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We implement the Dyson-Schwinger equation approach to study the mass dependence of pseudocritical
temperature of QCD crossover at zero chemical potential. For the quark-gluon vertex, we take simply the
rainbow approximation, while for the gluon propagator, we make use of various dressing functions. We
analyze the scaling behavior with these different gluon models and obtain the critical exponent consistent
with the mean field value for 3D O(4) universality class, which means the rainbow truncation will lead to
the mean field result, regardless of the gluon dressing model. The size of critical region is up to my <
1-2 MeV in this mean field approximation, which sets naturally an upper bound of the critical region since
the fluctuations beyond mean field usually diminish the critical region. The pseudocritical temperature
corresponds to the maximum value of the chiral susceptibility, and for the chiral susceptibility of a certain
percentage of its maximum value, the corresponding temperature might be mass independent. We analyze
this percentage and studied the pion mass range in which the corresponding temperature remain constant.
The results show that this percentage and the pion mass range depend on the details of interaction kernel,

which differs in gluon models.

DOI: 10.1103/PhysRevD.104.014005

I. INTRODUCTION

The basic degrees of freedom in QCD—gluons and
quarks—do not exist as asymptotic states; i.e., they are
confined inside hadrons and cannot be detected directly at
low temperature and low chemical potential. The inter-
action responsible for this phenomenon also appears to
generate more than 98% of the mass of visible matter [1-3].
These features are known as confinement and dynamical
chiral symmetry breaking (DCSB). As the temperature (7°)
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and chemical potential (1) increase, owing to the asymp-
totic freedom of QCD, QCD matter transits from a DCSB
phase to a dynamical chiral symmetry preserving (DCS)
phase [1,4-15]. Such features cover a vast array of
empirical aspects, from gluon and quark interactions at
the highest energies achievable with the heavy ion colli-
sion, to the nature of nuclear matter in the inner part of
compact stars, which then deliver a sketch of QCD phases
at finite temperature and chemical potential (see, e.g.,
Refs. [4,7,12-23]).

It has been shown that for massless up and down quarks,
the transition from the DCSB phase to the DCS phase at
zero chemical potential and high temperature is a second-
order phase transition, and the singular behavior of this
phase transition can be described by some critical expo-
nents only related to the dimension and symmetry of the
theory. This is the hypothesis of universality (see, e.g.,
Ref. [24]). The chiral phase transition belongs to the three-
dimensional (3D) O(4) universality class, if the U,(1)
anomaly still exists in the phase transition region [11,25—
29] as well as in the chiral limit [30-33]. If U,(1)
symmetry has been restored sufficiently, it is expected to
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be a larger 3D universality class. Recent calculation
confirms that the temperature for the U, (1) symmetry to
be restored may in fact be much higher than the pseudoc-
ritical temperature of the chiral crossover (see, e.g.,
Ref. [34-38]). If the quarks take their physical mass, the
second-order phase transition at zero chemical potential
will soften to a crossover, but there will be a critical end
point (CEP) somewhere on the 7—u plane, and the CEP is
also expected to be in the 3D Ising class [28,39]. To
determine the location of the CEP (and/or the tricritical
point) on the QCD phase diagram with nonperturbative
QCD approaches, one should in principle carry out the
calculations on the whole T—u plane with the appropriate
criterion, for example, the divergence of the chiral suscep-
tibility (e.g., Refs. [7,40]). However, the lattice QCD
calculation, which is commonly believed as a fundamental
nonperturbative QCD approach, is not available for the
finite chemical potential case in principle, due to the sign
problem. Then, based on the critical behavior analysis, the
phase structure at vanishing density could be helpful for the
extrapolation to finite density so as to determine the CEP at
physical quark mass. For example, lattice QCD calculations
at small chemical potential which rely on the Taylor
expansions at zero chemical potential [41-44] have shown
that the phase transition temperature at the chiral limit
could be considered as the upper bound for the temperature
of the CEP [45-48].

However, the reconstruction with a certain universality
class is quite subtle, owing to the uncertainty of the size of
the critical region. Generally, the fluctuations drive
deviation of the scaling behavior, and a detailed analysis
reveals that the actual size of the scaling behavior could be
only up to m, ~ 1 MeV [45].

Since the Dyson-Schwinger equations (DSEs) approach
has been shown to be a sophisticated QCD approach
[12,23,49-54], we study the scaling behavior of the chiral
susceptibility in the DSEs approach in this paper. In order
to have a clearer signal of critical behavior and broader
critical region, we focus on our computations in rainbow
approximation, which is generally believed to be a mean
field approximation [30-32]. As for the gluon model, we
adopt the Qin-Chang (QC) model [55], which has a finite
value in the deep infrared and is different from the ones
used in previous mean field calculations [30-32]. In order
to better explore the critical behavior and the dependence of
the pseudocritical temperature on the current quark mass,
we will take parameters in the model to extreme values. In
these cases, the QC model will become the Munczek-
Nemirovsky (MN) model [56] and the contact model (see,
e.g., Refs. [57-60]). Also, for all the gluon model we use, a
temperature-dependent damping factor will be introduced
and adjusted to fit the recent calculated results in the
functional renormalization group (FRG) approach of QCD
[29]. Then, we will compare our results with the FRG result
[29] and lattice QCD result [11].

The remainder of this paper is organized as follows. In
Sec. II, we reiterate briefly the DSEs approach at finite
temperature including the models and the chiral phase
transition criterion. Section III represents our results and
discussions. Finally, we summarize in Sec. IV.

II. QUARK GAP EQUATION AT FINITE
TEMPERATURE

The quark propagator S(p) is essential to the study of
chiral phase transition. At finite temperature, according to
the Lorentz structure analysis, the inverse of the quark
propagator can be decomposed approximately as

=iy - pA(p*, wy)
+ iy40,C(P*, 0}) + B(p*. @7), (1)

S(P.w,)™!

where A(p?, w?), B(p?, @2) and C(p? w2) are scalar
functions and w, = (2n + 1)zT is the Matsubara fre-
quency for quarks. Notice that there should in principle
be another term proportional to 6, in the decomposition of
quark propagator. However, its contribution to order
parameter is small [23,61] and therefore is omitted here
in order to ease the computation task.

The quark propagator at finite temperature can be
determined by the gap equation

S(ﬁ’ a)n)_l = 22(17 . ﬁ + l]/460n) + Z4m0 + Z%Z(ﬁv a)n)v
(2)
d q
p, n)iTZ 3g p q,in,Tﬂ)
[=—c0
X 2 S(q,(l)l) 2 F (q’wl’ p’ ) (3)

where Z, and Z, are the renormalization constants, my is
the current quark mass, Q,; = w, —w; is the gluon
Matsubara frequency, D, is the dressed-gluon propagator;
and I', is the dressed-quark-gluon interaction vertex.

In our calculation, we take the rainbow approximation
r,(q,@,;, p,®,) =y, for the quark-gluon interaction ver-
tex. The rainbow approximation is the leading order
approximation [62,63]. It is essentially a mean field
approximation [30-32], which will then lead to a clear
analysis of the universality class.

To solve the gap equation, we should also have the
information of the dressed-gluon propagator. The dressed-
gluon propagator is usually approximated as

ZD;w(I_év in) = g(kQ)Dere(k% (4)

where Df{,f’e is the free gluon propagator
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and k, = (1? Q,;). The G(k?) is the dressing function or, in
other words, the effective interaction, which is usually
represented in models. There have been now several
models of the dressing function, for example, the
Munczek-Nemirovsky model [56], the Roberts-Williams
model [49,64], the Frank-Roberts model [65], the Maris-
Tandy model [66], the Qin-Chang model [55], and contact
models. In this paper, we will make use of the Qin-Chang
model, the MN model, and two types of the contact model
in our investigation.

At finite temperature, the gluon propagator should be split
into longitudinal and transverse parts, which are in principle
different from each other. In DSE model calculations, the
difference of the two parts is usually taken into account by
considering a gluon thermal mass in the longitudinal part;
see, e.g., Refs. [40,67]. The inclusion of gluon thermal mass
generally reduces the pseudocritical temperature, which has
the same effect as the damping factor that will be introduced
in Sec. I D. Therefore, in this work, we neglect the difference
of the longitudinal and transverse parts of the gluon propa-
gator and absorb its effect into the redefinition of the damping
coefficient a, defined in Eq. (20).

A. Qin-Chang model

In this paper, we make use of the QC model [55], which
has not yet been applied in studies about the universality,
even though it imitates in some sense the infrared constant
behavior of QCD’s gauge sector (see, e.g., Refs. [53,68—
75]) and reads

G(k)
k2

— 87[2D L e—kz/m2
ot

n 87%Y,,
In[z + (1 + kz/A%)CD)Z]

F(k2),  (6)

where F(k?) = (1 —exp(=k*/4m?)/k*, t = e* = 1, m, =
0.5 GeV, Agcp = 0.234 GeV, and y,, = 12/(33 - 2N)
with N, the number of flavors. We need to notice that,
although we will only solve the quark DSE with small
current quark mass corresponding to u# and d quarks, the
solution is actually the u/d sector for a system consisting of
more quark flavors. Therefore, we take Ny =4 in our
practical calculations, since the top and bottom quarks are
too heavy to be considered.

This gluon propagator leads to an ultraviolet divergence
for the integration in Eq. (3). To deal with that, we take the
renormalization scheme as that used in Refs. [76,77]. In
vacuum, the summation over the Matsubara frequency in
Eq. (3) converts in to an integration over 4-momentum, and
we have A(p?) = C(p?) because of the Lorentz symmetry.
The renormalization condition in vacuum is

A(p2)|m0:0,p2:{2.7:0,;4:0 =1,
9B(p*)

Omy mo=0,p>=¢*T=0u=0

—1, (7)

where A(p?) and B(p?) are evaluated in vacuum and in
chiral limit, m, is the current quark mass, and ¢ is the
renormalization point. Using Eq. (7), we can calculate the
renormalization constant Z, and Z, in vacuum and use
them to solve the DSE at finite temperature. Notice that the
renormalization constants are independent of the current
quark mass under this scheme.

There are two parameters, D and o in the QC model. In
this work, we will take (Dw)'/? =0.82 GeV and w =
0.5 GeV together with light quark mass my = 6.6 MeV,
for renormalization point { =2 GeV, which reproduces
pion properties m, = 0.14 GeV and f, = 0.092 GeV [77].

In numerical realization, we also need a cutoff for the
upper boundary of the 3-momentum integration and
Matsubara frequency summation in Eq. (3). In this work,
we take Az = 1000 GeV and np, =50 in order to
guarantee the precision and efficiency simultaneously.
We also notice that the result will not change much as
long as Ajp and w,  is greater than the renormalization

point £.

B. Munczek-Nemirovsky model

Noticing that the function G(k?) in Eq. (6) is served as a
momentum distribution of interaction, this model could
cover various types of the interaction via varying the w,
which stands for the interaction length of QCD. Except for
the perturbative correction, as @ goes to 0, the distribution
becomes a d-function, which is just the so-called Munczek-
Nemirovsky model [56,78].

At finite temperature, the MN model could be general-
ized as

PuDv

2
> n -
gzD/u/(pv Qk) = (6/41/ - |p>|2 + Qz> 277:3 ?5k053(p)’ (8)
k

where Q; = 2kxzT is the boson Matsubara frequency and
(Py) = (P-). 1 is a mass-scale parameter. Using this
gluon model, the integration in DSE equations can be
completed analytically, and the DSE becomes [78]

nPmg = B* +moB> + (4p7 —n* = m§) B
— mo(2n* + m§ + 4p7)B,

2B(py)
mo + B(py)

A(pr) = C(Pr) = ©)

Reference [78] shows that with parameters # =
1.37 GeV and my =30 MeV, one can get the pion
mass m, = 140 MeV.
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C. Contact models

1. Contact model in Landau gauge

In Eq. (6), if we increase the  while keeping 877 2 =

m% as a constant, the gluon propagator becomes (neglecting
G

the perturbation term)

1 kK,
#D,, = e <5,w - > (10)

This model is the contact model in Landau gauge. It is
the antithetical complement of the MN model and is similar
to the Nambu—Jona-Lasinio (NJL) model since the inter-
action mainly appears when the separation x = 0.

If we adopt this model, the integration in Eq. (3) will be
drastically divergent, and the theory is not renormalizable.
In this work, we will use a sharp 3-momentum cutoff to do
the regularization, which is often done for the NJL model
(see, for example, the review of Ref. [79]). Notice that this
regularization scheme will break the O(4) Lorentz sym-
metry explicitly in vacuum. However, it is not a severe
problem, especially at finite temperature since the sym-
metry is broken by the medium anyway.

In NJL calculations, the 3-momentum cutoff is a model
parameter, and it ranges around 500-700 MeV; see, e.g.,
Table 2.2 and Table 3.1 in Ref. [79]. Therefore, for the
contact model in Landau gauge, we choose the 3-momen-
tum cutoff |A| = 0.6 GeV in analogy of that in the NJL
model. The cutoff on the Matsubara frequency is chosen to
be ny. = 50, which is the same as in the QC model. Then,
we extend the approximation formula [57,58] to fix the
gluon mass mg and current quark mass m, (for the
derivations, please refer to the Appendix A), which

reads
my=0
my=0 Op -

d*p
where B,, o = B,,,—o(P*. p3) is the scalar function for the

quark propagator in vacuum at chiral limit, and

Bm(]:() B
, 11
B0 Ony#0 (11)

F(p*. p3)
PPAX(P*, p3) + piC*(P*. p3) + BX(PA. p3)’
(12)

o (P2, p3) =

where F = A, B, C.
In Eq. (11), N,
approximation is

is the normalization factor, and its

d*p
N2 =8N — B2 _
7 C/(2ﬂ.)4 my=0

=32 + P[50t + piotati 2

1
+ 50" + piotoy, — 2pi(of)’?

ety

1
+ p; LG 0§ + pio o, — 2P4("f)2} } (13)

.55 for F=A, B, C.
The pion decay constant f, can be approximately
determined with the Gell-Mann—-Oakes—Renner (GOR)

relation,

where ¢} = a o > and of, =

famz = 2mo(qq) n,~o: (14)

we have then

= SN/
mf (27)* p3C

The fitted parameter is mg = 0.1 GeV and m, =
3.7 MeV for m, =140 MeV and f, =92 MeV. For
simplicity, in the following, we will use “contact L” to
denote the contact model in Landau gauge.

mOBmO—O
=0T P°AL o+ B o

(15)

2. Roberts’s contact model

The contact model in Landau gauge can be directly
derived from the QC model. However, if we use another
gauge, we can accomplish the integration in Eq. (3) and get
an analytic result. Such a contact model which is more
widely used has the form [59,60,80,81]

=06,—.
" om2

gD (16)

nv

With  this simple gluon model, we have
A(p) = C(p) =1, and B(p) = M is momentum indepen-
dent. The DSE can be simplified to

M=m + 0,1 Z/ ] M
0 m2 213 P+ [2n+1)aT2 +M*
(17)

For the regularization, following the scheme in Ref. [60],
we have

1
s+ M?

= /dre"(”Mz) - /TIR2 dre™"0HM) - (18)
oy
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Then, the summation over the Matsubara frequency can be
done, and the DSE becomes

M 1 [ e™MYE e
M:mo+——/mdr 3(§ ) (19)
Temg )2 T

where 9, (u, x) is the Jacobian theta function.

In this paper, we are going to take mg = 0.132 GeV,
tyy = 1/0.905 GeV™!, and 7z = 1/0.24 GeV~!, with
which the pion mass and decay constant m, =
0.140 GeV and f, = 0.101 GeV are obtained [60]. For
simplicity, in the following, we will use “contact R to
denote Roberts’s contact model.

D. Damping factor

In practical calculations, the parameters for the gluon
models above are fixed by meson properties in vacuum.
However, as we know, QCD is an asymptotic free theory,
and the interaction should be weak and approaches zero at
high temperature. The parameters should then be modified
at finite temperature.

For the QC model, we do the modification simply by
multiplying a damping factor to the coupling constant D,

1

D(T)=D X —,
1) =D gy

(20)

where « is the parameter which controls the speed for the
interaction to approach zero. m, = 140 MeV is the physi-
cal pion mass, and we take it here only to make a
dimensionless. For the MN model and the contact models,
the same expression of the damping factor 1/(1+
al/m,)* can be directly taken to the dressed-gluon
propagator.

The dimensionless damping parameter « is calibrated to
reproduce the pseudocritical temperature 7. = 156.5 MeV
at physical pion mass [29]. The corresponding values of

TABLE 1. Parameters and fitted results for different dressing
functions. myy, is the current quark mass corresponding to
physical pion mass. a is the damping parameter. T, is the
critical temperature for the phase transition in chiral limit. C is the
coefficient for fitting the pion mass, defined in Eq. (23). The last
line is the percentage of maximum chiral susceptibility which
corresponds to a quark-mass-independent pseudocritical temper-
ature. See the text for detail.

Model QC MN Contact L Contact R
Mpyy (MeV) 6.6 30 3.7 7.0

a 0.1731 0.5274 0.4900 0.1744
T.o MeV) 143.6 142.0 152.2 142.9

C (MeV!/?) 54.49 25.56 73.40 52.76
Percentage 78 80 80 79

for different dressing functions are listed in the second line
of Table L.

The choice of the damping factor formula is arbitrary as
long as the formula produce the respectively same value at
T =0and T = 156.5 MeV for each of the gluon dressing
functions. However, in this paper, we are interested in the
relation between the pseudocritical temperature and the
current quark mass. And the temperature range we study is
only Ar=T.(my=mypny)—T.(my=0)~10MeV. Therefore,
the effect of the damping factor is mainly determined by its
value at T = T, which is irrelevant to the choice of the
damping factor formula, as long as the function is not too
stiff in terms of the temperature 7.

E. Chiral susceptibility

The chiral symmetry property manifests by the quark
propagator straightforwardly. In chiral limit, the order
parameter of chiral symmetry is usually defined as the
quark condensate, which is an integral of the trace of quark
propagator (see, e.g. Refs. [50,82]). At finite current quark
mass, however, since the integral is divergent, a direct
integration is ill-defined. Therefore, there are several
different ways to eliminate the divergence of the quark
condensate [12,29,40,83-86]. Besides, noticing that the
dominant contribution in the ultraviolet region is perturba-
tive due to the asymptotic free behavior, and the DCSB
effect is generated mainly by the infrared domain of the
interaction, the order parameter could also be interpreted as
the running mass of the quark at zero momentum. Different
definitions of the order parameter will not change the phase
diagram for the first and second order phase transitions and
may change slightly the location of the pseudocritical
temperature in crossover region (see, e.g., Ref. [40]).
However, the critical exponents are universal and will
not be altered. Therefore, in this paper, we take simply
the B(wy, p = 0) as the order parameter.

After that, the chiral susceptibility could be defined as
the derivative with respective to the current quark mass
[7,11,29]:

_ OB(wy. p =0)

S (21)

The pseudocritical temperature is then just the temperature
for the y to reach its maximum. Such a definition of the
chiral susceptibility is not exactly the same as that used in
lattice QCD and functional renormalization group calcu-
lations; however, the difference between the extracted
pseudocritical temperature should be quite limited [40].
Therefore, the exact value of chiral susceptibility in this
paper is different from those in Refs. [11,29], but the
obtained pseudocritical temperatures are comparable (see
the next section).
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III. RESULTS AND DISCUSSIONS

In this section, we present our numerical results calcu-
lated by the DSE with the various gluon models mentioned
above. In Fig. 1, we show the chiral susceptibility as a
function of temperature for several values of the current
quark mass m, in the QC model. It is evident that the peak
gets narrower and narrower as the current quark mass
becomes very small. At the chiral limit, the chiral suscep-
tibility becomes divergent, which means it becomes the
second order phase transition [7]. The calculated chiral
susceptibilities for the other models have the similar
behavior; we then omit the corresponding figures to save
the length of the paper.

250 F —— mp=0.1MeV -
ffffffff mo = 1MeV

/c”? 200 my = 4MeV ]

1Ry So moy = 6.6MeV
SIS 150} .

S

I 100 f .
S0 F T E

0 \:.::1\-4>T_7_\7 I . I I I I

142 144 146 148 150 152 154 156 15

T/MeV
FIG. 1. Calculated chiral susceptibility as a function of temper-

ature for several current quark masses.

160.0
1575F L
1550 F P
5““
o 1525F e 1
[ ,A’"V
E 150.0 | ,’,;’f/’ T
E /c‘;’f;)’e M ¢ QC
147.5 /::‘ ~ v Munczek
1450 /'l ¢  contactR
4
14253 contact L ]
140.0 = : : :

0.0 0.2 0.4 0.6 0.8 1.0
mo/mppy

FIG. 2. Calculated pseudocritical temperature as a function of
current quark mass rescaled by myy,,, which is the quark mass
corresponding to the physical pion mass m, = 140 MeV. The
different symbols with different colors stand for the results
calculated via different models. The dashed lines correspond
to the fit of the calculated data using the formula

T = am?/> + Tl Contact R in the legend means Roberts’s
contact model used in Refs. [59,60], and contact L represents the

contact model in Landau gauge described in Sec. II.

In Fig. 2, we present the calculated results of the
pseudocritical temperature as a function of the current
quark mass via the four models of the gluon dressing
function. The current quark mass corresponding to the
physical pion mass is my,, = 6.6 MeV for the QC model
[77], my,, = 30 MeV for the MN model [78], mypy, =
3.7 MeV for the contact model in Landau gauge, and
mypy =7 MeV for Roberts’s contact model [60]. These
values are listed in the first line of Table I. The pseudoc-
ritical temperature for all the models have been tuned to
156.5 MeV by altering the parameter @ in Eq. (20). The
obtained pseudocritical temperature at the chiral limit is
shown in the third line of Table I, which is T, =
143.6 MeV for the QC model, 142.0 MeV for the MN
model, 152.2 MeV for the contact model in Landau gauge,
and 142.9 MeV for Roberts’s contact model.

In order to study further the behavior of the phase
transition, we take a formula 7 = amg + ¢ to fit the
calculated data. We fix ¢ = TS with 7¢ir! the pseudoc-
ritical temperature since there is no ambiguity for our result
of the pseudocritical temperature in the chiral limit (i.e., in
case of my = 0) as the susceptibility becomes divergent.
For the power index b, we could make use of the value of
the critical exponent as b = 1/(#5) =2/3 in our mean
field approximation, which is consistent with the 3D O(4)
universality class [31,39]. As can be seen from the figure,
the calculated result can be fitted quite well with the mean
field critical exponent. Such a result is also consistent with
that given by analyzing the heat capacity in the DSE
approach of QCD [28].

Moreover, we compute the scaling behavior of the chiral
susceptibility with respect to the current quark mass. The
universality class analysis gives that [31]

X = Ama(l_l/ﬁ). (22)

In Fig. 3, we illustrate the calculated data and the fitted
result. It is apparent that we can assign the parameter as
0 = 3, which is consistent with 3D O(4) universality class.
In some details, we can extract that the scaling behavior is
only valid up to mqy < 0.5 MeV for the contact model in
Landau gauge, while mqy < 1-2 MeV for the other three
models. Notice that, since the physical current quark mass
is larger in the MN model, the critical region for the MN
model is actually smaller than the other models. After
analyzing the scaling behavior of the chiral susceptibility
with respect to temperature, we get another critical expo-
nent as = 1/2.

The scaling behavior could also be demonstrated in
terms of the mass of pion since the pion mass is an
experimental quantity, and it is better than that of the
current quark mass, which is dependent on the renormal-
ization schemes. It has been well known that the GOR
relation demonstrates a simple connection between the pion
mass and the current quark mass near the chiral limit, which
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. * QC

D QC fit

N ) Munczek

102 | = B Munczek fit
) contact R

:i .‘\ ------ contact R fit
contact LL
contact L fit

<
g
X
10' | .
100 . . . )
107 1073 1072 107!
m()/ GeV
FIG. 3. Calculated chiral susceptibility as a function of current

quark mass. The dashed lines represent the fitted results of the
calculated data using the formula y = Am,, =179 with 5 = 3.

has been shown in Eq. (14). In this paper, we can then take
the leading order of this relation and have

m, = Cy/mgy, in the unit of MeV, (23)
where C is a coefficient depending on models, with the unit
MeV'!/2. The value of C can be determined by fitting the
results given by the Bethe-Salpeter (BS) equation calcu-
lation, and the obtained results read 54.49 MeV'!/? for the
QC model [77], 25.56 MeV!/2 for the MN model [78],
52.76 MeV!/2 for Roberts’s contact model [60], and
73.04 MeV'/? for the contact model in Landau gauge.

The calculated result of the 7. as a function of m, is
shown in Fig. 4. For comparison, we plot also the result
obtained with the functional renormalization group
approach of QCD (fQCD) [29] and that given in lattice
QCD (HotQCD) [11,29]. As can be seen from the figure, in
contrast to the linear dependence from the fQCD and
HotQCD results, in our calculation, the 7', has an approx-
imately 4/3 power dependence on the pion mass. Beyond
the critical region, we can infer from the figure that the
relation between T, and m, goes gradually to a simple
linear relation. Recalling that the critical exponent of the
3D O(4) class beyond the mean field is around 1 [11,29],
one can infer that the full QCD computation could find a
linear relation between T, and m, without the limitation of
critical region.

In lattice QCD simulation, it has been argued that the
temperature at which the chiral susceptibility is 60% of its
maximum remains nearly the same for a large range of

165

160 | T
155
150

145

T./MeV

—— QC

140 | ——  Munczek T
—— contact R

—— contact L

135 | 1 .
x  fQCD Ty (my)
| HotQCD n, =8
130 [ HotQCD n; = 12
} Tplattice
12567730720 60 80 100 120 140

mz/MeV

FIG. 4. Calculated pseudocritical temperature as a function of
pion mass. The fQCD result is taken from Ref. [29], and the
HotQCD result is taken from Ref. [11]. 7% jg the lattice QCD
result of the chiral phase transition after thermodynamic, con-
tinuum, and chiral extrapolations [11].

quark mass, so that the critical temperature for the chiral
symmetry to be restored in chiral limit is obtained by
extrapolation [11]. In order to investigate such an extrapo-
lation scheme, we present the calculated pseudocritical

170 = T T T T T T T T =
—— QCT, contact R T,
165 F * QC Tpercen * contact R Tpercent ]
—— Munczek T, contact L 7.
a Munczek Tyercen contact L Tpepcent %
160 | pereer e
e e
Z 155 F 1
&~
150 | 1
145 « o sas o
=== P S At iy St S et St S e S
140 ko I I L L L L L L -
0 20 40 60 80 100 120 140 16
my/MeV
FIG. 5. Comparison of the calculated pion mass dependence of

the typical pseudocritical temperature (7'.), the extrapolated
pseudocritical temperature (7 perceny)> and the calculated pseudoc-
ritical temperature in chiral limit, in the four models. The solid
line corresponds to T'.. The dotted lines with different symbols
stand for the Tpercen With the percentage being 78%, 80%, 79%,
and 80% for the QC model, the MN model, Roberts’s contact
model, and the contact model in Landau gauge, respectively. The
horizontal dashed lines represent the T, in the four models.
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temperature with a certain percentage of the maximal
susceptibility via the different gluon models in Fig. 5.
The solid lines in Fig. 5 correspond to a percentage of
100%; i.e., they correspond to the typical pseudocritical
temperature 7'.. The horizontal dashed lines stand for the
pseudocritical temperature in the chiral limit, 7. The
symbols e, A, ¢, and * represents the temperature corre-
sponding to a percentage of the maximal chiral suscep-
tibility, T percent> in the QC, MN, contact R, and contact L
model, respectively, which will be denoted as the extrapo-
lated pseudo-critical temperature.

In our calculation, however, if we take 60%y .« to be a
criterion, the pseudocritical temperature will not be con-
stant for different current quark mass. However, when we
survey the obtained results with various percentages care-
fully, we observe that there exists a pion mass range where
T percen: Temains almost invariable. The obtained percentage
for the pion mass range to reach its maximum is 78%, 80%,
79%, and 80% for the QC model, the MN model, Roberts’s
contact model, and the contact model in Landau gauge,
respectively. As we can see from Fig. 5, for the contact
model in Landau gauge, although there exists an systematic
deviation, we have |Tpercent — Tenirall < 1 MeV even at the
largest pion mass we calculated, and this difference can
hardly be seen on the figure. For the QC, the MN, and
Roberts’s contact model, however, when the pion mass
(and the current quark mass) is large enough, the Tpercen
deviates from the horizontal dashed line, 7, in the
corresponding model. The T begins to increase at
m, ~ 100 MeV in the QC model, while the T'ereen remains
unchanged up to physical pion mass for the contact model
and the MN model.

IV. CONCLUSIONS

It has been argued that the phase transition of QCD at the
chiral limit belongs to the 3D O(4) universality class. The
universality class analysis gives the critical behavior at the
chiral limit as that relation between the pseudocritical
temperature and the current quark mass behaves as

T. ~m(1)/ % In this paper, we calculate and analyze the
dependence of the pseudocritical temperature on the current
quark mass in the framework of the DS equation approach
of QCD with the rainbow truncation and several different
models for the dressed gluon. We find that our result is very
consistent with the universality class result, and the critical
exponent for the different gluon models is the same as that
of the mean field result.

We have implemented four different types of dressed-
gluon models, which represent a large range of momentum
distribution of the interaction kernel, three of which were
fully investigated before, and we also considered the
contact model in Landau gauge for comparison. Our
calculated results show that the mean field behavior is
not affected by the interaction kernel. There are several

possible ways to get results beyond mean field approxi-
mation. For example, one can take the quark-gluon vertex
model with complicated tensor structures [15,87-92], or
consider the pion-exchange effect on the Bethe-Salpeter
kernel which also contains the mass dependence via pion
mass [33], or take into account the baryon effect [93], even
the more theoretical ones(see, e.g., Refs. [94,95]). These
calculations will be done in our further study.

We analyze the scaling behavior with different features of
interaction by considering different dressed-gluon models.
The obtained critical exponent is consistent with that of the
3D O(4) universality class. The critical region is up to mg ~
1-2 MeV in this mean field approximation, which sets
naturally an upper bound of the critical region since the
fluctuations beyond the mean field would usually diminish
the critical region even break the critical behavior.

Another interesting quantity that has been marked by
lattice QCD simulation analysis is the pseudocritical
temperature where the chiral susceptibility is the 60% of
the maximum, which is found to be independent of the
current quark mass. However, our results show that this is
only true when the current quark mass and the pion mass
are not too large. For the QC model, this temperature is
invariant only for m, < 100 MeV, while for the contact and
the MN model, it can be invariant up to the physical pion
mass. The fixed percentage of the maximal chiral suscep-
tibility is different for different models.
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APPENDIX: APPROXIMATION FORMULA FOR
PION MASS AND DECAY CONSTANT

The pion mass and the decay constant should be calculated
by solving the Bethe-Salpeter (BS) equation. However, for
the bare vertex, an approximation formula with good
accuracy has been introduced in Ref. [57]. In this paper,
we are going to take this approximation to determine the
gluon mass and physical current quark mass of the contact L
model, introduced in Sec. II C 1. Since this model needs to
break the O(4) symmetry by hand in vacuum, we need to
make some modifications to the approximation formula.

Under the rainbow-ladder truncation, the homogeneous
BS equation reads

4
M) = =573 [ 50k - 0P DIk - )
X 7aS(q:)T(q; P)S(q-)7pl,

where I' is the Bethe-Salpeter amplitude, ¢, = ¢ i%P,
and P is the momentum of the meson. Z, is the

(A1)
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renormalization constant, and we will omit this factor since
its value can be absorbed into the parameter of the effective
interaction. We notice that, by omitting the renormalization
constant, the model will be cutoff dependent, and this cutoff
can also be regarded as a parameter of the model. A model

parameter |K| appears then in the contact L model as
mentioned in the main text.

The BS amplitude I" has complicated Lorentz structure
for different mesons. But for a pion, it is a good approxi-
mation to write

I'= iYSBmo:O(|ﬁ|7 p4)’ (AZ)

where B,, =0 is the Lorentz scalar part of the quark
propagator at chiral limit. The BS equation then becomes

d4 N
§/(2—)4Bm0—0(|q

11,
X (5;411 - IZ_2> }/(zS(CI+)ySS(q—)7/37
(A3)

g(2)
12

) q4)

1753m0_0<|l’| P4)

where [ = p —gq.
By multiplying y5 and taking trace on both sides of the
equation, we have

~o(|Pl. pa)
d*q G(P?
—4 [ B0

x [6404(Gs - G-) +og0p +0:00(qs1qs-)],  (A4)
where G, = g :I:%f), q4r = q4 £ 1Py, and
+ F(pi’p4i>
F=
PIAY(PL, pis) + BX (P pas) + panCP(PL. pis)’
(AS)
for F = A, B, C.

Defining A(l) = G(I?)/1?, one can rewrite the Eq. (A4)

as

d*q

WA(P - q)H(q; P),

(A6)

smmWWw%ﬂqwf

where C,(R) = 4/3 and

H(p;P) = 8N_[o,05(q+ - G-)
+ 6565 + 66¢(qa1qa-)|Bpy—o (D).

).
(A7)

Equation (A6) is a convolution, and it can be simplified
by Fourier transformation,
8N.Byyy—o(x) = 3G, (R)A(Hp(x).  (AB)

By multiplying Fp(—x)/[3C,(R)A(x)], we can construct

8N, Fp(—x)Fp(x)
I,(P)= [ & ¢ P —Fp(—x)H :
ﬂ( ) / x(3C2(R) A()C) P( X) P(x)
(A9)
where TI, serves as the inverse of the pion propaga-
tor [57,96].

Therefore, the pole of II, indicates the mass of the
meson, and our task now is to find the m, which satisfies

(A10)

We notice that the DSE for B(p2, p3) is also a con-
volution, and we have

Byy—o(x) = 3C2(R)A(x)o"*(x). (Al

And we can obtain

1,(P) = [ @By, o8Nl = Hp(ximo)l. (A12)

Since the pion has a small mass, we can write
oI,
oP2) 1

From now on, we assume that the pion is in the rest
frame, and the 4-momentum is P = (0, iM). We have then

rumzm@+®{@§ s
OP~) pr—g

(A13)

I,
I,(P) = 11,(0) + P? 0 (A14)
P2 ) o
The N2 can be defined as
I1
NZ= 0 5 : (A15)
OP3) p—g

Differentiating the I1,, we can get the formula we use
in Eq. (13).
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By definition, the m2 satisfies that

Therefore,

mzzzN;zz:Hn:(P:O)
d*p 2 0 Bug=0 _myz0
:8NC/WBm0=O(p )[Ggo _KZ#OGZLO :

(A17)

This is just the formula we used in Eq. (11).
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