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1 Introduction

Exact solutions of string theory and supergravity provide indispensable insights into dy-
namics of strongly coupled systems. Once the relevant gravitational backgrounds are found,
one extract their physical properties by studying excitations of various fields of these ge-
ometries. Unfortunately this problem, which often involves study of partial differential



equations (PDEs), is very difficult unless the geometry has a high degree of symmetry. In
such cases one can solve dynamical equations for various fields using separation of vari-
ables, and applications of this technique range from simple geometries, such as flat space
and spheres, to spacetimes with relatively few isometries, such as rotating black holes in
various dimensions. In this article we study separation of variables in the (gauged) Wess-
Zumino-Witten (WZW) models [1], the spaces that have either very few isometries or none
at all, and show that in certain cases the variables in the scalar and vector equations can
be separated. This success is the consequence of the algebraic symmetries of the WZW
models, which are guaranteed by the CFT construction, but which are not obvious from
the target space perspective.

The dynamics of a scalar field has been studied in the WZW models and their gauged
version, and the full spectrum of eigenvalues is known [2, 3].! The construction of the
relevant wavefunctions is a more complicated problem, and it has been solved only on a
case-by-case basis [2, 3, 5]. The techniques used in [2, 3] and [5] were purely algebraic,
and they did not rely on separation of variables, which is not expected to happen for
most (gauged) WZW backgrounds. Unfortunately there are no known procedures for
extending these algebraic techniques to vector and tensor fields, especially for finding the
eigenfunctions.? On the other hand, experience with other backgrounds, such as black hole
geometries, shows that separation of variables for a scalar field [7-28] is often accompanied
by separation in the vector and tensor equations [29-36]. Inspired by this success, we focus
on the gWZW models which admit separation of variables in the Helmholtz equation for a
scalar and demonstrate that separability of the vector equation in all such cases. We also
analyze an example of the WZW model that admits separation of variables only in some
subsectors, and we find the explicit expressions for the resulting solutions.

Wess-Zumino-Witten models are exactly solvable conformal field theories [1], and their
numerous applications range from black holes [4, 37] to the quantum Hall effect [38]. In the
last few years these models have been used to construct families of integrable string theories
describing deformations of the systems appearing in the AdS/CFT correspondence [39-54],
and in this context the deformations of the SO(n) and SO(n)/SO(n — 1) WZW models
are particularly important. Given this interest, we will focus on studying such models
with n = 3,4,5. The eigenvalues and eigenvectors of the scalar field on such background
are known through the algebraic constructions [2, 3, 5], but it is not clear whether these
algebraic methods can be extended to the vector field. By performing an additional analysis
of the solutions discussed in [5], we demonstrate an existence of a coordinate system where
scalar equations fully separate for the (gauged) WZW models on SO(4) and its cosets, and
we identify the Killing-Yano tensors [55-57] associated with this separation. We then study
the vector equations on such backgrounds and find the unique way to separate them. Note
that separability of vector equations is more subtle than in the scalar case since knowing
the correct coordinate system is not sufficient. One has to identify the correct modes of the

!Similar ideas were also explored earlier in [4].

2 Application of algebraic techniques for computing vector eigenvalues will be discussed in [6].

3 Article [5] also solved the scalar equation on the A-deformed backgrounds [39-42], but we will not
discuss such deformations in this paper.



vector field as well. In the Myers-Perry geometry of rotating black holes [58] this problem
was solved in [31], where it was shown that the separable components of the gauge field
are obtained by taking projections to the frames associated with the Killing-Yano tensor.
In this article we prove that the same statement holds for the SO(4)/H WZW models as
well, and separation of variables in these cases is very similar to the one found in [31].

Unfortunately the full separation of variable does not seem to persist for the SO(n)
WZW model with n > 4. Nevertheless in the SO(5) several 4-parametric families of separa-
ble solutions which have nontrivial dependences on all 10 coordinates. These wavefunctions
are found by combining algebraic techniques with analysis of PDEs.

This paper has the following organization. In section 2 we consider the WZW model
for the SO(4) group and demonstrate full separability of dynamical equations for a scalar
and a vector. While these results are expected, at least for the scalar, since SO(4) =
SU(2) x SU(2), and a metric on each SU(2) has only one non-cyclic direction, the detailed
analysis of separability for the vector field reveals interesting structures which can be
extended to the situations where separation of variables is less obvious. We do this in
sections 2.3, 2.4, and 2.5, which focus on the gauged WZW models for various cosets of
SO(4). In section 2.6 we show how separable structures on such spaces are mapped into
each other under T duality.

Section 3 is dedicated to the study of a scalar field on the SO(5) group manifold. While
the equations are not fully separable, we identify several important sectors that admit
partial separation. Interestingly, all these situations lead to infinite families of solutions
which depend on four free parameters. At least one of these families has a simple extension
to all SO(N) groups, which is discussed in section 3.6. The results presented in section 3
are obtained by combining the analysis of the differential equation for the scalar field
(sections 3.2, 3.4, 3.3, 3.6) and a pure algebraic construction of the eigenfunctions developed
in sections 3.1 and 3.5. Some technical details are presented in the appendices.

2  Full separation in SO(4) and its cosets

The goal of this article is to explore separation of variables for various excitations of the
WZW models. In this section we begin with the SO(4) case, where such separation is
obvious in the equation for the scalar field. Then we analyze the equations for the vector
field and identify the components that separate as well. In sections 2.3-2.5 we demonstrate
that equations for the scalar and vector fields remain separable even after some subgroups
of SO(4) are gauged. We show that all these situations follow the pattern discovered in the
case of higher dimensional rotating black holes: the separable components of the vector
field are constructed by taking projections to the frames associated with the Killing-Yano
tensors [31]. Our analysis serves as a derivation of the separable ansatz for SO(4) and its
cosets since we prove that no other components of the vector fields are separable and that
the correct number of polarizations is recovered. In this section we focus only on cosets
taken with respect to abelian subgroups, but full separation in the non-abelian cases, such
as SO(4)/SU(2) and SU(2)k, x SU(2)k,/SU(2)k,+k,, is unlikely. Scalar excitations on these



spaces were studied in [2, 3] using algebraic techniques, and it would be interesting to
extend this analysis to vector fields.

2.1 Wzw model for SO(4)

We begin with studying excitations of the SO(4) group manifold. The action of the WZW
model is given by [1]

S = /d2a77°‘6tr( 10099 059) + /tr “tdg A gldg A g7 dg), (2.1)

where ¢ is an element of SO(4). Since the WZW background is conformal, the dilaton is
trivial.* We consider various excitations of the background (2.1), such as scalar and vector
fields propagating on the geometry with a metric

k _ _
ds? = —%tr(g Ydgg—tdg). (2.2)

Bearing in mind extensions to larger groups discussed in the next section, we parameterize

an element of SO(4) as®

:[@(O‘L) 0 HI 1+XXTXXT mc%X “q2(aR) 0 ] (2.3)
) @

0 @b —-XT I-— XTx 0  q(Br)

1+XXT 1+XTX

Here X = diag(X7, X») is a diagonal 2 x 2 matrix, and g2(7) are elements of SO(2):

cosvy sinvy
a2(7) = [ . ] . (2.4)
—siny cosvy

To justify the parameterization (2.3), we observe that the action (2.1) is invariant un-
der F' = SO(4) x SO(4) transformations, ¢ — hrghr. To separate variables in various
dynamical equations, it is convenient to maximize the number of cyclic directions in the
metric (2.2). Such cyclic directions correspond to commuting U(1) subgroups of F', and
there are at most four of them since F' has rank four. Therefore, it is convenient to
choose a parameterization where the [U(1)]* Cartan subgroup of F is realized by simple
shifts of coordinates (ar, A1, ar, Br), and this is accomplished by the introduction of the
left and the right matrices in (2.3). In sections 2.3 and 2.5 some elements of the Car-
tan group [U(1)]* will be gauged by setting some of the four angular coordinates to zero.
The matrix in the middle of (2.3) contains the remaining two out of six parameters of
SO(4). Although one can start with an arbitrary 2 x 2 matrix X there, the transformation
X — q2(71)992(vR) can be used to diagonalize that matrix, and parameters (yz,vg) can
be removed by shifting the Cartan coordinates. This leads to the parameterization (2.3)
which ensures that the metric (2.2) has four cyclic directions corresponding to the Cartan
subgroup of SO(4) x SO(4), and this is the maximal number of the cyclic directions for the
SO(4) WZW model.

4Gauging of some symmetries leads to a non-trivial dilaton [59]. We will discuss this in more detail
below.
SSimilar parameterization for other groups and cosets was introduced in [60].



Substituting the parameterization (2.3) into (2.2), we arrive at the metric

4]6 dX2 dX2 k

2 1 2 2 2 2 2

i + = |da# + dB% + das + dB 2.
’ [(}(12 +1)2  (X2+41)2 T { ar L R R} (2.5)

s

k | 8X1Xo(dardBr + dagdBr)  2(1 — X3)(1— X3)
— dapdar + dfrd .
- [ 1+ X2)(1 + X2) 1+ X2)(1+ X2) (dapdog + dBrdBr)
The Kalb-Ramond field is given by
ko (X1 — Xo)?
B = ( ! 2) (dag, +dﬁL) A (dOéR + dﬁR)

T (X24+1)(X241)
k (X1 + X2)?
T(X2+1)(X3+1)

As expected, this geometry has four cyclic coordinates (ar, 81, g, Sr), so solutions of the

(daL — dﬁL) A (dOzR — dﬁR). (2.6)

Helmholtz equation
V20 = —AD (2.7)

can be written in the form
P = efmartinzfrtinsar+infr i)(Xl, X5). (2.8)

A direct inspection of the metric (2.5) and its inverse shows that variables (X, X2) do
not separate in the equation (2.7). On the other hand, since SO(4) = SU(2); x SU(2)a,
there is an alternative parameterization of the group element where the full separation is
guaranteed. Specifically, writing an element of SU(2); as
e[ 0] [ ] o] -
0 e ™| |—sinpu cos 0 e

and using a similar expression for go, we find
p 2
ds* = =3 (12 + (dv; + drj)? — dsin? iy | (2.10)
j=1

2

k
B = — s(2u:)dry; A dT; .
W;C%( ) d; Tj

Comparison of the B-field with (2.6) suggests the system of separable coordinates:

2(X1 + X»)? 2(X1 — Xo)?

2( Lt 22) L oyp=1-— 2( ! 22) . (2.11)
(X7 +1)(X5+1) (X7 +1)(X5+1)
In the coordinates (2.11) the geometry (2.5)—(2.6) becomes
_ k|_dui
C2m |1 —yi

yp=1-

ds?

-+ (dOéL — dﬁL)2 + (ClOéR — dﬁR)2 + le(deL — dﬂL)(dOzR — d,BR)]

k dy?
+o- [1 yzg + (dag +dBr)* + (dag + dBR)* + 2y (day, + dBr)(dag + dﬁR)]
- Y2

(2.12)

B = % (1 —y1)(dar, — dBr) A (dar — dBR) + (1 — y2)(dar +dBL) A (dag + dBR)] -



Imposing a separable ansatz for the scalar field,

d — ni(aL—Pr)+inz (OCR_BR)"!‘iﬁl(aL+5L)+iﬁ2(aR+/BR)Bl (y1)Ba(y2), (2.13)

we arrive at the system of ODEs governing functions (Bi, B2):

d 9 (n1+n9)? | (m— ”2)2
_— —1)Bi|+ |-+ =0
dy [(yl ) 1} T+ 2(1 —y1)
) ) (2.14)
d 5 (N1 + N2) (N1 — 7i2)
— —1)By| + |—v2 + =0.
s VA DB+ | S
The eigenvalue of the Helmholtz equation (2.7) is given by
2
A= % V1 + 1) (2.15)
The normalizable solution of the first equation in (2.14) is
o+ = L—u
Bl(yl):(l—i—yl) 2 (1—y1) 2 F|-p,14+p+ny+n_;l4+n_; 5 , (2.16)
where p is a non-negative integer and
1 , 1
ny = |n1 + nal, V1:Z(2p—l—1+n++n,) 1 (2.17)
Rewriting the last relation in a suggestive form
vy . Ny +n-—
V1 :]1(31+1)7 n :p++Tv (218)

we conclude that the eigenvalue v; is equal to the Casimir parameter for a representation
of SU(2) described by a Young tableau with 2j boxes. There is a similar expression for vy,

fiy + 7

5 (2.19)

vo=J2(j2+1), je=p+
and single-valuedness of (2.13) as a function of (v, 81, ar, Br) implies that (ji1, j2) must be

either integers or half-integers. The equation (2.15) gives the expression for the eigenvalue
A in terms of the Casimir of SO(4)

2
A= %CQ(R). (2.20)
This agrees with the general expression for the eigenvalues of scalars on the WZW back-
grounds [2, 3]. In the next subsection will extend these results to the vector field, and
sections 2.3, 2.5 will focus on extensions of (2.13) and (2.20) to various cosets.



2.2 Vector fields on the SO(4) wZW model

We have demonstrated separation of variables in the Helmholtz equation, and the next
three subsections we will show that such separation persists for the analogous equation for
the vector field:®

€270V, [ F] 4+ AA” =0, (2.21)

Here following [25-27], we introduced a modified field strength in the presence of torsion:
Fuv = 0uAy — 0 A, + (H oA = Fpy + (Hppo A7 . (2.22)
Let us consider equations (2.21)—(2.22) on SO(4) and its cosets.

2.2.1 Vector fields on product spaces
Since SO(4) = SU(2) x SU(2) and SO(4)/[SO(2) x SO(2)] = [SU(2)/U(1)]? correspond

to product spaces, we begin with a general discussion on vector fields on such manifolds.

Specifically, we consider a geometry that has the form
ds® = gijdxidxj + habdy“dyb, e 20 = f(a:)f(y), (2.23)
H = éHijkdxi Adxd A dzF + %Habcdy“ Ady® A dy° .
Equations (2.21)—(2.22) on such a space become
1

P I g T =
TSI DOV

To separate variables between r— and y-spaces, we impose the ansatz
A = B(y)Ci(x)dx’ + B(z)Cy(y)dy® . (2.25)
There are three types of separable solutions (2.25):

(a) Vector fields on the x-space:
A = B(y)Ci(x)dx’ . (2.26)

Substitution into the system (2.24) gives

fgl\/gai [17vaF | + falx/ﬁaa [F7VRR"9,B| + AB| C7 = 0

®Note that since we are dealing with a massive vector field A, equations (2.21) and (2.22) are not
invariant under the A — A + df transformation.



This leads to a system of two eigenvalue problems for decoupled ODEs:
0, [F7VRR9,B] + Mor B = 0, ——
fovh BNARVL

where C;; = % ij is the modified field strength corresponding to the potential Cj:

0; {f"\@C”} + AvectorC7 = 0, (2'27)

Cij = 8iCj — ;Ci + CHyj,CF. (2.28)
The system (2.27) leads to the eigenvalue

A= )\scalar + )\vector . (2.29)

The vector field C; satisfies a constraint

1 o i
77y [17vas C] = 0, (2:30)

which ensures that the number of degrees of freedom covered by the ansatz (2.26) is
(dim, — 1).
Vector fields on the y-space:

A = B(x)Cq(y)dy® . (2.31)

As before, substitution into the system (2.24) leads to a two eigenvalue problems for
decoupled ODEs,”

falﬁéh- /733979 B] + Ascaras B = 0, foi/gaa [F7VRC™] 4+ AvectorC = 0, (2.32)
and the eigenvalue A is given by
A = Ascalar + Avector - (2.33)
The vector field C, satisfies a constraint
L s, [F7VRReCy| =0, (2.34)

fovh
so the ansatz (2.26) describes (dim, — 1) degrees of freedom.

The scalar mode:
A = B(y)dC(z) + B(x)dC(y). (2.35)

Substitution to the system (2.24) leads to the consistency conditions®

C(x) = Bx), C(y) = uBy) (2.36)

"The field strength Cqp is defined by the counterpart of (2.28), Cob = 0.Cp — 0,Cy + CHCLZ,CC’C7 and it is
related to the relevant components of (2.22) by Cot = %]-'ab.
8We used the equations of motion for the three-form H,,x.



with some constant p and to system of ODEs:
1
Ve
1 - . - .
———=0, | fPVRhh™0,B| + Ascatar B = 0. 2.37
fa\/ﬁ [‘f b } ! ( )

The eigenvalue A and the parameter u are given by

ai {fg\/agijajB} + )\scalarB = 07

1 )\sca ar
A= )\scalar + Ascalar n=—= ! . (238)

Ascalar

If 4 = 1, then the ansatz (2.35) describes a pure gauge: it gives A = 0, but functions
(B, B) remain arbitrary, and they are not constrained by the system (2.37).

To summarize, the separable ansatz (2.25) describes
dim, + dim, — 1 (2.39)
modes with non-zero values of A, and the eigenvalues are given by

A= {xscalar + Avectora )\scalar + 5\scalaura )\scalar + 5\vector} . (2-40)

Therefore, to find the complete spectrum of the equation (2.21) on the product space (2.23),
it is sufficient to determine the scalar and vector eigenvalues (Agcalar, Xscalar, Avectors Xvector)
on the individual blocks. We will now solve this problem for SO(4) = SU(2) x SU(2), and
we will analyze SO(4)/[SO(2) x SO(2)] = [SU(2)/U(1)]? in section 2.5.

2.2.2 Vector modes on SU(2)

To evaluate (Agcalars Ascalars Avectors Avector) and the corresponding eigenfunctions for SO(4),
we recall the geometry (2.12) in the (y;,y2) coordinates. Comparing it to the general
product space (2.23), we conclude the f = f = 1, and that the scalar equations (2.37)
reduce to (2.14) with identification

B = ¢imlar—Br)t+ina(ar—Br) g, (1), B= 6iﬁ1(aL—ﬁL)+iﬁ2(aR—ﬁR)B2(y2)’
27 < 27
Ascalar = ?Vla Ascalar = ?VZ . (2'41)

Next we consider the vector equation from the system (2.27),°
1
V9

on the relevant part of the geometry (2.12)

.9 .
0; [\/aflj] + %)\ C’ =0, .7:1']‘ = &-Cj — 83»01» + CHijka, (2.42)

k| dy?
ds? = o~ | =5 + (dyr)? + (dvr)® + 2y dyrd
5 Qﬂll_y%+(7L)+(7R)+y1 VTLAYR|
k
B = —(l=y)dyNdyr, yo=0ar=Pr, Tr=ar—Pr. (2.43)

9To simplify the subsequent formulas, we rescaled the eigenvalue in (2.27) as Avector = 27”)\. Then X is
analogous to (v1,v2), and it will be equal to a product of integers or half-integers.



The full analysis of the equation (2.42) is presented in the appendix A, and here we just

outline the logic and write the final result.

(i)

(i)

The most general separable solution for a vector field in the geometry (2.43) is
given by
Cidmi = ein1’yL+in2'yR [Vydy1 + Vld’yL + ng’}/R] s (2.44)

where (V,, V1, V2) are functions of y;, which are mixed in equations (2.42). We are
looking for combinations of these components that satisfy decoupled equations, and
to get insights into the structure of such combinations, we begin with studying the
¢ =0 case.

As demonstrated in the appendix A, the most general separable solutions of
equations (2.42) with ¢ = 0 are given by

Cidx; = emLtin2 R {V;del + q+(‘7+ + V_)d")/L + q_(V+ - V_>d"}/R} , (245)
where L2
2 2 2
ni —ns q- A—nj
g+ =1+ = [ ] (2.46)
A—n?

[\/)\—n%—i-\/)\—n%r’ a“

Equations for the functions (V+, V_) decouple, and they are formulated as a system
of eigenvalue problems

d (1—-y)VL Ay1 — ning — Ry g
dyr [ Ayr —ning + p Ayt —1)
R (2.47)
d (1—y)HV’ Ay1 — ning + [
- 3 V_o=0.
dyr | Ay1 —mang — p Aly; — 1)
Here we defined p as a convenient combination of constants (A, ny,n9):
p= (A =nd)(A-n3). (2.48)
Note that, even though the modes V+ and V_ decouple, the function
1—y})V!
w, = LoV (2.49)

Ay —nming +p
satisfies the same differential equation as V.. Similarly, a function W_ constructed
from a derivative of V_ satisfies the same equation as V+.

Interestingly, functions (V+, V,) can be expressed in terms of the solutions of the
scalar equation (2.14). As demonstrated in the appendix A, any solution of equa-
tions (2.47) can be written as

A

1
Vi(y1) = Cy |(1—yi)B + i [Ay1 — nang £ p) By |, (2.50)

~10 -



(iii)

where function B satisfies the differential equation (2.14), and parameters (X, vy, M)
are related by
A=M? vy=MM+1), M>0. (2.51)

In particular, this implies that the eigenvalues of the problem (A.12) are given by
A = M? with an integer M which is subject to the constraint

M > |ni + na| + [n1 — nal. (2.52)

The last remaining component of the vector field, V, is given by

_ — M?
v, = iC+n1q + n2q+ [Bi _nng Y1 +MBl

M M(1—y3?)

+iC —Fp

— _ — M?
n2gqty — Mg lBi _ mn2 Y1 (2.53)

M M(1—y3?)

To extend the solution (2.45), (2.50), (2.51), (2.53) to arbitrary values of (, we observe
that two linear combinations of (2.50) are especially simple: the ones with

C_ = C+ and C_ = —C+ . (254)
Let us begin with analyzing the first combination by setting C_ = C;. =

1.
L.

N N N N 1
VeVl = BB Ve Vo= |- B+ o D - e B,

M
ingqy [ Ayr —ning inig-  p
V, = B — B;. 2.55
=S B e S (259)

Comparing with (2.45), we observe the C,, component is given by the scalar wave-
function By. This suggests that it might be useful to write the vector field C; in

terms of the frames!®

ﬁ {(1 —43)0y, £ (1105, — 8%)} : (2.56)

ba B
€30y = Oy, €40, = —

Evaluating various projections of the field (2.55), we find remarkably simple relations:

e5C, = asesd,Z, e Cy=ayreld z, e"C,=a_e"0,Z (2.57)
where!!
- ; A —n3) i(ne + M)q
7 = Byemtinin g, - A1) = 82T ) 2,
1 » BT T M M (2:38)

Note that the expressions (2.57) are reminiscent of the ansatz for solving the Maxwell’s
equations in the Myers-Perry geometry [31].

00nce ek is fixed by the observation above, the components of e/ are uniquely determined up to the

overall factors.
"Recall that g—pu = (A —n3)q.

- 11 -



(iv)

The analysis of the second polarization, Cy = —C_ = %, can be performed in a
similar fashion. In this case the convenient frames are

e:ti’YL
2\/1 -yt

and the counterpart of the ansatz (2.57) with (&4, é", e, as, ay,a—) gives

e50u =0y, = - (A=), Filmdy, —0)| (259

o _g-(A-ni) il F M) 2
=—" =" A=M- 2.60
T M (2:60)
It turns out that to extend the results to non-zero values of (, it is convenient to choose
a different route. Writing the counterpart of the first line in (2.55) for Cy = —C_ = %,
N ~ 1 ~ ~ 7
Ve, -V_= {(1 - y%) i + W [)\yl - Tllng] Bl] , Va4 Vo= MBI . (2.61)
we observe that the function

- M 1
By = . [(1 —y)Bl + i [Ay1 — nino] Bl} (2.62)

satisfies the scalar equation (2.14) with 3 = M (M — 1). Furthermore, in terms of
By, relations (2.61) become

1

A A 'LL ~ A A ~
Ve Vo= BB Via Vo= [1- B - o

[)\yl — nlng} Bl:| . (263)
These expressions can be obtained from (2.61) by a formal replacement
Bl — Bl, M — —M, v — . (2.64)

and the same replacement works for V, as well. Therefore, the C_ = —C. polar-
ization can still be described by the ansatz (2.57), but relations (2.58) should be
replaced by

i £ M)gy

~ 4 A —n3
7 = Bye™tinar g — M ay = i 7

M >0. 2.65
ing M - ( )

Alternatively, we can keep only expressions (2.57)—(2.58), but allow parameter M to

take both positive and negative values.'?

In the case of general ¢, we impose the ansatz (2.57) with
Z = Bye™Ltinanr oy = M(M + 1), (2.66)

and undetermined constants (as,ay,a—). In accordance with the discussion from
item (iv), parameter M can take positive and negative values, so to recover both

12Recall that M was defined in (2.51) as a square root of \.
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polarizations, every scalar mode is used twice. As demonstrated in the appendix A,
the constants (a3, ay,a_) obey the same relations (2.58),
N n9 + M 43

(2.67)

even for a non-vanishing ¢, but the expression for the eigenvalue A in terms of the
parameter M is modified as

A=M(M - (). (2.68)
In particular, for ( = 41 the sets of scalar and vector eigenvalues are identical.

(vi) Finally, there are solutions with Ayector = 0, which correspond to a pure gauge:
Cida' = df. (2.69)

For ¢ = 0, equations (2.42) are trivially satisfied since F;; = 0. In the case of a
nonzero ¢, the modified field strength does not vanish, but since H;j;, is proportional
to the volume form, the field F;; is divergence-free:

Fi = CHixC* = \}gai [VaFi| = jgai [VaH*Cy| = CHI*0,0p = 0.
(2.70)
Therefore, equations (2.42) with A = 0 are satisfied by the vector field (2.69) with
an arbitrary f. The ansatz (2.57) with a3 = a4 = a_ and an arbitrary function Z
covers all such solutions.

The construction described here gives the most general separable solution of equations (2.42),
and a priori it is not obvious that the Lorentz constraint (2.26) would be satisfied. Remark-
ably, this constraint follows from the ansatz (2.57) and equations (2.42), without additional
assumptions. This implies that the solution (2.66), (2.67), (2.68) can be used to build the
vector modes on the product space SO(4) = SU(2) x SU(2) using the procedure described
in section 2.2.1.

2.2.3 Summary of the vector fields on SO(4)

Let us now combine the discussion from sections 2.2.1 and 2.2.2 to describe separation
of variables for vector fields on SO(4). We are looking for solutions of the eigenvalue
problem (2.21) with F given by (2.22) on the geometry (2.12). In this case the = and y
coordinates defined in (2.23) are given by

r={y1,ar — Br,ar — Br}, y={y2,ar + Br,ar + Br}. (2.71)

According to the general discussion from subsection 2.2.1, there are three types of separable
vector modes:

(a) Vector fields on the x-space:
The ansatz for the vector field has the form

A = B(y)Ci(x)da’, (2.72)
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Then the eigenvalue problem (2.21) ensures that the functions (B,C;) satisfy the
system of differential equations (2.27) with the constraint (2.30).
In the case of SO(4) = SU(2) x SU(2), the scalar function has the form

Bly) = e Ox B et By (), (273)

and Bs(y2) satisfies the second equation in (2.14). The components of the vector field
C; have the form (2.57),

e5C, = asesd, 2, e Cy=ayreld,Z, e"C,=a_e"0,2, (2.74)
with frames (2.56). Function Z given by (2.66),
7 = By(y)ém i, (275)

where Bj is a solution of the first equation in (2.14) with v1 = j1(j1 + 1). The
eigenvalues of the vector equation (2.21) have the form (2.29),

A= 5\scalar + )\vector s (2.76)
with 5 5 )
~ Y . . ™ .
Ascalar = ?V2 = ?]2(]2 + 1)7 Avector = ?]1(]1 - C) (277)

Note that for ¢ = £1 the scalar and vector spectra, (2.15) and (2.76), are identical.
The ansatz (2.72) describes two physical degrees of freedom.

Vector fields on the y-space:
This situation is analogous to the case (a) with a replacement

T —Yy, 5\scalar — )\scalary Avector — S\VECtOI' . (278)
For example, the ansatz for the vector field is

A = B(x)Co(y)dy® . (2.79)

and functions (B, C,) satisfy the system of differential equations (2.32) with the
constraint (2.34). The vector C, and the scalar B(z) are given by

64C, = a3e50,Z, €1.Cy=0a4890,7Z, & Cy=a_"0,Z, (2.80)
B(z) = einl(aL*ﬁL)JFinQ(aR*BR)Bl (1), Z(y) _ eiﬁl(aL+BL)+iﬁ2(aR+ﬁR)Bz (12),

and (Bi(y1), Ba2(y2)) satisfy equations (2.14). The eigenvalues of the equation (2.21) are
A= )\scalar + 5\vector . (281)

with 9 9
™. . < ™. .
Ascalar = ?]1(]1 + 1)7 Avector = ?]2(]2 - C) (282)

The ansatz (2.79) describes two physical degrees of freedom.

13Recall that vr, = o, — B, YR = ar — Br.
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(c) The scalar mode:
The ansatz for the gauge field is given by (2.35)-(2.36):

A = B(y)dB(z) + uB(z)dB(y), (2.83)

and in the SO(4) case,

B — eim(aL—ﬁL)-i-im(aR—BR)Bl (y1), B= eiﬁl(aL+5L)+iﬁ2(aR+5R)BZ(y2) . (2.84)

Functions B; and By satisfy equations (2.14), the eigenvalue A and parameter p are
given by (2.38)

~ A
A= Ascalar + )\scalar y, M= — Nscalar . (285)

)\scalar

As in the general case discussed in section 2.2.1, y = 1 corresponds to a pure gauge,
which gives A = 0 and arbitrary functions (B, B) (the equations (2.14) are not
required).

To summarize, application of the separable ansatz (2.25) to SO(4) describes five physical
degrees of freedom, and the set of eigenvalues is given by

A= {Xscalar + Avectora Ascalar + 5\scalau"a Ascalar + 5\Vector} . (286)

The individual ingredients are specified by two numbers (j1, j2), which can be either both
integers or both half-integers:

2 . 2T .
)\scalar = ?]1(]1 + 1)7 )\scalar = ?]2(]2 + 1)

2T . 2

)\vector = ?]1 (]1 - C)a Avector = ?]2(]2 - C) (287)

The eigenvalues (2.86) have the standard degeneracy associated with [U(1)]* quantum num-
bers (ni,ns,n1,n2), but this degeneracy is enhances if ( = +1 when all three ingredients
of (2.85) have the same (j1,j2) dependence.

2.3 Gauged WZW model for the SO(4)/SO(2) coset

Let us now gauge some of the symmetries of SO(4) and study various fields on the resulting
backgrounds. In this subsection we go back to the group element (2.3) and gauge the SO(2)
symmetry that acts as

g — hgh™', where h= lq((,;t) 120 2] . (2.88)
X

Here p is the gauge parameter. We choose a convenient gauge by setting

X = go(y)diag(X1, X2), ar=0, Br=0. (2.89)
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in the product (2.3). Then the metric, the dilaton, and the Kalb-Ramond field of the
gauged WZW (gWZW) model become'*

g2k 4d X3 4dX3 da? 4 X1 Xadadp (1+ X2X3)dp?
| (1+X3)?2  (1+ X3)? X2+ X2 (X2 +X2)
B 4XF-XPPdady  4(XP— X3)Pdy’
1+ XP)(1+X)(XT+X3)  (1+X7)(1+ X3)(XF + X3)
_ 2(X2 + X3
2¢ _ (Xi 3) a=ay, B=0L. (2.90)

1+ XH(1+ X3
The geometry also contains a Kalb-Ramond B field, but the expression for it in the (X7, X2)

coordinates is not very illuminating. In terms of coordinates (y1,y2) introduced in (2.11),
the geometry (2.90) becomes

2(y1 — y2) 4(yr — 1)(ya — 1) 4yr — D)(y2 — 1) 2}
ds? [ + —— = dadf — dody — d
Y1 +y2—2 b Y1 +y2 —2 7 y1+y2 —2 7
k 2 d d
ity t dﬁ " y12+ 3/2
7r Y1+ y2 — 2 2 —2y7 2—2y2
kz{ { -1 ] {(ylyz—l)”
H = doa+2dy)NdBNd|————| +daANdyNd | ————=
™ ( ) B y2+y1— 2 Y2 +y1 — 2
e =2—y — . (2.91)

To demonstrate separation of variables, we observe that the frames in the (¢, 5,) subspace
can be chosen to be

1 [2-2 ” }
ry — =
A% =\ 11y { -y ]
1 2*2y2 2
ny, = = 2.92
40, = 3 T [0+ 05+ 720 292
2
40y = 5 (00— 0).

This implies that the inverse metric can be written as

T

9" 0,0, = 201 = 4})32, + efet 0,0, | + [2(1 = $3)02, + ebe50,0, | + e 0,0, . (2.93)
The first block depend only on i, the second block depends only on g9, while the third
block contains only constant coefficients. Such structure of frames, has also been encoun-
tered in Myers-Perry-AdS black holes in odd dimensions, where it guaranteed separation of
the Helmholtz and Hamilton-Jacobi equations [10-24], as well as equations for the vector
field [31] and higher forms [36]. In the present case, the structure (2.93) guarantees the full
separation of variables in the Hamilton-Jacobi equation

95 05 _
ozt dxv

1The general procedure for constructing the gWZW geometries and its application to the specific

(2.94)

case (2.89) are discussed in the appendix B.
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but not in the Helmholtz equation (2.96). The obstacle comes from a non-separable deter-
minant of the metric:

Vo= (if 2—yi—y2' (2.95)

It turns out that a modified Helmholtz equation
270V2(e72990) = —AD (2.96)

is still separable if and only if o = 1. This special value of ¢ has been already encountered

in [2, 3], where the general formula for scalar eigenvalues A on all G/H gauged WZW

models was derived using algebraic methods, which were applicable only to ¢ = 1.
Substituting a separable ansatz for the scalar field,

® = explinia + ingf + ing(a + 27)]91(y1)92(y2), (2.97)

into the Helmholtz equation (2.96) in the geometry (2.90), and setting o = 1, we arrive at
a system of ODEs:

d 9 dgl} 1 n3 (n1 —ng)? 1— M2
— -1 | + = + + =0,
dy [(yl )dyl 2|1=-un p+t |7 1 o
d [, o dgg} 1] n3 (n1 + n2)? 1— )\
— B 1) + + + = 0. 2.98
dyz [(yQ )d?/Q 2|1-w w1l |9 g P (2.98)

The eigenvalue A is given by

2r (A2 X3 1 nd
A:£<41+42—2—T;2>. (2.99)

Equations (2.98) can be solved in terms of the hypergeometric function, and the result
reads

n n__ 1_
g=0-y)?(A+y)> F {—k1,1+n3+n + k131 + ng; 2y1]7

n n 1_
g2 = (1 —y2)73(1+y2)7+F [—k2,1+n3+n++k2;1+n3; 292} ;

A 2% (2K +n31n, +1)2 N (2k2+n31—n++1)2 B 1—|—2n%] . (2.100)

Here we assumed that nsz > 0 and introduced two more non-negative parameters:
ny = |n1+nal, n_=|n;—nal

It is instructive to compare the expression for the eigenvalue from (2.100) with the general
formula for the gauged WZW models on the G/H cosets [2, 3]. As demonstrated in [2, 3],
the eigenfunctions of the scalar field (2.96) on such cosets are specified by a representations
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of the group G and the subgroup H, and the eigenvalues are expressed in terms of the

quadratic Casimirs of such representations:'®

A = Z2Ca(R6) = - Co(Ra). (2.101)

To recover this formula, we rewrite the expression for A from (2.100) in a suggestive form:

27 . . 2 n32
A= [iG+1) + 5200 + D] = (2.102)
. nsg +n_— . ng +n
jl:k1+3T’ 32:k2+%.

Note that in (2.18) and (2.19) we have already encountered the counterparts of the param-
eters (j1,72) in the SO(4) case. As expected the general formula (2.101) is reproduced.

2.4 Vector fields on the SO(4)/SO(2) gauged WZW model
To separate variables in the vector equation (2.21)
€2V, [e 2 FI| +40AY =0, Fuuy = 0pAy — 0,Au + CHuo A7, (2.103)

we implement the idea that has been used to solve Maxwell’s equations in the Myers-Perry
geometry [31]. We begin with introducing complex combinations of frames (2.92) that
depend only on y; or yo, as well as the constant frame eq:

e1x = €1+ i1, egx =eatify, ep, C12=1/2(1 = y79)0y,- (2.104)

Then we impose an ansatz inspired by our discussion in section 2.2 and by separation of
vector equations in background of the Myers-Perry black holes [31]

elfiAu = bli(yl)e}fiauz’ egiAu = bQi(y2)€§iauZ7 eﬁAM = bﬂegauzv

7 = efmotinafringy gy o). (2.105)

Direct substitution into (2.103) shows that the vector equations become separable only for
¢ =1, and the results are:

1. Coefficients b1+ and bo+ must be constant. This is consistent with constant eigenval-
ues of the modified Killing-Yano tensor corresponding to the metric (2.92),

Y =(e2Né2—el ne)ynel, (2.106)
which satisfies equations with twisted connections [25-28]:
VYo + Vi Vi = 0, T —pd 4 Ly (2.107)
n =~ mpq m*npqg — np — - np 9 np’ .

+ _ d+ d+ d+
Vn Ympq = anympq - andeq - an Ymdq - an Ympd‘

'5The expression in [2, 3] is slightly more general, but it reduces to (2.101) in the geometric limit which
we are discussing here. Also, the algebraic construction of [2, 3] applies only to the equation (2.96) with
o =1, and it is remarkable that this equation separates and results in (2.100) precisely for this value of o.
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Recall that in the case of the Myers-Perry geometry the metric and the Killing-
Yano tensors had the form

ds? = —l:l; + mej”mfj)* + nyny | datdx”

and the counterpart of the ansatz (2.105) was'®

10, [mPprA, =7 DUt A, = AT,

A, =+ -
0 rEiu T p

In particular, the prefactors in the last equation involved some combinations of the
eigenvalues of h, and since the eigenvalues of (2.106) do not depend on (y1,y2), the
constant values of the coefficients b11 and byt in (2.105) are not surprising.

2. Separable function Z obeys a system of ODEs

1 0 N MZ n3Z (n1 —ng)(n1 —ng —n3)Z
el O R (e (e et
1 0 9 0Z o Z n%Z (n1+n2)(n1 +ne —n3)Z
1) ] Rl T s (el
(2.108)
3. The eigenvalues A of (2.103) are given by
A 2% <>\1 - ”f) . (2.109)

4. Five coefficients (b1, bat,by) obey one constraint:

(b1+ + bl_)[4)\1 + 1] + (bg+ + bg_)[4/\2 + 1] + 4b0(n1 — n3)2—
— Zbli(nz +n3—n=* 1)2 — Zb2i(n3 —ni—no 1)2 =0. (2.110)
+ +

This constraint follows from the equations (2.103), and it also ensures the Lorenz
condition
V,.[e 22AM = 0. (2.111)

The metric (2.92) also admits another modified Killing-Yano tensor:
V=@*ne—e'netyne, (2.112)

2

where new frames é2, é° and é' are

el= V" " B+ (1—p)dy), &=—""""(dB+ (1 —y1)dy),
2_y1_y2(6 (1 —y2)dv) 2_y1_y2(5 (1 —y1)dy)
- 2(1 —y1)(1 —
O do— W g 2w ), (2.113)
2—y1—y2 2—1y1—y2

165ee [31] for details and derivation.
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In contrast to (2.106) this modified Killing-Yano tensor satisfies equations with different
twisted connections:

—0 S _ 1
Vi Yipg + Vi Yopg = 0, F%}:F%f—§H%W (2.114)

A

- _av d— d—v d—
Vn Ympq == 8nYmpq — andeq — an Ymdq — an Ympd-

Therefore another separable ansatz of the vector field equation is possible by replacing e!,
e? and €” in (2.105) by é!, €2 and é°, respectively. A direct substitution of this alternative
ansatz into (2.103) shows the vector equation becomes separable when ¢ = —1. In the
appendix B we will show these two possible separable ansatz are related to the left and
right frames of the gWZW model.

To summarize, in this subsection we have demonstrated separability of the twisted
vector equation (2.103) for two values of the twisting parameter: ( = £1. In both cases the
components of the vector field are given by (2.105), but the frames used in these relations
are different: ¢ = 1 corresponds to the left-invariant forms, and ¢ = —1 corresponds to the
right-invariant ones. The separation of the vector equation is not possible for any other
values of (, in particular, the standard equation corresponding to ( = 0 does not separate.
In the cases when separation is possible, the eigenvalues (2.109) are equal to their scalar
counterparts (2.100), so the group theoretic formula (2.101) which has been derived for the
scalar spectrum, seems to be applicable to vectors with ¢ = 1 as well. We have already
encountered this phenomenon in section 2.2.2, where the scalar and vector spectra (2.87)
agreed precisely for ( = +1.

SO(4)

2.5 Scalars and vectors on the S0(2)xS0(@)

gauged WZW model

Let us now gauge one more U(1l) isometry and study various fields on the resulting
SO(4)/[SO(2) x SO(2)] coset. To do so, we go back to the group element (2.3) and gauge
the SO(2) x SO(2) subgroup that acts as

g — hgh™', where h= qu(,u) 0 ] (2.115)

This leads to the shifts

arpr — oL %, BL,r — BLr £V (2.116)

in the parameters of (2.3), and the gauge can be fixed by setting agr = fr = 0. The
resulting coset element has the form

-2 xx7T —2 X
g= l%éa) 0 ] [ 1+;(XT2 1+);XT , , X =diag(X1, X2). (2.117)
¢2(P) —X T+XXT I- 1+XTXX X
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Using the general procedure for constructing the metric of the gauged WZW model,'” we
arrive at the geometry

k 4dX? 4dX32 4X1X5(1+ X2)(1 + X2
d = & N 2 1. X ( 2+ 1)2( + Q)dadﬁ
T |(1+X7)?2 (1+X2) (X7 — X3)?
k| X2+ X2(1+4X2 + X2X2 + X3) ) )
= d d
i (X7 - X3)2 (40 +a5) |
Lap  A(XE - X3)?

= . 2.118
(11 X2)%(1 + X2)? (2.118)
In contrast to the SO(4)/SO(2) coset, the geometry (2.118) does not contain a B field. A
sequence of invertible maps,

‘(1 — ’U)Z')

Xi:z _l—i-x?
14 w;

T2
. Wy =117, wy = \/;1, Yi = (2.119)

2.7}1'

leads to a separable form of the metric:

E (144 1+ys dy? dy3
ds? = — do — dB)? + —L[da + dB]? + + .
2ﬂ<1—m[ IR T S .

2
e =-y)-m), Vo= (2];) (1- yl)l(l —y2) (2:120)

In contrast to the situations discussed in section 2.3, the scalar equation (2.96) separates

for all values of o. This is not surprising since the geometry (2.120) describes two copies
of SU(2)/U(1):

30(4) B SU(Q)L X SU(2)R B SU(Q)L % SU(Q)R (2 121)
SO(2) xSO(2) UML) xUML)r  UQ)r = UQ)r '
Imposing a separable ansatz
b — einl(a76)+in2(a+ﬁ)y'1(yl)y2(y2)’ (2.122)
and substituting the result into (2.96), we arrive at a system of two ODEs:
1 d le} ni A1
——— (1 =y)° A+ y1)—| — Y1+ Y1=0
(1= y1)7 dy {( w)( y1)dy1 T+y ' 1—y
. p Wy ) \ (2.123)
o 2 ny 2
—— (1= 1+ } — Y + Yo=0.
(1 —y2)7 dyo {( )" yZ)dyz T
The eigenvalues of the full problem (2.96) are A = 2%(\; + A).
Equations (2.123) can be solved in terms of the hypergeometric functions:
1_
Yi=0+wyp) ™F {kulﬁ —2n1 + 030 2y1} ;
_ —n2 Lo 1- Y2
Yo = (1 4+y2) ™F |—ko, ko — 2n2 4 0;0; 5 . (2.124)

17See appendix B for the details.
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The eigenvalues A in equation (2.96) are given by

2T o2

2
A=—t+h), Mg= <k1,2 —nig+ g) —ni,— T (2.125)

Regularity requires k; and k2 to be non-negative integers. Setting ¢ = 1 and introducing
J1,2 = k1,2 — n12 the eigenvalues can be written as

M2 = 12012 +1) = ni,. (2.126)

This leads to the expressions for A+ which are consistent with an application of the general
formula (2.101) for a coset [2, 3] to the SU(2)/U(1) case. Equation (2.125) also hints at a
potential generalization of the formula (2.101) to arbitrary values of o. Such generalization
indeed exists for all groups and cosets, and it will be discussed elsewhere [6].

The eigenfunctions of the vector field (2.21), (2.22) follow the pattern outlined in
section 2.2.1. In the present case there is no H-field, so one does not have to consider
(-modified vector equations, and the analysis becomes simpler than the one presented in
sections 2.2.2, 2.2.3.

Division of space (2.120) into two blocks,

r={y,a— B}, y={ya+p8}. (2.127)

and application of the general pattern presented in section 2.2.1 leads to three types of
vector modes:

(a) Vector fields on the x-space:
The ansatz for the vector field has the form

A = B(y)Cy(x)dz’, (2.128)

and the eigenvalue problem (2.21) leads to the (2.27) for the functions (B, C;). Field
C; must satisfy the constraint (2.30) as well, but as we will see, in the %@)(Q)
case this does not lead to additional restrictions.

In the present case, the scalar function has the form

B(y) = ™t 0vy(yy), (2.129)

and Ya(y2) satisfies the second equation (2.123):

1 d dYs n% 5\scalar
———— (1 —y2)° (1 +yo)—| — Y- Yo =0.
(1 —y2)7 dy2 (1= 32"+ 32) dyo Tty © 1—y ’
The vector field C; has the form
Cida' = ™= [Vidy, + V_(da — dp)] . (2.130)

where V; and V_ are functions of y;. Substitution into the second equation in (2.27)
gives and expression for V7,

inl(l — yl)Vi
)\vector(l + yl) - n%(l - yl) 7

Vi = (2.131)
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as well as a differential equation for V_:

14y d | (I—y) (A +y)V.
(1 - y1)" dyl Avector(l + yl) - n%(l - yl)

The Lorenz condition (2.30),

+V.=0. (2.132)

0, [ /gg" Cy| =0,
is automatically satisfied, and the eigenvalues of the problem (2.21) are given by
A= 5\scalam + Avector - (2133)

Interestingly, (2.132) and the first equation in (2.123) have the same set of eigenvalues,
and solutions V_ can be written in terms of eigenfunctions Y; by

dY1 (nl)QJ
Vo=(1 — -
( +y1)dy1 b\

Vector fields on the y-space:

Yla >\vector = )\scalar . (2'134)

This situation is analogous to the case (a) with a replacement
T =Y, 5\scalar - )\scalary Avector — Xvector . (2135)

The ansatz for the vector field is

A = B(x)Cyo(y)dy® . (2.136)
with
B(z) = ™Ay (y)), Cada® = ) [Vodys + Vi (do+ dB)] . (2.137)
Function Y7 (y1) satisfies the first ODE from (2.123),
1 d dY1:| n% Ascalar
e T (1)) (1)t - Vi + Vi =0, 2.138
(1 —y1)7 dyx {( )’ y1)dy1 Tty ' 1y ( )

and V, satisfies a counterpart of (2.132)

1ty d [ (1—y2)" (1 + )V
/\vector(l + y2) - n%(l - y2)

0 ) v, +V,=0. (2.139)

As in the case (a), the sets of scalar and vector eigenvalues, {Xscalar} and {/N\VQCtor},
are the same, and the eigenfunctions of (2.139) and (2.123) are related by
dYs (n2)?c

V+ = (1 + y2)7 - % Y2, Avector = Ascalar - (2-140)
dy? Avector

Function V5 is given by

’ing(l — yg)Vj_

Vo = = ) (2.141)
Avector(l + y2) - n%(l - y2)
and the eigenvalues of the problem (2.21) are
9 B
A= %(Ascalar + )\scalar) . (2142)
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(c) The scalar mode:
The ansatz for the gauge field is given by (2.35)-(2.36):

A = B(y)dB(z) + uB(z)dB(y), (2.143)
and in the present case,
B(z) = ém@DYi(y)),  Bly) = @)Yy (y). (2.144)

Functions Y7 and Y3 satisfy equations (2.123), and the eigenvalue A and parameter
w are given by (2.38)

A=+ 2), p=-21. (2.145)

To summarize, application of the separable ansatz (2.25) to 50(80(4) describes three

2)x 2
physical degrees of freedom per each pair of eigenvalues (A1, \2) of t)hesg}gszcem (2.123). The
full spectrum describes three copies of (2.125) corresponding to cases (a), (b) and (c).

Our analysis was based on the product structure of the space (2.121), but it is also
instructive to compare with the ansatz (2.105) inspired by Maxwell’s equation on black

hole geometries. To do so, we write the metric (2.120) in terms of frames:

k
ds? = Q—(e}fei*dx“dx” + effelzfdaz“dw”),
T
1 .
e datt = < 2 [dy (1 + y1)(do + dB)],
—n
1
2

aa+ﬁ

7
, eh Oy = V31— Y3 [ay2 + mﬁaw .

Then equations (2.128), (2.130), (2.131), (2.134), lead to simple expressions for the projec-
tions:

7
elfiau =/1- y% [8111 + m

i(/\l —nla) i()\l —i—ma)
(a) : elf+Au = _T6T+8MZ7 elffA“ = Te?ﬁauz,
ehy Ay =0, 7 = MmOt at iy, (y1)Va(ys). (2.147)

Here we used the first equation form (2.123) to eliminate higher derivatives of Yi(y1).
Similarly, for the other branches we find:

i()\Q — N0 ’i()\z + HQJ)
(b) : 65+A# = —7)e§+8uZ, eg_AH = 765_(9#2,
)\2 )\2
iy Ay =0, 7 = em (@Dt (0t 0y, (y)Ya(ya); (2.148)
)‘ ] — ino(a
(©: elidu=els0uZ,  ehpAy= =3 ehs0uZ, 7 = MY (1) Yy ().
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All three cases, as well as their arbitrary linear combinations, match the structure (2.105)

with constant coefficients (b4, bat).

To summarize, in this subsection we demonstrated a full separation of variables in the
scalar and vector equations on the background of the WZW model for the SO(4)/[SO(2) x
SO(2)] coset. We found that, up to an extra degeneracy in the vector sector, the scalar
and vector spectra are identical and the eigenvalues are given by

2 ] )
A= ?()\1 +A2), A2=J12012+1) — nig. (2.150)

The components of the vector field are expressed in terms of the scalar by one of the
options (2.147)—(2.148), and various ingredients of the scalar eigenfunction (2.122) satisfy
ordinary differential equations (2.123).

2.6 Gauging and T-duality

In this section we have analyzed the eigenvalues problems for scalar and vector fields on
the backgrounds of the (gauged) WZW models corresponding to SO(4) and its cosets,
SO(4)/H. Although the differential equations describing the dynamical excitations varied
with the subgroup H, there were some similarities between them, and in this subsection
we will address the origin of these similarities. Specifically, we will demonstrate that the
target spaces of various SO(4)/H are related to each other by T duality, and that equations
for excitations transform under such dualities in a simple way.

We begin with the SO(4) WZW model that produces the geometry (2.12). Defining
new coordinates (a4, 1) by

(ar — Br) = (ar — Br) (ay +BL) £ (o — Br)

ot 5 , B+ 5 ; (2.151)

we can write the B field and the angular parts of the metric as

ds* = (1+y1)da? + (1 —y1)do® + (14 y2)dB3 + (1 — y2)dfB2,
B = (1—y2)dfB+ Ndp— + (1 —y1)day Ada_. (2.152)

To simplify the discussion, we rescaled the metric and the B-field by the factor % Per-
forming T-dualities the a— and §_ directions, one finds a new background with the metric

Mda% + %(da, —2day )? + Mdﬁ + é(dﬁ, —2dB4)%,  (2.153)
but without the B field. Comparison with (2.120) shows that the dual geometry is
[SO(4)/[SO(2) x SO(2)]] x U(1)2. This agrees with a general statement that gauging of
any SO(2) symmetry is equivalent to a T duality [61]. By performing only one T-duality
in (2.152), one would find [SO(4)/SO(2)] x U(1).

The map between SO(4)/SO(2) and SO(4)/[SO(2) x SO(2)] cosets is slightly more
interesting. The T-duality corresponding to this map is performed along some combination

ds® =
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of angles appearing in (2.91). Specifically, introducing a new coordinate 7 = 2y + «, we
can rewrite the SO(4)/SO(2) metric (2.91) as:!'8

ge? — W2 =) 4o 2y —ye) boas (=D —1) , »

y1+y2—2 Y1 +y2 —2 y1+y2 — 2
+ 4o + 2 dy? dy2
Ty 482 + Y1 -+ Y2 .
Y1+ y2 — 2 2-2y7  2-2y;

Y2 — Y1 d (y1y2 — 1)
—da ’

Y2 +y1 — 2 Y2 +y1 — 2
T duality along 7 direction removes the B-field and makes the dilaton separable:

B =dr N |dp e 22 =2y —yy. (2.154)

1 —y1y2 9 91 2(y1 — y2)dadf y1+y2 — 2 9
ds* = do® + dp%) - - dr
o~ D 1) DD - De 1)
(y1 —y2)dB — (1 —yryp)da  dy? dy3
2d +
T - D -1 227 " 2243
e 2% = (yy — D(y2 — 1). (2.155)

An additional shift, « — «a + 7 leads to a simpler metric (2.120) with an additional flat
direction 7:

1 —y1y2 2 9 2(y1 — y2)dadp > dyt dy3
ds® = da” 4 df®] — +dr? + +
(1 = (2 - 1)[ & (1 —D(y2— 1) 2 - 22 " 2— 232
1+ y2 2 I+ 2 2 dy% d@/%
= ———|da+df|]" + ————|da — df])* + dr° + +
2(1 —yz)[ d 2(1 —y1)[ Al 2-2y2  2-—2y3

e =(y1—1)(y2—1). (2.156)

As expected, this is the [SU(2)/U(1)] x [SU(2)/U(1)] x U(1) geometry.

Once various SO(4)/H backgrounds are shown to be related by T-dualities, separation
of variables on one of them guarantees separation on another provided that dynamical
equations remain invariant. In particular, the scalar equation (2.96) is invariant under a
T-duality if and only if o = 1, so separability of the Helmholtz equation on SO(4), where
the dilaton is trivial, would imply separability on SO(4)/H only for o = 1. We saw this
explicitly for the SO(4)/SO(2) coset in section 2.3. Interestingly, the scalar equation on
the SO(4)/[SO(2) x SO(2)] geometry separates for an arbitrary o (see (2.123)), but such
“bonus separation” is not a consequence of T-duality.

To separate the vector equation (2.103), one needs to build special frames associated
with the Killing-Yano tensors (see, for example, (2.106)). The behavior of the Killing-
Yano tensors (KYT) under T-duality was studied in [28], where it was shown that while
the ordinary KYTs may disappear, the modified KYTs are preserved. Interestingly, it is
precisely such modified Killing-Yano tensors, (2.107) and (2.114), that are responsible for
separation of the vector equations after T-duality. Therefore, we have demonstrated that
separations of the scalar and vector equations on the SO(4)/H cosets are not accidental,
but rather they are guaranteed by the relation between gauging and T-duality [61] and by
the transformation of dynamical equations and Killing-Yano tensors under the duality [28].

13In the subsection we have dropped the factor k/m.
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3 The SO(5) sigma model

In this section we will look at separation of variables in the SO(5) sigma model. Unfor-
tunately the full separation of variables encountered in previous section for SO(4) and it
cosets does not persist for SO(5), but we find several interesting sectors which admit a
partial separation. We begin with reviewing parameterization of SO(5) and an algebraic
construction of the scalar eigenfunctions developed in [5]. In section 3.1 we also present
some simple examples of wavefunctions which inspire the analysis in the rest of the dis-
cussion of the SO(5) group. In sections 3.3 and 3.4 we construct two infinite classes of
separable eigenfunctions by solving the Helmholtz equation. Each family is parameterized
by four discrete quantum numbers. In section 3.5 we use an algebraic procedure to con-
struct additional infinite families of separable solutions which depend on four parameters
as well. Finally, in section 3.6 we discuss partial separation for a different parameterization
of SO(5) as well as its extensions to larger groups.
The action of the SO(5) WZW model,

k ik
S=—5- /annaBtr(g‘laagg‘laﬁg) + é; /tr(g‘ldg Agtdg A g dg) (3.1)

is invariant under the SO(5)r x SO(5)r global symmetry. Since SO(5) has rank two, the
sigma model (3.1) has 2 + 2 = 4 commuting Killing vectors. It is useful to realize these
U(1) symmetries by simple translations, and this can be accomplished by the following
parameterization of the group element g:

I-ByYYT  ByY 0
I-BxXTX —-BxXT
= hlar, —YT"By I—-YTByY 0| hlag,Br]-
g9 = hlar, BL] [ BeX  I- BxXxT y y [ar, BR]
0 0 1
(3.2)
Here vector X, scalar By, and matrices (Y, By), are defined by
X = (X1,X9,X3,Xy), Bx= 2 Y = diag(Y1,Ys), By = 2 (3.3)
- 1, A2y A3, A24), X_1+XXT = dlag(ry, ra), Y_1+YYT .
We also defined h[a, 5] as a matrix function of two angles:
Co S 0 00
—SaCa 0 00
h[a,ﬁ] = 0 0 Cg Sp 0]. (3.4)
0 0 —sgcg0
0 0 0 01
Note that matrix h;, = hlar, ] appears in the action (3.1) only in the combination

h;ldhL, so coordinates (ay, 1) are cyclic. Similarly, matrix hg = hl[agr, fr] appears
only in the combination thhj_%l, so coordinates (ag,fr) are cyclic as well. The full
metric corresponding to (3.1) is rather complicated, and here we just stress one important
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property, which is easy to verify. If we write X; = Rpu;, where three variables p; are subject
to constraint 3" pu? = 1, then

k 8dR?
ds® = o | 2P + (terms without dR)]| . (3.5)
In other words, the cross terms between dX; and remaining coordinates can be written in
terms of dy;.

In this section we will study the scalar equation
V2 = —%m (3.6)

in the geometry (3.1)—(3.2). As demonstrated in [2, 3], the eigenvalues of this equation can
be expressed in terms of the quadratic Casimir of the gauge group, and the SO(5) case,
the result is

A:ll(l1+3)—|—l2(l2+1), l1 > s, (3.7)

where (l1,12) are either both integers or both half-integers. Our goal is to construct the
corresponding eigenfunctions. In contrast to the situation described in the previous section,
equation (3.6) is not fully separable for the SO(5) WZW model, but there are several
separable families and they will be described in separate subsections. The simplest family
follows from the observation (3.5): if we assume that ® is a function of R only, then the

equation (3.6) becomes!?
(1+ R2)4 d R3 dd
— — AP =0. 3.8
4R3® dR | (1+ R?)2dR + (3.8)
The normalizable solutions are
1 (3+2k)%2 -9
@ = —_ . M ———— = -—— .
F[ k’3+k72’1+R2}’ A 1 , (3.9)

where k is a non-negative integer, so we recover (3.7) with (I1,l2) = (k,0). In the remaining
part of this section we will extend the explicit solution (3.9) to more general families.

3.1 Eigenfunctions from group theory

Before analyzing differential equations, it is useful to recall the algebraic construction for
the eigenfunctions of the Helmholtz equation (3.6). As demonstrated in [2, 3], all such
eigenfunctions can be constructed as polynomials in the matrix elements of g. Specifically,
each eigenvalue (3.7) corresponds to an irreducible representation of SO(5). Such repre-
sentations are characterized by Young tableaux, which in turn specify representations of
the permutation group S5. Then the wavefunction ® is written as the sum over relevant
permutations P [5]

o = Z(—l)”(P)gile[l] -+ Yinjp, — (traces). (3.10)
P

19WWe used the expression for the determinant of the metric.
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The wavefunction is fully specified by the set of 2L indices (i1,...,ir,J1,...7jr) and the
signatures o(P) associated with the Young tableau. In this subsection we will present
several examples of eigenfunctions (3.10) for representation of SO(5) with small L, and
in the subsequent subsections the patterns observed in these examples will be used to
construct infinite separable families.

The first set of states corresponds to the Young tableau with one box. The eigenvalue is

A =4, (3.11)

and the eigenfunctions are arbitrary linear combinations of the matrix elements g;;. To
make the [U(1)]* symmetries explicit, we focus on the combinations which have specific
charges under these transformations. There are 25 states in total. One of them is neutral,
and it corresponds to (3.9) with k = 1:

1-R?
3.12
1+ R? (3.12)
This is the only state in the k¥ = 1 representation that does not have angular or X,

dependence.
To write the remaining states in the k£ = 1 representation, it is convenient to introduce
three combinations of the coordinates (R, Y7, Y2),

1+ Y2)(1+YE)(1+ R? Y + Y Y, - Y-
1—Y?Ys5 1-Y1Ys 1+ 1Y,
as well as six complex combinations of X,
z1 = X1 +1Xo, z9 = X3+ 11Xy, (3.14)

iy =21 —Yyze, Zoy=20+ytrz1, L1-=21—Y-22, Zo-=z22t+Yy-21.
Then we find that the 25 states in the k = 1 representation can be divided in four groups:

1. One state (3.12) without angular or X, dependence.
2. Fight states are linear in X,. They are given by

e~ 2oL 5, ey MOR(Z1 Y Zoy) €*PR(Zyy +Y_Z1y)

1+ R 1+R? D ) D (315
and their complex conjugates.
3. Eight states charged under U(1),, symmetry are given by
—2itar+an) L+ Z24.25) —2itar+r) (D11 2o — Vy)
D ’ D ’
ilan—ar) Y+ Y- +DZHZ1)’ o—2iar—Fr) (lezg = Y,)’ (3.16)

and their complex conjugates.
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4. Eight states charged under U(1)s, symmetry can be obtained from (3.16) and their
complex conjugates by the replacements

ar = BL, ar— Br, Zix — Zax, Zox — —Zix. (3.17)

The extensions of these groups to general families will be discussed in section 3.4. We
conclude this subsection by listing some solutions corresponding to antisymmetric repre-
sentation characterized by a Young tableau with two boxes. The eigenvalue A = 4 has
degeneracy 100, and the wavefunctions are specified by two antisymmetric pairs of indices,
(i,7) and (k,1).2° Up to a normalization factor, the wavefunctions are given by

Pijikl = Gikgjt — Gitgjk - (3.18)

As we saw already in the case of the fundamental representation, it is convenient to in-
troduce complex coordinates (3.14), so we will use the values (z1, 21, 22, 22, 5) for indices
(i,7,k,1) as well. For example,

Dokt = Pujkt + P2k, Pogjimt = Prjirr — 1 Pojika - (3.19)

Substituting the explicit expressions for the matrix elements of g, we observe that the
following combinations, as well as their complex conjugates, depend on (z1, 21, 29, Z2) only
through R?:

4B 111(1 4+ Y1Ys) 4B, (Y1 - Ya)?

Dy = Camimz =
212232122 D(l — Y1Y2) ) 212232122 D[l _ ()/'1}/'2)2]
o _ABaa0-WY) o B+ Y5)? (3.20)
2122:2122 D(l + Y1Y2) ’ 212232122 D[l _ (}/'1}/*2)2] . .
Here we introduced a convenient shorthand notation
Eopod = 6—2i(aaL+bBL+CaR+dﬂR) ) (3.21)
Note that wavefunctions (3.20) have a separable structure
& = e~ 2ilaar+bB+eantdr) £(R)g(Y;, Vs) . (3.22)

In the next two subsections we will construct the most general function of the form (3.22)
that solves the scalar equation (3.6). In sections 3.4 and 3.5 extensions to several classes
of z-dependent solutions will be discussed as well, and they will contain the states (3.15)
and (3.16) as special cases.

20Recall that g is a 5 x 5 matrix, so the indices (i, j, k,1) range from one to five. Then the antisymmetric
combinations, (i,7) and (k,l), can take 10 possible values each. This explains the 100-fold degeneracy of
the eigenvalue A = 6.
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3.2 Factorization of the R dependence

Before finding the most general solutions of the form (3.22), it is instructive to start with
a specific solution, such as one of the functions listed in (3.20), and explore the possibility
of changing function f(R) while keeping ¢(Y7,Y2) and constants (a,b,c,d) fixed. This
subsection is dedicated to the discussion of such “R-dressing”, and our starting point will
be slightly more general than (3.22).

Let us assume that the Helmholtz equation (3.6) has a solution of the form

RP

~ X
(I)AO = m ) (’yi,Ya, }%]) s Vi = {O‘INBL?O‘R?ﬂR} i (323)

In particular, wavefunctions (3.22) and (3.15) fit this pattern. We will now demonstrate
that equation (3.6) admits a family of normalizable solutions which are obtained by “dress-
ing” solutions (3.23) by some specific function of the radial coordinate:

P
o) _ It

~ Xj . 2 2
N T 03 m2)e Srpg(R)® (%Ya, R) o A=A+ (2k+2¢+3)" — (2¢+3)7. (3.24)

The “dressed” solution depends on an integer parameter k. To prove (3.24), we recall that
the metric has the form (3.5), where “terms without dR” contain (dv;, dYy,, dp;), where p;
are three angles from a constrained set of four parameters:

X; = Ruj, S oui=1. (3.25)
The differential equation (3.6) has the form

LA
(1+R?)?20R

(1+R>)* 0
4R3  OR

+ V20 + AD = 0, (3.26)

where V2 has a complicated R-dependence, but no R-derivatives. Writing equation (3.26)
for two wavefunctions, (3.24) and (3.23), and combining the results to eliminate the terms
with V2, we find

(k)
(1+ R 0 R 0% *)
I R |0+ ok | T A%y (3:27)

_(Q+RH)™1 9 | R* 4 RP (k)
T 4R QR |(1+ R22dR(1+ R2)2| M-

To simplify this equation, we define a new function h by

RQ
Then equation (3.27) becomes
z(1—z)h" +2+p—22+ q)z]h' + (A — Ao)h = 0, (3.29)
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and the solution regular at R = 0 can be expressed in terms of the hypergeometric function:

2
fopa(R) = F |—k,3+k+2¢;2+p; 11 R2| (3.30)
(2k +2q + 3)% — (2q + 3)?

where A = Ay +

4

Normalizability at large values of R requires k to be a non-negative integer.

To summarize, we have demonstrated that every wavefunction of the form (3.23) gives
rise to a one-parametric family of normalizable solutions of the Helmholtz equation (3.6).
The wavefunctions are

k) _ RP R2

- X
=—F |-k k4+2¢2+p, ———=| D (v, Yo, =2 ), .31
Ak (1+R2)q 73+ + Q7 +P51+R2 (77 > (33)

R

and the eigenvalues are

(2k +2q + 3)% — (2 + 3)?
n .

A= Ao+ (3.32)

Normalizabilty requires k to be a non-negative integer. An alternative form of (3.31),%!

RP X
oW = Pk 3+k+2g:2+2q— p; ® <%,Ya,Ef), (3.33)

1
Ak T (14 R2)e 1+R2]
may be useful as well. In particular, the solution (3.9) is recovered by choosing the trivial
function ® and p = ¢ = 0.
We conclude this subsection with presenting an example of the dressing (3.31). Observ-
ing that the wavefunctions (3.20) have (p, q) = (0, 1), we can dress the first wavefunction as

2

R
F[—k75+k,2,]w] 5 Ak—A0+

(k) AR 11114+ YY)

(2k +5)% — 25
212252122 D(l o }/:[YQ) :

4

(3.34)

The remaining wavefunction from (3.20), as well as examples from (3.15) can be dressed
in the same way.

3.3 Separable X-independent solutions

In this subsection we will generalize the solutions (3.20) to wavefunctions which have the
form (3.22). For fixed function g and parameters (a, b, ¢, d), solution (3.22) covers a one-
parameter family of “dressed” wavefunctions analyzed in the previous subsection. To avoid
unnecessary complications associated with f(R), here we will focus on the “seed solu-
tions” (3.23):

& — e2ilmartnafrtnsar+nafr] 9[Y1, Vo]

A (3.35)

21We dropped a constant multiplicative factor.
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and the “dressing” will be added in the end. In contrast to (3.23), equation (3.35) lists
the [U(1)]* charges explicitly. Also, since we are looking for solutions independent of
pj = Xj/R, the parameter p in the seed solution (3.23) vanishes. Substitution of the
ansatz (3.35) into the Helmholtz equation (3.6) leads to a complicated overdetermined
system of equations for the function g[Y7, Y5].22 The explicit form of these equations is not
very illuminating, so we will present only the logic for solving them.

(i) Once the ansatz (3.35) is substituted into the equation (3.6), one finds an equation
that contains various functions of (Xi, X9, X3, X4) and R. Expressing X in terms
of the remaining variables, one finds a system with independent (R, X2, X3, X4). In
particular, the coefficient in front of the product (X3X4) contains a polynomial in
(Y1,Y5) which must vanish. This happens if and only if

nang

ng = and no = +n;. (3.36)

ni
This leads to two branches for the solution (3.35).
(ii) Focusing on the n; = ng branch, and requiring the coefficient of (3.6) in front of X»
to vanish, we find a first order equation for the function g:

(14 Y2)dv,g + (14 Y2)dyg = 0. (3.37)

This reduces g[Y7, Y] to a function of one variable:

H_E} (3.38)

n2=m 9=1 [1 + Y1V,
Simﬂarly, the nog = —nNq branch giVeS

Y1 +Y;
ng=-n = (1+Y¥)dhig— (1+Y)dg=0 = g=f Ll_ylyﬂ - (3:39)

(iii) Substitution of (3.38) or (3.39) into (3.6) reduces the Helmholtz equation to a single
ODE for the unknown function f, and the resulting normalizable wavefunctions ®
are given by (3.40).

After this summary of the derivation we present the final result. The two branches of the
solution (3.35) can be written as

e2ilm(artBr)tns(arthr)l (1 442 o+l

= . . 2
¢ = (1+R2)q yﬁ1fn3 F[q+l_n17q+1+n371_n1+n37_y_}
2iny(ar—fr)+ns(ar—Fr)l (1 4 42 )at+1
= Y+ _ 1 )
= T ) s |0t Lo m g L] - m g

(3.40)

*28pecifically, variables (X1, X2, X3, X4) appear in the equation (3.6) in various combinations, not only
as R?. This leads to a system of PDEs for one function g[Y7, Yz].
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and complex conjugates of these expressions. Here we used the convenient variables gyt

defined in (3.13):
Y1 +£Y5

= —. 3.41
R ER DT (341
Interestingly, the eigenvalues corresponding to functions (3.40) depends only on g¢:
A =22+ q), (3.42)
and parameters (nq,ng) enter only through the constraints
max(ni,ng) < q, integer (ni,n2,q). (3.43)
Solutions (3.40) can be dressed with functions of R according to (3.31)—(3.32):
L — ! Fl—kk+2 —1—3‘2—i-2-L
(1+RY7  (1+ R ARy 2
A = 2¢(2+q) + (2k +2¢ + 3)* — (2¢ + 3)%. (3.44)
In two special cases, n; = n3 = ¢ and ny = —n3 = —¢q, the y-dependent parts of (3.40)
simplify to For n; = ng = v, the z-dependent parts simplify to
1 1+viv)2 7 1 v ]° E
= an - Y
(I+vi)e [+ YH)(1+Y3) T+yd 1+ Y1 +Y3)

leading to pure powers of the expressions (3.20).

To summarize, we have demonstrated that the X-independent ansatz (3.35) introduces
constraints (3.36) on the [U(1)]* charges and reduces g[Y7, Y2] to a function of one variable.
This implies, that the solution (3.35) depends on three parameters: two combinations of
(n1,n9,n3,n4) which are not eliminated by the constraint (3.36), and an additional integer
coming from the solutions of the ODE for the function g. Dressing the solutions (3.40)
with a function of R introduces the fourth parameter. Since the most general solution of
the Helmholtz equation (3.6) is expected to depend on 10 parameters, clearly the wave-
functions (3.35) form a very small subset. Unfortunately, the nice separability encountered
in (3.35) does not persist for the X-dependent functions, but several infinite families of
wavefunctions can be constructed, and they will be discussed in the next subsection.

3.4 Solutions linear in X coordinates

In the previous subsection we have constructed the most general X-independent solution
of the Helmholtz equation (3.6). Unfortunately, explicit closed-form expressions for all
X dependent eigenfunctions are unlikely to exist.?? Nevertheless in this subsection we
construct several infinite families of X-dependent eigenfunctions, and these results can
be viewed as a complement of the algebraic procedure (3.10), which is practical only for
representations with a small number of boxes in the Young diagrams.

ZProcedure (3.10) allows to construct all such functions algorithmically, but the combinatorics becomes
complicated.
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Let us look at wavefunctions which are linear in (X7, X2, X3, X4). The explicit ex-
amples (3.15) suggest that it might be useful to write the solutions in terms of complex
variables (z1, 21, 22, Z2). Let us impose an ansatz

e2ilniap+nafr+nsar+nafr]

¢ = 0+ /oy [Zlgl(yia Y2) + Z2192(Y1, Y2) + 2293(Y1, Y2) + 2294(Y1, YQ)]

(3.45)

Substituting this function into the equation (3.6), and requiring the coefficients in front of
eight combinations (X?Xo, X3, X3 X1, X3, X3X4, X3, X2 X3, X3), to vanish, we can alge-
braically solve the resulting equations for the eight second derivatives

0%,9i(V1,Y2), 05,911, Ya). (3.46)

Substituting the result back to (3.6), we observe that the coefficients in front of (X?X3,
X2X3,X5X1, X7X>5) contain only functions g;, but not their derivatives. Requirement of
having non-trivial solutions implies that the determinant of the characteristic matrix has
to vanish. This condition leads to only eight possibilities:

no =np £ 1, ng = Ny;

ng=-n1 1, n3=—ny; (3.47)
n4:n3:|:1, ny = ng;

ng=-ngtl, n3=—noe.

Some of the resulting solutions can be obtained from the others by applying discrete sym-
metries of the metric. First, by taking a complex conjugate of the solution, if necessary, we
can focus only on “—1" option instead of +1. Furthermore, the first two options in (3.47),
are related by changing the signs of (ar,, ar). While such change by itself is not a symmetry
of the metric, it is a part of a larger one:

(ar,ar,Y1,X1) = —(arn,ar, Y1, X1). (3.48)

This symmetry also interchanges the last two options in (3.47). Therefore, there are two
genuinely distinct possibilities:

no=mn1—1, ng=mng and ng=ng—1, ny=ng. (3.49)

If one of these constraints is imposed, some of the algebraic equations for g; can be solved,
and the results are

E 1 2 3, —
ng=mn1—1, nzg=mny: U= 7(’1 L:]’%';d)/;“ [91(Y1,Y2)21 4 g2(Y1,Y2) 2], (3.50)
En ng,ns3,n — Yl + }/2 — Y1Y2 -1
— — _ 1 : \I/ — 1,12,n3,N4 )
ny = na, Nng = N3 7(1 +R2)q 2o + 71 V.Y, 21094+ 22+ 7}/1 Y, 21 ¢ 93

The differential equations for these two ansatze are analyzed in the appendix C.1, and they
lead to the following solutions.
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o For the first option in (3.50), functions g; and g2 can depend on the (Y7,Y2) coordi-
nates only through the combination y_ defined in (3.13):

Y1-Y;
Y1 Vsl = by Ty Y, Yal = holy ], yo = ——2.
gl[ 1, 2] hl[y ], 92[ 1, 2] h2[y ]7 Yy 1—|—Y1}/2

Function h; and ho satisfy an overdetermined system of ordinary differential equa-

(3.51)

tions, and one of the consistency conditions implies that

1
hi(w) = 5— [~w(l +w?)hy + [ng(1 +w?) = na(1 - w?)]hy] (3.52)
2wo
with some constant o. The remaining equations lead to the expressions for (A, o) in
terms of the parameters (g, n1,n3) of the ansatz (3.50), and all regular solutions can

be divided into two branches:

(a):  A=2q(q+2), o =n1+q,

wn1—N3 )
ng>ng—1 = h2[w]:mF[M*qﬁnz’;*qmﬁl*n:ﬁ;*w l,
L ! 9
ng>n —1 = h2[w]:mF[n3—q,—n1—Q;n3+1—n1;—w l;
(3.53)
(b):  A=2q(q+1), o =n1—gq,
w13 5
ny>n3—1 = hofw| = WF[l—i—m—q,l—ng—q;n1+1—n3;—w ],
wn3—N1 )

As in the X-independent case (3.40), (3.42), the eigenvalue A depends only on ¢, and
the [U(1)]* charges enter only through the regularity bounds: the first arguments of
the hypergeometric functions appearing in (3.53) must be non-positive integers.

o For the second option in (3.50), functions g3 and g4 can depend on the (Y7,Y3)
coordinates only through the combination y_ defined in (3.13), up to a fixed prefactor.
Specifically, the second line in (3.50) must have the form

ny = ng, Ng = N3 — 1: (3.54)
E Y1+ Ys _ I . 1 .

U= e — [{21 + 22} daly-] + {22 - Zl} gs[y—]} :
L+ F) 14y 14y Yt Yt

Functions g3 and g4 satisfy an overdetermined system of ODEs, and one of the con-

sistency conditions gives

[1+2(A — 3¢ — 2¢%)y® + (1 —n3) (1 + y*)]h + y(1 + 4>
2(1 —n3+ A —3q—2¢*)y(1+ y?) '

93 =—Yga+h, Gga=
(3.55)

The remaining equations lead to two branches for function h, the counterparts of (3.53)
for the present case:
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(a): A =2q(q+2),

wnl—n3+1
ny>ng—2 = hlwl=———F[n1—q1—n3—q¢2+n —nz;—w’,
(1+ w2y}
wngfnlfl 9
ng>n1 = hlw|=————+FF[n3—q—1,-n1 — ¢;n3 — ny; —w’j;
(1+ w2y
(3.56)
(b): A =2q(qg+1),
w1+n1—n3
ng>ng—2 = hlw] = ——5F[14+n1—q,2—n3—q;2+n; —nz; —w?],
(1+w?)?2
wn3—n1—1

n3 >n; = hlw| = F[nfﬂ_%l_nl_Q§n3_nl;_w2]‘

(1+w2)i2
Once again, the eigenvalue A depends only on ¢, and the [U(l)]4 charges enter only
through the regularity bounds: the first arguments of the hypergeometric functions
appearing in (3.56) must be non-positive integers.

To summarize, we have constructed all wavefunctions which have the form (3.45). Apart
from the R-dependence these solutions are linear in (X1, Xo, X3, X4) coordinates. We have
shown that there are only eight possibilities (3.47) for the [U(1)]* charges, and for each of
these options the final answers are specified by three quantum numbers (ni,ns,q). The
solutions can be divided into several groups:

(i) For ng = ny — 1, ng = ng, the wavefunctions are given by

_ Enlﬁll—l,’ng,n?, _
T T+ RN [hl[y—]a + h2[:t/—]22} (3.57)

with functions h; and hg given by (3.52) and (3.53).

(ii) The wavefunctions with (ng,n4) = (—n; — 1, —n3) are obtained by applying the
map (3.48) to the solution (3.57). The result reads

E—n ni1—1,—n3,n
V= (11 f Rz),f . {— ha[—y+]z1 + h2[—y+]Z2} : (3.58)

(iii) The solutions with (ng,n4) = (£n1 + 1,+n3) are constructed by taking complex
conjugates of (3.57) and (3.58). The four branches covered by the items (i)—(iii) have
the general structure similar to (3.57).

(iv) The solution with (ng,mn4) = (n1,n3 — 1) has the form (3.54) with various functions
given by (3.55) and (3.56).

(v) The wavefunctions with (ng2,n4) = (—n1,—n3 — 1) are obtained by applying the
transformation (3.48) to equations (3.54), (3.55), and (3.56).
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(vi) The solutions with (ng,n4) = (£n1, £ns + 1) are obtained by taking complex conju-
gates of the wavefunctions from the items (iv) and (v). All four solutions covered by
the items (iv)—(vi) have the general structure of the state (3.54).

Each of the eight branches discussed in this subsection has wavefunctions which are specified
by three integer parameters (ni,ns,q). The fourth quantum can be added by dressing the
solutions using (3.31) and (3.32) with p = 1. Therefore, we have constructed eight four-
parameter branches of scalar wavefunctions with linear dependence on individual X; and
a complicated dependence on R.

3.5 Separable states in symmetric representations

In the last few subsections we have constructed several infinite families of scalar eigenfunc-
tions by solving the differential equation (3.6). Alternatively, one can use the algebraic
method (3.10), but unfortunately it involves combinatorics which becomes very compli-
cated as the size of a representation grows. Nevertheless, the construction (3.10) can be
used to find some infinite families of wavefunctions in a closed form, and in this subsection
we will do so for the fully symmetric representations of SO(5). We will begin with re-casing
the family (3.9) as a summation (3.10) for the symmetric representations, and then we will
extend this construction to more general wavefunctions in such representation.

While it is very easy to find the family (3.9) using differential equations (one just needs
to use the general structure (3.5) of the metric), it is instructive to recover these solutions
from the group theoretic construction (3.10). Since solutions (3.9) are neutral under [U(1)]?,
and they depend only on R, but not on the individual coordinates (X7, Xa, X3, X4, Y7,Y2),
it is clear that the wavefunctions are built only from gs5 in the parameterization (3.2).
With only one available matrix element, the wavefunction (3.10) vanishes unless the rep-
resentation is fully symmetric, and in the latter case one has

P = gs55...3955 — (traces). (359)

After recovering the family (3.9) from the last equation, we will analyze more general states
constructed from products of g,5: once again, since all ingredients have the same second
index, only symmetric representations are allowed, and the expression (3.10) reduces to

® = gq,5. .. ga,5 — (traces). (3.60)

The structure of traces in (3.59) and (3.60) will be specified below.

We begin with analyzing the wavefunction (3.59). In general, the state in a symmetric

representation is?*

i (4s+1—2k)!!

S
¢ = Gaiby - - - Gassbas + Z(_l)
k=1

24We are focusing on the even number of boxes (2s) in the Young tableau, and the odd case can be
discussed in the same way.

— 38 —



where we defined a shorthand notation

_ Yaib, - - - ga25b2s
OxTlas ok = Z { [6ai1ai2 o '5‘“21@71‘“% 5bi1bi2 T 6bi2k—1bi2k:| [ ’

i1...09% Gai biy - - Gaiy big,
(3.62)

Combinatorial factors in (3.61) are determined by requiring the contraction with respect
+25

to any pair of indices (a;,a;) to vanish. For example, observing tha

aia
ot anlbl -+ Gaggbas = 5b1b29a3b3 -+ Gagsbas

and
099251 Ias—2 = (5 + 2(25 — 2))0b,byGagbs - - - Jassbss + (terms with fewer g),

we conclude that the coefficient in front of the £ = 1 term in (3.61) is indeed — 481“. The

other coefficients are determined using induction.
To apply equation (3.61) to the state (3.59), we observe that if all indices a; = b; =

5, then

(2s)!

(2s — 2k)!s! (955)2872}f . (3.63)

Opllos_op =

Substitution into (3.61) gives

u 4s+1—2K)!1  (2s)! 1
d = 2s -1 k( 2s—2k Fleos 2 L. 2
(955) + kz::l( i @ anm ) x| s gt sigi(ess)
(3.64)
To relate this answer to the solution (3.9) we observe that equation (3.2) gives
1 - R?
gss = 1+ R2 )
and that function (3.9) can be rewritten as
k 3+k 1 ) k—1 44k 3
b=cF|—,—;=; Fl—— — = . 3.65
c1 5 3 ,27(955)]+C2955 { 5 g (955) (3.65)

The numerical coefficients (c1, c2) are such that ¢; = 0 for the odd values of k, and co =0
for the even ones. Clearly, there is a perfect agreement between (3.64) and (3.65) for
k = 2s, and the case of odd k can be analyzed in the same way.?® Therefore, the algebraic
construction (3.10) reproduces the family (3.9). We went though this derivation to illustrate
the procedure for analyzing (3.61) in a simple setting, and now we will present the results
for more complicated cases. The derivation follows the same logic, but the technical details
are more involved, and they are presented in the appendix C.2.

Let us go back to the states in the symmetric representation (3.61), take all indices by
to be equal to five, and allow indices a; to take values from one to four. In other words, we

#5Recall that since g is an element of SO(5), it satisfies the orthogonality relation gg” = 1.
260ne would have to start with a counterpart of equation (3.61) for the representations with an odd
number of boxes in the Young tableaux.
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are looking at states (3.60). The experience gained in the previous subsections, suggests
that it is convenient to use complex coordinates z; = X1 +iXs and zo = X3+ X, instead
of X, and to accommodate this change of coordinates we define?”

925 = 915 + 1925,  Guws = 935 + 1945 . (3.66)

To perform contractions of these ingredients one can use the relevant Kronecker symbols

5zz - 6:v1+i:c2,:c1+iz2 = 07 532 = 5z1+i:c2,:c1—iz2 = 27 5ww = 07 6wi) = 2. (3~67)

For example, let us consider a wavefunction built only from g¢.5 and gz5. Let us assign
charge one to g,5 and charge minus one gz5. It is clear that a contraction cannot change
the charge of the product, so all terms in (3.61) have the same. Assuming that this charge
¢ is non-negative, we conclude that the last term in (3.61) is equal to (g.5)? multiplied by
a constant. For other terms one finds a counterpart of (3.63):

Oullgrz-n = 2° {k!(i k:)!] {k!(isjqqz!k)!} (925)""* " (gz5)" " (3.68)

Then the sum (3.61) can be easily performed, and it gives
3
P = (g:5)'F {k sthktaltg (gz5gz5)] : (3.69)

The solution with a negative ¢ is obtained by a making a replacement g.5 <> gz5.
Once all gq5 are included, the combinatorics becomes more complicated, but the final
result is rather compact:

3
D = (925)" (gus) P F2 {2 +q1 + g2+ ki + ko, —k1, —k2; 1 + 1,92 + 15 9259355, Guws9ws | »

A= (2/€1 + 2ko + q1 + QQ)<3 + 2k + 2ko + q1 + q2). (3.70)
Here F5 is the Appell’s generalization of the hypergeometric function defined by the series
expansion®®

= @)m+n(01)m(b2)n m n
FQ[aybl,bQ;cl,CQ;x7y]: Z (771'1’;(0(1)1) (6(2)2) x

m,n=0

(3.71)

Regularity requires (ki, k2) to be non-negative integers. Combinatorial derivation of the
expression (3.70) is presented in the appendix C.2.

Expression (3.70) reduces to the standard hypergeometric function in the special
case (3.69) and its simple extension

3
® = (g.5)" (gus) 2 F |-k, 5t kE+aq+aqs14+q159:5955|, s=q+q+2k  (3.72)

2TWe use (z,w) instead of (21, z2) to avoid double superscript in various expressions written below. Also,
our results will be applicable to solutions which depend on different (z,w) complex structures, for example
for z = X3 —iX3, w = Xo — iX4, however, such combinations will not carry specific charges under [U(l)]4
symmetries corresponding to translations in (ar, 8L, @r, BR)-

28Recall the standard notation (a), =a...(a+n —1).
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with various permutations of indices (z,z,w,w). Note that solutions (3.70) and (3.72)
carry specific [U(1)]* charges, but their R-dependence is rather complicated. This can be
seen from the explicit form of the matrix elements:

2e~ 2oL 5 2¢= 2Ly
1+ RrR2 95T TR

In particular, the solutions described in this subsection don’t have the form (3.23), so

gz5 = — (3.73)

they cannot be dressed with additional functions of R using the procedure described in
section 3.2. Furthermore, all arguments of this subsection are equally applicable to g5, SO
by making replacements

9a5 = G5a (374)

in the expressions (3.70), (3.72), one still gets solutions of the Helmholtz equation (3.6)
with the same eigenvalues. The resulting separation is perhaps even more impressive since
the relevant matrix elements are more complicated

27 HOR(Z1_ —y, )  2e7HOR(Zy 4y, Zy)
9z5 = D y  Gus = D .
We used the convenient notation introduced in (3.13)—(3.14).

We conclude this subsection by counting parameters. There are 12 branches of (3.70)
2

(3.75)

corresponding to different choices of complex structures,?” and 12 more branches of the
solutions flipped by (3.74). Each branch has four integer parameters (g1, q2, k1, k2). In-
terestingly, each of the solutions (3.40) dressed with functions of R had four parameters
as well. It would be very interesting to find separable solutions with a larger number of
free parameters since a general solution in 10 dimensions should be parameterized by ten

numbers.

3.6 Separation in terms of spherical harmonics

To conclude the discussion of separable solutions in the SO(5) WZW model, we also mention
an alternative parameterization of the group element (3.2) that leads to another set of
eigenfunctions depending on four coordinates. This alternative parameterization has a
major disadvantage in comparison to (3.2): the Cartan group of SO(5) x SO(5) acts in a
complicated way,?” so we are discussing it only for completeness.
Let is consider a scalar field on the background of an SO(N) WZW model. A general
group element g can be written as
g=qh, (3.76)

where ¢ is an element of the subgroup SO(N — 1) and h is a coset representative of
SO(N)/SO(N — 1) which describes the symmetric space S™¥~!. Then the left-invariant
one-form frames are given by

L =g dg=n"Y(dhh™' + ¢ 'dg)h = h*Lh. (3.77)

2Here we focus only on the complex structures in (X1, X2, X2, X4) space. There are also wavefunctions
obtained from (3.66) and (3.70) by replacements like X; <> X5, but they have more complicated coordinate
dependence, so we have not studied them in detail.

30Recall that the WZW model on a group G has G x G global symmetries acting by g — hrghr.
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The action (2.1), can be rewritten in terms of £,

k . ik L
=—— [ don*Ptr(L, — / t

S o ontr(LaLg) + = r(LALAL),
so these objects can be used as frames. Introducing a split between the group and the
coset,

L =dhh™ 4+ ¢ 'dg = R, + L, (3.78)

we can write the frames as a lower triangular block matrix:

A, — [Zaz Lgm] . A= (aa), M=(um) (3.79)

where we have used the Greek (Latin) indexes are denoting the coset (subgroup) projec-
tions. The inverse of this lower triangular block matrix leads to the frames with contravari-

ant indices>!

~M Rua 0 _
€A = N™ [m
a a

RE, 0
a 3.80
~L™R%,R", L™, [ ] ! (3.80)

and the resulting inverse metric has a fibered structure:
GMN = e Meg'nAB = P (RY + N,™)(Ry + Ng™) +n"°L,"L," . (3.81)

In particular, if we look at the Helmholtz equation (3.6) and assume that the scalar @
depends only on the coset coordinates, then the problem reduces to the eigenvalue equation
on the sphere SN~1. The eigenvalues are given by

A=k(k+N—2), (3.82)

and eigenfunctions are fully separable in several coordinate systems. For example, writing
the metric of S? as

dsg = d@g + sin? Gpds]%_l, (3.83)
we can build the eigenfunctions using induction:
N-1
=[] ®p(0,) (3.84)
p

Function ®,(6,) satisfies an ordinary differential equation

P4 AP, =0. 3.85
sinzep + AP ( )

1 d dd Ay 1@
- - in6 p—1 p| _p
(sin 0,)P—1 db, [(Sm ») depl
The normalizable solutions of this equation can be written in terms of the associated
Legendre polynomials:

, = (sin6,) 2" P (cosb,), A=k, —1+ g, p=Fky1—1+ g . (3.86)

31Note that R% R,” # 62.
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In the case of the SN ~! dimensional sphere, the solution depends on (N —1) integer param-
eters (k1,...kn,). Interestingly, for SO(5) we find four parameters, the same number that
has been encountered elsewhere in this section, although the spherical separation is very
different form the other constructions discussed here. In the SO(4) case spherical separa-
tion gives only three parameters, in contrast to the six-parameter separation encountered
in section 2.1. It would be interesting to see whether for larger groups spherical separation
becomes more or less powerful than the one coming from parameterizations like (3.1).

4 Discussion

In this article we have studied equations for scalar and vector fields on backgrounds of
several (gauged) WZW models. While the scalar spectrum has been known for some
time [2, 3], the algebraic construction of the relevant eigenfunctions turns out to be rather
involved [5], and it is desirable to look for a more explicit form of the solutions. Fur-
thermore, the CFT construction of eigenvalues and eigenfunctions [2, 3, 5] does not seem
to be easily extendable to vector and tensor fields. To cure these problems, we focused
on extracting the wavefunctions directly from the perspective of field equations instead of
appealing to algebraic methods.

For the SO(4) group and its cosets, we demonstrated the full separation of variables in
equations for the scalar and vector fields, including the vectors with field strength twisted by
the B-field. Although we derived separation of variables from the first principles, therefore
establishing uniqueness of the separable ansatz for the vector components, we found that
the final expressions have the same structure as their counterparts for the rotating black
holes [31]. This suggests universality of the form (2.74) for the separable components of
vector fields on all geometries that admit separation, and it would be very interesting to
test this hypothesis on other backgrounds.

For the SO(5) group, the full separation of scalar and vector equations seems unlikely,
but we found several classes of separable solutions. All our families are parameterized
by four integers, in contrast to ten quantum numbers expected for the ten-dimensional
geometry. It would be interesting to either find separable families with more parameters
or to understand why this can’t be done. It would also be interesting to study scalar and
vector fields on manifolds corresponding to larger groups and cosets.
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A Vector field on the SU(2) WZW model

In section 2.2.2 we outlined the procedure for finding vectors modes on SU(2), and in this
appendix we present the technical details of this derivation. We will perform the analysis in
two steps. In section A.1 we will focus on the standard equations for the vector ((2.42) with
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¢ = 0) and give technical details supporting the steps (i)—(iv) presented in section 2.2.2.
This justifies the ansatz (2.57) and prove its uniqueness. In section A.1l, we will impose
the ansatz (2.57) for the modified vector equation (2.42) and derive the relations (2.67)
and (2.68). This would justify step (v) in section 2.2.2.

A.1 Standard equation for the vector: ¢ =0

In this subsection we will focus on { = 0 case to justify the ansatz (2.57) and prove its
uniqueness. To get some intuition about the structure of relevant components we will begin
with a special case ny = na = ¢ = 0 of the system (2.42), (2.44). Then we extend the
analysis to arbitrary values of (nj,n2).

We begin with recalling that the most general separable solution for a vector field in
the geometry (2.43) is given by

Cydw; = e™ETM2IR [V dyy + Vidryy, + Vadyg], (A1)

where (V,,, Vi, V) are functions of y1, which are mixed in equations (2.42). We are looking
for combinations of these components that satisfy decoupled equations, and to get insights
into the structure of such combinations, we begin with studying a special case:

ny = ng = 0, C =0. (AZ)

Once these conditions are imposed, the mode V}, decouples, it gives Avector = 0, while func-
tion V}, remains arbitrary. This “pure gauge” describes the scalar mode (2.35) in the special
case (A.2). To decouple the remaining components, we introduce linear combinations Vi:

_h+h,

Vi 5

Cidx; = [Vydyy + Vi (dvyr + dyr) + V_(dvr — dvr)] - (A.3)

Then the system (2.42) with Ayector 7 0 reduces to differential equations for Vi

d
(yl + 1)d7y1 [(yl + 1)V£] + /\vectorv:l: =0. (A4)

The normalizable solutions are

V:t(yl) = C:tF —M, M; 1;

1Fun
2

:| ) )\vector = _M2, (A5)

where M is a non-negative integer. Comparing this with (2.16) for ny = n_ = 0, we can
identify M with L and express the vector modes in terms of the solutions of the scalar
equation (2.14):

Vi(yr) = Cx [(1 = y}) B} + M(y1 £ 1)By . (A.6)

Then equations (A.4) with Ayector = —M? reduce to an ODE for Bj:

d

i (W} = 1)BY| = M(M +1)B, =0, (A7)

which is a special case of (2.14).
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Next we relax the values (nj,ng) while keeping ¢ = 0. In addition to the pure gauge,
Cidx® = dC(z), which describes the scalar mode (2.35), we encounter two vector modes,
and inspired by (A.3), we write the gauge field as

Cida; = €™ TR (Vodyy + Vi (dyg, + dyg) + V- (dvy — dvg)] - (A.8)
Assuming that Ayvector 7 0, we find the expression for V;, in terms of (V,V_):

S+ n2) (1 —y)VE + (m —no)(1+y)V

vV, = —
Y ni+n3+ Ayt —1) — 2ninoy

(A.9)

It turns out that the components (V,,V_) decouple only if no = +ny, so in the general
case we write

Vi=Vi+u(n?—ndV., V. =V_+uy(n?—nd)V, (A.10)

with undetermined constants (uy, us). Direct calculations show that equations for (V, V.)
decouple only for the specific values of uy o:

1
Uy = uy = — 5 (All)
A= 13+ /A - n3]?
and the eigenvalue problems are
d | (- yHv! Ay1 — ning + o —o
dyi | Ayr —ning — p ANy —1)
) (A.12)
i (1-— y%)Vi Ayr — ning — MV -0
dyr | Ayr —mang + p -1 T
Here we defined
=1\ —n)(A—n3). (A.13)
Note that the ansatz (A.8) can be rewritten as
Cida; = e™mtinan [Vydyl + e (Vi + Vo)dys +q-(Vy — Vf)dVR} ; (A.14)
where
— 2 2 _ 2 2
g+ = (L +ugni —uan3), q— = (1 —uani + uans).
In particular,
1/2
- A —n3
= _ = (A.15)
4+ A—ni
Similar to (A.6), functions (Vy,V_) can be written as
N 1
Vi(y) = Cx |(1 — 3B, + i [Ay1 —ning £ u| By, (A.16)

where function Bj satisfied the differential equation (2.14), and parameters (A, vy, M) are
related by
A=M? vy =MM+1). (A.17)
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The two free parameters CL characterize two different degrees of freedom of the vector
fields. As demonstrated in section 2.2.2, the expressions for the vector field become espe-
cially simple if one considers Cy = C_ or Cy = —C_ (see (2.57)—-(2.58) and (2.59)—(2.60)).
In the next subsection we will extend these two polarizations to the modified equations for
the vector field (2.42) with a nontrivial value of (.

A.2 Modified vector equation: arbitrary ¢

To demonstrate separation of variables and decoupling of various components in equa-
tions (2.42) for all values of ¢, we introduce the frames (2.56),

Oy =0y Oy = ——— (1= 9]0y, £ (310 = 0,,)]
2¢/1 =g
(A.18)
1
e+ L (ehe” + e e) = 20
and impose the ansatz (2.57)3
e5Cy = a3esd,Z, e C,=ayed,Z, 'Cy=a_€e"0,7. (A.19)

Here (as,a4,a_) are undetermined constant coefficients, and function Z is related to the
solution of the scalar equation (2.14) by

Z = Byemrtinar (A.20)
Such Z after normalization can be expressed in terms of the Wigner’s coefficients,
Z:Dl‘iq, p=ns, q=ni, (A.21)

which obey an important set of identities:?3

1 1
J o J J J J
e3d, D, , =ipD, ., €L o.D, = §CPDP*17Q’ oD, = _§CP+1Dp+1,q' (A.22)
Here we defined
¢ =\/(J +p)(J —p+1). (A.23)
This leads to an alternative form of the ansatz (A.19):
. ¢ Cp+1
e4Cy = agipD;) ., €L Cy=ay EPD}LL(N etCy=—a_ %D}{H,q . (A.24)

To evaluate the field strength, we need the expressions for the spin connections in the
frames (A.19). Although the spin coefficients I'f.,

de® +T%e N eb =0, (A.25)

32 A similar ansatz for a vector field in a five dimensional black hole with two equal angular momenta was
also considered in [62].

33Winger’s functions are naturally defined with Euler’s angle parametrization and one can check these
identities explicitly in that parametrization of the group element.
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can be easily evaluated from the definition above, it is instructive to compute these coef-
ficients using the group-theoretic analysis. Specifically, substituting the expression for the
group element (2.3) into the definition of the left-invariant forms,

o = Tr(T%g 'dg). (A.26)

we arrive at a very simple relation

e’ = —io”. (A.27)

Then the Maurer-Cartan equations for the left-invariant forms lead to the expressions for
the spin coefficients in terms of the structure constants of SU(2):

] 1
do® + % Jheo? No® =0 = Th=—Cfi. (A.28)
These coefficients lead to the expression for the frame components of the modified field
strength,
1
Fap = Fop + CHGCe = 0,Cy — 0pCa + (& + CHE)Co,  HY_ = 1 (A.29)
and substitution of the ansatz (A.24) and the derivatives (A.22) gives
1
Fro=7 (~¢1a- + Gas —2p(1 + Qas) Dy, (A.30)
1
Fiz = §Cpp(a3 —(1+¢)ay) D)y, (A.31)
1
Fos = 5opup((1-Qa- - as) Dl (A.32)

To proceed, we project the equations (2.42) to the frames (A.19). We begin with the
derivative of the modified field strength:3*

A A
VuFP = 9, F0 + T FN 4+ T Fon
= 3M(Fbcebaef) + F/Oj)\]:bceg‘ecﬁ + Fﬁﬁfbceg‘ez‘

= O, Fefel + Fb (Vueg‘ef + Vuefe?) . (A.33)
Here we used the relation
0 = elelVgel . (A.34)
Substitution of (A.33) into the eigenvalue problem (2.42) gives?”
V FM 4 2ACP = 9, F%el + FP(Vaepel + e Vael) + 2007 = 0. (A.35)
Multiplication by eg and summation over [ gives the final form of the system (2.42) pro-

jected to frames:36

1 1
0uF™! = SF" fiy = 57" foe + 20CT = 0. (A.36)

34In this appendix, we denoting the spacetime indexes with Greek letters, (i, v, ... ), and the local frame
indexes with Latin letters, (a,b,...).
35The factor 2 before A is for our convenience to compare the result here with the results in the (y, vz, vr)

coordinates.
3Recall that T, = —1 f2.
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More explicitly, we find three independent equations:

A
O_Fi3+ 0+ F_3—iF_4+ —Cs =0,

2
1 i A
O+F 1+ 508F5+ — S Fea+ 501 =0, (A.37)
1 ) A
O-Fio+ 505Fs + %I_g +50- =0,

Substitution of (A.24) and (A.30) reduces (A.37) to a system of algebraic equations for
coefficients (ag, a4, a_):

as 0
Mlay| =101, (A.38)
a_ K
(pleg+ g =20 =¢=1)]  —(1+p+Q) 1-p+¢
M = 2p(1+p+Q) 2A—2p(p+§)—c§ CZH
2p(1 —p+¢) —c 2p(p — ) — 2 + 24,
Setting the determinant of the matrix M to zero,
[J(J—C) —Al[(1+J)(1+J+¢)—AJA =0, (A.39)
we find two physical polarizations of the vector field, as well as a pure gauge:’
n2
A = — : = :
I =) 0 = 2 as
ng
A=0+)A+J+(): = ; A .40
DT +0: as= (A.40)
A=0: a_ =ay =asg.
The last line gives F},, = 0, but F,, is still nontrivial:
I8 ipg ipg
]'—+7 = —?agD]‘iq, ]:+3 = _TCPOJ?JD;—I,(]? ]:73 = _TCPJFNI?’D;—FI,(]‘ (A41)

This field is divergence-free, so it gives A = 0.
To threat the first two solutions from (A.40) in a unified fashion, we observe that
Z = D; _ is a solution of the scalar equation (2.14) with an eigenvalue

n2,ni
m=JJ+1), J>0. (A.42)

The last expression can be rewritten as

m=MM+1) with M=J oo M=-J-1. (A.43)

3"Here we recalled the definition (A.21) to go back from parameter p to n2, which is used in the main
body of the paper.
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This concluded the derivation of the vector eigenvalues (2.68). Taking the first option for
the first line in (A.40) and the second option for the second line, we can summarize both

branches as
na

ny + Ma3
where M can take both positive and negative values. This concludes the derivation of the

A=MM-¢): ay= v =M(M +1), (A.44)

vector eigenvalues (2.68).
Although it is not obvious a priori, it is straightforward to check that the solu-
tions (A.24) (A.44) satisfy the “Lorenz gauge” condition:3®

V,C' =V,C* =2n3az + (J + 1+ n2)(J —n2)a_ + (J +n2)(J + 1 —ng)ay = 0. (A.45)

This fact plays an important role in section 2.2, where the SU(2) vectors are combined to
produce separable solutions for the vector fields on SO(4).

This method can be easily generalized to model with higher rank semi-simple groups.
Take a highest weight representation in which states can be labelled by their weight #. The
proper ansatz of the vector field will be

efigh A, =S ay, Dy, €, A, = ap, Dy g, (A.46)
I

where H; correspond to the Cartan subgroup (the analogue of T3), @; correspond to the
roots (the analogue of T4 ) and Dy are the higher dimensional analogue of Wigner’s func-
tions. Using the general commutation relations between the Cartan and root operators,
one can see that indeed that different modes will not mix in any components of the field
strength if we assume there are no degeneracies. However to derive the corresponding
eigenvalue problem is very cumbersome.

B Geometries for the gauged WZW models

The gauged WZW on coset G/H can be constructed by integrating out the gauge fields
A4 corresponding to the subgroup H from WZW on G. In this appendix, we present the
construction of this geometric background. It is convenient to separate the generators T4
of the group G into T* corresponding to the subgroup H and T'“ corresponding to the
coset G/H and define the left and right Maurer-Cartan forms on G as

LY, = —iTr(TAgflﬁMg), Rﬁ = —iTlr(TAc?Mggfl)7

Ry, = DapL%, Dap = Tr(TygTrg™ ), g €. (B.1)

In terms of the left and right forms the corresponding metric, Kalb-Ramond and dilaton
field of the gauged WZW are given by

k _
G = o (s L LY = LDy = ) ™ Ry — Ra(Dap — )LL), (B2)
py = o uv ,u,( ab 77ab) Ry + Ra( ab nab) v
e ?* = det(Dap — Nab); (B.3)

38GSince we are dealing with a massive vector field C, the equations (2.42) are not invariant under the
C — C + df transformations.
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where BY is defined by H° = dB° with
HYnp = fapc L LYLS,  fapc = —iTe([Ta, TB)T0). (B.4)

After some manipulations, the metric can also be written in terms of local frames as

k k A
G/u/ = % Nap eﬁeg = % Naps 63657 (B'5)

63 = ij - nga(Dab - nab)_TL,Z, éz = Rz - Daa(Dab - nab)_lRZ' (B'G)

In the group model (2.1), there are also two natural local frames L4, and R4, which are
related to the G x Gg isometries of the group model. By gauging the subgroup H, the
G X G isometries are mostly explicitly broken and the resulted gWZW model should
only depend on the gauge invariant quantities. As a result the two local frames (B.6) of
gWZW are gauge invariant projections and restrictions of Lﬁ and Rﬁ. Therefore the two
local frames (B.6) are the ones (after some linear combinations) we used in our separable
ansatz (2.57) and (2.105) inherited from the general form (A.46).

C Scalar wavefunctions for the SO(5) sigma model

In this appendix we provide some technical details relevant for deriving several classes of
scalar eigenfunctions on the background of the SO(5) WZW model.

C.1 Solutions with linear z-dependence

In section 3.4 we outlined the procedure for starting with a general expression (3.45) for
the eigenfunction linear in (X7, X2, X2, X4) and using various algebraic relations following
from the Helmholtz equation (3.6) to derive the options (3.6) that correspond to two types
of branches (3.50). In this appendix, we will begin with (3.50) and derive the expressions
for functions (g1, g2, g3, 94). We will focus on the first option in (3.50), and the second one
can be analyzed in the same way.

Let us define a convenient function

F=(14+R)»YV?+A)V. (C.1)

Once the first solution from (3.50),

En nz,n3,n —
no=mn1—1, ng=mny: ¥ =—"T2223" 10 (V] Y5)z1 + g2(Y1, Y2)29], C.2
2 =mn 3 =14 (14 R2)i [91(Y1,Y2)Z1 + g2(Y1, ¥2) 2] (C2)
is substituted, function F' must vanish. This leads to complicated overdetermined equations
for g; and g9, but one of the necessary conditions is very simple:

O*F

wrl =0 [0 n] e =0 (C:3)

X1=1X2

The most general solution of the resulting first order PDE is

Yl—Yg]

1+Y1Ys (C4)

92=h2{
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where ho is an arbitrary function of its argument. Next we look at another necessary

condition:
88X4 (Flxo—-ixa)| _ =0: [(1+ YD), + (14 YD)y |1 =0, (C.5)
This gives
pen B8] 8
All remaining equations contain (Y7,Y3) only in one combination
T (1)

so we find an overdetermined system of ordinary differential equations for (hi[y—], haly—])
with coefficients depending on (X7, X2, X5, X4). One of these equations gives the expres-
sion (3.52) for hj in terms of hg, then the consistency of the remaining system for hy leads
to two options for A:

A=2q(g+1) or A=2q(q+2). (C.8)

In both cases, the system collapses to a single hypergeometric equation for hs, and the
solutions are given by (3.53).

The second option in (3.50) can be analyzed in the same way, and the result
is (3.55)—(3.56).

C.2 Wavefunctions in the symmetric representations

The goal of this subsection is to derive the expression (3.70) from the general re-
sult (3.61). To do so, we focus on the wavefunction (3.61) containing four building blocks:
(925, 975, Gws, gws)- To evaluate the relevant combinatorial factors, it is convenient to white
the leading term in (3.61) more explicitly as

Gar5 - - Jazs = [925]" [guws| 2™ Y2, (C.9)

where we defined

T = 925975, Y = GwsGws (C.10)
Furthermore, relations (3.67) ensure that the only two types of contractions in (3.61):
g5 with gz5 and g¢,5 with ggs. Therefore, the index k in (3.61) can be decomposed as
k = k1 + ko to keep track of the contractions of the first and the second types. With this
notation we find

Opllos ok _Z{Qp | [ (s1+q)! } [ 51! }
[925]T [Guws| 2 s1ys2 (s1+q1 —p)!] Lp!(s1 —p)!

h—p(f (52 + go)! 52! =
x 2P (k = p)! {(k—p)!(82+Q2—]€+p)!] {(k—p)!(sz—k-i-p)!] xpyk_p}
o Z’“: e Py F (s1 4 q1)! 51! (s2 + go)! sa (C.11)

P k=Pl (si+a—p)l(s1—pl(s2+@—k+p)(s2—k+p)
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Substitution into (3.61) gives

< p(4s+1—2k)!
¢ = 1;)(_1) W(Skﬂzs—%

= [925]" [gus]® i(—l)kw k

I
= (4s 4+ )N
« k xsl*pys2+p7k (s1+q1)! s1! (s2+ q2)! S9!
= Pk=p)! (si+a—p)(si—p)(s2+g—k+p)(s2—k+p)
x My 4s 4+ 1+ 2m + 2n — 251 — 2s9)!!
= [gz5]ql [ng]q2 Z 1 m+n—si1—s ( I )
o minl(=2) 1782 (4s+ )N

(—=81)m (—82)n (51 +q1)! (52 + q2)!

)!
. C.12
COm D ol (0 ) (€12
At the last stage we used the relation
m s
(=s1)m = (—=51)(=s1+ 1) ... (=s1 +m—1) = (=1) Flm)' (C.13)

for the coefficients (a), = a...(a+n — 1) which appear in the definition of the hypergeo-
metric function and its generalization (3.71). To simplify the expression (C.12), we observe
that the definition of s from (3.61) implies s = s1 + s2 + %. Then

(4s+142m+2n—2s1 — 2s9)!! = (2[s1 + 52+ q1 + q2] + 2[m +n] + D!

3
_ gmn (31 byt it gt 2) 2fsi+s2+a+ag] +DI. (C.14)
m+n

Substituting this into (C.12) and dropping a complicated but irrelevant overall factor which
depends on (s1, 52, q1, q2), we find?’

Zmy" (81 +Ss2+q1+q2+ %)
mln! (1 + Dm(g2 +1)p

m—+n

@ o [g25]" [gus) ™ D

m,n

(_Sl)m(_32)n

3
o [925]7 [Guws]® Fo {2 +q1+q@+s1+s2,—s1, =521+ 1,0+ L2,y . (C.15)

Here we used the definition (3.71) of the Appell series. Equation (C.15) completes the
derivation of the wavefunction (3.70).

We conclude this subsection by justifying the wavefunction (3.72) for the special sit-
uation of so = 0. In this case the Appell series reduce to the standard hypergeometric
function, but one can also easily derive the result (3.72) from the first principles without
appealing to the reduction formulas. For the solution with sy = 0, the contractions can
happen only between g.5 and gz5, so the contraction rule becomes

(s1+q1)! } [ 51!
p!(s1+q —p)'] Lpl(s1 — p)!

6, Tlas 2y = 27! 2P (g.5)" gun)™ (C.16)

39To arrive at this expression we also used the relations (m+q1)! = (1 +1)mai! and (n+q2)! = (g2+1)ngo! .
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Then the summation (3.61) gives

4s +1 =2k 2517F (514 q1)! s1!
D = (g.5)7 (Gus)? _9 k(
(9:5)" (9us) Zk:( P R B P & T PR AT
I @2s1+qa+g]+2n+D)! 2™ (s1+aq)! 8!
q1 q2 _
% (9:5)" (9us) ; (—2)" (4s + D)1l (51 —n)! (n+q)! 7l

<81 + ¢+ g+ %)n (=$1)n g7
(n+q)! nl’

o (g25)" (gus) ™ Y

n

We used the expressions (C.13) and (C.14) for the factorials and double factorials in terms
of the gamma functions, and, as before, we dropped the complicated but irrelevant constant
prefactors in front of ®. Performing the sum in the last expression, we arrive at the final
result (3.72):

3
D = (gus)?(g25)" F | —F, g Thtatanltaigsgs), s=at+aet2k (C.17)
This concludes our justification of various combinatorial formulas used in section 3.5.
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