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Abstract

Strongly coupled Dyson–Schwinger equations generate infinite power series of running coupling con-
stants together with Feynman diagrams with increasing loop orders as coefficients. Theory of graphons 
for sparse graphs can address a new useful approach for the study of graph limits of sequences of partial 
sums corresponding to these infinite power series in the context of Feynman graphons and the cut-distance 
topology. Graphon models enable us to associate some new analytic graphs to non-perturbative solutions of 
Dyson–Schwinger equations. Homomorphism densities of Feynman graphons provide a new way of ana-
lyzing non-perturbative phase transitions. We explain the structures of topological renormalization quotient 
Hopf algebras of Feynman graphons which encode gauge symmetries Hopf ideals in the context of the 
weakly isomorphic equivalence classes corresponding to the Slavnov–Taylor / Ward–Takahashi elements. 
We apply Feynman graphon representations of combinatorial Dyson–Schwinger equations underlying the 
Connes–Kreimer renormalization Hopf algebra to construct a new class of Banach bundles for the study of 
the dynamics of non-perturbative phases in strongly coupled gauge field theories.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

On the one hand, Dyson–Schwinger equations (DSEs), as fixed point equations of Green’s 
functions [29,50], are original tools for the study of non-perturbative aspects of gauge field 
theories [19,21,39,40] under strong running coupling constants [15,49]. The combinatorial ver-
sions of Green’s functions are useful to formulate the solutions of DSEs in terms of power 
series of running coupling constants together with higher loop order Feynman diagrams as 
coefficients. These fundamental equations have been studied in terms of different settings de-
rived from lattice models [16], large N limits [35,36] and the renormalization Hopf algebra 
[17,26,29,30,41–43,52,56,57]. On the other hand, graphons or graph functions, as symmetric 
bounded Lebesgue measurable functions defined on the domain [0, 1] × [0, 1] with images in 
[0, 1], are useful tools in infinite combinatorics for the description of graph limits of sequences 
of finite weighted graphs. Graphons complete the topological space of finite graphs with respect 
to the cut-distance topology. Homomorphism densities with respect to graphons are applied for 
the study of the behavior of complex networks and subgraphs in dense graphs. The interrelation-
ship between graphons and random graphs has provided some new interesting applications of 
combinatorial methods to different fields of Science. The theory of graphons has been developed 
for dense and sparse graphs under separate settings. Stretched or rescaled graphons are general-
ized versions of graphons which are defined on some more general measure spaces such as the 
Lebesgue measure space (R+, m) and Lp spaces. These analytic graphs, which have a contin-
uum vertex set, are useful in dealing with the notion of convergence for infinite sequences of 
dense or sparse graphs [5,6,11,20,23,33,34]. Furthermore, recently, the Connes–Kreimer renor-
malization Hopf algebra has been topologically enriched via the topology of graphons to achieve 
some new analytic descriptions of Feynman diagrams and (non-perturbative) solutions of com-
binatorial DSEs in the context of graphon models. The completeness (and compactness) of the 
space of Feynman graphons allow us to study graph limits of sequences of Feynman diagrams 
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with increasing loop numbers and their formal expansions in the context of infinite random graph 
models. This platform, which clarifies some applications of infinite combinatorics to Quantum 
Field Theory, has already provided some new practical tools in computing non-perturbative pa-
rameters and describing analytic evolution of strongly coupled DSEs in terms of the behavior of 
the partial sums [44–48].

In this research work, we apply graphon models to equip the space of Feynman diagrams of a 
given strongly coupled gauge field theory with the cut-distance topology. This topological setting 
enables us to formulate the topological renormalization Hopf algebra of Feynman diagrams of the 
physical theory which leads us to obtain a new completed topological Hopf algebra of Feynman 
graphons associated to Feynman diagrams of the physical theory. The loop number graduation 
is useful in dealing with DSEs in scalar theories with only one vertex-type. While the loop num-
ber graduation becomes problematic to study DSEs in gauge field theories with more than one 
vertex-type, this particular graduation parameter provides some advantages in our graphon set-
ting. In other words, the loop number graduation determines the bare scaling of the pixel picture 
presentations of Feynman diagrams for the construction of suitable Feynman graphon models 
which are compatible with the combinatorial information of Feynman diagrams. At this level, 
the compactness of the topology of graphons enables us to control the behavior of higher loop 
order Feynman diagrams in the context of graph limits. The first consequence of this approach 
is to build a new class of graphon models for the description of non-perturbative solutions of 
combinatorial DSEs. The topological renormalization Hopf algebra of Feynman graphons and 
its quotient Hopf algebras with respect to the Hopf ideals generated by Feynman graphon repre-
sentations of the Slavnov–Taylor / Ward–Takahashi elements provide a well-defined formulation 
for the renormalization coproduct of the complete Green’s functions of Feynman graphons and 
solutions of DSEs. This new platform is useful to study the phase transitions of non-perturbative 
aspects in the context of homomorphism densities. In addition, it allows us to build a new non-
perturbative generalization of the Connes–Kreimer Renormalization Group. Furthermore, we 
build a new Banach manifold structure on the space of all combinatorial DSEs in the physical 
theory which can be equipped with three fundamental Banach bundles (i.e. tangent bundle, Hopf 
bundle and regularization bundle). We show that mathematical tools derived from these Banach 
bundles can geometrically describe the dynamics of Hadron Physics in non-perturbative phases 
in terms of trajectories of DSEs under different running coupling constants.

1.1. Physical motivation

Generally speaking, lattice gauge field theories have provided some rigorous progresses in 
dealing with the dynamics of quantum systems in strong running coupling constants. The many 
flavor SU(3) gauge field theories have led us to some practical models for the study of physical 
theories beyond the Standard Model. Strongly coupled IR dynamics of these physical theories 
should be considered via non-perturbative settings while in the range Nc

f ≤Nf < 16.5, the phys-
ical theories tend to a chirally symmetric conformal fixed point [7,16,18,22,40].

Quantum Chromodynamics (QCD) is the fundamental model for the description of strong 
interactions of quarks and gluons under chiral symmetry breaking. QCD is explained as a matrix-
valued modification of the electromagnetic theory in terms of replacing photons by gluons and 
electrons by quarks. Quantum fluctuations of the fields determine the force law while gluons, 
which carry the color charge, can interact with each other. The quantization of Chromodynamics 
involves the regularization and renormalization of ultraviolet divergences which generate a mass-
scale where mass-dimensionless quantities become dependent on the mass-scale. The weak force 
3
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is not only responsible for interactions between particles, but also it allows heavy particles to 
decay by emitting or absorbing some of the force carriers. The current quark-masses are the only 
evident scales in QCD while the nuclear weak force is the reason for any change in the quark’s 
flavor via W bosons [49,50].

Renormalization procedure generates running coupling constants. The Landau pole is the 
point where the perturbative expression of the running coupling diverges. We can get the first 
coefficient series as an independent parameter at short distances while at relatively large dis-
tances, dependency returns due to the confinement of quarks and gluons. This means that running 
couplings are non-observable quantities while predictions for observables should be determined 
independent of the choice of the renormalization map and the regularization scheme. At a crit-
ical temperature around Tc ≈ 170 MeV, QCD matter undergoes a deconfining phase transition 
into quark-gluon plasma. In perturbative QCD (i.e. the region T � Tc), we can expand different 
physical quantities with respect to the small enough running coupling constants. The behavior 
of running couplings in low energy levels (i.e. momentum transfers Q2 ∼ 1 − 5 GeV2 while the 
proton’s mass is approximately 1 GeV) is the original reason of the non-perturbative aspects in 
the context of the confinement. At this long distance level, non-perturbative solutions of DSEs 
are central tools to analyze the behavior of physical systems under strong running coupling con-
stants in order to understand the hadronic structure, the quark confinement and the hadronization 
processes [15,19,21,39,40].

1.2. Mathematical background

The Bogoliouv–Zimmermann’s forest formula in perturbative renormalization aims to remove 
nested loops in Feynman diagrams under a step by step recursive treatment [14]. The Kreimer’s 
renormalization coproduct [24] encapsulates this forest formula in terms of the factorization of 
Feynman diagrams into their elementary components with respect to the insertion operator under 
a Lie algebraic setting. In fact, this factorization process reduces the computation steps of per-
turbative renormalization in the context of a certain Hopf algebra known as the Connes–Kreimer 
renormalization Hopf algebra of Feynman diagrams [4,10,14]. For a given gauge field theory 
�, HFG(�) is a graded connected commutative non-cocommutative Hopf algebra over the field 
K =Q or R. Its grading structure is defined via the first Betti number of Feynman diagrams. 
We have HFG(�) =⊕

n≥0 H(n) such that H(0) =K and for each n ≥ 1, the homogeneous com-
ponent H(n) is the vector space generated by 1PI Feynman diagrams with the loop number n or 
products of 1PI Feynman diagrams with the overall loop number n [24,25,28].1 This particular 
Hopf algebra can be simplified in terms of a combinatorial Hopf algebra of decorated non-planar 
rooted trees. This combinatorial Hopf algebra allows us to recognize a universal reformulation of 
the BPHZ perturbative renormalization [10,12]. The renormalization Hopf algebra and its quo-
tient versions with respect to the Hopf ideals generated by quantum gauge symmetries provide 
a complete package for the description of the BPHZ perturbative renormalization in gauge field 
theories in terms of the Hopf–Birkhoff factorization of Feynman rules characters underlying the 
differential Galois theory [14,26,41,53–57]. Recent research results show the importance of the 
Hopf ideals of the Connes–Kreimer renormalization Hopf algebra in the Theory of Computation 
[43] and other generalized physical theories [38,52,53].

1 The number of internal edges can be also applied as the graduation parameter to obtain finite dimensional homoge-
neous components in the renormalization Hopf algebra of Feynman diagrams. See Proposition 1.30 in [14]. In this work, 
the loop number graduation provides a finite type graded Hopf algebra on Feynman graphons.
4
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On the one hand, the Connes–Kreimer Hopf algebraic setting provided a combinatorial in-
terpretation of DSEs in terms of a particular class of recursive equations built by families of 
Hochschild one cocycles associated to primitive Feynman diagrams. This combinatorial set-
ting has led us to study solutions of DSEs in the context of Hochschild Cohomology Theory 
[9,26,27,29,56,57], the Riemann–Hilbert correspondence [41–43], Noncommutative Geome-
try and Functional Analysis [44,47]. On the other hand, the theory of graphons for sparse 
graphs [5,6,11,33] has been applied to formulate a new analytic setting for the study of (non-
perturbative) solutions of combinatorial DSEs and their renormalization program in terms of 
cut-distance convergent limits of sequences of graphon processes. In this direction, we deter-
mined (complete) and compact topological spaces of weakly isomorphic (rescaled and stretched) 
graphon classes associated to Feynman diagrams and solutions of DSEs in a (strongly coupled) 
gauge field theory �. It led us to obtain a new topological enrichment of the Connes–Kreimer 
renormalization Hopf algebra denoted by H cut

FG (�) with respect to the cut-distance topology. This 
topological Hopf algebra is useful for the formulation of a non-perturbative generalization of the 
BPHZ method in dealing with the renormalization of solutions of DSEs. As a remarkable result, 
Feynman graphon models address a new way of studying strongly coupled DSEs in terms of the 
random graph processes [44–46,48].

1.3. Original achievements

At the first step, we study Feynman diagrams of a given gauge field theory in terms of pixel 
picture presentations and stretched or rescaled graphons to formulate a new compact topologi-
cal space of these physical diagrams with respect to the cut-distance topology (i.e. Theorem 2.9). 
The graph limits in this new space introduce a new family of infinite Feynman diagrams (i.e. Def-
inition 2.12). It is possible to analyze these particular graphs in terms of random graph processes 
built via Feynman graphon models (i.e. Corollary 2.13).

At the second step, we address an analytic description for (non-perturbative) solutions of com-
binatorial DSEs in the language of Feynman graphon models (i.e. Theorem 3.5). While this new 
picture allows us to study these equations in terms of random graph processes (i.e. Corollary 3.7), 
we give a new way of describing non-perturbative phase transitions via homomorphism densities 
of Feynman graphons associated to DSEs (i.e. Corollary 3.8).

At the third step, we consider the topological Hopf algebra of Feynman graphons (i.e. 
Lemma 4.1) to show some new computational advantages of Feynman graphons. We provide 
a new Feynman graphon approach to compute the renormalization coproduct of the complete 
1PI Green’s functions and solutions of DSEs in the context of some quotient versions of the 
Hopf algebra of Feynman graphons. These quotient Hopf algebras are derived from Hopf ideals 
generated by Feynman graphon representations of quantum gauge symmetries. (i.e. Lemma 4.2
and Corollaries 4.3 and 4.4).2 Then we address the structure of a new Renormalization Group 
associated to the topological Hopf algebra of Feynman graphons which encodes the renormal-
ization of DSEs (i.e. Theorem 4.10).

2 In gauge field theories, there exist Feynman diagrams with the same loop number n and residue r which contribute 
to the combinatorial Green’s function �r

n while they might have different valent vertices. The new Hopf ideals Igraphon
ST

and Igraphon
WT in the renormalization Hopf algebra of Feynman graphons allow us to equalize Feynman graphons corre-

sponding to certain linear combinations of Feynman diagrams which contribute to the Slavnov–Taylor / Ward–Takahashi 
elements. The cut-distance topological enrichments of the resulting quotient Hopf algebras are useful to determine the 
renormalization coproduct of non-perturbative solutions of DSEs.
5
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At the fourth step, we explain the structure of a new separable Banach manifold S�,g
≈ of 

weakly isomorphic equivalence classes of combinatorial DSEs in a given (strongly coupled) 
gauge field theory � with the bare coupling constant g (i.e. Theorem 5.2 and Lemma 5.5). Then 
we explain the constructions of the following different types of Banach bundles on S�,g

≈ .

• Thanks to the Gâteaux differential calculus theory, the first type is the principal tangent 
Banach bundle(

G∞(C), T S�,g
≈ ,S�,g

≈ ,πTan
�,g

)
(1.1)

with respect to the complex Lie group G∞(C) := lim← GLN(C) and the natural projection 
πTan

�,g (i.e. Theorem 5.8). This Banach bundle is useful for the study of the local geometric 

properties of trajectories or flows between DSEs where geodesics in S�,g
≈ address the most 

stable transition stages of non-perturbative phases (i.e. Remark 5.9).
• The second type is the principal Banach bundle(

G�,H cut
FG (�),S�,g

≈ ,π
Hopf
�,g

)
, (1.2)

where the cut-distance topological renormalization Hopf algebra H cut
FG (�) of Feynman dia-

grams is the total space such that the complex Lie group

G� := char(HFG(�),H cut
FG (�)) (1.3)

acts on it. Cut-distance topological Hopf subalgebras generated by solutions of combinato-
rial DSEs are the fibers of this particular bundle (i.e. Theorem 5.12). This Banach bundle 
addresses a new Hopf Gauge Theory approach for the study of non-perturbative aspects of 
gauge field theories beyond the Standard Model.
• The third type is the principal regularization Banach bundle(

Gcut
� (Adr),BDSE ×Gcut

� (Adr),BDSE,πTriv
�,g

)
(1.4)

with respect to the Lie group

Gcut
� (Adr) := char(H cut

FG (�),Adr) (1.5)

and a given principal C∗-bundle BDSE over a convex infinitesimal neighborhood �DSE of 
the equation DSE in the Banach space S�,g

≈ (i.e. Lemma 5.14 and Definition 5.16). The 
regularization algebra Adr, as the algebra of Laurent series with finite pole part, enables us 
to assign meromorphic functions in the regulator. This Banach bundle is useful to give a 
geometric description for a non-perturbative renormalization program in terms of systems of 
differential equations together with singularities derived from trajectories between DSEs in 
S�,g
≈ and a particular class of connections (i.e. Theorem 5.21 and Corollary 5.22).

Each of these Banach bundles provides some new geometric data about the evolution of strongly 
coupled gauge field theories during the rescaling of running coupling constants.

2. Cut-distance topological space of Feynman diagrams

In this section, we are going to study the space of Feynman diagrams of a given (strongly) 
coupled gauge field theory in the context of the theory of graphons for sparse graphs. We asso-
ciate a class of graph functions to Feynman diagrams to equip the space of Feynman diagrams 
6
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with a new metric structure. This topological enrichment is a central tool for the study of graph 
limits of sequences of Feynman diagrams and solutions of combinatorial DSEs. In addition, it 
allows us to study the behavior of complicated higher loop order Feynman diagrams in terms of 
random graph processes.

Definition 2.1.

• A finite weighted graph is a graph G with a finite vertex set V (G) and a finite edge set E(G)

together with a pair (wV , wE) of maps

wV : V (G)→R , wE :E(G)→R , (2.1)

which associate weights to all vertices and edges of the graph. It is called an infinite weighed 
graph, if it has at least an infinite vertex set.
• The graph G is called oriented, if each of its edges has a direction.
• The oriented graph G with nG = |V (G)| is called a dense graph, if |E(G)| is close enough 

to the maximum number of edges between vertices of G. It means that 1/2 < |E(G)|
nG(nG−1)

≤ 1. 
Otherwise it is called a sparse graph.
• For given graphs H, G, whenever |V (G)| tends to infinity, the homomorphism density 

t (H, G) = |Hom(H,G)|
|V (G)||V (H)| determines the density of H as a subgraph in G.

• A rooted tree t is a finite connected graph which has no loop. It is oriented in such a way 
that every vertex of t has exactly one incoming edge except the root which has only outgoing 
edges. If we embed t into the plane, then it is called a planar rooted tree otherwise it is called 
a non-planar rooted tree. Up to the isomorphism of graphs, each rooted tree can represent an 
isomorphism class.
• An admissible cut of a rooted tree t is a subset c of E(t) such that along any path from the 

root of t to each of the leaves of t , there exists at most one element of c.

Rooted trees are sparse graphs while complete graphs are dense. Graph functions or graphons, 
as infinite graphs with a continuum vertex set, are interesting examples of dense graphs.

Feynman diagrams are useful tools in Quantum Field Theory to encapsulate the summation 
over probability amplitudes corresponding to all possibilities of exchanging of virtual particles 
compatible with a process at a given order. The Feynman path integral method describes in-
teractions of subatomic particles in terms of (non-)perturbative formal expansions of Feynman 
diagrams which contribute to Green’s functions of the physical theory. Feynman diagrams sim-
plify the description of interactions of elementary particles with respect to the parameter of time 
in a quantum system. Decorations (or propagators) are determined by fundamental parameters 
of the physical theory encoded in terms of Feynman rules. Feynman rules are bridges between 
integrals and diagrams. We can associate an integral factor to each edge

x• t •
y

, (2.2)

as the integration over position parameters with respect to vertices x, y and a length parameter t . 
It is indeed an integral over all possible paths for the particle traveling between x and y in time 
t . We can interpret momentum and position parameters as Fourier transforms of each other. It is 
useful to translate momentum space type diagrams to their corresponding iterated integrals via 
Feynman rules. In general, each non-self loop associates to an integral over the corresponding 
7
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momentum where sub-divergences in the original integral can be represented in terms of nested 
or overlapping loops.

Definition 2.2. A Feynman diagram � is a finite oriented decorated graph. It contains a ver-
tex set �[0] for the presentation of interactions together with an edge set �[1] of internal and 
external edges. The subset �[1]int of internal edges, which contains edges with beginning and end-

ing vertices, presents virtual particles. The subset �[1]ext of external edges, which contains edges 
with only beginning or ending vertex, presents elementary particles with assigned momenta. The 
graph obeys the conservation of momenta which means that the amount of momenta for input 
particles in each vertex is the same as the amount of momenta for output particles.

The Connes–Kreimer combinatorial Hopf algebra HCK is the polynomial algebra generated 
by non-planar rooted trees. While the vertex number provides a graduation parameter, this poly-
nomial algebra is equipped with a modified version of the renormalization coproduct. For each 
t ∈HCK, we have

�(t)=
∑

c

Pc(t)⊗Rc(t) , (2.3)

such that the sum is taken over all admissible cuts of t . In this formula, Rc(t) is the subtree 
(generated by subtracting c from t) which contains the root of t while Pc(t) is a forest of the 
remaining subtrees of t . The graduation parameter enables us to define an antipode recursively. 
Therefore HCK is a free commutative non-cocommutative graded unital counital associative co-
associative Hopf algebra [12,24,28].

Loops in Feynman diagrams or (1PI) primitive Feynman diagrams determine a decoration 
collection on rooted trees. Decorated versions of non-planar rooted trees and their formal ex-
pansions are applied to represent complicated Feynman diagrams with nested or overlapping 
loops [25,31]. There exists an injective Hopf algebra homomorphism from HFG(�) to HCK(�)

as a decorated version of the Connes–Kreimer combinatorial Hopf algebra. The pair (HCK, B+)

provides a simplified universal model for the Bogoliubov–Zimmermann’s forest formula in per-
turbative renormalization [10,12,28].

Remark 2.3.

• For any Feynman diagram � of rank n, its tree representation t� contains n vertices such that 
the positions of nested loops with respect to each other in � govern the existence of edges 
between vertices in t�.
• The operator B+ : HCK→ HCK is a homogeneous linear operator which generates a new 

rooted tree from a forest t1...tn of rooted trees with roots r1, ..., rn by adding a new decorated 
vertex r together with a collection of edges e1, ..., en from r to r1, ..., rn. This operator can 
encode the insertion operator on Feynman diagrams with respect to types of vertices and 
external edges.

The theory of graphons in infinite combinatorics concerns the concept of convergence for 
sequences of finite weighted graphs. This theory is developed for the study of the spaces of 
dense and sparse graphs in the context of measure theoretic tools and random graph processes. It 
is shown that the space of graphons can topologically complete the space of finite graphs.
8
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Definition 2.4.

• For a given σ -finite measure space (�, μ), a labeled stretched graphon W is a symmetric 
bounded measurable R-valued function on � ×�. It is called a bigraphon, if we remove the 
symmetry condition.
• A relabeling Wρ of W is defined in terms of applying an invertible measure preserving 

transformation ρ on � such that Wρ(x, y) :=W(ρ(x), ρ(y)).

For the closed interval [a, b] equipped with the Lebesgue measure m, as the ground measure 
space, set W [a,b](R) as the space of labeled stretched R-valued graphons on [a, b] ×[a, b]. This 
space is a subspace of symmetric functions in L∞([a, b]2). It is shown that each [0, 1]-valued 
graphon is equivalent to a stretched graphon on the Lebesgue measure space R+. The distance 
between (stretched) graphons is given by

dcut(U,V ) := infρ,ψ supA,B⊂[a,b]
∣∣∣∣

∫
A×B

(
Uρ(x, y)− V ψ(x, y)

)
dm(x)dm(y)

∣∣∣∣ , (2.4)

such that the infimum is over all invertible Lebesgue measure preserving transformations on 
[a, b] and the supremum is over all Lebesgue measurable non-trivial subsets of [a, b]. It is 
shown that the space W [0,1]([0, 1]) is a compact Hausdorff topological space with respect to the 
pseudo-metric (2.4). The space of labeled stretched R+-valued graphons, which is topologically 
completed with respect to the L1-norm, has been equipped with other norms [5,6,11,23,33,34].

In the rest of this work, we focus on stretched or rescaled versions of graphons in 
W [0,1]([0, 1]) or W [a,b]⊆R+(R+). We show that the space W [0,1]([0, 1]) is rich enough to en-
code graphon models of Feynman diagrams of a (strongly coupled) gauge field theory and their 
formal expansions which contribute to solutions of DSEs. It is important to note that by rescaling 
or changing the ground measure space, we can generate different graphon models for the study 
of graph limits of Feynman diagrams and DSEs.

Definition 2.5.

• Graphons W1, W2 are weakly isomorphic if there exists a graphon W and Lebesgue mea-
sure preserving transformations ρ1, ρ2 on [a, b] such that W1 =Wρ1 and W2 =Wρ2 almost 
everywhere.
• Set [W ]≈ as the equivalence class of graphons with respect to W up to the relabeling and 

the weakly isomorphic relation. It is called an unlabeled graphon. The distance (2.4) defines 
a metric structure on the quotient space W [a,b]⊆R+≈ (R+) of unlabeled (stretched) graphon 
classes.

Definition 2.6. Let G be a finite weighted graph with the vertex set V (G) = {v1, ..., vn} such 
that for i = 1, ..., n, 0 < wV (vi) < 1 and 

∑n
i=1 wV (vi) = 1. The adjacency matrix AG =

(wE(vivj ))n×n determines a bare pixel diagram PG with n2 rectangular elements in the unit box 
[0, 1]2 such that the rectangular element associated to vertices vi, vj has the area wV (vi)wV (vj ). 
In addition, the rectangular elements associated to the 0s in AG are decorated by white color 
while the rectangular elements associated to the non-zero arrays in AG are decorated by black 
color.
9
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The graph function PG is called a pixel picture presentation of the graph G. It is a labeled 
[0, 1]-valued graphon while by changing the scale of the rectangular elements via any invertible 
Lebesgue measure preserving transformation on [0, 1], we can generate relabeled versions of this 
pixel picture.

Remark 2.7. If the vertex set of the graph G is not weighted, then its corresponding bare pixel 
picture is given by a pixel diagram in the unit square [0, 1]2 such that the square elements have 
sides of the length 1

n
. The 0s in the adjacency matrix are replaced by white squares while the 1s 

are replaced by black squares.

Thanks to the equivalence class [.]≈, we equip the space of finite (weighted) graphs with the 
metric

dcut(G,H) := dcut([PG]≈, [PH ]≈) (2.5)

to obtain a compact Hausdorff metric space such that graphons belong to the boundary region.

Remark 2.8. The graph limit of any sequence {Gn}n≥1 of sparse graphs, when n goes to infinity, 
is a graph function with almost zero density which is weakly isomorphic to the 0-graphon. It 
is possible to remove this issue by working on normalized graphons such as PGn||PGn ||cut

or rescale 
the ground measure space to obtain non-zero graph limits. More techniques in this direction are 
given in [5,6,11].

Now we are going to equip the space of Feynman diagrams of a given gauge field theory 
with the cut-distance topology. Decorated rooted trees, as weighted simple graphs, are useful to 
formulate graphon models for Feynman diagrams and their formal expansions. This leads us to 
introduce a new class of analytic Feynman diagrams as graph limits of sequences of Feynman 
diagrams.

Theorem 2.9. The space of Feynman diagrams of a given gauge field theory is a compact Haus-
dorff topological space with respect to the cut-distance topology.

Proof. For any Feynman diagram � with nested loops, its corresponding tree representation t�
is a simple finite weighted graph. We can represent the adjacency matrix At� in terms of a pixel 
picture Wt� . It is constructed via a uniform partition of [0, 1]2 into |t�|2 boxes such that each 
zero array in At� corresponds to the white box while each non-zero array in At� corresponds to 
the black box.

If � has overlapping loops, then its tree representation u� = c1t1+ ... + cntn is a linear combi-
nation of decorated non-planar rooted trees. For 1 ≤ i ≤ n, Wciti is the graph function Wti defined 
on Ii × Ii with m(Ii) = ci such that Ii ∩ Ij = ∅ , i �= j . A labeled stretched Feynman graphon 
Wu� is determined in terms of the rescaling of the linear combination of stretched graphons 
Wciti . In other words, we apply affine monotone maps (as rescaling tools) to project each Wciti to 
a labeled graphon W̃c̃i ti defined on a box Ĩi × Ĩi with m(Ĩi) = c̃i such that {Ĩi}ni=1 determines a 
partition of [0, 1]. Then we define Wu� in terms of a normalization of the direct sum of weighted 
labeled graphons W̃c̃i ti namely,

Wu� =
W̃c̃1t1 + ...+ W̃c̃ntn

˜ ˜ . (2.6)
||Wc̃1t1 + ...+Wc̃ntn ||cut

10
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Set [W�]≈ as the unique non-trivial class of [0, 1]-valued graphons up to the relabeling and 
weakly isomorphic relation corresponding to �. It is called an unlabeled Feynman graphon. 
Thanks to the metric (2.4), define a new metric on the space of Feynman diagrams given by

dcut(�1,�2) := dcut([W�1 ]≈, [W�2]≈) . (2.7)

It determines a new separable Hausdorff totally bounded topological space of Feynman diagrams 
of the physical theory which is completed by Feynman graphons. �

Rooted tree representations of Feynman diagrams are sparse graphs. When the vertex number 
goes to infinity, the graphon models of these graphs tend to a graphon with almost zero den-
sity which is weakly isomorphic to the 0-graphon. This problem is resolved by working on the 
rescaled or normalized versions of graphon models. The normalized direct sum (2.6) is useful to 
associate non-zero graphon models to sequences of higher loop order Feynman diagrams.

Remark 2.10. Thanks to the metric (2.7), a sequence {�n}n≥1 of higher loop order Feynman 
diagrams with nested overlapping loops is convergent whenever its corresponding sequence of 
non-trivial stretched or rescaled Feynman graphon classes converges to a non-zero graphon class 
[W ]≈ with respect to the cut-distance topology when n tends to infinity.

Definition 2.11.

• Set S�
graphon,≈ as the quotient space of unlabeled Feynman graphon classes corresponding to 

all Feynman diagrams in the physical theory �. It is a closed topological subspace of the 
space W [0,1]

≈ ([0, 1]).
• Feynman diagrams �1, �2 are called weakly isomorphic, if [W�1]≈ = [W�2]≈.

The cut-distance topological space of Feynman diagrams determines a new class of infinite 
Feynman diagrams which are useful for the interpretation of Green’s functions of strongly cou-
pled gauge field theories in the language of graphon models.

Definition 2.12. Thanks to Theorem 2.9, the non-zero labeled graphon W (given by Re-
mark 2.10) can be described as the pixel picture presentation of an infinite non-planar rooted 
tree or forest t∞ which is decorated by (1PI) primitive Feynman diagrams of the physical theory. 
Its corresponding Feynman diagram X is called the large Feynman diagram generated by the 
sequence {�n}n≥1.

Graphon models are useful to build an important collection of random graphs. We apply these 
random graphs to obtain some approximations of large Feynman diagrams in terms of the random 
graph processes.

Corollary 2.13. Graph limits of the space of Feynman diagrams of a given gauge field theory 
determine random Feynman graphs.

Proof. Let {�n}n≥1 be a sequence of Feynman diagrams which is cut-distance convergent to the 
unlabeled Feynman graphon class [W ]≈. For any finite subset Sn := {s1, ..., sn} ⊂ [0, 1], we build 
a new weighted graph G(Sn, W) with n vertices such that the edge sisj has the weight W(si, sj ). 
Its corresponding simple random graph R(G(Sn, W)) is built by including an edge sisj with 
11
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the probability equal to its weight. When n tends to infinity, the sequence {R(G(Sn, W))}n≥1
is convergent to an infinite random graph R(G(S∞, W)) built by choosing at random infinite 
countable nodes from [0, 1]. We call R(G(S∞, W)) the random Feynman graph corresponding 
to the graph limit of {�n}n≥1. �
3. Dyson–Schwinger equations: from Hochschild equations to graphon representations

Interacting gauge field theories are formulated in terms of the Lagrangian formalism where 
Green’s functions are fundamental tools for the study of the hierarchies of interactions among 
elementary and virtual particles. Each Green’s function is given in terms of a formal expansion 
of iterated integrals which might contain nested sub-divergences. The renormalization process is 
useful to replace these ill-defined integrals by some renormalized values. Feynman diagrams are 
applied to encode those integrals via some combinatorial tools which enable us to encapsulate 
the renormalization process in terms of some combinatorial computational algorithms such as 
the Bogoliouv–Zimmermann’s forest formula [10,14,24]. DSEs are integral equations generated 
by fixed point equations of Green’s functions. These equations, which have a recursive nature, 
generate power series of running coupling constants while Feynman diagrams with higher loop 
orders contribute as coefficients in these series [40,50]. The strength of running couplings is the 
main parameter for perturbative or non-perturbative behavior of these power series. For instance, 
in QCD, running coupling constants at large values of the exchanged momenta are varying in the 
range that the convergence of perturbative expansions of Green’s functions is slow or impossible 
[15]. In these relatively low energy levels, QCD has strong running coupling constants where 
the physical system should be studied under non-perturbative settings [19,21,39,49]. In higher 
energy levels, QCD is asymptotic free where we can generate some finite values in terms of 
higher order perturbation techniques and large N limits [35,36]. Thanks to the Connes–Kreimer 
renormalization Hopf algebra and Hochschild Cohomology Theory [9,26,56], DSEs are reformu-
lated as Hochschild equations. This alternative setting has led us to achieve some new practical 
geometric and combinatorial tools for non-perturbative computations [26,27,30,41–43,57].

Thanks to the Connes–Kreimer Hopf algebraic renormalization [4,10,28,54] and Feynman 
graphon models built in the previous section, it is possible to describe solutions of combinato-
rial DSEs as the cut-distance convergent limits of sequences of finite partial sums of Feynman 
diagrams [44,45]. This setting addresses a new way of describing solutions of combinatorial 
DSEs in terms of random graph processes derived from Feynman graphon models. In addition, 
it provides a new analytic generalization of the BPHZ renormalization in dealing with strongly 
coupled DSEs. [45,46]. In this section we study DSEs on the basis of Feynman graphon mod-
els to address a new way of recognizing phase transitions in the language of homomorphism 
densities.

3.1. Green’s functions

In φ4 model with the (running) coupling constant u0, the Lagrangian is given by

L(φ)=
∫

d4x

(
1

2
(∇φ)2 + 1

2
r0φ

2 + 1

4!u0φ
4
)

. (3.1)

The Feynman rules associate 1
p2+m2 =

∫∞
0 dt exp(−t (p2 +m2)) to each edge (with respect to 

the Schwinger parameter t), and 
∫

d4x exp(i
∑

pjx) to each vertex in Feynman diagrams. The 
j

12
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first integral, which yields the propagator, and the second integral, which gives the momentum 
conservation for the vertices, determine a factor∫

d4p

(2π)4 exp
(
ip(x − y)− t (p2 +m2)

)
(3.2)

for each edge.

Remark 3.1. The Klein–Gordon equation, 
(
∂μ∂μ + m2

)
φ = 0, gives the equation of motion 

for a quantized field φ in the free Lagrangian density L0(φ) := ∫
d4x

( 1
2 (∇φ)2 + 1

2 r0φ
2
)
. In 

interacting physical theories, the interaction part of the Lagrangian leads us to formulate DSEs. 
Solutions of these equations determine the equations of motion [26,50].

The partition function, as the generating functional of correlation functions, is given by 
Z[B] := ∫

e−L(φ)+∫
BφDφ. The symbol 

∫
Dφ is the functional integral over a set of quan-

tum fields in the four dimensional space-time and B is an arbitrary external field. Set Z0 :=∫
e−L0(φ)+∫

BφDφ to expand Z as a series in u0 around Z0. We have

Z =
∫

Dφ

(
1− u0

4!
∫
x1

φ4(x1)+ 1

2
(
u0

4! )
2

∫
x1,x2

φ4(x1)φ
4(x2)+ ...

)
e−L0(φ)+∫

Bφ . (3.3)

The fluctuations generated by the φ4 term around the Gaussian integral Z0 deliver iterated in-
tegrals 

∫ �
d4q1...d

4ql

∏l
i=1(propagator(qi)). The ultra-violet regulator � gives a cut-off at the 

upper bound of the integral [14,28]. The transition amplitudes from initial states to all finite states 
can be studied in the S-Matrix setting. It is possible to calculate these matrix elements in terms 
of a class of correlation functions known as Green’s functions.

Definition 3.2. For the given action functional S[φ] = S0[φ] + u0Sint[φ], the Green’s function 
associated to interactions of N particles under the running coupling constant u0 is given by

GN(x1, ..., xN)= 〈0|T φ(x1)...φ(xN)|0〉 =
∫

e−S[φ]φ(x1)...φ(xN)Dφ∫
e−S[φ]Dφ

(3.4)

=
∞∑

j=1

(−1)j

j !
∫

d4y1...d
4yj 〈0|T φin(x1)...φin(xN)Lint(y1)...Lint(yj )|0〉 ,

such that |0〉 is the vacuum ground state and φin is the initial state of φ in the infinite past.

For any 1PI Feynman diagram �, its residue is a new graph res(�) generated by shrinking all 
internal edges of � into a new vertex vres(�) such that the type of vres(�) is determined in terms 
of the external edges of � which are connected to vres(�). A Green’s function, which contains 
a formal expansion of Feynman diagrams with the residue r , is called an edge type if r is an 
external edge or a vertex type if r is a vertex. The collection of these two types of Green’s 
functions has enough information to study a gauge field theory. The combinatorial versions of 
Green’s functions are classified in terms of the residue and the loop order of Feynman diagrams 
which contribute to formal expansions. Thanks to Definition 3.2, for each amplitude r , we have 
formal expansions

�r = I ±
∑

u
|�|
0

�

Sym(�)
. (3.5)
�, res(�)=r

13
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The component Xr
n =

∑
�, res(�)=r, |�|=n

�
Sym(�)

characterizes the formal expansion of 1PI Feyn-
man diagrams with the loop number n which contribute to the amplitude r . For sufficiently 
small coupling constants, the fixed point equations of Green’s functions are studied in terms of 
geometric series. In strongly coupled gauge field theories, these fixed points generate infinite 
power series of running coupling constants. These infinite expansions are studied in the context 
of DSEs. Fundamental identities among Feynman diagrams (i.e. Ward–Takahashi / Slavnov–
Taylor identities) are useful to classify DSEs. In terms of the Ward–Takahashi identities, the 
photon propagator is the only propagator in QED which contributes to the running of the coupling 
constant. In terms of the Slavnov–Taylor identities, intermediate gauge-dependent quantities in 
non-abelian gauge theories create final gauge-independent results for observables [26,29,38,54].

3.2. Hochschild equations

Thanks to the Connes–Kreimer Hopf algebraic renormalization, fundamental identities among 
Feynman diagrams in gauge field theories are encoded in the context of Hopf ideals. The re-
sulting quotient Hopf algebras provide a computational advantage for the renormalization of 
Feynman diagrams [4,26,29,38,54]. The Kreimer’s renormalization coproduct, which encapsu-
lates the Bogoliubov–Zimmermann’s forest formula, is given by

�(�)= �⊗ I + I⊗ �+
∑
γ⊂�

γ ⊗ �/γ , (3.6)

for each Feynman diagram � such that the sum is over all disjoint unions of non-trivial 1PI 
superficially divergent Feynman sub-diagrams of � [24].

Definition 3.3. For the renormalization Hopf algebra HFG(�), consider a chain complex {Cn}n≥0

such that for each n, Cn is the set of all linear maps T : HFG(�) → HFG(�)⊗n, � �→
(T1(�), ..., Tn(�)) and C0 =K. Define the coboundary operator

bT := (id⊗ T )�+
n∑

i=1

(−1)i�iT + (−1)n+1T ⊗ I , (3.7)

such that �i is the renormalization coproduct which acts on Ti(�) [9,12].

The generators of the first rank Hochschild Cohomology HH 1(HFG(�)) of this complex 
are important to build quantum motions. We can modify the grafting operator B+, defined in 
Remark 2.3, as a linear homogeneous operator on HFG(�). For any primitive Feynman diagram 
γ , the operator B+γ is a homogeneous linear endomorphism of degree one which inserts a given 
Feynman diagram � inside γ in terms of types of vertices of γ and types of external edges of �. 
This operator allows us to reformulate the renormalization coproduct (3.6) recursively where we 
have,

�B+γ = (id⊗B+γ )�+B+γ ⊗ I . (3.8)

From Definition 3.3, B+γ is a Hochschild one cocycle which enables us to reformulate the formal 
expansions (3.5) in terms of
14
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�r = I ±
∞∑

k=1

uk
0

∑
�, res(�)=r, |�|=k, |�|aug=1

1

Sym(�)
B+� (X�) , X� =

∏
e∈�[1]int

∏
v∈�[0]

�v/�e .

(3.9)

The powers of the couplings are determined via the loop numbers of Feynman diagrams which 
contribute to these expansions [27–30].

Theorem 3.4. For a given family {γn}n≥1 of primitive (1PI) Feynman diagrams with the corre-
sponding Hochschild one cocycles {B+γn

}n≥1, the recursive equation

X = I +
∑
n≥1

(λg)nωnB
+
γn

(Xn+1) (3.10)

determines a class of DSEs such that the real numbers 0 < λ ≤ 1 govern the strength of the 
running coupling constants. The equation (3.10) has a unique solution X =∑

n≥0(λg)nXn de-
termined by the relations

Xn =
n∑

j=1

ωjB
+
γj

( ∑
k1+...+kj+1=n−j, ki≥0

Xk1 ...Xkj+1

)
∈HFG(�) , (3.11)

such that X0 = I is the empty graph [9,26,29].

The equation (3.10) is called a combinatorial DSE under the running coupling constant λg. 
Systems of these equations have also been studied under Lie algebraic, Hopf algebraic and ge-
ometric settings [17,27,29,43]. The infinite graph X is actually an object in the completion of 
HFG(�)[[λg]] with respect to the n-adic topology given by the metric

dadic(�1,�2) := 2−val(�1−�2) , (3.12)

such that

val(�) :=Max

{
n≥ 1 : � ∈

⊕
k≥n

H(k)

}
, (3.13)

[9,17,26,57].
For any � = α1�1 + ... + αs�s with �i ∈H(ni), set

n0 :=Min{n1, ..., ns}. (3.14)

For any m ≤ n0, � ∈⊕∞
k=m H(k) while n > n0, � /∈⊕∞

k=n H(k). Therefore val(�) = n0.

3.3. Graphon representations

For running couplings λg < 1, the infinite graph X is described as a convergent geometric 
series. For running couplings λg ≥ 1, the sequence {∑m

n=0(λg)nXn}m≥1 of power series is di-
vergent in the traditional approaches where X can not be an usual graph. Thanks to Feynman 
graphons, it is possible to find a new alternative description for X as a graph limit with respect 
to the cut-distance topology.

Theorem 3.5. Feynman graphons encode non-perturbative solutions of combinatorial DSEs.
15
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Proof. Let DSE(λg) be a combinatorial DSE with the unique solution XDSE. We set λg = 1 to 
simplify the presentation. For each m ≥ 1, set

Ym := I +X1 + ...+Xm , (3.15)

as the partial sums.
At the first step, thanks to Theorem 2.9, we determine the unlabeled Feynman graphon class 

[WYm ]≈ in terms of the forest representation of Ym, for each m ≥ 1. Each forest tYm is a linear 
combination of the forest representations of Xi for 1 ≤ i ≤m. Set

tYm := tX1 + ...+ tXm , s.t., tXi
= α1s1 + ...+ αpi

spi
, 1≤ i ≤m , |tYm | = nYm . (3.16)

We apply a rescaling or stretching method to build a labeled Feynman graphon WYm in terms of 
a normalization of the direct sum of labeled stretched Feynman graphons WXi

.
At the second step, we define a new weighted version of the partial sums Ym in terms of the 

n-adic metric and types of the vertices. For each vertex v ∈ V (XDSE), its type fv is defined in 
terms of those edges in E(XDSE) which contribute to v. In other words, fv is a set of internal and 
external edges. Thanks to the formula (3.11), primitive Feynman diagrams {γn}n≥1 determine 
types of vertices in XDSE while the grafting operators B+γn

determine those components of XDSE
which contain a particular vertex type. For any edge vivj ∈ E(XDSE), there exist some γi, γj ∈
{γn}n≥1 such that fvi

is equivalent to the type of a vertex of γi and fvj
is equivalent to the type 

of a vertex of γj . We are interested in the smallest values of i, j to define the weight of the edge 
vivj by dadic(Yi0, Yj0) such that

i0 :=Min{s : vi ∈ Ys}, j0 :=Min{t : vj ∈ Yt } . (3.17)

The formal expansion Yi0 is the shortest partial sum of XDSE which contains a vertex equivalent 
to vi . In addition, set wi := dadic(Xi0, I) as the weight of the vertex vi ∈ V (XDSE).

At the third step, thanks to the given weighting structure, we build a new family of Feynman 
graphons corresponding to the partial sums Ym. Finite expansions ai :=∑

1≤k≤i wk (for 1 ≤ i ≤
m) give us subintervals Ii := [ai−1, ai) ⊂R+. By rescaling or stretching, for 1 ≤ i ≤m, we can 
consider WXi

as a labeled Feynman graphon defined on Ii × Ii . Therefore WYm is a finite direct 
sum of Feynman graphons WXi

of weights m(Ii). For each 1 ≤ i ≤m, apply an affine monotone 
map ψi to project each subinterval Ii to a subinterval Ĩi ⊂ [0, 1] to obtain a partition {Ĩi}mi=1 of 
[0, 1]. Then we have the normalized direct sum

WYm :=
W̃X1 + ...+ W̃Xm

||W̃X1 + ...+ W̃Xm ||cut
, W̃Xi

(x, y) :=WXi
(ψi(x),ψi(y)) , (3.18)

such that each W̃Xi
is of weight m(Ĩi).

At the fourth step, we build a cut-distance convergent sequence of finite random graphs with 
respect to the combinatorial information of the partial sums Ym. For each m ≥ 1, we apply a poset 
embedding ρm to project vertices of tYm to some points in [0, 1] identified by the set V (Ym, ρm). 
Then thanks to the metric (3.12), we build a sequence {R(Ym)}m≥1 of random graphs in such a 
way that for each m ≥ 1, R(Ym) is defined by using points in V (Ym, ρm) such that for vertices 
vi, vj with ρ−1

m (vi) ∈Xki
and ρ−1

m (vj ) ∈Xkj
, with the probability 2−val(Xki

−Xkj
), there exists an 

edge between vi and vj . This sequence is convergent to an infinite random graph RXDSE defined 
on the set V (XDSE, ρ∞) such that ρ∞ projects vertices of the forest tXDSE to an infinite number of 
nodes in [0, 1]. Thanks to [23,33,34], this means that the sequence {[WYm]≈}m≥1 is convergent 
16
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with respect to the cut-distance topology. It is equivalent to say that the sequence {Ym}m≥1 is 
cut-distance convergent to XDSE.

At the fifth step, we clarify the structure of the analytic graph WXDSE. When m tends to 
infinity, finite expansions am :=∑

1≤k≤m wk (for each m ≥ 1) determine subintervals Im :=
[am−1, am) ⊂ R+. For m ≥ 1, we apply an affine monotone map φm to project each Im to a 
subinterval J̃m of [0, 1) to obtain a partition {J̃m}∞m=1 of [0, 1) where by rescaling or stretching 
methods, we consider W̃Ym as a labeled stretched Feynman graphon on J̃m × J̃m. The compact-
ness of the topology of graphons allows us to consider the infinite direct sum

WXDSE =
W̃X1 + ...+ W̃Xm + ...

||W̃X1 + ...+ W̃Xm + ...||cut
, W̃Xm(x, y) :=WXm(φm(x),φm(y)) , (3.19)

as a [0, 1]-valued labeled stretched Feynman graphon such that each W̃Ym is of weight m(J̃m). In 
other words, we have WXDSE(x, y) = dadic(Yi0 , Yj0) for x ∈ J̃i0, y ∈ J̃j0 . �

Theorem 3.5 addresses the structure of a labeled (stretched) Feynman graphon with respect to 
the solution XDSE of the equation DSE. By changing affine monotone maps, we can obtain other 
weakly isomorphic labeled graphons corresponding to XDSE.

Definition 3.6. For a given equation DSE, define

[WDSE]≈ :=
{
W

ρ
XDSE
: ρ Lebesgue measure preserving transformation on [0,1]

}
,

as the unlabeled Feynman graphon class up to the relabeling and the weakly isomorphic relation 
with respect to the solution XDSE.

Corollary 3.7. The non-perturbative solution of any equation DSE can be modeled in terms of 
an infinite random graph.

Proof. Thanks to the Proof of Theorem 3.5, for each m ≥ 1, each poset embedding ρm projects 
vertices of tYm to nYm = |tYm | nodes in [0, 1]. We build a random graph Rm which contains nYm

vertices such that for xi, xj ∈ Im(ρm), there exists an edge between xi, xj with the probability 
WYm(ρ−1

m (xi), ρ−1
m (xj )) while there is no edge in Rm between nodes x′i , x′j such that x′i or x′j /∈

Im(ρm). We continue this pattern to define ρ∞ as a poset embedding which maps vertices of 
tXDSE to an infinite number of nodes in [0, 1]. These nodes are applied to build a new infinite 
random graph R∞ in such a way that for zi, zj ∈ Im(ρ∞), there exists an edge between zi, zj

with the probability WDSE(ρ−1∞ (zi), ρ−1∞ (zj )) while there is no edge in R∞ between nodes z′i , z′j
with z′i or z′j /∈ Im(ρ∞).

Therefore the sequence {Rm}m≥1 provides a random graph process for the description of the 
Feynman graphon WDSE while R∞ is infinite random graph model for XDSE. �

The homomorphism density given in Definition 2.1 has been extended to the level of graphons 
[23,33,34]. The linear space of homomorphism densities corresponding to Feynman diagrams 
and (partial sums of) solutions of DSEs are applied in [48] to analyze these equations under a new 
Gâteaux differential calculus setting. Here we consider homomorphism densities of Feynman 
graphons to give a new way of characterizing phase transitions of DSEs.
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Corollary 3.8. The homomorphism densities of Feynman graphons characterize phase transi-
tions of DSEs in a given (strongly coupled) gauge field theory.

Proof. Thanks to Theorem 3.5 and Definition 3.6, consider (strongly coupled) equations 
DSE1, DSE2 with the corresponding solutions XDSE1, XDSE2 , sequences of the partial sums 
{Y 1

m}m≥1, {Y 2
m}m≥1 and Feynman graphon models WDSE1, WDSE2 . For any m ≥ 1, we define the 

induced density

t (Y 1
m,WDSE2)= (3.20)∫

[0,1]|tY1
m
|

∏
(i,j)∈E(t

Y1
m

)

WDSE2(xi, xj )
∏

(i,j)/∈E(t
Y1
m

)

(1−WDSE2(xi, xj )) dx1...dx|t
Y1
m
| .

It gives the probability that the WDSE2 -random graph of the order |tY 1
m
| is isomorphic to tY 1

m
. 

This new parameter enables us to decide whether the WDSE2 -random graph of the order |tY 1
m
| can 

restore the partial sum Y 1
m or not.

Therefore for equations DSE1, DSE2 which belong to the same phase, there exists an order 
M such that for any m ≥M ,

t (Y 1
m,WDSE2)= t (Y 2

m,WDSE1) . (3.21)

If DSE1, DSE2 are in different phases p1, p2, then the value t (Y 2
m, WDSE1) determines an approx-

imation for the deviation of the equation DSE2 with respect to the phase p1 while t (Y 1
m, WDSE2)

determines an approximation for the deviation of the equation DSE1 with respect to the phase 
p2. �
4. Non-perturbative generalization of the Connes–Kreimer Renormalization Group

In this section, we introduce the renormalization Hopf algebra of Feynman graphons and 
modify it in terms of gauge symmetries to obtain a new graphon model for the description of the 
renormalization coproduct of combinatorial Green’s functions and solutions of DSEs in strongly 
coupled gauge field theories. Then we consider the coradical filtration on Feynman graphons 
to build a modified version of the Connes–Kreimer Renormalization Group which works on 
Feynman graph limits. It governs the renormalization of (non-perturbative) solutions of DSEs in 
terms of a generalized version of the BPHZ renormalization program which is given in [45–47]. 
Therefore this Renormalization Group is capable to encode the behavior of non-perturbative 
phases under scale changing of running coupling constants.

Thanks to Theorem 2.9, rooted tree representations of Feynman diagrams are the key tools 
for the construction of graphon models. The combinatorial decorated Hopf algebra HCK(�) is 
graded with respect to the vertex number where vertices represent nested loops in their cor-
responding Feynman diagrams. In graphon models, the vertex number |t | = n determines the 
number of subintervals {I1, ..., In} of a partition of the ground measure space ([0, 1], m) in the 
structure of a labeled graphon. When the vertex number of a tree goes to infinity (i.e. the loop 
number of the corresponding Feynman diagram goes to infinity), we need to deal with graph 
limits defined on an infinite number of subintervals {In}∞n=1 as a partition of [0, 1) or R+. The 
completeness of the topology of (stretched or rescaled) graphons enables us to recognize a new 
class of analytic graphs for the description of higher loop order Feynman diagrams which con-
tribute to Green’s functions in strongly coupled physical theories. We have applied this method 
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in Theorem 3.5 to achieve a new random graph interpretation for solutions of combinatorial 
DSEs. This class of large Feynman diagrams belong to the boundary region of the cut-distance 
topological Hopf algebra of renormalization H cut

FG (�).

Lemma 4.1. There exists a topological enrichment of the renormalization Hopf algebra on Feyn-
man graphons of a given gauge field theory.

Proof. Set H�
graphon as the free commutative algebra over the field K generated by unlabeled 

Feynman graphon classes corresponding to 1PI Feynman diagrams in the physical theory �. The 
loop number parameter of Feynman diagrams determines a graduation parameter on their cor-
responding Feynman graphons. Define H�,(n)

graphon as the vector space generated by classes [W�]≈
while � has the loop number n or � is the product of 1PI Feynman diagrams with the overall 
loop number n.

We equip this space with the renormalization coproduct � :H�
graphon→H�

graphon ⊗H�
graphon

such that for each [W�]≈,

�([W�]≈)=
∑
[Wγ ]≈ ⊗ [W�/γ ]≈ , (4.1)

where the sum is controlled in terms of Feynman graphons associated to disjoint unions of 
1PI superficially divergent Feynman subdiagrams of �. The tensor space H�

graphon ⊗ H�
graphon

is equipped with the projective cross norm given by

||x||p := inf

{ n∑
i=1

||Wγ ′i ||cut||Wγ ′′i ||cut : x =
n∑

i=1

γ ′i ⊗ γ ′′i
}

, (4.2)

with respect to the cut-norm

||Wγ ′ ||cut := supA,B⊂[0,1]
∣∣∣∣

∫
A×B

Wγ ′(x, y)dm(x)dm(y)

∣∣∣∣ . (4.3)

||.||p is a norm up to the weakly isomorphic relation. Thanks to Theorem 2.9, �, as a linear 
bounded operator, is continuous. In addition, the graduation parameter enables us to define an 
antipode S :H�

graphon→H�
graphon, recursively, given by

S([W�]≈)=−[W�]≈ −
∑

S([Wγ ]≈)[W�/γ ]≈ . (4.4)

It is also a continuous operator. Therefore H�
graphon is a topological Hopf algebra.

Suppose a sequence {�n}n≥1 of Feynman diagrams is cut-distance convergent to a large Feyn-
man diagram X. We define �([WX]≈) as the cut-distance convergent limit of the sequence 
{�([W�n]≈)}n≥1. We also define the antipode S([WX]≈) as the cut-distance convergent limit of 
the sequence {S([W�n]≈)}n≥1. Therefore, thanks to Theorem 3.5, we can topologically complete 
H�

graphon by adding unlabeled Feynman graphon classes [WDSE]≈ to the collection of the gener-

ators of the Hopf algebra. The resulting topological Hopf algebra is denoted by H�,cut
graphon. �

If we remove the superficial divergence condition from the coproduct (4.1), then we obtain 
a graphon version of the core Hopf algebra of renormalization. The renormalization Hopf al-
gebra of Feynman graphons is like a universal Hopf algebra. It can be modified to provide a 
well-defined combinatorial formulation for the coproduct of the (non-perturbative) solutions of 
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DSEs in gauge field theories. This investigation is a direct result of the compatibility of gauge 
symmetries (as fundamental identities between Feynman diagrams) with the weakly isomorphic 
relation (which addresses an identity between Feynman graphon classes corresponding to equal-
ized Feynman diagrams).

Lemma 4.2. The topological renormalization Hopf algebra of Feynman graphons associated to 
finite Feynman diagrams in a given perturbative gauge field theory � such as QED provides a 
well-defined coproduct for the complete 1PI Green’s functions of the physical theory.

Proof. In QED, there exist two classes of Green’s functions �el , �vph el el with respect to the 
electron as the elementary particle and the interaction of the photon with a pair of electrons. 
Thanks to the formal expansion (3.5), a Ward–Takahashi element WTn at loop order n > 0 is 
defined by the finite formal expansion WTn = �

vph el el
n − �el

n [54]. Thanks to Theorem 2.9, its 
Feynman graphon picture WWTn is given by a finite direct sum of Feynman graphons W� of 
weights 1

Sym(�)
corresponding to 1PI Feynman diagrams � with the loop number n and the 

residues vph el el or el.
Thanks to [55], the Ward–Takahashi elements generate the Hopf ideal IWT in the Connes–

Kreimer renormalization Hopf algebra HFG(QED). The resulting quotient Hopf algebra 
HFG(QED)/IWT identifies certain linear combinations of Feynman diagrams with different va-
lent vertices. Define a new Hopf ideal

I
graphon
WT :=< {[WWTn ]≈ , n}> ≤ H

QED
graphon (4.5)

generated by Feynman graphon representations of the Ward–Takahashi elements. Thanks 
to Lemma 4.1, we consider the topologically completed Hopf ideal I

graphon,cut
WT with re-

spect to the cut-distance topology. By working on the quotient topological Hopf algebra 
H

QED,cut
graphon /I

graphon,cut
WT , we obtain the renormalization coproduct of the complete Green’s func-

tions of Feynman graphons associated to QED. �
Corollary 4.3. For any amplitude r in a given strongly coupled gauge field theory � such as 
low energy QCD, the renormalization coproduct is well-defined on the complete 1PI Green’s 
functions of Feynman graphons associated to finite Feynman diagrams.

Proof. The non-abelian generalization of the Ward–Takahashi elements, called Slavnov–Taylor 
elements, are defined in terms of the Green’s functions

�qu,�gh,�gl,�vgl gl gl,�vgl gl gl gl,�vgl qu qu,�vgl gh gh,�vqu qu (4.6)

corresponding to the elementary particles in QCD, the cubic gluon self-interaction, the quartic 
gluon self-interaction, the interaction of the fermion and ghost with the gluon and the self-
interaction of the fermion which has mass. Thanks to the formal expansion (3.5), we have

STI = �vgl gl gl�vgl qu qu − �vgl gl gl gl�qu ,

STII = �vgl gl gl�vgl gh gh − �vgl gl gl gl�gh ,

STIII = �vgl gl gl�vgl gl gl − �vgl gl gl gl�gl , [54]. (4.7)

Thanks to Theorems 2.9 and 3.5, Feynman graphon representations WSTI , WSTII , WSTIII of the 
Slavnov–Taylor elements are given in terms of the direct sums of weighted Feynman graphons 
associated to 1PI Feynman diagrams which contribute to each Slavnov–Taylor element.
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Thanks to [53] and Subsection 4.2 in [54], the Slavnov–Taylor elements generate the Hopf 
ideal IST in the Connes–Kreimer renormalization Hopf algebra HFG(QCD). The resulting quo-
tient Hopf algebra HFG(QCD)/IST allows us to identify certain linear combinations of Feynman 
diagrams with different valent vertices which contribute to the Slavnov–Taylor elements. Thanks 
to the Euler characteristic, in this quotient setting the loop-number grading and the vertex-type 
grading are equivalent. Define a new Hopf ideal

I
graphon
ST :=< {[WSTi ]≈ : i = I, II, III}> ≤ H

QCD
graphon (4.8)

generated by Feynman graphon representations of the Slavnov–Taylor elements. Thanks to 
Lemma 4.1, we consider the topologically completed Hopf ideal I

graphon,cut
ST with respect 

to the cut-distance topology. We show that the resulting quotient topological Hopf algebra 
H

QCD,cut
graphon /I

graphon,cut
ST of Feynman graphons provides the renormalization coproduct of the com-

plete Green’s functions of Feynman graphons.
On the one hand, the behavior of the Green’s functions of 1PI Feynman diagrams with a finite 

loop number n which contribute to a fixed residue r is studied with respect to the renormalization 
coproduct in [4,54,57]. Proposition 4.1 in [37] completes this study in various degrees of gener-
ality. On the second hand, thanks to Theorem 2.9, each Feynman graphon W�r

n
is determined by 

the adjacency matrix of the decorated rooted tree t�r
n

which has n vertices. On the third hand, the 
one to one correspondence � �→W�, the coproduct (4.1) and the graduation parameter with re-
spect to the loop number determine an isomorphism of Hopf algebras between HQCD

graphon/I
graphon
ST

and HFG(QCD)/IST.3 Therefore we have∑
�r

n, |�r
n|=n, res(�r

n)=r

1

Sym(t�r
n
)
�(W�r

n
)

=
n∑

k=0

∑
γ r , |γ r |=n−k, res(γ r )=r

t�r
n
|tγ r

Sym(tγ r )Sym(t�r
n
)
Wγ r ⊗W�r

n
, (4.9)

such that t�r
n
|tγ r is the number of insertion places for tγ r in t�r

n
. �

Thanks to [51], the order of the automorphism group of a rooted tree is recursively computed 
in terms of its branches. For a given rooted tree t , let t1, ..., tn be the root branches with multi-
plicities a1, ..., an. Then Sym(t) =∏n

i=1 ai ! Sym(ti)
ai . The difference between the complexity 

of the automorphism groups of decorated rooted trees and higher loop order Feynman diagrams 
enables us to optimize the computations in the renormalization of Green’s functions via our new 
graphon setting. In other words, the renormalization of Green’s functions in terms of the renor-
malization coproduct of Feynman graphon classes associated to 1PI Green’s functions given by 
Corollary 4.3 can reduce the computational complexity than performing the renormalization pro-
cess via the traditional approach. In addition, thanks to Theorem 3.5, it is now possible to extend 
the equation (4.9) to the Feynman graphon representations of DSEs.

3 The adjacency matrices associated to Feynman diagrams �1, �2 with different loop numbers n1, n2 have different 
sizes. This means that their corresponding bare pixel pictures are not weakly isomorphic. In addition, if �1, �2 are non-
isomorphic Feynman diagrams with the same loop number, then their rooted tree representations t�1 , t�2 as decorated 
trees are not isomorphic. Therefore, while their adjacency matrices have the same size, their corresponding bare pixel pic-
tures can not be related to each other by any Lebesgue measure preserving transformation on [0, 1]. In other words, they 
are not weakly isomorphic. As the consequence, Hopf algebras HQCD

/I
graphon and HFG(QCD)/IST are isomorphic.
graphon ST
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Corollary 4.4. For an equation DSE (under the coupling constant λg = 1) with respect to an 
amplitude r in QCD, let XDSE be its solution with the corresponding sequence {Ym}m≥1 of the 
partial sums and the Feynman graphon model WDSE. The behavior of the renormalization co-
product of XDSE is governed by the renormalization coproduct of its partial sums.

Proof. We know that for each m ≥ 1, �(Ym) =∑m
i=1 �(Xi). On the first hand, thanks to The-

orem 3.5, the sequence {Ym}m≥1 is cut-distance convergent to XDSE. It means that the sequence 
{[WYm]≈}m≥1 of non-zero unlabeled Feynman graphon classes is convergent to [WDSE]≈ with 
respect to the cut-distance topology. By applying Lemma 4.1 and Corollary 4.3, when m goes 
to infinity, the sequence {�(WYm)}m≥1 is convergent to �(WDSE) in HQCD,cut

graphon /I
graphon,cut
ST . On 

the second hand, for each 1 ≤ i ≤ m, if we consider the Feynman graphon WXi
of weight 

1
Sym(tXi

)
, then the Feynman graphon WYm , as the direct sum of WX1, ..., WXm , is of weight 

bm :=∑m
i=1

1
Sym(tXi

)
. The ordered collection {bi1, bi2, ...} of these weights determine subin-

tervals Jik := [bik , bik+1) of R+. By applying a suitable affine monotone map ψik , we can 
project each Jik to a subinterval J̃ik in [0, 1] to make a partition for [0, 1]. This leads us to 
define a new stretched or rescaled version of WDSE in terms of the graph limit of the sequence 
{WX1 + ... +WXm}m≥1 of the finite direct sums defined on the rescaled boxes J̃im × J̃im such that 
each WYm is of weight m(J̃im).

Therefore, for each m ≥ 1, the equation (4.9) gives a rescaled version of �(WYm) such that

limm→∞
m∑

i=1

∑
Xi, |Xi |=i, res(Xi)=r

1

Sym(tXi
)
�([WXi

]≈) (4.10)

exists in HQCD,cut
graphon /I

graphon,cut
ST . It is convergent to [�(WDSE)]≈ with respect to the cut-distance 

topology. �
Remark 4.5. Thanks to Lemma 4.2 and Corollary 4.4, the renormalization coproducts of the 
partial sums of any equation DSE in QED govern the coproduct of XDSE in HQED,cut

graphon /I
graphon,cut
WT .

Lemma 4.6. The affine group scheme G�
graphon(−) =Hom(H�

graphon, −) is determined via linear 
algebraic groups.

Proof. Thanks to Lemma 4.1, each homogeneous component H�,(n)
graphon is generated by unlabeled 

graphon classes corresponding to the pixel picture presentations of decorated non-planar rooted 
trees t with |t | = n or the pixel picture presentations of products of decorated non-planar rooted 
trees with the overall vertex number n. Thanks to the Cayley’s formula [51], for each n, the 
number of non-isomorphic decorated non-planar rooted trees of the rank n is finite. Therefore 
H

�,(n)
graphon is a finite dimensional vector space. Thanks to Lemma 1.20 in [14], G�

graphon(−) is the 

projective limit of some linear algebraic groups dual to H�,(n)
graphon. �

For a given gauge field theory � with the Hopf ideal I� corresponding to its gauge group 
symmetry and any locally convex algebra A such as the regularization algebra Adr of Laurent 
series with finite pole part, consider G�

graphon(A) as the complex Lie group of A-valued characters 

of H� . Thanks to Lemma 4.2 and Corollary 4.3, the graphon version of any Feynman rules 
graphon
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character vanishes on I graphon
� . The coradical filtration is defined on Feynman diagrams. It is 

possible to lift this filtration onto the level of Feynman graphons.

Definition 4.7. Set P := id− I ◦ ε such that ε is the counit of H�
graphon. Thanks to the formula 

(4.1), define the reduced coproduct �̃ := P⊗2 ◦�. If �̃n = P⊗n ◦�n, then we set

H�
graphon,(n) := ker �̃n+1 , n≥ 0 , (4.11)

such that ker �̃ determines primitive objects of the Hopf algebra of Feynman graphons. The 
coradical filtration given by

Q=H�
graphon,(0) ⊂H�

graphon,(1) ⊂ ...⊂H�
graphon,(n) ⊂ ...⊂H�

graphon , (4.12)

determines the graduation

G•�,graphon :=
⊕
j≥0

H�
graphon,(j)/H

�
graphon,(j−1) , H�

graphon,(−1) = ∅ . (4.13)

Definition 4.8. Define the 1-parameter group {θ̃t}t∈R of automorphisms on G�
graphon(C) such 

that its associated infinitesimal generator Ỹ := d
dt
|t=0θ̃t is defined in terms of the filtration rank 

in such a way that

∀φ̃ ∈H
�,∨
graphon,(n) : Ỹ (φ̃)= nφ̃ . (4.14)

In other words, for each t we have

θ̃t (φ̃)= ent φ̃ . (4.15)

Remark 4.9. Each θ̃t acts on H�
graphon and its dual algebra H�,∨

graphon. For each character φ̃ ∈
G�

graphon(A) and each unlabeled Feynman graphon class [W ]≈, we have

〈θ̃t (φ̃), [W ]≈〉 = 〈φ̃, θ̃t ([W ]≈)〉 . (4.16)

Theorem 4.10. The 1-parameter group {θ̃t}t∈R determines a Renormalization Group which acts 
on solutions of DSEs in a given (strongly coupled) physical theory under different running cou-
pling constants.

Proof. Hochschild one-cocycles associated to primitive Feynman diagrams in HFG(�) allow us 
to determine the coradical filtration of Feynman diagrams which contribute to fixed point equa-
tions of Green’s functions. In this setting, generators Xn of the unique solution of an equation 
DSE are canonically filtered in terms of powers of L = logS/S0 in the corresponding log-
expansion [30]. Thanks to the renormalized Feynman rules characters in G�

graphon(Adr), this 
canonical filtration is lifted onto the level of Feynman graphons [46] to obtain a well-defined 
filtration rank for (non-perturbative) solutions of combinatorial DSEs in terms of the filtration 
ranks of the partial sums.

Consider an equation DSE with the corresponding sequence {Ym}m≥1 of the partial sums and 
the solution XDSE. Thanks to Definition 4.7, for each m ≥ 1, suppose rYm is the coradical degree 
of Ym which means that
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Ym ∈G
rYm

�,graphon :=
rYm⊕
j=0

H�
graphon,(j)/H

�
graphon,(j−1) . (4.17)

Let φ̃r ∈G�
graphon(Adr) be a renormalized Feynman rule character given by

φ̃r ([WYm ]≈)=
rYm∑
j=1

c
Ym

j Lj , c
Ym

j := c
⊗j
1 �̃j−1([WYm ]≈) , (4.18)

such that c⊗j
1 : H�

graphon × ...j times... × H�
graphon → C is a symmetric function. Since XDSE =

limm→∞ Ym with respect to the cut-distance topology (i.e. Theorem 3.5 and [45]), the sequence 
{cYm

j }m≥1 is convergent to cXDSE
j , for each j , with respect to the projective cross norm (4.2)

defined in terms of the cut-distance topology. In addition, the sequence {φ̃r([WYm ]≈)}m≥1 is 
convergent to φ̃r ([WDSE]≈) such that we have

φ̃r ([WDSE]≈)=
rXDSE∑
j=1

c
XDSE
j Lj . (4.19)

Consider the minimal subtraction map Rms :Adr→Adr given by

∞∑
n≥−m

cnzn ∈C[[z, z−1] �→
−1∑

n≥−m

cnzn . (4.20)

Thanks to Atkinson Theorem [3], the Rota–Baxter algebra (Adr, Rms) determines the unique 
Birkhoff decomposition (Rms(Adr), −(id − Rms)(Adr)) as a subalgebra in Adr × Adr [13]. 
It allows us to show the existence of the Birkhoff factorization for Feynman rules charac-
ters in G�

graphon(Adr). Therefore there exists a pair (φ̃−, φ̃+) such that φ̃ = φ̃−1− ∗ φ̃+ where 

φ̃+ ∈ G�
graphon(C[[z]]) and φ̃− ∈ G�

graphon(C[z−1]). Thanks to Lemma 4.2 and Corollary 4.3, 

counterterms and renormalized values generated by (φ̃−, φ̃+) vanish automatically on the Hopf 
ideal I graphon

� corresponding to the gauge group symmetry of the physical theory.
Let � be an infinitesimal disk around z= 0 in the complex plane and C = ∂� be its boundary. 

For a given family of regularized characters determined by a loop γμ : C→G�
graphon(Adr), z �→

φ̃z which obeys the scaled condition γetμ(z) = θ̃tz(γμ(z)), define

F̃t = limz→0φ̃
z−θ̃tz((φ̃

z−)−1) . (4.21)

The collection {F̃t }t∈R, as the 1-parameter subgroup in G�
graphon(Adr), is the Renormalization 

Group on the space of Feynman graphons which contribute to solutions of (regularized) DSEs 
and their partial sums with respect to the dimensional regularization and minimal subtraction 
map. The infinitesimal generator β̃ = d

dt
|t=0F̃t governs the evolution of running coupling con-

stants in the graphon picture of towers of DSEs. In other words, the non-perturbative beta 
function of the physical theory can be computed in terms of β̃. �
5. Non-perturbative dynamics via geometric platforms

Thanks to our explained graphon model approach for the description of solutions of DSEs, 
in this section we are going to equip the space of all DSEs of a given (strongly coupled) gauge 
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field theory with a new separable Banach manifold structure. Then, we introduce a particular 
class of Banach bundles which can provide some new local and global differential geometric 
tools for the study of geometric flows and transition phases between DSEs. These bundles are 
capable to geometrically describe the real time dynamics of non-perturbative phases in terms of 
the behavior of combinatorial DSEs under changing the scales of running coupling constants.

5.1. Banach space of combinatorial Dyson–Schwinger equations

Feynman graphon models enable us to equip the space of DSEs of a given gauge field theory 
with a metric structure.

Definition 5.1. Thanks to Definition 3.6, equations DSE1, DSE2 with the corresponding solu-
tions XDSE1 and XDSE2 are called weakly isomorphic (or weakly equivalent), if [WDSE1 ]≈ =[WDSE2 ]≈. In other words, DSE1, DSE2 are weakly isomorphic whenever there exist Lebesgue 
measure preserving transformations ρ1, ρ2 such that their corresponding labeled Feynman 
graphons Wρ1

DSE1
, Wρ2

DSE2
coincide almost everywhere.

Theorem 5.2. Fixed point equations of Green’s functions under different running coupling con-
stants in a given (strongly coupled) gauge field theory � with the bare coupling constant g can 
be organized in a separable Banach space.

Proof. Set S�,g as the K-linear space generated by combinatorial DSEs of the physical theory 
under different running coupling constants. Thanks to Definition 5.1, we define the quotient 
space S�,g

≈ as the space of classes [DSE]≈ up to the weakly isomorphic relation. These classes 
of equations can also be determined in terms of the corresponding weakly isomorphic classes 
of their solutions. In addition, thanks to Theorem 3.5, we have the one to one correspondence 
[DSE]≈ �→ [WDSE]≈ which is useful to represent each object in S�,g

≈ in terms of its associated 
unlabeled Feynman graphon class. In other words,

[DSE]≈ = [XDSE]≈, [WDSE]≈ = [WXDSE]≈ . (5.1)

Thanks to Theorems 2.9 and 3.5, for any equation DSE with the unique solution XDSE and 
the corresponding non-zero labeled Feynman graphon WDSE, its cut-norm is defined by

‖DSE ‖cut:=‖WDSE ‖cut= supA,B⊂[0,1]
∣∣∣∣

∫
A×B

WDSE(x, y)dm(x)dm(y)

∣∣∣∣ . (5.2)

It determines a pseudo-metric on the linear space S�,g which leads us to define a metric structure 
on S�,g

≈ given by

dcut([DSE1]≈, [DSE2]≈) := dcut([WDSE1 ]≈, [WDSE2 ]≈) . (5.3)

Thanks to the correspondence DSE �→WDSE, Theorem 3.5 and Definition 2.11, the compact 
Hausdorff topological space S�

graphon,≈ is rich enough to encode non-perturbative solutions of 

combinatorial DSEs. Therefore we complete S�,g
≈ via rescaled or stretched versions of Feyn-

man graphon classes in S�
graphon,≈. In other words, by applying the proofs of Theorem 2.9 and 

Lemma 4.1, we cut-distance topologically complete S�,g
≈ as the topological vector space gener-

ated by classes [DSE]≈.
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Let {ei}i be the collection of all different kinds of elementary particles of the physical theory 
and {vj }j be the collection of all different kinds of interactions between them. Thanks to the 
formal expansions (3.5) and (3.9), weakly isomorphic equivalence classes of the fixed point 
equations of the vertex type and edge type 1PI Green’s functions

{�ei ,�vj : ei, vj }i,j (5.4)

are the generators of the Banach space S�,g
≈ . Therefore, since the countable space of graphons 

corresponding to simple graphs is dense in the space of graphons [23,34], it is observed that S�,g
≈

is separable. �
Remark 5.3.

• To simplify the notation, we use DSE or XDSE to represent any arbitrary object of the quo-
tient space S�,g

≈ .
• Thanks to Banach–Mazur Theorem [1], the real Banach space S�,g

≈ is isometrically isomor-
phic to a closed linear subspace of the Banach space C[0, 1] of all real valued continuous 
functions on [0, 1] with respect to the metric of uniform convergence.

5.2. Non-perturbative tangent Banach bundle

In this part we work with S�,g
≈ as a Banach manifold and consider its corresponding tangent 

bundle. This new bundle is useful to study the evolution of non-perturbative phases of the strongly 
coupled physical theory � in terms of the geometric information of trajectories between DSEs 
under different running coupling constants in S�,g

≈ .

Lemma 5.4. The distance between combinatorial DSEs can be determined in terms of the con-
vergent limit of the sequence of distances between Feynman graphons of their partial sums.

Proof. Consider equations DSE1, DSE2 with the solutions XDSE1 , XDSE2 and corresponding se-
quences {Y (1)

m }m≥1, {Y (2)
m }m≥1 of the partial sums.

XDSEi
is the cut-distance convergent limit of the sequence {Y (i)

m }m≥1 for i = 1, 2. It means that 
the sequence {W

Y
(i)
m
}m≥1 of Feynman graphons is convergent to WDSEi

for i = 1, 2. We show that 
the sequence {dcut(WY

(1)
m

, W
Y

(2)
m

)}m≥1 is convergent to dcut(WDSE1 , WDSE2). Thanks to the metric 
(5.3), we have

∀ε > 0 ∃N1 : ∀m≥N1 : dcut(Y
(1)
m ,XDSE1) < ε/2 ,

∀ε > 0 ∃N2 : ∀m≥N2 : dcut(Y
(2)
m ,XDSE2) < ε/2 . (5.5)

Set N :=max{N1, N2}. For all m ≥N , we have∣∣∣∣dcut(Y
(1)
m ,Y (2)

m )− dcut(XDSE1,XDSE2)

∣∣∣∣= (5.6)
∣∣∣∣infρ1,ρ2 supA,B

∣∣ ∫
A×B(W

ρ1

Y
(1)
m

−W
ρ2

Y
(2)
m

)dm(x)dm(y)
∣∣−infρ1,ρ2 supA,B

∣∣ ∫
A×B(W

ρ1
DSE1
−W

ρ2
DSE2

)dm(x)dm(y)
∣∣∣∣∣∣

≤
∣∣∣∣infρ1,ρ2 supA,B

∫ (
W

ρ1

Y
(1)
m

−W
ρ2

Y
(2)
m

−W
ρ1
DSE1
+W

ρ2
DSE2

)
dm(x)dm(y)

∣∣∣∣ (5.7)
A×B

26



A. Shojaei-Fard Nuclear Physics B 969 (2021) 115478
≤ infρ1,ρ2 supA,B

∣∣∣∣
∫

A×B

(
W

ρ1

Y
(1)
m

−W
ρ1
DSE1

)
dm(x)dm(y)

∣∣∣∣ (5.8)

+ infρ1,ρ2 supA,B

∣∣∣∣
∫

A×B

(
W

ρ2
DSE2
−W

ρ2

Y
(2)
m

)
dm(x)dm(y)

∣∣∣∣ < ε/2+ ε/2 . �

Lemma 5.5. There exists a manifold structure on the space of solutions of combinatorial DSEs 
of a given (strongly coupled) gauge field theory � with the bare coupling constant g.

Proof. Thanks to the built Banach structure on the space of weakly isomorphic equivalence 
classes of combinatorial DSEs (i.e. Theorem 5.2), we formulate the Gâteaux derivatives for func-
tionals on S�,g

≈ . A function F : S�,g
≈ → S�,g

≈ is Gâteaux differentiable at XDSE, if there exists 
an operator DFXDSE : S�,g

≈ → S�,g
≈ such that for all X ∈ S�,g

≈ , we have

limt→0
F(XDSE + tX)− F(XDSE)

t
=DFXDSE(X) . (5.9)

In other words, all the directional derivatives exist and form a bounded linear operator. If the 
Gâteaux derivative of F uniformly exists on the unit ball in S�,g

≈ , then it is called Frèchet differ-
entiable.

This differential calculus is useful to build a manifold structure on S�,g
≈ . For n ≥ 0, a Cn-atlas 

on S�,g
≈ is a collection {(Ai, φi)}i∈I of charts such that Ai ⊆ S�,g

≈ , S�,g
≈ =⋃

i Ai . Each φi is a 
bijection between Ai and an open subset of S�,g

≈ such that φi(Ai ∩Aj) is an open subset in S�,g
≈ . 

Each map φj ◦ φ−1
i is n-times Frèchet differentiable such that the nth derivation is a continuous 

function with respect to the cut-distance topology. However we can consider the atlas with a 
single chart which is defined globally on S�,g

≈ to build our promised smooth Banach manifold 
structure. �
Remark 5.6. For a given gauge field theory � with the bare coupling constants g1, ..., gn, all 
combinatorial DSEs under different running couplings can be encoded via the Banach manifold 
S�,g1,...,gn≈ . This topological space can be studied as a subspace of the space of unlabeled rescaled 
or stretched Feynman graphon classes of the physical theory.

Thanks to Corollary 3.8, in a gauge field theory � with the bare coupling constant g, (non-
perturbative) solutions of DSEs under a running coupling constant λ0g can give us information 
about the status of the physical theory in a definite phase.

Definition 5.7. A real time dynamical process in the physical theory is given in terms of changing 
the scale of running coupling constants λg in a given equation DSE(λg) or changing the primitive 
Feynman diagrams {γn}n≥1 in the combinatorial structure of the equation (i.e. Theorem 3.4) 
during a continuum of time. In other words, a real time dynamical process should present moving 
from an equation DSE1 to another equation DSE2 in the physical theory under changing the 
scales of running couplings during a continuum of time.

The Gâteaux differential calculus theory on the Banach manifold S�,g
≈ is the starting step to 

initiate the foundations of a new Gauge Theory for the study of the dynamics of non-perturbative 
aspects of quantum field theories beyond the Standard Model under different running coupling 
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constants. In this regard, we are going to analyze the evolution of DSEs under different running 
coupling constants in the context of the geometry of S�,g

≈ .

Theorem 5.8. For a given strongly coupled gauge field theory � with the bare coupling constant 
g, the tangent bundle of the Banach manifold S�,g

≈ describes the real time dynamical processes 
between non-perturbative phases of the physical theory.

Proof. For the Banach manifold S�,g
≈ , consider its associated tangent bundle via the projection 

map πTan
�,g : T S�,g

≈ → S�,g
≈ such that

T S�,g
≈ :=

⋃
XDSE∈S�,g

≈

{
(XDSE,Z) : Z ∈ TXDSES

�,g
≈

}
. (5.10)

The tangent space TXDSES
�,g
≈ at XDSE is the vector space of all tangent vectors Z at XDSE. 

This tangent bundle is a principal G∞(C)-bundle such that G∞(C) is the projective limit of the 
complex linear algebraic groups GLN(C) dual to the Hopf algebras

HN =C[xi,j , t]i,j=1,...,N/(det(xi,j )t − 1) , ∀N ≥ 1 . (5.11)

The theory of differential forms on Banach manifolds are considered in [32] where a p-form is 
defined as a continuous alternating p-linear map. We apply this theory to our tangent bundle and 
G∞(C)-valued 0-forms on S�,g

≈ . Therefore connections are given by g∞(C) = Lie G∞(C)-
valued differential 1-forms on S�,g

≈ . The g∞(C)-valued 2-form Rω = dω + 1
2 [ω ∧ ω] is the 

curvature form of the connection ω.
For any G∞(C)-module E, consider a new vector bundle

ES�,g
≈
= T S�,g

≈ ×G∞(C) E→ S�,g
≈ . (5.12)

Any connection ω of the tangent bundle gives a �(T ∗S�,g
≈ ⊗ES�,g

≈
)-valued operator on the space 

of cross-sections of ES�,g
≈

. We can extend this operator to a new operator dω of degree one on 
the space of ES�,g

≈
-valued p-forms with the corresponding conjugate operator δω. The connection 

ω of the tangent bundle with the curvature Rω which satisfies the condition δωRω = 0 is called 
a generalized Yang–Mills field. These connections, which enable us to define new elements as 
analogous to quantities associated to frame changing, can be interpreted as carriers of interactions 
among combinatorial DSEs.

In this setting, a parallel transporter for generalized Yang–Mills fields is defined as a diffeo-
morphism between fibers. It is actually a linear map Tα : TXDSE1

S�,g
≈ → TXDSE2

S�,g
≈ such that α

is a trajectory from XDSE1 to XDSE2 in the Banach space S�,g
≈ .

For equations DSE1, DSE2 with the solutions XDSE1, XDSE2 in the base space S�,g
≈ , set

C1,2 :=
{
α12 : [a, b] ⊂R→ S�,g

≈ : α12(a)=XDSE1 , α12(b)=XDSE2

}
, (5.13)

as the collection of all smooth curves in S�,g
≈ which connects XDSE1 to XDSE2 . Define a partial 

order relation on C1,2 in terms of the lengths of paths in such a way that

α12 ≤ β12⇔ l(α12)≤ l(β12) . (5.14)
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Thanks to [8], the Banach space S�,g
≈ , equipped with the metric

dcut(XDSE1 ,XDSE2)= ||WDSE1 −WDSE2 ||cut , (5.15)

is a geodesic space. It means that each pair DSE1, DSE2 of equations can be connected by a 
geodesic path, namely a linearly reparameterized geodesic

α̂12 : t ∈ [0,1] �→ (1− t)XDSE1 + tXDSE2 ∈ S�,g
≈ . (5.16)

It is a continuous path of length dcut(XDSE1 , XDSE2). Therefore the poset C1,2 has a minimal 
object.

• For any curve α12 ∈ C1,2, the value ||dα12/dt |t=t0 ||cut identifies the phase transition speed 
from DSE1 to DSE2 at the time t0. Define the unit tangent operator eα12

1 (t) = dα12/dt
||dα12/dt ||cut

.

• The unit normal operator eα12
2 (t) = de

α12
1 (t)/dt

||de
α12
1 (t)/dt ||cut

indicates the deviance of α12 from being 

a “straight” line in S�,g
≈ .

• The curvature of the path α12 at the time t is given by κ(t) = ||de
α12
1 (t)/dt ||cut

||dα12(t)/dt ||cut
. This parameter 

determines the amount of deviation between non-perturbative parameters generated by a 
trajectory of DSEs. �

Remark 5.9. Geodesics in S�,g
≈ , which have zero curvature, are intrinsic choices of the physical 

theory for transitions from a non-perturbative phase to another phase.

Proof. Thanks to the theory of sub-Riemannian structures on Banach manifolds explained in 
Sections 2.2 and 2.3 in [2], we can define a weak sub-Riemannian structure on the Banach mani-
fold S�,g

≈ . The corresponding metric tensor allows us to define the energy functional on the space 
of continuous differentiable paths α12 : [0, 1] → S�,g

≈ .
Thanks to Corollary 3.8, let equations DSE1(λ1g), DSE2(λ2g) belong to different phases of 

a given gauge field theory � under running coupling constants λ1g, λ2g. The minimum of the 
functional

E(α12)= 1

2

1∫
0

gα12(t)(dα12/dt, dα12/dt)dt (5.17)

gives the geodesic α̂12 which has zero curvature. If we consider the parameter t as the time evolu-
tion in the physical system, then for any 0 < t0 < 1, α̂12(t0) determines an equation DSEt0(λt0g)

in an intermediate phase under the running coupling λt0g. Therefore the geodesic α̂12 deter-
mines the shortest path of intermediate phases between initial and final phases with respect to 
the running couplings λ1g and λ2g. �
5.3. Non-perturbative Hopf Banach bundle

Consider H cut
FG (�) as the cut-distance topological enrichment of the Connes–Kreimer renor-

malization Hopf algebra of Feynman diagrams of the physical theory �. This topological Hopf 
algebra is rich enough to generate non-perturbative parameters of the renormalization of solu-
tions of combinatorial DSEs [46]. In addition, for any equation DSE(λg) with the unique solution 
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XDSE =∑
n≥0(λg)nXn, components Xn (given by Theorem 3.4) determine a topological Hopf 

subalgebra of H cut
FG (�).

Lemma 5.10. For any locally convex algebra A,

• The space Lin(H cut
FG (�), A) of linear maps with the convolution product (defined by the 

renormalization coproduct) is a unital associative non-commutative algebra.
• The space char(H cut

FG (�), A) of characters is a group such that the inversion is defined in 
terms of the antipode of the renormalization Hopf algebra.
• The space ∂char(H cut

FG (�), A) of infinitesimal characters is a Lie subalgebra of the space 
(Lin(H cut

FG (�), A), [., .]) such that the Lie bracket is the commutator with respect to the con-
volution product.
• The topology of pointwise convergence turns Lin(H cut

FG (�), A) into a locally convex alge-
bra while char(H cut

FG (�), A) is a topological group with the corresponding topological Lie 
algebra ∂char(H cut

FG (�), A).

Proof. Thanks to the Kreimer’s renormalization coproduct (3.6), the convolution product is de-
fined by

φ1 ∗ φ2(�)=
∑
γ

φ1(γ )φ2(�/γ ) . (5.18)

Let {�n}n≥1 be a sequence of Feynman diagrams which is cut-distance convergent to a large 
Feynman diagram X (given in Definition 2.12). Then, thanks to Lemmas 4.1, 4.2 and Corol-
lary 4.3, �(X) is given as the cut-distance convergent limit of the sequence {�(�n)}n≥1. 
Therefore φ1 ∗ φ2(X) is well-defined by the cut-distance convergent limit of the sequence 
{φ1 ∗φ2(�n)}n≥1. In addition, S(X) is given as the cut-distance convergent limit of the sequence 
{S(�n)}n≥1 where we have

S(�n)=−�n −
∑
γn

S(γn)�n/γn . � (5.19)

The renormalization Hopf algebra is graded and connected. Therefore we can define the ex-
ponential map on the space of infinitesimal characters where we have

exp : l �→
∞∑

n=0

l∗n
n! , l∗n := l ∗ ... ∗ l . (5.20)

It determines a bijection map from ∂char(HFG(�), A) to char(HFG(�), A) with the correspond-
ing inverse map ln.

Remark 5.11.

• The compactness of the space of Feynman graphons is enough to show that the exponential 
map (5.20) is well-defined on large Feynman diagrams as non-perturbative solutions of com-
binatorial DSEs. Therefore exp, as an analytic map, determines a bijection between spaces 
∂char(H cut

FG (�), A) and char(H cut
FG (�), A).

• For any Feynman diagram �, let Z� :H cut
FG (�) →C be its corresponding infinitesimal char-

acter given by Z�(�′) = δ�,�′ such that δ.,. is the Kronecker delta on Feynman diagrams. It 
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is a linear map which satisfies the Leibniz rule. For any large Feynman diagram XDSE, the 
infinitesimal character ZXDSE is well-defined.

Theorem 5.12. H cut
FG (�) is the total space for a Hopf Banach bundle on S�,g

≈ .

Proof. The Lie group G� = char(HFG(�), H cut
FG (�)) acts on H cut

FG (�) in such a way that for any 
finite Feynman diagram �,

G� ×H cut
FG (�)→H cut

FG (�), 〈φ,�〉 := φ(�) . (5.21)

Since the topological Hopf algebra H cut
FG (�) is totally bounded via Feynman graph limits, any 

character φ ∈ G� is linear and bounded. Therefore for any large Feynman diagram X, as the 
cut-distance convergent limit of the sequence {�n}n≥1, the action is defined by

〈φ,X〉 := limn→∞φ(�n) . (5.22)

Define a new principal Banach bundle 
(
G�, H cut

FG (�), S�,g
≈ , πHopf

�,g

)
such that for any XDSE ∈

S�,g
≈ , the topological Hopf subalgebra H cut

DSE is the fiber πHopf,−1
�,g (XDSE) of this new Banach 

bundle. The Lie group G� preserves these fibers. For each equation DSE in S�,g
≈ , the Banach 

space H cut
DSE is called the internal space such that generators I, X1, X2, ... can determine a gauge 

system.
Vector fields XDSE �→ Z ∈ TXDSES

�,g
≈ in the tangent bundle T S�,g

≈ → S�,g
≈ (i.e. Theo-

rem 5.8) are replaced with H cut
DSE-valued 0-forms on the base space S�,g

≈ such as

XDSE �→ B+γ (.) ∈H cut
DSE (5.23)

for each primitive Feynman diagram γ ∈HFG(�). While connections in the tangent bundle are 
replaced with g� = Lie G�-valued 1-forms (as gauge potentials), functionals (5.23) contribute 
to determine generalized Yang–Mills fields in this Hopf Banach bundle. In this setting, a parallel 
transporter is defined as a linear map Tα :H cut

DSE1
→H cut

DSE2
such that α is a trajectory from XDSE1

to XDSE2 in the Banach manifold S�,g
≈ . �

5.4. Non-perturbative regularization Banach bundle

For any equation DSE with the unique solution XDSE in a given (strongly coupled) gauge 
field theory �, suppose �DSE is an infinitesimal convex neighborhood around XDSE in S�,g

≈ . Set 
�∗DSE as the corresponding punctured neighborhood which does not contain XDSE. Set CDSE :=
∂�DSE as the boundary region. For Gcut

� (Adr) = char(H cut
FG (�), Adr) and S�,g

≈ as a topological 
subspace of H cut

FG (�), functions �∗DSE→ Gcut
� (Adr) can generate Gcut

� (Adr)-valued trajectories 
controlled by combinatorial DSEs under different running coupling constants in a neighborhood 
around the equation DSE.

Lemma 5.13. There exists a Haar measure on S�,g
≈ .

Proof. We equip the space S�,g
≈ with the symmetric difference 

⊙
. For given equations 

DSE1, DSE2 with the corresponding families {B+
γ i
n
}n≥1 of Hochschild one cocycles for i = 1, 2, 

DSE1
⊙

DSE2 is a new equation generated by the symmetric difference of sets {γ 1}n≥1 and 
n
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{γ 2
n }n≥1 of primitive (1PI) Feynman diagrams. This binary operation determines a compact Haus-

dorff topological abelian group with respect to the cut-distance topology. This enables us to equip 
S�,g
≈ with a unique (up to scalars) non-zero left-right invariant Haar measure μHaar. �

Thanks to the 1-parameter group {θ̃t }t∈R of automorphisms on G�
graphon(C) (given by Defini-

tion 4.8 and Remark 4.9) and Remark 5.11, define a new 1-parameter group of automorphisms 
on Gcut

� (C) which is useful for the study of the dynamics of non-perturbative phases in a neigh-
borhood of a strongly coupled equation DSE.

Lemma 5.14. The coradical filtration determines a new 1-parameter group of automorphisms 
on Gcut

� (C).

Proof. For a fixed equation DSE with the solution XDSE, define a new 1-parameter group of 
automorphisms {θ̂ZX

}
X∈S�,g

≈
such that ZX is the infinitesimal character corresponding to X. For 

any φ̃ ∈H
cut,∨
(n) with the coradical filtration rank Ŷ (φ̃) = nφ̃, define

θ̂ZX
∈Aut(Gcut

� (C)) : θ̂ZX
(φ̃)= exp(nZX−XDSE) ∗ φ̃ . (5.24)

Thanks to the exponential map (5.20) and Remark 5.11, θ̂ZX
(φ̃) is a well-defined character. We 

have

D

DZX

θ̂ZX
(φ̃)= D

DZX

(
exp(nZX−XDSE) ∗ φ̃

)

= D

DZX

(
exp(nZX−XDSE)

)
∗ φ̃ + exp(nZX−XDSE) ∗ D

DZX

(φ̃) (5.25)

⇒ D

DZX

|X=XDSE θ̂ZX
(φ̃)= nexp(nZX−XDSE)|X=XDSE ∗ φ̃

= nexp(nZI) ∗ φ̃ = nφ̃ .

Therefore
D

DZX

|X=XDSE θ̂ZX
= Ŷ . � (5.26)

Definition 5.15. Thanks to Lemma 5.14, for a given equation DSE with the solution XDSE and 
any X ∈ S�,g

≈ , an operator

FX :�∗DSE→Gcut
� (C) , (5.27)

is called a X-scaled smooth curve around DSE in the Banach space S�,g
≈ , if

F
Xe

XDSE1
(XDSE2)= θ̂ZXDSE1

⊙
XDSE2

(FX(XDSE2)) , (5.28)

such that

XeXDSE1 =
∞∑

n=0

XXn
DSE1

n! (5.29)

is a well-defined object in the topological Hopf algebra H cut(�).
FG

32



A. Shojaei-Fard Nuclear Physics B 969 (2021) 115478
For the multiplicative group Gm associated to the Hopf algebra

H =C[t, t−1], �(t)= t ⊗ t , (5.30)

consider a principal Gm(C) = C∗-bundle (BDSE, �DSE, π) with respect to an action u of Gm

on BDSE given by rescaling the amount of running couplings in the structure of combinatorial 
DSEs. In other words,

u : z×XDSE′(λg) �→XDSE′(|z|λg) , z ∈Gm(C)=C∗ . (5.31)

Definition 5.16. We build a new trivial principal Gcut
� (Adr)-bundle

P�,g =
(
BDSE ×Gcut

� (Adr),BDSE,πTriv
�,g

)
, (5.32)

such that the action of Gm on P�,g is defined by

z× (XDSE′(λg), φ̃) �→ (u(z,XDSE′(λg)), u
Y (φ̃)) . (5.33)

Remove the fiber over XDSE from the base space BDSE to restrict the bundle P�,g to P XDSE
�,g . 

Connections on this new principal bundle are given by gcut
� (C) = Lie Gcut

� (C)-valued 1-forms.

Definition 5.17. We apply cut-norm to define a partial order between combinatorial DSEs in such 
a way that

XDSE1 ≤XDSE2 ⇔ ||XDSE1 ||cut ≤ ||XDSE2 ||cut . (5.34)

Definition 5.18. Thanks to Lemma 5.13, for a given smooth function α : CDSE→ gcut
� (C) defined 

on the boundary region CDSE of an infinitesimal convex neighborhood �DSE around a fixed 
equation DSE in the Banach space S�,g

≈ , the associated time-ordered exponential is defined by

Te

∫
CDSE

α(XDSE′ )dμHaar(XDSE′ ) := 1+ (5.35)∑
n≥1

∫
XDSE1≤...≤XDSEn∈CDSE

α(XDSE1)...α(XDSEn)dμHaar(XDSE1)...dμHaar(XDSEn) ,

such that 1 ∈H
cut,∨
FG (�) is the unit in the dual space corresponding to the counit in H cut

FG(�).

Remark 5.19. The integral Te

∫
CDSE

α(XDSE′ )dμHaar(XDSE′ ) defines an element of Gcut
� (C). It de-

termines the value F(XDSEn) of the unique solution of the differential equation DF(XDSE′) =
F(XDSE′)α(XDSE′) with the initial condition F(XDSE1) = 1.

Definition 5.20. For the differential field (C{z}, d
dz

), we define the logarithmic derivative

D :Gcut
� (C{z})→�1(gcut

� (C{z})) , φ̃z �→ φ̃−1
z

d

dz
φ̃z , (5.36)

which associates regularized characters to connections on P
XDSE
�,g . A flat connection ω ∈

�1(gcut
� (C{z})) on P XDSE

�,g is called equi-singular, if ω is Gm-invariant, and for any solution f
of the differential equation Df = ω with respect to the logarithmic derivative, the restriction of 
f to sections σ :�DSE→ BDSE has the same type of singularity.
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Theorem 5.21. Any X-scaled smooth curve FX :�∗DSE→Gcut
� (C) around the equation DSE in 

the Banach space S�,g
≈ has a unique Birkhoff factorization determined by a unique element β̂ in 

the Lie algebra gcut
� (C).

Proof. We apply Dimensional Regularization and Minimal Subtraction Scheme ([24,26,28]) to 
obtain a unique Birkhoff factorization (F−, F+) for FX such that for

S�,g
≈ \CDSE =�+DSE "�−DSE, XDSE ∈�+DSE , (5.37)

we have F+ :�+DSE→Gcut
� (C) and F− :�−DSE→Gcut

� (C) as smooth functions which obey the 
convolution equation

FX(X′)= F−(X′)−1 ∗ F+(X′) , (5.38)

with respect to the renormalization coproduct.
Thanks to Lemma 5.14, define

GX(X′)= θ̂ZX′⊙ lnX
(F−(X′)−1) , (5.39)

such that ln X =∑∞
n=1

(−1)n+1(X−I)n
n

. We can show that it is a X-scaled smooth map. We have

G
eX′′X(X′)= θ̂Z

X′⊙ ln(eX
′′

X)
(F−(X′)−1)= θ̂ZX′⊙(X′′+lnX)

(F−(X′)−1)

= θ̂ZX′⊙X′′+X′⊙ lnX
(F−(X′)−1)= θ̂ZX′′⊙X′ (GX(X′)) . (5.40)

Therefore there exists a curve Freg regular at X′ =XDSE such that

GX(X′)−1 ∗ FX(X′)= θ̂ZX′⊙ lnX
(Freg(X

′)) . (5.41)

It allows us to apply the time-ordered exponential (i.e. Definition 5.18) on the punctured neigh-
borhood

ADSE :=< {X′′′1 , ...,X′′′n ∈�∗DSE : −X′
⊙

ln X ≤ ...≤X′′′1 ≤ ...≤X′′′n ≤ ...}> (5.42)

around the equation DSE for the presentation of GX . In other words, there exists an element 
β̂ ∈ gcut

� (C) such that

GX(X′)−1 = T e
−X′−1

∫
ADSE

θ̂Z−X′′′ (β̂)dμHaar(X
′′′)

. (5.43)

Thanks to (4.21), whenever XDSE′ →XDSE,

〈F−(XDSE′)
−1 ⊗ F−(XDSE′)

−1, (S ⊗ θ̂ZX
⊙

XDSE′
)�(�)〉 (5.44)

is convergent for any � ∈H cut
FG (�). Set

FZX
= limXDSE′→XDSE F−(XDSE′) ∗ θ̂ZX

⊙
XDSE′

(F−(XDSE′)
−1) , (5.45)

for any X ∈ S�,g
≈ to define the 1-parameter subgroup {FZX

}
X∈S�,g

≈
as a new Renormalization 

Group. Thanks to Lemma 5.14, we can check that

FZX
⊙

X′ = FZX
∗ FZX′ . (5.46)

Thanks to (5.26), we have
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〈F−(XDSE′) ∗ Ŷ (F−(XDSE′)
−1),X′〉 =X−1

DSE′ 〈
D

DZX

|X=XDSEFZX
,X′〉 . (5.47)

Therefore

F−(XDSE′)
−1 = 1+

∑
n≥1

X−n
DSE′ dn , (5.48)

such that

Ŷ (dn+1)= dn ∗
D

DZX

|X=XDSEFZX
, Ŷ (d1)=

D

DZX

|X=XDSEFZX
:= β̂ , (5.49)

and

dn = (5.50)∫
XDSEn≤...≤XDSE1∈CDSE

θ̂Z−XDSE1
(β̂) ∗ ... ∗ θ̂Z−XDSEn

(β̂) dμHaar(XDSE1)...dμHaar(XDSEn) .

Thanks to Definition 5.18, Remark 5.19, Equations (5.48) and (5.50), the negative component 
F− can be determined by the beta function β̂ ∈ gcut

� (C) as the infinitesimal generator of the 
Renormalization Group {FZX

}
X∈S�,g

≈
. In other words, we have

F−(XDSE′)= Te
−X−1

DSE′
∫
CDSE

θ̂Z−X′′′ (β̂)dμHaar(X
′′′)

, (5.51)

for all XDSE′ ∈�∗DSE. �
Theorem 5.21 provides the basic elements for a new interpretation of non-perturbative phases 

in terms of systems of differential equations derived from a particular class of connections on 
P

XDSE
�,g . Thanks to [41,43], these systems, which have irregular singularities, can be reformulated 

in terms of systems of Picard–Fuchs equations together with regular singularities.

Corollary 5.22. The dynamics of non-perturbative phases generated by an equation DSE can be 
described via systems of singular differential equations derived from objects of the Lie algebra 
gcut
� (C).

Proof. We follow the procedure explained in Chapter 1: Sections 7.1 and 7.2 in [14]. Thanks to 
Remark 5.19, Definition 5.20 and Theorem 5.21, there exists a bijective correspondence between 
flat equi-singular Gcut

� (C)-connections on P XDSE
�,g and objects of the Lie algebra gcut

� (C).
For an arbitrary infinitesimal character ZXDSE′ ∈ gcut

� (C) associated to XDSE′ ∈ CDSE, 
exp(ZXDSE′ ) is the character in Gcut

� (C) according to the exponential map (5.20). Any smooth 
scaled curve generated by CDSE→Gcut

� (C), XDSE′ �→ exp(ZXDSE′ ) can determine a system of 
differential equations with irregular singularities. This system contains differential equations 
D exp(ZXDSE′ ) = ωDSE′ for any XDSE′ ∈ CDSE such that each ωDSE′ is a flat equi-singular con-
nection. �
6. Conclusion

Graphon models have been applied in Quantum Field Theory to provide some new tools for 
the computation of non-perturbative parameters. The space of Feynman diagrams of a given 
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gauge field theory can be topologically completed which leads us to formulate an enrichment 
of the Connes–Kreimer renormalization Hopf algebra in terms of graphon representations of 
Feynman diagrams. This topological enrichment is useful to construct a new class of analytic 
Feynman diagrams as cut-distance convergent graph limits for sequences of Feynman diagrams 
and their formal expansions whenever their loop numbers increase. These new analytic Feyn-
man diagrams are described in terms of random graph processes. Thanks to this investigation, 
this research work provided some new geometric tools for the study of the behavior of gauge 
field theories under strong running coupling constants. We applied homomorphism densities of 
Feynman graphons to characterize non-perturbative phase transitions. We formulated a new topo-
logical renormalization Hopf algebra of Feynman graphons where the graphon pictures of gauge 
symmetries in the language of Hopf ideals led us to obtain a well-defined formulation for the 
renormalization coproduct of (non-perturbative) solutions of DSEs. We explained the structure 
of a new non-perturbative Renormalization Group on the space of Feynman graphons which 
contribute to solutions of combinatorial DSEs. We constructed three types of Banach bundles on 
the space of DSEs of a physical theory � to obtain some new tools for the description of the 
evolution of towers of these equations. This new geometric setting led us to interpret all pos-
sible transitions between non-perturbative phases in � in terms of the intrinsic geometric data 
of trajectories in the Banach manifold S�,g

≈ . The local and global differential geometries of this 
particular Banach manifold with respect to its tangent bundle can provide some new data about 
the real time dynamics of the physical theory described by changing DSEs in different scales of 
running coupling constants. Geodesics in this Banach manifold can determine the optimal tran-
sition options between non-perturbative phases. We addressed the basic elements of a new Hopf 
Gauge Theory model for non-perturbative Quantum Field Theory. We explained the structure of 
a new regularization bundle which enables us to geometrically describe the renormalization of 
non-perturbative solutions of combinatorial DSEs in terms of a particular class of differential 
systems related to equi-singular connections.

6.1. A new continuum approach

In Hadron Physics, where hadrons (such as protons and neutrons) are the composite particles 
constructed from quarks and gluons under strong interaction, we need to deal with the non-
perturbative behavior of fixed point equations of Green’s functions in the context of DSEs under 
different running coupling constants [19,39,40]. For a given strongly coupled gauge field theory 
� with the bare coupling constant g and Lagrangian L�, let SU(N) be its gauge group such that 
N determines the number of flavors. The Lagrangian L� is invariant under local transformations 
in SU(N). Therefore DSEs in the Banach manifold S�,g

≈ , originated from the interaction part 
of L�, are also invariant under SU(N). Thanks to graphon models, in Corollary 3.8, we have 
provided a new process to characterizes non-perturbative phases of physical theories in terms 
of the homomorphism densities of Feynman graphons associated to DSEs. The tangent bundle, 
Hopf bundle and regularization bundle on the Banach manifold S�,g

≈ given in Theorem 5.8, 
Theorem 5.12 and Definition 5.16 enable us to study the phase transitions (i.e. Remark 5.9) in 
terms of the geometric data of trajectories in S�,g

≈ (as the base space) with respect to different 
choices of bundles. Thanks to Theorem 5.21 and Corollary 5.22, trajectories in S�,g

≈ encode 
the behavior of (towers of) (renormalized) DSEs under different running coupling constants. 
Our study can provide a new continuum setting for the description of the dynamics of non-
perturbative gauge field theories under changing the strength of running coupling constants in 
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the structure of DSEs in terms of some differential geometric tools derived from our new Banach 
bundles.

6.2. Open research directions: quantum gauge symmetries via graphon models

We cut-distance topologically completed the renormalization Hopf algebra where Theo-
rem 3.5, Lemma 4.1 are applied to formulate a new Feynman graphon version of the Slavnov–
Taylor / Ward–Takahashi identities in the context of the Hopf ideals I graphon,cut

WT , I
graphon,cut
ST

generated by a particular family of Feynman graphons. These Hopf ideals equalize Feynman 
graphons corresponding to certain linear combinations of Feynman diagrams which contribute 
to the Slavnov–Taylor / Ward–Takahashi elements. Therefore the resulting quotient topological 
Hopf algebras HQED,cut

graphon /I
graphon,cut
WT and HQCD,cut

graphon /I
graphon,cut
ST of Feynman graphons are capable 

of computing the renormalization coproducts of the complete 1PI Green’s functions and the so-
lutions of their corresponding DSEs in terms of the cut-distance convergent limits of sequences 
of coproducts of finite formal expansions of higher loop order Feynman diagrams (i.e. Corollar-
ies 4.3 and 4.4).

This background initiates some new research directions about the study of DSEs in gener-
alized gauge field theories. It is shown in Section 5 in [37] that quantum gauge symmetries in 
super- and non-renormalizable local gauge field theories, as generalized versions of the Slavnov–
Taylor / Ward–Takahashi identities, generate Hopf ideals in the associated renormalization Hopf 
algebras. In this setting, the renormalization coproduct and antipode identities are generalized to 
describe quantum gauge symmetries in terms of Hopf ideals of the generalized renormalization 
Hopf algebra. In addition, the combinatorial structure of Green’s functions in Quantum General 
Relativity coupled to QED has been studied in the context of the Hopf algebra of QGR–QED 
[38]. Furthermore, in [52], combinatorial DSEs at the level of ribbon graphs are considered to 
formulate a renormalization theory for noncommutative field theories. The Feynman graphon 
interpretation of the renormalization Hopf algebras of these physical theories and the graphon 
pictures of Hopf ideals associated to generalized quantum gauge symmetries are capable to pro-
vide some new computational tools for the study of DSEs in these generalized physical theories.
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