form,

2 1024 6.4 21 \—1, i 2
d(ds®) = ———=rogW (1 +4y/roW=V) " "n'g;(v) dV~. (6.8)
6473 — J?
As V — 0, v coordinate changes rapidly from a finite value to infinity. Once again, we can
ensure that 0Gyy vanishes by a shift in the U coordinate

U=U-HV,W.0,0), (6.9)
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with

- 25672 \4 A
H(V,W,0,¢) = %WQ/ (14 4y/roV'W)  Inigi(v(V'))dV'. (6.10)
64r3 — J2 0
The shift generates
—4rgW20w H(V, W, 0, ¢)dV dW — 4rqW 20, H(V, W, 0, $)dV d6’ (6.11)

where 6 collectively denotes #,¢. These additional terms once again all vanish in the
V' — 0 limit. The resulting metric is smooth at V' = 0; however, V derivatives of the
function H are not. Specifically, 8‘2/1?[ diverges at V = 0. These divergences, however, do
not appear in the Riemann tensor components.

Thus, we see that the three functions g;(v) generate smooth deformations of the BMPV
black hole in Taub-NUT. The modes are supported entirely outside the horizon. They are
genuine hair modes.

6.2 Two-form field deformations
Taub-NUT space has a self-dual harmonic two-form (with convention €,4,94 = +1),

2

(47 RQ)

sinf do A do + dr A (dz* + cos 6 do). (6.12)

.
WTN = —
N 4 R?

Using this two form, a six-dimensional anti-self-dual three-form can be constructed by

simply
h® (’U) dv A\ wrN (613)

where h®(v) is an arbitrary function of v for 1 < s < n;. Since in the (2,0) theory under
consideration, there are n; tensor multiplets, there are n; such deformations. Such a term
can be taken to be the source for deformation in the tensor-multiplet sector, with

dH® = h®(v) dv A wrN. (6.14)

Taking the deformation of this form, bosonic equation (2.4) continues to be satisfied
with the self-dual three-form supporting Taub-NUT black hole (5.4). Equation (2.3) is
satisfied with metric deformed by

ds? = 1 (r)[dudv + (¥(r) — 1 + S(v,7))dv? — 2Cdv] + ¥(r) dsiy, (6.15)

with function S(v,r) satisfying

~ R? ~ SR} 5
VANS(v,7) = pray (r 925 (v, r) +28r.5’(v,r)> = 4r+.;12 (Zh
4 s=1

(6.16)
where V%N is the Taub-NUT Laplacian. A solution for the function S can be taken to be,

S(v,r)=— R4 47“—|—R4 (Zhs he( > (6.17)

s=1
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The function S (v,7) does not vanish at infinity, so once again the deformed metric
does not look manifestly asymptotically flat. However, this can be readily fixed by shifting

u—=u+ —5 / (Z h?(v")R*( ) dv’. (6.18)

The anti-self-dual form fields 6 H® in the near-horizon limit (3.22) scale as § and the
metric deformation term 1 ~1(r)S(v,7) scales as 2. Since these terms vanish in the near-

u coordinate as,

horizon 8 — 0 limit, they are potential hair modes.

How the supersymmetry properties are affected due to these deformations? We note
that the Killing spinor equations with the anti-self-dual form fields turned on are (2.22)
and (2.24). An anti-self-dual form field deformation enters directly in equation (2.24) and
in equation (2.22) through the weight 2 term added to the metric. As we also argued in
section 4.1, a weight 2 term in the metric does not alter the Killing spinor analysis for
equation (2.22). The anti-self-dual form field deformation being weight 1, necessarily come
as [V Hy, e in equation (2.24). All such terms vanish due to the projection condition
I'e = 0 for € used in section 5.2. Thus, the anti-self-dual form field deformations preserve
the supersymmetry properties of the original background.

To check whether the deformation is smooth or not at the future horizon, we follow the
same procedure as before. We write the deformed solution in smooth coordinates of the
background spacetime and check whether the deformation is well behaved or not. If not,
then we perform coordinate transformations to make the deformation well behaved and
check for the Riemann tensor and matter field strength components. If the metric, matter
field strength, and Riemann tensor components all turn out to be smooth, we declare that
the deformation is smooth.

The deformed anti-self-dual three-form field in the new coordinates near V' = 0 be-
haves as

e ~ 32rg/2hs(v)

~ ~—dV A (—=W? sinf dd A dp + 2W dW A (dz* 4 cos 6 dp)) . (6.19
R3(64r3 — J2)1/2 ( ( ). (619)

This tensor is clearly smooth near the horizon V' = 0. The functions h*(v) depend on the
v coordinate that changes from a finite value to infinity at the horizon. As a result, h*(v),
although finite at the horizon, oscillate rapidly as V' — 0. Since we do not need to take
further derivatives on this function, this is not a concern.

The deformation term in the metric in the new coordinates becomes,

§ (ds?) = ¢~ (r)S(v,r))dv? = A7) (Z he (v)h* ( )dv (6.20)

R4 (4r + R4 =
Tt
= -8 (Z h*(v)h*
s=1

As V — 0, v coordinate changes from a finite value to infinity. As a result, h*(v) oscillate

51218 Wi(64r3 — J2)1

v 37 dv?.  (6.21)
R3(R3(14 4\/roVW?2) — 161y “VIW?2)

rapidly as V' — 0. We can ensure that Gy vanishes by a shift in the U coordinate
U=U—F(V,W), (6.22)
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with

1024 2,.5 \%4 nops AN ’
F(V,IW)=— 20 I;V o / Lz M(0(V) (”(‘3//2)) dv'.  (6.23)
R3(64r3 — J2) Jo  (R2(1+ 4/rgV'IW2) — 1602 2Viv2)

The shift generates an additional term in the metric,
—4r W20y F(V, W)dWdV. (6.24)

This additional term vanishes in the V' — 0 limit. The resulting metric is thus smooth near
V' = 0; however, the V derivatives of the function F' are not. Specifically, (9‘2,F diverges
at V = 0. These divergences, however, do not appear in the Riemann tensor components:
the divergent terms are of weight 3. The change of coordinate (6.22) does not affect the
three-form (6.19).

Thus, for each tensor multiplet, there is a smooth deformation parameterised by an
arbitrary function h*(v).

6.3 Fermionic deformations

The construction of fermionic deformations closely follows the logic of section 4.2. We again
use the ansatz and gauge condition (4.25) and by similar arguments utilizing the concept of
weight, arrive at the weight 1 equation (4.30) to be solved in the Taub-NUT background.
Since W, is already weight 1, we only need weight 0 contributions from the other fields.
The appropriate weight 0 truncated vielbeins are given in equations (5.21)—(5.23) and the
non-zero spin connection coefficients are given in (5.24)—(5.28). Substituting these into the
gravitino equation (4.30), with the function x(r) defined in (5.5), we get,

/ / —1/2
—1/273 ﬂ 1 _ lﬂ"l (¥x) 5
(@Z)X) r <ar + b , 29 v, + rsind r 8¢\I/U

~ ~ -1/2 _ 1
_‘_w_l/QXl/Q <F2 — 7(:01; 9F5> 8$4\Ijv + %1—4 (ae + 5 cot 9) \Ijv = 0. (625)

X r

As was the case in flat space, we take fermionic modes to have no momentum along the

x* direction, i.e., 3,4¥, = 0. Then, the common factor of X 1/2

means that the gravitino
equation reduces to the radial and angular equations that result from (4.42). Thus, the
Taub-NUT space does not have any effect on the fermionic deformations obtained earlier.

In the near-horizon limit, these deformations scale as 8%/2 just like their flat space
counterparts.

In section 6.2, we switched on anti-self-dual form fields that could enter the second
gravitino equation (4.21). This is a scalar equation, i.e., weight 0, whereas all the form
field deformations Hgsyyp that were turned on are of weight 1. This means that all the
non-zero components of H*MNP have one u index and no v index. We must have a v index
in order to contract with W,. Since this is not possible, it follows that the second fermionic
equation is identically satisfied. Previously it was noted that the weight 2 terms in the
metric do not affect the fermionic deformation modes. Hence we do not need to worry
about the effect of metric deformations (6.3) or (6.20) on the fermion modes.
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Like their flat space counterparts, these fermionic deformations preserve the supersym-
metry of the original background.

The smoothness analysis also proceeds as in the case of flat space. We begin by looking
at the vielbeins in the smooth coordinates and find that vielbeins (5.6)—(5.11) are singular.
We analyse the non-rotating and rotating cases separately. For non-rotating BMPV black
hole in Taub-NUT,

d
et:=e +el = —\/%7‘/, (6.26)

dv 4rg
e i=el —e¥ = Vi = 12rgW? (1 332> dV — 4\/roVIW?

70
aw, 6.27
W, (627

4rg

-1/2
e? = /1o (1 + 44/1o < ) VW2> (dz* + cos 0 dg) , (6.28)
4

e = 2y E <1+4\F <1 — 4) VW2)1/2<CZVVVV + ;ﬂ‘;) (6.29)

(1+4,/roVIV? R?
1/2
4 VTo 4rg 9
Al s e ( +4,F< 4>VW> do, (6.30)
1/2
= 4 1—-— . 31
e A+ 4V ( +44/1o ( R4>VW) sin @ d¢ (6.31)

Note that e, e, e are singular at V = 0. The metric in non-singular coordinates can be
expressed as

ds* = eTe™ + (€22 + (%) + (e*)? + (€)% (6.32)
A non-singular set of vielbeins can be obtained by a sequence of Lorentz transforma-
tions: first,
1
et = —2VeT, & = —57¢ &3 =e3, (6.33)
and then,
et =et, - =é —2pe —plet, &3 =¢e 4 e, (6.34)
with

B = T 4\1/%VW2)2 <1 + 44/ro < R4> VW2> 1/2. (6.35)

For the rotating black hole in Taub-NUT, the corresponding expressions are much

more cumbersome. We refrain from presenting those details. It suffices to say that in the

2 .3

new coordinates et e, e?, e’ are singular at V = 0. A non-singular set of vielbeins can be

obtained by a sequence of Lorentz transformations, as before: first,

1
et = aet, & =—e, é? = e?, &3 =e3, (6.36)
«
then,
et =et, e =¢é" —2p8e% — Bt &2 =é2, 3=¢3+ e (6.37)
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and finally,

et =e¢t, e =¢ —2ye? — A%, e? =¢? 4 ~et, &3 =e3, (6.38)
where
6473 — jz 1/2
o = —%V, (6.39)
4ry
1 4rg )\ 2
= — 1+4 1—— | VW 6.40
S W AW ( ! WO( Ri) ) ’ (6.40)
J 47 ) 2
= — - 1+4 r(l)VW) . 6.41
7T v 6ans — 7)1 < vro R} (o4

These local Lorentz transformations act on the gravitino field. As shown in appendix B
the combined action is simply,

Ty =0 Ly 128r7” W3n(u(V), 6, 6) (6.42)

v=Vy=—FVy=—"—"—— v(V),0,0). .
Va (6473 — J2)3/4 "

The field is smooth in the V' — 0 limit. This field does not vanish at the horizon. However,

we can make it vanish by doing a local supersymmetry transformation with a parameter

proportional to

;
w3 /0 n(w(V"),0,¢)dV’. (6.43)

7 Hair removed 4d and 5d partition functions

Having obtained the hair modes as solutions to non-linear supergravity equations for both
4d and 5d black holes, we now turn to the discussion of hair removed partition functions.
The hair removed 4d and 5d partition functions themselves are interesting quantities, as
they are expected to be obtainable on the gravity side from the quantum entropy function
formalism [7-9]. In section 7.1, we review the microscopic considerations relevant for
our discussion. In section 7.2, we identify twisted sectors hair modes in ten-dimensional
supergravity description and compute the hair removed 4d and 5d partition functions. In
section 7.3 we show the hair removed 4d and 5d partition functions perfectly match.

7.1 4d and 5d counting formulas

We consider type IIB string theory compactified on M x S! x S! where M is either K3 or
T* and mod out this theory by a Z symmetry generated by 1/N shift along the S' and an
order N transformation g on M. The orbifolding acts in such a way that the final theory
has 16 real supercharges, i.e., N' = 4 supersymmetry in four-dimensions, equivalently (2,0)
supersymmetry in six-dimensions. These models [14-17] are widely studied in the context
of precision counting of black hole microstates [2, 4, 5, 12, 13, 18-27]; and are reviewed
in [6]. Most of our comments below are for M = K3, some comments are for T*.
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We follow the notation and conventions of [6]. We take the radius of S' to be N
and the radius of S! to be 1. In this convention the orbifolded circle S* /Z N has radius
1. The action of the orbifolding group involves translations along the S' by 27 and under
this translation various fields get transformed by a ¢ action. Momentum along the circle
S! is quantised in units of 1/N. Following [5, 6], we consider a single D5 brane wrapped
on M x S', @i Dl-branes wrapped on S', a single KK monopole with negative charge
associated with the circle S! and momentum —n/N along the S' and momentum .J along
S!. Since the D5 brane wraps the four-dimensional manifold M, it also carries a negative
D1 charge given by the Euler character x(M) of M divided by 24 [43]. The net D1 charge
is therefore, @1 — /3, where

1
5= Sx(M). (1)

For such a set-up T-duality invariant charge bilinears are
Q* = 2n/N, P?=2(Q1 - B), Q-P=. (7.2)

Let us denote by dyq(n, @1, J) the helicity trace index for the four-dimensional black
hole carrying charges (n, @1, J). The four-dimensional partition function is defined as

Z4a(5,5,0) = Y (=1)""dya(n, Qu, J) exp2ri{(Q1 — B)/NG + np+ Jo}].  (7.3)
n,Q1,J

In the region of the moduli space where the type IIB string coupling is small, the result
for dyq(n,Q1,J) for the models we consider is

1 o N2 ~ e
dga(n,@Q1,J) = (—1)Q'PJrl N /Cd,o d5 dv e~ TINPQ?+FP? /N+20Q-P) Zya(p,o,0), (7.4)

with

o~ 1
25 = 5 (7.5)
where details on the contour C and an explicit expression for 5(,5, 0,v) are given in equations
(5.1.4) and (5.1.5) of [6].

The index dyq(n,Q1,J) of 1/4-BPS states in the four dimensional theory was ob-
tained [2, 18, 20] by placing the five dimensional D1-D5 system in the background of an St
Kaluza-Klein monopole [4]. To obtain the index for the five-dimensional system, we simply

need to [27],°

e remove from the index of the four dimensional system the contribution of the Kaluza-
Klein monopole,

e remove the contribution of the supersymmetric quantum mechanics that binds the
D1-D5 system to the Kaluza-Klein monopole,

e and multiply with the contribution of fermion zero modes present in the five dimen-
sional system.

SWe thank Nabamita Banerjee to very helpful discussion on these issues.
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This procedure gives us a 5d partition function, ng(ﬁ, o,v). However, this is not the
final answer. There is an additional subtlety [44-46]. The 5d electric charges measured
at infinity differ from the charges measured at the horizon. This difference arises due to
the inclusion of higher derivative Chern-Simons coupling in the 5d action. In our context,
this effect amounts to producing a shift of §2 units in the left momentum charge along the
S!, where ¢y is the second Chern class for the compactification manifold M x S! x S'. In
the unorbifolded theory with M = K3, ¢9 is 24 and hence this effect produces a shift of
the S momentum by one unit. It implies that if the 5d black hole carries —n/N units of
momentum in the orbifolded theory then the corresponding 4d black hole carries —(n—1)/N
units of momentum. The 5d partition function is hence defined as

Zsd(p,o,0) = Z (=1)7 T dsq(n, Q1, J) exp[27i{(Q1 — B)/NG + (n — 1)p + Jv}], (7.6)
n,Q1,J

where dsq(n, Q1,J) is the modified helicity trace index for the five-dimensional black hole
carrying charges (n, @1, J). For the definition of modified helicity trace index see [12]. Note
that the coefficient of p'is (n — 1) in the above equation. We conclude that

Zsa(p,&,0) = Zsa(p,5,0) e 27, (7.7)

To compute ng(ﬁ, o,v), we proceed as discussed above. The partition function as-
sociated with the supersymmetric quantum mechanics that describes the D1-D5 center of
mass motion in the KK monopole background is [6],

- (e”ﬁ - 677”;5)72. (7.8)

The additional zero modes present in the five dimensional system contribute [12, 47]

_ (em’i _ e—m‘i)2_ (79)
As a result,
~ ~ o~ o~ i — iU Z4d(157 57:17) 0l —miv\4 f<ﬁ)
Zsa(p,7,0) = (€™ — ¢TI ECD L — (T gmmivyd L 7.10

where 1/ f(p) is the partition function associated with a single Kaluza-Klein monopole. An
expression for f(p) is [6, 21],7

F(p) =M T](1 = e*mitry—m, (7.11)
=1
where
1 N-1 1 N-1 l l
— &N __ L - (1= = 12
C a/ , C 24;“1‘1‘4 2 nlN < N)’ (7 )

"This is equation (5.2.13) of the review [6]. To simplify the presentation (see also e.g. [27]) we have
removed the factor of 16 associated with the degeneracy coming from the fermion zero modes of the KK
monopole in type IIB theory. This is not a mistake. This factor is properly taken into account in the full
partition functions.
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| N | Qoo | Qoa [ Qo2 | Qos | Qoa | Qus | Qus | Qor & [ k+2 ] ni+3 |
1 24 1 12 24
2 24 8 1 8 16
3 24 6 6 1 6 12
4 24 4 8 4 1 ) 10
) 24 4 4 4 4 1 4 8
6 24 2 6 8 6 2 1 4 8
7 24 3 3 3 3 3 3 1 3 6
8 24 2 4 2 8 2 4 2 1 3 6

Table 1. Useful data on Zy orbifolds of K3 x S! x S! for calculating 5d partition function from
4d partition function. Note from the last two columns that 2(k + 2) = ns + 3.

and n; given as

N—-1
ny = Z 6727rils/N QO,S; (713)
s=0

with Qo s being the number of left handed bosons minus fermions weighted by g*, on the
world volume of KK monopole. The number C' represents the momentum quantum number
in units of 1/N of the vacuum of the Kaluza-Klein monopole when all oscillators are in
their ground states.

For the K3/Zn models with N =1,2,3,5,7 (non-composite numbers) (g s for can be
read from [20] and for N = 4,6,8 (composite numbers) they can be read from [26]. These
numbers are summarised in table 1. Substituting these values give the functions f(p) for
different N in simplified form as products of scaled Dedekind n—functions. These products
of n—function are most conveniently described in terms of the associated cycle shape for
orbifolds of K3, which we now briefly discuss following [26].

One associates a cycle shape for orbifolds of K3. A cycle shape is of the form

p=1%202... NN (7.14)

with

> jaj=24. (7.15)
J
They are written in table 2. Given a cycle shape, the function f(p) is given by the eta
product as follows:

N
f@)=1InG . (7.16)

j=1
This is a modular form of a level N subgroup of PSL(2, Z) of weight

1
w:izaj =k +2. (7.17)
J

Thus, for N =1,2,3,5,7,
F() = n(p)*Pn(Np)*+2, (7.18)
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N 1 2 3 4 5 6 7 8
P 124 1828 1636 142244 1454 12223262 1373 12214182
cycle sum | 24 16 12 10 8 8 6 6

Table 2. Cycle shapes for Z, orbifolds of K3 x S x St

N 2 3 4
p 1162—8 193—3 14264—4

Table 3. Frame shapes for Zy orbifolds of T* x S* x S!. Note that Zj ja; = 0. The negative
numbers give eta-quotients for the function f(p).

with o4
k+2= N1 (7.19)
For,
N =4 - F7) = n(p)'n(2p)*n(45)", (7.20)
N=6 k=4 F(3) = n()*n(2)*n(35)*n(67)”, (7.21)
N =38 = F(7) = n(p)n(2p)n(45)n(85)* (7.22)

The number of tensor multiplets n; associated with these compactifications is given by

ne+3=> a;=2(k+2).

J

(7.23)

The fact that Zj ja; = 24 is closely related to the fact that a is 1 for all cases in
table 1. This uniform value of & nicely ties up with the shifted partition function (7.7) as
discussed below.

We note that for N =5 and N = 6 the number of tensor multiplets in six-dimensional
supergravity description are the same, namely n, = 5. In contrast, the functions f(p) are
different. Thus, it is clear that just knowing the number of tensor multiplets is not enough
to fix the function f(p) uniquely. The same is true for N =7 and N = 8 where n; = 3.

For Zy orbifolds of T* x ! x S! the shift in the partition function (7.7) is not there.
Thus,

Z5d(ﬁa o, 5) = Z5d(ﬁv o, 6) (7'24)
This nicely ties up with the fact that Zj jaj = 0 for T* Frame shapes [48]. The Frame
shapes for T*/Zy models for N = 2,3, 4 are shown in table 3 in the D1-D5 frame.

7.2 Hair partition functions

A set of hair of the 5d black hole consists of 12 gravitino
zero modes corresponding to 12 broken supersymmetries. Since the four unbroken super-

5d hair partition functions.

symmetries are left-chiral, eight of the broken supersymmetries are right-chiral and four of
the broken supersymmetries are left-chiral. These zero modes give a contribution to the

partition function of the form (™ — e~™)% [12].
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We found in section 4.2 that there are 4 left-moving gravitino hair modes. These modes
are the uplift of the four left-chiral zero modes mentioned in the previous paragraph. These
modes give additional contribution to the partition function of the black hole hair.

Since these modes are periodic in our six-dimensional supergravity description, these
modes can only carry integer units of momentum along the orbifolded circle S'/Zy. In
particular, these modes do not carry the most general momentum allowed quantised in
units of 1/N. (Say, a mode carries | € Z, integer units of left momentum along the
orbifolded circle S'/Zy, then since —I = +(—Nl), it carries NI units of momentum in our
conventions.) As a result, these modes give a contribution to the hair partition function,

oo
H 27I"LNlp 4 (725)
=1

Combining these two contributions we get

(1 — 2miNIpy4, (7.26)

3

Zhalr('v,af’%/) — (em"ﬁ . efm'ﬁ)ll

=1

For N = 1 this answer is the same as the one given in [13]. The hair removed partition
function Z"(p, 5, v) is

P
Zhor(N’ 5,7) = th(pv ) _ o= 2mip H 27”Nlp (7.27)
s T

4d hair partition functions. In this case, the hair modes include 12 fermion zero
modes. By construction, they are all used in saturating the helicity factors inserted into
the helicity trace. Hence these zero modes simply contribute 1 [12, 13]. Besides these,
there are n; left-moving bosonic modes associated with the 2-form deformations and 3
left-moving bosonic modes associated with the transverse oscillations of the black hole. All
these modes are neutral under the z# translation. Finally, as in the 5d case, there are four
left-moving gravitino modes, also neutral under z*. These four fermionic modes cancel the
contribution from four of the bosonic modes. Since these modes are periodic, they only
carry integer quantised momentum, [ € Z. Thus, their contribution to the hair partition

function is:
TLt+1

o0
255 (p., o) = T (1 - 7)1 (7.28)
I=1
For n; = 21 and N = 1 this answer is the same as the one given in [13]. For N # 1 this
is not the end of the story. There are additional hair modes. They come from the twisted
sectors. A way to incorporate the twisted sectors in supergravity is to analyse the problem
in ten-dimensions.
Let us schematically denote y to be the K3 directions and x to be the remaining six-
dimensions in the unorbifolded theory. Then, in ten-dimensions the RR four-form field
schematically decomposes as [49],

Culz,y) )+ Z ey () Nw(y) + co(x) k3 L(y), (7.29)
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| N [ bo | b1 | b2 [ bs | ba]bs[bs]br]n+3=by+5
119 24

2 [[11]38 16
3766 12
45464 10
53 [4a]4a]4a]4 8
6[[3[2]4]a]4a]2 8
Tl1[3[3]3[3][3]3 6
s[1]2]3]2]4[2[3]2 6

Table 4. Hodge data on Zy orbifolds of K3 x S! x S!. The numbers b, denote the number
of anti-self-dual (1,1) form transforming as g*. We note that number of tensor multiplets in six-
dimensional supergravity description is simply the number of § invariant anti-self-dual (1,1) forms
bo plus 2: ny = by + 2. The plus 2 comes from the self-dual and anti-self-dual decomposition of the
type IIB RR and NS-NS 2-form fields. The ratio of the 4d and 5d partition functions depends on
ny + 3, which is equal to by + 5. This information is listed in the last column.

where w?(y) are the self-dual and anti-self-dual harmonic forms spanning the cohomol-
ogy H?(K3). On the elements on this cohomology, the abelian orbifold group of order N
generated by g acts.

To obtain the six-dimensional supergravity description discussed in the previous sec-
tions only the g—invariant forms were kept. In ten-dimensions, however, a more general
situation is possible, where w?(y) are not g—invariant and accordingly the fields cj(z)
must pick up the opposite phase under the orbifold action. This phase comes because the
orbifold action also involves a shift along the S!. The combined effect ensures that the
ten-dimensional C’4($, y) is g—invariant. These modes give rise to additional hair modes.®
In order to account for their contributions to the partition functions, we want to know
the number of harmonic 2-forms w?(y) transforming as g° for 0 < s < N — 1. From this
information we would know the hair modes that are not neutral under the orbifold action,
but must satisfy the boundary condition

ca (t, 25 +2m 2t r. 0, ¢) = exp |:—27T’L'%:| ca (t, 25, 24 7,0, 0). (7.30)

For the CHL models this information can be read from [17]. This data is summarised
in table 4.

Let us start our discussion for accounting for these modes for N = 2. For N = 2
there are 8 additional hair modes with anti-periodic boundary conditions (for N = 2 only
non-trivial choice in s = 1 in equation (7.30)):

cg(t,x5 + 2w, 2%, 7,0, ¢) = —cg(t,x5,x4,r, 0,0). (7.31)

8Since C’4($,y) in ten-dimension is g—invariant, nothing special is needed to analyse the smoothness
of these modes in ten-dimensions. We expect that the discussion of section 6.2 admits a straightforward
extension to ten-dimensions. We leave the precise details to be worked out in the future.
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Since these modes are anti-periodic along the orbifolded circle S'/Z5, they carry odd
units of momentum —n = —(2k — 1) along in the unorbifolded circle S*. Thus, their
contribution to the partition function to the Zo CHL model is,

ﬁ (1 - e2mitek=17) P e R N GO S (7.32)

k=1
where
q= e (7.33)
Together with the contribution from the periodic modes we get

28 (5,5,0) = (1-¢*) - (1—¢") " (1-¢%) 7" (7.34)

x(1—q)° 8. (1- qg)i8 (11— q5)78 . (7.35)

The hair removed partition function Z1' (5,7, v) is

e~ Zya(p,o,0) 1 o 12 12 6112
Zhor(5,5,7) = —7 L = x (1—gq (1—gq - (1—g¢q
) = ZHEET - =) (=g (=)

x(1—g* (1=¢")° (1=¢°)°... (7.36)

7.3 Matching of the 4d/5d horizon partition functions

From the previous discussion we have, for N =2 f(p) = n(2p)%n(p)®. Thus,

28 et (1 ) (1= ) (1= ) (7.37)
24y
x(1—g) - (1=¢*) " (1=¢")"... (7.38)
— e[ (1 _ q%) - I1 (1 _ ql) - (7.39)
k=1 =1
= 1. (7.40)

The horizon partition functions perfectly match.”

This is not a coincidence. Using information from table 4 and appropriate periodicity
of the modes we see that the hair removed partition functions match in all cases. For
N =1, ny = 21, f(p) = n**(p). This matching was already observed in [13]. Let us then
check for the rest of the values of N, i.e., N =3,4,5,6,7,8 one by one.

The basic ingredients for this check is to note that for a given value of N, the contri-
bution to the 4d hair partition function due to the modes transforming as ¢* is of the form,

[oe)
Z}l’gjgs — H(l _ qlN—S)_(bs+553,U) , s=0,1,---N—1, (7'41)
=1

°In reference [12] the small black hole contributions to the partition functions were also considered.
Following [13], we ignore this complication in this paper.
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with the full 4d hair partition function given by the product,

Zhair — H zZ@y (7.42)

Also it is useful to keep in mind the identity,

n(Np) = ¢"/* ﬁ(l —q") . (7.43)
=1

Case of N = 3. For this case f(p) = n(p)°n(3p)%. From table 4 we see there are six
modes that satisfy

-
cg(t,:v‘r’ +2m, a0, @) = exp [_gz] Cg(t,x5,x4,r, 0,9), (7.44)

and six modes that satisfy

Ao
) (t, 2 + 2m, 2% 7,0, ¢) = exp [_gz] cJ(t, x5, xh 7,0, ). (7.45)

The ratio of the 5d and 4d partition functions is therefore,

2 e (1) (1) (1)
Z3d"
x(1=q) S (1—g") " (1=¢")°...
x(1=g®) " (1= (1=¢""... (7.46)
= f@e ™[] <1 ~ q3"”) - 11 (1 - ql) - (7.47)
k=1 =1
= 1. (7.48)

Case of N = 4. For this case f(p) = n(p)*n(2p)?n(4p)*. Once again using the entries
from table 4 we can express the ratio of the 5d and 4d partition function as,

ety () ()
Zid
x(1—g) ™ (1-¢") " (1-¢°)"
x(L=a*)" 6'( )" (1=a") "
x(1=@) " (1=g) " (1= 7" (7.49)
@ L) VIL-d) I s
k=1 =1 =1
—1 ] (7.51)
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Case of N = 5. For this case f(p) = n(p)*n(5p)*. Reading entries of table 4, the ratio
can be expressed as

hor
Z5d _

hor
Z4d

Al e
X (1 —~ q5k_2>74 (1 _ q5k—3) - (1 B q5k_4) 4}
=@ e ] [ (1-*) " (1- qk>—4]

-t (7.52)

Case of N = 6. For N = 6, f(p) = n(p)*n(2p)*n(3p)*n(6p)?. Repeating the same
procedure as before,

hor
Z5d

hor —
Z4d

I 0y () )
) ) )]
s ()70 ) )

- (7.53)

Case of N = 7. For this case f(p) = 7(p)>n(7p)3. This case addresses the last of the
non-composite values of N. From table 4, we can write
Ziy
Zi

= f(p) e2miP
i kY TP (et R e TP
L[ (=) (=) (1m0
X <1 - q7k’—3> - (1 _ q7k—4) -3 (1 B q7k_5>_3 <1 B q7k_6> —3]
- -0
k=1

- (7.54)
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Case of N = 8. For N =8, f(p) =n(p)*n(2p)n(4p)n(8p)%, and we have
i
s

= (@) e
L[ (=) () )
() () () () ()]
~ s I (=) (=) (=) ()]

~ 1. (7.55)

Thereby we have explicitly shown that the 4d and 5d horizon partition functions match
perfectly for K3/Zx CHL models for N =1,2,3,4,5,6,7,8.

8 Discussion

In this paper, we have presented hair modes in the untwisted as well as twisted sectors
for a wide class of CHL models. We have shown that after removing the contributions of
the hair modes from the microscopic partition functions, the 4d and 5d horizon partition
functions match. We have also presented details on the smoothness analysis of hair modes
for rotating black holes, which were largely missing from the literature.

Our results offer several opportunities for future research. Perhaps the most inter-
esting among them is an analysis of hair modes for the T4 orbifold models with ' = 4
supersymmetry. It will be most convenient to analyse this problem in ten-dimensional type
IIB supergravity. For these set-ups the dynamics of Wilson lines along T* also contributes
to the microscopic partition functions [6, 21]. At the same time, there is a possibility
of additional hair modes (with excitations along the T* directions) [50, 51]. It will be
interesting to analyse this problem and understand the hair removed partition functions.
These models were also recently studied in reference [52], where the authors noted that the
sign of the index for sufficiently low charges for single-center 4d black holes violates the
positivity conjecture of [53]. The hair removed partition functions are expected to satisfy
the positivity conjecture. It will be interesting to check this explicitly.

Although not analysed in this paper, it is expected from the analysis of [6, 21] that
the matching we showed above also works for more general Z CHL orbifold models (non-
geometric orbifolds). As we saw in section 7, the agreement between the 4d and 5d hair
removed partition functions essentially boils down to consistency between table 1 and 4.
It was shown in [6, 21, 48] that the Hodge data for orbifolds for K3 (and also for T4) is
directly related to the data that enters in the construction of the %—BPS partition functions.
It will be interesting to revisit this in the context of hair removal.

The smoothness analysis of twisted sector hair modes requires a ten-dimensional dis-
cussion. As mentioned in footnote 8, we expect the details to be a straightforward extension
of the analysis in section 6.2. It will be useful to work out these details in the future.
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The puzzle of the difference between the 4d and 5d partition functions seems to be
even more challenging for N' = 8 compactification [3, 54, 55] than the cases analysed in
this paper. We wonder if the hair modes can account for the difference.

We hope to report on some of these problems in our future work.
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A The notion of weight

The authors of [13] introduced the concept of weight that proves very convenient, both in
the analysis of the background solutions and in the analysis of the bosonic and fermionic
deformations. Here we review this concept and expand on it.

The notion of weight is defined for components of any tensor in u and v (or U and V)
coordinates. The tensor can be contravariant, covariant, or mixed. For a given component
of a covariant tensor, weight is defined as

wt,,, = # of v indices — # of u indices. (A.1)
For a given component of a contravariant tensor, weight is defined as

wt,,,, = # of u indices — # of v indices, (A.2)

cont

and for a given component of a generic mixed tensor, weight is defined as

wt =wt__ .+ wt

cov cont *

(A.3)

Note that the notion of weight is exactly opposite for the contravariant and covariant tensor
components.

Given any tensor, we can think of it as a collection of its components. Each component,
by definition, has a unique weight assigned to it. Therefore given a tensor, we can always
write it as a tensor sum of tensor components of fixed weight. For example, consider a
rank-2 covariant tensor Ppsy. Let us decompose any index as M = {u,v,i}. Then we
can write,

P, = P P,®F Py ® Py @ P P, & F P, A4
MN uu @ ui u @ uv iu (7 @ vl [ @ VU ( )
weight—2 weight—1 weight 0 weight 1 weight 2
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Generically, a rank-r covariant tensor decomposes as

Py, = G; [ B Puy
wi(

w=—r Lwt({M;})=w

. (A.5)

Since the definition of the weight is exactly opposite for a covariant and contravariant
index, under index contraction the weight remains unchanged. As an example, consider
Pun = Quynr T We can write,

Pyun = Qune "+ Quve “+ Quine - (A.6)

Each term on r.h.s. has the same weight as the L.h.s. for a given M, N.

The definition of weight, while dependent on the specific choice of coordinates u and
v, is completely insensitive to the choice of coordinates on the transverse 4d space. The
weight of a given component of a tensor, remains the same whether we use w’ coordinates
or any other coordinates, such as (7, 8, ¢, 2*) to describe the 4d transverse space.

Throughout our paper, we follow the convention that derivatives are with respect to
contravariant coordinates only, i.e., derivatives are always with lower indices. A rule of
thumb is then: 0, decreases weight by 1 and 0, increases weight by 1. Note that taking
derivatives with respect to u or v, or multiplying with other tensors, or multiplying with
objects like gamma matrices or spin connection coefficients, are the only ways to change
the weight of a given tensor component.

B Action of Lorentz boosts and null rotations on gravitino configurations

In the main text, at two places we came across the following Lorentz transformations in
six-dimensions,

1
et = e, e =—¢e, 62 = ¢2, 63 = €3, (B.1)
e
followed by,
et =¢t, e~ =¢é" —288% — gt &2 =é2, =4 pe, (B.2)
and (optionally),
et =e¢T, - = —2y8% — %67, &2 =&+ et & =& (B.3)

In this appendix we discuss the action of the above Lorentz boost (parametrised by «)
and null rotations (parametrised by § and 7) on gravitinos configurations of interest. These
results were used in [13]. The various minus signs can be a potential source of confusion,
so we work this out explicitly. Let us start with the boost. The boost can be written as

1 A
et =Apef, with AYp = (exp [QACDm[CD]]) B, (B.4)
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with Lorentz generators in six-dimensional vector representation,
A A A A
micp)” B = 6¢cMBD — 0pNeB = —M[pC]” Bs (B.5)

and parameters A\ = —\19 = log a.

We choose the following gamma matrices in six-dimensions (as in the main text),

fD =1o®1,® (—i)al, fl =1, ® 12 ® o9, (BG)
I =1,80 Qos, I = 03®03® 03, (B.7)
f4: 01 ® o3 R 03, f5: 09 ¥ 03 X 03. (BS)

The gravitino configurations of interest are of the form W, = 0 for M # V| together
with the projection condition (I'Y + I'')Wy, = "Wy, = 0. These conditions imply that the
field Wy is of the general form,

\IIV = {¢1707w3701¢570>w710}T7 (Bg)

where 1,13, 15,97 denote the general non-zero entries.
The action of Lorentz boosts on the spinor ¥y is simply,

1 1
exp {2»’1201 + 2>\10210] Ty, (B.10)
where )
»AB — J[14 T8 (B.11)
4

A short calculation shows that
1
Vo

Thus, the Lorentz boost simply acts as a rescaling. For our applications a o< —2V, which

1 1
exp [2)\01201 + 2>\10210] Uy = e 21800y, = 0y, (B.12)

gives the result that in the hatted Lorentz frame,
Ty o (—2V) 2wy, (B.13)

The null rotation parametrised by 8, é4 = A4péP, is generated with \% = § and
M3 = —3. Since (8X03 — BX13) ox B3, it follows that for a spinor annihilated by I'F,

exp [,8203 — 5213] :I\JV =1- \/I\’V = (I\Jv. (B.14)

That is, such a null rotation does not change the spinor.
The null rotation parametrised by « is generated with A% = v and A2 = —v. Once
again such a null rotation does not change the spinor annihilated by I'".
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