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1 Introduction

A popular solution of the strong CP problem involves extending the Standard Model by
introducing a new particle, the axion. This pseudoscalar boson arises from the Peccei-
Quinn (PQ) mechanism [1], where an anomalous U(1)PQ global symmetry is spontaneously
broken [2, 3]. When nonperturbative QCD corrections generate a potential, the axion
relaxes to its CP-conserving minimum, solving the strong CP problem. Furthermore, for
some mass ranges, the axion can be a good cold dark matter candidate [4–6]. The fact that
two problems in the Standard Model are simultaneously addressed has led to an extensive
experimental effort in searching for the axion.

An underlying assumption of the axion solution is that the U(1)PQ global symmetry
is well-preserved. However, this is in conflict with the expectation that global symmetries
are explicitly broken by gravity [7, 8]. In order not to misalign the minimum of the axion
potential and reintroduce the strong CP problem, the global symmetry must then be
preserved up to high-dimension terms in the effective Lagrangian [9–12]. Using a slice of
AdS5 [13], the axion-quality problem was recently addressed in ref. [14]. This was achieved
by promoting the U(1)PQ global symmetry to a local gauge symmetry in the 5D bulk.
This gauge symmetry, with appropriately chosen boundary conditions, forbids any explicit
breaking of the U(1)PQ global symmetry, except for on the UV boundary. The gauge
symmetry is spontaneously broken in the bulk, resulting in a Nambu-Goldstone (NG)
boson (identified with the axion), that can only obtain a mass from the explicit violation
on the UV brane. The axion-gluon coupling is generated by a 5D Chern-Simons term,
while other explicit PQ-violating effects are suppressed by delocalizing the bulk axion zero
mode away from the UV brane. By the AdS/CFT correspondence [15], this 5D geometric
solution has a dual 4D interpretation where the U(1)PQ symmetry is an accidental global
symmetry of some underlying strong dynamics, such as that considered in [16].

The advantage of solving the axion-quality problem in a slice of AdS5 is that one can
use the 5D geometry to also explain the Standard Model fermion mass hierarchy. In this
work, we extend the model considered in ref. [14], containing a PQ-charged, bulk complex
scalar field, to also include bulk Standard Model fermions. The Higgs sector, consisting
of two Higgs doublets, can either be localized on the UV boundary or propagate in the
bulk. This 5D model is essentially the DFSZ model [17, 18] with the singlet scalar field,
containing the axion, propagating in the bulk. The fact that the PQ symmetry is gauged in
the bulk, is also in agreement with the expectation that only gauge symmetries are present
in quantum gravity.

A feature of this 5D model is that the axion-fermion couplings are obtained while
automatically addressing the fermion mass hierarchy and axion quality problem, unlike the
original 4D DFSZ model. The bulk fermion profiles are controlled by order one 5D fermion
mass parameters. Once these parameters are chosen to explain the Standard Model fermion
mass hierarchy and mixings, they give predictions for the axion couplings to fermions. For
a boundary-localized Higgs sector, only flavour-diagonal couplings are generated. This
follows from the orthonormality of the bulk fermion profiles. However, when the Higgs
sector propagates in the bulk, there is a non-trivial wavefunction overlap between the
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axion and the fermion profiles that gives off-diagonal fermion couplings. The predictions
for the off-diagonal couplings involving quarks and charged leptons are consistent with the
current experimental limits [19, 20]. Assuming an axion decay constant Fa ∼ 109 GeV, the
effective scale of the axion-fermion off-diagonal couplings is of order 1011 − 1015 GeV.

Furthermore, we also discuss the axion couplings to gluons and photons. In particular,
using the known form of the 5D anomaly [21, 22], we derive the axion-gluon/photon cou-
plings. These couplings can also be directly calculated from a Kaluza-Klein sum over 4D
fermion modes, which provides a nontrivial check of our results. A 5D Chern-Simons term
can also generate an axion coupling to gauge bosons, and we show how such interactions
arise from integrating out bulk fermions, extending the calculation of ref. [23].

The outline of our paper is as follows. In section 2 we review the 5D axion model [14],
and then introduce bulk Standard Model fermion fields. There are two choices for the
Higgs fields. UV boundary Higgs are first considered in section 3 where the axion-fermion
couplings are shown to be flavour diagonal. Next, in section 4, we consider the bulk Higgs
case and derive the flavour-dependent, off-diagonal axion-fermion couplings for both a
massless and massive axion in section 4.1. The axion-gluon/photon couplings from both the
5D anomaly and Chern-Simons term are discussed in section 4.3. The concluding remarks
are presented in section 5. The appendices contain further details of our calculations. In
appendix A we present the approximations used in obtaining the Standard Model fermion
masses and mixings for both the quark and lepton sector. Appendix B contains a direct
4D calculation of the axion couplings to gauge bosons that uses the axion interactions with
the fermionic KK modes. The boundary axion couplings can be related to a 5D Chern
Simons interaction and this connection is presented in appendix C.

2 The 5D axion model

Consider a 5D U(1)PQ gauge theory in a slice of AdS5. The metric is given by

ds2 = A2(z)
(
dx2 + dz2

)
≡ gMNdx

MdxN , (2.1)

with coordinates xM = (xµ, z), and where A(z) = 1/(kz) with k the AdS curvature
scale. We denote the U(1)PQ gauge field by VM = (Vµ, Vz) and introduce a complex
scalar Φ = η eia with PQ charge XΦ = 1. The action is [14]

S = 2
∫ zIR

zUV
d5x
√
−g
(
− 1

4g2
5
FMNFMN −

1
2
(
DMΦ

)†(DMΦ
)
− 1

2m
2
ΦΦ†Φ

− 1
2g2

5ξPQ

(
gµν∂µVν + ξPQA

−3∂z (AVz)− ξPQg
2
5XΦη

2a
)2
)

−
∫
d4x
√
−g4 U(Φ) , (2.2)

where DM = ∂M−iXΦVM , g5 is the 5D gauge coupling and ξPQ is a gauge-fixing parameter.
The scalar potentials on the UV and IR branes, located at z = zUV and z = zIR respectively,
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are taken to be

UUV(Φ) = bUVkΦ†Φ , (2.3)

UIR(Φ) = λIR
k2

(
Φ†Φ− k3v2

IR

)2
. (2.4)

Neglecting the backreaction of the scalar field on the metric,1 the equation of motion for
the scalar yields the background solution

η(z) = k3/2
(
λ (kz)4−∆ + σ (kz)∆

)
, (2.5)

where ∆ > 2 is related to the bulk scalar mass via m2
Φ = ∆(∆−4) k2. The real parameters

σ and λ are determined by the boundary conditions:

σ =
√
v2

IR −
∆

2λIR
(kzIR)−∆ ≡ σ0 (kzIR)−∆ , (2.6)

λ = ∆− bUV
∆− 4 + bUV

(kzUV)2∆−4σ , (2.7)

assuming zUV � zIR.

2.1 Axion profile

The action (2.2) leads to coupled equations of motion for the scalar degrees of freedom,
a(xµ, z) and Vz(xµ, z). These can be solved via the Kaluza-Klein (KK) expansion:

a(xµ, z) =
∞∑
n=0

fna (z)an(xµ) , (2.8)

Vz(xµ, z) =
∞∑
n=0

fnVz(z)an(xµ) , (2.9)

where the 4D modes an(xµ) satisfy �an = m2
na

n. The axion is identified with the massless
zero mode. The solution for the axion profile was obtained in [14], and for λ = 0 is
approximately given by

f0
a (z) ' zIR

σ0

√
∆− 1

(
1 + g2

5kσ
2
0

4∆(∆− 1)

(
(∆− 1)2

2∆− 1 + z2

z2
IR

((
z

zIR

)2(∆−1)
−∆

)))
,

f0
Vz(z) ' −1

2σ0
√

∆− 1
z

zIR

(
g2

5kσ
2
0

(
1−

(
z

zIR

)2(∆−1)
))

, (2.10)

up to corrections of order (g2
5kσ

2
0/∆2)2. Note that the exact profiles are used to obtain

our numerical results in later sections. When PQ-violating terms are added on the UV
boundary the above profiles are modified in the UV, with the expressions given in [14].

1This requires |(∂zη)2 −m2
Φη

2| � 12k2M3
5 , where the 5D Planck mass M5 is related to the 4D Planck

mass via M2
P 'M3

5 /k.
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2.2 Bulk Standard Model fermions

In addition to the bulk U(1)PQ there is also the Standard Model gauge group SU(3)c ×
SU(2)L×U(1)Y . The bulk Standard Model gauge bosons have Neumann boundary condi-
tions so that the massless zero modes are identified with the Standard Model gauge bosons
(see ref. [24]). Later, we will consider two possibilities for breaking the electroweak gauge
symmetry.

The bulk Standard Model gauge group allows for the Standard Model fermions to be
located in the bulk. The localization of the zero modes is then responsible for generating
the fermion mass hierarchy and will also lead to flavour-dependent axion-fermion couplings.
Denoting the 5D SU(2)L quark doublet field by Q and the singlet fields by U , D, the bulk
fermion action for the quark sector is given by [24, 25]

Sf = −2
∫ zIR

zUV
d5x
√
−g
(

1
2
(
Q̄iΓMDMQi − (DM Q̄i)ΓMQi

)
+MQiQ̄iQi

+ 1
2
(
ŪiΓMDMUi − (DM Ūi)ΓMUi

)
+MUiŪiUi

+ 1
2
(
D̄iΓMDMDi − (DMD̄i)ΓMDi

)
+MDiD̄iDi

)
, (2.11)

where ΓM = eMA γ
A = A(z)−1(γµ, γ5), with γ5 = ((1, 0), (0,−1)), and the fermions carry

PQ charges XQ,U,D. The 5D masses, MX ≡ cXk, determine the localization of the chiral
zero modes, to be identified with the SM fermions, and i is a flavour index. Decomposing
the Dirac spinor Qi in terms of its Weyl components Qi = (QiL, QiR)T , the equation of
motion is

γµ∂µQiL(R) ∓ ∂zQiR(L) + 1
z

(cQi ± 2)QiR(L) = 0 . (2.12)

To solve this equation, we perform the KK expansion,

QiL(R)(xµ, z) =
∞∑
n=0

fnQiL(R)
(z)QniL(R)(x

µ) , (2.13)

where /∂QniL(R) = −mnQ
n
iR(L), and similarly for U and D. After imposing Dirichlet condi-

tions QiR = UiL = DiL = 0 on both boundaries, there are chiral zero modes with profiles

f0
QiL

(z) = NQi(kz)2−cQi ,

f0
UiR

(z) = NUi(kz)2+cUi ,

f0
DiR

(z) = NDi(kz)2+cDi . (2.14)

Normalising the 4D kinetic terms fixes the constants

NX =
√

(1∓ 2cX)k
2((kzIR)1∓2cX − (kzUV)1∓2cX ) , (2.15)

where −(+) refers to the left (right) handed profiles. Similar expressions are obtained in
the lepton sector.
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3 Boundary Higgs fields

We first consider a setup with boundary-localized Higgs fields Hu,d to construct a 5D model
of the DFSZ axion [17, 18]. The Higgs doublet fields, which transform as Hu,d ∼ (2,∓1

2)
under the SU(2)L × U(1)Y electroweak gauge group, are localized on the UV bound-
ary. They are also charged under the U(1)PQ symmetry with charges XHu,Hd , such that
XHu +XHd + 2XΦ = 0. The most general scalar potential on the UV boundary is thus

UUV(Φ, Hu, Hd) =λu(|Hu|2 − v2
u)2 + λd(|Hd|2 − v2

d)2 + bUVk|Φ|2

+ (a|Hu|2 + b|Hd|2)|Φ|2 + c(HuHdΦ2 + h.c.)
+ d|HuHd|2 + e|H†uHd|2 , (3.1)

where HuHd = εijH
i
uH

j
d with εij the SU(2) antisymmetric tensor.

To obtain the axion couplings, we first parametrise the scalar fields by

Hu = vu√
2
ei
au(x)
vu

(
1
0

)
, Hd = vd√

2
e
i
ad(x)
vd

(
0
1

)
, Φ = η(z)eia(x,z) , (3.2)

where we have ignored the radial components and the electromagnetically-charged NG
bosons in Hu,d. The global 4D U(1)PQ symmetry is a remnant of the 5D local U(1)PQ sym-
metry and is realised by choosing the 5D gauge transformation parameter α(x, z) = α0f

0
a (z),

such that the axion zero mode transforms as a0(x)→ a0(x) + α0 [14]. The 4D PQ current
can then be written as

JPQ
µ = XΦf

0
a (zUV)−1∂µa

0 +XHuH
†
ui
←→
∂µHu +XHdH

†
di
←→
∂µHd + . . . , (3.3)

where H†i
←→
∂µHi = ∂µ(H†i )Hi−H†i ∂µHi. The physical 4D axion, a4, is then defined by using

the Goldstone theorem 〈0|JPQ
µ |a4〉 = iFapµ. This gives:

Faa4(x) ≡ XΦf
0
a (zUV)−1a0 +XHuvuau +XHdvdad , (3.4)

where ∑
i

X2
i v

2
i = F 2

a , (3.5)

with i = Φ, Hu,d and vΦ = f0
a (zUV)−1. Since vu,d � vΦ we obtain that Fa ' vΦ.

Similarly, the 4D hypercharge current is given by

JYµ = YuH
†
ui
←→
∂µHu + YdH

†
di
←→
∂µHd = 1

2∂µ(vuau − vdad) , (3.6)

where Yu,d = ∓1/2 and aZ ∝ vuau−vdad is the NG boson eaten by the Z boson. Requiring
orthogonality between the PQ and hypercharge currents, i.e. 〈0|JYµ |a4〉 = 0, leads to the
condition

XHuv
2
u −XHdv

2
d = 0 . (3.7)

Combined with the relation XHu +XHd +2XΦ = 0, this fixes the PQ charges of the scalars
up to an overall normalization:

XΦ = 1, XHu = −2 cos2 β, XHd = −2 sin2 β , (3.8)
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where sin β = vu/v, cosβ = vd/v, with the electroweak VEV v = 246GeV.
In addition to the physical axion defined in (3.4) there is also a heavy axion A(x)

that obtains its mass from the HuHdΦ2 + h.c. term in the boundary potential (3.1). It is
given by

A(x) ∝ au(x)
vu

+ ad(x)
vd

+ 2f0
a (zUV)a0(x) + . . . (3.9)

The three physical fields a4, aZ and A are defined in terms of au, ad and a0. Inverting these
relations determines au,d as a function of the axion field a4(x). In the limit that vΦ � vu,d
one finds the substitution relations

au,d
vu,d

→ XHu,Hd

a4
Fa

. (3.10)

3.1 Axion-fermion couplings with boundary Higgs fields

To obtain the axion-fermion couplings we first need to specify how the SM fermion masses
are generated. Since the Higgs fields are UV localized, this occurs via Yukawa couplings
localized on the UV brane,

SYukawa =−
∫
d4x
√
−gUV

1
k

(
y

(5)
u,ijQ̄iUjHu+y(5)

d,ijQ̄iDjHd+y(5)
e,ijL̄iEjHd+h.c.

)∣∣∣∣
zUV

, (3.11)

where y(5)
u,d,e are dimensionless 5D Yukawa couplings. The axion couplings to fermions are

then obtained by substituting eq. (3.2) into (3.11) and using the relations (3.10).
By performing the following field redefinitions on the fermion zero modes,

ui → eiγ5XHu
a4

2Fa ui, di → eiγ5XHd
a4

2Fa di, ei → eiγ5XHd
a4

2Fa ei , (3.12)

the axion field can be removed from the mass terms to give the 4D effective Lagrangian

L4D ⊃ −mij
u ūiLujR −m

ij
d d̄iLdjR −m

ij
e ēiLejR + h.c. , (3.13)

where
mij
u = y

(5)
u,ij

vu√
2k
f0
QiL

(zUV)f0
UjR

(zUV) , (3.14)

and similarly for mij
d,e. The mass matrix mij

u can be diagonalized by the singular value
decomposition Au†L mij

uA
u
R = mui , where AuL,R are unitary matrices and mui is the diagonal

mass matrix containing the up-type masses. For a 3×3 matrix y(5)
u with anarchic elements

of order one, a 4D Yukawa coupling hierarchy is generated from the overlap of the bulk
profiles [25]. The bulk mass parameters, ci, are then constrained by the quark and charged
lepton masses, as shown in figure 1. Further details are given in appendix A.

The fermion kinetic terms are not invariant under the redefinitions (3.12) and generate
derivative couplings of the axion to fermions. For the up-type quarks, these are given by

i

∫
d4x

XHu

2Fa
∂µa4

(
−ūiL(AuLA

u†
L )ijγµujL + ūiR(AuRA

u†
R )ijγµujR

)
,

≡ i
∫
d4x

(
∂µa4
2Fa

cAu ūiγ
µγ5 ui

)
, (3.15)
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Figure 1. Contours of the quark (left) and charged lepton (right) masses for the boundary Higgs
case as a function of cL and −cR with tan β = 3, and kzIR = 1010. The y(5)

u,d,` are randomly
generated diagonal 5D Yukawa matrices drawn from a log-normal distribution with µ = 0 and
σ = 0.3. The contours correspond to the median of the generated set (cL,−cR).

where cAu = −XHu . Similarly for the down-type quarks and leptons. Thus, for boundary-
localized Higgs fields, the vector couplings vanish and the axial-vector couplings are flavour-
diagonal. The current experimental constraints on the cA are given in ref. [19]. The
redefinitions (3.12) also induce axion couplings to gluons and photons, as in the standard
DFSZ model. A more detailed investigation of the axion-gluon/photon couplings in the
bulk Higgs case will be discussed below.

4 Bulk Higgs fields

Next, we consider the case of bulk Higgs fields, and show that this leads to flavour off-
diagonal axion-fermion couplings. The Higgs fields Hu, Hd still have a UV boundary po-
tential given by (3.1) but now they propagate in the bulk. The bulk action is

SH = 2
∫ zIR

zUV
d5x
√
−g
(
−
(
DMHu,d

)†(DMHu,d

)
−m2

Hu,d
H†u,dHu,d

− 1
2g2
Y ξY

(
gµν∂µBν − ξY g2

Y (YHuvuau + YHdvdad)
)2
)

−
∫
d4x
√
−g4 UUV(Φ, Hu, Hd) , (4.1)

where DM = ∂M − iXHu,dVM + . . . , and ξY is a U(1)Y gauge-fixing parameter. Note that
au,d will also contribute to the U(1)PQ gauge fixing term in eq. (2.2). The scalar fields can
be parametrised as

Hu = vu√
2
ei
au(x,z)
vu

(
1
0

)
, Hd = vd√

2
e
i
ad(x,z)
vd

(
0
1

)
, Φ = η(z)eia(x,z) , (4.2)
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where au,d(x, z) are the neutral NG bosons propagating in the bulk, and the radial com-
ponents and the electromagnetically-charged NG bosons in Hu,d have again been ignored.
In general, the bulk VEVs can have nontrivial z-dependence (i.e. vu,d = vu,d(z)), but for
simplicity we assume they are constant. This requires adding appropriate bulk and IR
boundary mass terms for Hu,d, similar to the bulk Higgs setup considered in ref. [26]. The
4D electroweak VEV is then approximately v2 ≈ (v2

u + v2
d)/k, assuming zUV = 1/k (note

that the 5D fields in (4.2) have canonical mass dimension 3/2).
It is convenient to define the new fields

aY = 1
NY

(YHuvuau + YHdvdad) , (4.3)

aX = 1
NX

(XHuvuau +XHdvdad) , (4.4)

where NY =
√
Y 2
Hu
v2
u + Y 2

Hd
v2
d and NX =

√
X2
Hu
v2
u +X2

Hd
v2
d. The PQ charges can be

chosen such that these two combinations are orthogonal:

YHuXHuv
2
u + YHdXHdv

2
d = 0 . (4.5)

Combining this with the condition XHu +XHd +2XΦ = 0 (with XΦ = 1 and YHu,d = ∓1/2)
yields the relations

XHu = −2v2
d

v2
u + v2

d

, XHd = −2v2
u

v2
u + v2

d

, (4.6)

and hence NX = 2vuvd/
√
v2
u + v2

d. The equations of motion for aY and aX then decouple:

A3�aY + ∂z
(
A3∂zaY

)
− ξYA5g2

YN
2
Y aY = 0 , (4.7)

A3�aX+∂z
(
A3 (∂zaX −NXVz)

)
+ξPQA

5NX

(
A−3∂z (AVz)− g2

5

(
XΦη

2a+NXaX
))

= 0 .
(4.8)

Note that in deriving these equations we have used the fact that vu,d are z-independent.
The boundary conditions are (

±2A3∂zaY −A4 δU

δaY

) ∣∣∣∣
zUV,zIR

= 0 , (4.9)(
±2A3 (∂zaX −NXVz)−A4 δU

δaX

) ∣∣∣∣
zUV,zIR

= 0 , (4.10)

with the relevant part of the UV boundary potential given by

UUV ⊃ cvuvdη2 cos
(

2a−

√
v2
u + v2

d

vuvd
aX

)∣∣∣∣
zUV

. (4.11)

It is convenient to work in unitary gauge for U(1)Y (ξY →∞) since then aY → 0. For
aX , we perform the KK expansion,

aX(xµ, z) =
∞∑
n=0

fnaX (z)an(xµ) . (4.12)
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Note that an(xµ) are the same 4D modes as in eq. (2.8). To solve eq. (4.8) we expand to
first-order in vu,d/k3/2 (higher-order terms are negligibly small). This allows us to neglect
terms proportional to aX in the equation of motion for a and Vz. Focusing on the massless
mode, we can then continue to use the solutions for f0

a and f0
Vz

in (2.10). These massless
profiles satisfy A−3∂z(Af0

Vz
) = g2

5XΦη
2f0
a . Using this relation, eq. (4.8) reduces to

∂z
(
A3
(
∂zf

0
aX
−NXf

0
Vz

))
= 0 , (4.13)

for the massless mode. Imposing the IR boundary condition (4.10) enforces ∂zf0
aX

(z) =
NXf

0
Vz

(z). The UV boundary condition then becomes

− cA4η2
√
v2
u + v2

d

2f0
a −

√
v2
u + v2

d

vuvd
f0
aX

 ∣∣∣∣∣
zUV

= 0 . (4.14)

The final solution is

f0
aX

(z) = 2vuvd√
v2
u + v2

d

(
f0
a (zUV) +

∫ z

zUV
dz′ f0

Vz(z
′) +O(v2

u,d/k
3)
)
. (4.15)

This solution is strictly valid only for an exactly massless zero mode. However, it is expected
to approximately hold even in the presence of explicit PQ breaking on the UV boundary
(see ref. [14]) with the replacement f0

a (zUV)→ f0
a,��PQ(zUV), where the latter quantity is the

boundary value of the exact massive profile.2 The reason is that, in the limit zIR � zUV,
the exact massive profiles f0

a,��PQ and f0
Vz ,��PQ closely match the massless solutions everywhere

except very close to the UV brane, where f0
a,��PQ becomes highly suppressed [14]. It is

therefore convenient to write

f0
aX

(z) = 2vuvd√
v2
u + v2

d

(
f̂0
aX

(z) +O(v2
u,d/k

3)
)
, (4.16)

with

f̂0
aX

(z) =

f0
a (z) , m0 = 0 ,
f0
a (z)− f0

a (zUV) + f0
a,��PQ(zUV) , m0 6= 0 ,

(4.17)

where the equality should be understood as approximate whenm0 6= 0. In going from (4.15)
to (4.17) we have used that f0

Vz
= ∂zf

0
a . From now on, we also approximate f0

a,��PQ(zUV) ≈ 0.
Finally, transforming back to au,d we obtain

au,d
vu,d

= XHu,d f̂
0
aX

(z) a0(xµ) + . . . , (4.18)

where ‘. . .’ contains the heavier modes.
2We have confirmed that with this replacement (4.15) holds exactly when g5 = 0 and zIR � zUV.
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Figure 2. Contours of the quark (left) and charged lepton (right) masses for the bulk Higgs
case using eq. (4.21), as a function of cL and −cR with tan β = 3, and kzIR = 1010. The y(5)

u,d,`

are randomly generated diagonal 5D Yukawa couplings drawn from a log-normal distribution with
µ = 0 and σ = 0.3. The contours indicate the medians of the generated set (cL,−cR).

4.1 Axion-fermion couplings with bulk Higgs fields

To obtain the axion-fermion couplings we consider the bulk Yukawa interactions

SYukawa = −2
∫ zIR

zUV
d5x
√
−g 1√

k

(
y

(5)
u,ijQ̄iUjHu+y(5)

d,ijQ̄iDjHd+y(5)
e,ijL̄iEjHd+h.c.

)
, (4.19)

where y(5)
u,d,e are dimensionless 5D Yukawa couplings. Focusing for now on the quark sector,

and substituting eq. (4.2) into (4.19) gives

− 2
∫ zIR

zUV
d5x
√
−g 1√

k

(
y

(5)
u,ij

vu√
2
Q̄uiUje

i
au(x,z)
vu + y

(5)
d,ij

vd√
2
Q̄diDje

i
ad(x,z)
vd + h.c.

)
, (4.20)

where Q = (Qu, Qd) denote the components of the SU(2)L quark doublet. We proceed by
considering just the up-type quarks. Similar expressions follow for the down-type quarks
and leptons. The fermion zero-mode mass matrix for the up-type quarks is

mij
u = y

(5)
u,ij

√
2vu√
k

∫ zIR

zUV

dz

(kz)5 f0
QiL

(z)f0
UjR

(z) , (4.21)

which is again diagonalised by AuLmij
uA

u†
R = mui . As in the boundary Higgs case, the bulk

mass parameters, ci, are constrained by the quark and charged lepton masses, as shown in
figure 2. Further details are provided in appendix A.

The au dependence in eq. (4.20) can be removed via a 5D field redefinition of the form

Qui(x, z)→ eiβ
au(x,z)
vu Qui(x, z), Ui(x, z)→ ei(β−1)au(x,z)

vu Ui(x, z) , (4.22)
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where β is an arbitrary parameter. The 5D kinetic terms are not invariant under this
transformation, giving rise to the terms

− 2i
∫ zIR

zUV
d5x
√
−g

(
∂M

au
vu

)(1
2
(
Q̄uiΓMQui − ŪiΓMUi

)
+
(
β − 1

2

)(
Q̄uiΓMQui + ŪiΓMUi

))
. (4.23)

Restricting to the zero-modes, these terms give the axion-fermion couplings. However,
care must be taken with the term on the second line, which depends on the choice of field
redefinition. Notice that after integrating by parts (the boundary term vanishes) this term
takes the form

i(2β − 1)
∫ zIR

zUV
d5x

au
vu
∂MJ

M
V , JMV =

√
−g

(
Q̄uiΓMQui + ŪiΓMUi

)
. (4.24)

Since JMV is a classically conserved current, any effects from this term must be proportional
to the (boundary-localized) weak anomaly. The β-dependence is then cancelled by the
transformation of the path-integral measure under (4.22).

Returning to the terms in the first line of eq. (4.23) and restricting to the zero-
modes gives

− iXHu

∫ zIR

zUV
d5xA4(∂µa0)f̂0

aX

(
ūiL(f0

QiL
)2γµuiL − ūiR(f0

UiR
)2γµuiR

)
, (4.25)

where we have used (4.18) and a0(x) is identified with the axion to O(v/Fa). Integrating
over the profiles and rotating to the fermion mass basis we obtain the 4D effective action

S4D ⊃ i
∫
d4x

∂µa
0

2Fa

(
ūiγ

µ
(
(cVu )ij − (cAu )ijγ5

)
uj
)
, (4.26)

where

1
(F V,Au )ij

≡ (cV,Au )ij
Fa

=XHu

∫ zIR

zUV

dz

(kz)4 f̂
0
aX

(
(AuR)ik(f0

UkR
)2(AuR†)kj∓(AuL)ik(f0

QkL
)2(AuL†)kj

)
.

(4.27)
Repeating the above steps leads to analogous expressions for the down-type quarks and
charged leptons. Note that, following a similar argument to above, the flavour-diagonal
vector couplings (cV )ii are unphysical up to weak anomalies. Furthermore, the on-shell
axion couplings are proportional to (cV,A)ij(mi ∓mj).

We see that with the Higgs located in the bulk both the vector, cV , and axial-vector,
cA, couplings are non-zero and are flavour off-diagonal. These couplings depend on the
mixing matrices, AL,R, and the 5D bulk mass parameters ci in (2.14), which are con-
strained by a fit to the Standard Model fermion masses and CKM/PMNS matrices, as
detailed in appendix A. In the following two subsections, we discuss the behaviour of the
couplings (4.27) both for the massless axion and in the presence of explicit PQ breaking
on the UV boundary.
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4.1.1 Massless axion

In the absence of explicit PQ breaking on the UV brane, the axion is massless (up to QCD
effects) and the profiles are given by eq. (2.10). In this case we have that f̂0

aX
(z) = f0

a (z).
The f0

a (z) profile is approximately constant, up to corrections of order g2
5kσ

2
0/∆2, and it is

convenient to parametrize it as

f0
a (z) = 1

Fa

(
1 + g0

a(z)
)
, (4.28)

where g0
a(z) contains the z-dependence, and we have identified the decay constant

Fa = fa(zUV)−1 ' σ0/(zIR
√

∆− 1). Substituting this into eq. (4.27) and using the fact
that AL,R are unitary matrices leads to

(cAu )ij = XHu

(1
2δij +

∫ zIR

zUV

dz

(kz)4 g
0
a(z)

(
(AuR)ik(f0

UkR
)2(Au†R )kj + (AuL)ik(f0

QkL
)2(Au†L )kj

))
,

(cVu )ij = XHu

∫ zIR

zUV

dz

(kz)4 g
0
a(z)

(
(AuR)ik(f0

UkR
)2(Au†R )kj − (AuL)ik(f0

QkL
)2(Au†L )kj

)
. (4.29)

The first term in the expression for cAu gives the leading contribution to the diagonal cou-
plings which are therefore similar to the boundary Higgs case. The off-diagonal couplings,
on the other hand, involve overlap integrals of g0

a(z) with the fermion profiles. These inte-
grals take a particularly simple form if the fermion profile satisfies cL < 1/2 or −cR < 1/2.
Using the approximate axion profile in eq. (2.10), we then obtain

∫
dz

(kz)4 g
0
a (f0

j )2 = −∆(2cj − 1)(2cj − 2∆− 3)
8(2cj − 3)(2cj − 2∆− 1)

g2
5kσ

2
0

∆2 +O

(g2
5kσ

2
0

∆2

)2
 . (4.30)

Conversely, if cL > 1/2 or −cR > 1/2 the integral is suppressed by powers of kzIR. From
figure 2, we see that for all fermions except the top quark, eq. (4.30) is always valid for
either the left- or right-handed profile. The overlap integral is plotted in figure 3 using
the exact massless axion profile (the dashed lines correspond to eq. (4.30)). Notice that
even when g5

√
kσ0/∆ ∼ O(1) the value of the overlap integral is ∼ 0.1, which results in

a suppression of the off-diagonal couplings relative to Fa. The off-diagonal couplings are
further suppressed by the off-diagonal elements of the mixing matrices.

4.1.2 Massive axion

In the presence of explicit PQ breaking on the UV brane f̂0
aX

(z) ≈ f0
a (z)−f0

a (zUV) = g0
a(z).

We then obtain the couplings

(cV,Au )ij = XHu

∫ zIR

zUV

dz

(kz)4 g
0
a(z)

(
(AuR)ik(f0

UkR
)2(Au†R )kj ∓ (AuL)ik(f0

QkL
)2(Au†L )kj

)
. (4.31)

Here, the diagonal couplings (cAu )ii are also suppressed, relative to Fa, by overlap integrals
of g0

a(z) with the fermion profiles. The off-diagonal couplings are still expected to be
smaller, due to the suppression from the off-diagonal elements of the mixing matrices.
Hence, the off-diagonal couplings are approximately the same in the massive and massless
cases, whereas the diagonal couplings are different.
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Figure 3. The overlap integral between the z-dependent part of the axion profile g0
a(z) and the

left/right-handed quark profiles (f0
j )2 as a function of σ0

√
g2

5k/∆, with cL(−cR) ranging from −3
(upper) to 0 (lower) in steps of 1. The solid lines use the exact massless axion profile, while the
dashed lines correspond to eq. (4.30). We have fixed ∆ = 10, g2

5k = 1 and the value for kzIR is
adjusted to keep Fa = 109 GeV.

4.1.3 Numerical results

The axion-fermion couplings are obtained by numerically evaluating the integral expres-
sion (4.31), as well as the corresponding expressions for the down-type quarks and charged
leptons. The procedure for determining the mixing matrices Au,d,`L,R is given in appendix A.1,
with the bulk mass parameters constrained by a fit to the quark and charged lepton masses
(see figure 2) and the CKM/PMNS mixing matrices. We also assume zUV = 1/k and
k ∼MP for all plots.

Representative values of the diagonal axial-vector couplings cAu,d,` are shown in figure 4
for the quarks and charged leptons. The axion parameters correspond3 to Fa ' 109 GeV
and we take ∆ = 10 to solve the axion-quality problem. In particular, we see that the
top-quark coupling cAtt is suppressed since it is mostly localized near the UV brane.

For the off-diagonal couplings, consider first the axion-quark couplings shown in the
left panel of figure 5 as a function of cQ3 + cu3 . The F Vu off-diagonal matrix elements range
from approximately 1012−1014 GeV, while the F Vd off-diagonal matrix elements are approx-
imately 1011 − 1013 GeV. The axial-vector couplings FAu,d are the same order of magnitude
as the F Vu,d and are not explicitly shown. These values are comparable to the experimental
limits given in ref. [19]. Currently, the most stringent limit is (F Vd )12 & 6.8× 1011 GeV

3For larger values of Fa & 1012 GeV that may be required for the axion to account for all of the dark
matter, the axion-fermion couplings are suppressed by another factor of & 103 compared to the values
shown in figure 5.
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Figure 4. Left: absolute values of the diagonal axion-quark couplings cAuu (blue), cAcc (orange) and
cAtt (green) in units of XHu , and cAdd (red), cAss (purple) and cAbb (tan) in units of XHd

as functions
of cQ3 + cu3 . Right: absolute values of the diagonal axion-charged lepton couplings cAee (blue),
cAµµ (orange) and cAττ (green) in units of XHd

as functions of cL3 + ce3 . We fix kzIR = 1010,
g2

5k = 1,∆ = 10 and σ0 = 3, corresponding to Fa ' 109 GeV. The curves and bands depict the
mean and standard deviation of log10 F

V obtained from a scan over anarchic 5D Yukawa couplings.
The dashed line shows (left) cAuc and (right) cAeµ for reference.

from K+ → π+a decays. As shown in figure 6, this bound on (F Vd )12 rules out values of
σ0 & 4 for g2

5k = 1 and ∆ = 10. The projected future sensitivity of NA62 and KOTO to
(F Vd )12 is 2× 1012 GeV [19], which can probe values of σ0 & 2.

The axion-charged lepton couplings are obtained in a similar fashion; however, the
mixing matrices Ae,νL,R are sensitive to the mechanism for neutrino masses. For simplicity, we
assume that the PMNS matrix is generated in the charged lepton sector (UPMNS = (AeL)†)
and leave a detailed study of the neutrino sector for future work. The charged lepton bulk
mass parameters are then constrained by fitting the charged lepton masses (see figure 2)
and the PMNS mixing parameters. The resulting F Vl are shown in the right panel of
figure 5 as a function of cL3 + ce3 , again with Fa ' 109 GeV and ∆ = 10. The off-
diagonal F V` matrix elements range from approximately 1011−1012 GeV. Again, the axial-
vector couplings FA` are of the same order of magnitude as the vector couplings. The
corresponding experimental limits are given in [20]. The most stringent limit is from
µ → e a, which constrains (F Ve )12 & 4.8 × 109 GeV. Future sensitivity of the MEG-II-fwd
and Mu3e experiments is (F Ve )12 & 2×1010 GeV. This is still an order of magnitude smaller
than the predicted values shown in figure 5.

4.2 Comparison with 4D flavour axion models

In 4D flavour models of the Froggatt-Nielsen type [27] where the axion is the phase of
the flavon field responsible for generating fermion mass hierarchies, there are also flavour
off-diagonal axion-fermion couplings [28–33]. Indeed, in such models the Yukawa couplings
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Figure 5. Absolute values of the off-diagonal elements of the axion-quark coupling matrix FVu (left,
solid) and FVd (left, dashed) as functions of cQ3 + cu3 , and FVl (right) as a function of cL3 + ce3 .
We fix kzIR = 1010, g2

5k = 1,∆ = 10 and σ0 = 3, corresponding to Fa ' 109 GeV. The curves and
bands depict the mean and standard deviation of log10 F

V obtained from a scan over anarchic 5D
Yukawa couplings.
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Figure 6. Absolute values of the axion coupling FVds as a function of cQ3 + cu3 for Fa = 109 GeV,
g2

5k = 1 for various values of σ0 with ∆ = 10 (left), and various values of ∆ with
σ0 = 3 (right). The region below the dot-dashed line corresponds to the current experimental
limit FVds & 6.8× 1011 GeV [19].
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are typically generated by higher-dimensional operators of the type(
f

M
e
ia
f

)XQi−Xuj−XHu
Q̄iLujRHu + · · · , (4.32)

where f is the vacuum expectation value of the (radial part of the) flavon field, and M

the mass scale where such operators are generated (for simplicity, we have normalized the
U(1) charge of the flavon to 1). After diagonalizing the fermion mass matrices one obtains
(using a matrix notation)

− i∂µa
f

(
ūL(AuL)†XQA

u
Lγ

µuL + ūR(AuR)†XuA
u
Rγ

µuR + · · ·
)
, (4.33)

where the charge matrix (XQ)ij = XQiδij , etc. Such off-diagonal couplings are similar
to the 5D warped model with bulk Yukawa couplings. The 5D model corresponds to a
composite axion which can address the axion quality problem and, depending on the choice
of parameters, these couplings may be suppressed relative to Fa. This compares with 4D
Froggatt-Nielsen models where there is no suppression of such couplings, assuming order
one charges. For the massive axion case, as mentioned earlier, the diagonal axion-fermion
couplings can also be parametrically suppressed, especially for fermions strongly localized
towards the UV brane such as the top quark. In the Froggatt-Nielsen 4D models, typically
the light fermion generations have larger PQ charges and therefore couple numerically (but
not parametrically) stronger than the heavier generations.

4.3 Axion-gluon/photon couplings

The axion-gluon couplings arise from several sources in the 5D model. Below we consider
each separately. We use the known form of anomalies on orbifolds to derive the axion cou-
plings. The direct computation using the axion couplings to all fermionic modes, including
the KK modes, is presented in appendix B.

4.3.1 5D anomaly

The bulk fermions charged under the U(1)PQ symmetry give rise to 5D gauge anomalies
that need to be cancelled. In general, using the results in [21, 22], the 5D anomaly is
equally distributed on the two boundaries and is given by

ηMN∂MJ
a
N = 1

64π2A(R)dabc εµνρσF bµνF cρσ(δ(z − zUV) + δ(z − zIR)) , (4.34)

where A(R)dabc ≡ 1
2Tr(T aR{T bR, T cR}) and T aR are the generators for the representation R

with normalization Tr(T aFT bF ) = 1
2δ
ab for the fundamental representation. The U(1)PQ

gauge boson boundary conditions are such that the gauge symmetry is restricted to a
global symmetry on the UV boundary; hence, only the IR boundary part of the anomaly
in eq. (4.34) needs to be cancelled.

Consider the U(1)PQU(1)2
EM and U(1)PQSU(3)2

c gauge anomalies. For the electromag-
netic anomaly, we obtain A(R)dabcEMF bµνF cρσ ≡ AEMFµνFρσ with a coefficient

AEM = 3
(
−5

3XQ + 4
3XU + 1

3XD −XL +XE

)
= −4 (XHu +XHd) . (4.35)
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For the QCD anomaly, A(R)dabcQCDGbµνGcρσ ≡ AQCDGbµνGbρσ, with a the U(1)PQ index and
b, c the SU(3)c indices, and the coefficient is

AQCD = 3
2(−2XQ +XU +XD) = −3

2 (XHu +XHd) . (4.36)

Since a(xµ, z) transforms with a shift under U(1)PQ, the IR anomalies in (4.34), with
coefficients given by (4.35) and (4.36), can be cancelled by introducing the boundary terms

− 1
32π2AEM

∫
d4x aF F̃

∣∣∣∣
zIR

− 1
32π2AQCD

∫
d4x aGcG̃c

∣∣∣∣
zIR

, (4.37)

where F̃µν = 1
2ε
µνρσFρσ, and similarly for G̃. The other anomalies can be similarly

cancelled.
The boundary terms in (4.37) are not the only source of axion-gluon and axion-photon

couplings. There is also a contribution coming from the transformation of the path integral
measure under (4.22). For the photon coupling this is

− 2
∫ zIR

zUV
d5x 4

(
au
vu

+ ad
vd

)
(δ(z − zUV) + δ(z − zIR)) 1

32π2FF̃ , (4.38)

and for the gluon coupling

− 2
∫ zIR

zUV
d5x

3
2

(
au
vu

+ ad
vd

)
(δ(z − zUV) + δ(z − zIR)) 1

32π2G
cG̃c . (4.39)

In addition, there could be one-loop contributions from the KK fermions. In appendix B
we show that these contributions vanish.

Combining the terms in eqs. (4.37) to (4.39) and using (4.18) with f̂0
aX

(z) = f0
a (z) for

a massless axion gives4

2
∫ zIR

zUV
d5x f0

a (z)a0δ(z − zUV)
( 1

32π2AEMFF̃ + 1
32π2AQCDG

cG̃c
)
. (4.40)

The same expression approximately holds in the massive axion case but with opposite
sign, since f̂0

aX
(z) ≈ f0

a (z) − f0
a (zUV). Finally, integrating over the extra dimension, the

couplings in the 4D effective theory are

S4D ⊃
∫
d4x a0f0

a (zUV)
(

e2

32π2AEMF
0F̃ 0 + g2

s

32π2AQCDG
0cG̃0c

)
, (4.41)

where e is the electromagnetic coupling, and gs the QCD coupling. The ratio of the
electromagnetic to QCD couplings (after absorbing the gauge couplings into the gauge
fields) is then

E

N
= AEM
AQCD

= 8
3 , (4.42)

as obtained in the DFSZ model [17, 18].
The complete 4D effective action for the axion couplings is given by (4.41) and (4.26).

4Note that the delta functions are defined such that 2
∫ zIR
zUV

δ(z−z0)f(z) = f(z0) for z0 = zUV or z0 = zIR.
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4.3.2 5D Chern-Simons

An axion-gluon coupling can also be generated via the addition of a 5D Chern-Simons term

SCS = − κ

128π2

∫ zIR

zUV
d5x εMNPQRVMG

c
NPG

c
QR + κ

64π2

∫
d4x aGcG̃c

∣∣∣∣
zIR

, (4.43)

where κ is a dimensionless constant and εMNPQR is the Levi-Civita tensor density. The
second term is needed to cancel the localized gauge anomaly on the IR brane [14]. (See
appendix C for a discussion of the relation between this action and charged heavy bulk
fermions.) The 4D effective action then contains the coupling

S4D ⊃
∫
d4x

(
f0
a (zIR)−

∫ zIR

zUV
dz f0

Vz

)
κg2

s

64π2a
0Gc0G̃c0 , (4.44)

and one can show that, regardless of whether there is explicit PQ breaking in the UV, the
term in brackets is approximately equal to zIR

√
∆− 1/σ0. A Chern-Simons term can also

be added for the electromagnetic field.
Finally, note that the axion-gluon/photon couplings in (4.41) and (4.44) are generated

at the scale z−1
IR which is related to Fa. Eventually, far below this scale, the nonperturbative

QCD dynamics will generate the usual axion mass from the topological susceptibility.
This QCD mass will dominate any mass contribution from explicit violations of the global
symmetry on the UV boundary, provided ∆ & 10 [14].

5 Conclusion

In this paper we have extended the original DFSZ model to a slice of AdS5, where the
axion and Standard Model fermions propagate in the bulk containing a U(1)PQ symmetry.
The Higgs fields can be either localized on the UV boundary or propagate in the bulk. The
PQ symmetry is spontaneously broken in the bulk and on the IR boundary, while explicit
violations of the symmetry are confined to the UV boundary. By choosing large values of
∆, the axion profile becomes sufficiently suppressed at the UV boundary and is therefore
insensitive to the explicit violation. This allows the 5D model to naturally incorporate a
solution to the axion quality problem [14], and the overlap between the fermion and Higgs
profiles can explain the Standard Model Yukawa coupling hierarchy and mixings.

The axion-fermion couplings arise from the wavefunction overlap between the ax-
ion fields and bulk fermion zero modes, and depend on the localization of the Higgs
fields. When the Higgs fields are localized on the UV boundary, only flavour diagonal
axion-fermion couplings are obtained due to the orthogonality of the fermion profiles.
When the Higgs fields instead propagate in the bulk with a constant VEV, the wavefunc-
tion overlap between the z-dependent axion profile and the fermion zero modes produces
flavour-dependent, off-diagonal axion-fermion couplings. Assuming an axion decay con-
stant Fa ' 109 GeV, the off-diagonal couplings (F Vu,d,`)ij range from 1011−15 GeV, where
the 5D parameters are chosen to solve the axion quality problem and obtain the Standard
Model fermion masses and mixings. The off-diagonal axion-fermion couplings are most
stringently constrained in the down-quark sector, where the current experimental limit
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on F Vsd [19] restricts some 5D parameters in the model. Future planned experiments will
be able to probe more of the parameter space. The couplings in the lepton sector are
less constrained and remain an order of magnitude below future sensitivity. Finally, our
model could be generalized by considering z-dependent bulk Higgs VEVs that may lead to
different predictions for the axion-fermion couplings.

There are also axion-gluon/photon couplings that give rise to E/N = 8/3, as in the
original DFSZ model. These couplings result from a cancellation of the 5D gauge anomalies
which are known to be equally split on the two boundaries [21]. Alternatively, as a non-
trivial check, the couplings were verified with a direct Kaluza-Klein calculation of triangle
Feynman diagrams. Additional contributions to the axion-gluon/photon couplings can be
generated from 5D Chern-Simons interactions. These terms can be interpreted as resulting
from integrating out extra bulk fermion fields.

By the AdS/CFT correspondence, the 5D model is dual to a 4D composite axion where
the strong dynamics has an accidental PQ symmetry with partial compositeness for the
Standard Model fermions. The Higgs sector, however, requires a tuning to obtain the
electroweak VEV, and therefore possible 4D theories would be similar to those considered
in [34]. Finally, our setup not only applies to the QCD axion, but can be used to determine
the couplings for any axion-like particle. For instance, having a much lower axion decay
constant could lead to more stringent constraints on a particular model. Indeed, our results
provide further motivation to search for axions via their couplings to fermions.
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A Standard Model fermion masses and mixings

In this appendix, we describe the masses and mixing of the zero mode fermions and our
procedure for fitting the bulk mass parameters, ci, to the measured quark and charged
lepton masses and the CKM and PMNS matrices. The 4D Yukawa coupling hierarchy is
generated from the overlap of the bulk fermion profiles, assuming order one or “anarchic”
5D Yukawa couplings [25, 35].

Starting with the boundary Higgs case, and taking the up-type quark sector as an
example, the fermion mass matrix in the 4D effective theory is given by

mij
u = y

(5)
u,ij

vu√
2k
f0
QiL

(zUV)f0
UjR

(zUV) . (A.1)
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With a bulk Higgs, this generalises to

mij
u = y

(5)
u,ij

√
2vu√
k

∫ zIR

zUV

dz

(kz)5 f0
QiL

(z)f0
UjR

(z) . (A.2)

Evaluating the overlap integral gives∫ zIR

zUV

dz

(kz)5 f0
QiL

(z)f0
UjR

(z) =
NQiNUj

k(cQi − cUj )
(
(kzUV)cUj−cQi − (kzIR)cUj−cQi

)
, (A.3)

≈
NQiNUj

k(cQi − cUj )
(kzUV)cUj (kzUV)−cQi , if cQi > cUi . (A.4)

The approximation in the second line holds when cQi > cUi , provided kzIR � 1. This will
always be the case we are interested in, since for cQi < cUi the overlap integral is suppressed
by (kzIR)−n, with n ≥ 1; the elements of mij are then too small to explain the observed
quark masses and CKM mixing angles. Using (A.4), the bulk Higgs case can be written in
a similar form to the boundary case

mij
u = ỹ

(5)
u, ij

vu√
2k
f̃Qi f̃Uj , (A.5)

where
f̃Qi = NQi√

k
(kzUV)−cQi , f̃Uj = NUi√

k
(kzUV)cUi , (A.6)

and ỹ(5)
u, ij = 2y(5)

u,ij/(cQi−cUj ). Note that the f̃i are dimensionless, and we have dropped ex-
plicit chirality indices for conciseness. There are analogous expressions for the down-type
quarks and charged leptons. Below, we focus on the bulk Higgs case; the correspond-
ing results for a boundary Higgs are obtained via the replacement f̃i → f0

i (zUV) and
ỹ(5) → y(5)/

√
k.

The mass matrices are diagonalised via the singular value decomposition
Au†L m

ij
uA

u
R = mui , where AuL,R are unitary matrices and mui is the diagonal matrix con-

taining the up-type masses. To simplify the analysis, we take advantage of the fact that
the quark and charged lepton masses are hierarchical and use the approximation scheme
of ref. [36] (with n = 1

2) for the matrices AL,R.

A.1 Quark sector

We begin with the quark sector, and assume the following scaling for the f̃ :

f̃Q1 ∼ εf̃Q2 ∼ ε2f̃Q3 , f̃U1 ∼ εf̃U2 ∼ ε2f̃U3 , f̃D1 ∼ εf̃D2 ∼ ε2f̃D3 , (A.7)

with ε � 1. As will become clear from the expressions below, this scaling gives the
correct structure to explain the quark masses and CKM elements. Although this additional
assumption is not strictly required, it allows us to analytically solve for the f̃ in terms of
the masses and CKM elements. This scaling behaviour was also used in ref. [37], where
they considered a single, boundary-localized Higgs doublet. To leading order in ε, the
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quark masses are given by the expressions

mu '
vu√
2k
| det ỹ(5)

u |
|[ỹ(5)

u ]11|
f̃Q1 f̃U1 , md '

vd√
2k
| det ỹ(5)

d |
|[ỹ(5)

d ]11|
f̃Q1 f̃D1 ,

mc '
vu√
2k
|[ỹ(5)

u ]11|
|ỹ(5)
u, 33|

f̃Q2 f̃U2 , ms '
vd√
2k
|[ỹ(5)

d ]11|
|ỹ(5)
d, 33|

f̃Q2 f̃D2 ,

mt '
vu√
2k
|ỹ(5)
u, 33| f̃Q3 f̃U3 , mb '

vd√
2k
|ỹ(5)
d, 33| f̃Q3 f̃D3 , (A.8)

where [ỹ(5)]ij denotes the ij minor of the matrix ỹ(5). Using the approximation of [36], and
again working to leading order in ε, the Au,dL,R matrices are given by

AqL '


1 [ỹ(5)

q ]21

[ỹ(5)
q ]11

f̃Q1
f̃Q2

ỹ
(5)
q, 13

ỹ
(5)
q, 33

f̃Q1
f̃Q3

− [ỹ(5)
q ]∗21

[ỹ(5)
q ]∗11

f̃Q1
f̃Q2

1 ỹ
(5)
q, 23

ỹ
(5)
q, 33

f̃Q2
f̃Q3

[ỹ(5)
q ]∗31

[ỹ(5)
q ]∗11

f̃Q1
f̃Q3

− ỹ
(5) ∗
q, 23

ỹ
(5) ∗
q, 33

f̃Q2
f̃Q3

1


, (A.9)

AqR '


1 [ỹ(5)

q ]∗12
[ỹ(5)
q ]∗11

f̃q1
f̃q2

ỹ
(5) ∗
q, 31

ỹ
(5) ∗
q, 33

f̃q1
f̃q3

− [ỹ(5)
q ]12

[ỹ(5)
q ]11

f̃q1
f̃q2

1 ỹ
(5) ∗
q, 32

ỹ
(5) ∗
q, 33

f̃q2
f̃q3

[ỹ(5)
q ]13

[ỹ(5)
q ]11

f̃q1
f̃q3
− ỹ

(5)
q, 32

ỹ
(5)
q, 33

f̃q2
f̃q3

1


· diag

(
eiφ1 , eiφ2 , eiφ3

)
, (A.10)

with

φ1 = arg([ỹ(5)
u ]11)− arg(det ỹ(5)

u ) , φ2 = arg(ỹ(5)
u, 33)− arg([ỹ(5)

u ]11) , φ3 = − arg(ỹ(5)
u, 33) .
(A.11)

Notice that AqL, and hence the CKM matrix, depends only on ratios of the f̃Qi and not on
the f̃ui or f̃di .

From these expressions one can constrain the 5D Yukawa coupling matrices through
the CKM matrix. The Wolfenstein parameters ρ̄, η̄ are independent of the f̃Qi (and hence
the quark bulk mass parameters) and are given by

ρ̄− iη̄ =
ỹ

(5)
d, 33[ỹ(5)

u ]31 − ỹ(5)
d, 23[ỹ(5)

u ]21 + ỹ
(5)
d, 13[ỹ(5)

u ]11

ỹ
(5)
d, 33[ỹ(5)

u ]11

(
ỹ

(5)
d, 23

ỹ
(5)
d, 33
− ỹ

(5)
u, 23

ỹ
(5)
u, 33

)(
[ỹ(5)
d

]21

[ỹ(5)
d

]11
− [ỹ(5)

u ]21

[ỹ(5)
u ]11

) . (A.12)

We randomly scan over 5 × 106 samples of 5D Yukawa coupling matrices ỹ(5)
u , ỹ

(5)
d with

complex entries of norm between 0 and 3. This results in approximately 1300 matrix pairs
that satisfy (A.12) within 2σ of the experimental values [38],

ρ̄ = 0.122± 0.018 , η̄ = 0.355± 0.012 . (A.13)
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Figure 7. Probability histograms for the absolute values of the randomly generated ỹ
(5)
u, ij matrix

elements that satisfy (A.12).

Histograms of the resulting Yukawas, ỹ(5)
u, ij , are shown in figure 7, where approximately

uniform distributions can be seen. This is consistent with the assumption that the quark
mass hierarchy results from the fermion profiles, rather than the 5D Yukawa couplings.
There are similar, although slightly skewed, distributions for ỹ(5)

d .
Ratios of the f̃Qi are constrained through the remaining CKM parameters,

λ = 0.22453± 0.00044 and A = 0.836± 0.015, using the expressions

λ = f̃Q1

f̃Q2

∣∣∣∣∣ [ỹ
(5)
d ]21

[ỹ(5)
d ]11

− [ỹ(5)
u ]21

[ỹ(5)
u ]11

∣∣∣∣∣ , A = 1
λ2
f̃Q2

f̃Q3

∣∣∣∣∣∣ ỹ
(5)
d, 23

ỹ
(5)
d, 33

−
ỹ

(5)
u, 23

ỹ
(5)
u, 33

∣∣∣∣∣∣ . (A.14)

Together, eqs. (A.8) and (A.14) fix all ratios of the f̃Qi , f̃ui and f̃di . The mixing matrices
in eq. (A.10) are then fully determined. For each pair of ỹ(5)

u , ỹ
(5)
d that satisfies (A.12)

we generate a sample of Au,dL,R matrices. Note that the mixing matrices in (A.10) are
only approximately unitary; we discard individual matrices that are not unitary to within
20% accuracy.5 The resulting distributions for the absolute values of the elements of the
AuL,R and AdL,R matrices are plotted in figures 8 and 9, respectively. The matrices are
approximately symmetric, thus only the upper off-diagonal entries are shown.

Finally, to obtain the axion-fermion couplings from eq. (4.31) we need to calculate
the overlap integrals of the fermion and axion profiles. Recall that the fermion profiles

5We use the L1 norm ||A†A− I3×3|| ≤ 0.2, where the L1 norm is the sum of the absolute values of the
matrix elements.
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Figure 8. Histograms for the probability distribution of the logarithm (of the absolute value) of
the AuL (upper) and AuR (lower) matrix element 12 (blue), 13 (orange), and 23 (green).

are related to the f̃ via eq. (A.6). Since the quark masses and CKM parameters fix only
ratios of the f̃ , there remains one free parameter which we take to be the combination
cQ3 + cU3 . Due to the relation y

(5)
u,ij = (cQi − cuj ) ỹ

(5)
u,ij/2 (and similarly for y(5)

d ), the
bulk mass parameters cannot be too large if the original 5D Yukawa couplings, y(5)

u , are
to remain perturbative. We find that the largest parameters are cQ3 and cU3 and for
−5 < cQ3 + cU3 < 5, these always lie in the range (0.2, 5.3), with the remaining bulk mass
parameters between (−0.1, 3.2). The final results for the axion-quark couplings are shown
as a function of cQ3 + cU3 in figures 4 and 5, where the curves and coloured bands denote
the mean and standard deviation of log10 F

V over our sample of (ỹ(5)
u , ỹ

(5)
d ).

A.2 Lepton sector

We can perform a similar analysis for the lepton sector. However, this depends on the
precise mechanism for neutrino masses, which can be either Dirac or Majorana and may
or may not be hierarchical. For simplicity, we assume that the PMNS matrix is generated
in the charged lepton sector. This could follow from a flavour-diagonal Weinberg operator
(for instance, by localizing a right-handed neutrino sector on the UV boundary). We leave
a more detailed analysis of the neutrino sector possibilities and discussion of axion-neutrino
couplings for future work.

An important difference from the quark sector is that the mixing angles in the PMNS
matrix are relatively large. As a consequence, an analogous assumption to (A.7) does not
work for the charged leptons. Instead, we assume the following scaling

f̃E1 ∼ εf̃E2 ∼ ε2f̃E3 , (A.15)
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Figure 9. Histograms for the probability distribution of the logarithm (of the absolute value) of
the AdL (upper) and AdR (lower) matrix elements 12 (blue), 13 (orange), and 23 (green).

with f̃Li ∼ ε0. To leading order in ε, the charged lepton masses are then given by

me '
vd√
2k
| det ỹ(5)

e |
N1

f̃L2

f̃L3

f̃L1 f̃E1 ,

mµ '
vd√
2k
N1
N3

f̃L3 f̃E2 ,

mτ '
vd√
2k
N3f̃L3 f̃E3 , (A.16)

with

N1 =

√√√√|[ỹ(5)
e ]11|2

f̃2
L2

f̃2
L3

+ |[ỹ(5)
e ]21|2

f̃2
L1

f̃2
L3

+ |[ỹ(5)
e ]31|2

f̃2
L1
f̃2
L2

f̃4
L3

, (A.17)

N3 =

√√√√|ỹ(5)
e, 13|2

f̃2
L1

f̃2
L3

+ |ỹ(5)
e, 23|2

f̃2
L2

f̃2
L3

+ |ỹ(5)
e, 33|2 . (A.18)

The assumption (A.15) therefore allows us to trivially solve for the f̃Ei , once the f̃Li have
been obtained from a fit to the PMNS matrix. Again using (A.15) and working to leading
order in ε, the mixing matrix AeR takes a comparable form to the quark sector:

AeR '


1 [ỹ(5)

e ]∗12
[ỹ(5)
e ]∗11

f̃E1
f̃E2

ỹ
(5) ∗
e, 31

ỹ
(5) ∗
e, 33

f̃E1
f̃E3

− [ỹ(5)
e ]12

[ỹ(5)
e ]11

f̃E1
f̃E2

1 ỹ
(5) ∗
e, 32

ỹ
(5) ∗
q, 33

f̃E2
f̃E3

[ỹ(5)
e ]13

[ỹ(5)
q ]11

f̃E1
f̃E3

− ỹ
(5)
e, 32

ỹ
(5)
q, 33

f̃E2
f̃E3

1


· diag

(
e−i arg det ỹ(5)

e , 1, 1
)
. (A.19)
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The expression for AeL is significantly more complicated due to the absence of any assump-
tion on the f̃Li , and is given (to all orders in ε) by

AeL '



[ỹ(5)
e ]∗11
N1

f̃L2
f̃L3

1
N1N3

(
[ỹ(5)
e ]21ỹ

(5) ∗
e, 33 +

[ỹ(5)
e ]31ỹ

(5) ∗
e, 23 f̃

2
L2

f̃2
L3

)
f̃L1
f̃L3

ỹ
(5)
e, 13
N3

f̃L1
f̃L3

− [ỹ(5)
e ]∗21
N1

f̃L1
f̃L3

1
N1N3

(
[ỹ(5)
e ]11ỹ

(5) ∗
e, 33 −

[ỹ(5)
e ]31ỹ

(5) ∗
e, 13 f̃

2
L1

f̃2
L3

)
f̃L2
f̃L3

ỹ
(5)
e, 23
N3

f̃L2
f̃L3

[ỹ(5)
e ]∗31
N1

f̃L1 f̃L2
f̃2
L3

−1
N1N3

(
[ỹ(5)
e ]11ỹ

(5) ∗
e, 23 f̃

2
L2

f̃2
L3

+
[ỹ(5)
e ]21ỹ

(5) ∗
e, 13 f̃

2
L1

f̃2
L3

)
ỹ

(5)
e, 33
N3


. (A.20)

Given our assumption regarding the neutrino sector, AeL is directly related to the PMNS
matrix: UPMNS = (AeL)†AνL = (AeL)†, since AνL is the identity matrix. The mixing angles
and Dirac phase of the PMNS matrix are then simply

tan θ12 =
∣∣∣∣∣ [ỹ

(5)
e ]21

[ỹ(5)
e ]11

∣∣∣∣∣ f̃L1

f̃L2

, (A.21)

tan θ23 = 1
N1|ỹ(5)

e, 33|

∣∣∣∣∣[ỹ(5)
e ]∗11ỹ

(5)
e, 23

f̃2
L2

f̃2
L3

+ [ỹ(5)
e ]∗21ỹ

(5)
e, 13

f̃2
L1

f̃2
L3

∣∣∣∣∣ , (A.22)

sin θ13 e
−iδCP = [ỹ(5)

e ]31
N1

f̃L1 f̃L2

f̃2
L3

. (A.23)

We use the results from the fit to the oscillation data in [39], with normal ordering:
θ12/

o = 33.44+0.78
−0.75, θ23/

o = 49.0+1.1
−1.4, θ13/

o = 8.57+0.13
−0.12 and δCP /o = 195+51

−25.
We randomly scan over approximately 2× 105 possible 5D Yukawa coupling matrices

ỹ
(5)
e , with complex entries of norm between 0 and 3. Equations (A.21) and (A.23) are
then used to solve for the ratios f̃L1/f̃L3 and f̃L2/f̃L3 . These ratios are substituted into
equation (A.22), which is required to satisfy the experimental value at 2σ. This process
yields about 2400 viable matrices ỹ(5)

e . After imposing the relations (A.16) for the charged
lepton masses, all ratios of the f̃Li and f̃Ei are fixed. The matrix AeR is then also determined,
and distributions of the absolute values of the elements are plotted in figure 10. AeR is
approximately symmetric, and hence only the upper off-diagonal elements are shown.

Finally, the axion-fermion couplings are calculated as a function of the remaining free
parameter, which we take to be the combination cL3+cE3 . The results are shown in figures 4
and 5, where the curves and coloured bands denote the mean and standard deviation of
log10 F

V over our sample of ỹ(5)
e .

B Direct Kaluza-Klein calculations

In this appendix, we further justify the axion couplings to gauge bosons that are presented
in section 4.3.1. We directly compute those interactions from the axion couplings to the
fermionic Kaluza-Klein (KK) towers associated with the bulk fermions.

B.1 Useful formulae

We first list a few formulae that we will use later on.
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Figure 10. Histograms for the probability distribution of the logarithm (of the absolute value)
of the AeR matrix elements 12 (blue), 13 (orange), 23 (green). AeL, given by eq. (A.20), is directly
correlated with the PMNS matrix and thus is not plotted.

Axion-gauge bosons EFT couplings. To begin with, we will need the one-loop axion
couplings that arise when integrating out a 4D fermion. More precisely, consider the
theory of an axion field a, and a Dirac fermion ψ in the fundamental representation of
a gauge group with generators T a, gauge field Aaµ and field strength F aµν (we keep the
group unspecified for now, and we identify it later with QCD or electromagnetism). The
Lagrangian is given by

L4D = − 1
2g2Tr(F

2
µν)− ψγµDµψ −mψψψ −

1
2(∂µa)2 + iyaψγ5ψ , (B.1)

where Dµ = ∂µ − iAaµT
a, and in the EFT below the fermion mass, mψ, the one-loop

dimension-5 axion-gauge field coupling reads [40]

Leff,4D ⊃ −
y

16π2mψ
aTr(FµνF̃µν) . (B.2)

Kaluza-Klein equations with mixing. We will also use the precise properties of the
KK expansion for the bulk fermions in (2.13). In order to determine the axion EFT below
the mass of all fermions we must resolve the mass of the would-be KK zero-modes, which
means that we must take into account the mixing due to the bulk Higgs VEVs.

Consider the theory of two 5D fermions ψ and χ with a small mixing. The action is

S5D =−2
∫
d5x
√
−g
[1

2
(
ψΓMDMψ−DmψΓMψ

)
+Mψψψ+(ψ↔χ)+y〈φ〉ψχ+y〈φ†〉χψ

]
.

(B.3)

Henceforth we take y〈φ〉 to be real. Decomposing ψ =
(
ψL ψR

)T (and similarly for χ), the
equations of motion are

γµ∂µψL(R) ∓ ∂zψR(L) +
(
AMψ ∓

2A′

A

)
ψR(L) +Ay〈φ〉χR(L) = 0 , (B.4)

and similarly with ψ ↔ χ. To cancel the boundary variation, we impose Dirichlet boundary
conditions on ψR and χL. Then, we introduce the 4D KK massive modes ξnL(R)(x

µ) that
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satisfy γµ∂µξnL(R) = −mnξ
n
R(L), and we decompose

ψL(R) =
∑
n

fnψ,L(R)(z)ξnL(R)(x
µ) , χL(R) =

∑
n

fnχ,L(R)(z)ξnL(R)(x
µ) . (B.5)

The equations of motion imply that the KK modes satisfy

−mnf
n
ψ,L(R) ∓ ∂zf

n
ψ,R(L) +

(
AMψ ±

2A′

A

)
fnψ,R(L) +Ay〈φ〉fnχ,R(L) = 0 , (B.6)

and similarly with ψ ↔ χ. To obtain properly normalized kinetic terms we require that

2
∫
dz A4

(
fnψ,L(R)f

m
ψ,L(R) + fnχ,L(R)f

m
χ,L(R)

)
= δmn . (B.7)

Finally, the KK modes satisfy a very useful completeness relation,6

A4∑
n

(fnψ,L2 − fnψ,R2) = −A4∑
n

(fnχ,L2 − fnχ,R2) = 1
2 [δ(z − zUV) + δ(z − zIR)] . (B.8)

The signs in (B.8) would be reversed had we chosen Dirichlet boundary conditions for ψL
and χR instead.

All the above relations can be generalized to the case of several 5D fermion flavours.
In this case, the Yukawa y and the KK functions carry flavour indices and are generally
complex.

B.2 Axion couplings to gauge fields

We now derive the one-loop axion couplings to photons and gluons in the bulk Higgs model
of section 4, using the explicit axion couplings to the KK modes.

Since we focus on photons and gluons, and given the structure of the mixing terms
in (4.19), we can ignore the full SU(2) structure and simply project each doublet onto its
individual components. Therefore, we only present the computations involving the up-type
quarks. We also restrict to a single flavour in order to reduce the clutter of indices, with
the generalization to three flavours being straightforward. We sum over all SM fermions
and all generations at the end.

Writing the quark doublet as Q =
(
Qu Qd

)T , the action in the up-type sector is

S5D =−2
∫
d5x
√
−g
[

1
2(QuΓMDMQu−DMQuΓMQu)+MQQuQu+(Qu↔U) (B.9)

+ yuvu√
2
ei
au
vuQuU+ yuvu√

2
e−i

au
vu UQu

]
.

We introduce the KK modes Un as in appendix B.1:

Qu,L(R) =
∑
n

fnQu,L(R)(z)UnL(R)(x
µ) , UL(R) =

∑
n

fnU,L(R)(z)UnL(R)(x
µ) . (B.10)

6This is most easily seen by expanding the 5D fermions both in terms of the “mixed” KK modes, namely
those which satisfy (B.6), and the “unmixed” ones, which satisfy (B.6) when y = 0. Then, by matching the
two expansions, one can export completeness relations for the “unmixed” KK modes, found e.g. in [21, 22],
to the “mixed” ones.
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We extract the couplings to Vz from the covariant derivatives, and the au couplings from
the mixing term. Projecting onto the axion zero modes using the KK expansions (2.8), and
taking into account that the couplings to gluons and photons do not mix KK modes, (B.9)
leads to the following relevant 4D axion couplings,

S5D ⊃ 2
∫
d4x ia0

[ ∫
dz A4f0

Vz

(
XQf

n
Qu,Rf

n
Qu,L +Xuf

n
U,Rf

n
U,L

)

− yuvuXHu√
2NX

A5f0
aX

(
fnQu,Rf

n
U,L − fnU,RfnQu,L

) ]
U
n
γ5U

n .

(B.11)

We can now use the KK equations (B.6), which imply that

∂z(A4XQf
n
Qu,Rf

n
Qu,L) = XQA

4
[
mn

(
fn,2Qu,R

− fn,2Qu,L

)
− Ayuvu√

2

(
fnQu,Rf

n
U,L − fnQu,Lf

n
U,R

)]
,

∂z(A4Xuf
n
U,Rf

n
U,L) = XuA

4
[
mn

(
fn,2U,R − f

n,2
U,L

)
+ Ayuvu√

2

(
fnQu,Rf

n
U,L − fnQu,Lf

n
U,R

)]
,

(B.12)
as well as the relations f0

aX
≈ NXf

0
a , ∂zf0

a = f0
Vz
, XHu = XQ−Xu (see section 4) and (B.8),

to show that (B.11) simplifies to

S5D ⊃
∫
d4x

i

2XHumn

(
f0
a (zUV) + f0

a (zIR)
)
a0U

n
γ5U

n . (B.13)

Using the first part of appendix B.1, we obtain the coupling to gluons:

Leff,4D ⊃ −
1

64π2XHu

(
f0
a (zUV) + f0

a (zIR)
)
a0GcG̃c . (B.14)

The photon coupling is similarly obtained,

Leff,4D ⊃ −
1

24π2XHu

(
f0
a (zUV) + f0

a (zIR)
)
a0FF̃ . (B.15)

Summing over the different SM fermions, the complete axion one-loop couplings arising
from the bulk fermions become

Leff,4D ⊃−
3

64π2 (XHu +XHd)
(
f0
a (zUV) + f0

a (zIR)
)
a0GcG̃c

− 1
8π2 (XHu +XHd)

(
f0
a (zUV) + f0

a (zIR)
)
a0FF̃ ,

(B.16)

which is consistent with (4.41). We have explicitly checked, by repeating the same calcu-
lation for three flavours using flavoured KK functions, that the mixings between different
flavours are irrelevant.

Note that similar computations can be performed to check that after the field redefini-
tion in (4.22), the couplings of the axion to the bulk fermions do not contribute at one-loop.
After the redefinition in (4.22), which removes the axion from the mixing terms, the axion
couplings from the kinetic terms are shifted as follows,

iXQA
4Quγ5QuVz −→ iA4Quγ5Qu

(
XQVz − β

∂zau
vu

)
,

iXuA
4Uγ5UVz −→ iA4Uγ5U

(
XuVz − (β − 1)∂zau

vu

)
.

(B.17)
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We ignore the additional couplings that contain 4D derivatives of the axion since they
do not play a role in the photon or gluon couplings [41, 42]. The relevant axion-fermion
couplings are now

S5D ⊃
∫
d4x ia0

[ ∫
dz A4

([
XQf

0
Vz − β

XHu

NX
∂zf

0
aX

]
fnQu,Rf

n
Qu,L

+
[
Xuf

0
Vz − (β − 1)XHu

NX
∂zf

0
aX

]
fnU,Rf

n
U,L

)]
U
n
γ5U

n.

(B.18)

Again using the KK equations, the relations between the different profiles,7 and the com-
pleteness relations for the KK functions, one sees that the one-loop contribution coming
from (B.18) vanishes. The axion couplings are therefore simply given by the path integral
transformation due to the chiral redefinition, as anticipated in (4.38) and (4.39).

B.3 4D UV Peccei-Quinn anomaly

As a consistency check, one can show that the projection of the 5D anomaly in (4.34)
on the axion zero mode, or equivalently the result of the KK computation above, can be
reinterpreted as the 4D Peccei-Quinn anomaly of the KK theory. Indeed, the 4D global
PQ symmetry arises from the 5D PQ gauge symmetry, when the latter is restricted to a
local parameter of the form

αPQ(xµ, z) = α0f
0
a (z) . (B.19)

Focusing again on a single flavour for the up-type quarks, this symmetry generator acts on
the fields as

Qu → eiαPQXQQu , U → eiαPQXuU , (B.20)

or, infinitesimally,
δPQQu = iαPQXQQu , δPQU = iαPQXuU . (B.21)

Using the orthogonality condition for the KK modes in (B.7), we obtain the transformation
properties of the KK modes,

δPQU
n
L(R) = δPQ

(
2
∫
dz A4

[
fnQu,L(R)Qu + fnU,L(R)U

])
= iα0

(
2
∫
dz A4f0

a

[
XQf

n
Qu,L(R)f

m
Qu,L(R) +Xuf

n
U,L(R)f

m
U,L(R)

])
UmL(R).

(B.22)

Therefore, the generator TPQ of the PQ symmetry mixes the KK modes,

TmnPQ = 2
∫
dz A4f0

a

[
XQf

n
Qu,L(R)f

m
Qu,L(R) +Xuf

n
U,L(R)f

m
U,L(R)

]
, (B.23)

and its mixed anomaly coefficient with the QCD gauge group (of generators T a) is

[TrL(TPQ)− TrR(TPQ)]Tr(T aT b) = 1
2XHu

(
f0
a (zUV) + f0

a (zIR)
)
Tr(T aT b) , (B.24)

7Note that the relations between f0
a , f0

Vz
and f0

aX
were derived for the massless axion case. In the

massive case those relations are not expected to hold exactly, however one can obtain relations using an
expansion in powers of g5

√
k [14] (see also the discussion around eq. (4.16)). Doing so, one sees that all the

terms in (B.18) are of order g2
5k, and the results obtained in the massless case still hold at leading order.
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while for the electromagnetic anomaly, we find

3× [TrL(TPQ)− TrR(TPQ)]
(2

3

)2
= 2

3XHu

(
f0
a (zUV) + f0

a (zIR)
)
, (B.25)

consistently with the results obtained above.

C 5D Chern-Simons term and boundary axion couplings

In this appendix, we discuss the interpretation of the axion couplings and the 5D anomaly
in terms of a 5D Chern-Simons interaction. This will also allow us to show how the effective
action (4.43) can arise. For definiteness, we consider a bulk fermion ψ, with action

S5D = −2
∫
d5x
√
−g

[1
2
(
ψΓMDMψ −DmψΓMψ

)
+Mψψψ

]
+ boundary terms , (C.1)

with DM = ∂M − iVM − iAaMT a, where VM is the PQ gauge field and AaM the gluon gauge
field, of field strength GaMN (the generalization to photons is straightforward). The choice
of boundary terms and boundary conditions will be discussed below.

C.1 Integrating out Kaluza-Klein modes

In a non-compact 5D space, it is known that the low-energy theory below the mass of a
charged fermion contains a non-decoupling Chern-Simons term [23]. It turns out that the
same result can be obtained upon integrating out the KK modes of a bulk fermion [21].
We now proceed to show this explicitly for the bulk fermion in (C.1) propagating in a
slice of AdS.

The KK decomposition of the 5D fermion is given by

ψL(R)(xM ) =
∑
n

fnL(R)(z)ψnL(R)(x
µ) , (C.2)

where the 4D fields ψnL(R) have masses mn and the KK profiles fnL(R)(z) satisfy the relations
presented in (B.6) when the mixing vanishes (y = 0).

To identify the effective Chern-Simons term, we compute the 5D Feynman diagrams
with bulk fermion propagators. The latter are expressed in terms of the 4D KK fermion
propagators (see e.g. [43]). For the chiral components ψL(R), we obtain

〈0|TψL(x, z1)ψL(y, z2) |0〉 =− i
∑
n

fnL(z1)fnL(z2)PL
∫

d4p

(2π)4 e
ip(x−y) −i/p

p2 +m2
n − iε

,

〈0|TψL(x, z1)ψR(y, z2) |0〉 =− i
∑
n

fnL(z1)fnR(z2)PL
∫

d4p

(2π)4 e
ip(x−y) mn

p2 +m2
n − iε

,

〈0|TψR(x, z1)ψL(y, z2) |0〉 =− i
∑
n

fnR(z1)fnL(z2)PR
∫

d4p

(2π)4 e
ip(x−y) mn

p2 +m2
n − iε

,

〈0|TψR(x, z1)ψR(y, z2) |0〉 =− i
∑
n

fnR(z1)fnR(z2)PR
∫

d4p

(2π)4 e
ip(x−y) −i/p

p2 +m2
n − iε

(C.3)

– 31 –



J
H
E
P
0
4
(
2
0
2
1
)
0
8
4

Figure 11. An example of a triangle loop diagram generating the Chern-Simons term.

where PL,R are the left (right) projection operators. Using the action (C.1) and computing
Feynman diagrams such as those shown in figure 11, we can derive the one-loop effective
Chern-Simons term that couples VM to the gluons,

L5D,CS = − nCS
128π2 ε

MNPQRVMG
c
NPG

c
QR , (C.4)

where nCS is an integer that will be identified below.
For instance, the Feynman diagram that corresponds to the restriction of the Chern-

Simons term to VzGcG̃c (in other words, the one corresponding to the scattering of the 4D
scalar in Vz and 4D gluons) reads

δ(4)(−p− q + p+ q)4iπ2εµνρσpµqρδ
ab
∞∑
n=0

1
mn

∫
dzA4fnLf

n
R(z) . (C.5)

In order to match this expression to a local 5D Chern-Simons term, it is useful to notice,
using the KK equations (B.6), that

∂z

∑
n≥0

A4

mn
fnLf

n
R

 = A4 ∑
n≥0

[
(fnR)2 − (fnL)2

]
. (C.6)

The next step would be to use a completeness relation such as (B.8). For that, we need to
specify our choice of boundary conditions for ψ, which determines the precise completeness
relation satisfied by the KK profiles.

We will consider two cases. In the first case, we impose opposite Dirichlet boundary
conditions on ψ, namely (1 − ηγ5)ψ(zUV) = 0 and (1 + ηγ5)ψ(zIR) = 0, with η = ±1.
This means all KK modes are massive and can be integrated out. With such boundary
conditions, (B.8) becomes [22]

A4∑
n

[
(fnR)2 − (fnL)2

]
= −η2 [δ(z − zUV)− δ(z − zIR)] . (C.7)

Using this relation, we can deduce the form of
∑
n≥0

A4

mn
fnLf

n
R, which is plotted in figure 12.

Consequently, we can identify from (C.5) the constant nCS in (C.4),

nCS = −η . (C.8)

In the second case, we impose Dirichlet boundary conditions only on ψR. There is now
a left-handed zero mode which does not enter the Feynman diagrams, and therefore the

– 32 –



J
H
E
P
0
4
(
2
0
2
1
)
0
8
4

Figure 12. Plot of
∑
n≥0

A4

mn
fnLf

n
R as a function of z, for opposite Dirichlet boundary conditions.

sum in (C.5) only runs over massive KK modes (n > 0). This means the 5D fermion has
not been completely integrated out, because there remains a left-handed zero mode in the
low-energy spectrum. Consequently, (C.5) cannot be generically matched to a local 5D
Chern-Simons term. However, this conclusion can be avoided by taking the infinite bulk
mass limit, Mψ → ∞. In non-compact 5D space, this is simply the limit where the bulk
fermion decouples. Instead, on an orbifold, it corresponds to the limit where the KK modes
decouple and the zero mode becomes localized on one of the branes. This implies that all
effective bulk modes have been integrated out, and the result can be interpreted as a local
term in 5D.

Using again the KK equations (B.6) and the completeness relation (B.8), we obtain

∂z

(∑
n>0

A4

mn
fnLf

n
R

)
= A4 ∑

n>0

[
(fnR)2 − (fnL)2

]
= −1

2 (δ(z − zIR) + δ(z − zUV)) + A4(f0
L)2 .

(C.9)
The last term in (C.9) prevents interpreting (C.5) as arising from a local term in 5D, except
if there is a limit where it becomes a Dirac delta function. This is precisely what happens
in the infinite bulk mass limit. Indeed, using the explicit form of the zero mode profile
in (2.14), we find

A4
(
f0
L(z)

)2
= (1− 2cψ)k

2
[
(kzIR)1−2cψ − (kzUV)1−2cψ

](kz)−2cψ →
{
δ(z − zUV), cψ → +∞
δ(z − zIR), cψ → −∞

,

(C.10)
with Mψ = cψk. Consequently, we obtain

∂z

(∑
n>0

A4

mn
fnLf

n
R

)
=
{

1
2 [δ(z − zUV)− δ(z − zIR)] , cψ → +∞
1
2 [δ(z − zIR)− δ(z − zUV)] , cψ → −∞

, (C.11)

and, using the Dirichlet boundary conditions, we can deduce the form of
∑
n>0

A4

mn
fnLf

n
R,

which is plotted in figure 13. Therefore, in the infinite bulk mass limit, the KK sum (C.5)
becomes local and the constant nCS in (C.4) can be identified as

nCS = sgn(Mψ) . (C.12)

As known from [22], the Chern-Simons term carries the full 5D anomaly for opposite
Dirichlet boundary conditions. The final step to match our effective action to (4.43) is
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Figure 13. Plot of
∑
n>0

A4

mn
fnLf

n
R as a function of z, for a left-handed zero mode.

to remove the IR anomaly. We discuss this in the next section. Instead, in the case of
symmetric Dirichlet boundary conditions, adding the anomalous contribution of the Chern-
Simons term to that of the boundary zero mode fermion leads to the 5D anomaly (4.34) [21].
However, in order to match to the bosonic Lagrangian (4.43), it is useful to also give a mass
to the 4D fermion zero mode and integrate it out. We also discuss this in the next section.

C.2 Boundary axion terms

We now introduce boundary terms to remove the IR anomaly, and obtain the effective
action in (4.43) for both choices of the boundary conditions.

When opposite Dirichlet boundary conditions are chosen, no fermionic degree of free-
dom remains in the IR, and all 5D anomalies are carried by the Chern-Simons term. To
remove the IR anomaly, we can simply add the following boundary term

−
∫
d4x

η

64π2aG
cG̃c

∣∣∣∣
zIR

. (C.13)

This gives rise to (4.43) with κ = −η = ∓1 for left-right (right-left) fermion Dirichlet
boundary conditions.

Instead, for symmetric boundary conditions, there remains a fermionic zero mode
(that was chosen to be left-handed). A first set of boundary terms is intended to give a
mass to the ψL zero mode; focusing on the limit Mψ → −∞, this is done by introducing
a right-handed 4D fermion ψ̃R on the IR brane and coupling it to ψL via the following
boundary term,

S5D ⊃ −
∫
d5z
√
−g 1
√
g55

δ(z − zIR)
(

y

(Mψk)1/2ψLψ̃RΦ + h.c.

)
, (C.14)

where y is dimensionless coupling and the powers of Mψ, k are there to ensure the correct
dimensions as well as a smooth Mψ → ∞ limit. In addition, the PQ and color charges of
ψ̃R are chosen appropriately. We can now integrate out the Dirac fermion (ψ0

L, ψ̃R) and we
obtain the following axion coupling

−
∫
d4x

1
32π2aG

cG̃c
∣∣∣∣
zIR

. (C.15)
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Together with the Chern-Simons term, this boundary term ensures that the anomalous
shift of the effective action has the form (4.34), as it should to reproduce the full 5D mixed
anomaly between the PQ symmetry and QCD. Finally, to cancel the anomaly on the IR
brane, we can simply add ∫

d4x
1

64π2aG
cG̃c

∣∣∣∣
zIR

. (C.16)

Adding up the Chern-Simons term and all boundary terms, we obtain (4.43) with κ = −1.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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