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ABSTRACT: We use renormalization group methods to study composite operators existing
at a boundary of an interacting conformal field theory. In particular we relate the data
on boundary operators to short-distance (near-boundary) divergences of bulk two-point
functions. We further argue that in the presence of running couplings at the boundary the
anomalous dimensions of certain composite operators can be computed from the relevant
beta functions and remark on the implications for the boundary (pseudo) stress-energy
tensor. We apply the formalism to a scalar field theory in d = 3—e dimensions with a quartic
coupling at the boundary whose beta function we determine to the first non-trivial order.
We study the operators in this theory and compute their conformal data using e—expansion
at the Wilson-Fisher fixed point of the boundary renormalization group flow. We find that
the model possesses a non-zero boundary stress-energy tensor and displacement operator
both with vanishing anomalous dimensions. The boundary stress tensor decouples at the
fixed point in accordance with Cardy’s condition for conformal invariance. We end the
main part of the paper by discussing the possible physical significance of this fixed point
for various values of e.
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1 Introduction

1.1 From operator product expansion to renormalization

Composite operators (i.e local polynomials of fundamental fields at coincident points) play
an important role in understanding the properties of strongly coupled systems. In partic-
ular they can be used to parametrize bound states that are not accessible via conventional
perturbative expansions. Of particular interest are certain special operators such as con-
served Noether currents, which are independent of the renormalization group (RG) flow
and therefore provide and important window into the observable physics.

The difficulty in defining the composite operators in a generic quantum field theory
(QFT) with a given Lagrangian stems from the short-distance divergences that appear
when the two fundamental fields come close to each other [1]. A singularity like this
usually cannot be renormalized by field redefinition and has to be understood by other
methods such as operator product expansion (OPE).

The intimate connection between renormalization of short-distance divergences and
OPE goes back to the seminal work of Wilson [2] and Wilson and Zimmerman [3]. In these
works the authors used OPE of fundamental fields ¢ as a tool for defining the compos-

ite operators
oz — oz +6) X Cp(©e*@)] + ..., (L1)

where Cy2 () (also called Wilson coefficient) typically diverges logarithmically in the [£] —
0 limit and dots include power divergent contributions of other operators of lower engineer-
ing dimension (which includes the unity operator as well).! For a conformal field theory
(CFT) the OPE coefficients enjoy a universal power law behaviour dictated by the scale
invariance [4], whereas in a generic QFT they depend on the short distance physics (i.e
running couplings, anomalous dimensions near the UV fixed point of the theory). The
square brackets around [¢?] indicate that it is a renormalized operator in the sense that its
single point insertion

{[¢%]...) (1.2)

into renormalized correlator (...) remains finite. The Lh.s. of (1.1) can therefore be un-
derstood as a bare composite operator with Cy2(§) encoding the short distance (UV) di-
vergences. Indeed this approach is commonly used to define composite operators in lattice
simulations where £ has a natural interpretation of the lattice spacing [5]. In models that
are weakly coupled at short distances, one can compute the Wilson coefficients perturba-

tively? and therefore determine the renormalized composite operator as

_ o, S =98+
6 (0)) = Ji S S

where the dots indicate that the power divergences have been subtracted. The scale de-

(1.3)

pendence of [¢?(x)] can be deduced using a following standard Wilsonian argument. In a

In general there can also be a mixing between different operators with the same engineering dimension.
2For example this observation was successfully applied in determination of sum rules in the quantum
chromodynamics (QCD) [6].



perturbative regime
Cy2 ~ 1+ cg(p) log(u€) + O(g%) , (1.4)

where p is the IR cutoff scale specific to the problem at hand that has to be introduced
to keep the arguments of logarithms scale-free and ¢ is some (small) coupling. The Lh.s.
of (1.3) depends only on pu, whereas the dependence on the UV cutoff £ drops out as
expected. The anomalous dimension of [¢?(z)] is then encoded in the pu—dependence
of C¢2.3 Hence we see that the RG controls the UV behaviour of operator products.
This connection can be seen by examining the large momentum structure of composite
operator correlators [7]. We will argue in the present paper that similarly the near-boundary
behaviour of correlators is controlled by the RG group.

By contrast if we choose to regulate the UV divergences of (1.3) via dimensional regu-
larization (dimreg), the power-divergent terms vanish by construction and we are left with a
dimensionless coefficient Cy2 = %—f—ﬁnite. This divergence can then be dealt with by renor-
malization of the source corresponding to [¢?]. The composite operator we obtain this way
is not the same as (1.3), however the physical data such as its anomalous dimension at the
fixed point have to agree. Note that in the cases where the operator in question is protected
(such as stress-energy (SE) tensor or conserved currents) the limit (1.3) is finite giving a
unique definition of renormalized product up to a multiplicative numerical constant.

Let us now turn the attention to composite operators in a theory with boundary.
The motivation to study such theories in field theory comes mostly from condensed matter
physics where they describe the surface critical phenomena (we refer the reader to [8] for an
excellent overview). Here we will consider a d—dimensional CFT with a (planar) boundary
at ] = 0 in some coordinate system x = (xﬁ,x 1), where indices a run from 1 to d — 1
and x; > 0. It is well known that conformal symmetry implies UV-finiteness, however the
presence of boundary breaks the conformal group SO(d+ 1, 1) to a subgroup, which might
not even include the scale transformations (at best we can get the boundary conformal
group SO(d,1)) . An insertion of a bulk operator [O(x)] in (1.2) will no longer remain
finite in the near-boundary limit 1 — 0. In this regime one usually employs the boundary
operator expansion (BOE) [9-11]

O@)] = pu(a1)Ox(z)) (1.5)
K

where Oy, are renormalized boundary operators, whose single point insertions (1.2) are
finite. In a b(oundary)CFT (we will explain later on what we mean by that) s (z1) be-

3More precisely Cy2 determines 7,2 — 274 as we still have to take into account the ‘naive’ dimension of
the product of ¢s at non-coincident points in the numerator of (1.3).

4The appearance of boundary divergences can also be understood from the OPE perspective using the
following qualitative picture. From the method of images we expect the operator product (1.1) to have a
contribution of the form

Pz —EP(T+¢),

where = (x), —x1) is the position of the image. If we now take the coincident limit £ — O this term
remains finite as long as x| > 0 and can be expanded using OPE for small =z, = %|:f — x|

$(2)$(z) ~ > Cr(x1)Ok(z, 21 =0),

k
which is exactly of the form (1.5).



have as xﬁé_ © where As denote the dimensions of respective operators. The coefficients
pr(zy) generically diverge in the near boundary limit [8] and these divergences can be
renormalized in dimreg by introducing a new set of counterterms localised at the bound-
ary [9, 12]. The latter two works introduced the RG formalism to boundary theories as a
tool to understand their physical properties independently of the underlying symmetries.
On the other hand a lot of progress has been achieved by exploiting the boundary conformal
symmetry to restrict the form of bulk two-point functions [11, 13]. These ideas were further
developed using the conformal bootstrap wherewith one can relate the BOE coefficients to
the bulk conformal data [14]. While these techniques are very powerful they still require
the use of conformal symmetry, which might not be always available (for example if we
introduce boundary conditions which break scale invariance). Furthermore it is not always
clear how to properly define boundary conditions for composite operators given the r.h.s.
of (1.5) is not necessarily well defined. In this paper we will use (1.5) as a tool to define
composite operators at the boundary from the bulk ones in an analogy with (1.3). While
this approach might not be new in itself our aim is to create a bridge between more tradi-
tional field theory approach of [9, 12] and modern conformal bootstrap techniques [15-18].
We will clarify how one can compute the data of boundary operators from divergent bulk
correlators. In our setup we will assume existence of running relevant /marginal couplings
at the boundary, which break the conformal symmetry everywhere but at the fixed points
of the RG flow. A crucial and novel part of this paper is the interacting model we in-
troduce in section 3. This model is free in the bulk and has a single relevant coupling at
boundary so it shares some essential properties with the models for graphene that were
recently studied in the literature (see [19-21]). The physical significance of the model in-
troduced in this paper is more in relation to the boundary Landau-Ginzurg models [22],
which are relevant for condensed matter physics [23] as well as string theory [24]. To our
best knowledge this model (or by very least the analysis of composite operators in it) has
not appeared in the literature. We will show that it has a few interesting properties such
as a beta function (3.34) admitting an interacting fixed point and non-renormalization
of the boundary fields (3.23). There will be composite operators that acquire anomalous
dimensions through renormalization of near-boundary divergences. In this theory there is
also a non-trivial boundary SE tensor of the form (4.11) which is analogous to the usual
trace anomaly of bulk QFT.

1.2 Outline

In section 2 we will introduce the notation and formalism of the paper. In particular we will
discuss the kinds of divergences that arise in two-point correlators of bulk operators and
where they come from in section 2.2. Here we also clarify how to define finite boundary op-
erators by renormalizing the boundary limit of bulk operators and argue that the boundary
conditions actually relate bare/divergent operators and how this can be related to renor-
malization of boundary couplings. In section 2.3 we give a recipe how to properly introduce
dimensional regularization in presence of a boundary and use it to derive RG equations. In
section 2.4 we relate (1.5) to the near-boundary divergences of two-point functions and use
this framework in section 2.4.1 to identify composite operator contributions to a correlator



found by conformal bootstrap. In section 2.5 we describe the emergence of boundary SE
tensor in the presence of classically marginal scalar operators at the boundary.

In section 3 we present the model we will work with in this paper. Scalars in the
bulk of this three dimensional model are free, while on the boundary there is a quartic
interaction. The running of its coupling constant, namely its beta function and fixed
points are studied in section 3.2. In section 3.3 we illustrate how one can apply dimreg as
well as an infinitesimal boundary cutoff to deal with the near-boundary divergences of ¢?.
In section 3.4 we perform two consistency checks of the general formalism we introduced
in section 2 and study the renormalization of ¢*.

We proceed to study the SE tensor for the model in section 4. We first describe how
it is found from variational principles then determine the boundary pseudo-SE tensor from
RG in section 4.1 and verify that the displacement operator (which is the normal-normal
component of the SE tensor) is indeed a protected operator in section 4.3. In section 4.2
we perform a consistency check on the formulas derived in section 4.1.

Lastly, we will discuss the potential physical relevance of the fixed point we found and
outline in which direction one can apply and generalize the methods explored in this paper
in section 5.2.

2 CFT with a boundary

2.1 Setup of the paper

We will now consider the same setup as around (1.5) with the bulk being d—dimensional
CFT having a planar boundary at z; = 0. The boundary theory will be defined by a
set of boundary conditions imposed on the bulk fields. In a generic case the theory will
not have the full boundary conformal symmetry SO(d,1),° but rather just the subgroup
including the parallel translations and rotations. This can happen in presence of boundary
conditions breaking scale/conformal invariance. The bulk theory will be defined by a set
of local operators {O;} with scaling dimensions {A;} subject to boundary conditions (we
will describe how to impose them in the next section). The bulk couplings are assumed to
be tuned to a fixed point or belong to a conformal manifold. On top of that we will also
introduce a set of boundary couplings {g;}, which couple to operators Oy(z; = 0) that
are assumed to be relevant /marginal at the boundary (i.e. Ay < d —1). This theory has a
conserved, traceless bulk SE tensor T}, satisfying

oI =0, TH,=0. (2.1)
In addition the invariance w.r.t. parallel translations imposes a boundary condition

lim Tal(.%') = 8b7ﬁab(.’L'H) 5 (22)

x| —0

b

where 7%° is a symmetric tensor operator of (engineering) dimension (d — 1) defined at

the boundary. Alternatively 7% can be introduced by coupling it to the boundary metric

5This group includes scale transformations, d — 1 special conformal transformations, d — 1 translations
and the group of rotations along the boundary SO(d — 1).
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The full stress-energy tensor generating spacetime symmetries of the bulk and the boundary

%ab(xH) = (23)

is then defined by adding a distributional contribution §(z )7 to the parallel components
of the SE tensor.

Another component of interest is

lim T+ = D(z), (2.4)
T —0
where on the r.h.s. we have the displacement operator, which describes the infinitesimal
deformations of the boundary in the normal direction. More concretely under diffeomor-
phisms dx | =( (xH) perpendicular to the boundary one defines

- 3S
D()) = Sy

(2.5)

If we want a theory to have the boundary conformal symmetry the SE tensor has to satisfy
a stronger condition [25]
lim T = 0,7*(x) = 0. (2.6)

x| —0

Theories satisfying (2.6) are what one usually denotes as a bCFT. For such theories the
BOE (1.5) takes the form

o)~ e OO0, () (2.7)
k

where the Oks in this sum are primaries. The contribution of descendants can be incorpo-
rated by including derivative-dependent BOE coefficients just as one would do in a usual
OPE (see appendix A for more details). The residual conformal symmetry together with
BOE can be used to fix the form of correlators [11]. A boundary-boundary correlator
behaves as a two-point function in a homegenous CFT

(04(x)0;(w)) = ’iF - 2.5)

where we chose a particular normalization of Os. Bulk-boundary correlators are similar to
a three-point function in a homegenous CFT. Their follows from the residual SO(d — 1)-
symmetry preserved by the boundary, and it can be found from the BOE®

1% 4

N A
A-A [ 2 2

(0@&)0(y)) = (2.9)

6See appendix A for more details on this.



2.2 Two-point functions and divergences

For clarity we will look at a two-point function of two bulk operators without a spin

(0i(2)0;(y)) - (2.10)
This correlator will involve two kinds of divergences:

e Bulk UV divergences. These are corresponding to the short-distance (large momen-
tum) infinities arising from internal loops in (2.10) for x| ,y, > 0.7 They can be can
be dealt with by renormalizing the boundary couplings and by performing the usual
bulk renormalization

Z0,04(x) = [04(a)] , (2.11)

for a finite, renormalized bulk operator [O(x)]. Since the bulk is a CFT the factor
Zo is simply proportional to =70, where 7o is the anomalous dimension of O. The
new feature of boundary theories is that in a non-conformal theory also the boundary
couplings have to be renormalized

a1 — Zg, 41 - (2.12)

In a bCFT satisfying (2.6) the divergences related to coupling renormalization can-
cel out.

e Near-boundary divergences. Then we will generically have near-boundary divergences
mentioned in the introduction, which will appear if we take the boundary limit of
one or more points in the bulk correlator. More specifically the divergence appears
when the following limit is taken

lim ([0](2)[0](y)) —= o0, (2.13)

where [O;] is renormalized as in (2.11) and all the couplings (including boundary ones)
have been renormalized as well. This type of singularity is therefore unrelated to the
bulk UV divergences outlined above and has to be treated separately by introducing
extra renormalization constants on top of (2.11).

The main assumption of this paper motivated by the work [27] is that one can think of
bulk operators O; in the boundary limit as one would of bare operators in a usual QFT.
One then defines the renormalized, finite boundary operators through
lim Z7(0(2)0,(y) = (0()O4(yy) = fnite (2.14)
1

where Z;/ are typically divergent constants and O; are assumed to be renormalized bound-
ary operators. This assumption is motivated by (1.5) from which we expect that each O

"In general one can also encounter contact term divergences that appear in the presence of local sources.
Here we will assume that x # y so such divergences will not play a role in the discussion. For more discussion
of how to deal with contact terms in a bCFT we refer the reader to [26].



can be obtained from a BOE of a bulk operator (or its normal derivatives).® The boundary
couplings are introduced to the bulk Lagrangian £ via

L— LA+ 6x)g01(x =0), (2.15)

where go and Oj(x; = 0) = lim,, 0 Os(x) are to be thought of as bare (divergent)
quantities. In particular this means that in an interacting theory boundary conditions
should be interpreted as relations between bare operators.” Following [29] we can obtain
the renormalization constants for the operators {O;} by differentiating the path integral
w.r.t. renormalized couplings {§;}.!° For operators coupling through (2.15) this means that

)
zr’ i (2.16)

= 257 g
where Z;7 and the respective renormalized boundary operators are defined as in (2.14).

We can regulate these divergences either by introducing a cutoff or by dimreg. There
are pros and cons to using either of these regulators. The cutoff method has the advantage
of connection to the BOE expansion (1.5). To regulate both types of divergences mentioned
above we actually need two independent cutoffs in principle. One cutoff to regulate the UV
divergences of boundary couplings and the other one regulating near-boundary divergences.
The former can be avoided if we tune the couplings to a fixed point. Instead the dimreg
regulates both types of divergences and does not involve power divergences. Of course the
actual physical data, such as anomalous dimensions of boundary operators will not depend
on the choice of regulator. In the next section we will discuss how to use each of these
regulators to extract the conformal data in practical computations.

2.3 Dimensional regularization and renormalization group equations

Here we will only consider the two point function involving one bulk operator O with
scaling dimension Ao for illustrative purposes. It was argued (and verified perturbatively
up to two loops) in [27] that one can regulate the both types of short distance divergences
mentioned in the previous section using dimreg. The further advantage of dimreg is the

absence of power divergences that would arise from closing the propagators on themselves. !

8See footnote 2 of the published version of [28].

9This should be contrasted with equations of motion and Ward identities in a usual QFT, were they
simply relate different divergent quantities.

10Tn general one has to promote couplings to space-dependent background fields, which then act as
sources for renormalized composite operators. Terms involving derivatives of sources that lead to mixing
with descendant operators have to be included as well [30].

11 some more detail the problem arises from the image part of the free propagator since

x| —0

lim Aimage(z,y) ~ o .

Ty mgii_z)
Instead if we take the boundary limit first and only then evaluate the coincident limit we get

3 1 =Y d—1 1 dimreg
lim A(z,y)~ ———————— — d"kyj— =70
z,y; —0 ’ |:L‘H —y“‘(d—Q) Il |k”‘



The bare operator is defined by taking y; — 0 limit of (2.10), which will include
€ poles

<O(x)0(y\\>0)>‘dimreg = %f(sﬁ7xj_) +..., (2.17)

where f is a finite function of the parallel distance sﬁ = xﬁ — y|‘|1 and x| .

Important remark. When regulating the correlators via dimreg the order of limits
matters. In defining (2.17) we took the boundary limit (y; — 0) first and only then
epsilon-expanded. If we instead started with a bulk expression and expanded it in € first,
the boundary limit would not be well defined even for nonzero €. In the latter case we
have to introduce a boundary cutoff, which is what we will do in the next section. When
evaluating the correlators involving normal derivatives, we always take the derivative first
and then the boundary limit and only then expand in e.

The pole in (2.17) includes both types of divergences described in the previous section.
It can be absorbed [9] into two independent Z—factors and (2.14) becomes

(ZoZ0°)0(y;,0) = O(y;) , (2.18)

where Zo is the bulk constant defined in (2.11) and O is a boundary operator of the same
engineering dimension as O (for simplicity we assume there is only one such boundary
operator). In the BOE language the divergences in (2.18) correspond to the logarithmically
divergent contributions to (1.5). The factor Zo is a dimensionless constant encoding the
near-boundary divergences that depends on the RG scale u through the running of the
couplings. l.e. the corresponding RG equation reads

d 4 0 /. &
— Yy = m In <Z0ZOO) = - + ; ,Bglaigl In (ZOO> , (2.19)
9,9

where the sum runs over both bulk and boundary couplings.!? The latter are introduced
through (2.15). The beta functions of boundary couplings are derived by renormalizing
connected n—point functions of fundamental fields using the usual textbook minimal sub-
traction (MS) arguments. Note that if the bulk-boundary propagator A(z,y) of funda-
mental fields is non-zero the singularities of boundary couplings induce new UV divergences
in the bulk correlators

(6(z1) .. d(wn)) > 1/dd_1z”A(9@1,z) A7) (2.20)

2.4 Cuttoff regularization

Let us consider again a bulk two-point function of two identical bulk scalars O, where one

of the operators is put at a small distance % from the boundary

(O(2)0Oaly))) = (O@)O(y); lyL| = 1/A)) - (2.21)

12The conformal fixed point limit g7 — ¢*7 is taken after differentiation w.r.t. to the couplings.




Here A should be interpreted as a UV-cutoff corresponding to the thickness of the boundary
and we divide the correlator by a bulk factor A70 to take care of bulk divergences mentioned
in (2.11). Using the BOE formula (2.7) we have that

On(y)) = ZMOOAOA(?JH)AA*Aa (2.22)
o

from which we see that divergences arise from boundary operators with scaling dimension
A < A. In a usual bCFTs we only expect finitely many of such operators so to simplify
the argument we will look at the case when there is only one. Le.

OA(y”) = ,LLOOO(y”)AA_A 4+ ... s (2.23)

where ... stand for terms that vanish in the A — oo limit. The corresponding divergent
structures in the two-point correlator can be identified by substituting (2.23) in (2.21).
Assuming the theory is conformal we can further apply (2.9) to obtain

A A—A(

(0(@)0r(y)) = (M)M

O \2
1o) _ ., (2.24)
(s2+2%)A

7]
A—A
T

where we have introduced an arbitrary IR scale p to keep track of mass dimensions. The
above can therefore serve as a map from bulk-bulk correlator divergences to renormalized
bulk-boundary correlators. In this case the renormalized correlator is obtained by dividing

the Lh.s. of (2.24) by Z = (%)A_A and taking the A — oo (y,. — 0) limit. Note that in
order to derive (2.24) we had to assume the form (2.9) as the definition of renormalized
correlators. In particular different choices of the normalization of (OO) would lead to
different (2.9) and therefore different renormalized O. In the RG language this ambiguity
corresponds to a choice of scheme, which is encoded in the finite part of the Z—factors.

In principle we could repeat the Z— factor analysis of the previous section but in
practice (especially when there are multiple operators) it easier to read-off the conformal
data on O from the coefficient of the divergent term in (2.24). In general there will also
be further divergent sﬁ—dependent terms from descendants, but these do not contain any
new data as they can be resumed following the arguments given in appendix A.

In the perturbation theory (2.24) turns into either power divergence or logarithmic
divergence depending on the scaling dimensions O, O. The individual boundary operators
in the BOE can be identified by taking a boundary limit of suitable bulk operators in
the free-field theory. When we include the (small) interactions both BOE coefficients and
dimensions of the operators receive corrections. For example if Afree = Afree the divergence
in (2.24) becomes logarithmic

0(0)y2
(O(x)0A(y))) = (o —7p) log <2> (s(zﬂ—i—oxzj)A + finite , (2.25)

(0)
O ~
BOE coefficient. Note that this logarithmic divergence would appear even if A < A. In

where s represent the respective anomalous dimensions and p?%’ is the leading (free)

~10 -



general the leading order behaviour of the BOE in perturbation theory should look like

x 0 AL A N 1
0] = Z MOiAA—Ain =+ MOO (1 + (vo — 70) log A) 0O+0 <A> , (2.26)
Afree>A£ree

where the summed term involves polynomial divergences that come from operators of lower
engineering dimension as O and the second term comes from the operators with vs denoting
the respective anomalous dimensions. The power divergences arise in perturbation theory

when we close any two legs of O,, which contributes a factor of zd—1_2. On the Lagrangian
1
level they correspond to additive renormalization of the sources

/dd_1$||Ad_l_AiOi etc., (2.27)

which is similar to the way they appear in effective field theories from closing loops of
massive UV fields.

2.4.1 Example: anomalous dimensions from bootstrap

As a warm-up example of the above method let us discuss the ¢*-theory at its WF
fixed point'?

7\ 2
S = y dd:z<(8“§)) +i(¢>i)4>, d=4—c¢, (2.28)

where that scalar O(N) indices run from 1 to N and we used a notation (¢°)* = (¢2)2.

We equip the boundary with either Neumann or Dirichlet boundary condition

lim ¢' =0, (Dirichlet) ,

x| —0

. (2.29)
lim 0,¢'=0, (Neumann) .
fJ_‘)O
This theory is has a WF fixed point where it is conformal at
g= 4872 +O(62) (2.30)
N +38 '
The equations of motion are
20 9 /. 3\i 3\ — (45\2 i
a(;s:i(gb), (%) = (7)o" . (2.31)

The ¢ — ¢ correlator in this theory was found in [16] through conformal bootstrap (up to
an overall normalization constant)!4

N2
+ O(Eg) ’ 5 = (;L;L:Z;j

E+107 o
2A

(p(x)o(y)) = sA- T —
|z —yl |z -y

(2.32)

Here RY = R x R>o .
M Here and for the rest of this section, we will neglect the overall factor of §* in the correlators.

- 11 -



Here + denotes Neumann/Dirichlet boundary condition, { is the conformal cross-ratio, A
is the full scaling dimension of ¢
d—2 N+2 , 3
A= —— = @ 2.

5 +7, 7 4<N+8)2€ +0O(e”), (2.33)
and v and 4 are the anomalous dimensions of ¢ as well as the lowest dimensional primary
that appears in the BOE of ¢ .

For Neumann boundary conditions 4 is the anomalous dimensions of qg

d—2 N+2  5(N+2)(N-4),

Ap=B=2 50 4 o . ; 234

and for Dirichlet boundary condition, it is the anomalous dimension of 9 J_é

Aood o . N+2 (N +2)(17TN 4+ 76) , 3
AD—§+’)/D, YD ——2(N+8)6— 4(N+8)3 € —l—O(G). (2.35)
The leading divergent parts of (2.32) are
9 -4 )
W@l = ———x (5) 07,
(sﬁ +xi>
N . ) (2.36)
— A _ 2 - .
(@)D on) =4 (1L - +4) TZDVEEEFTZT (YT oy

9 9 A+1
T (s” —i—:cl)

Note that in the in the correlator on the second line we first evaluated the normal derivative
and only then introduced the cutoff. These correlators have exactly the form (2.24).1° From
this we find that the BOE of ¢ and 0, ¢ is

oaly)) =Ny

R (2.37)
d1oalyy) = AN"70.19(yy)),

where we have abused the notation by defining 0 ﬂg(yu), which should not be understood
as an actual derivative of ¢.

As a side note let us remark that the form of two-point function in (2.32) is partially
dictated by the image symmetry (z <+ #)'® which implies that the two-point function has

to be of the form )
Gy = LT 4 S (§)|2A , (2.38)

e -y e -y

where f is an arbitrary function. The boundary limit corresponds to & ~ A — oo and
we know from the free field limit of that at the boundary there exist renormalized scalars
¢E, 0 J_é of the same engineering dimensions as their bulk counterparts. The RG argument
then implies that for large 2 the function behaves as f(x) oc 7~7, where ¥ is the scaling

15WWe can absorb the finite factor (i)“/i& to the definition of BOE coefficients.
10One can show that the symmetry has to hold at all orders in perturbation theory, provided no boundary

couplings are present.
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dimension of either qg or &, ¢. This argument only fixes the leading, divergent part of
f, but in general there will also be finite, subleading contributions (the dots in (2.24))
which correspond to boundary operators of higher dimension. More information about
these terms can be obtained by taking normal derivatives of (2.38), which turns the lead-
ing logarithmic divergences into power divergences and the subleading terms of the form
y'l logy, into logarithmic divergences. Since the the BOE coefficients of these operators
start at O(e) from (2.24) we see their contribution to the correlator starts at O(e?) [16].
Thus at order O(e?) the only source of non-analyticity (logarithms) is the contribution
of ¢, & J_qg, which explains why f is uniquely determined from the leading divergence. At
O(€?) the anomalous dimensions of these higher dimensional operators start contributing
and that changes the form of f. Before we move on let us determine, what operators they
actually are.

e Neumann boundary condition. The first subleading operator of engineering dimension
3 is determined by taking two normal derivatives of (2.32). By using equations of
motion (2.31) in the boundary limit

ot i = ofoh — (@R (2.39)

we identify ¢3 as the origin of the operator we are looking for since the operator 8ﬁ

corresponds to a descendant of <2> The factor of g is consistent with the observation
of [16] that the BOE coefficient ?,, starting at O(e).1” More precisely the BOE of!8

3. ) A2+ae . A Y743 Ny
(@l =16c(r -3+ a2 =g+ (2) T @), @ao)
where a = ngfs) and the power divergence comes from closing two external legs

of ¢, whereas the second term involves a boundary primary denoted as ((;ASS) with
anomalous dimension ~ qgg.lg The appearance of primary operator (gzg?’) is purely an
effect of adding a boundary as the equation of motion implies that ¢3 is a descen-
dant of ¢ in the absence of a boundary.?’ The power divergence in (2.40) exactly
corresponds to the one we get from differentiating the logarithmic divergence of ¢
twice so the new operator we are looking for is (¢®)’. The anomalous dimension of
this operator can be found by computing the two-point function of ¢3 at O(e) and
extracting the logarithmic divergence, whereas the the corrections to BOE coefficient
follow from the (¢¢?) correlator (we will describe how such computations are done
for a cousin of this model in section 3.3).

To find the operators of dimension 5 and higher we can take further normal derivatives
of (2.39) and iterate the equation of motion. Doing this we find that the operators

contributing to O(e?) are of the form 8ﬁ” 3 for n > 1, where 8ﬁ” stands for all
17Please note that from conformal bootstrap one actually finds the BOE coefficients squared.

8In this BOE the cutoff is shifted by a factor of four, i.e. A = (4y, )™ .

19The actual effect of Y43 on (¢¢) will only appear at O(e).

20This also implies that the bulk anomalous dimension of ¢® is the same as ¢
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the terms with various redistributions of the derivatives. These operators are indis-
tinguishable at O(e?) as far as their contribution to the BOE goes. At O(e3) they
will all contribute to logarithmic divergences in the derivatives of (¢¢) through their
anomalous dimensions (cf. (2.25)). The operators of the form <<z32”+1> for n > 2 will

appear only at O(e?) and beyond as they will involve more powers of the coupling
from the equation of motion.

e Dirichlet boundary condition. The case with Dirichlet boundary conditions is similar
to that the Neumann case. The only difference is that the boundary condition now
climinates all the terms without normal derivatives (e.g. ¢* etc.) so we need to
differentiate (2.39) at least three more times to obtain the first non vanishing operator,
which is (9, ¢)®. Thus we conclude that in the Dirichlet case the new operators start
contributing from dimension 6 and higher, which is exactly of what was observed
in [16].

2.5 The boundary stress-energy tensor

Let us now briefly turn to the question of renormalization of the SE tensor in the presence
of boundary. In classic works [29, 31] it was show that the SE tensor does not undergo
multiplicative renormalization in dimreg.?! I.e.

T;,Ll/ = [T/M/] (241)

in the notation of section 2.2. This is expected since T}, yields conserved Noether
charges of spacetime symmetries and thus cannot depend on the RG scale. The boundary
breaks translational invariance so one might expect some new divergence to arise when
the boundary limit of (2.41) is taken. This also means that the boundary conditions (2.2)
and (2.4) have to be understood as relations between bare operators in the language of
section 2.2.

To start with, let us analyse (2.2), which imposes the conservation of the momentum
parallel to the boundary. Here the operator 7% can be thought of as the SE tensor for
the boundary degrees of freedom. Its non-conservation means that there is a flow of en-
ergy/momentum from the bulk to boundary and vice versa. It has been recently argued by
explicit computation in mixed dimensional QED [20] that unlike its bulk counterpart (2.41)
it can acquire anomalous dimension. The appearance of such anomalous dimension implies
that the BOE of T%" takes the form

Tob S0 et T g (2.42)

Assuming that 7% has the properties of a spin 2 operator at the boundary we have that
Asaw > d—1 in a unitary theory. In particular this implies vanishing of the l.h.s. of (2.42)
in the boundary limit in accordance with (2.6).%2

ZINevertheless it still has to be renormalized additively to remove the power divergences (e.g. the cosmo-
logical constant) in schemes which break conformal invariance.
22The authors would like to thank Davide Gaiotto for explaining this point.
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In this paper we will consider a setup described in (2.15) where the bulk theory is
deformed by a (nearly-)marginal scalar operator(s) at the boundary. For simplicity we
will consider a single coupling case with a classically marginal operator O4_1 and the
corresponding coupling g. Based on dimensional grounds and symmetry we expect that

lim 7% o 8°Og_ . (2.43)
x| —0
The argument of (2.42) is now complicated by the fact the theory is not conformal and
the unitarity bound for scalar is below (d — 1). Since the violation of conformal invariance
is controlled by the f—function of g based on similarity with the trace anomaly in a usual
QFT [32] we postulate that
lim T ~ B0%Oy4_1 , (2.44)

x| —

where the r.h.s. involves only manifestly finite, renormalized quantities and satisfies (2.6)
at the fixed points of §. By comparing (2.2) and (2.44) we get that

7Y ~ B*Oy_1 . (2.45)

Just as in the case of bulk trace anomaly, 7% does not acquire any anomalous dimension
provided the product ﬁOAd,l is RG-invariant. Let us now use some general RG arguments
to study the behaviour (2.44) in the IR regime where

1
- . (2.46)
n

One expects that the BOE should be applicable in this regime if all other specific distance
scales (here denoted by i) are much larger x . If a theory has an interacting IR fixed
point we have that

B(u) ~ (pay)’>" for pazy <1, (2.47)

which yields exactly (2.42) when substituted in (2.44).23 The study of UV regime is more
complicated due to the competition between small distance scales % and x| .

At last let us comment on possible power divergences that might appear in the
BOE (2.42). Given the fact the the boundary cutoff introduced in section 2.4 breaks
explicitly both the conformal symmetry and normal diffeomorphisms one might expect
polynomial divergences contributing to both 7% and D. As discussed around (2.27) they
are to be canceled by fine-tuning the mass parameters. A similar issue arises if one tries
to renormalize the bulk SE tensor with a cutoff regulator in the presence of scalar fields
(see for example [33]). One can avoid this problem by using dimreg as outlined in sec-
tion 2.3. Based on the usual argument we do not expect such power divergences to appear
in supersymmetric theories.

3 Boundary interaction

Let us now introduce the model studied in this paper. A similar model involving Z,—
breaking cubic boundary term in d = 4 — € was considered in [34]. A supersymmetric

1

Z31n case of non-interacting IR fixed point we would get a logarithmic suppression since 8(u) ~ TogGir -
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version of related models in 3d was recently analysed in [35]. Here we would like to
consider an O(N)—invariant and non-supersymmetric theory with a free scalar CFT in
the bulk perturbed by a marginal self-coupling at the boundary. The advantage of this
model is that the bulk anomalous dimensions vanish so we do not have to worry about
bulk renormalization effects. The relevant Lagrangian reads
- )
S= [ dl (W + 5@)90(&)4) : (3.1)
R 2 4!
where that scalar O(N) indices run from 1 to N and we used a notation (¢%)* = (¢?)2.
Please remember from (2.15) that the boundary limit of a bulk field in the corresponding
coupling should be seen as a bare quantities. From dimensional analysis we find

d—2
2

A=A= = dim(go)=3-d=¢, ifd=3—¢. (3.2)

This tells us that we should consider spacetime dimensions close to three if we wish
to have a CFT on the boundary as well. We find the equations of motion by varying the
action with respect to both ¢(z; # 0) and ¢(z; = 0), where we need to take into account
boundary terms whenever we perform a partial integration. This gives us the Klein-Gordon
equation of motion as well as a modified Neumann boundary condition

82¢' =0, lim 9,¢' = lim L (%) . (3.3)
yl—>0 yL—>0

This boundary condition can also be written as

A

lim 919% = lim g, 67 = (617, ¢'=(6")?. (3.4)

YyL— yi—0 3

In the free theory, the bulk-bulk correlators can be found using method of images

Lo, P N
e—yP2 o yPA ) T d-2)8

(¢'(x)¢ (y)) = Aadij ( (3.5)

Here 7 is the image point of =, and Sg_1 = 211Tdd//22 is the area of a (d — 1)-dimensional

sphere. Let us point out an interesting fact that this correlator satisfies something called
image symmetry, which means that if we reflect one of the coordinates in the boundary
T+ T < x) — —x) we get back the same correlator. From this bulk-bulk correlator
can find the bulk-boundary and the boundary-boundary correlator by taking the boundary
limit of the bulk operators

G W) = Jim (600 ) = — 22
(521 ?) (3.6)
(@ (@) (v)) = lim_ (9'()0 (y)) = | TQZ :
B 8|
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The renormalized one-point function of ¢? is the finite part of (3.5) in the coinci-

dent limit 4
2(x)) = finite lim (¢*(x) " - N4 3.7
(¢7()) Hy<¢>( )" () (22, 8 (3.7)
In three dimensions )
Az = — | (3.8)
47

In the following two section we will proceed to discuss the renormalization of the Lagrangian
defined by (3.1) in dimreg. Since the model has no bulk interaction all the renormalization
constants are related strictly to boundary fields. In fact we will only have two independent
constants: Z; for the coupling and the field renormalization defined through

lim ¢ (x) = \/Z>¢;q§i(x”) . (3.9)

T —
3.1 ¢—¢ correlator

We now proceed to compute the quantum corrections to the propagator (3.5) in the presence
of non-zero boundary coupling §. Our strategy will be to use dimreg and compute the
correlator in momentum space. In dimreg the leading (power-divergent) diagram vanishes
and we are left with the diagram on figure 1 at O(g¢?). In principle one could try to evaluate
the correlator in position space with boundary cutoff in place and then subtract the power
divergences by adding a boundary mass term

/ddleng : (3.10)

This divergent term resembles the radiative corrections scalar mass in effective field
theories and therefore could have an interesting physical interpretation in general. At next
order the diagram on figure 1 will have both power divergences of the type (3.10) and
short-distance UV divergences in e.?* We will leave the investigation of power divergences
for the future.

As already mentioned, we can avoid power divergences by Fourier transforming and
computing the diagram in momentum space (cf. footnote 11). The bulk-boundary propa-
gator in momentum space is obtained by Fourier transforming (3.6)

—lplz.
i - sy ) i\ A A 7
Gipas) = [ @ PG @ ) = a9 (311)
Here p is momentum parallel to the boundary and the overall factor is
| _ d—2A-2 T . .T, _
Wy = 2028 (@12 (@=D/2=A 4 2 d/2" (@d-1)/2-A (3.12)
N (d — Q)ﬁ T'a
where we have denoted I'-functions as I'(z) = I',. In three dimensions this factor simplifies
significantly
1
A—>5 = ws=1. (3.13)

24The authors would like to thank Pierre Vanhove for pointing this out and explaining how the techniques
used in [36] can be used to tackle this problem.
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The all-order corrections to the free propagator in momentum space take a form

AU(E? :L‘LayL) = GZk(ﬂv xL)Hkl(BQ)Glj(_Ba yL) ’ (314)

where we defined the self-energy Hkl( %), which only depends on p since the theory has
no bulk couplings. By power counting the mass dimension of Hkl( %) is one so it has to
be finite in a massless theory. The reason for this is that a divergence would imply a

2’2‘ Pos_sgj ceﬁ/dd lx”¢ /8ﬁ¢ 7 (3.15)

which is clearly non-local. This means that the self-energy can only have sub-divergences

counterterm of the form

corresponding to the coupling renormalization and we have that

Zy=1 (3.16)

to all orders in perturbation theory. A similar observation has been made for the boundary
¢> theory in [34]. Furthermore if we tune to a fixed point § — §* (details and existence of
this fixed point will be explained in section 3.2) also the subdivergences cancel out and we
are left with

Hkl(]gz) = C|Q\5kl , (3.17)

for some finite constant C. We can plug this expression back to (3.14) to find the correction

to the propagator which now takes a form
y 6_|B|($L+ZJL) B
A’LJ (B7 xJJyJ_) = (WdC)WdTéw . (318)

Note that the above expression is exactly of the form (3.11) and thus we can use (3.6) to
find the form of all-order correction to (3.5)

Ayt
| — g2

In another words the boundary interactions in a bCF'T only change the reflected part

<¢Z($)¢]( )>c0rrect10n = (24«0(10) (3.19)

of the correlator in (3.5). Note that if we did not tune the coupling to a fixed point the
coefficient C' would depend on momentum through the running coupling g(]f) and the
corresponding Fourier transform would involve more complicated dependence on the the
normal coordinates.

We can compute the §? correction to C' by evaluating the amputated part of the
diagram on figure 1 which reads

y 1
T (p?) = 5@9 (N +2)w /dd Lk, /dd Uy

e 3.20
*mumm oy + 1)) (3.20)

This integral can be evaluated by standard methods (iterating the one-loop massless bub-
ble) and yields a finite result as expected from (3.16). The result of the computation reads

A2

() = 69 (N +2)-5

Ipl +0(3%) (3.21)
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Figure 1. The ¢ — ¢ correlator at order §° .

from which we can read off the correction to the reflection coefficient

2A ~ 2A
|z —y| T —y

(0 (x)¢ (y)) = Aad¥ < S O 2)3g,r2> +0(5%) . (3.22)

This bulk-bulk correlator has no divergences in the boundary limit, which means the bound-
ary field gZ;Z receives no anomalous dimension and by the above argument

Vg = 0 (3.23)

to all orders in perturbation theory.?> Furthermore let us remark that by inspecting (3.22)
we see that the image symmetry gets broken at O(§?) and the one point function of ¢2
receives a correction

~9
<&@»=mma@www-Ad<rwN+mg>+mf» (3.24)

2y  4gd72 362

3.2 Renormalization group flow of the theory and its fixed points

Let us move on to find the g-function for this coupling

dg dg B dg  dlog(g) _ dlog(g)

— - = — = .
dp dlog(p) g dlog(p) dg dlog(p)

Here p is the renormalization scale and ¢ is the renormalized coupling (go is the bare

B=p (3.25)

coupling). In dimreg we find how ¢ depends on p by assuming that it does not matter
whether we renormalize the fields or the coupling constant

-2 L
g0 = 25| ZyGu () (3.26)

where dim go = € from (3.2). By definition, a bare coupling does not depend on the
renormalization scale. The factor Z 5 was found in the previous section (3.16), while Z,
is found from the divergences of the amputated four-point function qg So to find the (-
function we only need to study scalar field diagrams on the boundary since the amputated
graphs only involve boundary propagators.? If we differentiate with respect to log(u)

g dlog(p)  dlog(p)

Z5Note that in the conformal case this can be also seen as a consequence of equation of motion. We thank

dlog(Z dloa(Z-

Marco Meineri for pointing this out.
26This means the A-function we find in this section might just as well be for a theory on an interface,
where there are two (possibly different) scalar theories on each side of it.
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Figure 2. The RG flow of the theory for positive €, where §* = and the arrow points from

(N+8)w?
the IR to UV.
The Zz-factor is on the form (in the MS scheme)
Zy=1+a,% +0(5) . (3.28)
Here a; is a finite constant. We find
aAf] ~2 leg(Zg) Qg 2
log(Z;) = 22 +0 ——¥ - I3+ 0 3.29

Using this, together with (3.2) and (3.16), we find the S-function from (3.27)

8= —eg<1 + “gg) +0(5) . (3.30)

The easiest way to find the S-function is in momentum space. The renormalized four-

point correlator is?”

GIR 1y — 2 [ pidk wggDijkl Wﬁfﬂ pridkl | pikil | piljk
i ({pi}) = wy - — e (f12 T3t by 5

3 36 (33)
Fz‘ikl — EiiM og Da + Db
a )
with the O(NN) tensor structure
Dijkl _ (SZ](SM + 5Zk(5jl + 5il5jk’
) y ) (3.32)
Ezgkl — (N + 2)5135kl + 2Dz]kl .
We have renormalized the coupling constant with (see (3.28))
(N+8w? N+38
— = 3.33
“ 127 r T 0©- (3:33)
If we insert this into (3.30) we find the S-function
. (N+8)wi . .
B =—ej+ NV 8wy 452+ 0(3%) . (3.34)

127

2TThis is done in the standard QFT way, and we have put the details on this calculation in appendix B.
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From the above we conclude that the theory is asymptotically free for positive e. The RG
flow described by this S-function (cf. figure 2) has two fixed points where

B=0. (3.35)

It has a Gaussian (UV) fixed point, but more interestingly also a WF (IR) fixed point at

- 127e
N +38

o 127e

i = e + O

(N + 8)w? +OE. (3.36)

Let us now briefly discuss the nature of the fixed point (3.36) as we vary the sign of e. We
have essentially three possibilities:

e ¢ > 0 implies a UV-free theory with interacting IR fixed point. If one analytically
continues to € = 1 this should correspond to a free bosonic theory in 2d with ¢*
potential at the boundary.

e ¢ = 0 implies an IR-free theory by positivity of the O(§?) term in (3.34). Here the
coupling runs into a Landau pole in the UV so one might need more couplings or
fields to find a UV complete description of the theory.

e ¢ < 0 implies an IR-free theory with interacting fixed point in the UV. Going to
€ = —1 it should correspond to a 4d scalar field theory with unstable potential at the
boundary (sign of the quartic interaction is negative).

3.3 ¢>-¢? correlator

The ¢? — ¢? correlator is a good example to show that physical quantities, like anomalous
dimensions, are independent of the renormalization scheme. We will study the divergences
that appear in the boundary limit, and regularize them with dimreg as well as with a small
distance cutoff. Please note that in the following computations we suppress the O(N)

notation. The connected part of the free theory correlator is?®
2
2 2 2 2 1 1
(¢7(2)0"(y)) = 2N(o(2)9(y))” = 2N A | = + raye B (3.37)
T —y -y

The bulk-boundary and boundary-boundary correlator is found from the boundary limit

of this correlator
8N A?

2A 7
(sﬁ + wi) (3.38)
) R 2
(i) = Tk

(6*(2)d (y))) =

28In this work we will not consider disconnected diagrams, which are actually more related to the one-
point functions.
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LW,

Figure 3. The ¢? — ¢2 correlator up to order § .

The ¢? — ¢? correlator at order § corresponds the diagrams on figure 3. The two-loop
diagram contributes the following factor

(@) )1 =~ GV +2) [ 12600 6()0l0)?

16N (N +2)A%9 44
- 3 2A2A

(3.39)

Here 1})5 is the integral studied in appendix C.

3.3.1 Dimensional regularization in the boundary limit

We will now proceed as outlined in section 2.3 and first take the y; — 0 limit of (3.39)
and then expand in epsilon. This yields the following boundary limits

T 4G
lim (62(2)d2(y)); = —2om NN + D Agg <2

= —log(a?) + 4log(sf + %) + log(u2)> :

y1—=0 3 (sﬁ + a:i) €
327N (N + 2)A%g (2
i (@ = - EEDAT (21056t +tog(u?)) (3.40)
1Yl — II

We wish to point out that these correlators satisfy image symmetry w.r.t. z.2° Here we
absorbed yg- and log()-terms in a dimensionless M S coupling

g = (me"®)"? uG + O(e?) . (3.41)

In order to remove the divergence in the correlators which contain boundary fields, we have
to renormalize the boundary limit of the bulk operator

: ) [ .
Jim Zpd® =", Zp=1+ ap+ 0(3?) . (3.42)

This yields

(@*(2)9*(y)) = lim Z3 (8% (2)8° (y))
8N A% g (3ag — 4m(N +2) A2
LR [1 3 <
L

+ 21(N + 2) A% log(x?)
€

+ (3%2 — 8m(N + 2)14?1) log(s? + %) — 2m(N +2) A7 log(u2)>]

+0(e%,7%) .

29Remember from section 3.1 that image symmetry breaks down at order 2.
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We can now set a 8 such that the divergence disappears

2
Age = 47T(N; 2)4; . (3.43)

We can also determine the renormalized correlator (¢(x|)¢(y))) from the second line
of (3.40) whose divergence is absorbed by (Z ‘;;2)2. In the MS scheme the renormalized
correlators are

167 N(N + 2) Adglog(z]) — 2log(sf + 2% ) — log(1?)

20,172 —2
= +0 ,
N 327N (N + 2)Alglog(sf) +1log(p®) '
<¢2(xH)¢2(yH)>1:_ ( 3 ) 39 Il 82 —1—(’)(92) .
I
By adding the above finite, one-loop results to (3.38) and resumming we get

27\ 72 _ 2 p o2 —2

(6*(@)é*(y))) = 8N A3 - i T 0@,
a7 (s 4a2)
, I (3.45)
~ ~ W @329 .
(& () (y )1 = 8NA§T2%2§ +0(7%) .

El

The anomalous dimension can be checked by direct computation from (3.42) by using (2.19)
together with (3.34)

0 4m(N +2)A%g o N+2 )
= By 4 = . 3.46
Vg2 63@ 2 3 +0(9%) N+86+O(6) ( )
This yields the full scaling dimension of P>
b€
A(Z)2:1—N+8+O(62). (3.47)

3.3.2 Small distance cutoff

Let us now find the same results, but using a small distance cutoff instead. I.e we e—expand
the bulk-bulk correlator (3.39) and then study it as one of the points approaches the
boundary. In the following we will assume that the coupling is evaluated at the WF fixed
point (3.36) with § o< €. In the boundary limit of the bulk-bulk correlator (3.40) we find a
logarithmic divergence

(9% ()3 (y)))1 =

167N (N + 2) Alglog(z]) — 2log(sf + 27 ) — 2log(A) o (62 1 >
? A )

2 2 A
3 SH—FQ:L

where we have used the notation introduced in the section 2.4 with gb?\(y”) = ¢*(y)| =L
By adding this to the leading order term (3.38) and resumming we get

—%9 Y
(6%(2)63 (y))) = BN A3 (A> | p%

K —ag2§ (.2 2
x| 9?7 si| a7

)zm%zg +0(5") - (3.48)
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Figure 4. The ¢* — ¢? correlator up to order §. The full dots represent the composite operator
insertions.

Here a, is the coefficient (3.43). If we now use (2.24)3° this correlator tells us that in the
BOE of ¢ we have the divergent terms

Cf’?\(yn) = (2) o @2(1/“) + ... (3.49)

This yields the same renormalized bulk-boundary correlator as (3.45), but with § instead
of g, thus giving us the same boundary anomalous dimensions (3.46). A practical feature
of using a cutoff is that we do not need to do any extra loop integrals in order to find
new bulk-boundary correlators of derivative fields. This means that we can proceed to
differentiate ¢?(y) w.r.t. y, and take the boundary limit to every ¢* — 6ﬁq32 correlator
without doing a single new loop integral. Let us illustrate how this works in the next
section with one derivative, and check that the boundary condition (3.4) holds.

3.4 ¢* correlators
3.4.1 Check on boundary condition

We will verify the modified Neumann boundary condition (3.4) by studying the boundary
limit of (¢*(2)01 ¢%(y)) . As discussed before, when dealing with normal derivatives, it is
very convenient to regulate divergences in the boundary limit with a small distance cutoff.
We will also study the boundary limit of the ¢* — ¢? as well as ¢* — ¢* correlator. The
connected part of the (¢*(z)$?(y)) in the free theory consists of only one connected diagram
(see the first diagram on figure 4)

(0" (2)0*(y)) = 2N (N + 2)(¢”())(d(2)d(y))* - (3.50)

At order g there are two connected diagrams depicted in figure 4, which give

(0" (2)¢ ()1 = —% a1z (16N(N +2)%(0% () ($(2)9(2))* (2 (1))
+64N(N + 2)<<Z>(fv)¢(y)><¢(w)¢3(2)>3<¢3(Z)¢(y)>>

32N (N +2)A%g
3

(V + 202 @) Ihs + eI LY -

(3.51)
Here I7j5 is the integral in appendix C. The boundary limit of this correlator is renormalized
if the BOE of ¢? is on the form (3.49). It yields the resumed renormalized correlator up

39Note that we have to divide by the normalization constant 8N A3 from (3.38) to obtain the correct
BOE coefficient.
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OO0

Figure 5. The ¢* —¢* correlator in the free theory. The full dots represent the respective composite
operators.

to order g

327TA3g> T

2A—az2g (2 2

(6" ()8 (y) = BN(N +2) A3 (1 i (03

from which we find the BOE coefficient

327w A2 N +2 12
1 e = (N +2)A (1— ”3 dg) Lo = 2 F (1 ¢ >—|—O(e2), (3.53)

4 - N+8

where we used (2.9) and divided by the normalization constant from (3.38).
Let us proceed to calculate the ¢* — 0 J_$2 to check the modified boundary condi-
tion (3.4). If we differentiate (3.50) w.r.t. y; and then consider the boundary limit we find

(¢ ()06 (y)) =0 . (3.54)

lim
Y1 —0

At order g we differentiate (3.51) w.r.t. y,, which gives

128N(N +2)A35  8N(N + 2)2A§gA

(6" ()01 8% (y))) = 3 (52107 3(2+22)z)

(3.55)

In order to check the boundary condition, we wish to compare this with the boundary
limit of the (¢*(z)¢*(y)). This correlator is computed from the two connected diagrams
on figure 5

(0" (2)¢" () = 8N (N +2)(p(x)d(y))" + 8N (N + 2)%(¢*(2)) {d(2)6(y))*(¢° (1)) -
The boundary limit of this correlator

4 2 A4
lim (¢ ()6 (y)) = NN+ DAy | BNV + 2)74;

y1—0 (32 +xi)2 (32 +$i) x|

(3.56)

This is indeed 371§ times (3.55), just as the boundary condition (3.4) predicted. Having
confirmed the boundary condition, let us study the BOE of ¢*. By comparing with (2.24)
the above correlator tells us that BOE of ¢* contains @2. With the bulk-boundary cor-
relator (3.52) at hand, we can proceed to study the BOE of ¢*. At order § we have the
diagrams depicted on figure 6

.
COVNEDAD (o + 2)(0()o(w) (62N I + G WHISL)

+ (2N + 8)(6(@)o () + (N + 262 @))6* (1)) Iiaha) -

(@' (2)¢" (y)h =
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Figure 6. The ¢* — ¢*— correlator at order § .

We can resum the boundary limit of this correlator added to the free theory one (3.56) to
get

(0" (2) 9 (y)))

= 8AIN(N +2)

Ar(N + 2)A25 —a4g —ag4g
ol

uw g AA+a g
3 i) (Sﬁ+$i) tagag

1

647TA3Q) AL—9520 ,Ufaqpﬁ

+(N+2)<1— L —— ]
3 L ag29 xL a¢2g(8ﬁ+xi)2A+a$4g

The A'™%29_term reconfirms the presence of (52 in the BOE of ¢?*, with the respective
coefficient being exactly square of (3.53) as expected from (2.24). Additionally by com-
paring this correlator with (2.24) we find that a 520 1 indeed the anomalous dimension of

2, see (3.46), and that a g1 1 the anomalous dimension of ¢*

87(N + 8)A2%g

3 +O(§%) =26+ O(e?) . (3.57)

Ve = aq§4g + 0(92) =
This yields the full scaling dimension of ¢34
ANj=2+0() . (3.58)

In order to get a finite bulk-boundary correlator, we require that the divergent part of the
BOE of ¢* is

32mA25\ A0
oA =+ 2040 (1= 250) 2

w29
Am(N +2)A%25\ (A %49
(e A () S

where the dots stand for terms vanishing in the boundary limit as usual. From here we
can read off the new BOE coefficients (3.53) and

I (N +2)e
ot T 6

+ 0@ =1+ s + 02, (3.59)

. 2(N +8)

This yields the bulk-boundary correlator

(Y +2)43 s
—a4d

<¢4($)¢A4(yu)> = 128A§N(N +2) <1 + 3
T 2 4 2
<SH +

>4A+a$4§ :

(3.60)
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3.4.2 Consistency with dimensional regularization

From (2.16) we expect that the respective renormalization factor is related to the coupling
renormalization so here we would like to verify this. We start by writing
lim Z;,0" = Pt (3.61)
x| —0
where Zj, contains poles in e. This divergent quantity can be found by using (2.16) and
the data computed in section 3.2 since
_ . _3(d—3)go .0
Zo=pt 3 g =pt 30 — 7 (14 5—1InZ, ) , 3.62
P o G 5 g P g g ( )
where we have used the definition of gg given in (3.26). The expression in (3.26) is evaluated
by substituting the Z; we found in section 3.2 so
2
Zyu=1+"2 405, (3.63)
€
where a; was given in (3.33).
On the other hand Z 44 can be found from the € pole in the ¢* — ¢* correlator in
dimreg. Since there are no power divergences in the dimreg limit, we only need to consider
the diagram without self-closing loops on figure 6.3! We can renormalize the boundary

limit of ¢* using dimreg in the same way as ¢? in section 3.3.1. This reproduces the finite
bulk-boundary correlator (¢*(z)¢*(y)) from the section 3.4,32 with the following Z-factor

Qf

Zy =1+ aga” (3.64)
Here a4 is the constant (3.57). This gives the same anomalous dimension for ¢* as in the
previous section using (2.19)

0 _ _
Ve = _587924)4 = Qg9 + 0(92) . (3.65)
The leading divergent piece of the Z 34 reads

2
_Sm(N+8)A3 N+8

az . = ; (3.66)

as predicted by (3.63).

4 Stress-energy tensor

The bulk SE tensor and its correlators can be defined via coupling the theory with action
S to a metric g, and defining

145
V9 09w (z)

31The boundary limit of (¢?) is zero in dimreg, which can be seen as fine tuning of power divergent

T (z) = — 2 (4.1)

v ="06uv

boundary mass term.
32Where we have replaced the coupling constant with the MS bar coupling (3.41).
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Or alternatively we can perform a variation of the action

58 = _% / /G50 T () . (4.2)
For conformally coupled scalar field we have
1 1d—2
S = B} /dd$\/§((a¢)2 +ERYY), E= 1d-1" (4.3)

Using the standard variational principle and integration by parts we find
1
T = 9606 — L5 (00)° — €0 — D) (4.4

The presence of {—term guarantees vanishing of the stress-tensor trace

o (d=2)

p=—g oo, (4.5)

which is proportional the equation of motion.

4.1 Renormalization of boundary stress-energy tensor

In this section we will determine renormalized boundary SE tensor 7% in dimreg. The
bulk SE tensor (with improvement) is precisely (4.4). Let us now find the Lh.s. of (2.2) for
this model. The relevant bulk operator reads

T = 9%t ¢ — £0%0H¢? . (4.6)

Taking the boundary limit of the above expression and using (3.4) leads to

: al __ _ @ a — _d — 3@ a
Jm T = (1= 86) 7000 = =05 7190 (4.7)
where
Oy = lim ¢*. (4.8)
Q?J_HO
By comparing this with (2.2) we deduce that
d—3g
b = C 2 gavg, (4.9)

d—14!

which appears to be divergent. In section 3.4.2 we observed that the near-boundary di-
vergences of Oy in dimreg follow from the RG equation of the quartic coupling. Indeed
from (3.61) and (3.62) we get that

N
Ou= 24" = ((d - 3)*—1?) ot . (4.10)
This can be inserted back into (4.9) to give

. B(Zg45ab
H

(4.11)
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and

94 24
lim 7% = po%¢ )

T —0 d - 1
which is exactly of the form (2.42). Few remarks are in order. First, the r.h.s. of (4.12)
is manifestly finite at all orders in perturbation theory and so is (4.11).3% In particular

(4.12)

this means that 7%® doesn’t acquire any anomalous dimension. Secondly the conformal
boundary condition (2.6) is satisfied for the fixed point (3.35) studied in this paper, which
proves the conformal invariance of the model. Finally let us note that for ¢ > 0 where
the theory has an interacting fixed point (3.36) we can solve the RG equation for the beta
function (3.34) in the IR limit described in (2.46)

N)€

~ (M 4.13

B (%) (4.13)
_ 1 . . .

where A = - near-boundary cutoff. By substituting (4.13) in (4.12) we get

Tt 0 () ot (4.14)

which is exactly of the form (2.42) and corresponds to the fact the deformation ¢* becomes
an irrelevant operator close to the IR fixed point.

4.2 Consistency of boudary stress-energy tensor with bulk correlators

In the previous section we derived the all order relation (4.12) indirectly by using RG
equations. In this section we would like to check the vanishing of Lh.s. of (4.12) at the WF
fixed point (3.36) in a specific correlator. Namely we would like to evaluate (¢*(z)T%(y))
in the boundary limit. To actually check the vanishing of l.h.s. with the full beta func-
tion (3.34) we would need to compute three-loop (or @(§?)) diagrams. Instead we will just
check that it vanishes at leading order in e—expansion in a manner consistent with (4.12).
By substituting the expression for beta function found in (3.34) in (4.12) we get

Jim 70 = —%8%4 =0+ 0(e?) . (4.15)
Based on the above our goal to verify that the two-point lim,, o of (¢*(z)T%*(y.)) van-
ishes to the leading order in €. As we can see from (4.15), we expect a non-zero contribution
at the order €g, proportional to <¢48|‘|1 A4> , which we found in section 3.4.1

1028AN (N + 2)Ads® _ 512N(N + 2)A3s”

(6" ()0 (y))) = a— T 0@) 5 +0(e, 57, 9) -
<sﬁ + xi) x]
(4.16)
This means that we expect from (4.9)
- 32N (N + 2)Ajegs® .
(6 @yt () = ZEN DN | o2 52 52y (4.17)

6
3z

33Had we used a cutoff regularization we would have to take into account linearly divergent contribution
to limz, o T coming from the contribution of 9%¢? to the BOE. This can be cancelled by fine tuning
the boundary mass term (3.10).
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We expand the correlator in a small parallel distance expansion in order to solve the loop
integrals in (¢* (x)T“L(yH». Let us first check that this correlator is zero in the free theory.
Using (4.6) we find

(@) T () = AN(N + 2){62(0)) (85 (6(2)6())Dy. (B(2)D(y)) — €0y, 05, (H(2)6())*)
Due to the boundary condition (3.3), the boundary limit of above correlator is trivial

(¢'(@)T*(y)) = 0. (4.18)

Let us now proceed to order §. Only the connected diagrams will yield non-trivial boundary

limits after renormalization

(6 (@) T () = —% di1z (<¢4<w>$4(zu>8ﬁ‘¢8m<y)> - £<¢4<x><ﬁ4<z”>8ﬁam2(y>>) :
Details on this loop calculation are in appendix D. This correlator has the bound-

ary limit

. 1287N (N + 2) Aleg S|
lim (gt () Tty = 2NN DD | o2 2 g2y (4.19)
y1—0 3 T

Which agrees with (4.17) due to (3.8).

4.3 Displacement operator

The displacement operator exist in any bCFT, and should be protected. It is in the BOE of
the perpendicular components of the SE tensor at the boundary, which we find from (4.4)
using the bulk equations of motion (3.3)

2 12 82 2
T+ = (010)° - 8L4¢ - (111 — é) ORe* = (019)° - i (aiqﬁ? + d_1> . (4.20)

In order to define correlators of the displacement operator, one needs to study the

boundary limit of above operator. We will do this in the example of ¢> — Tt correlator.
Details on this correlator is in appendix E.1. Using the boundary cutoff we find the leading

non-vanishing part of the correlator
AN(d —2)?A%z? 5
- d 0(g°) (4.21)
(sﬁ + :L‘i)

(@*(@)D(y))) = yljgl0<¢2(w)T“(y)> =

which corresponds to an operator of dimension d by comparison with (2.9) (assuming that
A4 = (d—2)). With the boundary condition (2.4) in mind we should identify this term as
the contribution of the displacement operator D. The operator aﬁés? is a descendant of éQ,
and its contribution comes from the differential operator in the BOE, see (A.1). From above
correlator we see that D and its BOE coefficient are indeed protected at this order (the
operator D on the r.h.s. defined through the variational rule (2.5) is physical so we do not
expect it to acquire any divergences or anomalous dimension). Another interesting object
we can compute is the two-point function of the displacement operator, whose coefficient
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is related to a B—type conformal anomaly (a central charge) at the boundary in d = 3
(see [37, 38] for more details). In our case this two-point function reads!

2N (d —2)2A2%

e +0(5%), (4.22)

(D(z))D(yy)) =

from which we see that the central charge does not receive any corrections at O(g). For
completeness let us write the value of (DD) for different dimensions

B 27r25ﬁ
d=3 = (D(x)D(y)) = Jgsﬁ +0(5%), (4.23)
d=1 = (D)D) = 55+ OG)

[
Note that the d = 3 expression agrees with the free-field computation of [38].

5 Discussion and outlook

5.1 Physical significance of the model

Let us conclude by commenting on possible interpretation of the model presented here as
we analytically continue in e. In analogy with the bulk e—expansion we might wonder
whether the fixed point we analysed is not in a same universality class as some bCFT in
higher/lower dimension.

The ¢ = 1 limit should correspond to a ¢ = 1 free bosonic bCFT with a boundary
potential. A complete classification for such theories was proposed in [39]. Presently it
is not clear to us how the model fits into this classification, but let us offer a qualitative
argument of what kind of bCFT one might expect. To actually understand the nature
of the RG flow described in section 3.2 at € = 1 one needs to interpret the operator q34
(cf. section 3.4) that is driving the RG flow. In particular this operator will have a bare
dimension 0 in d = 2 (and so will all ¢"s). This means that it can mix with all the other
¢*"s under renormalization or more precisely in the language of section 2.2

Jim > 7367 =6t (5.1)
n
where Z}' are the renormalization constants. In particular the Lh.s. of (5.1) can actually
come from Taylor expansion of a function f(¢?). For such general boundary potentials
there might exist non-trivial interacting bCFTs (see for example [40]). Furthermore we see
that the operator becomes irrelevant with positive anomalous dimension ~ 2 from (3.57),%
whereas the dimension of <§2 is slightly below 1 (at least for large enough N), which is
perfectly consistent with unitarity bounds. Another consistency check is our result for

34Details on this calculation is in appendix E.2.
35 Although this value might change drastically with the inclusion of higher order corrections in e
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(DD) at d = 2 (see (4.22)), which does not receive any corrections up to @(§). This is
consistent with the fact that in d = 2 the correlator (ﬁf?> is determined from the bulk
central charge [13], which is just the free scalar one in our case. In any case to make more
solid conclusions it would be beneficial to perform the analysis at higher orders in e.

On the other hand as already mentioned in section 3.2 the UV fixed point at ¢ = —1
involves a quartic potential with negative sign and therefore the model in d = 4 should
be unstable. A similar issue appears when one studies the bulk O(N) model with quartic
interaction in d = 4 + € [41]. In this work a possible resolution was offered by interpreting
this CFT as an IR fixed point of some other, well-defined theory instead. One might
imagine that a similar mechanism could apply here.

At last let us comment on € = 0. Here it would be interesting to study the model in
the presence of bulk ¢*. One might hope that the contribution of bulk coupling stabilizes
the UV behaviour of g leading to a non-trivial UV fixed point. In this case the bulk theory
gives rise to a chain of dualities [42, 43] which might carry over to non-trivial dualities
between the boundary states.

After submitting this paper the fixed point we studied appeared independently in [44],
where also an evidence from large N perspective has been provided.

5.2 Outlook

In this paper we explored renormalization of the boundary limits of bulk fields. This is
very general, and thus has a lot of applications, e.g. is should work in the same way for
i(nterface) CFTs, where a bulk theory is on each side of the boundary. It could be that
one needs to generalize these methods in some specific models, e.g. those with degrees of
freedom that are restricted to only live on the boundary such as the ones studied in [45].
It would also be interesting to understand the dependence of boundary couplings upon the
bulk ones and the interplay between their renormalizations. While the model we studied
in section 3 is non-supersymmetric there is nothing preventing us to supersymmetrize the
present analysis. Inclusion of fermions is indeed very tempting as then one might want
to study what happens to the conserved bulk currents near the boundary and whether an
analysis similar to the one we did in section 2.5 applies.

Another generalization of the methods in this paper would be to consider CFTs with
defects of codimension higher than two, and study how one can renormalize and classify
defect fields. An example of such a model where a bulk-bulk correlator is known is the
3D Ising twist defect [46-48] or its generalization to O(N) twist [49]. In this case one
could consider taking the norm of the normal coordinates to zero. Though this limit will
most likely remember in what direction the bulk field comes from, which means Lorentz
invariance is at a risk of breaking in this limit. It seems like it would be useful to first
identify what kind of defect fields one can get before considering the defect limit. In a bCFT
this is not a problem, since bulk fields can only approach the boundary from one direction.

The study of two-point functions in the presence of running boundary couplings can
be related to the flow of certain conformal anomalies [50]. It would be worthwhile to
understand whether one can apply the RG methods used in this paper to prove a gradient
flow formula along the lines of [30] for boundary RG flows.
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There are also lots of other aspects of bCFTs one could investigate, e.g. the role of
image symmetry. Does this symmetry restrict the form of two-point correlators? What
does it mean to break this symmetry? There is also the mixing problem in the model
we discussed in section 2.4.1 that would be interesting to resolve. One way to solve the
issue would be to extract the data on these operators by studying suitable correlators
in the boundary limit. For example one might obtain their anomalous dimensions from
logarithmic divergences of their two-point functions at O(e) (cf. (2.25)). This requires a
lot of correlators, but it could be that they all follow a certain behaviour.
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A General form of a bulk-boundary correlator

We can find the expression of the bulk-boundary correlator from the BOE. The form of
the BOE is known from literature e.g. [51], and follows from the symmetries preserved by
the boundary.?® For a scalar in the bulk
MOO’ 2 a2\AH/
O(x) =)  —— & B (1,000 (x)),
o |z

BA(a,b):ngom! (A(Jr_ll)del> (g)%am.

(A1)

Here (), is the Pochhammer symbol. In the free theory, the BOE is a Laurent expansion.
It yields

S 2% (=™ LN <00 gam |, (—2A
<O(x)0(y)>—zé;$ﬁ_&n;)m! (w1 7) (5) %002 1) (a2)

m

One finds that ( )
A 4A(A+1-41
2 (.2 _
af”u <SII) - 2(At1) : (A.3)
El

Applying this derivative formula m times

A AA)n (A+1- 47
oz (st) g 5(2(A+m) 2, . (A.4)

36See appendix B in [561], and set the spin s to zero and the dimension of the defect p to d —1 . We chose

this reference since it writes out the differential operator in the BOE as well.
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We can now simplify (A.2)

(O(x)O(y)) = (A.5)

N
The sum can be recognized as the Taylor expansion of (sﬁ + xi) with respect to x|

[ (=1)"™(A)m z] _
(sﬁ+xi)A T”Z;‘) N P (A0

And thus we find the bulk-boundary correlator (2.9).

B Four-point correlator

The amputated four-point correlator is®7

A .

G (pi}) = (8" (1) (p2)9* (p3) 8 (pa))

= wﬁDijkl — %wﬁSDijkl +

2
—i?) w32 (B Lo + E™' g + BV Ly )

7 N

Its O(N)-tensor structures are

Dijkl — 5zj5kl + 6Zk(5‘7l + 6il5jk,
ijkl _ i skl ikl (B.1)
EM = (N 4 2)§%9 65 4 2 piikl |

and the loop integrals is

=1k 1
Lij = / ( . (B.2)

2m) 4L |g|d-1=2A g 4 p; 4 pyld-1-2A

With Feynman parametrization one finds that this integral is given by a Euler-Beta func-
tion, which for simplicity we denote B(z,y) = B,y

d"z I‘a—ﬁ-b—n/Q 7'('77'/2
= B —_— B.3
/Rn 2242 + 2|2 T, /2men/27b (et —n (B3)
Which yields
;o Baa  Two1)2—24 1 (B.4)
1] _ 2 1 AA .
(47T)(d 1)/2 F(d—1)/2—A Ipi +pj‘d 1-4A
Let us now specify to 3 — e dimensions
A 1—e€ 1 /1 — log (647) + 21log |p; + p;
A=="2 = Iy=o <6_ 7z~ log )2 2lp: + ol +0(e2)> . (B5)

37Let us point out that the minus sign in the vertex factor comes from the e~ inside the path integral.
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We can absorb the non-divergent constants in a dimensionless M S coupling constant

=2
g 1
gri=% < -

] p1+ D2
og
2m \ e

+ 0(62)> s go= <§1,;)5/4 (1Go + O(€?) . (B.6)

Absorb the divergence in a renormalized coupling constant (see (3.28))
Go= 73 (B.7)
Now demand that the correlator is finite
2~
. . w .
GI () a2 | D — “ pit

262 /(N 4+ 8)w? — 127wa: .. . iy o
+ 287 <( h )wg 1% pidkl _ 2 (Ff%kl+Ff§”+Ff?k)>], (B.8)

Fiikl — F'M Jog Da + Db
a

This correlator is finite if (3.33) holds, which gives us the renormalized correlator (3.31).

C Master integral

The loop integral is

I s = d"z ! = ! .
B /n [ [(x” B 2”)2 —i—:Cﬂ [(z“ - y||)2 +yﬂﬁ (C.1)

In order to solve the integral I,5 we first shift the integration variable as zﬁ — Zﬁ + xﬁ
followed by a Feynman parametrization. We can then complete a square in the denominator
and make yet another shift zﬁ — zﬁ‘ — usﬁ , where u is the Feynman parameter to bring it
on the form

F +5 1 _ _ an
o= [ du -ttt [ : 5
al g Jo (zﬁ +u(l — u)sﬁ +uz? +(1— u)yi)

The integral over z| can be done using Julian-Schwinger parametrization. It is

d T d/2
[ -2 (C2)
Rd (Z2 +A) r, An—d/2
This brings the loop integral to the form
Iap =Maplas
nn = 7I_n/2 FO‘+5*”/2
o? Talg (C.3)
1 a—1(1 _ ,\8-1
1
Jo s E/ du u (1-u) .
’ 0 2 2 o \oth-n/2
(u(l - u)sH +ur] +(1— u)yL>
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The integral J7 3 has a compact closed expression in terms of a hypergeometric functions
if any of sﬁ , 2% or y2 is zero. If both 2| and y, are zero it is an Euler-Beta function

B n x?
Jh O‘zFl(a,onr,B—;aJrB;l—l),
Aol ™ e e
B 2
Bn/2-B n nn__s
Jogle_g= 2F1<—ﬁ704+5— >, (C.4)
o, y3 =0 (82 + xi)aJrﬁfn/Q 2 s2 + xi
‘ - Bn/?—a,n/2—ﬂ
Josl T=2=0 " |5|2(eFB)—n

With these integrals we can proceed to find correlators in 3 — e dimensions. The hypergeo-
metric functions can be expanded using the HypExp Mathematica package [52]. As argued
previously, bulk-bulk correlators are finite, so for these correlator we consider exactly three
dimensions. For our purposes we need

2
2o 2 R R et
o \/(s2+xi+yi)2—4xiyi 2r1yL ’
2 2
P Vi +at +93) — dodad + 5+ (a1 — )
3/2,1/2 =T

o2l ot ) 4t ] (Vo ot et

D Stress-energy tensor correlator at order g

The loop integral we wish to find can be written in terms of the master integral (C.3)
(@ T =~ SOV + 2 (¥ + () K
+2(24)" (9, (6(2)6(w)) 05, + 35, (6(2)0)°D,, ) iz (D)
- (240)" 05,0, [(N + (6@ o +4(0()o ] |
where we factored out factors of 244 from the correlators, and where K@ is the loop integral

Kaz/dd | <<¢( )9(2)) ) 3y (5(2)9(1))°0y, (D(2)$(y))°

é
— 2 d—1
= —4(240)" A%y, <L2A2 A+1 ) ’

where Lf 5 is the integral®®

(Lap)" = / d'z [( 5 i a 5 - (D.2)

si— ) +a2] (+93)

38Here we shifted the integration variable as 2 = 2 + -

— 36 —



This integral is solved in a similar manner as I} 5 After a Feynman parametrization
followed by the shift zﬁL — zﬁ + usﬁ

(Lnﬁ )= a+ﬁ/ duu® (1 — u)P~

Tl
. 2|l + usj
-/ndz 2 2 2 A
<ZH +u(l — u)s” +uz] + (1 — u)yL>

Please note that the denominator is an even function. This means that the term with z“‘l
is an uneven function. Since we are integrating over an even interval it is thus zero. The

other term can be integrated over z using (C.2)

(Las)" = sinasToiis: (D.3)
Here 75,5 and Jj 5 are the same as in (C.3). We have now computed all of the loop
integrals. What is left is the derivatives. Perpendicular derivatives can be performed after
integration, but the parallel ones needs to be done prior to integration if we wish to consider
small parallel distance. Acting with a parallel derivative on Jas shifts its arguments

_ +2
Zu gﬁ = (2(a+8) - )SHJZ—H B+1 - (D.4)
For simplicity, let us label operators with their position, and scalar correlators with their
corresponding scaling dimension (as well as factor out an A, from their numerators)

1
($3)a = —x
22 |24
1 1 (D.5)
(D20y)A = At 2A
|z =yl |Z -y
where (¢,¢,)A satisfy
8;“ <¢x¢y>A = 2A5ﬁ<¢x¢y>A+1 . (D.ﬁ)
In these notations the ¢* — T% correlator is
. N(N +2)(240)°%§ ,
)T = D R4S
X [(N+2)G1 +2 (G2+G3)—(N+2)5G4—4§ (G5+G6)] ,
2 2\ d—1 d+1
Gi=—4A yi<¢w>An2A,z(A+1)J2X+1 2(A+1)
Ga = (8A — d+ 1)y, (dudy) ANSAATSA L1 A1 s
(D.7)

G3 = 2A<¢x¢y>A+1n§£}AayL J:?&}A’
Gi= (8A —d + 1)(0%) anidxbndy JL oai
G5 = 2A773A AayL (<¢I¢y>A+l‘]3d&,lA> ’

Ge = (8A —d + )7’3A A0y, <<¢I¢y>AJgXi1,A+1) :

This we will first expand in € (due to the factor of y, in front of the loop integral in G1),
and then consider the boundary limit, i.e. we use a cutoff, to reproduce (4.19).
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E Displacement correlators

E1l ($*(z)T+(y))

Using (4.20) we find

(0% (2)0F &% (1))

ST (5-¢) e

(E.1)

The correlators (¢?(z )8ﬁ %(y)) and (¢*(x)02 $*(y)) are found by differentiating (3.40). We

are left to study (¢%(z) (01¢)* (y)). In the free theory this correlator is derivatives on (3.5)
(@*(2) (019)° () = 2N (9, ((x)(y)))” - (E.2)

This correlator receives the order g correction

($*(x) (816)* (y))1 = —*8N(N +2) /dd_lz<¢(90)<73(2||)>2<<5(Z|)3¢¢(y)>2

(¢*(@)T () = (¢*(2) (019)° (y)) —

4!
(E.3)
N(N +2)g
3 (244)" (—24y1)* I 2A 2(A+1) :
Here I}}; is the master integral (C.3), and I2A 2(A41) Can be found in exactly three dimen-

sions using Mathematica. In the limit y, — 0 it consists of one finite and one divergent
term. The finite/divergent term precisely cancels the order g part from 9 ¢2 /02 % in (E.1).
This means that the boundary limit of the order § contribution of {¢?(x )TLL( )) is exactly
zero, and we are left with the free theory result, which in the boundary limit equals (4.21).

E.2 (T (x)T+(y))

We use (4.20) to find
2

DT ) = (0007 @) 0200 ) — (2 + (- €) 02, ) 0100 )62

(B (fO)e) wertn.

Here we will apply derivatives to the previously calculated ((8.¢)* (z)¢2(y)) and
(¢2(x)T+(y)) found in section E.1. In the free theory we have the (9, ¢)* — (9, ¢)>
correlator

((009)* () (0L6)* (9)) = 2N (82, 8y, ((x)o(y)))* , (E4)

and at order g

((010)" (2) (910)* (¥)1 = —58N<N +2) / A2 (0L 6(2)d(2))* (D) DL ()
N(N +2)g

=g (240)" (2021) (=289 )" I A 1) aag) -

The integral I 5(A +1) 9(A+1) (see (C.3)) can be found in exactly three dimensions using

(E.5)

Mathematica. As in section E.1, the order § contribution to the boundary limit of
(T++(2)T++(y)) is exactly zero, which leaves us with the boundary limit of the free theory
correlator (4.22).
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