
J
H
E
P
0
5
(
2
0
2
1
)
1
9
0

Published for SISSA by Springer

Received: February 22, 2021
Revised: April 28, 2021
Accepted: May 6, 2021

Published: May 20, 2021

Nonperturbative dynamics of (2+1)d φ4-theory from
Hamiltonian truncation

Nikhil Anand,a Emanuel Katz,b Zuhair U. Khandkerb and Matthew T. Waltersc,d
aDepartment of Physics, McGill University,
845 Sherbrooke St W, Montréal, QC H3A 1B2, Canada
bDepartment of Physics, Boston University,
590 Commonwealth Avenue, Boston, MA 02215, U.S.A.
cTheoretical Physics Department, CERN,
1211 Geneva 23, Switzerland
dInstitute of Physics, École Polytechnique Fédérale de Lausanne (EPFL),
CH-1015 Lausanne, Switzerland
E-mail: nikhil.anand@mcgill.ca, amikatz@bu.edu,
zuhair.khandker@gmail.com, matthew.walters@epfl.ch

Abstract: We use Lightcone Conformal Truncation (LCT)—a version of Hamiltonian
truncation — to study the nonperturbative, real-time dynamics of φ4-theory in 2+1 di-
mensions. This theory has UV divergences that need to be regulated. We review how, in
a Hamiltonian framework with a total energy cutoff, renormalization is necessarily state-
dependent, and UV sensitivity cannot be canceled with standard local operator counter-
terms. To overcome this problem, we present a prescription for constructing the appropriate
state-dependent counterterms for (2+1)d φ4-theory in lightcone quantization. We then use
LCT with this counterterm prescription to study φ4-theory, focusing on the Z2 symmetry-
preserving phase. Specifically, we compute the spectrum as a function of the coupling and
demonstrate the closing of the mass gap at a (scheme-dependent) critical coupling. We also
compute Lorentz-invariant two-point functions, both at generic strong coupling and near
the critical point, where we demonstrate IR universality and the vanishing of the trace of
the stress tensor.

Keywords: Conformal Field Theory, Nonperturbative Effects, Renormalization Group,
Field Theories in Lower Dimensions

ArXiv ePrint: 2010.09730

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP05(2021)190

mailto:nikhil.anand@mcgill.ca
mailto:amikatz@bu.edu
mailto:zuhair.khandker@gmail.com
mailto:matthew.walters@epfl.ch
https://arxiv.org/abs/2010.09730
https://doi.org/10.1007/JHEP05(2021)190


J
H
E
P
0
5
(
2
0
2
1
)
1
9
0

Contents

1 Introduction and summary 1

2 Hamiltonian truncation and UV divergences 4
2.1 The problem of state-dependent counterterms 4
2.2 A simple counterterm prescription for lightcone quantization 7

3 Lightcone conformal truncation setup 9
3.1 Brief review of LCT 9
3.2 Parameters of LCT 12

4 Consistency checks 13
4.1 Free massive theory 13
4.2 Perturbation theory 15

5 Strong-coupling results 17
5.1 Spectrum and closing of the mass gap 18
5.2 Nonperturbative spectral densities 21
5.3 Critical point and the 3d Ising model 23

5.3.1 Universal behavior 23
5.3.2 Stress tensor trace 25

6 Discussion and outlook 29

A Overview: lightcone conformal truncation in 3d 31
A.1 Lightcone Hamiltonian 31
A.2 LCT basis 32
A.3 Inner products and matrix elements 33

B Details: constructing the basis 34
B.1 Monomial operators 34
B.2 ‘Minimal’ monomials 35
B.3 Gram-Schmidt 36
B.4 µ-discretization 37

C Details: computing matrix elements 37
C.1 Implementation of momentum space formulas 38
C.2 Discretizing µ, µ′ 42

D Lightcone Fock space methods 48

E State-dependence in ET and LC quantization 53

– i –



J
H
E
P
0
5
(
2
0
2
1
)
1
9
0

F UV and IR cutoffs in truncation 58

G State-dependent counterterm example 62

H Varying truncation parameters 65

1 Introduction and summary

In this work, we study the nonperturbative, real-time dynamics of φ4-theory in 2+1 dimen-
sions (focusing on the Z2 symmetry-preserving phase). The Lagrangian of the theory is1

L = 1
2∂µφ∂

µφ− 1
2m

2φ2 − 1
4!gφ

4. (1.1)

Specifically, we numerically compute the spectrum as a function of the dimensionless cou-
pling ḡ ≡ g

4πm and demonstrate the closing of the mass gap at a (scheme-dependent) critical
coupling. We also compute two-point functions of local operators, both at generic strong
coupling and near the critical point.

The method we use to perform these computations is Lightcone Conformal Truncation
(LCT), which is a version of Hamiltonian truncation. Hamiltonian truncation is a powerful
framework for studying QFTs nonperturbatively. The basic idea of these methods is to first
express the QFT Hamiltonian in a well-chosen basis, then truncate the basis to a finite size
using some prescription, and numerically diagonalize the finite-dimensional Hamiltonian
in order to obtain an approximation to the physical spectrum and eigenstates of the QFT.
Finally, one looks for convergence in physical observables as the truncation threshold is
increased.

The use of Hamiltonian truncation methods in studying strongly-coupled QFTs was
pioneered by Yurov and Zamolodchikov [1, 2] and subsequently by Lässig, Mussardo, and
Cardy [3]. Since then, there has been tremendous progress, and Hamiltonian truncation
has been applied to a wide array of QFTs. To mention a few recent examples, trunca-
tion has been used to study spontaneous symmetry breaking [4–6], scattering [7, 8], and
quench dynamics [9–12] in strongly-coupled 2d systems. For a recent overview with a
comprehensive list of references, see [13]. At the same time, there have been significant
conceptual and technical advancements in the overall framework of Hamiltonian truncation
that have greatly enhanced the applicability and precision of these methods as a whole.
These include a systematic Wilsonian renormalization framework for including the effects
of high-energy states discarded by truncation, significantly improving the convergence of
such methods [14–19], as well as advances in the numerical diagonalization of large matrices
for truncation applications [20, 21].

LCT is a relatively more recent version of Hamiltonian truncation that is formulated
in lightcone quantization, instead of the usual equal-time quantization. One of the main

1Note that in this work all local operators are normal-ordered.
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motivations for working in lightcone quantization is that it allows for LCT to be formulated
in infinite volume (at least formally, as we will see), which facilitates the computation of
physical observables like correlation functions. In this way, LCT provides access to differ-
ent types of dynamical observables and nicely complements other Hamiltonian truncation
methods. This particular truncation method involves using a basis of low-dimension pri-
mary operators of some UV CFT (in this case, free field theory with a single massless
scalar) to study the full RG flow resulting from relevant deformations (here, the mass term
and quartic interaction). Recent progress in both the formulation and application of LCT
can be found in [22–30], and a pedagogical introduction to the method can be found in [31].

Despite the successes of Hamiltonian truncation, there has been a persistent barrier to
further progress: QFTs with UV divergences. The problem is well-known in the literature
(e.g., [32–34]). As we will review, the basic problem is that in a Hamiltonian framework,
one places an energy cutoff on a QFT — instead of a loop-momentum cutoff typical of
Feynman diagram calculations — and this requires counterterms that are state-dependent.
In other words, the UV sensitive contributions encountered in any process depend on the
details of the incoming and outgoing states. The upshot is that the usual local operator
counterterms (which are state-independent by construction) no longer suffice to renormalize
the theory, and instead there is a potential proliferation of counterterms due to the fact
that UV sensitivity needs to be canceled state-by-state. This has been a significant barrier
to progress, and indeed most applications of Hamiltonian truncation, including LCT, have
been restricted to UV finite theories in low spacetime dimensions.

In this work, we present a solution to the problem of state-dependent counterterms for
(2+1)d φ4-theory in infinite volume within lightcone quantization. Our solution is simple
in that it only requires introducing state-dependent counterterms at fixed O(g2) in per-
turbation theory, and the necessary counterterms are easy to evaluate numerically (albeit
in a brute-force way). Despite its simplicity, the counterterm prescription is crucial for
performing reliable computations at strong coupling and especially near the critical point.

There has been much recent interest in applying Hamiltonian truncation methods to
theories in d > 2. In particular, ref. [32] presented a generalization of the Truncated
Conformal Space Approach (TCSA), which was initially formulated in 2d in [1], to theories
in arbitrary spacetime dimension. They then used this approach to compute the spectrum
of φ4-theory in d = 2.5, which does not have UV divergences. Ref. [33] determined the
allowed structure of state-dependent counterterms to second order in the energy cutoff for
theories in general d, focusing in particular on the case of φ4-theory. Ref. [35] presented
a general formulation of Hamiltonian truncation for theories on the d-dimensional sphere,
and computed the partition function and correlation functions for iφ3-theory in d = 3,
which contains logarithmic divergences.

Recently, Elias-Miró and Hardy presented a solution to state-dependent counterterms
for (2+1)d φ4-theory in finite volume within equal-time quantization [34]. They were able
to use their prescription to compute the spectrum of the theory and check the predictions of
a weak/strong-coupling self-duality. Our counterterm solution and that of Elias-Miró and
Hardy work in complementary settings: infinite- versus finite-volume and lightcone- versus
equal-time quantization. At the same time, in their respective settings, both solutions
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are very general and should be applicable to many other QFTs. We are hopeful that these
works will open the door to applying Hamiltonian truncation to many new classes of QFTs.

Returning to the model at hand, we use LCT along with our counterterm prescription
to study the dynamics of (2+1)d φ4-theory, focusing on the Z2 symmetry-preserving phase.
We first test our approach with the following consistency checks:

• Figure 7: we compute the spectrum as a function of the dimensionless coupling ḡ and
demonstrate the closing of the mass gap as ḡ is dialed up from zero.

• Figure 8: we show that higher eigenvalues approach zero consistently with the mass
gap and that our state-dependent counterterm is crucial for ensuring that eigenvalue
ratios match theoretical predictions as we approach the critical point.

We then obtain the following new, nonperturbative results for (2+1)d φ4-theory:

• Figure 9: we compute the Källén-Lehmann spectral densities of the operators φ2 and
φ4 at strong coupling in order to illustrate the types of observables one can compute
using LCT.

• Figure 10: close to the critical point, we demonstrate universality in the spectral
densities of the operators φn for n = 1, . . . , 6, which is a prediction of criticality.

• Figure 11: we compute the position space correlators of the Z2-even operators φ2,
φ4, and φ6 near the critical point and demonstrate that the universal IR behavior is
well-fit by a simple power law, as expected for an IR fixed point.

• Figure 13: we compute the spectral density of the trace of the stress tensor Tµµ and
demonstrate that it vanishes near criticality, providing evidence that the critical point
is described by a CFT.

• Figure 14: we compute the position space correlation function of Tµµ close to the
critical point and show that the deviation from zero in the IR is well-fit by a power
law consistent with the universality seen in φ2n.

The critical point where the mass gap closes should be in the same universality class
as the 3d Ising CFT. In this work, we do not have sufficient IR precision in our results to
reliably extract 3d Ising critical exponents. Nevertheless, our demonstration of universality
in correlation functions and the vanishing of the stress tensor trace is strong evidence that
we are probing physics governed by the critical CFT. It would be exciting if LCT can
be harnessed at higher truncation levels in the future as a new tool for studying 3d Ising
physics. Also, it is worth emphasizing that at generic strong coupling (i.e., not too close to
the critical point), our results are less limited by our finite IR resolution and the two-point
functions we compute are new results for the dynamics of (2+1)d φ4-theory.

The calculations in this work were performed using minimal computational resources.
At maximum truncation level, our basis consists of 35,425 states, and all of our calculations
were performed on personal laptops with runtimes on the order of several days. It is encour-
aging that even at modest basis sizes, we see convergence in many observables as well as the
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onset of critical behavior near the critical point. We expect that the size of the basis and
the corresponding precision of the method can be substantially increased in future efforts.

While our counterterm prescription for removing UV divergences is new to this work,
the general LCT setup and the interpretation of the results rely crucially on previous works.
In particular, ref. [24] first formulated LCT in general dimensions. Subsequently, ref. [25]
studied (1+1)d φ4-theory, including the RG flow to the 2d Ising model, and demonstrated
the computation of spectral densities and the onset of critical phenomena. Finally, ref. [29]
developed an efficient method for computing LCT matrix elements for theories in (2+1)d,
including φ4-theory.

This paper is organized as follows. In section 2, we review the problem of state-
dependent counterterms and present our solution. Our counterterm prescription is stated
in section 2.2. In section 3, we briefly review the basic setup of LCT, including a description
of the truncation parameters involved. In section 4, we perform several consistency checks
of our method in the free massive theory and in perturbation theory. In section 5, we
present our strong-coupling results. We conclude in section 6.

Several appendices supplement the main text. For the interested reader, appendix A
provides a self-contained overview of LCT in 3d and the calculations needed for this work,
while appendices B–C detail several new techniques for constructing the LCT basis and
evaluating Hamiltonian matrix elements. Appendix D contains some details for using Fock
space methods to compute matrix elements, which are generally less efficient and hence not
used in this work, but which often come in handy in other contexts. Appendix E discusses
more details on the structure of state-dependent cutoffs in ET and LC quantization, and
appendix F discusses the connection between UV and IR cutoffs in LCT. Appendix G
provides a low-truncation example of the construction of our state-dependent counterterm.
Finally, appendix H supplements the discussion in section 5.

2 Hamiltonian truncation and UV divergences

2.1 The problem of state-dependent counterterms

In 3d φ4-theory, given by the Lagrangian in (1.1), the leading perturbative correction to
the bare mass m2 is logarithmically divergent,

δm2
∣∣∣
O(g2)

= − g2

96π2 log
(

(Λloop/m+ 1)2

8 (Λloop/m− 1)

)
≈ − g2

96π2 log Λloop
8m . (2.1)

Here, Λloop is a UV cutoff on loop momenta, and the correction comes from the “sunset”
diagram shown in figure 1(a). The standard renormalization procedure is to introduce a
mass counterterm that cancels the dependence on Λloop, yielding UV-insensitive results
for physical observables. For this particular divergence, the counterterm one adds to the
Lagrangian is

δLc.t. = 1
2c φ

2, (2.2)

where the coefficient c is chosen to cancel the UV sensitivity in (2.1) and may have addi-
tional finite terms depending on the renormalization scheme.
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(a)
<latexit sha1_base64="7EblzPXtnN3+qZeSGc4OSLSHR6Q="></latexit>

`2
<latexit sha1_base64="Ly5SNsmgERY2dIe7khpBqN0QfVc="></latexit>

`3
<latexit sha1_base64="fq55zU5K5AWlRpXTDCQLhHHOtWA="></latexit>

`1
<latexit sha1_base64="39Uq0PVxwIUYoKgcqxvV8zWO/ZA="></latexit>

(b)
<latexit sha1_base64="iW6R8dmzpqxy7YDoyAx5mToRH4I="></latexit>

...
<latexit sha1_base64="Uo7sCWppzd9M/RRcG+yHlKWQ1rg="></latexit>

...
<latexit sha1_base64="Uo7sCWppzd9M/RRcG+yHlKWQ1rg="></latexit>

p1
<latexit sha1_base64="uO3pXLoxkOpzKO2NdPKNuI8UQHY="></latexit>

p2
<latexit sha1_base64="pkNJd3goEFqPSMz2M2oRMjGYYOA="></latexit>

pi
<latexit sha1_base64="vRBBRBKU4rje2BpRls+vUNGpfdg="></latexit>

pn
<latexit sha1_base64="DyrtpwhJPyWR/Uw4zd0vo00pRgE="></latexit>

Figure 1. (a) Sunset diagram; (b) Sunset diagram with spectators.

A crucial point for the present discussion is that the counterterm δLc.t. in (2.2) is state-
independent. By this, we mean that the counterterm does not depend on the external states
of any given process. This is something we usually take for granted. Indeed, the fact that
δLc.t. is state-independent is immediately evident from the fact that we can express it in
terms of the local operator φ2, which makes no reference to external states. In a Feynman
diagram language, this state-independence is a consequence of the fact that Λloop is a cutoff
on local loop momenta, which is agnostic about the details of the diagram’s external legs.

In a Hamiltonian framework, the situation is starkly different. To regulate divergences
one places a UV cutoff on the total energy of intermediate states instead of a cutoff on
local loop momenta. An immediate consequence of doing this is that UV sensitivities, and
the counterterms needed to remove them, necessarily become state-dependent.2 This state
dependence is essentially a consequence of energy positivity. As we will now discuss, when
summing over intermediate states, the “energy budget” available to loop momenta depends
on the division of the total momentum among the particles in the state. This momentum
distribution varies from state to state, leading to state-dependent UV sensitivities.

Let us begin with a simple conceptual picture. The sunset diagram in figure 1(a) repre-
sents a sum over three-particle intermediate states. In practice, we impose a UV cutoff EUV
on the total energy allowed for the intermediate states, which regulates the divergence from
the sunset diagram. However, let’s now consider the same diagram, but in the presence of
spectator particles, as shown in figure 1(b). This second diagram represents a sum over (n+
2)-particle states. While EUV again sets the cutoff on the total energy of the (n+2)-particle
states, the UV divergence is controlled specifically by the maximum energy available to the
three particles in the sunset part of this diagram. This maximum energy is strictly less
than EUV, as some of the energy budget is taken by the relative momentum of the specta-
tors with respect to the particles in the loops. The loop momenta in figure 1(b) thus see a
lower cutoff than those in figure 1(a), due to the additional particles in the external state.

2These counterterms are often referred to in the literature as “nonlocal”, in contrast with typical coun-
terterms such as eq. (2.2), which can be written in terms of local operators.
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More concretely, consider a general n-particle Fock space state |p1, . . . , pn〉. Figure 1(b)
shows a leading correction to the mass of this n-particle state due to the φ4 interaction,
where one of the external particles (labeled by pi) splits into three particles, which then
recombine, while the remaining n− 1 external particles are spectators. Let’s define µ2

tot as
the invariant mass-squared of the full (n+ 2)-particle intermediate state, while µ2

loop is the
invariant mass-squared of only the three particles that participate in the interaction.

In a Hamiltonian framework, we place a UV cutoff on the total energy, which in a fixed
momentum frame is equivalent to placing a cutoff on µ2

tot. We would like to know what a
cutoff on µ2

tot implies for µ2
loop, which is the source of the UV divergence. As we discuss in

more detail in appendix E, the answer to this question depends on whether we are working
in equal-time or lightcone quantization.

In equal-time (ET) quantization, we have pµ = (E, ~p ), where the spatial momenta
~p are conserved in interactions, and µ2 = E2 − |~p |2. In lightcone (LC) quantization, we
instead have pµ = (p+, p−, p⊥), with the components p− and p⊥ conserved in interactions,
and µ2 = 2p+p−−p2

⊥. If we introduce a UV cutoff µ2
tot ≤ Λ2, then in these two quantization

schemes we obtain the resulting loop momentum cutoff (i.e., the maximum energy running
through the sunset diagram):3

ET : µ2
loop ≤

Λ−
∑
j 6=i

√
|~pj |2 +m2

2

− |~pi|2,

LC : µ2
loop ≤ xiΛ2 − xi

∑
j 6=i

p2
j⊥ +m2

xj
− p2

i⊥,

(2.3)

where xi ≡ pi−
ptot−

is the fraction of the total lightcone momentum carried by pi.
In LC quantization, a cutoff Λ on the total energy of intermediate states thus leads to

the state-dependent shift in the bare mass:

...
<latexit sha1_base64="Uo7sCWppzd9M/RRcG+yHlKWQ1rg="></latexit>

...
<latexit sha1_base64="Uo7sCWppzd9M/RRcG+yHlKWQ1rg="></latexit>

x1
<latexit sha1_base64="TGDEcJTpHbG2gQCMpTDnWxK68vk="></latexit>

x2
<latexit sha1_base64="rAAwrY/LhRiIbmyGScydHoLLSUo="></latexit>

xi
<latexit sha1_base64="2Md9Qkm6ODMMa4ZJSblKI5nqyMA="></latexit>

xn
<latexit sha1_base64="TK5OlmC7Swu2B0PuJPeS0yGTOx8="></latexit>

= − g2

96π2 log Λ
8m −

g2

192π2 log xi +O

( 1
Λ

)
, (2.4)

where we have simply plugged the resulting loop momentum cutoff from (2.3) into the
logarithmic divergence (2.1). As we can see, the state-dependence is a finite shift ∼ log xi
set by the momentum fraction carried by the interacting particle.

While we have focused on the specific case of the mass shift due to the sunset dia-
gram, we can draw several important general lessons from the inequalities in (2.3). Let us
enumerate some of the main punchlines:

3See appendix E for a derivation and further explanation of these two expressions.
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• Energy cutoffs (rather than loop momentum cutoffs) lead to state-dependent UV
sensitivities. Indeed, the right-hand sides of (2.3) obviously depend on the individual
momenta ~pi of the incoming particles, which vary from state to state. This means
that the counterterms we introduce to cancel UV sensitivities must also be state-
dependent. This is true of both ET and LC quantization. In both quantization
schemes, a local operator counterterm like (2.2) will not suffice.

• To make matters worse, one expects to have to add state-dependent counterterms at
every order in perturbation theory. The diagram we considered in figure 1(b) occurs
at O(g2). However, this process could be a sub-diagram within a higher-order term.
With an energy cutoff, one should not expect that counterterms designed to cancel
state-dependent UV sensitivities at O(g2) will continue to cancel UV sensitivities at
higher order. This is quite different from the usual case of loop momentum cutoffs.

• Regarding the nature of the state-dependence, in ET quantization the state depen-
dence in (2.3) comes as an additive shift in Λ. In LC quantization, in addition to the
additive shift, there is a multiplicative rescaling of Λ2 by the factor xi, which is the
fraction of ptot− carried by the incoming particle that participates in the interaction.
It is worth noting that the factor xi is insensitive to the spectators (apart from their
total momentum). This will be important in the next section.

• The formula (2.3) has nothing to do with truncation (i.e., restricting the Hilbert space
to low-dimension operators). It is simply a consequence of having an energy cutoff.4
Eventually, we will be interested in applying Hamiltonian truncation methods. In
that case, there will be additional corrections to the right hand sides of (2.3), which
vanish as the truncation threshold is taken to infinity (e.g., 1

∆max
corrections in the

context of LCT).

At first glance, overcoming the state-dependence in (2.3) seems daunting due to the
proliferation of counterterms. However, as we will discuss in the next section, there is
a simple, albeit brute force, solution for (2+1)d φ4-theory in LC quantization. We will
have to introduce state-dependent counterterms; however, we will only need to introduce
them at O(g2) in perturbation theory due to certain simplifications of LC quantization.
Moreover, evaluating these counterterms in practice will be computationally trivial.

2.2 A simple counterterm prescription for lightcone quantization

In the previous section, we discussed why regulating a UV-divergent QFT with an overall
energy cutoff necessitates the addition of state-dependent counterterms. In particular, one
generically expects to have to add state-dependent counterterms order-by-order in pertur-
bation theory, making the situation quite daunting due to the proliferation of counterterms.
However, as we will now discuss, there are two crucial simplifications that will allow us to
overcome these obstacles in φ4-theory with a simple prescription:

4In finite volume, Hamiltonian truncation typically is simply placing an energy cutoff, so this distinction
is less meaningful. In infinite volume, however, state-dependent UV sensitivities arise even in continuum
QFT when using a total energy cutoff.
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• In LC quantization, the vacuum is trivial [36–38]. In particular, there is no vacuum
renormalization and there are no vacuum bubble divergences. In 3d φ4-theory, the
vacuum energy divergence is linear, whereas the mass divergence is logarithmic. Thus,
working in LC quantization, one avoids linear divergences and only has to deal with
logarithmic ones.

• The state-dependence in the logarithmic divergence is insensitive to any details of
the spectators, and only depends on the momentum fraction xi ≡ pi−

ptot−
carried by

the sunset diagram, as we can see in eq. (2.4). This is true even if the sunset is
a subdiagram within a higher-order contribution or for multiple sunset diagrams in
parallel. It is therefore sufficient to only introduce state-dependent counterterms at
O(g2) in order to cancel state-dependencies at all higher orders in g (up to corrections
suppressed by Λ or ∆max).5 Thus, although the counterterms we introduce will be
state-dependent, we will only have to compute them at second-order in perturbation
theory. This is a major simplification.

Given these simplifications, we propose the following prescription for removing the
O(g2) state-dependence due to sunset diagrams. First, at a given truncation ∆max (see
section 3 for the details of our truncation scheme), diagonalize the finite-dimensional Hamil-
tonian at g = 0 in order to find the eigenstates of the free massive theory. Then for every
n-particle mass eigenstate |µ2

i 〉, we numerically compute the O(g2) perturbative shift in its
mass due to the (n+2)-particle states in our truncated basis. This shift, δµ2

i , is precisely the
contribution of the sunset process. The crucial next step is to add a counterterm at O(g2)
that exactly cancels these perturbative shifts state-by-state. In the free massive basis, the
counterterm is simply a diagonal matrix with entries −δµ2

i . It is worth emphasizing that
although this counterterm is state-dependent, it is trivial to compute. The final step in our
scheme is to add a state-independent local counterterm δL = 1

2cLg
2φ2, for some constant

cL. This is simply a redefinition of the physical mass, and as we explain in section 5, is
useful for improving the convergence at finite truncation and ensuring we observe the IR
critical point.6

Let us summarize our counterterm prescription in step-by-step fashion:

1. Diagonalize the truncated Hamiltonian at g = 0 to obtain the free massive eigenstates.

2. For every mass eigenstate |µ2
i 〉, use second-order perturbation theory to compute δµ2

i ,
which is the O(g2) shift due to all (n+ 2)-particle states in our truncated basis.

5Schematically, for every contribution containing a sunset subdiagram with momentum fraction xi, there
is a compensating contribution where the sunset is replaced by our O(g2) counterterm for that same xi.

6As shown in [39], one expects that the critical point is visible (for real values of the coupling g) only
for cL above some threshold value. We thank Giacomo Sberveglieri, Marco Serone, and Gabriele Spada for
discussions on this point.
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3. Construct the state-dependent counterterm g2δP
(state-dep.)
+ , which in the free mas-

sive basis is simply a diagonal matrix with entries −δµ2
i .7,8 This matrix can be re-

expressed in the original CFT basis via a unitary transformation.

4. In addition to the state-dependent counterterm above, add a local mass shift δL =
1
2cLg

2φ2 for some constant cL to be determined.

All in all, including counterterms, our renormalized LC Hamiltonian thus takes the form

P+ = P
(CFT)
+ +

∫
d2~x

(1
2(m2 − cLg2)φ2 + 1

4!gφ
4
)

+ g2δP
(state-dep.)
+ , (2.5)

where the last term is our state-dependent counterterm.

3 Lightcone conformal truncation setup

In this work, we will study nonperturbative φ4-theory in (2+1)d using Lightcone Conformal
Truncation (LCT). To remove UV sensitivities, we will utilize the counterterm prescription
presented above. In this section, we briefly review the basics of LCT, including a discussion
of the different truncation parameters involved. Our goal is to provide the reader with
enough background to understand the results presented in the subsequent sections without
going into too many technical details. For the interested reader, the appendices contain
all of the details of our LCT implementation, including the construction of the basis and
computation of Hamiltonian matrix elements.

3.1 Brief review of LCT

Hamiltonian truncation methods all follow the same basic steps. First, the QFT Hamilto-
nian is expressed as a matrix in a well-motivated, but infinite-dimensional, basis. Second,
the basis and corresponding Hamiltonian matrix are truncated to a finite size according to
some prescription. Finally, the truncated Hamiltonian is diagonalized (usually numerically)
to obtain an approximation to the physical spectrum and eigenstates of the QFT.

LCT is a specific version of Hamiltonian truncation that can be applied whenever the
QFT of interest can be described as a deformation of a UV CFT by one or more relevant
operators. The LCT basis is defined in terms of the primary operators of the CFT, while
Hamiltonian matrix elements are related to OPE coefficients. Thus, the input is UV CFT
data and the output is IR QFT dynamics. For the particular example of 3d φ4-theory, the
UV CFT is free massless scalar field theory, and the relevant deformations are the mass
term φ2 and quartic interaction φ4.

LCT is formulated in lightcone quantization [40–44]. Our conventions for lightcone
coordinates are x± = 1√

2
(
x0 ± x1) and x⊥ = x2, with ds2 = 2dx+dx− − dx⊥2. In this

7One minor subtlety in this prescription is that, due to truncation effects, there are a small number of
high-mass states whose O(g2) shifts have the incorrect sign. The counterterms for these states are set to
zero (see appendix G for more details).

8Technically, the O(g2) (n + 2)-particle contribution also includes a t-channel diagram that does not
correspond to the sunset diagram. However, this counterterm prescription only removes the diagonal piece
of this diagram, which is a set of measure zero.
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quantization scheme, one takes x+ to be time and ~x = (x−, x⊥) to be spatial. The lightcone
momenta are defined by P± ≡ 1√

2 (P0 ± P1) and P⊥ ≡ P2. In particular, P+ is the Hamilto-
nian. Concretely, the lightcone Hamiltonian we will study in this work is given by eq. (2.5).
The next step is to evaluate the matrix elements of this Hamiltonian in the LCT basis.

In general, the LCT basis is constructed in momentum space and consists of Fourier
transforms of primary operators O in the UV CFT. We start by defining the states

|O, µ〉 ≡
∫
d3x e−ip·xO(x)|0〉, (3.1)

where the label µ is defined by µ2 ≡ p2 = 2p+p− − p2
⊥. This notation requires some

explanation. Strictly speaking, the Fourier transform appearing on the r.h.s. should be
labeled by the operator O and the momentum pµ = (p+, p−, p⊥) =

(
µ2+p2

⊥
2p− , ~p

)
. However,

because the spatial momentum generators ~P commute with the Hamiltonian P+, we can
always choose to work in a fixed “momentum frame” with a fixed value for ~p. Equivalently,
Hamiltonian matrix elements are always proportional to δ(2)(~p − ~p ′). Consequently, the
spatial momentum label ~p just goes along for the ride, and we drop it for notational
simplicity. This leaves the label µ (or equivalently, p+) on the l.h.s. .

The states |O, µ〉 provide a complete basis for the Hilbert space of the UV CFT (as well
as the IR QFT obtained by deforming this CFT). We then truncate this basis by setting
a maximum scaling dimension ∆max and only keeping the finite set of primary operators
below this threshold (i.e., with ∆ ≤ ∆max).

However, the label µ is still a continuous parameter that needs to be discretized in
some way. To discretize it, we follow the prescription proposed in [24]. First we introduce
a hard cutoff ΛUV on the range of µ, restricting to µ2 ≤ Λ2

UV. Then we introduce smearing
functions bi(µ), where i = 1, . . . , imax, and define the discrete set of states

|O, i〉 ≡ 1√
2π

∫ Λ2
UV

0
dµ2 bi(µ) |O, µ〉 (i = 1, . . . , imax). (3.2)

Once we specify the precise form of the smearing functions, (3.2) defines the LCT basis.
There is obviously a large amount of freedom in the choice of functions bi(µ). In this

work, we will use non-overlapping bins that span the interval [0,Λ2
UV], as shown schemati-

cally in figure 2. Specifically, we define

bi(µ) ≡
Θ(µ2 − µ2

i−1)−Θ(µ2 − µ2
i )√

µ2
i − µ2

i−1

, µ2
i ≡ Λ2

UV
rimax(1− ri)
ri(1− rimax) , (i = 1, . . . , imax) (3.3)

where Θ(x) is the Heaviside step function. In other words, we partition the interval [0,Λ2
UV]

into imax bins [µ2
i−1, µ

2
i ], and define bi(µ) to be a constant with support on a single bin.

Note that in (3.3), we have introduced a parameter r < 1 that sets the relative widths of
successive bins,

r ≡
µ2
i − µ2

i−1
µ2
i+1 − µ2

i

, (3.4)
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Figure 2. Schematic representation of the integrated spectral density (see (3.7)) of a generic
operator O in the undeformed CFT, with our choice of µ discretization (3.3) (blue line), compared
to the exact expression (black dashed line). There are imax bins, each with constant support on
the intervals [µ2

i−1, µ
2
i ]. The largest value µ2

imax
sets the UV cutoff, and the lowest value µ2

1 sets the
IR resolution (see (3.8)). The parameter r controls the relative width of successive bins, such that
r = 1 corresponds to uniform bins, and r < 1 has smaller bins in the IR.

so that there are more bins in the IR (small µ2) than in the UV (large µ2). We reiterate
that this definition of smearing functions is a choice, and it is certainly possible that there
are better alternatives.

There is one final subtlety in the construction of our basis, which we discuss in more
detail in appendix A. In φ4-theory, there are IR divergences in the Hamiltonian matrix
elements associated with the φ2 deformation, which have the effect of removing a subset
of our truncated basis of states from the low-energy Hilbert space. In practice, our basis
thus consists only of so-called “Dirichlet” operators, which are all linear combinations of
primary operators which have at least one ∂− acting on every insertion of φ. When we set
a truncation level ∆max, we therefore only keep the subset of operators with ∆ ≤ ∆max
which satisfy this Dirichlet condition. Conceptually, we can still think of the basis as being
comprised of primary operators, just with this added restriction on the Hilbert space.

The basis states (3.2) up to ∆max, along with the choice (3.3) for the smearing functions
bi(µ) up to imax, define our basis. We express the φ4-theory Hamiltonian (2.5) in this basis,
and then numerically diagonalize the Hamiltonian in order to obtain an approximation
to the physical spectrum and eigenstates of the theory. The eigenstates |α〉 of the full
Hamiltonian have corresponding masses µα and, crucially, they can be used to compute
other physical observables.

One of the main deliverables of LCT that we will consider in this work are Källén-
Lehmann spectral densities of local operators ρO(µ). Recall that spectral densities encode
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the decomposition of two-point functions in terms of the physical mass eigenstates,

〈T {O(x)O(0)}〉 =
∫
dµ2ρO(µ)

∫
ddp

(2π)d e
−ip·x i

p2 − µ2 + iε
. (3.5)

In our Hamiltonian truncation setup, the spectral density is simply computed by

ρO(µ) ≡
∑
α

|〈O(0)|α〉|2 δ(µ2 − µ2
α). (3.6)

Because this observable is formally a sum over delta functions, it is simpler in practice to
study its integral,

IO(µ) ≡
∫ µ2

0
dµ′2 ρO(µ′) =

∑
µα≤µ

|〈O(0)|α〉|2. (3.7)

In this work, we will compute spectral densities and corresponding two-point functions of
operators like φn and the stress tensor Tµν .

3.2 Parameters of LCT

Let us quickly summarize the truncation parameters involved in LCT. First, there is ∆max,
which is the maximum scaling dimension of the operators O appearing in (3.2). Next,
there is ΛUV, which is the hard cutoff on the invariant mass-squared of any basis state,
µ2 ≤ Λ2

UV. Then there is imax, which is the number of smearing functions (or the number
of bins in our case) used to probe µ2 ∈ [0,Λ2

UV]. Finally, there is r, which is specific to our
use of bins as smearing functions and sets the relative size of successive bins.

In addition to ΛUV, our smearing functions bi(µ) also set an IR cutoff ΛIR. In our
particular setup, this cutoff is simply the width of the first bin, since this sets our resolution
for invariant masses µ2. To be more specific, referring back to (3.3), our IR cutoff is
Λ2

IR = µ2
1. We therefore have the relation

ΛUV = ΛIR

√
r(1− rimax)
rimax(1− r) . (3.8)

Now imagine that ∆max and r are fixed. We then have two choices for how to compare
results as we vary imax. The first choice is to hold ΛUV fixed, such that ΛIR decreases as
we increase imax. The second choice is to hold ΛIR fixed, such that ΛUV increases as we
increase imax. In this work, we will always make the second choice, i.e., we will fix ΛIR and
then increase the UV cutoff ΛUV by increasing imax. This approach is more consistent when
working at finite ∆max, where in practice there is an effective lower bound on the allowed
value for ΛIR, as we explain in appendix F. So long as ΛIR is small compared to the physical
scales of the theory, we expect observables to converge as ΛUV → ∞. Thus, in practice,
we take our truncation parameters to be ∆max, ΛIR, imax, and r. These parameters are
summarized in table 1.

In this work, the maximum scaling dimension we consider is ∆max = 16 (although
for certain perturbative checks we can reach higher ∆max). The Hamiltonian conserves
“transverse-parity” x⊥ → −x⊥, and in this work we will restrict our attention to the
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LCT Parameter Description

∆max Maximum scaling dimension of operators in basis, see (3.2)

Λ2
IR Smallest bin used to discretize invariant masses µ2, see (3.3)

imax Total number of bins used to discretize µ2, see (3.3)

r Ratio of successive bin sizes, see (3.4)

Λ2
UV (not independent) UV cutoff on µ2, fixed in terms of Λ2

IR, imax, and r via (3.8)

Table 1. LCT truncation parameters along with their descriptions, specific to our setup of using
bins as smearing functions to discretize the continuous invariant masses µ2 of basis states.

even-parity sector, which at ∆max = 16 contains 545 primary operators. For each of these
operators, the maximum number of bins we use to discretize µ2 is imax = 65. Thus, at
maximum truncation level, our basis contains 545× 65 = 35, 425 states. As for ΛIR and r,
we have found experimentally that good values for these parameters are ΛIR/m = 0.5 and
r = 0.8 (at imax = 65 the corresponding UV cutoff is ΛUV/m ≈ 1411). We will use these
values for ΛIR and r unless otherwise noted. In appendix H, we vary these parameters to
ensure that our results are insensitive to their precise value.

4 Consistency checks

In this section, we perform several consistency checks of our method in the limit that the
quartic coupling g either vanishes or is perturbatively small. First, in section 4.1, we set
g = 0 (with m 6= 0), which corresponds to free massive field theory, and verify that spectral
densities of the operators φn match their theoretical predictions. Then, in section 4.2, we
consider small, perturbative values of g/m and check that our results for the mass gap
agree with perturbation theory.

4.1 Free massive theory

Here, we consider free massive field theory by setting g = 0 (with m 6= 0). In this limit,
the lightcone Hamiltonian does not mix different particle-number sectors.9 As a result, the
Hamiltonian for each sector can be diagonalized independently. In particular, computing
the spectral density of an n-particle operator only requires diagonalizing the Hamiltonian
in the n-particle sector.

We set our parameters to be ∆max = 16, imax = 65, ΛIR/m = 0.5, and r = 0.8. Recall
that the parameters ∆max and imax set the size of our basis. For this choice of parameters,
the number of states in the 2-, 3-, 4-, and 5-particle sectors is 455, 6045, 13520, and

9This is an important simplification compared to equal-time quantization.
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Figure 3. Integrated spectral densities of φ2 (top left), φ3 (top right), φ4 (bottom left), and φ5

(bottom right) in free massive field theory (g = 0). Each plot shows the LCT data (blue), computed
using ∆max = 16, imax = 65, ΛIR

m = 0.5, and r = 0.8 (corresponding to ΛUV
m = 1411), along with the

known analytical result (black line). The insets show the ratio of the data to the analytical result.

8060, respectively. Meanwhile, the parameters imax, ΛIR, and r together set the scale of
the UV cutoff ΛUV, which for the values listed above is ΛUV/m ≈ 1411. For the given
parameters, we diagonalize the Hamiltonian in the n-particle sector and use the resulting
mass eigenstates to compute the spectral density of φn.

Figure 3 shows our results for the integrated spectral densities of φ2, φ3, φ4, and φ5

in free massive field theory. The blue curves correspond to our data, while the black lines
show the known analytical result, given by

Iφn(µ) ≡
∫ µ2

n2m2
dµ′2ρφn(µ′2) = n

(4π)n−1 (µ− nm)n−1. (4.1)

In each plot, we have included an inset which shows the ratio of our data to the analytical
prediction. Overall, looking at the main plots and the insets, we see excellent agreement
between our data and the known theoretical results over a wide range of µ/m. Similar
plots can be made for φn with n > 5.

It is also useful to look at the position space correlators 〈φn(x)φn(0)〉, which can be
obtained from the φn spectral densities via

〈φn(x)φn(0)〉 =
∫
dµ2ρφn(µ)e

−µ|x|

4π|x| =
∑
α

|〈φn(0)|α〉|2 e
−µα|x|

4π|x| , (4.2)
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Figure 4. The free massive theory (ḡ = 0) two-point functions 〈φn(x)φn(0)〉 for φ2 (top left), φ3

(top right), φ4 (bottom left), and φ5 (bottom right). The LCT data (blue) was obtained with the
same parameters as figure 3, and is compared to the theoretical prediction (black line). The insets
show the ratio of the data to the analytical result. To guide the reader, red dashed lines and text
show the scale at which the correlator deviates from the theory prediction by 20 percent.

where we have specifically considered the case where the operators are spacelike separated
(x2 < 0), such that the correlation function is real, though one can also obtain the corre-
lator for timelike separation. The resulting correlation functions are shown in figure 4 in
blue, compared to the exact analytical expressions in black. It is quite striking that the
truncation results follow the theoretical prediction so closely over a wide range of length
scales; for example the data for

〈
φ3(x)φ3(0)

〉
agrees with the theoretical value to within 20

percent up to m|x| ≈ 30! Note that the φ2 correlator departs from the theory prediction at
a smaller value of m|x|; this is a consequence of the fact that there are fewer two-particle
states at ∆max = 16. Although we are only working in free field theory at the moment,
these plots provide an important and encouraging quantitative consistency check of our
method and moreover demonstrate our capacity to compute both spectral densities and
correlation functions.

4.2 Perturbation theory

In this section, we now turn on a small quartic coupling g and confirm that our result for
the mass gap agrees with perturbation theory at O(g2) and O(g3), shown diagramatically
in figure 5.
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Figure 5. Perturbative corrections to the 1-particle mass at O(g2), given by eq. (2.1), and O(g3),
eq. (4.3), in LC quantization. Both corrections only involve three-particle intermediate states.

We start at O(g2). Recall from section 2.2 that our counterterm prescription involves
completely canceling the divergent, state-dependent, O(g2) sunset contribution to every
free massive eigenstate. The addition of this counterterm renders the theory finite. Never-
theless, it is useful to check that before adding any counterterms, the 1-particle mass shift
is indeed UV divergent and matches the theoretical prediction given by (2.1). This will be
our first perturbative check.

A useful observation here is that, up to O(g3), the 1-particle state only interacts with
3-particle states, and in fact, it only interacts with a subset of all 3-particle states.10
Consequently, for our perturbative checks at O(g2) and O(g3), we are able to push our
computations all the way up to ∆max = 50. For the nonperturbative computations in the
next section, we will no longer have this luxury.

The top row of figure 6 shows our results at O(g2). In particular, these are pre-
counterterm results for the 1-particle mass shift. All of the plots in this figure are con-
structed for m = 1.0, ΛIR/m = 0.5 and r = 0.8. The parameter imax then sets ΛUV
via (3.8), and we can increase ΛUV by dialing up imax. The top left plot shows the O(g2)
mass shift as a function of ΛUV/m for ∆max = 10, 20, 30, 40, and 50, all divided by the
theoretical prediction δm2

thy given by (2.1). Note that the horizontal scale is logarithmic,
with ΛUV/m ∼ 7 × 104 for imax = 100. We see that as ∆max increases, the truncation
results converge to δm2

thy for asymptotically large ΛUV.
In the top right plot of figure 6, we set ΛUV/m = 7 × 104 (imax = 100) and track

the behavior of the O(g2) mass shift as a function of ∆max. For sufficiently large ∆max,
the trend appears to be captured by a 1/∆2

max dependence (note the horizontal axis of the
plot). Extrapolating the best-fit line set by 40 ≤ ∆max ≤ 50, we find agreement with δm2

thy
to approximately two percent.

We reiterate that the top row of figure 6 corresponds to O(g2) results obtained be-
fore adding any counterterms. It is reassuring to see that we reproduce the correct UV-
divergence of the 1-particle mass shift. However, our counterterm prescription completely
cancels this O(g2) shift by construction, so it is useful to also consider the next order in
perturbation theory.

Let us turn to the 1-particle mass shift at O(g3). This particular quantity is UV-
finite, and hence independent of our counterterm prescription. The theoretical result in

10Specifically, the only contribution comes from 3-particle states built from operators with no ∂⊥ deriva-
tives.
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Figure 6. Top row: perturbative, UV-divergent 1-particle mass shift at O(g2), computed before
adding any counterterms. Bottom row: perturbative, UV-finite 1-particle mass shift at O(g3). In
all four plots, ΛIR/m = 0.5 and r = 0.8.

LC quantization is

δm2
thy

∣∣∣
O(g3)

= 7ζ(3)
4096π3

g3

m
. (4.3)

The bottom row in figure 6 shows our results at O(g3). These plots are analogous to the
top row, except that now the theory prediction is independent of ΛUV. In the bottom left
plot, we see that as ∆max increases, the results again converge to the theoretical prediction
for sufficiently large ΛUV. In the bottom right plot, we again set ΛUV/m = 7 × 104

(imax = 100) and extrapolate in ∆max, We find that the O(g3) mass shift is also fit by a
1/∆2

max dependence for large ∆max. Extrapolating, we find agreement with δm2
thy at O(g3)

to approximately one percent.
These consistency checks give us confidence that our truncated basis reproduces free

theory and perturbation theory correctly. Now, we will dial up the coupling g and compute
the spectrum and correlation functions of the fully nonperturbative, interacting theory.

5 Strong-coupling results

In this section, we use the full machinery of LCT, along with the counterterm prescription
described in section 2.2, to compute the spectrum and correlation functions of (2+1)d
φ4-theory. To recap, the Hamiltonian including counterterms is given by (2.5), which we
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reproduce here for the reader’s convenience

P+ = P
(CFT)
+ +

∫
d2~x

(1
2(m2 − cLg2)φ2 + 1

4!gφ
4
)

+ g2δP
(state-dep.)
+ . (5.1)

LCT allows us to compute physical observables, such as the spectrum and two-point func-
tions of local operators, at arbitrary values of the (scheme-dependent) dimensionless cou-
pling

ḡ ≡ g

4πm. (5.2)

Our main results are as follows. First, we demonstrate the closing of the mass gap as ḡ
is dialed up from zero. The smooth closing of the gap signals a second-order critical point
that should correspond to the 3d Ising CFT. We show that our state-dependent counterterm
is crucial for ensuring that certain eigenvalue ratios match theoretical predictions at strong
coupling, and in particular that higher mass eigenstates approach zero self-consistently
with the gap as we approach the critical point. Then, we compute the spectral densities of
some example operators at generic, nonperturbative values of ḡ in order to illustrate the
types of observables that are computable using LCT. Finally, we study the vicinity of the
critical point and demonstrate the onset of universal behavior in correlation functions as
well as the vanishing of the trace of the stress tensor, both of which strongly suggest that
we are beginning to probe 3d Ising physics.

5.1 Spectrum and closing of the mass gap

We begin by computing the spectrum of φ4-theory as a function of the dimensionless cou-
pling ḡ and show the closing of the mass gap. In particular, we show explicitly that the
inclusion of our state-dependent counterterm is crucial to ensure that higher eigenvalues
approach zero self-consistently, whereas the usual state-independent local operator coun-
terterm, δLc.t. ∝ φ2 (see eq. (2.2)), does not lead to such self-consistency.

The φ4-theory Hamiltonian factorizes into odd and even particle-number sectors due
to the Z2 symmetry φ→ −φ, and each sector can be diagonalized independently. Figure 7
shows the lowest eigenvalue in the odd-particle sector (µ2

1-part., green), the lowest eigenvalue
in the even-particle sector (µ2

2-part., blue), and the second-lowest eigenvalue in the odd-
particle sector (µ2

3-part., red) as functions of ḡ. These states correspond to the 1-, 2-, and
3-particle thresholds, respectively, hence the notation. In particular µ2

1-part. ≡ m2
gap is the

mass gap squared. We see that the eigenvalues decrease smoothly to zero as we increase
ḡ, signaling a second-order phase transition. This critical point should be in the same
universality class as the 3d Ising CFT, which we will study in more detail in section 5.3.
Note that the actual numerical value of the critical coupling where the gap closes is scheme-
dependent and hence not physical.

Figure 7 was constructed at ∆max = 16, with imax extrapolated to infinity. Specifically,
we have set m = 1, ΛIR/m = 0.5, and r = 0.8, and imax sets ΛUV via (3.8). The largest
value of imax we have used is 65, which corresponds to 35,425 total states and a UV cutoff
of Λ(imax=65)

UV /m ≈ 1411. At large ΛUV, the spectrum has corrections that decay as m
ΛUV

,
which allows us to easily extrapolate to ΛUV → ∞. Finally, in this figure we have also
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Figure 7. Mass spectrum of φ4-theory as a function of ḡ = g
4πm at ∆max = 16, with ĉL = 1

(see text). µ2
1-part. (green) and µ2

3-part. (red) are the lowest and second-lowest eigenvalues in the
odd-particle sector, while µ2

2-part. (blue) is the lowest eigenvalue in the even-particle sector.

fixed the coefficient cL of the local counterterm in (5.1). It is natural to parametrize this
coefficient in terms of the O(g2) correction to the mass in eq. (2.1), leading to the rescaled
coefficient ĉL,

cL ≡ ĉL ·
1

96π2 log


(

Λ
m + 1

)2

8
(

Λ
m − 1

)
 , where Λ = Λ(imax=65)

UV . (5.3)

In figure 7, we have set ĉL = 1, which just corresponds to choosing a particular definition
for the bare mass. As we will discuss below, ĉL should be greater than some threshold in
order for the mass gap to close, and at finite truncation, we find in practice that the IR
results converge most quickly for values of ĉL within a particular range.

With the spectrum in hand, we can consider the following ratios between the eigenval-
ues plotted in figure 7:

R2:1 ≡
1
4
µ2

2,-part.
µ2

1-part.
, R3:1 ≡

1
9
µ2

3-part.
µ2

1-part.
. (5.4)

R2:1 is the ratio of the two-particle threshold to four times the one-particle mass-squared,
and R3:1 is the ratio of the three-particle threshold to nine times the one-particle mass-
squared. An important physical requirement is that R2:1 and R3:1 should both be equal to
1 all the way to the critical point. This is a consequence of the fact that the φ4 interaction is
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Figure 8. Eigenvalue ratios R2:1 ≡ 1
4
µ2

2,-part.
µ2

1-part.
(left) and R3:1 ≡ 1

9
µ2

3-part.
µ2

1-part.
(right) versus mgap

g/4π at
∆max = 16, compared to the theoretical prediction of 1 (black line). Our data, obtained using
our state-dependent counterterm, is shown in blue. For comparison, in orange we show the result
obtained by replacing our counterterm with a state-independent one. Only the state-dependent
counterterm yields reliable ratios in the nonperturbative regime mgap

g/4π . O(1).

repulsive, and hence there are no bound states in the spectrum. Of course, in a truncation
computation, these ratios will only be approximately equal to 1. The deviation of these
ratios from unity provides an important rubric for deciding how far into the strongly-
coupled regime we should trust any truncation result. As the coupling ḡ is increased and
the mass gap approaches zero, one expects that beyond some coupling R2:1 and R3:1 will
eventually deviate significantly from 1, due to the finite resolution of any Hamiltonian
truncation scheme. The question is: how far into strong coupling can one reach, and in
particular, how close to the critical point can one go?

To address this question, it is useful to plot R2:1 and R3:1 as functions of mgap
g/4π . Both

mgap and g are physical scales, and their ratio provides a well-defined parametrization of
the theory. In particular, mgap

g/4π →∞ is free field theory, mgap
g/4π → 0 is the critical point, and

very roughly mgap
g/4π . O(1) indicates nonperturbative physics.

Figure 8 shows our truncation results for R2:1 (left) and R3:1 (right) plotted versus
mgap
g/4π at ∆max = 16. In both plots the data shown in blue was obtained by using the
state-dependent counterterm prescription described in section 2.2. We see that both R2:1
and R3:1 agree with the expected value of 1 to within five percent for a wide range of
mgap
g/4π . Below mgap

g/4π ≈ 0.5, the data begins to trend away from 1, signaling that our finite
truncation approximation is beginning to break down.

For comparison, in both plots we have also included the result (shown in orange)
obtained if one does not use our state-dependent counterterm and insists on using only
the usual state-independent local-operator counterterm δL = 1

2cφ
2 (where c is chosen to

cancel the leading one-particle mass shift, see eq. (2.2)). We see that the state-independent
counterterm is not at all trustworthy at strong coupling, as these results rapidly deviate
away from 1 as we lower mgap

g/4π , with significant deviations by the time we reach mgap
g/4π ∼ O(1),

especially in R3:1.
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Figure 8 is one of our main results, which illustrates that our state-dependent coun-
terterm is crucial for reliably probing strongly-coupled physics and that the usual state-
independent counterterm does not work.

Finally, as promised, let us comment on the role of the local shift in the bare mass,
parametrized by ĉL. In principle, changing the value of this coefficient just amounts to a
redefinition of the bare mass. However, based on the analysis of [39], we expect that ĉL
should be greater than some threshold value ĉL,min in order for the IR critical point to be
visible with real coupling g. So long as ĉL > ĉL,min, its precise value should have no effect
on physical observables such as the eigenvalue ratios in figure 8. The value of ĉL,min was re-
cently computed for ET quantization in [39] using Borel resummation techniques developed
in [45–47], but the map of this ET value to LC quantization is not currently known.

In principle, we can use LCT to determine ĉL,min by varying ĉL, computing the resulting
mass spectrum, and seeing whether the mass gap closes. At finite truncation, however, we
find experimentally that if ĉL is too large or too small the ratios R2:1 and R3:1 begin to
deviate from 1 more quickly as we decrease mgap

g/4π . At ∆max = 16, there is a finite range of
values 0.5 . ĉL . 2 that lead to reliable results, and for all values in this range we find that
the mass gap closes, indicating that in LC quantization ĉL,min . 0.5. Within this range, we
also see no significant sensitivity to the precise value of ĉL until close to the critical point.
The range of reliable ĉL grows as ∆max increases, and our expectation is that as ∆max→∞
it should be possible to study the theory for any value of ĉL. It would be useful to confirm
this behavior by pushing to higher values of ∆max, in particular to determine if there is a
finite value ĉL,min below which the mass gap does not close.

For figure 8, we have chosen ĉL = 1 as a generic value from the preferred range for
∆max = 16. The behavior of figure 8 as we vary ĉL, as well as the truncation level ∆max
and the IR cutoff ΛIR, is shown explicitly in appendix H. The main punchline is that
observables such as R2:1 and R3:1 do not change significantly as we vary these parameters,
indicating that our numerical results are robust.

5.2 Nonperturbative spectral densities

In addition to the spectrum, one of the main deliverables of LCT is Källén-Lehmann
spectral densities, ρO(µ) (see eqs. (3.5)–(3.6)). In principle, spectral densities can be
computed for any local operator O at any value of the coupling ḡ, with the primary barrier
being whether or not one can reach high enough truncation levels ∆max to see convergence.

In this section, as examples, we compute the spectral densities of the operators φ2 and
φ4 at a nonperturbative value of the coupling ḡ ≈ 0.85, where µ2-part./m = 1.25. Recall
that µ2-part./m is the lowest eigenvalue in the even-particle sector, corresponding to the
two-particle threshold, and therefore takes the value 2 in free field theory (ḡ = 0). As
usual, we specifically plot integrated spectral densities IO(µ) (see eq. (3.6)).

Figure 9 shows the integrated spectral densities of φ2 (left) and φ4 (right) at ḡ ≈ 0.8511
for different values of ∆max and at our maximum binning level of imax = 65. For comparison

11Strictly speaking, as in previous work [25, 31], we adjust ḡ with ∆max in order to keep the even-particle
gap fixed (in this case, at µ2-part./m = 1.25) for every ∆max. This allows us to better study the convergence
of the functional form of the spectral density as we increase ∆max. For the values of ∆max shown in the
figure, ḡ varies between 0.85-0.87.
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Figure 9. Spectral density of φ2 (left) and φ4 (right) at nonperturbative coupling ḡ ≈ 0.85 (where
µ2-part./m = 1.25). The dashed lines show the free theory result for comparison.

with free field theory, we have included a black dashed line that shows the free φ2 (left) and
φ4 (right) integrated spectral densities, which start at µ/m = 2 and µ/m = 4, respectively.
Recall that the free φ2 integrated spectral density is linear in µ whereas the φ4 integrated
spectral density is cubic (see eq. (4.1)). At this value of ḡ, we see a clear deviation in the
spectral densities from free field behavior, as expected at strong coupling.

For φ2, the spectral density does not change significantly as we vary ∆max, indicating
that the results have largely converged throughout the entire range of µ/m shown. For φ4,
we find that the functional behavior appears to have converged, particularly in the IR, but
the spectral density slowly changes by approximately an overall constant as we vary ∆max.

This behavior is due to an important subtlety in the spectral densities of local op-
erators. The operator φ2 is well-defined and unambiguous, but in the interacting theory
higher-dimensional operators such as φ4 are actually sensitive to our choice of UV cutoff.
Concretely, at leading order in perturbation theory the operator φ4 has a logarithmically
divergent contribution which mixes it with φ2, coming from the familiar sunset diagram.
The two-point function of φ4 computed in figure 9 therefore depends on the effective UV
cutoff set by ∆max.12

This does not mean that the φ4 spectral density in figure 9 is unphysical or does not
contain meaningful new data about the interacting theory. It simply means that to obtain
a cutoff-independent correlation function one should construct a “normal-ordered” φ4 oper-
ator, with the cutoff-dependent φ2 contribution removed. For example, in section 5.3.2 we
construct the cutoff-independent operator Tµµ from φ2 and φ4, which can be thought of as
exactly such a “normal-ordering” procedure. More generally, when comparing these trun-
cation results to those obtained with other computational methods, one must be careful to
ensure a consistent normal-ordering definition of local operators.

Overall, we see that our truncated basis can be used to compute nonperturbative
correlation functions of local operators at generic values of the coupling ḡ, converging most
rapidly in the IR. This is a generic feature encountered in previous studies: LCT spectral

12See appendix F for more details of the effective cutoff set by truncation.
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densities tend to converge from the IR up, which is a sign that low-dimension basis states
have the most overlap with the physical IR degrees of freedom.

5.3 Critical point and the 3d Ising model

In this section, we turn our attention to the critical point, where the mass gap closes and
the low-energy physics is described by an IR CFT. We compute correlation functions near
the critical point and verify that they exhibit behavior consistent with criticality. First,
we compute the spectral densities and position space correlators of the operators φn and
demonstrate that they have universal IR behavior. Then, we compute the spectral density
for the trace of the stress tensor and demonstrate that it vanishes in the IR, as would be
expected for a critical point described by a CFT.

The specific CFT describing the critical point is the 3d Ising model. In this work, our
IR precision is currently insufficient to reliably extract precise 3d Ising critical exponents.
Nevertheless, our results provide strong evidence that we are beginning to probe Ising
physics, and we hope this will open the door to new approaches to studying the 3d Ising
model and its deformations.

5.3.1 Universal behavior

In this section, we compute the two-point functions of the operators φn near the critical
point. The expectation is that φn will flow in the IR to the lowest-dimension Z2 odd or
even operator in the Ising model, i.e., to either σ or ε, depending on parity. In other words,
we expect that in the IR

φ2n−1 ⇒ a2n−1 σ + . . . , φ2n ⇒ a2n ε+ . . . , (5.5)

where the coefficients ai are proportionality constants and the dots denote higher-dimension
Ising operators. The expected flow in (5.5) implies that near the critical point, the operators
φn should exhibit universal behavior in the IR. Concretely, up to overall proportionality
constants, the spectral densities of φ2n should be identical in the IR, and similarly, the
spectral densities of φ2n−1 should be identical in the IR.

Figure 10 shows the integrated spectral densities of φ, φ3, and φ5 (left) and the inte-
grated spectral densities of φ2, φ4, and φ6 (right) near the critical point. Specifically, we
have set ḡ ≈ 1.0313 such that 2µ1-part./m = µ2-part./m = 0.5. We clearly see universality in
the IR behavior of these spectral densities. In the IR, the spectral densities of the opera-
tors φn with the same Z2-parity all match. These plots were constructed at our maximum
truncation level of ∆max = 16 and imax = 65. We have rescaled each φn spectral density
(for n ≥ 3) by an overall multiplicative constant to allow for the proportionality constants
ai in (5.5). The universal behavior we see in these plots is a clear indication that the IR
physics is being controlled by the critical point.

As we did for the free theory in section 4, we can also compute the position space
correlators 〈φn(x)φn(0)〉 at spacelike separation, by means of eq. (4.2). Figure 11 shows

13Strictly, ḡ = 1.05 in the odd-particle sector and ḡ = 1.03 in the even-particle sector.
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Figure 10. Integrated spectral densities of φ2n−1 (left) and φ2n (right) near the critical point at
ḡ ≈ 1.03 (where 2µ1-part./m = µ2-part./m = 0.5; see footnote 13). The agreement in the IR signals
universal behavior.
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Figure 11. Position space two-point functions 〈φn(x)φn(0)〉 for n = 2, 4, and 6 near the critical
coupling (ḡ = 1.05). Solid black line shows the fit in the region 1 ≤ m|x| ≤ 4, given by 0.007

|x|2.4 . Top
inset shows the ratio of the correlators to the free theory correlators, given by n!

(4π)n|x|n . Bottom
inset shows the ratio of the correlators to the power law fit. The extracted exponent 2.4 is within
20% of the 3d Ising prediction 2∆ε ≈ 2.83. In comparing to the fit in the bottom inset, we have
rescaled the data by an overall constant for visual clarity.
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the φ2, φ4, and φ6 correlators closer to the critical point (with ḡ = 1.05).14 Again, we
have rescaled φ4 and φ6 to account for the proportionality constants in (5.5). We can see
that there are three schematic regions. In the left region for m|x| . 0.5, the correlators
approach free scalar correlators, as is expected from the UV CFT. In the middle IR region,
for 0.5 . m|x| . 5, the correlators exhibit clear universality and are all well-fit by the
power law ∼ 1/|x|2.4.15 Despite the relatively low value of ∆max used in this work, it is
encouraging that this approximate exponent is within 20% of the 3d Ising prediction [48]

〈ε(x)ε(0)〉 ≈ 1
|x|2.83 . (5.6)

Finally, in the right region m|x| & 5, the correlator starts to decay rapidly due to the
nonzero mass gap. Overall, these plots provide strong evidence that we are accurately
capturing the vicinity of the critical point with our truncated basis. With larger values of
∆max, we expect to be able to push the mass gap even lower and reliably extract critical
exponents from such correlation functions.

5.3.2 Stress tensor trace

In this section, we compute the spectral density of the trace of the stress tensor, Tµµ. As
we approach the critical coupling, we show that this spectral density vanishes in the IR,
indicating that the critical point is described by a CFT, as expected.

Due to the presence of the state-dependent counterterm in the Hamiltonian (5.1),
computing Tµµ is nontrivial in our setup. This counterterm is a complicated object that
cannot be written as the integral of a simple local operator. However, it does contain a state-
independent piece, which is clearly proportional to φ2 by construction (the counterterm is
designed to cancel a UV-sensitive correction to the mass). Thus, generally speaking, our
counterterm can be thought of schematically as

g2δP
(state-dep.)
+ (∆max) = 1

2g
2δT (∆max)

∫
d2~xφ2(x) + · · · , (5.7)

where δT (∆max) is an unknown ∆max-dependent coefficient and the ellipses denote the
remaining strictly state-dependent contributions. This state-independent part of the coun-
terterm is designed to cancel the O(g2) contribution to the mass (2.1), so as we increase
∆max we expect

δT (∆max)→ 1
96π2 log

(
Λ
m + 1

)2

8
(

Λ
m − 1

) (∆max→∞). (5.8)

In analogy with (5.3), it will therefore be useful to parametrize this coefficient as

δT (∆max) ≡ δ̂T (∆max) · 1
96π2 log

(
Λ
m + 1

)2

8
(

Λ
m − 1

) (
Λ ≡ Λ(imax=65)

UV

)
, (5.9)

such that δ̂T (∆max)→ 1 in the ∆max →∞ limit (at imax = 65).
14Note that now ḡ = 1.05 in the even sector (compared to the value of ḡ ≈ 1.03 used in figure 10), so

that the value of the gap µ2-part./m ≈ 0.02 is smaller than in figure 10.
15We also note that this fit is insensitive to the precise start and end points of the middle interval.
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Figure 12. Measured values of δ̂T (as defined in (5.9) and (5.13)) for different values of ∆max. The
blue line shows the best fit to the four highest ∆max values, δ̂T ≈ 0.96− 17

∆2
max

.

Including the state-independent contribution from our counterterm, we thus expect
that at finite ∆max the trace of the stress tensor takes the form

Tµµ(∆max) =
(
m2 − cLg2 + δT (∆max)g2

)
φ2 + g

4!φ
4. (5.10)

This is the operator we expect to vanish at the critical point. However, at any finite
truncation, we do not know a priori the value of the constant δT (∆max). Fortunately, we
can measure δT (∆max) from the equation of motion for the operator φ, which also receives
a correction from the state-independent piece of our counterterm,

∂2φ = −
(
m2 − cLg2 + δT (∆max)g2

)
φ− g

3!φ
3, (5.11)

giving us a separate, independent determination of this parameter.
Concretely, at any fixed ∆max, we can determine δT by requiring that the equation

of motion (5.11) is satisfied when acting on the vacuum. By acting from the left with an
arbitrary state |ψ〉, we then obtain a relation between Hamiltonian matrix elements and
the overlaps with φ and φ3,

〈ψ|2P+P−|φ(0)〉 =
(
m2 − cLg2 + δT (∆max)g2

)
〈ψ|φ(0)〉+ g

3!〈ψ|φ
3(0)〉. (5.12)

If we choose the state to be the free one-particle Fock space state |p〉 and use the Hamilto-
nian (5.1), we find that every contribution from the Hamiltonian except for the counterterm
explicitly cancels with a term on the r.h.s. , leaving only the constraint

2p−〈p|δP (state-dep.)
+ |φ(0)〉 = δT (∆max). (5.13)
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Figure 13. Integrated spectral density of Tµµ (blue), defined in (5.10), for different values of ḡ
approaching the critical point. Here ∆max = 16 and imax = 65, with δ̂T ≈ 0.89 fixed by the
equations of motion. Note that the spectral density vanishes in the IR as one approaches the
critical point.

In other words, δT is simply the one-particle matrix element of δP (state-dep.)
+ . Once we

perform this measurement and obtain δT for a given ∆max, we can check that the spectral
density ρTµµ(µ) vanishes at the critical point for the same value of δT .

Figure 12 shows the values of δ̂T obtained from the equation of motion as we vary
∆max. As we can see, δ̂T approaches 1 as we increase ∆max, with the corrections scaling as
approximately 1/∆2

max. For ∆max = 16, we specificially obtain the value δ̂T ≈ 0.89.
Given this value of δ̂T , we can now compute the spectral density of Tµµ. Figure 13 shows

the resulting integrated spectral density (blue) for four different values of the coupling
starting from free field theory (top left) and increasing to near the critical point (bottom
right). Note that as we approach criticality, the spectral density steadily goes to zero in
the IR. For comparison, in the final plot we have also included the spectral densities for
the φ2 (red) and φ4 (orange) contributions to the trace. Note that the individual spectral
densities of these operators are nonvanishing, and only the linear combination defining Tµµ
in (5.10), with our chosen value of δT , vanishes near the critical point.16

16We note that the spectral density of Tµµ contains a cross term between φ2 and φ4, so it is not given by
just the sum of these two spectral densities.
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Figure 14. The two-point function
〈
Tµµ(x)Tµµ(0)

〉
at ḡ = 1.05. Black line shows the best fit in the

region 3 ≤ m|x| ≤ 7, given by a power law ≈ 1.1
|x|6.1 . Inset shows the data normalized by the power

law fit. The extracted exponent 6.1 is within 15% of the Ising prediction 2∆ε + 4 ≈ 6.82.

From this spectral density, we can also compute the two-point function
〈
Tµµ(x)Tµµ(0)

〉
at spacelike separation near the critical point. In the vicinity of the critical point, where
the dynamics should be controlled by the Ising model, we expect that the trace behaves
schematically like17

Tµµ(x) ∼ m3−∆ε
gap ε(x) + 1

Λ∆ε−1
Ising

∂2ε(x) + · · · , (5.14)

where ΛIsing is the cutoff of the Ising effective theory (set by the UV parameter g) and · · ·
indicates other higher-dimensional Ising operators. As mgap → 0, we therefore expect that
the correlator behaves like a power law

〈
Tµµ(x)Tµµ(0)

〉
∼ 1
|x|2∆ε+4 ≈ 1

|x|6.82 . This expectation
is qualitatively confirmed in figure 14, which shows

〈
Tµµ(x)Tµµ(0)

〉
near criticality at ḡ =

1.05. In the IR, there is a regime 3 . m|x| . 7 that is well-fit by a power law ∼ 1/|x|6.1,
17Note that Tµµ on the l.h.s. of (5.14) is the trace of the improved stress tensor of the UV theory,

which does not generically correspond to the improved stress tensor of the IR theory, hence we expect a
contribution from the descendant ∂2ε which does not vanish as mgap → 0. We thank Slava Rychkov and
Riccardo Rattazzi for helpful discussions on this point.
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which is within 15% of the expected exponent. Although we are quite far from precision
physics due to our low truncation cutoff and our error bars should be more rigorously
understood, it is nevertheless surprising and encouraging that we appear to be able to
observe subleading behavior of the trace correlator. It is our hope that this proof-of-
concept will pave the way for more precise Hamiltonian truncation studies of this theory,
both near the critical point and at generic coupling.

6 Discussion and outlook

Hamiltonian truncation is a potentially very powerful tool for computing the nonperturba-
tive dynamics of general quantum field theories. However, there has long been a significant
obstacle to its implementation in most QFTs, especially those in d ≥ 3: the necessity
of state-dependent counterterms for UV divergences. In this work, we have focused on
addressing this issue in the specific case of (2+1)d φ4-theory in lightcone quantization.

In this particular setting, we have presented a simple prescription for constructing the
necessary state-dependent counterterms for the logarithmic correction to the mass due to
the “sunset” diagram. Our prescription is admittedly rather brute force, where we explic-
itly cancel the O(g2) correction to each n-particle mass eigenstate due to (n + 2)-particle
intermediate states and replace them with a local, state-independent shift in the bare mass.
However, this prescription allows us to reproduce the closing of the mass gap as the φ4

coupling increases, with consistent ratios between the one-, two-, and three-particle thresh-
olds until near the critical point. In addition, we have computed the two-point functions of
φn and the stess tensor trace Tµµ at various couplings, providing the first nonperturbative
calculation of these observables in the symmetric phase of (2+1)d φ4-theory.

This theory was also recently studied in [34], in order to address the same issue of
state-dependent counterterms in the context of finite volume and equal-time quantiza-
tion. As discussed in appendix E, the details of this state-dependence are different in the
two quantization schemes, requiring distinct prescriptions for constructing the necessary
counterterms. Nevertheless, the approaches presented here and in [34] should be readily
generalizable to other theories, and we hope that these two works will motivate much future
work on the use of Hamiltonian truncation methods for strongly-coupled QFT.

An alternative prescription for constructing state-dependent counterterms was pre-
sented in [31] for the case of (1+1)d Yukawa theory, which also contains logarithmic diver-
gences. This approach involves first computing the supercharge Q+ of a supersymmetric
theory containing the desired QFT, and constructing the state-dependent counterterm
from the square of the truncated supercharge, δP (state-dep.)

+ ∼ Q2
+. The advantage of this

prescription is that the resulting counterterm is automatically built from a truncated sum
over intermediate states, giving it the same state-dependence as the UV divergence. It
would be exciting if this approach could be applied to (2+1)d φ4-theory, using the Q+
from N = 1 SUSY Yukawa theory. It would also be interesting to study 3d SUSY Yukawa
theory itself and obtain the RG flow to the minimal 3d SCFT in the IR [49]. Note that
no new technology needs to be developed to apply LCT to this SUSY theory, making it a
perfect target for future Hamiltonian truncation studies in d = 3.

– 29 –



J
H
E
P
0
5
(
2
0
2
1
)
1
9
0

In LCT, the main computational difficulty is the construction of the basis of primary
operators and the calculation of Hamiltonian matrix elements. As a result, in this work we
have needed to develop many tools to improve the efficiency of the evaluation of inner prod-
ucts and matrix elements, detailed in appendices B and C. This is in contrast with methods
which use a Fock space basis in finite volume, such as ET Hamiltonian truncation [5–7, 17–
19, 34] and discrete lightcone quantization (DLCQ) [50, 51], for which the computation of
the basis and matrix elements is largely trivial. However, LCT appears to require fewer
states than such Fock space methods to obtain a given IR resolution and UV cutoff. For
example, in this work the maximum basis we consider (∆max = 16, imax = 65) has 35,425
states. We can estimate the associated UV and IR cutoffs from the free massive theory
results in figures 3 and 4. The effective UV cutoff corresponds to the value of µ at which the
truncation results for spectral densities significantly deviate from the theoretical predic-
tions, which we can conservatively estimate from figure 3 as ΛUV/m ≈ 30. The effective IR
cutoff corresponds to the length scale at which the correlation functions in figure 4 deviate
from the theory prediction, which is approximately mL ≈ 10. These cutoff values would
naively require a much larger basis in any Fock space method (see, e.g., figure 1 in [34]).

It is intriguing that there is this apparent tradeoff in complexity between different
methods: simplicity of matrix elements versus size of the basis. It would be interesting to
compare the relative computational complexity of various truncation methods more quan-
titatively, in order to better understand if this “conservation of difficulty” is fundamental
to obtaining nonperturbative physics or if there are certain choices of basis or approaches
which are most efficient for particular observables.

It would also be useful to push the LCT basis to higher values of ∆max, in order to
extract critical exponents and confirm that the critical point is described by the 3d Ising
CFT. One useful tool for reaching higher values of ∆max would be to compute the general
expression for CFT three-point functions of spinning operators in momentum space, build-
ing on recent results [29, 52–57], which would greatly improve the efficiency for computing
Hamiltonian matrix elements. Though in practice our Dirichlet basis states do not indi-
vidually correspond to primary operators, one can construct a map between the two bases,
in order to more efficiently construct matrix elements from CFT data. Relatedly, it would
also be useful to implement the “OPE method” of [32] to evaluate matrix elements more
efficiently than via Wick contraction. It is also worth noting that the data presented in
this work was generated on personal laptops with an approximate runtime of a few days.
With more computational resources and improved efficiency, future work should be able to
significantly increase ∆max.

Further increasing the basis size would also allow us to better understand the effects of
truncation in the context of UV divergences. At finite ∆max, we have seen that our coun-
terterm prescription requires the addition of a local shift in the bare mass, parametrized
by cLg2, to ensure that we reach the correct universality class in the IR. While the precise
value of this counterterm does not appear to affect scheme-independent physical observ-
ables, there is only a finite range of values for cL which do not lead to significant truncation
errors. Our expectation is that as ∆max increases, this allowed range for the counterterm
will continue to grow. However, from [39] we expect that only values of cL above some
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lower bound reach the same universality class, and below this threshold the gap no longer
closes. With higher values of ∆max, we could potentially observe both the existence of this
threshold, as well as the Chang-Magruder duality [58, 59] relating low and high values of
the coupling g in the Z2-symmetric phase, studied recently in [34, 39].

As discussed in appendix F, there is also an interesting connection between the IR
resolution set by the discretization of µ for CFT basis states and the effective UV cutoff
set by truncation. It would be useful to study this interplay between ∆max and ΛIR in
more detail, in order to better understand the convergence of LCT in the presence of UV
divergences and improve the extrapolation of our numerical results in ∆max.
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A Overview: lightcone conformal truncation in 3d

In this appendix, we provide a brief summary of the necessary ingredients for implementing
LCT: the discretized basis of CFT states and the Hamiltonian matrix elements. While the
overall procedure is conceptually similar to that reviewed in [31] for the case of 2d theories,
there are many new technical details that arise in d ≥ 3, which are presented fully in
appendices B–C.

A.1 Lightcone Hamiltonian

The lightcone Hamiltonian P+ has two contributions: the original Hamiltonian of the UV
CFT and the relevant deformations which lead to the desired IR QFT. For the specific case
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of φ4-theory, with the Lagrangian given by eq. (1.1), we have

Hamiltonian:

P+ = P
(CFT)
+ + δP

(m)
+ + δP

(g)
+ , (A.1)

P
(CFT)
+ = 1

2

∫
d2~x (∂⊥φ)2, δP

(m)
+ = 1

2m
2
∫
d2~xφ2, δP

(g)
+ = 1

4!g
∫
d2~xφ4.

This is the Hamiltonian we study in this work (plus the state-dependent counterterm, which
we discuss in more detail in appendix G). The next step is to express the Hamiltonian in
a particular basis, so now let us turn to the LCT basis.

A.2 LCT basis

The precise definition of the LCT basis depends on which operators O from the UV CFT are
used to construct the momentum space states |O, µ〉 in (3.1) (and their discretized versions
|O, i〉 in (3.2)). In a CFT, the Fourier transform is an operation that packages together
a full conformal multiplet (primary plus descendants). Thus, the standard strategy for
constructing a complete LCT basis would be to select one representative operator, say
the primary operator, from each conformal multiplet. For 3d φ4-theory, however, we will
actually choose operators that are linear combinations of representatives from different
multiplets, due to a subtlety introduced by the mass deformation δP

(m)
+ in (A.1). More

concretely, matrix elements of δP (m)
+ exhibit IR divergences in 3d, and a practical and

efficient way to handle these divergences is to choose “Dirichlet” operators OD from the
UV CFT, which are linear combinations of operators from different conformal multiplets
defined to satisfy a particular boundary condition. For a detailed discussion of the presence
of IR divergences and the reduction of the CFT basis to Dirichlet operators, see [24].

For our purposes, all we need is the punchline, which is simple. An operator O is
“Dirichlet” if FO(p) ≡ 〈p1, . . . , pn|O(0)〉 → 0 whenever any pi− → 0. In position space
language, these are simply operators where every φ has at least one ∂− acting on it [24].
To say it another way, Dirichlet operators are built from ∂−φ instead of φ. For example,
(∂−φ)2 and (∂−φ)(∂⊥∂−φ) are Dirichlet, whereas φ2 and φ∂−φ are not. Note that in
momentum space, each insertion of ∂−φ yields a factor of pi−, which of course vanishes as
pi− → 0, thus satisfying the Dirichlet condition. All such operators have manifestly finite
matrix elements for δP (m)

+ . Thus, instead of choosing primary operators when defining the
states in (3.1)–(3.2), we use only Dirichlet operators OD.

There is one significant drawback to working with Dirichlet operators, however. As we
have just discussed, Dirichlet operators are themselves not primary. As a consequence, we
do not know of a recursive algorithm for generating higher-particle Dirichlet operators from
lower-particle ones. In 2d scalar field theory, where Dirichlet operators are primary, such
a recursive algorithm provided an efficient way of generating basis states [31]. We will not
have this tool available to us in 3d. Nevertheless, we will show that conformal symmetry still
plays an important role and can be harnessed to efficiently generate Dirichlet basis states.
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To summarize, our final basis consists of the states {|O, i〉} defined by:

Basis:

|O, i〉 ≡ 1√
2π

∫ Λ2
UV

0
dµ2 bi(µ) |O, µ〉, (∆ ≤ ∆max, i ≤ imax)

where
O = Dirichlet operator OD, built from (∂−φ)’s plus derivatives,

|O, µ〉 =
∫
d3x e−ip·xO(x)|0〉, (µ2 ≡ 2p+p− − p2

⊥)

Λ2
UV = hard UV cutoff on µ2,

bi(µ) = smearing functions (to be specified).

(A.2)

With our basis defined, let us now turn to the structure of inner products and Hamil-
tonian matrix elements.

A.3 Inner products and matrix elements

With our basis defined in (A.2), inner products and matrix elements between states can
be summarized as follows:

Inner Product & Matrix Elements:

〈O, i|O′, j〉≡ 2p−(2π)2δ(2)(~p−~p ′) ·GOO′ ·
∫ Λ2

UV

0
dµ2 bi(µ)bj(µ),

〈O, i|2p−P+|O′, j〉= 2p−(2π)2δ(2)(~p−~p ′) · 1
2π

∫ Λ2
UV

0
dµ2 dµ′2 bi(µ)bj(µ′)MOO′(µ,µ′),

where

GOO′ =
〈O,µ|O′,µ′〉

(2π)3δ(3)(p−p′)
, MOO′(µ,µ′) = 〈O,µ|P+|O′,µ′〉

(2π)2δ(2)(~p−~p ′)
.

(A.3)

Recall that when we write |O, µ〉, we are suppressing the explicit spatial momentum label
~p, as discussed below (3.1). Additionally, we will always choose to normalize |O, µ〉 with
appropriate powers of p− and µ such that the inner products GOO′ in the last line of (A.3)
are all constant. We will be explicit in later appendices about precisely what factors should
be included.

For now, let us note the spatial delta functions appearing on the r.h.s. of the Hamil-
tonian matrix elements. Their presence is a manifestation of the fact that we can always
choose to work in a particular spatial momentum frame with a fixed value for ~p = (p−, p⊥).
In this paper, we will always work in the following frame,

Frame for ~p : (p− = constant, p⊥ = 0). (A.4)

This is a convenient choice for two reasons. First, in this frame the Lorentz invariant
mass-squared operator M2 ≡ 2P+P− − P 2

⊥ simplifies to M2 = 2p−P+. Thus, in this frame
diagonalizing M2 is equivalent to diagonalizing P+. Consequently, we will often refer to
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these two operators interchangeably. The second reason this frame is convenient is that
the expressions for Hamiltonian matrix elements become simpler.

The objects GOO′ andMOO′(µ, µ′) were studied in great detail in [29]. In particular,
substituting the definition of |O, µ〉 from (3.1), it is evident that the continuous-µ inner
products and matrix elements are Fourier transforms of UV CFT two- and three-point
functions, respectively. Using this fact (and working without loss of generality in the same
p⊥ = 0 frame as above), the authors of [29] were able to derive a complete set of reference
formulas for evaluating GOO′ andMOO′(µ, µ′) in 3d φ4-theory. We will be able to directly
use these formulas, as we explain in detail in appendix C.

B Details: constructing the basis

B.1 Monomial operators

The LCT basis, defined in (A.2), is constructed using operators in the UV CFT, which in
our case is 3d free massless scalar field theory. The CFT operators are thus composed of
the free field φ along with the derivatives ∂+, ∂−, and ∂⊥. The equation of motion ∂2φ = 0
allows us to eliminate ∂+ in favor of only working with ∂− and ∂⊥. Making this choice, we
now introduce the concept of monomial operators, which will be our building blocks for
more general operators. We also introduce some useful shorthand notation.

A monomial operator is simply a string of φ’s with accompanying derivatives. Let us
start with single-particle monomials, i.e., those with one insertion of φ. We let k = (k−, k⊥)
denote a two-component variable having a minus and transverse component and introduce
the notation ∂kφ ≡ ∂

k−
− ∂k⊥⊥ φ. More generally, for n-particle monomials, we use a vector

k = (k1, . . . , kn) and define ∂kφ ≡ ∂k1φ · · · ∂knφ, where each ki = (ki−, ki⊥). To summarize
our notation,

Monomial Operators:

1-particle: k = (k−, k⊥), ∂kφ ≡ ∂k−− ∂k⊥⊥ φ,

n-particle: k = (k1, . . . , kn), ∂kφ ≡ ∂k1φ · · · ∂knφ, ki = (ki−, ki⊥).

The Dirichlet condition is ki− ≥ 1 ∀ i.

(B.1)

Monomial operators will be our building blocks, because general operators can be
written as linear combinations of monomials,

O(x) =
∑

k
COk ∂kφ(x). (B.2)

In particular, our goal is to construct the Dirichlet basis in terms of monomials. Recall that
the definition of a Dirichlet operator is that every φ has a ∂− attached to it. Consequently,
we can restrict our attention to monomials that satisfy this condition, which is that ki− ≥ 1
for all i.
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It will also be useful to introduce shorthand notation for the following summations,

|k−| =
n∑
i=1

ki−, |k⊥| =
n∑
i=1

ki⊥, |k| = |k−|+ |k⊥|. (B.3)

We will refer to |k|, which is simply the total number of derivatives appearing in ∂kφ, as
the degree of the monomial. Note that the scaling dimension of ∂kφ is equal to |k| + n

2 ,
since φ has scaling dimension 1

2 .

B.2 ‘Minimal’ monomials

For a given particle number n, the naive strategy for computing the Dirichlet basis up to
a maximum scaling dimension ∆max is to simply list all Dirichlet monomials up to ∆max
and then Gram-Schmidt them according to the LCT inner product in (A.3). However, this
strategy is inefficient, because the number of monomials is much larger than the number
of final basis states. This is a consequence of the fact that descendant operators, i.e., those
that are total derivatives of lower-dimension operators, do not yield independent LCT basis
states.18 Thus, we can do better by systematically eliminating descendants from the full
list of Dirichlet monomials before applying Gram-Schmidt.

We will now describe an algorithm for eliminating descendants from a list of monomials.
Given the full list of Dirichlet monomials for n particles up to some maximum degree, the
output of the algorithm is a minimal list of monomials that spans the final Dirichlet basis
without being overcomplete. In other words, the number of monomials in the minimal list
is equal to the number of basis states, and to obtain the final basis, one simply needs to
Gram-Schmidt the minimal monomials.

The algorithm works by identifying linear combinations of monomials that can be
rewritten as a descendant. To be more precise, given a set of n-particle monomials ∂kφ

with degree d, we say that they are linearly dependent if there exist coefficients ck (not all
zero) such that ∑

k: |k|=d
ck ∂

kφ = ∂µ
(
∂k′φ

)
, |k′| = d− 1 (B.4)

where ∂µ ∈ {∂−, ∂⊥, ∂+ = ∂2
⊥

2∂− }. In words, this relation says that the linear combination
of degree-d monomials appearing on the left is really just a descendant of the degree-
(d− 1) monomial appearing on the right. Crucially, for every independent relation of the
form (B.4), we can eliminate a monomial on the left-hand-side from our list, because its
corresponding LCT state will not be independent.

Thus, our goal is to generate all possible relations of the form (B.4). A straightforward
way to do this is to proceed degree-by-degree and act with ∂µ on all of the monomials
at degree d − 1 in order to generate all of the possible relations at degree d. Then, once
we have the full set of relations in hand, we can successively eliminate linearly dependent
monomials in favor of monomials with equal or lesser degree.

18From (3.1), it is clear that O and ∂µO yield states that simply differ by a factor of pµ.
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Let us illustrate all of these ideas with a simple example: constructing the minimal
set of 2-particle Dirichlet monomials up to degree 3. The minimum degree of a 2-particle
Dirichlet monomial is 2, so initially our full list of monomials is

degree 2 : k1 = ((1, 0), (1, 0)) ↔ ∂k1φ = (∂−φ)2,

degree 3 : k2 = ((2, 0), (1, 0)) ↔ ∂k2φ = (∂2
−φ)(∂−φ),

k3 = ((1, 1), (1, 0)) ↔ ∂k3φ = (∂−∂⊥φ)(∂−φ).
(B.5)

Acting with ∂µ on ∂k1φ we obtain two relations of the form of (B.4),19

∂k2φ = ∂−

(1
2∂

k1φ

)
, ∂k3φ = ∂⊥

(1
2∂

k1φ

)
. (B.6)

Consequently, both ∂k2φ and ∂k3φ can be eliminated in favor of keeping ∂k1φ. Thus, our
minimal monomial list for 2 particles up to degree 3 is just ∂k1φ.

In the next section, we turn to the details of orthonormalizing the basis of minimal
monomials via Gram-Schmidt.

B.3 Gram-Schmidt

Once we have chosen a minimal set of Dirichlet monomials for a given particle number up to
some maximum degree, the next step is to construct the Gram matrix for these monomials
and then apply Gram-Schmidt in order to construct the Dirichlet basis. Following (3.1),
a monomial operator ∂kφ(x) has the corresponding momentum space state (before µ-
discretization) given by

|∂kφ, µ〉 ≡
∫
d3x e−ip·x ∂kφ(x) |0〉. (B.7)

The inner product and φ4-theory Hamiltonian matrix elements of these specific states have
been computed previously in [29].20

Referring to [29], we note that the mass-dimension of the inner product is given by

〈∂kφ, µ | ∂k′φ, µ′〉 = (2π)3δ(3)(p− p′) p|k−|+|k
′
−|

− µ|k⊥|+|k
′
⊥|+n−3 ·Gkk′ . (B.8)

Since the factors of p− and µ appearing on the right will eventually be canceled anyway
when we properly normalize the basis states, in practice it is convenient to work directly
with rescaled monomial states, defined as

|∂kφ, µ〉R ≡
1

p
|k−|
− µ

n−3
2 +|k⊥|

|∂kφ, µ〉, (B.9)

where the subscript ‘R’ on the l.h.s. stands for ‘rescaled’. Then, up to an overall factor
of (2π)3δ(3)(p − p′), the Gram matrix of these rescaled monomial states just consists of
momentum-independent numbers. Referring back to (A.3),

Gkk′ = R〈∂kφ, µ | ∂k′φ, µ′〉R
(2π)3δ(3)(p− p′)

. (B.10)

19In this particular example, acting with ∂+ takes us outside the space of Dirichlet monomials (since
∂+(∂k1φ) = 2∂+∂−φ∂−φ = ∂2

⊥φ∂−φ) and hence is not a relation we can use. More generally, though, ∂+

will also yield constraints.
20In that reference, |∂kφ, µ〉 is written as |∂kφ(P )〉.
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For a given ∆max (or equivalently maximum degree), we can then compute the Gram
matrix for the set of minimal monomials using the expressions for Gkk′ from [29], and use
Gram-Schmidt to construct a complete, orthogonal basis of Dirichlet states,

|O, µ〉 =
∑

k: |k|≤∆max

COk |∂kφ, µ〉R, 〈O, µ|O′, µ′〉 = (2π)3δ(3)(p− p′) · δOO′ . (B.11)

B.4 µ-discretization

The momentum space states defined in (B.7), and the rescaled versions in (B.9), are not
fully discretized yet, since µ is still a continuous parameter. Following (A.2), we can
introduce smearing functions bi(µ) to define the discrete set of states

|∂kφ, i〉R ≡
1√
2π

∫ Λ2
UV

0
dµ2 bi(µ) |∂kφ, µ〉R, i = 1, . . . , imax. (B.12)

There is freedom in the precise choice of smearing functions, but they are normalized such
that

R〈∂kφ, i | ∂k′φ, j〉R = 2p−(2π)2δ(2)(~p− ~p ′) δij ·Gkk′ . (B.13)

The resulting orthogonalized Dirichlet states are then normalized such that

|O, i〉 =
∑

k: |k|≤∆max

COk |∂kφ, i〉R, 〈O, i|O′, j〉 = 2p−(2π)2δ(2)(~p− ~p ′)δij · δOO′ . (B.14)

Our choice of smearing functions bi(µ) in this work is the normalized “bar function”
with constant support on the bin [µ2

i−1, µ
2
i ], as defined in (3.3), with a fixed ratio r between

the widths of successive bins. Because we are specifically interested in IR physics, we keep
r < 1, such that there is a higher density of bins at small µ2 than at large µ2.

C Details: computing matrix elements

Now that we have outlined the method for constructing the basis in appendix B, we can
turn to the evaluation of their Hamiltonian matrix elements.

Recall from (A.3), reproduced here for convenience, that our final discretized matrix
elements are given by

〈O, i|2p−P+|O′, j〉 = 2p−(2π)2δ(2)(~p− ~p ′) · 1
2π

∫ Λ2
UV

0
dµ2 dµ′2 bi(µ) bj(µ′)MOO′(µ, µ′),

MOO′(µ, µ′) ≡
〈O, µ|P+|O′, µ′〉
(2π)2δ(2)(~p− ~p ′)

, |O, µ〉 =
∫
d3x e−ip·xO(x)|vac〉. (C.1)

To avoid potential ambiguity, we refer to the objects on the left-hand side 〈O, i|2p−P+|O′, j〉
as ‘discretized matrix elements’ and the functions MOO′(µ, µ′) as just ‘matrix elements’.
Determining discretized matrix elements thus amounts to two steps:

1. Computing the matrix elements, given by sandwiching the Hamiltonian with the basis
states defined in (C.1). The exact expressions for these objects, which boil down to
momentum space CFT three-point functions, were first presented in [29]. We will
schematically review those results in the following section.
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2. Second, discretizing µ and µ′. This amounts to performing the integrals over µ, µ′
weighted by the smearing functions bi(µ), bj(µ). Since our smearing functions are
chosen to be step functions with support over an interval, as in (3.3), discretizing the
matrix elements amounts to integrating over a window in µ and µ′. As we will soon
describe, this procedure is technically somewhat nontrivial. The reason is that there
are naive divergences within the matrix elements MOO′(µ, µ′) near the edges of the
integration regions. These divergences completely cancel amongst each other at the
end of the day to give rise to finite answers. However, performing the discretization
integrals in a manifestly finite and numerically stable way requires an efficient way
to track the singular terms.

The outline of this section is thus as follows: in section C.1 we will do a lightning review
of the calculations presented in [29], and describe how these formulas are implemented in
practice in our truncation setup. We also present a few examples of matrix elements to
guide the reader. Then, in section C.2 we explain the discretization procedure and address
technical subtleties in obtaining finite expressions for the final discretized matrix elements.

C.1 Implementation of momentum space formulas

In LCT, matrix elements are obtained from Fourier transforming CFT three-point functions
where the middle operator is the relevant deformation and the external operators are LCT
basis states.21

Recall that from (A.1) that the Hamiltonian can be broken up into three distinct
pieces: P (CFT)

+ , δP (m)
+ , δP (g)

+ , corresponding to the kinetic term, mass term, and quartic
interaction, respectively. The first of these, P (CFT)

+ , has a trivial structure due to the CFT
equations of motion. In particular, because our basis states are automatically eigenstates
of P (CFT)

+ , with the eigenvalue set by µ,

P
(CFT)
+ |O, µ〉 = µ2

2p−
|O, µ〉, (C.2)

the corresponding matrix elements are trivial,

M(CFT)
OO′ (µ, µ′) = (2π)δ(µ2 − µ′2) µ

2

2p−
· δOO′ . (C.3)

We will therefore focus on the more nontrivial matrix elements of δP (m)
+ , δP (g)

+ . In order
to match notation with [29], we shall refer to these pieces of the Hamiltonian as m2Vφ2

and gVφ4 . It will also be useful to further divide the interacting part of the Hamiltonian,
Vφ4 into two pieces: a term that preserves particle number, V (n→n)

φ4 , and a piece that
changes particle number by two, V (n→n+2)

φ4 . Naively, one might also expect an n-to-(n+ 4)
contribution, but this is absent due to lightcone momentum conservation; particles all
carrying positive p− cannot be spontaneously created from the lightcone vacuum.

21For a more pedagogical introduction, see [31].
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We can therefore define the associated matrix elements

M(m)
OO′(µ, µ

′) ≡ m2 〈O, µ|Vφ2 |O′, µ′〉
(2π)2δ(2)(~p− ~p ′)

,

M(n→n)
OO′ (µ, µ′) ≡ g

〈O, µ|V (n→n)
φ4 |O′, µ′〉

(2π)2δ(2)(~p− ~p ′)
,

M(n→n+2)
OO′ (µ, µ′) ≡ g

〈O, µ|V (n→n+2)
φ4 |O′, µ′〉

(2π)2δ(2)(~p− ~p ′)
.

(C.4)

Recall that the operators O, O′ in our basis correspond to operators built from the free
scalar φ. As stated in appendix B.1, their building blocks are monomials22

|O, µ〉 =
∑

k
COk |∂kφ, µ〉R, |∂kφ, µ〉R ≡

1
p
|k−|
− µ

n−3
2 +|k⊥|

|∂kφ, µ〉. (C.5)

We can therefore focus on the matrix elements of these monomials, as the full matrix
elements can be obtained by summing over the individual monomial matrix elements times
the coefficients COk appearing in the above expansion. The building block matrix elements
are then

M(m)
kk′ (µ, µ

′) ≡ m2R〈∂
kφ, µ|Vφ2 |∂k′φ, µ′〉R
(2π)2δ(2)(~p− ~p ′)

,

M(n→n)
kk′ (µ, µ′) ≡ g

R〈∂kφ, µ|V (n→n)
φ4 |∂k′φ, µ′〉R

(2π)2δ(2)(~p− ~p ′)
,

M(n→n+2)
kk′ (µ, µ′) ≡ g

R〈∂kφ, µ|V (n→n+2)
φ4 |∂k′φ, µ′〉R

(2π)2δ(2)(~p− ~p ′)
.

(C.6)

The expressions for these objects can be found in [29]. The main idea is that computing
these matrix elements amounts to computing momentum space CFT three-point functions,
where the middle operator carries zero momentum. That is to say, they are Fourier trans-
forms of CFT three-point functions. Although conceptually straightforward, performing
the Fourier transforms is a technically involved computation for two reasons. First, the
external operators can have spin, so that the right-hand side of (C.6) is typically a linear
combination of multiple tensor structures. Second, the correlators appearing on the right-
hand side are Wightman functions, with a fixed time ordering. Computing the Fourier
transform thus requires careful accounting of the iε prescription to obtain well defined in-
and out-states. The authors of [29] presented expressions for the matrix elements (C.6) in
d = 3, for both the general case (for any relevant deformation to the CFT Hamiltonian),
as well as the specific implementation of φ2, φ4 interactions. In the latter setting, the OPE
coefficients that reside inside the three-point functions can be explicitly calculated using
Wick contractions. We refer readers to [29] for specific formulas for the matrix elements,
and in the following paragraphs only comment on their general structure.

22The fact that we are working with these rescaled states is the only modification to directly using the
formulas in [29].
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From the results of [29], the mass term matrix elements take a very simple form in
terms of the inner product between states created by O and O′ (similar to the free theory
matrix elements):

M(m)
kk′ (µ, µ

′) = (2π)δ(µ2 − µ′2) · number. (C.7)

Because of their resemblance to the inner product, the implementation of these matrix
elements is trivial once we compute the Gram matrix. The interaction monomial matrix
elements on the other hand take the very rough form (focusing on n → n for simplicity,
but a similar equation holds for n→ n+ 2)

M(n→n)
kk′ (µ, µ′) ∼

∑
· · ·
∑

coefficient× µaµ′
b

2F1

(
· · · ; µ

2

µ′2

)
. (C.8)

We have omitted a great deal of structure (see [29] for the precise equations), but the key
point is that these monomial matrix elements are effectively given by multiple sums over
powers of µ, µ′ times 2F1 hypergeometric functions whose first three arguments depend on
the indices summed over, and whose last argument is the ratio

α ≡ µ2

µ′2
. (C.9)

Despite the multiple powers and arguments appearing in (C.8), there are only three free
parameters to keep track of (the arguments of the hypergeometric function). Once those
are known, the scaling in µ and µ′ can be fixed. It is worth noting that the formula
in (C.8) only holds when µ < µ′. This means that the interaction matrix elements are
asymmetric in k, k′. Furthermore, for n → n, these hypergeometric functions can be
simplified to a much smaller basis consisting of a few special functions, such as elliptic
integrals and inverse hyperbolic functions. This fact will be useful when we consider the
discretization procedure. On the other hand, for the n → n + 2 matrix elements, it turns
out that the hypergeometrics simplify even more dramatically, such that the monomial
matrix elements are simply sums of powers in µ, µ′. It would be interesting to understand
these simplifications in more detail, as it is not manifest in the formulas of [29]; here, we
will use it as an empirical fact. The general strategy to computing the interacting matrix
elements is therefore straightforward: compute the monomial matrix elements using the
formulas in [29], simplify the hypergeometrics as much as possible, and then sum over
monomials to obtain the final basis matrix element.

Before we move on to the discretization procedure, let us look at a few examples of
the monomial matrix elements.

Example 1. Consider the following three-particle Dirichlet monomial operators

k = ((1, 1), (1, 1), (1, 0)) → ∂kφ = (∂−∂⊥φ)2∂−φ,

k′ = ((2, 0), (1, 1), (1, 1)) → ∂k′φ = (∂−∂⊥φ)2∂2
−φ.

(C.10)
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Using the formulas given in [29], the n → n matrix element between these monomials is
given by (supressing the coupling g for brevity)

M(n→n)
kk′ (µ,µ′) =−

273α2
2F1

(
3
2 ,

5
2 ;4;α

)
8796093022208 +

63α2
2F1

(
3
2 ,

7
2 ;4;α

)
549755813888 +

4329α2F1
(

1
2 ,

3
2 ;3;α

)
8796093022208

+
24633α2F1

(
1
2 ,

5
2 ;3;α

)
8796093022208 −

189α2F1
(

1
2 ,

7
2 ;3;α

)
274877906944 +

17552F1
(
−1

2 ,
1
2 ;2;α

)
2199023255552

+
51872F1

(
−1

2 ,
3
2 ;2;α

)
2199023255552 +

1892F1
(
−1

2 ,
5
2 ;2;α

)
137438953472 . (C.11)

We can simplify the hypergeometric functions using the identities

K(z) = π

2 2F1

(1
2 ,

1
2; 1; z

)
, E(z) = π

2 2F1

(
−1

2 ,
1
2; 1; z

)
, (C.12)

where K(z) and E(z) are the complete elliptic integrals of the first and second kind,
respectively. The other hypergeometric functions with different arguments can be related
to these by taking derivatives. We can therefore reduce this n→ n matrix element to the
simpler form

M(n→n)
kk′ (µ, µ′) = 1

µ′
(3373α+ 1268)K(α) + 4(244α− 317)E(α)

549755813888πα . (C.13)

This formula (as well as the original unsimplified expression (C.11)) specifically holds for
µ < µ′ (i.e., α < 1). We can obtain the other regime by simply swapping k and k′ in the
formulas from [29], which after simplifying results in

M(n→n)
k′k (µ, µ′) = 1

µ′
(5617α− 976)K(α) + (976− 1268α)E(α)

549755813888πα . (C.14)

Note that in both of these expressions, the monomial matrix element which started its
life as a multiple sum over several 2F1 hypergeometric functions has reduced to just a few
special functions. Second, these are merely monomial matrix elements; to obtain a full
matrix element between basis states, we would sum over all monomials that comprise the
Dirichlet states.

Example 2. We can also look at n → n matrix elements in the even particle number
sector. Consider the four-particle monomials

k = ((1, 1), (1, 1), (1, 0), (1, 0)) → ∂kφ = (∂−∂⊥φ)2(∂−φ)2,

k′ = ((2, 0), (1, 1), (1, 1), (1, 0)) → ∂k′φ = (∂2
−φ)(∂−∂⊥φ)2(∂−φ).

(C.15)

The matrix element is (after simplification)

M(n→n)
kk′ (µ,µ′) = 1

µ′

(
1725α2 +36880α+6171

)
tanh−1 (

√
α)−3

√
α(575α+2057)

4678596585062400π2α5/4 ,

M(n→n)
k′k (µ,µ′) = 1

µ′

(
6171α2 +36880α+1725

)
tanh−1 (

√
α)−3

√
α(2057α+575)

4678596585062400π2α5/4 . (C.16)

For even sector n→ n matrix elements, we see the appearance of tanh−1 functions, rather
than the elliptic functions for odd n.
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Example 3. Consider the four- and six-particle monomials given by

k = ((1, 1), (1, 1), (1, 0), (1, 0)), → ∂kφ = (∂−∂⊥φ)2(∂−φ)2,

k′ = ((2, 0), (1, 1), (1, 1), (1, 0), (1, 0), (1, 0)) → ∂k′φ = (∂2
−φ)(∂−∂⊥φ)2(∂−φ)3.

(C.17)

The corresponding n → (n + 2) matrix element, after simplifying the hypergeometric
functions, is

M(n→n+2)
kk′ (µ, µ′) = 1

µ′
α1/4(489103α+ 1150200)
697176967140605952000π3 . (C.18)

Note that this matrix element (and all other n→ n+2 matrix elements) is only nonzero for
µ < µ′. As we can see, this expression reduces to a sum of powers in µ, µ′, a pattern that
continues to hold for all of the n → n + 2 sectors. We also note that the matrix elements
can always be written as 1

µ′ times a function in α. This can be seen by dimensional analysis
with the rescaling of monomial states we have chosen in (C.5).

It is worth emphasizing that so far, we have not used any numerics. That is, for this
work we compute all monomial matrix elements exactly; decimal approximations (where
in practice we keep 60 digits of precision) are made only when we take linear combinations
of these expressions to obtain basis state matrix elements.

C.2 Discretizing µ, µ′

With the matrix elements at hand, we now turn to the discretization procedure. We wish
to compute the integrals over µ and µ′ in (C.1). We will again focus on monomials, rather
than the full discretized matrix elements between basis states. We define these building
block discretized monomial matrix elements as

R〈k, i|2p−P+|k′, j〉R = 2p−(2π)2δ(2)(~p− ~p ′) · 1
2π

∫ Λ2
UV

0
dµ2 dµ′2 bi(µ) bj(µ′)Mkk′(µ, µ′).

(C.19)
As seen in the examples in the previous section, our matrix elements always take the general
form

M(n→n) or (n→n+2)
kk′ (µ, µ′) = g · 1

µ′
fkk′(α), (C.20)

for some function fkk′(α), which can be read off from the hypergeometric functions appear-
ing in the matrix elements. Plugging this into (C.19) and our expressions for the smearing
functions given in (3.3), we therefore compute

R〈k, i|2p−P+|k′, j〉R
2p−(2π)2δ(2)(~p− ~p ′)

=

Nij · I i< j [fkk′(α)] i < j

Nij · I i= j [fkk′(α)] i = j
, (C.21)

where for later convenience we defined an overall normalization factor

Nij ≡
g

2π
1√

(µ2
j − µ2

j−1)(µ2
i − µ2

i−1)
(C.22)
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and the discretization integrals

I i< j [f(α)] ≡
∫ µ2

j

µ2
j−1

dµ′2 µ′
∫ µ2

i /µ
′2

µ2
i−1/µ

′2
dα f(α),

I i= j [f(α)] ≡
∫ µ2

j

µ2
j−1

dµ′2 µ′
∫ 1

µ2
i−1/µ

′2
dα f(α).

(C.23)

In the above integrals, we have changed variables from µ to α ≡ µ2/µ′2. The reason (C.21)
breaks up into two cases is due to the fact that our expressions for the monomial matrix
elements fkk′(α) only hold for µ < µ′. Obtaining the expressions for µ > µ′ is equivalent
to just swapping the monomials k ↔ k′. When i < j we are integrating over two distinct
windows in µ and µ′, such that µ < µ′ over the full integration range. However, when
i = j, we only integrate µ up to µ′.23 It is therefore useful to split the matrix element up
into these two cases. We do not need to consider the case i > j, as this can be obtained by
exchanging the bra and ket states to obtain an integral of the form i < j.

Let us now consider the n→ n+2 matrix elements first, as they are technically simpler.
In this case, after simplifying the hypergeometric functions, the building block functions
that span fkk′(α) are simply power laws in α:

fkk′(α) : {αL}, (n→ n+ 2), (C.24)

where L 6= −1 is some rational number (not necessarily positive). We can therefore compute
the discretization matrix elements on this reduced basis of functions (in this case, powers
of α), and then obtain the n → n + 2 monomial matrix element by summing over all the
powers that appear. Plugging (C.24) into (C.21), we find that for n→ n+ 2:

I i< j[αL] =



1
(L+1)( 1

2−L)

[
(µ2

i )L+1

(µ2
j
)L+ 1

2
− (µ2

i )L+1

(µ2
j−1)L−

1
2
− (µ2

i−1)L+1

(µ2
j
)L−

1
2

+ (µ2
i−1)L+1

(µ2
j−1)L−

1
2

]
L 6= 1

2 ,−1,

2
3

[
(µ2

i )
3
2 log µ2

j

µ2
j−1
− (µ2

i−1) 3
2 log µ2

j

µ2
j−1

]
L = 1

2 .

(C.25)
Similarly,

I i= j[αL] =



1
(L+1)

[
2
3(µ2

i )
3
2 − 2(L+1)

3(L− 1
2 )(µ2

i−1) 3
2 − (µ2

i−1)L+1

( 1
2−L)(µ2

i
)L−

1
2

]
L 6= 1

2 ,−1,

2
3

[
2
3(µ2

i )
3
2 − 2

3(µ2
i−1) 3

2 − (µ2
i−1) 3

2 log µ2
i

µ2
i−1

]
L = 1

2 .

(C.26)
Let us now turn to the case of n→ n. As mentioned in the previous examples, the set

of functions that span fkk′(α) are

fkk′(α) :
{
αL · {K(α), E(α)}, {K(α), E(α)}

αL
, αL tanh−1√α, tanh−1√α

αL

}
, (n→ n)

(C.27)
23Although our matrix elements are formally defined only for µ < µ′, the integral is evaluated all the way

to µ = µ′, as this edge of the integration range is a set of measure zero.
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where K(α) and E(α) are complete elliptic integral functions. We have separated the
powers of α that multiply these functions into positive and negative powers for later con-
venience, i.e, L ≥ 0.

We can now try to compute the discretization integrals (C.23) on these functions.
However, here we encounter a technical subtlety: sometimes, the discretization integrals
of the individual functions above are divergent. This is best illustrated by an example.
Consider our previously computed example matrix element (C.13), which we can write as

M(n→n)
kk′ (µ, µ′) = 1

µ′

[
c1 ·K(α) + c2 · E(α) + c3

(
K(α)
α
− E(α)

α

)]
, (C.28)

where the coefficients ci can be read off from (C.13). Now consider performing one of the
discretization integrals on the third term

I i< j

[
K(α)
α

]
=
∫ µ2

j

µ2
j−1

dµ′2 µ′
∫ µ2

i /µ
′2

µ2
i−1/µ

′2
dα

K(α)
α

. (C.29)

As we can see, the integrand diverges near α = 0 and α = 1 (since i < j, there is only one
singularity at α = 0, which corresponds to µi−1 = 0). However, the same discretization
integral on the full matrix element in (C.28) is finite. The reason is that the divergence
appearing above is precisely canceled by the same divergence appearing in the last term,
E(α)
α . That is, the combination

K(α)
α
− E(α)

α
= π

4 + 3πα
32 +O(α2), (C.30)

is clearly finite as α→ 0. For this to be the case, it was crucial that the same multiplicative
constant multiply the singular terms (in this case, c3). On general grounds, we expect this
to be true as the Fourier transform formulas given in [29] are finite for µ < µ′. We also see
this at empirical level in the structure of our matrix elements; any divergence appearing
in functions like K(α)/αL is accompanied by the same divergence appearing in E(α)/αL
but with opposite sign. Thus, all divergences in the n → n matrix elements cancel. We
shall now outline the method to quickly compute the discretization integrals, and extract
the finite contribution without having to laboriously keep track of all of the divergences.

The key point is that because all matrix elements are finite, we can get away with
keeping track of only the finite part of each “building block” function. Returning to our
example, since

K(α)
α

= π

2α + π

8 +O(α), (C.31)

we can ignore the π
2α piece since it will eventually cancel with the same term in E(α)

α . Using
the series expansions for K(α), E(α), and tanh−1,

K(α) =
∞∑
n=0

π

2

( (2n)!
22n(n!)2

)2
αn,

E(α) =
∞∑
n=0

π

2

( (2n)!
22n(n!)2

)2 1
1− 2nα

n,

tanh−1√α =
∞∑
n=0

1
2n+ 1α

n+ 1
2 ,

(C.32)
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we can easily extract their finite contributions to the matrix elements and drop the diver-
gences, with the understanding that they all cancel at the end. For example, the finite
contribution from K(α)

α is

K(α)
α

∣∣∣∣
finite

=
∞∑
n=1

π

2

( (2n)!
22n(n!)2

)2
αn−1, (C.33)

and so

I(finite)
i< j

[
K(α)
α

]
=
∫ µ2

j

µ2
j−1

dµ′2 µ′
∫ µ2

i /µ
′2

µ2
i−1/µ

′2
dα

∞∑
n=1

π

2

( (2n)!
22n(n!)2

)2
αn−1. (C.34)

The sum and integration can be interchanged since the integral converges absolutely, and
the result can be resummed to give an answer in terms of 3F2 and 4F3 hypergeometric
functions. Using this algorithm, we can thus extract the finite pieces of all the functions
in (C.27). The final discretized matrix element is obtained by summing over these pieces,
multiplied by their accompanying coefficients in the matrix elements. We summarize the
results below. Unfortunately, there are many special cases that depend on the power L,
but once they have been tabulated they are computationally inexpensive to implement.

Summary of n → n discretization integrals for odd n. First, we begin with odd n
where we only encounter elliptic functions (and powers of α), but not the tanh−1 functions
in (C.27). We define the useful functions

GL±(x)≡ πxL

3(L+1)

[
3F2

(
±1

2 ,
1
2 ,L+1;1,L+2;x

)
− L+1
L− 1

2
3F2

(
±1

2 ,
1
2 ,L−

1
2;1,L+ 1

2;x
)]

,

HL±(x)≡
Γ2(L± 1

2)
3Γ2(L+1)

[
24F3

(
−1

2 ,1,L±
1
2 ,L+ 1

2; 1
2 ,L+1,L+1;x

)
+4F3

(
1,1,L± 1

2 ,L+ 1
2;2,L+1,L+1;x

)]
,

JL±(x)≡−
Γ(L+2)Γ(L+ 3

2±
1
2)

15Γ2(L+ 5
2)

x

[
54F3

(
1,1,L+ 3

2±
1
2 ,L+2;2,L+ 5

2 ,L+ 5
2;x

)
−24F3

(
1, 52 ,L+ 3

2±
1
2 ,L+2; 7

2 ,L+ 5
2 ,L+ 5

2;x
)]
. (C.35)

The functions with a “+” subscript will correspond to integrals of expressions containing
K(α), while those with a “−” subscript will correspond to E(α). It will also be convenient
to define the shorthand “± perms” as

g(µ2
i , µ

2
j )± perms ≡ g(µ2

i , µ
2
j )− g(µ2

i−1, µ
2
j )− g(µ2

i , µ
2
j−1) + g(µ2

i−1, µ
2
j−1). (C.36)
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Then, for i < j, we have

Ii<j

[
αLK (α)

]
L≥0,L 6= 1

2
=
(
µ2
i

)(
µ2
j

) 1
2 GL+

(
µ2
i

µ2
j

)
±perms,

Ii<j

[
αLE (α)

]
L≥0,L 6= 1

2
=
(
µ2
i

)(
µ2
j

) 1
2 GL−

(
µ2
i

µ2
j

)
±perms,

I(finite)
i<j

[
K (α)
αL

]
L∈{1,2,3,...}

=
(
µ2
i

)(
µ2
j

) 1
2 HL+

(
µ2
i

µ2
j

)
±perms,

I(finite)
i<j

[
E (α)
αL

]
L∈{1,2,3,...}

= (1−2L)
4

(
µ2
i

)(
µ2
j

) 1
2 HL−

(
µ2
i

µ2
j

)
±perms, (C.37)

I(finite)
i<j

[
K (α)
αL

]
L∈{− 1

2 ,
1
2 ,

3
2 ,...}

= Γ2(L+1)
3Γ2(L+ 3

2)

(
µ2
i

) 3
2 log

(
µ2
j

)
+
(
µ2
i

) 3
2 JL+

(
µ2
i

µ2
j

)
±perms,

I(finite)
i<j

[
E (α)
αL

]
L∈{− 1

2 ,
1
2 ,

3
2 ,...}

= −LΓ2(L)
6Γ2(L+ 3

2)

(
µ2
i

) 3
2 log

(
µ2
j

)
− 1

2
(
µ2
i

) 3
2 JL−

(
µ2
i

µ2
j

)
±perms.

For i = j, we have

I(i=j)
[
αL·{K(α),E(α)}

]
L≥0,L 6= 1

2
=
π3F2

(
±1

2 ,
1
2 ,1+L;1,2+L;1

)
3(L+1)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
]

−
[(
µ2
i−1

)(
µ2
i

) 1
2GL±

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2GL±(1)

]
,

I(finite)
(i=j)

[
K(α)
αL

]
L∈{1,2,3,...}

=
[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
]Γ2

(
L+1

2

)
3Γ2(L+1)

×4F3

(
1,1,L+1

2 ,L+1
2;2,L+1,L+1;1

)
−
[(
µ2
i−1

)(
µ2
i

) 1
2HL+

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2HL+(1)

]
,

I(finite)
(i=j)

[
E(α)
αL

]
L∈{1,2,3,...}

=
[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
](1−2L)Γ2

(
L−1

2

)
12Γ2(L+1)

×4F3

(
1,1,L−1

2 ,L+1
2;2,L+1,L+1;1

)
−(1−2L)

4

[(
µ2
i−1

)(
µ2
i

) 1
2HL−

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2HL−(1)

]
,

I(finite)
(i=j)

[
K(α)
αL

]
L∈{− 1

2 ,
1
2 ,

3
2 ,...}

= 2Γ2(L+1)
9Γ2(L+3

2)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2−3

2
(
µ2
i−1

) 3
2 log

(
µ2
i

µ2
i−1

)]

+
[(
µ2
j

) 3
2−
(
µ2
j−1

) 3
2
] 2Γ2(L+2)

15Γ2
(
L+5

2

)
×4F3

(
1,52 ,L+2,L+2;72 ,L+5

2 ,L+5
2;1
)

−
[(
µ2
i−1

) 3
2JL+

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2JL+(1)

]
,
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I(finite)
(i=j)

[
E(α)
αL

]
L∈{− 1

2 ,
1
2 ,

3
2 ,...}

= −LΓ2(L)
9Γ2(L+3

2)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2−3

2
(
µ2
i−1

) 3
2 log

(
µ2
i

µ2
i−1

)]

−
[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
](L+1)Γ2(L+1)

15Γ2
(
L+5

2

)
×4F3

(
1,52 ,L+1,L+2;72 ,L+5

2 ,L+5
2;1
)

+
[

1
2
(
µ2
i−1

) 3
2JL−

(
µ2
i−1
µ2
i

)
−1

2
(
µ2
i−1

) 3
2JL−(1)

]
. (C.38)

Summary of n → n discretization integrals for even n. For the even sector of the
n→ n matrix elements, it will be useful to define the functions

PL(x)≡


6xL+1tanh−1√x−2(L+1)x

3
2 β(x,L,0)+(2L−1)β(x, 32 +L,0)

3(L+1)(2L−1) x<1,
3γE+log64+2(L+1)ψ(L)−(2L−1)ψ( 3

2 +L)
3(L+1)(2L−1) x=1,

QL(x)≡


− 32

21+28L x=0,
−9xΦ(x,1,L+ 3

4)−24(L−1)x2F1( 1
4 ,1; 5

4 ;x)+4(2L+1)(−1+2F1( 3
4 ,1; 7

4 ;x))
9(L−1)(2L+1)x 0<x<1,

−8+18γE+3π−4L(4+3π)+54log2+18ψ(L+ 3
4 )

18(L−1)(2L+1) x=1,

(C.39)

RL(x)≡


32

5+20L x=0,

−9xΦ(x,1,L+ 1
4)+4(3+6L+6x−6Lx−3(2L+1)2F1( 1

4 ,1; 5
4 ;x)+2(L−1)x22F1( 3

4 ,1; 7
4 ;x))

9(L−1)(2L+1)x 0<x<1,

−
24+π−4Lπ−6H

L− 3
4
−18log2

6(L−1)(2L+1) x=1,

where β(z, a, b) is the incomplete beta function, γE is the Euler constant, ψ is the digamma
function, Φ(z, s, a) is the Hurwitz-Lerch transcendent, and Hk is the harmonic number.

With these definitions in mind, we have for i < j:

I(i<j)
[
αL tanh−1√α

]
L≥− 1

2 ,L 6={0, 12}
= −

(
µ2
j

) 3
2 PL

(
µ2
i

µ2
j

)
± perms,

I(finite)
(i<j)

[
tanh−1√α

αL

]
L∈{ 3

4 ,
7
4 ,

11
4 ,...}

=
(
µ2
i

) 7
4
(
µ2
j

)− 1
4 QL

(
µ2
i

µ2
j

)
± perms,

I(finite)
(i<j)

[
tanh−1√α

αL

]
L∈{ 5

4 ,
9
4 ,

13
4 ,...}

=
(
µ2
i

) 5
4
(
µ2
j

) 1
4 RL

(
µ2
i

µ2
j

)
± perms,

(C.40)
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and for i = j,

I(i=j)
[
αLtanh−1√α

]
L≥− 1

2 ,L 6={0, 12}
=
γE+log4+ψ

(
L+3

2

)
3(L+1)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
]

+
[(
µ2
i

) 3
2PL

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2PL(1)

]
,

I(finite)
(i=j)

[
tanh−1√α

αL

]
L∈{ 3

4 ,
7
4 ,

11
4 ,...}

=
ψ(7

4)−ψ
(
L+3

4

)
3(1−L)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
]

(C.41)

−
[(
µ2
i−1

) 7
4
(
µ2
i

)− 1
4QL

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2QL(1)

]
,

I(finite)
(i=j)

[
tanh−1√α

αL

]
L∈{ 5

4 ,
9
4 ,

13
4 ,...}

=
ψ(5

4)−ψ(L+1
4)

3(1−L)

[(
µ2
i

) 3
2−
(
µ2
i−1

) 3
2
]

−
[(
µ2
i−1

) 5
4
(
µ2
i

) 1
4RL

(
µ2
i−1
µ2
i

)
−
(
µ2
i−1

) 3
2RL(1)

]
.

These formulas exhaust all of the cases we encounter in the matrix elements. We have
checked this expressions against matrix elements obtained using Fock space methods (out-
lined in appendix D). In practice, to implement these formulas, it is computationally fast to
tabulate them over (i, j) in the form of a “reference” matrix. Then, the final discretized ma-
trix element can be obtained by summing over these matrices, weighted by the appropriate
basis coefficients.

D Lightcone Fock space methods

In this section, we outline an alternative way to construct the basis and matrix elements us-
ing Fock space wavefunctions, rather than Fourier transforming position space correlators.
Although this method is computationally slower than the methods given in appendix C,
it is nevertheless useful for two reasons. First, it provides a consistency check with the
formulas in appendix C. Those formulas have many moving parts, and finding agreement
between these two methods is a highly nontrivial check. Second, it is often easier to gain
intuition for the structure of matrix elements in Fock space (e.g., computing perturbative
corrections is often conceptually and technically easier to see in Fock space).

The idea is to work directly with the free theory wavefunctions FO(p1, . . . , pn) of an
operator, defined by the overlap

〈O(0)|p1, . . . , pn〉 ≡ FO(p1, . . . , pn). (D.1)

Note that our operators are Dirichlet, which in momentum space translates to overall fac-
tors of the momentum p1− . . . pn− in the wavefunction. To tidy up some equations, we can
pull out this overall factor of p1− . . . pn− and define a ‘barred’ wavefunction FO(p1, . . . , pn)
such that

FO(p1, . . . , pn) ≡ p1−p2− · · · pn− FO(p1, . . . , pn). (D.2)
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Then, any basis state can be expanded in terms of this wavefunction

|O, i〉 = 1√
2π

∫ Λ2

0

dµ2

p
|k−|
− µ

n−3
2 −|k⊥|

bi(µ) 1
n!

∫
d2p1 · · · d2pn

(2π)2n2p1− · · · 2pn−
(2π)3δ(3)

(∑
i

pi − p
)

× p1− · · · pn− FO(p1, . . . , pn)|p1, . . . , pn〉, (D.3)

where our normalization for the Fock space states is24

〈p|q〉 = 2p−(2π)2δ(2)(p− q). (D.4)

Eq. (D.3) leads to the inner product

〈O, i|O′, j〉
2p−(2π)2δ(2)(~p− ~p ′)

= 1
2nn!

1

2πp|k−|+|k
′
−|

−

∫ Λ2

0

dµ2

µ
n−3

2 +|k⊥|

∫ Λ2

0

dµ′2

µ′
n−3

2 +|k′⊥|
bi(µ2)bj(µ′2)

× (2π)δ(µ2 − µ′2)
∫
d2p1 · · · d2pn

(2π)2n (2π)3δ(3)
(∑

i

pi − p
)
p1− · · · pn−FO(p)FO′(p). (D.5)

Using the equations of motion and the choice of our reference frame p⊥ = ∑n
i pi⊥ = 0, the

set of delta functions can be expanded out

δ(3)
(∑

i

pi − p
)

= δ

(∑
i

p2
i⊥

2pi−
− µ2

2p−

)
δ

(∑
i

pi− − p−

)
δ

(∑
i

pi⊥

)
. (D.6)

Here, it is useful to define the dimensionless variables

xi ≡
pi−
p−

, yi ≡
pi⊥
µ
, (D.7)

such that the wavefunctions then have a scaling set by

FO(p) = µ|k⊥|p
|k−|
− FO(x, y). (D.8)

Using this scaling, and the fact that the weight functions bi(µ), bj(µ) are defined to be
orthonormal when integrated over µ2, the inner product factorizes into a piece that is
diagonal with respect to i, j and a piece that depends on O, O′:

〈O, i|O′, j〉
2p−(2π)2δ(2)(~p− ~p ′)

= δij · IOO′ . (D.9)

To determine IOO′ , we can choose integration variables defined by

x1 = (1− z1)(1− z2)(1− z3) · · · (1− zn−1),
x2 = z1(1− z2)(1− z3) · · · (1− zn−1),
x3 = z2(1− z3) · · · (1− zn−1),

... . . .
xn = zn−1,

(D.10)

24We adhere to the conventions in [24].
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where the zi range from [0, 1], and

y1 = −(y2 + y3 + · · ·+ yn),

y2 = ỹ1

√
z1(1− z1) · · · (1− zn−1)− z1(y3 + · · ·+ yn),

y3 = ỹ2

√
z2(1− z2) · · · (1− zn−1)− z2(y4 + · · ·+ yn),

...

yn = ỹn−1

√
zn−1(1− zn−1).

(D.11)

These variables nicely implement the constraints given in (D.6), such that the original set
of delta functions simply reduce to a single delta function

δ(3)
(∑

i

pi − p
)
→ 2

µ3 δ

(
n−1∑
i

ỹ2
i − 1

)
. (D.12)

Introducing angular variables for the remaining ỹ variables to implement this constraint

ỹ1 = sin θ1 sin θ2 · · · sin θn−2,

ỹ2 = cos θ1 sin θ2 · · · sin θn−2,

ỹ3 = cos θ2 sin θ3 · · · sin θn−2,

...
ỹn−1 = cos θn−2,

(D.13)

where θi ∈ [0, π] for i = 1, . . . , n − 3 and θn−2 ∈ [0, 2π], we find that the inner product
becomes

〈O, i|O′, j〉
2p−(2π)2δ(2)(~p− ~p ′)

= δij · IOO′ ,

IOO′ = 1
n!2n(2π)2n−3

∫
dz1 · · · dzn−1

(∏
i

z
3
2
i (1− zi)

5
2 i−1

)
(D.14)

×
∫
dθ1 · · · dθn−2

∏
j

sinj−1 θj

FO(z, θ)FO′(z, θ).

Eq. (D.5) gives the inner product of two operators in our basis in terms of their momentum
space wavefunctions. One can use this expression to construct the basis states by tabulating
a list of Dirichlet monomials at and below a given ∆max and their associated momentum
space wavefunctions, and then compute the Gram matrix using (D.14) between different
monomials.

Now, let us turn to the matrix elements. First, let us start with kinetic term matrix
elements corresponding to the free part of the Hamiltonian. This part of the Hamiltonian
can be expressed in terms of raising and lowering operators as25

P
(CFT)
+ =

∫
d2p

(2π)2a
†
pap

p2
⊥

2p−
. (D.15)

25See [24] for details about constructing the Hamiltonian in terms of creation and annihilation operators.
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Note that this term preserves particle number, so that we consider sectors with differing
particle number separately. Inserting (D.15) in between two basis states and using the
coordinate transformations in (D.10), (D.11), and (D.13) we find that

〈O, i|P (CFT)
+ |O′, j〉

2p−(2π)2δ(2)(~p− ~p ′)
=
(
µ2
i+1 + µ2

i

2

)
δij · IOO′ . (D.16)

Next, the mass term gives rise to a correction

δP
(m)
+ =

∫
d2p

(2π)2a
†
pap

m2

2p−
. (D.17)

Like the kinetic term, this term preserves particle number. We can use the same coordinate
transformations as in the inner product and kinetic terms to arrive at

〈O, i|δP (m)
+ |O′, j〉

2p−(2π)2δ(2)(~p− ~p ′)
= δij

m2(1 + δn,2)
(n− 1)!2n(2π)2n−3

∫
dz1 · · · dzn−1

(∏
i

z
3
2
i (1− zi)

5
2 i−1

)( 1
zn−1

)

×
∫
dθ1 · · · dθn−2

∏
j

sinj−1 θj

FO(z, θ)FO′(z, θ). (D.18)

Next, the quartic interaction in the Hamiltonian gives the terms

δP
(g)
+ = g

24

∫
d2pd2qd2k

(2π)6√8p−q−k−

(
4a†pa†qa

†
kap+q+k√

2(p− + q− + k−)
+ h.c. +

6a†pa†qakap+q−k√
2(p− + q− − k−)

)
.

(D.19)
As explained in appendix C, we can divide this into an n→ n particle number preserving
piece δP (n→n)

+ and an n→ n+ 2 piece δP (n→n+2)
+ . Recalling the definition for the matrix

element in (C.4), the n→ n+ 2 matrix element (before discretization) takes the form

M(n→n+2)
OO′ (µ, µ′) = g

6(n− 1)!

∫
d2p1 · · · d2pn

(2π)2n2p1− · · · 2pn−
(2π)3δ3

(∑
i

pi − p
)
p1− · · · pn−F̄O(p)

×
∫

d2p′1 · · · d2p′n+2
(2π)2n+42p′1− · · · 2p′n+2−

(2π)3δ3
(∑

i

p′i − p′
)
p′1− · · · p′n+2−F̄O′(p′)

× 2p2−(2π)2δ2(p2 − p′4) · · · 2pn−(2π)2δ2(pn − p′n+2). (D.20)

It is useful to change variables separately for the both the primed and unprimed vari-
ables. That is, we take (D.10) and (D.11) for the unprimed variables and

x′1 = (1− z′1)(1− z′2)(1− z′3) · · · (1− z′n+1),
x′2 = z′1(1− z′2)(1− z′3) · · · (1− z′n+1),
x′3 = z′2(1− z′3) · · · (1− z′n+1),

... . . .
x′n+2 = z′n+1

(D.21)
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for the primed coordinates and analogously for (D.11). We then find

M(n→n+2)
OO′ (µ,µ′) = gn

√
(n+1)(n+2)

24π
1
µ′
α
n−3

4

∫
dz1 · · ·dzn−1dỹ1 · · ·dỹn−1

×
(
n−1∏
i=1

z
3
2
i (1−zi)

5
2 i+1

)
δ

(
n−1∑
i

ỹ2
n−1−1

)
F̄O(z, ỹ)

∫
dz′1dz

′
2dỹ
′
1dỹ
′
2 z
′
1

1
2 (1−z′1)

1
2 z′2

1
2 (1−z′2)2

×δ
(
ỹ′21 + ỹ′22 +α

n−1∑
i=1

ỹ2
i −1

)
F̄O′(z′, ỹ, ỹ′), (D.22)

where α ≡ µ2/µ′2. The first delta function constrains the n − 1 ỹ’s, which correspond to
the variables of the spectator particles, to a sphere of radius 1. The other delta function for
the interacting particles constrains ỹ′ to a sphere of radius 1−α, which makes manifest the
restriction α < 1 (i.e., µ < µ′). Parameterizing these two spheres with angular variables
for the spectators and interacting particles we obtain26

M(n→n+2)
OO′ (µ, µ′) = g

(n− 1)!3π2n23n+4
1
µ′
α
n−3

4

×
∫
dz1 · · · dzn−1dz

′
1dz
′
2

(
n−1∏
i=1

z
3
2
i (1− zi)

5
2 i+1

)
z′1

1
2 (1− z′1)

1
2 z′2

1
2 (1− z′2)2

×
∫
dθ1 · · · dθn−2dθ

′

∏
j

sinj−1 θj

 F̄O(z, θ)F̄O(z′, θ′, θ, α). (D.24)

Finally, we turn to the n-to-n part of the quartic interaction. It takes the form

M(n→n)
OO′ (µ,µ′) = gn(n−1)

4
1
n!

∫
d2p1 · · ·d2pn

(2π)2n2p1− · · ·2pn−
(2π)3δ3

(∑
i

pi−p
)
p1− · · ·pn−F̄O(p)

×
∫

d2p′1 · · ·d2p′n
(2π)2n2p′1− · · ·2p′n−

(2π)3δ3
(∑

i

p′i−p′
)
p′1− · · ·p′n−F̄O(p′) (D.25)

×2p3−(2π)2δ2(p3−p′3) · · ·2pn−(2π)2δ2(pn−p′n).

Performing the coordinate transforms in (D.10) and (D.11) for both the primed and un-
primed coordinates, we find

M(n→n)
OO′ (µ, µ′) = g

(n− 2)!π2n−223n

∫
dz1dỹ1dz

′
1dỹ
′
1

√
z1(1− z1)z′1(1− z′1)

× δ
(∑

i

ỹ2
i − 1

)
δ

(
ỹ′21 + α

∑
i=2

ỹ2
i − 1

)
(D.26)

×
∫
dz2 · · · dzn−1dỹ2 · · · dỹn−1

(∏
i>1

z
3
2
i (1− zi)

5i−3
2

)
FO(z, ỹ)FO(z′, ỹ′).

26Note that the special case of 1→ 3 is given by

M(1→3)
O′ (µ′) = g

3π327

∫
dz′1dz

′
2dθ
′z

1
2
1 (1− z′1)

1
2 z
′ 12
2 (1− z′2)2F̄O′(z′, θ′). (D.23)
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We can use the delta functions to perform the integration over the ỹ coordinates of the
interacting particles. Note that they impose the constraints

ỹ1 = ±
√

1− r̃2, ỹ′1 = ±
√

1− αr̃2, (D.27)

where
r̃2 ≡ ỹ2

2 − ỹ2
3 · · · − ỹ2

n−1. (D.28)

Note that when α = 1, the two constraints coincide, and the range of integration r̃ is
taken to be between [0, 1]. Similarly, when α < 1, the reality condition on ỹ1 requires
r̃ ∈ [0, 1], which automatically satisfies the constraint on ỹ′1. However, when α > 1, the
reality condition on ỹ′1 provides a stronger constraint and requires r̃ ∈ [0, α−1/2].

Defining spherical coordinates for the remaining spectators

ỹ2 = r̃ sin θ1 sin θ2 · · · sin θn−3,

ỹ3 = r̃ cos θ1 sin θ2 · · · sin θn−3,

ỹ4 = r̃ cos θ2 sin θ3 · · · sin θn−3,

...
ỹn−1 = r̃ cos θn−3,

(D.29)

and defining

F̄O± ≡ F̄O(ỹ1 = ±
√

1− r̃2), F̄O′± ≡ F̄O′(ỹ1 = ±
√

1− αr̃2), (D.30)

the matrix element can be summarized as

M(n→n)
OO′ (µ, µ′) = g

(n− 2)!π2n−223n+2
1
µ′
α
n−3

4

×
∫
dz1 · · · dzn−1dz

′
1

√
z1(1− z1)z′1(1− z′1)

(∏
i>1

z
3
2
i (1− zi)

5i−3
2

)

×
∫ min(1,α−1/2)

0
dr̃

∫
dθ1 · · · dθn−3

∏
j

sinj−1 θj

 r̃n−3√
(1− r̃2)(1− αr̃2)

×
(∑
±
FO(z, r̃, θ)

)(∑
±
FO′(z,

√
αr̃, θ)

)
. (D.31)

The discretization procedure for the matrix elements (D.24) and (D.31) can be carried out
using the methods given in C.2. Note that (D.31) already suggests the simplifications in
the hypergeometric functions we saw in appendix B.4. If we imagine expanding FO, FO′ in
monomials, then the r̃ integral will schematically give rise to elliptic functions and tanh−1

functions, depending on n and the monomial power of r̃.

E State-dependence in ET and LC quantization

In this appendix, we discuss in more detail the origin of state-dependence in UV divergences.
Specifically, we consider the leading correction in ET quantization to the mass of an n-
particle state with general total momentum ~ptot due to the sunset diagram. Given a UV
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cutoff Λ on the total invariant mass of the intermediate state, we then demonstrate that
the effective cutoff seen by the loop momenta depends on the momenta of the spectator
particles, as well as the total momentum of the external state. Finally, we obtain the
effective cutoff for LC quantization by taking the infinite momentum limit |~ptot|→∞, which
behaves qualitatively differently than ET quantization at finite total momentum.

In ET quantization, let’s consider some initial n-particle state |p1, . . . , pn〉 in the free
massive theory with total momentum ~ptot, which we can choose to point in the x-direction,

~ptot ≡
n∑
i=1

~pi = (ptot, 0). (E.1)

If we add the interaction gφ4, at O(g2) in perturbation theory this n-particle state receives
a correction due to mixing with (n+ 2)-particle states, represented by the sunset diagram
in figure 1(b). Of course, this state also receives a correction from (n + 4)-particle states,
corresponding to a “backwards” sunset diagram. Here we’ll only focus on the (n + 2)-
particle contribution, as this is the one that survives in the large momentum limit, but
both have the same qualitative behavior for the resulting state-dependence.

In the sunset diagram, one of the particles (which we have labeled by momentum pi),
splits into three intermediate particles, with individual momenta `1, `2, `3. Of course, the
spatial momentum is conserved in this process,

~pi = ~̀1 + ~̀2 + ~̀3, (E.2)

while the energy is not. We can parametrize the total energy of these loop momenta with
their invariant mass µ2

loop,
µ2
loop ≡ (`1 + `2 + `3)2, (E.3)

such that the energy is
Eloop =

√
|~pi|2 + µ2

loop. (E.4)

The remaining n− 1 of the particles are “spectators”, with energy fixed by their incoming
momentum,

Ej =
√
|~pj |2 +m2. (E.5)

The total energy of the intermediate (n+ 2)-particle state is thus

Etot =
√
|~pi|2 + µ2

loop +
∑
j 6=i

√
|~pj |2 +m2, (E.6)

and the total invariant mass is

µ2
tot =

√|~pi|2 + µ2
loop +

∑
j 6=i

√
|~pj |2 +m2

2

− |~ptot|2. (E.7)

When imposing a UV cutoff Λ on the intermediate state, we specifically place a bound
on the total invariant mass,

µ2
tot ≤ Λ2. (E.8)
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We can discover the resulting effective cutoff Λloop seen by the loop momenta by inverting
eq. (E.7), to determine µ2

loop as a function of µ2
tot,

µ2
loop =

√|~ptot|2 + µ2
tot −

∑
j 6=i

√
|~pj |2 +m2

2

− |~pi|2. (E.9)

We therefore obtain the following relation between Λloop and the UV cutoff Λ:

Λ2
loop =

√|~ptot|2 + Λ2 −
∑
j 6=i

√
|~pj |2 +m2

2

− |~pi|2. (E.10)

The effective cutoff is clearly state-dependent, with its relation to the universal cutoff Λ
dependent on the momenta of all particles in the external n-particle state.

We are particularly interested in studying this effective cutoff in two limits. The first
is the standard center-of-mass frame where ~ptot = 0, in which case we have

Λ2
loop =

Λ−
∑
j 6=i

√
|~pj |2 +m2

2

− |~pi|2 (|~ptot|→0). (E.11)

In this case, the state-dependence is simply a finite additive shift, such that in the limit
Λ→∞ we have

Λloop ≈ Λ−O(Λ0) (|~ptot|→0). (E.12)

This additive shift is unsurprising, as some of the “energy budget” is taken up by the finite
energies of the spectator particles, leading to a lower effective cutoff for the loop momenta.

The second limit we would like to study is the infinite momentum frame, which corre-
sponds to working in LC quantization [40–42]. Specifically, if we choose ~ptot to point in the
x-direction, we want to take the infinite momentum limit with the ratio of the x-component
of each particle’s momentum to the total momentum fixed,

|~ptot|→∞, xj ≡
pxj
ptot

fixed. (E.13)

In this limit, we then obtain the qualitatively different relation between Λloop and Λ:

Λ2
loop = xi

Λ2 −
∑
j 6=i

p2
j⊥ +m2

xj

− p2
i⊥ (|~ptot|→∞), (E.14)

where pj⊥ ≡ pyj is simply the y-component of each momentum. As we can see, the state-
dependence is now a multiplicative factor, in addition to the additive shift, such that at
large cutoff we obtain

Λloop ≈
√
xiΛ−O

( 1
Λ

)
(|~ptot|→∞). (E.15)

In LC quantization, the effective cutoff for the loop momenta is thus suppressed by
the momentum fraction xi carried by the loop. This is quite different from the behavior in
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Figure 15. Effective cutoff Λloop (in units of the UV cutoff Λ) as a function of Λ for different values
of |~ptot|, when the external state is the lowest two-particle state. For any finite value of |~ptot|, the
effective cutoff eventually reaches Λ, but for |~ptot|→∞, the effective cutoff only reaches 1√

2Λ.

ET quantization, where the effective cutoff is approximately the same as the total cutoff,
up to a finite difference due to the spectator energies.

The origin of this multiplicative factor is perhaps simplest to understand directly in
LC quantization (rather than by taking the infinite momentum limit of ET quantization).
In this case, the LC energy of the three particles in the sunset diagram is

ploop+ ≡ `1+ + `2+ + `3+ =
p2
i⊥ + µ2

loop
2pi−

. (E.16)

Given a cutoff Λ on the total invariant mass, we thus obtain the following bound on the
LC energy available to the loop momenta,

ploop+ ≤
Λ2

2ptot−
−
∑
j 6=i

p2
j⊥ +m2

2pj−
. (E.17)

Converting this to a bound on µ2
loop, we find

µ2
loop ≤ 2pi−

 Λ2

2ptot−
−
∑
j 6=i

p2
j⊥ +m2

2pj−

− p2
i⊥, (E.18)

exactly matching the expression obtained by taking the infinite momentum limit of (E.10).
To better understand the transition between ET and LC behavior as |~ptot| increases,

let’s consider the case where the external state is the lowest n-particle state, where all
particles have ~pj = 1

n~ptot. In this case, eq. (E.10) takes the form

Λ2
loop = Λ2 +m2(n− 1)2 + 2(n− 1)

n

(
|~ptot|2 −

√
(|~ptot|2 + Λ2)(|~ptot|2 + n2m2)

)
. (E.19)
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Figure 16. Example of an O(g6) contribution in perturbation theory involving multiple sunset
subdiagrams. The finite state-dependence for all such higher order processes is set only by the
momentum fraction carried by the individual sunset diagrams (for this example, p1−

ptot−
and `−

ptot−
),

just like for second-order processes.

Figure 15 shows Λloop as a function of Λ for the case n = 2, with a variety of values for
|~ptot|. As we can see, for |~ptot| = 0, the effective cutoff quickly asymptotes to Λ for large
cutoffs, as the finite additive shift becomes negligible. However, as we increase |~ptot|, we
see that Λloop first approaches the reduced value of 1√

2Λ (set by the momentum fraction
xi = 1

2 carried by the sunset diagram) before eventually reaching Λ once the cutoff becomes
much larger than the total momentum. As |~ptot|→∞, this transition is removed, such that
the effective cutoff remains fixed at the reduced value of √xiΛ.

This multiplicative factor leads to very different behavior in the structure of state-
dependent counterterms between ET and LC quantization. Given a UV divergence of
O(Λn), we see from eq. (E.12) that in ET quantization the state-dependence only arises
at O(Λn−1). In other words, state-dependent counterterms necessarily have a lower power
of Λ than the leading local, state-independent counterterms. For example, in 3d φ4-theory
the logarithmic divergence in the bare mass results in no finite state-dependence for ET
quantization, as discussed in [34]. However, in LC quantization, the state-dependence
occurs at O(Λn), such that state-dependent counterterms have the same power of Λ as the
leading local counterterms. Though we have been specifically discussing the UV divergence
in the mass due to the sunset diagram, note that this analysis generalizes to any UV
divergence in deformations of free field theory.

So far, this discussion has focused specifically on state-dependence that arises at second
order in the coupling g. At higher orders in perturbation theory, one can encounter much
more complicated processes, such as the example shown in figure 16, containing one or
more sunsets as subdiagrams. Note that this figure is not a Feynman diagram, but rather
a representation of an O(g6) contribution to Hamiltonian eigenstates in old-fashioned per-
turbation theory. The relative horizontal positions of interaction vertices thus indicate the
order in which the insertions of the Hamiltonian act and determine which intermediate
states contribute to this process.27

27Concretely, this example is a 5 → 5 → 7 → 9 → 7 → 5 → 5-particle process, indicated schematically
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If we repeat the above analysis for the two overlapping sunset diagrams in this example,
we see that the additive shifts for the loop cutoffs are much more complicated than the
O(g2) case from above. However, the multiplicative factors Λ2

loop → xiΛ2 (where xi is
the momentum fraction carried by each individual sunset diagram) follow simply from
LC kinematics, as we saw in eq. (E.18), and are therefore insensitive to any other part
of the diagram. Because each sunset diagram is logarithmically divergent, the only finite
state-dependence comes from the multiplicative factors. Concretely, this means that sunset
subdiagrams of higher order processes, even those in parallel with other sunsets, all lead to
the same finite factors of log xi as in second-order processes. This observation is crucial to
ensure that our O(g2) state-dependent counterterm is sufficient to remove state-dependent
UV sensitivities at all higher orders in g.

F UV and IR cutoffs in truncation

As discussed in appendix B, each CFT primary operator constructs a continuum of basis
states, parametrized by their invariant mass µ2. To obtain a finite-dimensional basis,
we must therefore discretize the parameter µ2 in some way. Regardless of the choice of
discretization scheme, this inherently leads to a UV cutoff ΛUV and IR cutoff ΛIR, roughly
corresponding to the largest and smallest values of µ, respectively.

In this work, we have chosen to keep ΛIR fixed at some small scale and increase the size
of our basis by increasing ΛUV. However, one could naively consider doing the opposite,
keeping ΛUV fixed at some large value and adding more states to the basis by decreasing
ΛIR. However, as we demonstrate in this appendix, there is actually a lower bound to the
size of ΛIR we can safely consider for a given value of ∆max. In short, at any truncation
level ∆max, there is an effective UV cutoff Λeff which is set by the IR scale ΛIR, with the
following schematic relation,

Λeff(∆max) ∼ ΛIR∆α
max, (F.1)

for some parameter α. If we set the IR cutoff ΛIR to be too small, the effective UV cutoff
Λeff then becomes comparable to the parameters in the theory (such as g or m), leading
to errors in our truncation results. By contrast, if we hold ΛIR fixed and increase ΛUV, we
simply find that results become insensitive to ΛUV once it passes Λeff.28

To see the emergence of this ΛIR-dependent effective cutoff, let’s compare the leading
correction to the mass of the one-particle state and the lowest two-particle state, due to
the sunset diagram. Figure 17 shows both mass shifts as a function of ΛIR, for ∆max = 16
and ΛUV/m = 100, compared to the theoretical prediction

δm2
∣∣∣
O(g2)

= − g2

96π2 log
(

(ΛUV
m + 1)2

8(ΛUV
m − 1)

)
. (F.2)

by the vertical dashed lines between interaction vertices.
28Note that this effective cutoff Λeff is not directly related to the state-dependence discussed in appendix E.

State-dependent UV divergences arise from the relation between a cutoff on the total mass of intermediate
states and the resulting cutoff on subsets of particles, and are present even in continuum QFT. The effective
cutoff we are discussing now is specifically a consequence of truncating the set of primary operators in
intermediate states.
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Figure 17. The O(g2) correction to the one-particle state (blue) and lowest two-particle state
(red), normalized by the theoretical prediction set by ΛUV (black line), as a function of ΛIR, for
∆max = 16, ΛUV/m = 100, and r = 0.8. The two-particle shift continually decreases as ΛIR
decreases, indicating that it sees a separate cutoff than ΛUV.

As we decrease ΛIR (i.e., add more states to the basis), the shift for the one-particle
state (blue) quickly approaches the theoretical prediction, as we would naively expect.
However, the shift for the lowest two-particle state (red) starts out comparable to the
theoretical prediction, but continually decreases as we decrease ΛIR. This indicates that
the sum over intermediate states for the two-particle mass shift is seeing a different cutoff
than the fixed ΛUV, one which depends on ΛIR.

Note that this particular quantity (the second-order mass shift) is very UV-sensitive,
which makes it a useful probe of the effective cutoff seen by intermediate states. However,
IR observables (e.g., spectral densities) are insensitive to the precise UV cutoff, so long
as it is far above the other mass scales of the theory. We therefore do not see significant
deviations in these observables as we vary ΛIR, such as in figure 23.

We can see this effective cutoff even more explicitly by looking at the sum over inter-
mediate mass eigenstates that determines the mass shift. From old-fashioned perturbation
theory, the second-order mass shift for a state |ψ〉 is simply

δm2
ψ =

(
g

4!

)2∑
i

|〈ψ|φ4|µi〉|2

m2
ψ − µ2

i

, (F.3)

where the intermediate states |µi〉 are three-particle mass eigenstates for the one-particle
shift, and four-particle states for the two-particle shift. Let’s focus specifically on the
matrix elements in the numerator, removing the difference in masses from the denominator
to obtain the simpler sum ∑

i

|〈ψ|φ4|µi〉|2 ∼ Λ2. (F.4)
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Figure 18. Sum over intermediate matrix elements for the one-particle state (left) and lowest
two-particle state (right) as a function of the intermediate invariant mass µ, for ΛIR/m = 8.5 (blue)
and ΛIR/m = 1.8 (red). Both plots were made with ∆max = 16, ΛUV/m = 100, and r = 0.8, and
are compared to the theoretical prediction (black line).

Because the mass shift is logarithmically divergent, we expect this sum to be quadratically
divergent.

Figure 18 shows this cumulative sum over matrix elements as a function of the invariant
mass of the intermediate states, for the one-particle state (left) and lowest two-particle
state (right), with ΛIR/m = 8.5 (blue) and ΛIR/m = 1.8 (red), ∆max = 16, and ΛUV/m =
100. As we can see, the one-particle matrix elements match the theoretical prediction
(black line) across the full range of µ, and decreasing ΛIR simply increases the density of
intermediate states in the IR. However, the two-particle matrix elements initially agree
with the theoretical prediction in the IR, but then deviate as we move to higher values of
µ. In particular, the data for the lower value of ΛIR begins to flatten out near µ

m ∼ 20,
indicating that while the naive UV cutoff is ΛUV, in practice this sum sees a much lower
effective cutoff. If we continue to decrease ΛIR, this deviation occurs for continually lower
values of µ.

It therefore appears that ΛIR indirectly sets an effective UV cutoff for the intermediate
states, but why? As we’ll now argue, this effective cutoff arises due to our truncation of
the CFT scaling dimension of the intermediate basis states. To see this, note that the sum
over matrix elements (F.4) is approximately equivalent to computing a free field theory
four-point function ∑

i

|〈O|φ4|µi〉|2 ⇒ 〈Oφ4φ4O〉, (F.5)

where O = φ for the one-particle matrix elements and O corresponds to any two-particle
operator (such as φ2) for the two-particle matrix elements.

In particular, by computing the UV divergence due to the sunset diagram, we are
essentially computing the contribution of φ2 in the OPE φ4 × φ4,

〈O(x1)φ4(x2)φ4(x3)O(x4)〉 ⊃ 1
x3

23
〈O(x1)φ2(x2)O(x4)〉. (F.6)
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Figure 19. Schematic bootstrap diagram showing the relation between the UV divergence at
second-order in perturbation theory and the sum over intermediate states. The UV divergence
comes from the contribution of φ2 to the OPE φ4×φ4 (left), and is reproduced by the infinite sum
of primary operators in the O×φ4 OPE (right). Truncating the sum by ∆max sets an effective UV
cutoff for the OPE singularity.

More precisely, we are computing the Fourier transform of this contribution to momentum
space, but it will be simpler to study this behavior in position space. From this perspective,
we are inserting a complete set of intermediate states from the OPE O×φ4 to obtain an OPE
singularity in another channel, which we can represent by the familiar bootstrap diagram in
figure 19. As is well-known, this singularity is specifically reproduced by the infinite sum of
high-dimension primary operators in the cross-channel [60–63]. If we truncate this sum and
only keep primary operators below ∆max, this limits our resolution of the OPE singularity.

We can phrase this statement most concretely in terms of the familiar conformally-
invariant cross-ratios,

u ≡ x2
12x

2
34

x2
13x

2
24
, v ≡ x2

14x
2
23

x2
13x

2
24
. (F.7)

An OPE singularity in the φ4×φ4 channel corresponds to the limit v→0. From the large-∆
behavior of conformal blocks [62], we expect the following bound on our resolution in v

due to truncation:
v &

1
∆2

max
. (F.8)

Due to the nature of crossing, the resulting cutoff on the short-distance resolution in x2
23

(i.e., the v→0 limit) is set by the long-distance resolution in x2
12 of the conformal blocks

for the intermediate primary operators (i.e., the u→1 limit of the other channel), which is
set by ΛIR. We therefore expect

x2
12 .

1
Λ2

IR
⇒ x2

23 &
1

Λ2
eff
∼ 1

Λ2
IR∆2

max
⇒ Λeff ∼ ΛIR∆max. (F.9)

Given our limited range of values for ∆max, we are currently unable to confirm the precise
power α = 1 from our numerical data. It would be useful in future work to make this
relation more precise and experimentally confirm the scaling of Λeff with ∆max. For the
present work, though, it is sufficient to keep ΛIR fixed such that the effective cutoff does
not significantly affect our truncation results.
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However, there remains one important question: why doesn’t the one-particle shift
have the same effective cutoff? From figure 17, it is clear that the UV divergence for the
one-particle mass is controlled by ΛUV and is insensitive to ΛIR. This is because the case
O = φ is unique. In taking the OPE φ×φ4, we only obtain a single three-particle operator,

φ(x1)× φ4(x2) ⊃ 1
x12

φ3(x2) + φ5(x2) + . . . , (F.10)

In LC quantization, the contributions from all five-particle operators vanish, leaving only
the contribution from φ3. For this specific case, the φ2 contribution in the cross-channel is
therefore reproduced by a single operator, such that we do not obtain a ∆max-dependent
effective cutoff.

For all higher-particle operators, such as O = φ2, we instead obtain an infinite set of
intermediate n+ 2-particle states in the OPE,

φ2(x1)× φ4(x2) ⊃ 1
x12

φ4(x2) + xµ12
x12

φ3∂µφ(x2) + . . . , (F.11)

resulting in the emergent cutoff Λeff when we truncate this sum.

G State-dependent counterterm example

In this section, we explicate the details of our counterterm prescription by means of an
example. Let us quickly recap the overall steps:

1. Diagonalize the free, massive Hamiltonian (g = 0) and determine the mass eigenstates
|µi〉.

2. Compute the perturbative O(g2) mass shift δµ2
i |(n+2,g2) for each mass eigenstate,

coming from the n→ n+ 2 interaction.

3. In the basis of mass eigenstates, the state-dependent counterterm is then given by a
diagonal matrix with entries −δµ2

i |(n+2,g2). By applying a rotation, we can compute
it in terms of the original primary basis.

4. Finally, we also introduce a local mass shift δL = 1
2cLg

2φ2, where for a given ∆max,
the coefficient cL is chosen to optimize the rate of convergence (see section 5).

In order to illustrate these steps, let us consider a reduced basis at ∆max = 8. At this
truncation, the Z2-odd basis consists of a one-particle state, five three-particle states, and
a single five-particle state. The state-dependent counterterm will therefore have a piece
that comes from the mixing between one- and three-particle states, as well as a piece due
to the mixing between three- and five-particle states. To keep this toy example as simple
as possible, let us set imax = 1. To implement step 1, we set g = 0, so that the Hamiltonian
is comprised of the CFT piece and the mass term,
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MOO′=Λ2
UV



0 0 0 0 0 0 0
0 0.5 0 0 0 0 0
0 0 0.5 0 0 0 0
0 0 0 0.5 0 0 0
0 0 0 0 0.5 0 0
0 0 0 0 0 0.5 0
0 0 0 0 0 0 0.5


+m2



1 0 0 0 0 0 0
0 13 −4.502 0 −2.287 0 0
0 −4.502 21. 0 −2.574 0 0
0 0 0 17 0 3.162 0
0 −2.287 −2.574 0 25 0 0
0 0 0 3.162 0 17.5 0
0 0 0 0 0 0 38.333


,

(G.1)
where we have omitted any i, j labels, since imax = 1. For clarity, we have delineated
the different particle sectors. We can now diagonalize this Hamiltonian to obtain a set of
mass eigenstates |µi〉. For each eigenstate, we can then compute the mass shift due to the
n→ n+ 2 interaction from old-fashioned perturbation theory,

δµ2
i |(n+2,g2) =

(
g

4!

)2∑
k

|〈µi|φ4|µk〉|2

µ2
i − µ2

k

, (G.2)

where 〈µi| is the n-particle mass eigenstate and |µk〉 is the (n+2)-particle mass eigenstate.
Here, due to the ∆max we have chosen, the states that recieve a correction due to the
n → n + 2 interaction are only the one- and three-particle states, as there are no seven-
particle states to contribute to the five-particle state. As matrices (or in this case, as row
and column vectors), the n→ n+ 2 interaction term takes the form

(φ4)1→3 = ΛUV
(

0.0155 −0.0095 0 −0.0008 0
)
, (φ4)3→5 = ΛUV



0.0559
−0.0094

0
0
0


,

(G.3)
where the factor of ΛUV = 0.5 comes from the discretization integral. Plugging this
into (G.2), we obtain the resulting mass shifts

δµ2
1 ≈ −g2 · 5.1512× 10−6, δµ2

3 ≈ −g2



0.0000183
0
0

0.0000181
2.76788× 10−7


. (G.4)

Note that to obtain our final counterterm, we must rotate these quantities to the space
of CFT basis states, rather the space of mass eigenstates. This can be accomplished by
noting that diagonalizing the Hamiltonian gives us a unitary transformation U that relates
the basis of CFT eigenstates to the mass eigenstates. The rotation back to the CFT basis
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is then given by UDU †, where D is a diagonal matrix whose entries are the mass shifts.29
Performing this rotation and accounting for the minus sign in step 3, we finally obtain the
state-dependent counterterm for this example

M(state-dep.)
OO′ = g2



5.151× 10−6 0 0 0 0 0 0
0 1.826× 10−5 2.587× 10−8 0 1.730× 10−7 0 0
0 2.587× 10−8 1.477× 10−5 0 6.979× 10−6 0 0
0 0 0 0 0 0 0
0 1.730× 10−7 6.979× 10−6 0 3.639× 10−6 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


. (G.8)

Finally, we add the local mass shift δL = 1
2cLg

2φ2, which just shifts the coefficient of the
mass term matrix elements in (G.1). We can then diagonalize the resulting matrix of (G.1)
(with the cL shift) plus (G.8) to determine the spectrum and mass eigenstates as a function
of g.

Finally, let us comment on a technical issue that can arise in constructing the state-
dependent counterterm. In principle, the O(g2) mass shift for every mass eigenstate |µi〉
should be negative, since it is due to mixing with higher particle states. However, at finite
∆max and imax, the mass shifts computed from (G.2) can actually be positive for a few
states. This typically occurs only for the heaviest n-particle states, if there are not enough
(n+ 2)-particle states with higher mass to ensure that their overall mass shift is negative.
However, as we take ∆max → ∞, we expect these spurious positive shifts to disappear as
we add more (n+ 2)-particle states to the basis.

Naively, we should just cancel these positive mass shifts (like all other O(g2) correc-
tions) with our state-dependent counterterm. However, in practice we have found that
canceling these “wrong-sign” mass shifts leads to errors in the resulting spectrum, where
these high-mass eigenvalues rapidly become negative, “crashing” through the low-mass
spectrum. This behavior is shown in the top left plot of figure 20, where we see one such
crash in the odd sector around ḡ ≈ 2.1. In order to fix this, we simply identify all entries
in our state-dependent counterterm with the “wrong” sign (in the massive basis) and set
those entries to zero. This yields the top right plot of figure 20, where the crashing behavior

29More explicitly, we can write the free theory Hamiltonian as the matrix M , such that

M = A+B, (G.5)

where A corresponds to the CFT Hamiltonian and B corresponds to the mass term. When we diagonalize
M , this gives us the unitary matrix U that relates the eigenstates |µi〉 of M to the basis of CFT states |O〉,
which are eigenstates of A,

|µi〉 = U |O〉. (G.6)

The state-dependent counterterm D is diagonal in the massive basis,

〈µi|D|µj〉 = −δµ2
i δij , (G.7)

and we can rotate this matrix to the CFT basis by evaluating UDU†.
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Figure 20. The first five eigenvalues in the Z2-odd sector, where the wrong-sign entries in the
counterterm have not been removed (left side) and where they have been removed (right side).
Note the relatively small truncation cutoff ∆max = 12 chosen in the top row of plots. Increasing to
∆max = 14 (bottom row), the crashing behavior moves to higher values of ḡ.

has disappeared. Note that these wrong-sign entries are a set of measure zero of the full
basis and only affect the highest mass states, such that removing them has no significant
effect on the low-mass states (apart from the absence of crashes).

Note the relatively small values of ∆max and imax in these plots. As ∆max is increased,
the crashing behavior is pushed to higher values of ḡ (bottom left plot). For most cases of in-
terest where ∆max and imax are increased even further, the spurious mass shifts do not have
any noticeable effect on the spectrum. Nevertheless, in implementing our counterterm pro-
cedure we always set to zero any entries with the wrong sign, to ensure no crashing behavior.

H Varying truncation parameters

This appendix is an addendum to section 5. In that section, we used LCT to compute the
spectrum, eigenvalue ratios, and nonperturbative spectral densities of φ4 theory. Unless
otherwise indicated, the results presented there were obtained with a maximum truncation
level of ∆max = 16, the IR cutoff set to be ΛIR = 0.5, and the coefficient of the local
counterterm in our Hamiltonian (2.5) set to ĉL = 1 (recall the normalization of ĉL from
eq. (5.3)). In this appendix, we vary these parameters in order to study their effects on our
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Figure 21. The ratios R2:1 ≡ 1
4
µ2

2,-part.
µ2

1-part.
(top row) and R3:1 ≡ 1

9
µ2

3-part.
µ2

1-part.
(bottom row) computed for

different ∆max at ΛIR = 0.5 (left column) and for different ΛIR at ∆max = 16 (right column).

results. Our broad observation is that varying these parameters only leads to changes in
some scheme-dependent overall constants, with no significant effect on physical observables.

Let us begin by revisiting the ratios R2:1 ≡ 1
4
µ2

2,-part.
µ2

1-part.
and R3:1 ≡ 1

9
µ2

3-part.
µ2

1-part.
plotted in

figure 8. In figure 21, we recompute these ratios for different values of ∆max at fixed ΛIR =
0.5 (left column) and then for different values of ΛIR at fixed ∆max = 16 (right column). As
expected, we see that increasing ∆max and decreasing ΛIR bring both R2:1 and R3:1 closer to
their theoretical prediction of 1, although for the range of ∆max and ΛIR shown the relative
variation is quite small. At the same time, at a fixed ∆max, we see that there is a cost
to decreasing ΛIR, because the ratios deviate from 1 at larger values of mgap

g/4π . In the main
text, we chose ΛIR = 0.5 as a happy medium, however we could have selected a different
value in the range 0.25 . ΛIR . 0.75 without significantly affecting the resulting spectrum.

Next, let us consider the effect of ĉL on the ratios R2:1 and R3:1. Figure 22 shows
our results for R2:1 and R3:1 for different values of ĉL at ∆max = 10 (left column) and at
∆max = 16 (right column). We see that varying ĉL has almost no effect until mgap

g/4π ≈ 2,
below which the results for different ĉL begin to ‘fan out’. At these values of ∆max, it
is clear from the figure that we do not want to choose ĉL too far outside of the range
0.5 . ĉL . 2.0 shown, as this leads to significant truncation effects. In the main text, we
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Figure 22. The ratios R2:1 ≡ 1
4
µ2

2,-part.
µ2

1-part.
(top row) and R3:1 ≡ 1

9
µ2

3-part.
µ2

1-part.
(bottom row) computed for

different ĉL at ∆max = 10 (left column) and at ∆max = 16 (right column).

chose ĉL = 1 as a generic value in this range. In the ∆max →∞ limit, we expect that there
should be some threshold value ĉL,min such that for ĉL < ĉL,min the mass gap does not close
for any real coupling g. So long as we are above this threshold, varying ĉL should have no
effect on the resulting spectrum, as changing ĉL is just a redefinition of the physical mass.
Because we find that the gap closes for all values 0.5 . ĉL . 2.0, our results indicate that
the threshold value ĉL,min . 0.5. As we go from ∆max = 10 to ∆max = 16, we see that
overall the ratios move closer to 1, and moreover the width of the fan becomes slightly
narrower, which indicates that our range of reliable ĉL increases with ∆max. Nevertheless,
∆max = 16 is still quite low, and it is not yet clear what will happen for larger ∆max. In
particular, it would be useful to see whether as ∆max → ∞ we encounter a finite ĉL,min
below which the gap does not close.

Now, let us turn to the effect of ΛIR and ĉL on spectral densities. We start with
figure 23, which shows the effect of varying ΛIR on various spectral densities computed in
section 5. The top row shows the φ2 and φ4 integrated spectral densities (which should
be compared to figure 9). We see that the φ2 spectral density does not noticeably change
when we vary ΛIR, whereas the φ4 spectral density seems to change by a multiplicative
factor. We confirm the latter observation in the bottom left plot, where allowing for an
overall coefficient collapses the φ4 spectral densities at different ΛIR back onto a single
curve. This is consistent with the fact that the definition of φ4 is dependent on our
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Figure 23. Integrated spectral densities computed using different ΛIR at ∆max = 16 (and ĉL = 1).
At bottom left, we have rescaled the ΛIR = 0.25, 0.75 results by overall coefficients compared to top
right.

regularization scheme, as mentioned in section 5.2. An overall scaling clearly does not
change our universality results (see figure 10), which only hold up to multiplicative factors
anyway. In the bottom right of figure 23, we additionally check that varying ΛIR also
does not change the spectral density of the stress tensor trace. Following the procedure
set forth in section 5.3.2, for each ΛIR we compute δT from the one-particle entry of the
state-dependent counterterm and then compute the Tµµ spectral density. We see that at
the critical point, the Tµµ spectral density vanishes in the IR for all three choices of ΛIR
(compare with figure 13). In these plots, we have also included the integrated spectral
density of g

4!φ
4 for comparison (with ΛIR labeled along each curve). Recall that g

4!φ
4 is one

of two contributions to Tµµ, which does not vanish on its own and must cancel against the
φ2 contribution in order for the trace to vanish.

Finally, let us consider the effect of varying ĉL on spectral densities. The story is similar
to varying ΛIR in that φ2 and Tµµ are insensitive to ĉL, and φ4 changes only by an overall
constant. One difference, though, is that when varying ΛIR, we held ḡ fixed, because this
was essentially equivalent to holding mgap

g/4π fixed. When we vary ĉL, on the other hand, mgap
changes significantly (in units of the bare mass), and thus to compare spectral densities, we
directly hold mgap

g/4π fixed when plotting results for different ĉL. For instance, figure 24 shows
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Figure 24. Integrated spectral densities of φ2 and φ4 at mgap
g/4π = 1.0 (top row) and of Tµµ at

mgap
g/4π ≈ 0.07 (bottom row) with ∆max = 16 and different ĉL. All integrated spectral densities are
expressed in units of the coupling g

4π , and remain consistent as we vary cL.

the integrated spectral densities of φ2 and φ4 computed at mgap
g/4π = 1.0 (top row) and of Tµµ

computed at mgap
g/4π ≈ 0.07 (bottom row).30 Note that the horizontal axis is now µ/mgap.31

Relatedly, the overall scale of the spectral densities (in units of the bare mass) also
changes as we vary ĉL. We have therefore normalized each spectral density by the appropri-
ate power of the coupling g

4π . As we can see, the properly normalized spectral density for φ2

is remarkably insensitive to ĉL, while φ4 varies slightly by an overall constant, again due to
its dependence on the regularization scheme. Crucially, this overall coefficient has no effect
on the observation of IR universality near the critical point. Meanwhile, in the bottom row
we verify that the spectral density of Tµµ is insensitive to ĉL and vanishes in the IR.

To summarize, our main takeaway from the analyses in this appendix is that varying
ΛIR and ĉL does not significantly affect our main results. In particular, as long as we
keep these parameters within a reasonable range (approximately 0.25 . ΛIR . 0.75 and
0.5 . ĉL . 2.0), eigenvalue ratios are largely unaffected, and integrated spectral densities
are modified by at most an overall multiplicative constant. We therefore see that the

30In practice, it is computationally expensive to keep the precise value of mgap
g/4π fixed near the critical

point. The bottom row of figure 24 was computed at mgap
g/4π = 0.077 for ĉL = 2.0 and mgap

g/4π = 0.062 for
ĉL = 0.5, compared to the value mgap

g/4π = 0.074 in figure 13.
31Since we are working exclusively in the even-particle sector, in figure 24 we define mgap = 1

2µ2-part..
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parameters ΛIR = 0.5 and ĉL = 1.0 used in the main text were not fine-tuned choices, but
rather representative values from a range of consistent parameters.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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