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ABSTRACT: We study the perturbative structure of threshold enhanced logarithms in the
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(SIA) processes and setup a framework to sum them up to all orders in perturbation theory.
Threshold logarithms show up as the distributions ((1—z)""log?(1—2)) from the soft plus
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Sudakov differential and the renormalisation group equations along with the factorisation
properties of parton level cross sections to obtain the resummed result which predicts SV as
well as next to SV contributions to all orders in strong coupling constant. In Mellin N space,
we resum the large logarithms of the form log’(N) keeping 1/N corrections. In particular,
the towers of logarithms, each of the form a? /N®log®"~%(N),a?/Nlog?" 1=*(N) .- etc
for « = 0, 1, are summed to all orders in as.
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1 Introduction

Radiative corrections to observables at high energy colliders are absolutely essential to
understand the underlying quantum dynamics of the scattering events. There are a large
number of accurate measurements already available from these colliders and they provide
ample opportunity to investigate various theories that attempt to describe the physics. The-
oretical predictions with unprecedented accuracy have already set stringent constraints on
the parameters of the standard model (SM), also for many beyond the SM (BSM) scenarios.
The observables that involve hadrons either in initial or in final state receive large perturba-
tive and non-perturbative quantum corrections from strong interaction which is described
by quantum chromodynamics (QCD). This is simply due to the strong coupling constant
(g9s) which is big and due to a large number of scattering channels that contribute. At
high energies, thanks to factorisation properties of certain hadronic observables, which are
infrared (IR) safe, the short distance perturbative part factorises from the non-perturbative
one. This allows one to reliably compute the perturbative quantum corrections in powers
of strong coupling constant a5 = g2/167? in QCD. The non-perturbative part of these IR
safe observables are extracted in a process independent way. For example, the inclusive
cross section of DIS of a lepton on a hadron factorises into perturbatively calculable coeffi-
cient functions (CF) and parton distribution functions (PDF) that are non-perturbative in



nature. The CFs are computed in powers of a; using the parton level scattering processes
that contributes to the hadronic reaction. The PDFs are nothing but the probability of
finding a parton inside the hadron during the scattering event, describing the long distance
part of the hadronic events and hence can not be computed using perturbative techniques.
However, being process independent, they can be extracted from an experiment and can
be used for other experiments. Within QCD, they are defined in terms of hadronic matrix
elements of certain gauge invariant quantum field theoretical operators made up of quark,
anti-quark and gluon field operators. These matrix elements satisfy the renormalisation
group (RG) equations which go by the name Altarelli-Parisi (AP) or DGLAP evolution
equations. The corresponding anomalous dimensions are called AP splitting functions.
Another example that is very similar to DIS is the production of a hadron in SIA of eTe™.
One finds that scattering cross section in SIA also demonstrate factorisation of perturba-
tively calculable CFs and non-perturbative quantities called parton fragmentation functions
(PFF). The CFs describe the production of a parton in the collision and the latter describes
the fragmentation of the produced parton into a hadron. PFFs also satisfy AP or DGLAP
equations with the corresponding AP splitting functions. Denoting o generically for the
inclusive cross section for DIS (I = DIS) and STA (I = STA), the factorisation at high
energies implies

or(Q%xr) = ol (Q% ph) Y /dfcfa(u%,l‘)Az,a(Q%M%,M%,21) +0(1/Q%).  (L1)
a=q,3,9

Since, we study these observables in the large Q2 region, we drop the power suppressed
contributions denoted by O(1/Q?) in the above formula and consider only the first term for
rest of our study. 050) is the born level cross section and g is the ultraviolet renormalisation
scale, f, denotes PDF for I = DIS and PFF for [ = SIA. The PDFs depend on the
partonic momentum fraction x carried away from the hadron in DIS and PFFs depend
on the hadronic momentum fraction that the hadron carries away from the parton. The
scale up is called the factorisation scale which separates perturbative and non-perturbative
regions. The sum is over all the partons namely the quarks and anti-quarks of all flavours
and the gluons. The scale Q? is the hard scale in the problem. For DIS, it is defined by
Q? = —¢?, ¢ being the momentum that is transferred from the incoming lepton to the target
hadron. The corresponding scaling variable zprs = Q?/2P - ¢ where P is the momentum
of the target hadron. Similarly, for SIA, Q? = ¢? with ¢ being the sum of momenta of
incoming leptons and xg;a = 2P - ¢/Q?, with P being the momentum of hadron that
fragments from the parton. The parton level scaling variables are zprs = Q?/2p - ¢ and
2514 = 2p - q/Q?. Here, p is the momentum of the parton in the respective scattering
processes. In the rest of our paper, we drop I in the argument of Ag,.

Perturbative QCD provides framework to compute Ay, in powers of as:

Ara(Q2 15 13, 2) = 3 b (WB) AV Q2 1 13, 2) | (1.2)
1=0

where Agzl at every order gets contribution from the parton level scattering processes.

Beyond leading order in perturbation theory, at the intermediate stages they contain ul-



traviolet (UV), soft and collinear divergences. The UV divergences go away when renor-
malisation of coupling, masses and fields are performed. The soft and collinear divergences
are collectively called infrared (IR) divergences. The soft divergences come from zero mo-
mentum gluons in the loops of virtual contributions and real gluons in the gluon emission
processes. The massless or light partons are responsible for collinear divergences. Thanks
to KLN theorem [1, 2], soft and collinear divergences go away when the degenerate states
that are responsible are summed at the partonic level. However, for DIS, the sum over
degenerate partonic initial states are summed through convoluting them with bare PDFs.
In practice, the initial state collinear divergences are factored out from the partonic sub-
processes and then absorbed into the bare PDFs. This is called mass factorisation. Similar
thing happens for the SIA where the final state collinear singularities are absorbed into
bare PFFs to get IR safe observable. The factorisation scale quantifies the arbitrariness
involved in the mass factorisation. In practice, both UV and IR divergences are regulated
in dimensional regularisation by working in complex space time dimension n = 4 + e¢. The
divergences show up as poles in €. The UV renormalisation and mass factorisation are done
in modified minimal substraction M S scheme consistently. The inclusive cross sections for
DIS are known to third order in QCD, see [3-5].

In CFs, the energy scales @2, /ﬁ% and p% appear as logarithms and the partonic scaling
variable shows up through §(1 — z), plus distributions D; = (log?(1 — 2)/(1 — 2))4 and
regular functions of z:

> log/ (1 — 2
Al,a(z) = AI,a,65(1 - z) + Z AI,a,Dj (gl(—z)> + AI,a,R(Z) ) (1'3)
i=0 +

where we have suppressed the scales Q?, u% and ,u% in the arguments of Ay, and Ay 4 7z, Z =
9, Dj, R on both sides. Large number of perturbative results provide opportunity to under-
stand the universal structure of IR divergences. For example, the IR structure of multi-leg
amplitudes in QCD is well understood beyond two loop level [6, 6-9] (see [10, 11] for a
QFT with mixed gauge groups). In addition, we have large number of results for the in-
clusive cross sections that can shed light on the structure of Ay, 7, see [12-14] for Higgs
production and for invariant mass distribution of a pair of lepton in hadron colliders up to
third order in QCD see [15-17], for complete list see [12, 16, 18-35] for Higgs production
in gluon fusion and [15-17, 27-29, 33, 36—44] for Drell-Yan production.

The distributions 6(1 — z) and D;(z) result from the soft and collinear regions of
the virtual and real emission diagrams. In the region where a scattering event involves
infinite number of soft gluons each carrying almost zero momentum, the logarithms of the
form log*(1 — 2)/(1 — 2) contribute to As,. This can happen in real emission scattering
processes. These contributions are ill defined in 4 space-time dimensions in the limit
z — 1. The inclusion of these contribution gives the distributions D;(z) and 6(1 — z). The
distributions that are present in Ay, are called soft plus virtual (SV) contributions. SV
results are available for many observables at colliders up to third order in QCD, see [27—
29, 43-48]. When the distributions are convoluted with PDFs or PFFs to obtain hadronic
cross section, one finds that they not only dominate over other contributions but also
are large at every order. Hence, they can spoil the reliability of the predictions from the



truncated series. The resolution to this problem was successfully achieved in seminal works
by Sterman [49] and Catani and Trentedue [50] through reorganisation of the perturbative
series. It goes under the name threshold resummation, see also [51-56] for Higgs production
in gluon fusion, [57, 58] for bottom quark annihilation, for DY [44, 52, 59-61] and for
DIS and SIA of ete™ [62]. In Mellin space, the conjugate variable to z is N and the
convolutions become normal products. Hence, the resummation is conveniently done in
Mellin space. In the Mellin space, the threshold limit z — 1 corresponds to large N. The
large logarithms of N at every order combined with the strong coupling constant can give
order one contribution. Hence, the truncation of the series based on series expansion in ag
is not allowed. However, thanks to factorisation properties, universality of IR contributions
and renormalisation group invariance, we can systematically resum the order one terms, in
particular, terms of the form as(u%) B0 log(IN) to all orders in perturbation theory. Defining
as(p%)Bolog(N) = w, and treating w to order 1, following, [49, 50], we can organize

o0
Jim Jog Ay v =log gy (as(uR)) + log(N)gi (w) + ZO ay(1HR)gia(w),  (14)
i=
where §f(as(p%)) is N independent. Inclusion of successive terms in eq. (1.4) predicts
the leading logarithms (LL), next to leading (NLL) etc logarithms to all orders in as.
The functions g/ (w) depend on universal IR anomalous dimensions and g§ depend on the
hard process. For DIS, invariant mass distribution of lepton pairs in DY, Higgs boson
productions in various channels, results for the resummation of threshold logarithms in
N space up to third order, namely next to next to next to leading logarithmic (N3LL)
accuracy, are available [44, 52, 58, 61].
The resummed predictions played an important role to understand the experimental
data in the threshold regions. However, the sub leading logarithms that are present in the
regular part Ay, r(z) can not be ignored. We expand Ay, r(2) around z = 1 to obtain

Arar(z) =Y AY logh(1—2) + O(1 - 2) (1.5)
k=0

where the logarithms of the form log" (1 —-2),k =0,1,--- do contribute significantly at
every order in perturbation theory near the threshold. We call them by next to SV (NSV)
contributions. There have been several studies to understand the structure of NSV terms in
the hadronic observables so that one can find whether the NSV terms can be systematically
resummed to all orders like the way the SV terms are resummed. There have been several
attempts to achieve this task. A remarkable development was made by Moch and Vogt
in [63] (and [31, 35]) using the second order results for DIS, semi-inclusive e*e™ annihilation
and Drell-Yan production of a pair of leptons in hadron collisions, and the physical evolution
kernels to find the enhancement of a single-logarithms at large z to all orders in 1 —z. The
physical evolution kernel was exploited earlier in the work by [64]. It was found that the
structure of corresponding leading log(1l — z) terms in the kernel can be constrained [63]
allowing them to predict certain next to SV logarithms at higher orders in a;. The next
to SV corrections to various inclusive processes were studied in a series of papers [65—73]



and much progress have been made which lead to better understanding of the underlying
physics. Recently some of us have studied inclusive production of pair of leptons in Drell-
Yan process and of a Higgs boson in gluon fusion as well as in bottom quark annihilation in
an attempt to resum these NSV terms to all orders [74]. We used factorisation properties
and renormalisation group invariance along with the certain universal structure of real and
virtual contributions using Sudakov K+G equation to achieve this task. In this paper, we
extend this to DIS and SIA to provide an all order result both in z space and in N space.

2 Next to SV in z space

We begin with the unpolarised inclusive deep-inelastic lepton-nucleon scattering:
I(k)+ H(P) = I(K') + X (Px), (2.1)

where the incoming and scattered leptons (1) carry the momenta k and k' respectively, H
is the target hadron with the momentum P and the X is the set of inclusive final states
with total momentum Pyx. If we restrict to only photon exchange in the scattering, the
inclusive cross section can be expressed in terms of two structure functions (SF) namely
Fi1(Q% x) and F»(Q?, z). The SFs are scalar functions and they parametrise the hadronic
tensor W, (Q?, ) which carry the information of hadronic part of the DIS cross section.
The tensor W, is given by

2 am 2 1 2
W,uzz(Q 7‘T) - ( q2 - g;w) Fl(Q ax) - qu(qlt + 2xPu> (QV + 2-73PV>F2(Q ,fL‘) ) (2'2)
where ¢ = k' — k, Q?> = —¢* and the scaling variable, also called Bjorken z is defined
by 2 = Q%/2P - q. The hadronic tensor is related to Fourier transform of commutator of
two electromagnetic currents sandwiched between the hadronic states. Due to the non-
perturbative nature of the hadronic states, the structure functions are not computable in
perturbation theory. However, in the Bjorken limit, thanks to operator product expansion,
the hadronic tensor factorises into perturbatively calculable Wilson coefficients and non-
perturbative composite operators sandwiched between hadronic states. Defining the Mellin
moment of F;(Q?, x) by
2 ! N-1 FJ(Q27 33)
Fin(Q ):/ PG A G SN (2.3)
0 x

with F;, = Fy — 2z F; and computing them in the Bjoken limit, namely Q? — oo, P-q — 00
keeping x = Q?/2P - q fixed, one finds

Fin(@) = Y. Cran(Q% uh)Aan(pF) (2.4)

a=ns,q,qg
where ns denotes the non-singlet combination of quark operators, which does not mix with
the gluonic operator under UV renormalisation and the indices ¢ and g correspond to those
operators which mix among themselves. The matrix element of local operators denoted by
A, n are not calculable using perturbative methods. However, their evolution in terms of



the scale up is controlled by the perturbatively calculable AP splitting functions through
AP evolution equations. The Wilson coefficients C;, n are computed in powers of strong
coupling constant.

In QCD improved parton model, one can relate the local operators A, n to Mellin mo-
ments of appropriate combinations of PDFs and the Wilson coefficients C;, v to parton
level coefficient functions (CFs). The Wilson coefficients, equivalently CFs can be com-
puted, within the framework of perturbative QCD, order by order in strong coupling con-
stant using parton level subprocesses. The contributions, beyond the leading order, contain
UV, soft and collinear divergences. If we regulate them in dimensional regularisation, the
UV divergences arise as poles in € and are removed in modified minimal subtraction (MS)
scheme. As we discussed in the introduction, the soft and collinear divergences resulting
from final state partons cancel independently after summing up the contributions from all
possible degenerate states. However, the collinear divergences arising from the initial state
light partons remain. Those are removed at the hadronic level through a procedure called
mass factorisation.

In the following, we consider the Wilson coefficients equivalent to the CFs that con-
tribute to a generic DIS scattering process. We denote them by A, where the index
¢ =q,q,g. The factorisation allows us to relate the CFs, A, and the parton level subpro-

cesses through the mass factorisation given as
1, 1
~0e(Q 2.6) = 0O () oe(z, i, €) @ (ch’(Q27u?a,M%,Z7€)) : (2.5)

In eq. (2.5), 6.(Q?, z,€)/z is the appropriate UV finite parton level cross section computed
in space time dimension n = 4 + ¢. The scaling variable z is given by z = Q?/2p - q,
where p is the momentum of the incoming parton in the scattering event. The function
[w. is the Altarelli-Parisi (AP) [75] kernel which contains the collinear divergences of &
in MS scheme. As in [74], we limit ourselves to SV+NSV contributions to CFs, which
means that we drop those terms in C, that vanish when z — 1 and call the resulting ones
by A.. For the quark/anti-quark initiated processes in DIS with photon exchange, gluon
initiated one with Higgs boson exchange, the infrared singluar partonic cross sections can
be factorised into squares of UV renormalisation constant, ZIQJM ., of form factor (FF), |F.|?
and a function &9 that is sensitive to real radiations. This is always possible as Z?]V’ .
and |FC|2 are simply proportional to (1 — z) and can be factored out from these partonic
channels. That is,

2 A
Zﬁl&C(Qz)Z@e) - G(O)(N%{) (ZUV,C(CALSMU?RaMz?E)) |FC(&87M27Q27€)|2
x0(1 ~ 2) © 8§ (s, 1%, Q% 2,¢) (2.6)

As it will be shown in the following, the function & satisfies a differential equation which
admits a solution namely the convoluted exponential of ®.. That is,

85 = Coxp (205(as, 1%, Q* 2,€) ) . (2.7)



Substituting for 6. from (2.6) in terms of ® in (2.5), we obtain

) (2.8)

A(Q%, phy i, 2) = Cexp (‘I’CJ(QQ, [ s 2, 6))
e=0

where the function ¥ is given by

2
U5(Q?, ey iy 2, €) = <1n (ZUV,c(as,u%u%%,e)) +1n|Fc(a5,u2,Q2,e)r2>6(1—z)
+20¢ (as, 12 Q2% 2, €) —CInTc.(as, w2, ,u%, Z,€). (2.9)

The symbol ® represents the Mellin convolution. The operation of C on any given function
is defined in eq. (2) of [45]. In this expression, ¢ = ¢ (quark/antiquark) for photon-exchange
DIS, and ¢ = g (gluon) for Higgs-exchange DIS. Though the constituents of ¥ contains UV
and IR divergent terms, the sum of all these terms is finite and is regular in the variable
e. It contains the distributions such as §(1 — z), D;j(z) and the logarithms of the form
log'(1 — 2),i = 0,1,---. In eq. (2.9), the overall renormalisation constant for DIS via the
photon exchange is one to all orders in QCD. For DIS via the Higgs boson exchange, Zyv.
is equivalent to that of Higgs-gluon effective operator [45].

The AP kernels that remove collinear divergences from the parton level cross sections
are solutions to AP evolution equation (see eq. (2.11) in [74]) which are controlled by
AP splitting functions Py, (%, 2). They contain convolutions of AP spitting functions. In
the above equation, we have kept only diagonal part of AP kernel 'y, and dropped the
non-diagonal AP kernels. We explain the reason below. Consider A, in photon-exchange
DIS. It gets contributions from three different terms namely 6,®1'y, 67®15, and 64,@1T 4.
The non-diagonal AP kernels and 6, contain only NSV and/or beyond NSV terms. Upon
convolution, the terms 67 ® 'z, and 64 ®1'¢4 will give only beyond NSV terms. In addition,
only diagonal parts of splitting functions P, (z, u%) in Tup(z, %, €) need to be kept as the
contributions from convolutions of two or more non-diagonal splitting functions give only
beyond NSV terms. The diagonal P..(z, u%) are expanded around z = 1 and all those terms
that do not contribute to SV+NSV are eliminated. The diagonal AP splitting functions
near z = 1 take the following form:

Pec(2,as(u)) = 2B%(as(ug))0(1 — 2) + 2P.(2, as(n)) (2.10)

where,

Plo(z,as(uf)) = |A%(as(u))Do(2) + C(as(pf)) log(1 — 2) + D(as(uf)) | (2.11)

The constants C¢ and D¢ can be obtained from the splitting functions P.. which are
known to three loops in QCD [76, 77] (see [4, 76-84] for the lower order ones).

For the DIS with the photon exchange, the interaction of virtual photon from the lep-
ton with the target hadron is through a vector current. Hence, the FF that contributes to
the inclusive cross section is the square of the quark matrix element for the vector current.



Vector current being conserved does not get any overall UV renormalisation and hence
Zuv, is identity. If the exchange particle is the scalar Higgs boson and its interaction with
the hadron is through an operator which is not conserved, then Zyy,. will be non-zero. For
example, in order to compute singlet splitting functions, one resorts to scattering of a scalar
Higgs boson on a gluon target and the interaction between them is governed by effective
operator Gy, G'"*¢. Here G}, is the gluon field strength operator and ¢ is the Higgs boson
field. The coupling of Higgs boson and the gluon through this composite operator requires
addition overall renormalisation and hence Zyy,. [85] is included in eq. (2.9). FFs in gen-
eral are computable in regularised QCD perturbation theory in powers of strong coupling
constant. FFs are known in QCD up to third order in perturbation theory, [86-98]. Both
UV and IR divergences appear as poles in € and they demonstrate rich IR structure, and

d -
satisfy differential equations such as RG equation, M%WFC = 0 and Sudakov differential
KR

equation [45, 99-105]. The latter is called K+G equation. It is used to study their IR struc-
ture of FFs in terms of IR anomalous dimensions such as cusp A€, collinear B¢ and soft f¢
anomalous dimensions. The perturbative structure of FFs provides valuable information
of the underlying quantum field theory and it was exploited to understand the structure
of multi-leg on-shell amplitudes in QCD [6, 6-9] (see [10, 11] for a QFT with mixed gauge
groups) and they are found to be helpful to understand the IR structure of real emission
processes [28, 43, 45-47].

In [28, 45], using the K+G structure of FF and the finiteness of inclusive cross sec-

S in Drell-Yan

tions, it was shown that the soft distribution functions S$ equivalently,
production of lepton pairs and production of Higgs boson in gluon fusion in hadron collid-
ers and soft plus jet function in DIS processes were shown to satisfy K4G type differential
equations. The infrared structure of these functions can be understood in terms of the IR
anomalous dimensions. In particular, the threshold logarithms that contribute in the soft
and collinear regions of the real emission processes are contained in these soft functions.
The universal nature of these contributions are due to the IR anomalous dimensions. The
fact that these contributions exponentiate, owing to the K4+G differential equation that
they satisfy, the all order predictions as well as the resummation of threshold effects are
possible. In the present case, our task is to find a suitable K+G equation which can capture

not only SV contributions but also NSV contributions.

Using the fact that the function S given in (2.6) can be factorised from the rest of
the contributions and that the FF satisfies K+G equation, we can easily show that S
also satisfies a K4-G type differential equation. Note that SG captures both soft and next
to soft contributions. Since the K+4G equation corresponding to &5 admits a solution of
convoluted exponential form, we have expressed S5 = Cexp (®9) as given in (2.7), where
the real emission contributions, normalised by ]ﬁ' |2 and ZIQJV, . are encapsulated in the
function ®9. Here, the exponential form of the real emission contributions holds true for
both SV and NSV cases as the factorisation and the K4+G differential equation are valid
for all z. We can use the finiteness of the coefficient function, A, to determine &9 order
by order in perturbation theory. In summary, we find that §9, equivalently ®9 satisfies

K+G type equation with the kernels FS and @3 which contain right IR divergences and



the finite terms respectively:

2
deQQ - %[KCJ(@S, f;R 6,2) + Gy (as, SR /;gezﬂ . (2.12)
Note that both K and G that control the evolution of @4 are dependent on z. In
addition, following the structure of K+G equation for the FF, we keep all the IR divergent
terms in K; and move the entire Q? dependence along with IR finite terms to G;. This
is possible to all orders thanks to the factorisation property of real emission contributions.
Following [28, 45], we find the solution to eq. (2.12). Expanding both K; and G in powers
of bare coupling constant a, and integrating over Q2, we find

> /02(]1 — i ; .
B3040, Q%12 7. ) :;a<QL2zZ)> sg<2(1z_z))¢g (z,6).  (213)

Few comments on the solution are in order. The solution satisfies RG equation, namely

d
u%d—Q(I)f, = 0 which organises the perturbative expansion in such a way that after UV

renormalisation, ® is free of UV divergences. In addition, it controls the structure of
logarithms of @? through the term Q. Hence, @4 contains only IR divergences and they
are organised in such a way that they cancel against those from the FF and AP kernel. The
factor ((1 — z)/z)¢/? is inspired from the two body phase of the next to leading order DIS
scattering and the term 1/(1 — z) results form the dominant contribution of the square of
the parton level cross section in the limit z — 1. The regular function denoted by Qg,(;i)(z, €)
determines the SV as well as NSV terms systematically when it is expanded around z = 1.
We determine the entire IR divergences in K ; from the those of K of FF and of the SV
part of the AP kernel by demanding IR finiteness of the SV part of the A.. The remaining
collinear divergences present in the AP kernel, which are sensitive to NSV terms, determine
G with the condition of IR finiteness of A, implied.

For convenience, we decompose @ as 5 = ©5 4 + ®j 5 in such a way that ®F 4
contains only SV terms i.e all the distributions D; and 6(1 — 2) and @9 g contains NSV
terms namely log®(1 — z),k = 0,1,--- in the limit z — 1. An all order solution for PG4
in powers of as in dimensional regularisation is given in [45] and we reproduce here for

completeness:

atan @) = S (LU g (0 Yao, e

=1
where,

350 = o [0+ T ). (2.15)

The constants ?CJ(i)(e) and éﬁfgv(e) are given in eq. (35) and eq. (37) of [28] respectively
and they are known up to third order in perturbation theory [28, 45, 106-112]. The dis-
tributions in ® are related to Jet functions which are building blocks in Soft-Collinear
effective theory (SCET) [113-118] which captures the physics of soft and collinear dynam-
ics of high energy scattering processes through the soft and jet functions. The jet functions



describe the propagation of collinear partons inside jets. In SCET, the quark and gluon jet
functions have been computed to higher orders in perturbation theory [106-111]. Alterna-
tively, as was shown in [112], they can be extracted from the coefficient functions of DIS
with photon and Higgs exchanges [3, 4]. Noting that the finite part of ®% is nothing but
the logarithm of Jet function, three loop contribution to gluon jet function was obtained
n [112].

The solution ®F 5 that contains NSV part of the ®§ takes the following form:

. > (Q*(1 -z 51
@G plas, p?, Q% z,¢) = Za@S@(QJ(MZ)) §¢§Z>(z, €). (2.16)
=1

We obtain this solution by setting K ; to zero and replacing G; by G —637 gy ineq. (2.12)
as they were already taken into account to obtain SV part of the solution. The functions

(%)

@’ contain both UV and IR divergences as poles in €. The former goes away when the
coupling constant renormalisation is performed. As the entire soft divergences of real

emission processes are contained in ®5 4, the coefficients @&i)(z, ¢) will have only collinear
divergences that will exactly cancel with those of AP kernel. The finite part of it can be
determined by comparing against A. order by order in perturbation theory. We split @ﬁz)

as a sum of collinear divergent and collinear finite coefficients as

B9 (2,€) = Bz, €) + Boa(z,€). (2.17)

From the finiteness of A, and NSV part of AP kernel, we find that the singular coefficients

@QZ is identical to ffj) given in eq. (35) of [28] with the following replacement of A¢ by L¢:

2 (z,0) = K5(e) , (2.18)
Ac—Le(z)
where L¢(as(u%), 2) is finite and can be expanded in powers of as(u%) as
L(as(u%), Za (2.19)

The coeflicients @SZ;)C(Z, €) are determined from NSV terms of A. at every order in pertur-
bation theory. Although we can determine soft and collinear divergences present in ®9 at
every order in perturbation theory using FF, AP kernel but the finite part requires the
explicit computation of real emission subprocesses around z = 1. Note that A, are known
to third order for several observables in perturbation theory and they allow us to extract
the finite part of ®9 up to third order. In order to determine the finite part, we express

the series expansions ®§ 4 and ®§ 5 given in eq. (2.14) and eq. (2.16) respectively as
. 1 Q*(1-2) g)\2 _
Wit @20 = (5o { fo S A 0N) + s a(@0 - 2).0})

< rO2\'z . ..
-2 a (%) “siefio

i=

+

;€

1
L (R il
+2(12)Zas<u2) STKGY (). (2.20)

+ =1
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where G gy (as(Q*(1 — 2)), €) are related to the threshold exponent Bf,;(as(Q*(1 — z2)))
via eq. (48) of [28] and

. 1 (@02 dx? _
J,B(a&ug?QQ’Z? 6) = 7/ A2 L (as()\Q),z) +§0f,c(a3(Q2(1 - Z))7Z76)|6=0
I

2 Juz
+¢s,e(a8(:uF)a 2y 6) ) (221)
where,
— 2 - ~1 A2 s i = —(3)
Paclas(X), 2) = Zas (MQ) S! gpac(z €). a=f,s (2.22)
i=1

In the expression given in eq. (2.21) the first line is finite when ¢ — 0 whereas second line
is divergent in the same limit. The RG invariance of ®§ 5 implies that o . satisfies the
renormalisation group equation:

d _ c
M%T 5P clas(uy), z) = L(as(p3), 2). (2.23)
HE

The anomalous dimension L¢ can be determined by demanding finiteness of A, and it turns
out that it is half of NSV part of the AP splitting functions (see [74]), that is

L(as, z) = C(as) log(1 — z) + D(as) . (2.24)

Note that the SV part of the diagonal splitting function in the logarithms of diagonal AP
kernel in eq. (2.9) cancels the one from @CJ’ sy and the remaining divergence coming from
NSV part cancels against @, . making A, finite to all orders in as. This is guaranteed by
the factorisation of collinear divergences to all orders.

Having understood the structure of the singular part @, ., we now focus on the finite
part @ .. The finite part P . is parametrised in terms of logh(1 — 2) as:

@f,c(aS(Q 1 - Z Za Q2 Z gpcz IOg (1 - Z) (225)

kO

The coefficients @é{? in eq. (2.25) are related to the constants ge! L Jk)g through

7o = 92’(11”“), k=01

¢£k2) _ c(lk)+50gc(2k k=0.1.2

¢§k§ = gc(lk)JrfBlQZ,(f’k + 609L2 + BogLf”", k=0,1,2,3

7 = g’“’“)+iﬂ Gy 3 +;5 G52 + 250Gy T + 260G + 555
+26360 (M, k=0,1,2,3,4 (2.26)

with gc /(2:3) ,92’7(12 ’4),92’7(22’4)@2’7(13 A not contributing to @2{?. In the above equations,

grs ’(J ( ) are expansion coefficients of G ;(2, €) defined by éi ;=G5 — 53 e

_ Q2 UQ o oo i+j—1 ®
T 5 0 2 ) =3 al (@ -2) Y Y G logR(1—2). (221)
i=1 j=0 k=0
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In the dimensionally regularised theory, given the order of perturbation namely the power of
as and the accuracy of €, the loop integrals in the virtual diagrams and phase space integrals
for the real emission sub-processes demonstrate a systematic logarithmic structure. For
example, the highest power of log(1—z) of the coefficient of a’e’ in a perturbative expansion,
is controlled by both ¢ and j. For the inclusive reactions that we considered, we find that
the highest power of log(1l — z) is always less than or equal to i + j — 1. Hence, the
summation over k in the eq. (2.27) runs from 0 to ¢ + j — 1. This translates to the ug)per
o

limit 7 in the summation over k in eq. (2.25). At every order a’, the coefficients Qz(z r

their combination namely @ﬁ{? for various value of ¢ and k can be extracted from explicit
perturbative results of A..

So far, we studied how NSV terms can be systematically included in the threshold
expansion of inclusive cross section of DIS. Same methodology can be applied for the STA
as well to obtain the corresponding all order result. Noting that the STA is time like process,
namely the energy scale Q2 is negative of its center of mass energy and that the collinear
factorisation requires time-like splitting functions, we can obtain ‘ich (see eq. (2.9) for SIA
by replacing Q2 in E, by —¢2,¢%> > 0, Q% in o9 by ¢? and the splitting functions in I, by
the time like ones:

Folas, 1?,Q% €) = Felas, 1*,—¢%,€)
q)cJ(&SHU?’QQ)E) — i)(c](&svu2aq27€)
In Fcc(a57ﬂ27l~b%76) — In Fcc(a/s,,uzvﬂ%ae) (2‘28)

where T is the time like AP kernel. The solution for jet function for the SIA, <i>§ is
obtained exactly the way we obtained ®9. The complete result for the SV part can be
found [119] which we will not repeat here. For the NSV part of ®¢, the function ‘i)?]’ g is
found to be the same as eq. (2.16) with the replacements @, . — @4, and consequently
Pa,c = Pa,c With a = s, f and Q? = ¢

The coefficient functions A, for DIS via the exchange of a photon as well as a Higgs
boson are available up to third order in [3, 4] respectively. One can find the analytical results
for FFs, overall renormalisation constants, the functions <I>§7 4 and I'z up to third order in
the literature. Following [63, 120], we define the non singlet DIS structure functions as:

1 _
Fir=2Fns,  F2=_Fons, Fy = Bt (2.29)
Now using the available results up to third order for ¢ = ¢ (photon-exchange DIS) for the
structure functions F; and F3, we found the functions @(I]fi) as,
el =10cr, BN =0, Pl =10CrCa — 22C%
_(2 (3 176 32
P =—4C%, )= CI%CA< - ) +n;C3 () . (2.30)
27 27
and for the structure function F3,
(0 _(
P =140k, @ =0,
7% = CpC (5734—64 & )—02 (25 144G, —T72 ) C (—1060 5 )
Py2 FCal € 3 G2 Pl t C2—T2C3 | +nsCr 57 +3C2 ;
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@(;% = CpCy (—6+16C2> +C% <26—32C2> , %(1 % —4C%,

_(0) o (3231470 63128 46208 64 2324 >
_ 29 o _ _ o2
P,5 = CrC}i ( 59 T G o (3 o1 2 C2C3 Cz
83255 22180 25984 6464
+CFCA<—54 +1320¢5 + 9 (3— C2+272C2C3—C2>
1319 905 972940
CF <6 —2000¢5+444¢3— 7<2 —224(2(3+ C22> +n;CrCa (— 9

21068 304 133 880 2896 256
428360+ S oG- TG )y O (- - B R 0 )

68312+_§g<_ 592<_) [dabc
729 27 2

+nfCF< ]flll <—128+1280<5—704C3—448<2

+128c2<3+c§) ,

5680 376 1792 128 95612 1400
@élg—CFCA(—g 7(3 Co——(— C2>+CFCA( “’1 7(3—100442
512 134 160 . 1536 892 160 260
—42) GF<—72O<3—<2 <Q)+nfOF0A<9—<3—<2)
16136 128
+nfc%<— o1 @+444@>

14 316 496
P} = CrCh (5 ~32G4586 ) - CFCA(94 12865+ 506 )+ (50 1286,

+nsCprCa (2—C2) +nyCh (4 += C2>

_(3) _ 176 9 (32
qu?) = CFCA( 27 +nfCF ﬁ s (231)
Similarly, the non singlet time-like transverse (Fr) and longitudinal (Fr) structure func-
tions in STA (see [63, 119, 120]) are defined as,

Fr="Frns, FrL=FpLns, (2.32)
and SOz(; z) for F7 are found to be
P =-8Cr, =0, 2\) = —10CrCy + 22C%,
g =40k, &%= c&(14<gf>-—nch(;i>. (2.33)
and for Fy, gbglfi) are found to be
2\ = 2Cr, 2 = 4acp,

328 64
(ﬁ(ql%—CFCA( 9 )—1—012:(48—16(2) C]ﬂlf(g)
2 4
@gg——C%CM+SC%C%nf<3),

484

16
97 Can + nfC’F(27> (2.34)

88 176 16
>+30ACF C'AC'an( )

o) =
CFCA( 27 3
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and for ¢ = g (Higgs-exchange DIS) the CFs to the gluon structure function Fy, gives the

following E(k)

g7
1 2
75(,? = §CA + ana 7&% =0, 7&% = —14031 +2n;Ca,
(2 _(3 176 32
é% = —4C%, s0§,§ = Ci( - 27) +nyCh (27) (2.35)

Here, the constants C4 = N, and Cr = (N2 — 1)/2N, are Casimirs of SU(N,) gauge

group and ny is number of active flavours. The result for color factor [dC]LVbCQ] fli1 can be

found in [3]. For F; and F3, we could not obtain all the constants @;ﬁ) as the results for A,

corresponding to them are not available in the literature. Also for fragmentation functions,
we have given only those that are possible to extract from the available CFs of fragmentation
functions. Hence in conclusion, the coefficients @, given in egs. (2.30), (2.31) along with
the NSV part of the AP splitting functions determine @3’ p up to third order in a,. Note that
@37 4 is already known [28, 106-112] to the same accuracy. This completes the determination
of ®5 to third order in perturbation theory.

Having obtained ®9 to third order, we make few observations. The structure of SV
part of ®4, namely <I>f,7 4, is well understood in terms of the cusp anomalous dimension
A¢ and the function GCJ’SV. In particular, one finds that the entire SV part of ®5 is
universal as it is independent of the hard interaction. In the present case, this means that
®5 4 is same for all the structure functions. However, it depends only on the parton that
participates in the hard scattering. For photon-DIS, quark and anti-quarks are the ones
that interact directly with the photon and hence the index ¢ = ¢,q in cusp anomalous
dimension and éi sy - For the Higgs-DIS, both the cusp anomalous dimension as well as
@CJ’SV will depend on the gluon and hence they will be different from those of photon-
DIS. Unlike the SV part, NSV part does not have universal structure even though part
of NSV contains process independent anomalous dimensions C¢ and D¢ resulting from
AP splitting functions. From egs. (2.30), (2.31), we find that the explicit results on @,
extracted for different structure functions do not coincide, implying that they are sensitive
to hard scattering of quarks/anti-quarks with the photon. In [74], some of us studied the
NSV contributions to production of lepton pairs in Drell-Yan and production of Higgs
boson in bottom quark annihilation and found that the corresponding ¢, and ¢y, differ
at third order hinting towards the breakdown of universality for the NSV part.

3 All order predictions for A,

In the earlier section we discussed extensively about each of the building blocks which
constitute the master formula given in eq. (2.9). We have also shown that these building
blocks satisfy certain differential equations which in turn is controlled by universal anoma-
lous dimensions. Now in this section we aim to discuss the predictability of the solutions
to the governing differential equations. For example, differential equation corresponding
to RG can help us to predict logarithms of u%. Similarly AP equations predict logarithms
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of u% and K+G equations of FF and ®9 predict threshold contributions §(1 — z), D; and
logk(l —2),k =0,1,--- at higher orders in as. Hence, the knowledge of ®9, FFs for the
quark/gluon and the AP kernel I, all known to third order can be used to predict certain
SV as well as NSV terms in A, beyond third order. Let us expand the CF A, in powers

of as(u%) as

AC(QQHU%%:M%" Za MR?MF? ) (31)

where the coefficient AL can be determined from eq. (2.8)-(2.9). Note that AL = 0(1—=2).
By definition, A, contains only SV and NSV terms and hence terms of order O((1 —
z)*),a > 0 are dropped.

Using the definition of C , we first expand the exponential of ¥ in eq. (2.8) in powers
of as(p R) and then perform all the convolutions. This gives, at each order in perturbation
theory, a tower of SV terms, such as the distributions D;,7 = 0,1,--- and §(1 — z) and of
next to SV terms namely the logarithms log’(1 — z),i=0,1,---

If W9 is known to as, the master formula eq. (2.8) can predict the leading SV terms
(D3, Ds), (Ds,Dy),- (Dm 1,Da;_5) and the leading NSV terms log®(1 — z),log’(1 —
2), -, log? (1 — ) at a2, a3,--- ,a’ respectively for all i. Note that Cf is identically zero
and hence log%(l — z) terms do not contribute irrespective of i. Similarly the knowledge of
U4 to order a? can predict the tower of distributions (Dg, D3),(D5,Dy), -+ ,(D2i—3,D2i—4)
and of log*(1 — z),1og%(1 — 2), - -+ ,log®~2(1 — ) at al,al, - al respectively for all 7. DIS
results for the photon exchange are known to a2 and it allows us to confirm our predictions
at second and third orders based on the knowledge of ®5 at a, and at a? respectively. We
also confirmed our predictions for SV and NSV terms at third order against those given
in [3, 4] using the ®9 known to order ay. This explains the all order predictive nature
of eq. (2.8). The complete knowledge of ®9 up to third order can be used to predict
certain SV and NSV terms at fourth order for A, because the former allows us to predict
a tower of (D3, Dy), (D5, Dy) - -+, (Dai_5,Dai_g) and of log®(1 — z),log” - - -, log%~3(1 — 2)

5 ; . .
at at,ad,---  a’ respectively for all 4.

sy Wgy
In the following, we present our predictions for the NSV terms L, till seventh order in
as. For the DIS structure function Fi, we find

1
ANSYV = q ANV L 2ANTVE) 4 ANV . g H B ;C%}LZ n {MCFCA

{ 1936 ( 16384

232
i 2 7OFCA T 48C2>CFCA

+ —CF nfc%}Lg —

27 27 27"t
14 2
+a§[{—§0§}LZ+{—CF ng+ CFCA+8CF} { 2 OCF

704 2920 64
+ (188 — 128(y)Cp — ——nsCCy — onCF + 20%}@ + O(L;*)]

3520 9680 3056 17216 128
532 320 16
+ (— - CQ)CF}ﬂ + O(L6)] 2[{ - cg}L;} + { SOy
484 2 2
87 C3CA + 24CF}L10 { _ ﬂ(JF 5 OCFCA ng— 96800F0A
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GIVEN PREDICTIONS
e ) e ) AD AD AD
Dy, D1,0 D3, Da D5, Dy D(2i-1), D(2i-2)
L, LY L} L’ S
Dy, D1,0 D3, D, D(2i-3); D(2i—a)
L2, L1, L9 L L2
D07 Dh d D(Q'é—5)7 D(Qi,—ﬁ)
I3 ... 0 L3
Dy, D1,0 D2i—(2n-1)), D2i—2n)
L. ... LQ L(ZQi—n)

Table 1. Towers of Distributions (D;) and NSV logarithms (log"(1 — z)) that can be predicted for
A, using eq. (2.8). Here UL and ALY denotes ¥, and A, at order a’ respectively. Also the symbol
L' denotes log'(1 — z).

6632 37376 80 344

+—CF f+< &+<2>C;CA+ <3+64§2>C%}L2+O(L§>}
16 208 1144 424

7 el 13 12

s H 45CF}LZ T { 135CF I+ 135 T35 CrCat CF}L
224 2464 6776 18128 20416

+ { -3 Cypnf + CFcAnf CFCA 105 —2C%ny + ( T

64 6 844 448 11 10 ]
+ = c2>cFCA+( SRR )CF}L +O(LL) (3.2)

for the DIS structure function Fo,

16 728
ANSY = quYfV(%agAgV(% 3ANSV( ) La [ ANSV® +{3C%}L§—{ e
_@nfcp 320C3Ca+(— 72+64@)0§}L§+o( )} { ANSVE) | {302}@

L
+{(—&;‘4 64g2>CFCA+ Can+(48—128() }L7+O L6]

904
ag[AﬁfV(“Jr{wcg}L;Ojt{( 57 CiCa+t
64 1984 64
CQ)C%}LEJrO(Lf)]Jra [ANSV(7)+{ } {( T T C2>CFCA

2 12
1220an+( CF—8C2> C;}L;1+O(L;0)], (3.3)

for the SIA transverse structure function Fr,

ANSV __
Ayr’ =as q,1

)

BV 4 2B 4 3BTV 4 ad | A)Y - 120}

+ { 10237160%0,4 + (292 — 96(2) C — 20;2 CF}L5 + (’)(L‘*)} al [Aﬁf”“

11072 2144 728
— 4402 L8 + { 5 CECy — > ~—Cpny+ <3 — 64( >02}L§ + O(Lg)}
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104 24484 4648 436
+a§[AfﬁV(> { C’F}Llo { ChCa— 7 Chins + <

3
_ 32@) C%}LZ + O(Li)] +a! [Afﬁvm —8CLL2 + {6328 C8.Cp

12736 1016 " 0

WOFTLJC + (15 - C2) CF}LZ + O(Lz ) ; (3.4)

and for the STA longitudinal structure function Fy,

~ ~ ~ 8 364
AV = a B0+ ANV 4 AN +at| (Sop) e - { (35 - 16e) cren
40 4 32
4 (3260 — 36)Ch — gnfog}Lg + o(y;)} +a [{30;}@ + {gc;nf
64 5 212 32 4\ r7 6 6[f/8 6110
+ (24 - 3g2>cF + (— 5t 3@) CACF}LZ +O(LE) | +a O Lt

56 32 452 16
{ Cong + (12 - 42) s + (— Sy @) CAC;}LE + O(Lg)]

198 24 992
71 [ S ~7 1712 b= il

+a, [{45CF}LZ + {135CF e ( CQ) <135
32 6 11 10

—15C2>CACF}LZ +O(LY)|. (3.5)

In addition, for the gluon initiated process, we predict

16 32
Aévsv _ asAéVSV(l) + agAéVSV@) + afsiAé\/SV@) + aﬁ H — C‘}‘}LZ — {BCinf

132 1 2
_ 104Cj}LS + {5; Chny — 27760A (— % + 176<2>C§}L§

2
+ O(Lﬁ)] s H - cj}Lg + { - ?q‘gnf 68@,}

{800
1 4 44
g (T4t ofa] - (Bt

C’E’m?

81 81
656 5552 14252 58496
Chny — Lo 4 {_ OV 4 2 _
{135 135 CA} g Canj + —g— Cany

272 1 5
_ 7(2)0,4}132 +O(L§)} +aZ[_ {6012}@3 B {12§0Anf

2396 256 41864 164912 128
CA}L12+{ CA 05 ——C%n f< 05 3 C)CA}L”

+ O(L;O)] . (3.6)

Our predictions for log”(1 — 2),log%(1 — 2) and log®(1 — z) terms at fourth order for A,s
agree with that of [3, 4].

In summary, if we know ¥ up to nth order, we can predict (Dgj—2n+1, D2i—2y) and
logQi_"(l — 2) at every order in a’, for all i, see table 1. We present the general structure of
the NSV partonic CFs AMSV to fourth order in a, in appendix A and in the supplementary
material file attached to this paper.

17 -



The fact that the master formula has the predictive nature to all orders in as in terms
of distributions and log(1 — z) terms in A, can be exploited to resum them to all orders.
This will be discussed in the next section.

4 Resummation in N space

In the last section, we developed a formalism in z space to study SV and NSV contributions
to DIS and SIA processes. Our all order result for ¥4 can predict tower of SV logarithms
for A. through the SV distributions D; and NSV logarithms log?(1 — 2),5 = 0,1,--- at
every order in as. This is possible because the knowledge of SV and NSV terms for A, up
to a given order m in ag, say a’,i = 0,--- ,m, contains valuable information through v,
for LL, NLL etc at every order in a! with j > m, i.e., for terms at a/,7 = m,--- ,00. The
reason for this is due to the fact that the constituents of ¥4, namely the FF, Z7y., ®5 and
AP kernels, satisfy differential equations and their perturbative solutions have all order
predictions for certain logarithms, such as logarithms of Q?, ,u%%, p2 and also logarithms of
the form log? (1 —2)/(1—2)¥,j =0,1,--- ,00,k = 0,1. The structure of these logarithms is
controlled by UV and IR anomalous dimensions. Presence of such logarithms is a unique
feature of any perturbative expansions and is considered advantageous to evaluate whether
the perturbative series is reliable or not. They can also become large at every order posing
problem for the perturbative series. For example, the distributions D; and the NSV terms
log’ (1 — z) in threshold region can become large at every order in a,. In practice, there are
situations when the order of perturbation increases, the contributions from distributions
D; also increase such that the product ang,l is of order one at every order j =1,--- , cc.
This means that we need to take into account order one terms to all orders in perturbation
theory to make any sensible prediction.

Since we are dealing with distributions in W9 and convolutions in A, it is convenient
to work in Mellin space NN. The distributions in N space are well defined. Also the
convolutions in z space become normal products in N space. Hence, it is easy to study the
order one terms in N space. The threshold limit namely z — 1 where the SV distributions
and NSV logarithms logj(l — z) dominate, corresponds to N — oo in Mellin space. We
do not strictly take N — oo as we are interested in NSV terms. In N space, in the large
N limit, the Mellin moment of z space SV gives log’(N) terms as well as 1/N7 log’(N)
terms. However, the z space NSV terms will always give 1/N7log’(N) terms. While
performing Mellin moments, we drop 1/N7log’(N) terms with j > 1 for all i at every
order in a,. This way, we have in N space, SV contributions which contain only log®(IV)
terms whereas NSV contains only 1/N log?(N) term. The order one terms that we found
in 2z space in the threshold limit will show up in the Mellin space through (as3olog(N))*
with k£ > 0. Reorganisation of the perturbative series taking into account these order one
terms consistently can be achieved through the procedure called resummation. In the rest
of the section, we show how these order one terms in ¥ can be summed to all orders in
perturbation theory. The resummed results in Mellin space taking into account only SV
terms are available in the literature for variety of processes, see [44, 51-62]. In the following,
we derive the N space resummed result for the NSV logarithms. Unlike the resummed SV
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contributions, the NSV terms organise themselves in double series expansion in both as as
well as in log(N). In addition, we find that the resummed expression for NSV part is 1/N
suppressed compared to SV.

It is convenient to use the integral representations of ®5 4 and @ 5 given in eq. (2.20)
and eq. (2.21) respectively to perform the Mellin moment in the large N limit to obtain SV
log'(N) terms as well as NSV 1/Nlog’(N) terms. Substituting eq. (2.20) and eq. (2.21) in
A., the Mellin moment of eq. (2.8) takes the following form,

Aen(Q, 1k 1F) = CE(Q i 1iF) exp (U5 (Q%, 1)) (4.1)
W5 v in the above equation is twice the Mellin moment of ¥ p,
1
W (Qhuh) =2 [ G p(QP ) +2)
where

2(1—2) 2
o (Q2 1 2 / P00, (@ - 9., (43)

[\ \

and

. 1 —c _
Q@1 = 2)).2) = (=g Crsv(@(@(1=2))) +71lan(@(1=2).2). (44
+
The N independent coefficient C§ results from the finite parts of FF, I'.. and the coefficient
of 6(1 — z) of 9. We expand C§ in powers of a, as:

CO( :U’RnuF ZCL COz /’L%%?lu%‘) ) (45)

where the coefficients Cf; are presented in the supplementary material file attached to this
paper. Also,the results of C§ for the photon-exchange DIS can be found in [52]. Both C§ and
U v ineq. (4.1) depend on process dependent quantities as well as the universal anomalous
dimensions, A¢, B¢, C¢, D¢, f¢ and set of SV coefficients éi sv and NSV coefficients @ .

Before we proceed to the details of computation, we make few remarks on the IV space
result that we obtained. There have been several studies on the all order structure of NSV
terms, see [65-72, 121, 122] in order to better understand the underlying IR physics. We
find that our result given in eq. (4.1) is similar to the one which was conjectured in [65].
However, we differ from eq. (37) in [65], in the upper limit of the integral, the presence
of extra term ;. and the explicit dependence on the variable z. While these differences
do not disturb the SV predictions, they will give NSV terms different from those obtained
using eq. (37) of [65].

Our next task is to perform the Mellin moment of SV and NSV terms, where we keep
all terms till O(1/N) and drop the rest which have higher power in 1/N. We encounter two
types of integrals, namely integrals over distributions D;,7 = 0,1, --- and those over regular
terms log’(1—2),i = 0,1, ---. Care is needed to deal with the integrals of distributions. The
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section 2.2 of [65] contain results that are suitable to obtain Mellin moments of distributions
as well as regular terms in the large N limit. Following, [65], we replace [ dz(zN~1 —1)/(1—
z)and [ dzz"~!by [0(1—z—1/N)/(1—z) and apply the operators I'4 (N ;&) and I'p(N /&)
on them respectively. The I"4 (N %) and I'p (N %) are given by

La) = 3 Al C(r) = X Pk, (46)
k=0 k=1
(k)

it = V) gy, W= D @7)

and they are listed in the appendix [C] of [74]. Applying these operators, we find

. @ dx? AN c e Lo
JN = /Q?/N )\2{ (m ? +’Yi4>A (as(>\2)) - GJ,SV(as()\Q)) - ﬁg (aS(AQ)’N)

L F @R |+ Fan(@). )
Q% 7)\2
# [, S (o= tomn ) A(as ) + @00 M} (48)

where

1
Fé(as, N) = Fylas) + N}"f:;(as, N). (4.9)
with Fq(as) and Fg(as, N) are found to be

0 0

File) = = Chsv (a) + S 1fa( ~ Bl 5 ) {4%(00) + Blar) - Gos(a) |, (410)
i=0 s s

and
C B— B 2 d — 1~c
]:B(G’SvN) = 271 Sof,c(a&N) - 272 A d)\gspf,c(a&N) + 56 (a57N)

i d fod 1 i
+2(7f +37) (WL DR M)+ 58 e W) |+ 5070,

(4.11)

0 .

In the above equation, 38 = S ’le(NdiN)Z_‘g. For brevity we denote as(\?) as a in all the
i=4

above equations. Also,

£ (as, N) = D(as) — C%(as)log(N), &°(as, N) = 'YlBéc(as’N) - 'YQBCC(GS)- (4.12)

What remains to be done now is the integration over A% in eq. (4.8) or equivalently over
as. Care is needed to keep the order one term, namely terms of the form w’,j =1, - , 00,
with w = as(u%)Bolog(N), at every order in as(u%). If we use RG equation for as and
replace integration over A% by as, we obtain the result that is expected to be a function
of as(Q?/N) as well as as(Q?). Both these ass can be expanded around as(u%) using RG
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of the strong coupling constant keeping order one ws intact. Alternatively, we can achieve
this by performing the integrations over A by using as(\?) given by

) = (“UR) [ - ol B ga>+»(“*f%))z(ggamﬁ<n—-Mga>
1) gz(z 1)+ (“s<7%>)3<§§(2<1 ~Dlogl) + 5 og?()
—log3(l) — % - %zz) + 2/350(1 — 2+ ﬁ;? (2¢108(1)
—3log(l) — (1 — z)))]. (4.13)

where | = 1— Boas(u%)log(u%/A?) and B; are the coefficients of QCD beta function 8(as) =
— > a2 3; known to five loops, see [123-126]. The latter approach is easier to retain
order one ws at every order in as(u%) and we followed this in our paper. Since ¥, depends
both on as and log(N), we make a double series expansion as follows:

cpfc as, N ZZa <p“ log(N))k. (4.14)

i=1 k=0

using the expansion for @ . and expanding other quantities in the exponent in powers of
as, and using eq. (4.13) for as(A\?) in eq. (4.8). We obtain

U5y =log(g5(as(uk))) + 5 (w) log(N +Za 17) G5 1o (w)
1=0

+%Z al(uf)hé(w,N), (4.15)

where gf and h§(w, N) are defined as,
1
GH) = 0H0) + i),
hé(w, N) = hio(w) + h; (w) log(N),  hé(w, N) Z S, (w) logF(IN). (4.16)

Here we have dropped terms order O(1/N%),i > 1. Also, the function log(g§(as)) is ex-
panded in powers of ag as,

log (g6 (as(1%)) Za 1) 96 (4.17)

In eq. (4.15), the coefficients g§ and ¢f,i = 1,2,--- correspond to SV part, whereas g and
h¢i=1,2,--- correspond to NSV part. The coefficients ¢§(w) are identical to those in [52]
obtained from the resummed formula for SV terms. Note that gf(w) becomes zero in the
limit w — 1. The coefficient g§(as) (see [52]) is given in the supplementary material file
attached to this paper. The N independent coefficients C§ and g§ can be combined as

G6(Q% 1, 1) = C§(Q%, 1, 13) 96 (as(1F:)), (4.18)
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and is expanded in terms of as(u%) as

3 (as(u%)) Za . (4.19)

Here, gg ; are found to be identical to gD S given in [52]. While both z space as well as N
space results contain same information, the summation of order one w terms to all orders
in perturbation theory can be conveniently performed only in NV space. We find that the
functions g5, gi and h§ sum up w to all orders in perturbation theory.

In eq. (4.15), gf is found to be identically zero and the remaining terms g¢,i = 2,3, - -
are functions of the cusp anomalous dimension A° and the function GCJ,SV of eq. (4.4).
g5 (w) contain no explicit log(/N) terms. The functions h{ in eq. (4.15) result from the
Mellin moment of ®4 5 and hence depend on the anomalous dimensions C, D and the
function ;.. We find that the coefficient hf; is proportional to C{ which is identically
zero, and hence at order a2, there is no (1/N)log(N) term.

We also observe from the explicit calculations, that there exist certain transformation
rule which relates to the resummation coefficients g§ and h{ of DIS with the corresponding
coefficients of DY /Higgs production presented in [74]. These rules are found to be,

DY ~DIS DY _DIS .
g1 (W) =207 7 (2w),  Giy1(w) = giv1 (2w >0,

‘ {Bi—07A—2i4A )

hEY (w, N) = 28R DTS ( (4.20)

20, N ’{Di—>2Di,723—>2<i—1)%3,<p§’“>—>2<1—k)¢§k>}'
The reason behind the existence of such transformation rule follows from the fact that w
is related to log N in DIS whereas for DY /Higgs it is related to log N2. This dependency
resurfaces at every stages of the calculation. The scaling of %A (7vP) reflects the same depen-
dency as they are coefficients of the derivative of log N in the expansion of I'y (I'g) defined
in eq. (4.6). Also ¢(»k)

)

, being coefficients of log N (see eq. (4.14)), gets scaled accordingly.
Hence the above relations between DIS and DY /Higgs manifest the aforementioned depen-
dency. The results of the coefficients ¢§(w) are given in [127] and g§(w) and hg(w, N) for
DIS up to four loops are given in appendix C, D. For completeness we also provide them
in the supplementary material file attached to this paper.

Let us now study the all order structure of the exponent in the N space. First of all,
it is clear that working in N space in the large N limit (keeping order O(1/N) terms)
allows us to cast the entire exponent in a compact form through the functions gf, gi and
h, each of which is a function of w. These functions carry all order information of SV and
NSV logarithms. This is not surprising because ®9 does contain the same information in z
space, however, with no compact looking form. Note that in z space we have the inherent
scale Q?(1 — z) of the process appearing at every order with a, through a(Q?(1 — z))*/?
term. This results in as(Q?(1—z)) through UV renormalisation which demonstrates the all
order prediction of logarithm through distributions and log(1 — z) when expanded around
as(uQR). In N space, these logarithms can be systematically summed up at every order
as (,u%%) through the functions g5, gi and h{ given in the exponent. We find that unlike SV
part, NSV part is a double series expansion in as(u%) and log(N). The explicit log(N)s
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in the NSV functions A§ comes from explicit log(1 — z) terms in the expansion of % . and
these logarithms do not demonstrate any all order structure and hence can not be summed
like the ones appear in the argument of as. Note that the index ¢ in the functions g¢§ etc
that appears in the exponent determine the accuracy of SV and NSV logarithms that are
summed up to all orders. Hence, expanding the ®§ , or its Mellin moment around as(p%)
allows us to make definite predictions for SV and NSV logarithms with given accuracy to
all orders in as(u%). For example if we have P 4 up to order as, we can predict terms of the
form a’Do;_1(z) in @G 4 for all i > 1. The functions go,o and g; in the exponent can predict
leading a’ log® (N) terms for all i > 1. If we include §o 1 and go terms, then we can predict
next to leading a’ logQi_l(N ) terms for all ¢ > 2. In general, the resummed result with
terms g5 o, " 96.n—1 and g7, --+, g5, can predict a®log? " *1(N). The inclusion of sub leading
terms through g¢ and h¢ we get additional (1/N)log/ (N) terms in N space or log/ (1 — z)
terms in z space. In perturbative QCD, C{ = 0, where ¢ = ¢,q,g. Like the SV part of
the resummed exponent, the 1/N suppressed terms also organises themselves by keeping
w = as(u%)Bolog(N) terms as order one at every order in as(u%). In addition, we find
that at a given order a(u%), the 1/N coefficient is a polynomial in log(NN) with the order
i. Again, we find that using 3§ o, 91, 95 and g5, g5, h§, h{, one can predict (al/N)log? Y(N)
terms for all ¢ > 1. Similarly, along with the previous ones, g ;,95 and g§, h§ , one can
predict (al/N)log 2(N) for all i > 2. This way, the resummed result with g5,---, g4
and hS,- - -, h¢ along with §oo,- - -, Gon—1 and g1, - -, gn+1 can predict (a’/N)log® " (N)
for all 4 > n in Mellin space N. To illustrate the above discussion, we compare the three
loop predictions obtained from go;-1,95,1, gi,1 and h§ for i < 3 against the exact three
loop results in table 2. It can be seen that, given the previous order results, all the higher
logarithmic coefficients can be exactly predicted. However, lower order 1/N log® (N), k<4
can not be predicted from our all order result as they require @cg for k < 4 which can
only be determined from the third order result for CFs. Interestingly, even without the
knowledge of these terms, our predictions for 1/N log®(IV) terms agree with the exact result
for several color factors, see table 2. Note that the limitations in the predictions for higher
orders from the previous order for NSV terms are in close resemblance with those of higher
order predictions for SV terms in CF, given lower order SV exponents. In summary, our
all order result, both in z space and N space demonstrates all order structure as well as
predictions that have identical features for both SV and NSV terms. The only difference
between SV and NSV terms in the exponent is the way they depend on the process. That
is, we find that NSV exponents are process dependent unlike SV ones. Table [2] of [74]
summarizes these observations at any given order.

5 Physical evolution kernel

So far, we studied the structure of CFs in the threshold limit taking into account both
the dominant SV and sub dominant NSV terms. Recall that we work in a dimensionally
regularised quantum field theory where all the divergences are regularised in 4 + € dimen-
sions and use modified minimal subtraction scheme to perform both UV renormalisation
as well as mass factorisation. Hence, the CFs and PDF or PFF depend on this scheme,
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log®(N) log* (N) log®(N)
N N N
CS 256 256 6499 6499 167031+3584 167031 584<
F 27 27 40 40 500 " 500
2 1600 1600 431451 _ 105229
Cpny 0 0 T8l T8l 71000 250 TX
2 1760 1760 38617 150991
X2
2 800 800
_ 1760 1760
CaCrny | 0 0 0 0 1760 1760
2 968 968

Table 2. Comparison of 3-loop resummed predictions against exact results for the DIS structure
function F5. For each color structure, the left column stands for the exact results and the right
column stands for the resummed predictions. The constant y; and x2 depends on 90(3)

hence they are unphysical. However, the physical observables comprising of them are blind
to this. This means that if we make scheme transformations on CFs and on PDFs or PFF
simultaneously, the physical observables are invariant. For example, following [128], we
consider an observable O(Q?)

functions that appear in the DIS or in the cross section for SIA. The functions Co and F

= Co(Q?, u%)F(u%), where O represent any of the structure

are the corresponding CFs and PDFs or PFFs respectively. They are independently scheme
dependent quantities. That is, if we make scheme transformations, namely Co — ZC» and
F — F/Z, then O remains invariant. This fact allows us to construct perturbative quanti-
ties out of CFs and PDF/PFF such that they are invariant under scheme transformation.
One such quantity is Ko, called physical evolution kernel (PEK) [79, 129] and is defined
through

@ 5;0(Q") = Ko(@)0(@?), (1)
where, Ko is obtained using the RG equation for Cp and is given by
dC
Ko@) =0(@") + @*2 0T c51(q). (5.2

The anomalous dimension o satisfies p%d/du3(log(Fo(u%)) = vo(u%). Being scheme
independent, the kernel can be used to understand the perturbative structure of physical
quantities. In [128], the crossing relation namely the Drell-Levy-Yan relation [130] between
CFs of DIS and of STA were studied in a scheme invariant way using PEK. In [64, 131],
next to NSV to DIS was studied using PEK.

A striking observation was made by Moch and Vogt in [63] (and [31, 35]), by studying
PEKSs of observables in DIS, semi-inclusive ee™ annihilation and DY. They showed that
the PEKs demonstrate the enhancement of a single-logarithms at large z to all order in
1 — z. Making use of this observation and extending it to all orders in ag, the structure
of corresponding leading log(1 — z) terms in the kernel can be constrained, which allowed

them to predict certain next to SV logarithms at higher orders in as.
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Now that we have an all order results for SV4+NSV both in z and N spaces, we can
easily predict the structure of leading logarithms in the physical evolution kernel. It is
convenient to use the result in N space for this purpose. The PEK for DIS is given by

K(as(ug), N) = Q* sz log A, v (Q7). (5:3)
2

which is invariant under scheme transformation. The kernel K¢(as(p%), N) can be com-
puted order by order in perturbation theory

Ke(as(u%), Za _1(N). (5.4)
As in [63], the leading (1/N)log(N) terms at every order defined by K°:

K; = K¢ (5.5)

(1/N)log*(N)
can be obtained. Using eq. (4.1), we find that these terms can be obtained directly from
the NSV part of \IJCJ n alone and are given by

K§ = A58 + Dy — i~ 102+ZZ J+1<. )ﬁ“ B0 (5.6

The corresponding PEKSs for SIA can be obtalned from the above DIS PEKSs by replac-
(4)

in a? the leading (1/N)log’(N) terms are controlled by D$ and C§ from L€ and by ¢(i)-

(XN

This is our prediction for the leading 1/N behavior of the physical evolution kernel, K,

ing D{,CS and @, ; by the respective time-like counter parts. Interestingly at every order

at every order in perturbation theory and is consistent with the observation made by [63]
using the known perturbative results.

For photon-exchange DIS and fragmentation functions in SIA we find a complete nu-
merical agreement with [63] up to three loops for all the structure functions upon substi-
tuting the known values of C¢; D¢ of space and time-like splitting functions and DIS NSV
constants gagz and SITA ones apgz from egs. (2.30), (2.31), (2.33), (2.34) respectively. In the

following we present the PEKs for the fragmentation functions in STA, photon-exchange
DIS and Higgs-exchange DIS:

Ko = —2C;,
Ki = —2B8,C; £16C?,
Ky = —262C; + 248,02,

K = —283C; + %302

—c 112

K =~ 265Ci + =5-B3C7 — 46 7,

e 160

K = — 280C: = —-B0C7 — 208 B4 + 560 B

e 248 _

K = = 265Ci + —- 8307 — 6050 Pe) + 3083 BLs — 650 PLy- (5.7)
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Here C; is {C4,Cr} for ¢ = {g,q} respectively. And the plus sign corresponds to SIA
and the minus sign is for photon and Higgs-exchange DIS. This owe to the fact that the
anomalous dimension Cf is equal and opposite in sign for space-like and time-like splitting
kernels. Moreover from eq. (2.31), (2.33), (2.35) we can also see that @(1]2 from two loop
onwards are equal and opposite in sign giving rise to the above differences in sign between
STA and DIS.

The agreement of our predictions for the leading term in the kernel with those obtained
using explicit results for CFs is not surprising because the K+G equation that the ®9
satisfies and the functions éi 1,8 are similar to physical evolution equation and the PEK
respectively. The highest power of log(N) in the 1/N coefficient of K is due to the
upper limit on the summation in eq. (4.14). We make another interesting comparison
between eq. (5.6) and eq. (5.7). The general structure for PEKSs in terms of the anomalous
dimensions and @clfk given in eq. (5.6) shows that Kj at any given order is proportional to
B4, t = j,---,1. On the other hand for eq. (5.7) we have coefficients only proportional to
3% and Bé_l for K?. Hence the substitution of the explicit values of A1, C5, D1 and @ﬁkk) in
eq. (5.6) conspires in such a way so as to keep only 35 and 56_1 at every order, which calls
for an explanation. However, this exercise provides a consistency check on our framework.
Detailed study on the structure of sub leading contributions to the PEKSs, namely, the
coefficients of 1/Nlog" }(N),1/Nlog" %(N) etc at every order a’ can unravel the log(N)
structure of ¥ .. It is to be noted that the results for K3, K5 and Kg are incomplete due
to the unavailability of the full explicit NSV results for the CFs at a?, a3 and a$ orders.

While the fixed order predictions for CFs of DIS and STA from our formalism agree
with those [63], our formalism provides a result in z that sums up both SV and NSV
logarithms to all orders in as in terms of certain universal anomalous dimensions and
process dependent constants. This is possible because we could get an all order solution
for the K+G equation that results from factorisation and renormalisation group invariance.
In addition, our z space result allows to perform resummation of order one terms in the
exponent to improve the precision of theoretical predictions from the NSV terms.

6 Conclusions

Perturbative structure of the observables in QFT is very rich and the higher order pre-
dictions for them provide enormous opportunities to unravel the details of the underlying
dynamics. In particular, inclusive observables such as structure functions in DIS and frag-
mentation functions in STA can be used to understand factorisation properties in QCD
perturbation theory. This requires the knowledge of infrared structure of on-shell am-
plitudes at higher orders. IR structure of perturbative results show universality through
process independent anomalous dimensions, splitting functions, soft distributions and jet
functions etc. The universality of these quantities allows us to use the results from one
process to make predictions for the other ones. For example, quantities like IR anomalous
dimensions, soft functions parametrise resummation exponents in a process independent
way allowing us to use them for a class of processes to perform threshold resummation. Of-
ten, threshold corrections are important in certain kinematical regions and they contribute
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significantly at every order spoiling the reliability of perturbation theory. Resummation
of such contributions to all orders provides a possible solution. The most dominant one,
namely SV contributions are resummed, conveniently in Mellin space. They show up as
order one contributions through w = asf8plog(N) at every order in perturbation theory.
Next to SV terms are often not small at every order demanding careful investigation of
their structure. Such an investigation would help us to systematically include them to all
orders.

In this paper, we begin by studying the structure of logk(l —2z),k=0,---,00 NSV
terms at every order a’. We used collinear factorisation of inclusive cross sections, their RG
invariance and K+G equations for the form factors and for the real emission contributions
that contribute. We obtain an all order result in z space that describes the IR structure of
NSV terms in terms of IR anomalous dimensions C“ and D¢ and the functions ;.. Given
the result for CF to specific order in as, our z space result can predict SV and NSV terms
of CF with certain accuracy to all orders in as. This feature is the result of universal IR
structure that these contributions demonstrate.

In addition, we find that the finite part of soft distribution and next to soft distribution
functions have integral representations that can be used to study them in Mellin N space.
In Mellin N space taking into account large log(N) and 1/N log(N) contributions, one
can easily resum order one terms namely w to all orders in as. We also find that oy s
depend on the hard scattering process breaking the universality that the SV part of the
inclusive cross sections enjoy. Like in z space, if we know CFs to certain order in asg,
our results can predict certain 1/N suppressed log(N) contributions to all orders in as.
While this paper addresses only quark initiated reactions (gluons in Higgs-DIS) both in
DIS and STA, the NSV terms resulting from other scattering reactions can not be ignored
and the perturbative structure and possible resummation of them to all orders are need of
the hour to obtain any consistent analysis. The resummed result taking into account 1/N
corrections will be useful to study the phenomenological importance of NSV contributions
to inclusive observables.
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A NSV Partonic coefficient functions AYSY

The partonic coefficient function given in eq. (3.1) can be written as,

AQ?, e iy 2) = A2V QP i, i, 2) + AY V(@ i, 1, 2) (A1)
where A(‘?V’(i)(QQ,u%{,u%,z) can be found in [28, 29, 33, 43, 45]. The AV 4o fourth

order for DIS and STA after setting u%{ = p% = @Q? has the following expansion:

(2e—1)
ANV ()= 3" AFlogh(1-2) (A.2)
k=0
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Below,

A20 _

21
A

22
Ac

23 _
Ac

A24

33 _
Ac

A34

35
Ac

36 _
AP =

we present the A% for DIS(c = ¢ for photon exchange and ¢ = g for Higgs exchange).

2Q+2%c (f1+BC> +2socl(gsm+gl )+ch2 (ff+Bf) _acs (ff+Bf)

1
TP Gt ATDEG — S ASCRG — 3 (ASGorb 5 (FE4 BE i 5 (B2,

=¢£,12) +2¢((;,11) (ggv,l +gf’1> *@S,)f (ﬁo+ff+Bf> +D5+2D7 (ggm +9§’1>

4205 ( 15+ Bf ) - 45 £+ Bt ) ~ 459 Ga - AT Di G+ 145G,

EQ) ()<50+f1+31)—1Dc(ﬂ0+2f1+231)+02+201(gsv1+91 )4‘;141(/3201)
2A505Co 4 (AT,

Cl<ﬂo+2f1+2Bc>—|— AS gp£1)+ AS
fACCl,

P07 (20 4 B5 )+ 0 (26843580 (F0)+ BB+ 2B 1+ (BY)?)
+5 1 (288610030700 +6B5 0+ 0BT +3(BD? ) ~C5 o+ -+ 35 )
- %Cf (51 +6§gv,150+29f’150+2f§+4ff§gv,1 +4ffgy 1+235+4Bf§gv,1 +4Bigy 1)
+%A§¢£,11)+%A(2: + A 80£2)+A1‘Pc1(g5v1+91 >—A £1)<450+3f1+330>
+§A305+A505(9§v,1+g?1)+§A‘f€fc2 (5085555
— S AD2 (Bo 25 +2B )~ (AD)*R — (A5 DSGa+5(45CGa,
CC(2ﬁo+6f160+3(f1) +6B56o+6B5 f{+3(B5) )+ ASCE+ A1 )
- 5 AT (400 +375+3B7 ) - 15 AT D (560 +677+6B¢ ) + 5 ASC5

cove | ¢ c, c 0 3 c c 1 c
+A101<QSV,1+911> 8(A )’’® c,1) §(A1)201<2+1(A1)37

1 1 1
— — 1 ATCE (60+ 675 +0B5 ) +5 (45PR 8-+ £ (497D,

1 (& C
g(Al)QCI ’
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1
AF == 5CF (355’+11ff63+9(ff)2,6’o+2(ff)3+1leB§+18Bfffﬂo+6Bf(ff)2

v

OB B+ 6BV F5+2(B9)° ) = 15 450 (T80 6765 ) + 5 Al
—1A1g0c2(7ﬁ0+3f1+330>

45552 (998 LLFEB-+3(5)+ LLBS 6o+ BE 17 +3(B)?
+mAfo(463+8ff50+3<ff>2+835ﬁ0+635ff+3<Bf>2)

- 54505 (450+375+35% )
112A§Cf(551+22Q§v,1ﬁo+1ng’lﬂo+6f§+12ffg§v,1+12ff9§1+635+12Bfg§v,1
F12B3g5" )+ AT ASE + LA ASDE+ (45774 (a0l (T )

27 (A5 (58043154355 ) + £ (492 D5-+ 4 (402 D5 (Gov -+t

2 8

1
+E(A§)20542 (2860+27ff+27Bf>—24(A§) <8ﬂo+9f1+930>—(A0) Ef@
3 c\3 e 7 c\3 e
—é(AO 1C2+§(A1) C1Gs,

1
A46=Ain(453+8ffﬁo+3<ff>2+8Bfﬁo+6Bfff+3<Bf> >+ AFASCE+= <AC> 25!

~ 51 (DR (58043 1-+3B5 ) — (402D (780 + 615 +6B ) + £(AD°C5
430205 (o 497 ) + 48<AC>3 P 3 (A0 TG+ 10 (A",
AFT = (A0 (T80 67 +0B ) + 12 (A5 + 45 (A1,
AR = (400 (A.3)
We have put A, ... A32 and A%, ... A* along with the above results in the supplemen-

tary material file as they are lengthy. Next, we present the Alck for SIA in terms of A for
(k)

(X

eq. (2.34), in the relations provided below.

DIS. The expansion coefficients @, should be replaced with cﬁg? given in eq. (2.33) and

A = AX 4345670,
A2 = a43450 (Di L )
AZ = AP +3A{GCY

AP = AP+ A5 ~Cip-24CT-2BiCT + AT DE + AT )
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AV =A%+ (A‘{)2C2Cf ,

. 1

A§5=A§5+(A§)2g2< 10C¢ By —12f£CE—12BECE+3AS DS +3AC S})

AP =AM+ ( 1)°G0f. (A.4)

The expressions for A0, Al Al20 A2 A24 A A6 AY and A are exactly same
as the corresponding expressions for the case of DIS. The above results with the explicit
dependence on /ﬂR and u% are provided in the supplementary material file attached to this

paper.

B SV coefficients ?CSW in A,
We present here the expressions for ng used in the A% for DIS.
—c,(1
gSVl - g ) )
—c,(2
Gova= (0" +2007%).

—c 2, 4 e —c,
gSV,3:<393(1)+351g1( +3 ﬁogz 4z 509 (3>7

7(2

chv,4=< D 4 3,05 1+ 5,55 + 8,05 +28255P +4536° W +4808, 55" ) (B.1)

The explicit results for ?gv’l, ?CSVQ and ?CSV:) in terms of colour factors Cy, Cr and ny
are given in the supplementary material file attached to this paper.

C NSV resummation constants h{ ;(w)

The resummation constants hf;(w) given in eq. (4.16) are found to be as following. Here

L,=log(1-w), L r—log( )Lfr—log( )andw Boas(u%)log N.
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above results along with the bigger omes (h$y(w),h5y(w),hs;(w)) and

(h§o(w),hg; (w)) are all provided in the supplementary material file attached to this paper.

D NSV resummation constants g§(w)

The resummation constants 5 (w) given in eq. (4.16) are presented below. Here L, =

log(1—w),

r—log( ) Lfr—log( ) and w = foas(pf)log(N). Also, B g, are the
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threshold exponent given in [45].
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As before here also we provide the above results along with g§(w) in the supplementary
material file attached to this paper.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

~32 -


https://creativecommons.org/licenses/by/4.0/

References

[1] T. Kinoshita, Mass singularities of Feynman amplitudes, J. Math. Phys. 3 (1962) 650
[INSPIRE].

[2] T.D. Lee and M. Nauenberg, Degenerate Systems and Mass Singularities, Phys. Rev. 133
(1964) B1549 [INSPIRE].

[3] J.A.M. Vermaseren, A. Vogt and S. Moch, The Third-order QCD corrections to
deep-inelastic scattering by photon exchange, Nucl. Phys. B 724 (2005) 3 [hep-ph/0504242]
[INSPIRE].

[4] G. Soar, S. Moch, J.A.M. Vermaseren and A. Vogt, On Higgs-exchange DIS, physical
evolution kernels and fourth-order splitting functions at large x, Nucl. Phys. B 832 (2010)
152 [arXiv:0912.0369] [iNSPIRE].

[5] J. Ablinger et al., The 3-Loop Non-Singlet Heavy Flavor Contributions and Anomalous
Dimensions for the Structure Function Fy(x,Q?) and Transversity, Nucl. Phys. B 886
(2014) 733 [arXiv:1406.4654] [INSPIRE].

[6] S. Catani, The Singular behavior of QCD amplitudes at two loop order, Phys. Lett. B 427
(1998) 161 [hep-ph/9802439] [INSPIRE].

[7] T. Becher and M. Neubert, Infrared singularities of scattering amplitudes in perturbative
QCD, Phys. Rev. Lett. 102 (2009) 162001 [Erratum 4bid. 111 (2013) 199905]
[arXiv:0901.0722] [INSPIRE].

[8] T. Becher and M. Neubert, On the Structure of Infrared Singularities of Gauge-Theory
Amplitudes, JHEP 06 (2009) 081 [Erratum ibid. 11 (2013) 024] [arXiv:0903.1126]
[INSPIRE].

[9] E. Gardi and L. Magnea, Factorization constraints for soft anomalous dimensions in QCD
scattering amplitudes, JHEP 03 (2009) 079 [arXiv:0901.1091] INSPIRE].

[10] A.H. Ajjath, P. Mukherjee and V. Ravindran, Infrared structure of SU(N)xU(1) gauge
theory to three loops, JHEP 08 (2020) 156 [arXiv:1912.13386] [INSPIRE].

[11] A.H. Ajjath et al., NNLO QCDDQED corrections to Higgs production in bottom quark
annihilation, Phys. Rev. D 100 (2019) 114016 [arXiv:1906.09028] [NSPIRE].

[12] C. Anastasiou, C. Duhr, F. Dulat, F. Herzog and B. Mistlberger, Higgs Boson
Gluon-Fusion Production in QCD at Three Loops, Phys. Rev. Lett. 114 (2015) 212001
[arXiv:1503.06056] [INSPIRE].

[13] B. Mistlberger, Higgs boson production at hadron colliders at N°LO in QCD, JHEP 05
(2018) 028 [arXiv:1802.00833] [INSPIRE].

[14] C. Duhr, F. Dulat and B. Mistlberger, Higgs Boson Production in Bottom-Quark Fusion to
Third Order in the Strong Coupling, Phys. Rev. Lett. 125 (2020) 051804
[arXiv:1904.09990] InSPIRE].

[15] R. Hamberg, W.L. van Neerven and T. Matsuura, A complete calculation of the order $o
correction to the Drell-Yan K factor, Nucl. Phys. B 359 (1991) 343 [Erratum ibid. 644
(2002) 403] [INSPIRE].

[16] R.V. Harlander and W.B. Kilgore, Next-to-next-to-leading order Higgs production at hadron
colliders, Phys. Rev. Lett. 88 (2002) 201801 [hep-ph/0201206] [INSPIRE].

— 33 —


https://doi.org/10.1063/1.1724268
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C3%2C650%22
https://doi.org/10.1103/PhysRev.133.B1549
https://doi.org/10.1103/PhysRev.133.B1549
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2C133%2CB1549%22
https://doi.org/10.1016/j.nuclphysb.2005.06.020
https://arxiv.org/abs/hep-ph/0504242
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0504242
https://doi.org/10.1016/j.nuclphysb.2010.02.003
https://doi.org/10.1016/j.nuclphysb.2010.02.003
https://arxiv.org/abs/0912.0369
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0912.0369
https://doi.org/10.1016/j.nuclphysb.2014.07.010
https://doi.org/10.1016/j.nuclphysb.2014.07.010
https://arxiv.org/abs/1406.4654
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.4654
https://doi.org/10.1016/S0370-2693(98)00332-3
https://doi.org/10.1016/S0370-2693(98)00332-3
https://arxiv.org/abs/hep-ph/9802439
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9802439
https://doi.org/10.1103/PhysRevLett.102.162001
https://arxiv.org/abs/0901.0722
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.0722
https://doi.org/10.1088/1126-6708/2009/06/081
https://arxiv.org/abs/0903.1126
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0903.1126
https://doi.org/10.1088/1126-6708/2009/03/079
https://arxiv.org/abs/0901.1091
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.1091
https://doi.org/10.1007/JHEP08(2020)156
https://arxiv.org/abs/1912.13386
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.13386
https://doi.org/10.1103/PhysRevD.100.114016
https://arxiv.org/abs/1906.09028
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.09028
https://doi.org/10.1103/PhysRevLett.114.212001
https://arxiv.org/abs/1503.06056
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1503.06056
https://doi.org/10.1007/JHEP05(2018)028
https://doi.org/10.1007/JHEP05(2018)028
https://arxiv.org/abs/1802.00833
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.00833
https://doi.org/10.1103/PhysRevLett.125.051804
https://arxiv.org/abs/1904.09990
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.09990
https://doi.org/10.1016/0550-3213(91)90064-5
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB359%2C343%22
https://doi.org/10.1103/PhysRevLett.88.201801
https://arxiv.org/abs/hep-ph/0201206
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0201206

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

C. Duhr, F. Dulat and B. Mistlberger, Drell-Yan Cross Section to Third Order in the Strong
Coupling Constant, Phys. Rev. Lett. 125 (2020) 172001 [arXiv:2001.07717] InSPIRE].

H.M. Georgi, S.L. Glashow, M.E. Machacek and D.V. Nanopoulos, Higgs Bosons from Two
Gluon Annihilation in Proton Proton Collisions, Phys. Rev. Lett. 40 (1978) 692 [INSPIRE].

D. Graudenz, M. Spira and P.M. Zerwas, QCD corrections to Higgs boson production at
proton proton colliders, Phys. Rev. Lett. 70 (1993) 1372 [INSPIRE].

A. Djouadi, M. Spira and P.M. Zerwas, Production of Higgs bosons in proton colliders:
QCD corrections, Phys. Lett. B 264 (1991) 440 [nSPIRE].

M. Spira, A. Djouadi, D. Graudenz and P.M. Zerwas, Higgs boson production at the LHC,
Nucl. Phys. B 453 (1995) 17 [hep-ph/9504378] [INSPIRE].

S. Catani, D. de Florian and M. Grazzini, Higgs production in hadron collisions: Soft and
virtual QCD corrections at NNLO, JHEP 05 (2001) 025 [hep-ph/0102227] [INSPIRE].

R.V. Harlander and W.B. Kilgore, Soft and virtual corrections to proton proton — H + x at
NNLO, Phys. Rev. D 64 (2001) 013015 [hep-ph/0102241] [INSPIRE].

C. Anastasiou and K. Melnikov, Higgs boson production at hadron colliders in NNLO QCD,
Nucl. Phys. B 646 (2002) 220 [hep-ph/0207004] InSPIRE].

S. Catani, D. de Florian, M. Grazzini and P. Nason, Soft gluon resummation for Higgs
boson production at hadron colliders, JHEP 07 (2003) 028 [hep-ph/0306211] [INSPIRE].

V. Ravindran, J. Smith and W.L. van Neerven, NNLO corrections to the total cross-section
for Higgs boson production in hadron hadron collisions, Nucl. Phys. B 665 (2003) 325
[hep-ph/0302135] [INSPIRE].

S. Moch and A. Vogt, Higher-order soft corrections to lepton pair and Higgs boson
production, Phys. Lett. B 631 (2005) 48 [hep-ph/0508265] [INSPIRE].

V. Ravindran, Higher-order threshold effects to inclusive processes in QCD, Nucl. Phys. B
752 (2006) 173 [hep-ph/0603041] [INSPIRE].

D. de Florian and J. Mazzitelli, A next-to-next-to-leading order calculation of soft-virtual
cross sections, JHEP 12 (2012) 088 [arXiv:1209.0673] [INSPIRE].

M. Bonvini, R.D. Ball, S. Forte, S. Marzani and G. Ridolfi, Updated Higgs cross section at
approzvimate N LO, J. Phys. G 41 (2014) 095002 [arXiv:1404.3204] [INSPIRE].

D. de Florian, J. Mazzitelli, S. Moch and A. Vogt, Approzimate N>LO Higgs-boson
production cross section using physical-kernel constraints, JHEP 10 (2014) 176
[arXiv:1408.6277] [INSPIRE].

C. Anastasiou et al., Higgs boson gluon-fusion production at threshold in N°LO QCD, Phys.
Lett. B 737 (2014) 325 [arXiv:1403.4616] INSPIRE].

Y. Li, A. von Manteuffel, R.M. Schabinger and H.X. Zhu, Soft-virtual corrections to Higgs
production at N°LO, Phys. Rev. D 91 (2015) 036008 [arXiv:1412.2771] [INSPIRE].

C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, F. Herzog and B. Mistlberger, Soft expansion
of double-real-virtual corrections to Higgs production at N°LO, JHEP 08 (2015) 051
[arXiv:1505.04110] [iNSPIRE].

G. Das, S. Moch and A. Vogt, Approzimate four-loop QCD corrections to the Higgs-boson
production cross section, Phys. Lett. B 807 (2020) 135546 [arXiv:2004.00563] [INSPIRE].

— 34 —


https://doi.org/10.1103/PhysRevLett.125.172001
https://arxiv.org/abs/2001.07717
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.07717
https://doi.org/10.1103/PhysRevLett.40.692
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C40%2C692%22
https://doi.org/10.1103/PhysRevLett.70.1372
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C70%2C1372%22
https://doi.org/10.1016/0370-2693(91)90375-Z
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB264%2C440%22
https://doi.org/10.1016/0550-3213(95)00379-7
https://arxiv.org/abs/hep-ph/9504378
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9504378
https://doi.org/10.1088/1126-6708/2001/05/025
https://arxiv.org/abs/hep-ph/0102227
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0102227
https://doi.org/10.1103/PhysRevD.64.013015
https://arxiv.org/abs/hep-ph/0102241
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0102241
https://doi.org/10.1016/S0550-3213(02)00837-4
https://arxiv.org/abs/hep-ph/0207004
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0207004
https://doi.org/10.1088/1126-6708/2003/07/028
https://arxiv.org/abs/hep-ph/0306211
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0306211
https://doi.org/10.1016/S0550-3213(03)00457-7
https://arxiv.org/abs/hep-ph/0302135
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0302135
https://doi.org/10.1016/j.physletb.2005.09.061
https://arxiv.org/abs/hep-ph/0508265
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0508265
https://doi.org/10.1016/j.nuclphysb.2006.06.025
https://doi.org/10.1016/j.nuclphysb.2006.06.025
https://arxiv.org/abs/hep-ph/0603041
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0603041
https://doi.org/10.1007/JHEP12(2012)088
https://arxiv.org/abs/1209.0673
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1209.0673
https://doi.org/10.1088/0954-3899/41/9/095002
https://arxiv.org/abs/1404.3204
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.3204
https://doi.org/10.1007/JHEP10(2014)176
https://arxiv.org/abs/1408.6277
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1408.6277
https://doi.org/10.1016/j.physletb.2014.08.067
https://doi.org/10.1016/j.physletb.2014.08.067
https://arxiv.org/abs/1403.4616
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1403.4616
https://doi.org/10.1103/PhysRevD.91.036008
https://arxiv.org/abs/1412.2771
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.2771
https://doi.org/10.1007/JHEP08(2015)051
https://arxiv.org/abs/1505.04110
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.04110
https://doi.org/10.1016/j.physletb.2020.135546
https://arxiv.org/abs/2004.00563
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.00563

[36]

[37]

[38]

[39]

[40]

[41]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

G. Altarelli, R. Ellis and G. Martinelli, Leptoproduction and Drell-Yan Processes Beyond
the Leading Approzimation in Chromodynamics, Nucl. Phys. B 143 (1978) 521.

G. Altarelli, R.K. Ellis and G. Martinelli, Large Perturbative Corrections to the Drell-Yan
Process in QCD, Nucl. Phys. B 157 (1979) 461 [INSPIRE].

T. Matsuura and W.L. van Neerven, Second Order Logarithmic Corrections to the
Drell-Yan Cross-section, Z. Phys. C' 38 (1988) 623 [INSPIRE].

T. Matsuura, S.C. van der Marck and W.L. van Neerven, The Order a~s?> Contribution to
the K Factor of the Drell-Yan Process, Phys. Lett. B 211 (1988) 171 InSPIRE].

T. Matsuura, S.C. van der Marck and W.L. van Neerven, The Calculation of the Second
Order Soft and Virtual Contributions to the Drell-Yan Cross-Section, Nucl. Phys. B 319
(1989) 570 [INSPIRE].

T. Matsuura, R. Hamberg and W.L. van Neerven, The Contribution of the Gluon-gluon
Subprocess to the Drell-Yan K Factor, Nucl. Phys. B 345 (1990) 331 [INSPIRE].

W.L. van Neerven and E.B. Zijlstra, The O(a?) corrected Drell-Yan K factor in the DIS
and MS scheme, Nucl. Phys. B 382 (1992) 11 [Erratum ibid. 680 (2004) 513] [INSPIRE].

T. Ahmed, M. Mahakhud, N. Rana and V. Ravindran, Drell-Yan Production at Threshold
to Third Order in QCD, Phys. Rev. Lett. 113 (2014) 112002 [arXiv:1404.0366] [INSPIRE].

S. Catani, L. Cieri, D. de Florian, G. Ferrera and M. Grazzini, Threshold resummation at
N3LL accuracy and soft-virtual cross sections at N*LO, Nucl. Phys. B 888 (2014) 75
[arXiv:1405.4827] [INSPIRE].

V. Ravindran, On Sudakov and soft resummations in QCD, Nucl. Phys. B 746 (2006) 58
[hep-ph/0512249] [INSPIRE].

T. Ahmed, N. Rana and V. Ravindran, Higgs boson production through bb annihilation at
threshold in N°LO QCD, JHEP 10 (2014) 139 [arXiv:1408.0787] [INSPIRE].

M.C. Kumar, M.K. Mandal and V. Ravindran, Associated production of Higgs boson with
vector boson at threshold N*LO in QCD, JHEP 03 (2015) 037 [arXiv:1412.3357]
[INSPIRE].

Y. Li, A. von Manteuffel, R.M. Schabinger and H.X. Zhu, N>*LO Higgs boson and Drell-Yan
production at threshold: The one-loop two-emission contribution, Phys. Rev. D 90 (2014)
053006 [arXiv:1404.5839] [INSPIRE].

G.F. Sterman, Summation of Large Corrections to Short Distance Hadronic Cross-Sections,
Nucl. Phys. B 281 (1987) 310 [nSPIRE].

S. Catani and L. Trentadue, Resummation of the QCD Perturbative Series for Hard
Processes, Nucl. Phys. B 327 (1989) 323 [INSPIRE].

S. Catani, M.L. Mangano, P. Nason and L. Trentadue, The Resummation of soft gluons in
hadronic collisions, Nucl. Phys. B 478 (1996) 273 [hep-ph/9604351] [INSPIRE].

S. Moch, J.A.M. Vermaseren and A. Vogt, Higher-order corrections in threshold
resummation, Nucl. Phys. B 726 (2005) 317 [hep-ph/0506288] [INSPIRE].

M. Bonvini, S. Forte and G. Ridolfi, The Threshold region for Higgs production in gluon
fusion, Phys. Rev. Lett. 109 (2012) 102002 [arXiv:1204.5473] [INSPIRE].

M. Bonvini and S. Marzani, Resummed Higgs cross section at N*LL, JHEP 09 (2014) 007
[arXiv:1405.3654] INSPIRE].

— 35 —


https://doi.org/10.1016/0550-3213(78)90067-6
https://doi.org/10.1016/0550-3213(79)90116-0
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB157%2C461%22
https://doi.org/10.1007/BF01624369
https://inspirehep.net/search?p=find+J%20%22Z.Phys.%2CC38%2C623%22
https://doi.org/10.1016/0370-2693(88)90828-3
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB211%2C171%22
https://doi.org/10.1016/0550-3213(89)90620-2
https://doi.org/10.1016/0550-3213(89)90620-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB319%2C570%22
https://doi.org/10.1016/0550-3213(90)90391-P
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB345%2C331%22
https://doi.org/10.1016/0550-3213(92)90078-P
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB382%2C11%22
https://doi.org/10.1103/PhysRevLett.113.112002
https://arxiv.org/abs/1404.0366
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.0366
https://doi.org/10.1016/j.nuclphysb.2014.09.012
https://arxiv.org/abs/1405.4827
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.4827
https://doi.org/10.1016/j.nuclphysb.2006.04.008
https://arxiv.org/abs/hep-ph/0512249
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0512249
https://doi.org/10.1007/JHEP10(2014)139
https://arxiv.org/abs/1408.0787
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1408.0787
https://doi.org/10.1007/JHEP03(2015)037
https://arxiv.org/abs/1412.3357
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.3357
https://doi.org/10.1103/PhysRevD.90.053006
https://doi.org/10.1103/PhysRevD.90.053006
https://arxiv.org/abs/1404.5839
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.5839
https://doi.org/10.1016/0550-3213(87)90258-6
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB281%2C310%22
https://doi.org/10.1016/0550-3213(89)90273-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB327%2C323%22
https://doi.org/10.1016/0550-3213(96)00399-9
https://arxiv.org/abs/hep-ph/9604351
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9604351
https://doi.org/10.1016/j.nuclphysb.2005.08.005
https://arxiv.org/abs/hep-ph/0506288
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0506288
https://doi.org/10.1103/PhysRevLett.109.102002
https://arxiv.org/abs/1204.5473
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1204.5473
https://doi.org/10.1007/JHEP09(2014)007
https://arxiv.org/abs/1405.3654
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1405.3654

[55]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

M. Bonvini and L. Rottoli, Three loop soft function for N*LL' gluon fusion Higgs
production in soft-collinear effective theory, Phys. Rev. D 91 (2015) 051301
[arXiv:1412.3791] [INSPIRE].

M. Bonvini, S. Marzani, C. Muselli and L. Rottoli, On the Higgs cross section at
N3LO+N3LL and its uncertainty, JHEP 08 (2016) 105 [arXiv:1603.08000] [INSPIRE].

M. Bonvini, A.S. Papanastasiou and F.J. Tackmann, Matched predictions for the bbH cross
section at the 13 TeV LHC, JHEP 10 (2016) 053 [arXiv:1605.01733] [INSPIRE].

A.H. Ajjath, A. Chakraborty, G. Das, P. Mukherjee and V. Ravindran, Resummed
prediction for Higgs boson production through bb annihilation at N°LL, JHEP 11 (2019)
006 [arXiv:1905.03771] [INSPIRE].

M. Bonvini, Threshold resummation for Drell-Yan production: Theory and phenomenology,
PoS DIS2010 (2010) 100 [arXiv:1006.5918] [INSPIRE].

M. Bonvini, Resummation of soft and hard gluon radiation in perturbative QCD, Ph.D.
thesis, Genoa U., 2012. arXiv:1212.0480 [INSPIRE].

A H. Ajjath, G. Das, M.C. Kumar, P. Mukherjee, V. Ravindran and K. Samanta,
Resummed Drell-Yan cross-section at NLL, JHEP 10 (2020) 153 [arXiv:2001.11377]
[INSPIRE].

M. Cacciari and S. Catani, Soft gluon resummation for the fragmentation of light and heavy
quarks at large x, Nucl. Phys. B 617 (2001) 253 [hep-ph/0107138] [INSPIRE].

S. Moch and A. Vogt, On non-singlet physical evolution kernels and large-x coefficient
functions in perturbative QCD, JHEP 11 (2009) 099 [arXiv:0909.2124] [nSPIRE].

G. Grunberg and V. Ravindran, On threshold resummation beyond leading 1-z order, JHEP
10 (2009) 055 [arXiv:0902.2702] INSPIRE].

E. Laenen, L. Magnea and G. Stavenga, On next-to-eitkonal corrections to threshold
resummation for the Drell-Yan and DIS cross sections, Phys. Lett. B 669 (2008) 173
[arXiv:0807.4412] [INSPIRE].

E. Laenen, L. Magnea, G. Stavenga and C.D. White, On Next-to-Fikonal Exponentiation,
Nucl. Phys. B Proc. Suppl. 205-206 (2010) 260 [arXiv:1007.0624] INSPIRE].

E. Laenen, L. Magnea, G. Stavenga and C.D. White, Nezt-to-Eikonal Corrections to Soft
Gluon Radiation: A Diagrammatic Approach, JHEP 01 (2011) 141 [arXiv:1010.1860]
[INSPIRE].

D. Bonocore, E. Laenen, L. Magnea, L. Vernazza and C.D. White, The method of regions
and next-to-soft corrections in Drell-Yan production, Phys. Lett. B 742 (2015) 375
[arXiv:1410.6406] [INSPIRE].

D. Bonocore, E. Laenen, L. Magnea, S. Melville, L. Vernazza and C.D. White, A
factorization approach to next-to-leading-power threshold logarithms, JHEP 06 (2015) 008
[arXiv:1503.05156] [INSPIRE].

M. Beneke, A. Broggio, S. Jaskiewicz and L. Vernazza, Threshold factorization of the
Drell-Yan process at next-to-leading power, JHEP 07 (2020) 078 [arXiv:1912.01585]
[INSPIRE].

M. Beneke, M. Garny, S. Jaskiewicz, R. Szafron, L.. Vernazza and J. Wang,
Leading-logarithmic threshold resummation of Higgs production in gluon fusion at
next-to-leading power, JHEP 01 (2020) 094 [arXiv:1910.12685] [InSPIRE].

— 36 —


https://doi.org/10.1103/PhysRevD.91.051301
https://arxiv.org/abs/1412.3791
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.3791
https://doi.org/10.1007/JHEP08(2016)105
https://arxiv.org/abs/1603.08000
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1603.08000
https://doi.org/10.1007/JHEP10(2016)053
https://arxiv.org/abs/1605.01733
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.01733
https://doi.org/10.1007/JHEP11(2019)006
https://doi.org/10.1007/JHEP11(2019)006
https://arxiv.org/abs/1905.03771
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.03771
https://doi.org/10.22323/1.106.0100
https://arxiv.org/abs/1006.5918
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1006.5918
https://arxiv.org/abs/1212.0480
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.0480
https://doi.org/10.1007/JHEP10(2020)153
https://arxiv.org/abs/2001.11377
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.11377
https://doi.org/10.1016/S0550-3213(01)00469-2
https://arxiv.org/abs/hep-ph/0107138
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0107138
https://doi.org/10.1088/1126-6708/2009/11/099
https://arxiv.org/abs/0909.2124
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0909.2124
https://doi.org/10.1088/1126-6708/2009/10/055
https://doi.org/10.1088/1126-6708/2009/10/055
https://arxiv.org/abs/0902.2702
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0902.2702
https://doi.org/10.1016/j.physletb.2008.09.037
https://arxiv.org/abs/0807.4412
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0807.4412
https://doi.org/10.1016/j.nuclphysBPS.2010.09.003
https://arxiv.org/abs/1007.0624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1007.0624
https://doi.org/10.1007/JHEP01(2011)141
https://arxiv.org/abs/1010.1860
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1010.1860
https://doi.org/10.1016/j.physletb.2015.02.008
https://arxiv.org/abs/1410.6406
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1410.6406
https://doi.org/10.1007/JHEP06(2015)008
https://arxiv.org/abs/1503.05156
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1503.05156
https://doi.org/10.1007/JHEP07(2020)078
https://arxiv.org/abs/1912.01585
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.01585
https://doi.org/10.1007/JHEP01(2020)094
https://arxiv.org/abs/1910.12685
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.12685

[72] D. Bonocore, E. Laenen, L. Magnea, L. Vernazza and C.D. White, Non-abelian
factorisation for next-to-leading-power threshold logarithms, JHEP 12 (2016) 121
[arXiv:1610.06842] [INSPIRE].

[73] V. Del Duca, E. Laenen, L. Magnea, L. Vernazza and C.D. White, Universality of
next-to-leading power threshold effects for colourless final states in hadronic collisions,
JHEP 11 (2017) 057 [arXiv:1706.04018] [iNSPIRE].

[74] A.H. Ajjath, P. Mukherjee and V. Ravindran, On next to soft corrections to Drell-Yan and
Higgs Boson productions, arXiv:2006.06726 [INSPIRE].

[75] G. Altarelli and G. Parisi, Asymptotic Freedom in Parton Language, Nucl. Phys. B 126
(1977) 298 [INSPIRE].

[76] S. Moch, J.A.M. Vermaseren and A. Vogt, The Three loop splitting functions in QCD: The
Nonsinglet case, Nucl. Phys. B 688 (2004) 101 [hep-ph/0403192] [INSPIRE].

[77] A. Vogt, S. Moch and J.A.M. Vermaseren, The Three-loop splitting functions in QCD: The
Singlet case, Nucl. Phys. B 691 (2004) 129 [hep-ph/0404111] [INSPIRE].

[78] A. Gonzalez-Arroyo, C. Lopez and F.J. Yndurain, Second Order Contributions to the
Structure Functions in Deep Inelastic Scattering. 1. Theoretical Calculations, Nucl. Phys. B
153 (1979) 161 [INSPIRE].

[79] G. Curci, W. Furmanski and R. Petronzio, Evolution of Parton Densities Beyond Leading
Order: The Nonsinglet Case, Nucl. Phys. B 175 (1980) 27 [nSPIRE].

[80] W. Furmanski and R. Petronzio, Singlet Parton Densities Beyond Leading Order, Phys.
Lett. B 97 (1980) 437 [inSPIRE].

[81] R. Hamberg and W.L. van Neerven, The Correct renormalization of the gluon operator in a
covariant gauge, Nucl. Phys. B 379 (1992) 143 [INSPIRE].

[82] R.K. Ellis and W. Vogelsang, The Evolution of parton distributions beyond leading order:
The Singlet case, hep-ph/9602356 [INSPIRE].

[83] J. Ablinger, A. Behring, J. Bliumlein, A. De Freitas, A. von Manteuffel and C. Schneider,
The three-loop splitting functions Pq(f,) and PéE’NF), Nucl. Phys. B 922 (2017) 1
[arXiv:1705.01508] INSPIRE].

[84] S. Moch, B. Ruijl, T. Ueda, J.A.M. Vermaseren and A. Vogt, Four-Loop Non-Singlet
Splitting Functions in the Planar Limit and Beyond, JHEP 10 (2017) 041
[arXiv:1707.08315] [INSPIRE].

[85] K.G. Chetyrkin, J.H. Kuhn and C. Sturm, QCD decoupling at four loops, Nucl. Phys. B
744 (2006) 121 [hep-ph/0512060] [INSPIRE].

[86] W.L. van Neerven, Dimensional Regularization of Mass and Infrared Singularities in Two
Loop On-shell Vertex Functions, Nucl. Phys. B 268 (1986) 453 [INSPIRE].

[87] R.V. Harlander, Virtual corrections to gg— H to two loops in the heavy top limit, Phys.
Lett. B 492 (2000) 74 [hep-ph/0007289] [iNSPIRE].

[88] V. Ravindran, J. Smith and W.L. van Neerven, Two-loop corrections to Higgs boson
production, Nucl. Phys. B 704 (2005) 332 [hep-ph/0408315] [INSPIRE].

[89] S. Moch, J.A.M. Vermaseren and A. Vogt, Three-loop results for quark and gluon
form-factors, Phys. Lett. B 625 (2005) 245 [hep-ph/0508055] [INSPIRE].

37—


https://doi.org/10.1007/JHEP12(2016)121
https://arxiv.org/abs/1610.06842
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.06842
https://doi.org/10.1007/JHEP11(2017)057
https://arxiv.org/abs/1706.04018
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.04018
https://arxiv.org/abs/2006.06726
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.06726
https://doi.org/10.1016/0550-3213(77)90384-4
https://doi.org/10.1016/0550-3213(77)90384-4
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB126%2C298%22
https://doi.org/10.1016/j.nuclphysb.2004.03.030
https://arxiv.org/abs/hep-ph/0403192
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0403192
https://doi.org/10.1016/j.nuclphysb.2004.04.024
https://arxiv.org/abs/hep-ph/0404111
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0404111
https://doi.org/10.1016/0550-3213(79)90596-0
https://doi.org/10.1016/0550-3213(79)90596-0
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB153%2C161%22
https://doi.org/10.1016/0550-3213(80)90003-6
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB175%2C27%22
https://doi.org/10.1016/0370-2693(80)90636-X
https://doi.org/10.1016/0370-2693(80)90636-X
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB97%2C437%22
https://doi.org/10.1016/0550-3213(92)90593-Z
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB379%2C143%22
https://arxiv.org/abs/hep-ph/9602356
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9602356
https://doi.org/10.1016/j.nuclphysb.2017.06.004
https://arxiv.org/abs/1705.01508
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1705.01508
https://doi.org/10.1007/JHEP10(2017)041
https://arxiv.org/abs/1707.08315
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1707.08315
https://doi.org/10.1016/j.nuclphysb.2006.03.020
https://doi.org/10.1016/j.nuclphysb.2006.03.020
https://arxiv.org/abs/hep-ph/0512060
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0512060
https://doi.org/10.1016/0550-3213(86)90165-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB268%2C453%22
https://doi.org/10.1016/S0370-2693(00)01042-X
https://doi.org/10.1016/S0370-2693(00)01042-X
https://arxiv.org/abs/hep-ph/0007289
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0007289
https://doi.org/10.1016/j.nuclphysb.2004.10.039
https://arxiv.org/abs/hep-ph/0408315
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0408315
https://doi.org/10.1016/j.physletb.2005.08.067
https://arxiv.org/abs/hep-ph/0508055
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0508055

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

T. Gehrmann, T. Huber and D. Maitre, Two-loop quark and gluon form-factors in
dimensional regularisation, Phys. Lett. B 622 (2005) 295 [hep-ph/0507061] [INSPIRE].

P.A. Baikov, K.G. Chetyrkin, A.V. Smirnov, V.A. Smirnov and M. Steinhauser, Quark and
gluon form factors to three loops, Phys. Rev. Lett. 102 (2009) 212002 [arXiv:0902.3519]
[INSPIRE].

T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli and C. Studerus, Calculation of the
quark and gluon form factors to three loops in QCD, JHEP 06 (2010) 094
[arXiv:1004.3653] INSPIRE].

T. Gehrmann and D. Kara, The Hbb form factor to three loops in QCD, JHEP 09 (2014)
174 [arXiv:1407.8114] [INSPIRE].

A. von Manteuffel and R.M. Schabinger, Quark and gluon form factors to four-loop order in
QCD: the N} contributions, Phys. Rev. D 95 (2017) 034030 [arXiv:1611.00795] [INSPIRE].

J.M. Henn, A.V. Smirnov, V.A. Smirnov and M. Steinhauser, A planar four-loop form
factor and cusp anomalous dimension in QCD, JHEP 05 (2016) 066 [arXiv:1604.03126]
[INSPIRE].

J.M. Henn, T. Peraro, M. Stahlhofen and P. Wasser, Matter dependence of the four-loop
cusp anomalous dimension, Phys. Rev. Lett. 122 (2019) 201602 [arXiv:1901.03693]
[INSPIRE].

A. von Manteuffel, E. Panzer and R.M. Schabinger, Cusp and collinear anomalous
dimensions in four-loop QCD from form factors, Phys. Rev. Lett. 124 (2020) 162001
[arXiv:2002.04617] [INSPIRE].

T. Gehrmann, E.W.N. Glover, T. Huber, N. Ikizlerli and C. Studerus, The quark and gluon
form factors to three loops in QCD through to O(eps?), JHEP 11 (2010) 102
[arXiv:1010.4478] INSPIRE].

V.V. Sudakov, Vertex parts at very high-energies in quantum electrodynamics, Sov. Phys.
JETP 3 (1956) 65 [INSPIRE].

A. Sen, Asymptotic Behavior of the Sudakov Form-Factor in QCD, Phys. Rev. D 24 (1981)
3281 [INSPIRE].

J.C. Collins, Sudakov form-factors, Adv. Ser. Direct. High Energy Phys. 5 (1989) 573
[hep-ph/0312336] [INSPIRE].

L. Magnea and G.F. Sterman, Analytic continuation of the Sudakov form-factor in QCD,
Phys. Rev. D 42 (1990) 4222 [INSPIRE].

L. Magnea, Analytic resummation for the quark form-factor in QCD, Nucl. Phys. B 593
(2001) 269 [hep-ph/0006255] [INSPIRE].

G.F. Sterman and M.E. Tejeda-Yeomans, Multiloop amplitudes and resummation, Phys.
Lett. B 552 (2003) 48 [hep-ph/0210130] [INSPIRE].

S. Moch, J.A.M. Vermaseren and A. Vogt, The Quark form-factor at higher orders, JHEP
08 (2005) 049 [hep-ph/0507039] [INSPIRE].

C.W. Bauer and A.V. Manohar, Shape function effects in B — X(s) gamma and B — X(u)
I anti-nu decays, Phys. Rev. D 70 (2004) 034024 [hep-ph/0312109] [INSPIRE].

S.W. Bosch, B.O. Lange, M. Neubert and G. Paz, Fuactorization and shape function effects
in inclusive B meson decays, Nucl. Phys. B 699 (2004) 335 [hep-ph/0402094] [INSPIRE].

— 38 —


https://doi.org/10.1016/j.physletb.2005.07.019
https://arxiv.org/abs/hep-ph/0507061
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0507061
https://doi.org/10.1103/PhysRevLett.102.212002
https://arxiv.org/abs/0902.3519
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0902.3519
https://doi.org/10.1007/JHEP06(2010)094
https://arxiv.org/abs/1004.3653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1004.3653
https://doi.org/10.1007/JHEP09(2014)174
https://doi.org/10.1007/JHEP09(2014)174
https://arxiv.org/abs/1407.8114
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1407.8114
https://doi.org/10.1103/PhysRevD.95.034030
https://arxiv.org/abs/1611.00795
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1611.00795
https://doi.org/10.1007/JHEP05(2016)066
https://arxiv.org/abs/1604.03126
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.03126
https://doi.org/10.1103/PhysRevLett.122.201602
https://arxiv.org/abs/1901.03693
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.03693
https://doi.org/10.1103/PhysRevLett.124.162001
https://arxiv.org/abs/2002.04617
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.04617
https://doi.org/10.1007/JHEP11(2010)102
https://arxiv.org/abs/1010.4478
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1010.4478
https://inspirehep.net/search?p=find+J%20%22Sov.Phys.JETP%2C3%2C65%22
https://doi.org/10.1103/PhysRevD.24.3281
https://doi.org/10.1103/PhysRevD.24.3281
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD24%2C3281%22
https://doi.org/10.1142/9789814503266_0006
https://arxiv.org/abs/hep-ph/0312336
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0312336
https://doi.org/10.1103/PhysRevD.42.4222
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD42%2C4222%22
https://doi.org/10.1016/S0550-3213(00)00623-4
https://doi.org/10.1016/S0550-3213(00)00623-4
https://arxiv.org/abs/hep-ph/0006255
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0006255
https://doi.org/10.1016/S0370-2693(02)03100-3
https://doi.org/10.1016/S0370-2693(02)03100-3
https://arxiv.org/abs/hep-ph/0210130
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0210130
https://doi.org/10.1088/1126-6708/2005/08/049
https://doi.org/10.1088/1126-6708/2005/08/049
https://arxiv.org/abs/hep-ph/0507039
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0507039
https://doi.org/10.1103/PhysRevD.70.034024
https://arxiv.org/abs/hep-ph/0312109
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0312109
https://doi.org/10.1016/j.nuclphysb.2004.07.041
https://arxiv.org/abs/hep-ph/0402094
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0402094

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

T. Becher and M.D. Schwartz, Direct photon production with effective field theory, JHEP
02 (2010) 040 [arXiv:0911.0681] NSPIRE].

T. Becher and M. Neubert, Toward a NNLO calculation of the B — X (s) gamma decay rate
with a cut on photon energy. II. Two-loop result for the jet function, Phys. Lett. B 637
(2006) 251 [hep-ph/0603140] [INSPIRE].

T. Becher and G. Bell, The gluon jet function at two-loop order, Phys. Lett. B 695 (2011)
252 [arXiv:1008.1936] [INSPIRE].

R. Briiser, Z.L. Liu and M. Stahlhofen, Three-Loop Quark Jet Function, Phys. Rev. Lett.
121 (2018) 072003 [arXiv:1804.09722] [INSPIRE].

P. Banerjee, P.K. Dhani and V. Ravindran, Gluon jet function at three loops in QCD, Phys.
Rev. D 98 (2018) 094016 [arXiv:1805.02637] INSPIRE].

C.W. Bauer, S. Fleming and M.E. Luke, Summing Sudakov logarithms in B — X(s gamma)
in effective field theory, Phys. Rev. D 63 (2000) 014006 [hep-ph/0005275] InSPIRE].

C.W. Bauer, S. Fleming, D. Pirjol and I.W. Stewart, An Effective field theory for collinear
and soft gluons: Heavy to light decays, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336|
[INSPIRE].

C.W. Bauer and I.W. Stewart, Invariant operators in collinear effective theory, Phys. Lett.
B 516 (2001) 134 [hep-ph/0107001] [INSPIRE].

C.W. Bauer, D. Pirjol and I.W. Stewart, Soft collinear factorization in effective field theory,
Phys. Rev. D 65 (2002) 054022 [hep-ph/0109045] [INSPIRE].

C.W. Bauer, S. Fleming, D. Pirjol, I.Z. Rothstein and I.W. Stewart, Hard scattering
factorization from effective field theory, Phys. Rev. D 66 (2002) 014017 [hep-ph/0202088]
[INSPIRE].

M. Beneke, A.P. Chapovsky, M. Diehl and T. Feldmann, Soft collinear effective theory and
heavy to light currents beyond leading power, Nucl. Phys. B 643 (2002) 431
[hep-ph/0206152] [INSPIRE].

J. Blumlein and V. Ravindran, QCD threshold corrections to Higgs decay and to
hadroproduction in (Y0~ annihilation, Phys. Lett. B 640 (2006) 40 [hep-ph/0605011]
[INSPIRE].

PARTICLE DATA GROUP collaboration, Review of Particle Physics, Phys. Lett. B 667
(2008) 1 [INSPIRE].

M. Beneke et al., Leading-logarithmic threshold resummation of the Drell-Yan process at
nezt-to-leading power, JHEP 03 (2019) 043 [arXiv:1809.10631] InSPIRE].

N. Bahjat-Abbas et al., Diagrammatic resummation of leading-logarithmic threshold effects
at next-to-leading power, JHEP 11 (2019) 002 [arXiv:1905.13710] [InSPIRE].

K.G. Chetyrkin, G. Falcioni, F. Herzog and J.A.M. Vermaseren, Five-loop renormalisation
of QCD in covariant gauges, JHEP 10 (2017) 179 [Addendum ibid. 12 (2017) 006]
[arXiv:1709.08541] [INSPIRE].

T. Luthe, A. Maier, P. Marquard and Y. Schréder, The five-loop [-function for a general
gauge group and anomalous dimensions beyond Feynman gauge, JHEP 10 (2017) 166
[arXiv:1709.07718] [INSPIRE].

-39 —


https://doi.org/10.1007/JHEP02(2010)040
https://doi.org/10.1007/JHEP02(2010)040
https://arxiv.org/abs/0911.0681
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0911.0681
https://doi.org/10.1016/j.physletb.2006.04.046
https://doi.org/10.1016/j.physletb.2006.04.046
https://arxiv.org/abs/hep-ph/0603140
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0603140
https://doi.org/10.1016/j.physletb.2010.11.036
https://doi.org/10.1016/j.physletb.2010.11.036
https://arxiv.org/abs/1008.1936
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1008.1936
https://doi.org/10.1103/PhysRevLett.121.072003
https://doi.org/10.1103/PhysRevLett.121.072003
https://arxiv.org/abs/1804.09722
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1804.09722
https://doi.org/10.1103/PhysRevD.98.094016
https://doi.org/10.1103/PhysRevD.98.094016
https://arxiv.org/abs/1805.02637
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.02637
https://doi.org/10.1103/PhysRevD.63.014006
https://arxiv.org/abs/hep-ph/0005275
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0005275
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0011336
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1016/S0370-2693(01)00902-9
https://arxiv.org/abs/hep-ph/0107001
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0107001
https://doi.org/10.1103/PhysRevD.65.054022
https://arxiv.org/abs/hep-ph/0109045
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0109045
https://doi.org/10.1103/PhysRevD.66.014017
https://arxiv.org/abs/hep-ph/0202088
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0202088
https://doi.org/10.1016/S0550-3213(02)00687-9
https://arxiv.org/abs/hep-ph/0206152
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0206152
https://doi.org/10.1016/j.physletb.2006.07.029
https://arxiv.org/abs/hep-ph/0605011
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0605011
https://doi.org/10.1016/j.physletb.2008.07.018
https://doi.org/10.1016/j.physletb.2008.07.018
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB667%2C1%22
https://doi.org/10.1007/JHEP03(2019)043
https://arxiv.org/abs/1809.10631
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.10631
https://doi.org/10.1007/JHEP11(2019)002
https://arxiv.org/abs/1905.13710
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.13710
https://doi.org/10.1007/JHEP10(2017)179
https://arxiv.org/abs/1709.08541
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.08541
https://doi.org/10.1007/JHEP10(2017)166
https://arxiv.org/abs/1709.07718
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1709.07718

[125] F. Herzog, B. Ruijl, T. Ueda, J.A.M. Vermaseren and A. Vogt, The five-loop B-function of
Yang-Mills theory with fermions, JHEP 02 (2017) 090 [arXiv:1701.01404] [NnSPIRE].

[126] P.A. Baikov, K.G. Chetyrkin and J.H. Kiithn, Five-Loop Running of the QCD coupling
constant, Phys. Rev. Lett. 118 (2017) 082002 [arXiv:1606.08659] [INSPIRE].

[127] G. Das, S.-O. Moch and A. Vogt, Soft corrections to inclusive deep-inelastic scattering at
four loops and beyond, JHEP 03 (2020) 116 [arXiv:1912.12920] [INSPIRE].

[128] J. Blumlein, V. Ravindran and W.L. van Neerven, On the Drell-Levy-Yan relation to
O(a?), Nucl. Phys. B 586 (2000) 349 [hep-ph/0004172] [NSPIRE].

[129] E.G. Floratos, R. Lacaze and C. Kounnas, Space and Timelike Cut Vertices in QCD
Beyond the Leading Order. 2. The Singlet Sector, Phys. Lett. B 98 (1981) 285 [INSPIRE].

[130] S.D. Drell, D.J. Levy and T.-M. Yan, A Theory of Deep Inelastic Lepton-Nucleon Scattering
and Lepton Pair Annihilation Processes. 1., Phys. Rev. 187 (1969) 2159 [INSPIRE].

[131] G. Grunberg, Large-x structure of physical evolution kernels in Deep Inelastic Scattering,
Phys. Lett. B 687 (2010) 405 [arXiv:0911.4471] [inSPIRE].

40 —


https://doi.org/10.1007/JHEP02(2017)090
https://arxiv.org/abs/1701.01404
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1701.01404
https://doi.org/10.1103/PhysRevLett.118.082002
https://arxiv.org/abs/1606.08659
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.08659
https://doi.org/10.1007/JHEP03(2020)116
https://arxiv.org/abs/1912.12920
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.12920
https://doi.org/10.1016/S0550-3213(00)00422-3
https://arxiv.org/abs/hep-ph/0004172
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0004172
https://doi.org/10.1016/0370-2693(81)90016-2
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB98%2C285%22
https://doi.org/10.1103/PhysRev.187.2159
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2C187%2C2159%22
https://doi.org/10.1016/j.physletb.2010.03.036
https://arxiv.org/abs/0911.4471
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0911.4471

	Introduction
	Next to SV in z space
	All order predictions for Delta c
	Resummation in N space
	Physical evolution kernel
	Conclusions
	NSV Partonic coefficient functions Delta(c)**NSV
	 SV coefficients overline(G**c(SV,i)) in Delta(c)
	NSV resummation constants h(i,j)**c(omega)
	NSV resummation constants overline(g(i)**c)(omega)

