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1. Introduction

The proper-time method [1-4] is an efficient tool to study
quantum corrections in many areas of theoretical physics: in quan-
tum gravity [5-8], in QCD (effective meson Lagrangians [9,10]), in
chiral gauge theories [11], in cosmology [12], in QED (Casimir en-
ergies and forces [13]), etc. That is why it remains in the focus of
researchers working in quantum physics for decades [14].

Here I propose a new proper-time based algorithm to derive
the effective action in the theory with heavy virtual fermions (or
bosons) of unequal masses belonging to some representation of the
symmetry group G. The result is the inverse mass series for the
one-loop effective action, where I explicitly calculate the two lead-
ing contributions. This powerful tool opens a promising avenue for
studying explicit flavor symmetry breaking effects in many effec-
tive field theories. It provides the easiest way to address a problem
that otherwise becomes rather cumbersome.

To generalize the standard large mass expansion of the heat
kernel to the case of unequal masses, I suggest using the formula

et — =M 1 L S ) fu(t A) | O

n=1

where M = diag(mq,my, ..., my) is the diagonal mass matrix; t is
the proper-time parameter; the expression in the square brackets
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is the time-ordered exponential OE[—A](t) of A(s) = esM’ Ae—sM*
and A is a positive definite self-adjoint elliptic operator in some
background (its explicit form will be clarified later), accordingly

t S1 Sn—1
fn(t,A)=/ds1/dsz... f dspnA(s1)A(s2) ... A(sp). (2)
0 0 0

If masses are equal, this formula yields the well-known large mass
expansion with standard Seeley-DeWitt coefficients a,(x,y) [11].
These coefficients are polynomials in background fields and de-
scribe, in the coincidence limit y — x, local vertices of the induced
effective Lagrangian. In fact, formula (1) is an extension of the
Schwinger’s method used to isolate the infinities contained in the
real part of the one-loop action [4,6] to the non-commutative al-
gebra.

There is a simple heuristic argument that explains why this for-
mula is also relevant for describing the generalized 1/M series.
Indeed, the 1/M expansion is known to be valid when all back-
ground fields and their derivatives are small compared to the mass
of quantum fields. Therefore, factoring e~ one separates the
leading contribution. The remaining part of the heat kernel may
be unambiguously evaluated by expanding it in a power series in
t about t = 0. As a consequence, the Seeley-DeWitt coefficients a,
receive corrections a, — b, = a, + Aa,, where Aay, vanish in the
limit of equal masses.

Currently, there are two methods for deriving quantum correc-
tions induced by virtual states of unequal masses. In [15-17], the
heat kernel is evaluated on the bases of the modified DeWitt WKB
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form. This yields a different asymptotic series for the right-hand
side of Eq. (1), and, consequently, the different expressions for Aay,.
The approach proposed in [18-20] starts from the formula (1), but
afterwards an additional resummation of the asymptotic series is
applied. This essentially simplifies the calculations, but changes the
structure of the 1/M series. As a result, one looses correspondence
between a mass-dependent factor at the effective vertex and a fla-
vor content of the one-loop Feynman diagram which generates the
vertex. Here [ abandon this procedure.

The proper-time method reduces the task of the large mass ex-
pansion to a simple algebraic problem which requires much less
work than one needs for the corresponding Feynman diagrams
calculation in momentum space. In the following, we consider a
quite nontrivial case of the chiral U(3) x U(3) symmetry broken
by the diagonal mass matrix M = diag(m, my, m3) to demonstrate
the power of the method. To find the two leading contributions bq
and b; in the 1/M expansion of the effective action one requires
to consider only four terms of the series (1) that results in more
than a hundred effective vertices.

The effects of flavor symmetry breaking are currently impor-
tant in many physical applications: in studies of physics beyond
standard model to construct the low energy effective action by in-
tegrating out the heavy degrees of freedom [21,22]; in two Higgs
doublet models [23] to address the problem of almost degener-
ate Higgs states at 125 GeV [24,25]; in the low energy QCD to
study the SU(3) and isospin symmetry breaking [26]. These ef-
fects are very important to address the QCD phase diagram [27],
to study a formation of the strange-quark matter [28,29], to study
nuclear matter in extreme conditions that arose in nature at the
early stages of the evolution of the Universe and in the depths of
neutron stars [30,31].

2. Proper-time expansion

We shall be mainly concerned here with the asymptotic behav-
ior of the following object in Euclidean four-dimensional space

0
dt i
WE=—ln|detDE|=/2—t,0t,ATl‘(e_tDEDE)_ (3)
0

It represents the real part of the one-quark-loop contribution to
the meson effective action in form of the proper-time integral. The
integral diverges at the lower limit, therefore, a regulator o 5 is
introduced, where A is a cutoff. The Dirac operator in Euclidean
space, Dg, has the form

Dy =iyydy —M+s+iysp, (4)

where dy = 9y + iy, To = Vo + V504, @ =1,2,3,4. The exter-
nal scalar s, pseudoscalar p, vector v, and axial-vector a, fields
are embedded in the flavor space through the set of matrices
Aa = (Lo, Aj), where Ag = +/2/3 and A; are the eight SU(3) Gell-
Mann matrices; for instance, s = sgAq, etc. for all fields. The quark
masses are given by the diagonal matrix M = diag(my, my, m3) in
the flavor space. The symbol “Tr” denotes the trace over Dirac
(D) y-matrices, color (c) SU(3) matrices, and flavor (f) matri-
ces, as well as integration over coordinates of the Euclidean space:
Tr = tr; fd“x, where I = (D, c, f). The trace in the color space is
trivial: it leads to the overall factor N, = 3. The dependence on
external fields in Dg after switching to the Hermitian operator

DiD,=M?—d2 +Y (5)

is collected in Y and the covariant derivative d,. In the following
we do not need the explicit form of Y.
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To advance in the evaluation of expression (3), we use the
Schwinger technique of a fictitious Hilbert space [4]. It allows
the effective action to be represented as an integral over the 4-
momenta kg

oo

d*k 2 dt 2
Wg =/d4X/ 2n) ek /ﬁpm try [e_t(M +A)], (6)

0

where A = —d% —2ikd//t +Y. Since A contains open derivatives
with respect to coordinates, it is still necessary to clarify the mean-
ing of tr;. The space x € R* has no boundaries, therefore we can
integrate by parts. However, this operation will be unambiguous
only if tr; does not change when its x-dependent elements are
cyclically rearranged. This property can be ensured by the explicit
symmetrization, i.e., tr; in such cases is understood as

1
stry (A1Az ... Ap) = — Z tr; (A1Az... An). (7)
n

cycl.perm.

To distinguish the leading contributions in the expansion in
1/M?, it suffices to take into account terms of at most t* order
in (1), which under the flavor trace have the form

3 3
try I:e_t(M2+A)] = Zci(t) — tZC,' () tre A;
i=1 i=1

t2 3
5, GO (AiA) = 23 Y cip(try (AiA Ay
i,j i,j.k

t4
T Z ciju () try (AiAjAkAD + O() . (8)
i,jk,1

Here A; = E;A, where 3 x 3 matrices (E;j)nm = Sindim; the coef-
ficients cj,j,..i,(t) are completely symmetric with respect to any
permutation of indices and are well known [18-20]. They depend
on quark masses and proper-time. In the case of equal masses, all
coefficients coincide, that is, c¢;(t) = c;i (t) = cjii (t) = cijii (t) = e’“”iz.
It also follows from the formula (8) that the number of indices
in the coefficient c;,j,. i, is equal to the number of operators A;,
representing external fields. Hence, there is a relation between the
number of indices in ¢;,;,.. i, and the contribution of the one-loop
diagram with n external legs. The formula (14) will clarify this cor-
respondence.

Substituting (8) into (6) and integrating over momenta k, and
proper-time t, we arrive at the expression

o0
Wg = 32’;2 /d“xz trpf bn(x, x), 9)
n=0

where coefficients b (x, x) depend on the external fields and quark
masses, i.e., they contain information about both the effective me-
son vertices and corresponding coupling constants. If all masses
are equal, the dependence on m = m; is factorized in form of the
integral [19]

T d
hmbzf L opeacid (10)

t2—n
0

and the field-dependent part takes a standard Seeley-DeWitt form
an(x,x). For large masses m, the coefficients b, (x,x) exhibit the
same asymptotic behavior as J,_1(m?), i.e., by ~m—20=2),
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3. Leading coefficients

Consider the leading terms b; and b,. The case n =0 is of no
interest because by contains no fields and can be omitted from
the effective action. The coefficients with n > 3 tend to zero in
the limit of infinite masses, therefore they are small in comparison
with by and bs.

For convenience of writing the result of our calculations, along
with the usual matrix multiplication, we will use the non-standard
Hadamard product [32], which is the matrix of elementwise prod-
ucts

(A o B)jj = AjjBjj. (11)

The Hadamard product is commutative unlike regular matrix mul-
tiplication, but the distributive and associative properties are re-
tained. It has previously been proven to be an useful tool when
non-degenerate mass matrices and non trivial flavor symmetry
contractions were involved [33].

Now, the heat coefficient by (x, x) can be written as

bi=—JgoY, (12)

where (Jo)ij = 5ij]0(m1.2) is a diagonal matrix with elements given
by (10) (for n = 0). This matrix contains contributions of the Feyn-
man one-loop diagram, known as a “tadpole”. The regularization
should be chosen in accord with the problem studied, for the NJL
model this can be prp =1—(1+ tAz)e‘“‘z.

Consider the second coefficient by (x, x). After some tiring cal-
culations we can represent the result in the form

1
by = 3
where the antisymmetric tensor I'yg = Fop + i[l'o,I'gl, Fap =
0¢'g — 08T, and J;j = J(m;, m;) is a symmetric 3 x 3 matrix,
whose elements are logarithmically divergent parts (at A — o0)
of Feynman self-energy diagrams with masses of virtual particles
m; and m;. Since we also need expressions for the similar con-
tributions coming from triangular J;j, and box Jjj diagrams, we
collect them together in one formula

Y(]oY)—%F“ﬂ (JoT®P) + Aby, (13)

Jij T dt cij(t)
Jijk Z/Tpt,A Cijk () |- (14)
Jiijk 0 Cijjk (t)

In the theory under consideration, there are only three flavors of
quarks, therefore in Jjjj. at least two indices coincide. From the
known properties of c;,j, i, (t) one can deduce that J; = Ji =
Jiiii- The integrals take this form when the quark masses are
equal. Their coincidence is an important property which is used
to demonstrate that Ab, vanishes in the equal-mass limit.

In the limit of equal masses, the first two terms in (13) yield
the well-known result [11], and the third one vanishes, that is, it
contains only contributions associated with an explicit violation of
chiral symmetry. Without this term, the description of exact break-
ing of flavor symmetry is incomplete. To write an expression for
Ab>, let us consider the different contributions in

2
Aby=Qy+) Q™. (15)

n=0

where Qy is the sum of all terms linear in Y. Q® is the sum of
terms with n derivatives which consists of only spin-one fields.
For Qy we have

y <>
szy=Ay+%(Ror°‘)a°‘y, (16)
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where R and A are 3 x 3 matrices with elements

1
Rij= =3 (Jiij = Jiji) (17)
Aii = Z (Jii = Jij + Rij) DT
j#i
Aij = [(]ij — Jijo T3 L
Arere _ para
— Rjj (Fijrjj FiiFiJ')]u;ej;ék ’ e

<>
and the left-right derivative is defined by the difference Y 9%TI'* =
Yo*T¥ — (0*Y)I'*. To avoid misunderstandings, we emphasize that
repeated flavor indices do not imply summation over them. Here
and below, summation is carried out only if the summation symbol
is explicitly written.
Let us consider the terms with two derivatives

Q@ L
2

2 [FP (T o F*F) +6(30) (T 0 91)]. (19)
The first term makes an additional contribution to the kinetic part
of the effective Lagrangian of spin-1 fields described by the second
term in (13). The symmetric matrix T is defined by T;j = Jij —
Jiijj- The shorthand 8I' = 9*T'® implies summation over omitted
indices «. In applications, one can omit the second term in (19)
to ensure that the energy of the massive spin-1 field is positive
definite.

The terms with one derivative can be collected in the expres-
sion

i i
Q= icaﬁF“ﬁ + 5 Sapyo (Ko d*TP)EV
3i
+ ZI (T 0 94TP) 1P, (20)

which represents the effective three-particle vertices describing
the local interaction of vector and axial-vector fields. Symbol
Sapyo =8apdys + 8aydpo + Sacdpy is a totally symmetric tensor
composed of the product of two Kronecker symbols. The diagonal
and off-diagonal elements of the matrix C*# are, respectively, of
the form

1 3
aB B
Gih=> (]ii —Ji+ g Rij+ —]71']') A

j#i
1
Cgﬂ =(Jij— ]123)Fﬁ<rfj|i¢j¢k + 4Ry (Liﬁ)ij
3
+ = Tjj (Loiﬁ).., (21)
4 ij

where we use the notation
aB\ _ B
(Li )U = (Fg + r‘]j) rf. 22)

Note that elements of the matrix Ffj. commute with each other.
The antisymmetric matrix K is defined by the expression

Kij = (Jjjik — Jiiji) iz jzk - (23)
The tensor EY? has no diagonal elements too, although it is not
antisymmetric

Ef7 =0, E[7 =TI, (i#]j#k. (24)

The last thing left to consider is the term without deriva-
tives Q©@, which is a sum of the terms o I'%. Since there are
many of those, it is convenient to present the result in a form
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where the trace over flavor indices is already calculated. Then we
have

2 4
Q0 =3%" { |:§(]ii + i) = §]ij} (ryTj)*
i<j
1
+ 5@~ Ji = Jip) (TyiTij) (Fjirji)}
1
+ > {[§ (Jjk +2Jiik) + Jii — Jij — ]ik:| (TyTji) (Cieii)
ik,

j<k

1
+ 3 i + 2Jiiji) + Jjk — 2Jijk | (TjiTik) (TwiTij)
1
3

1
+ 5(2]iijk — Jii — Jj©) (TijTik) (rkirji)}

+ = QJiijk — Jij — Ji) [(TiiTjk) (TijThi) + (CieTji) (Tki Ti) |

1
+ Z {guik + 2Jiijk — Jijt)[(TiiTij) (T jCii)
i# j#k

+ (TiTkj) (TjiTii) ] + Rij [(Lﬁa),-j (ki) + (TiTj0) (Fikrki)] }

1 By By 1 By
+§5aﬂw§ Ti,(r;?,‘.r,.ir,.jr‘},.—rfgrijrjjr‘j’i—Ergrjirijr;.’,. )
i

(25)

Here, the expression in the parentheses (I';I'j;) is understood to
be summed over alpha F;’;F‘j’l In the limit of equal quark masses
(25) is zero, since all J-dependent factors vanish.

4. Summary

Let’s summarize. Above, we proposed a new efficient method
for obtaining the effective action in the theory with heavy particles
of unequal masses. Our calculations are based on Eq. (1) which al-
lows us to extend the Schwinger proper-time method to the case
of elliptic operators that do not commute with its mass matrix.
As a result, we arrive at the effective action (9), in which each
of the coefficients can be calculated independently of the other,
and corresponds to a certain order of 1/M? expansion. We have
explicitly calculated two leading contributions for the case of bro-
ken U(3) x U(3) symmetry. Although we have limited ourselves to
this particular example, the formalism is applicable to an arbitrary
flavor symmetry group. The method is appropriate for both renor-
malizable and nonrenormalizable quantum field theories, and has
a wide range of applications in various branches of quantum field
theory. This includes astrophysics, cosmology, critical phenomena,
standard model and beyond, composite Higgs models, etc.
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