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1 Introduction

Non-geometric solutions of string and M-theory provide an interesting framework in which
to explore the AdS/CFT correspondence and in, particular, can reveal the existence of
novel classes of strongly coupled field theories. In this paper we will be interested in S-fold
solutions of type IIB string theory of the form AdS4 × S1 × S5 which have non-vanishing
SL(2,Z) monodromy along the S1 direction and are dual to d = 3 SCFTs with either
N = 4, 2 or 1 supersymmetry. Several classes of such solutions are now known [1–7] but,
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with the exception of the N = 4 S-fold, the dual field theories have not yet been identified
making this an especially interesting topic for further study.

The S-fold solutions are first constructed as solutions of type IIB supergravity, typically
by using a lower-dimensional gauged supergravity and then uplifting to D = 10. The
supergravity solutions have a non-compact spatial direction, R, which is then compactified
using a duality transformation M ∈ SL(2,Z) within the hyperbolic conjugacy class. For
example, one can take M = STn, where S, T are the usual generators of SL(2,Z) and
n ≥ 3 is an integer. Thus, a single S-fold supergravity solution gives rise to a family of
S-fold solutions.

The N = 4 S-fold solution of type IIB supergravity was first presented in [1] and
then further discussed in [2]. An important observation [1] is that the solution can be
obtained as a certain limit of a class of N = 4 Janus solutions which describe 3d N = 4
superconformal interfaces of 4d N = 4 SYM theory [8]. Using this perspective, and the
results of [9, 10], a conjecture for the 3d N = 4 SCFTs dual to the N = 4 S-folds was given
in [2] (see also [11–13]). For the S-fold solutions that are compactified using the duality
transformationM = STn one considers the T [U(N))] strongly coupled theory of [10] and
gauges the U(N)×U(N) global symmetry using an N = 4 vector multiplet. In addition one
should add1 a Chern-Simons term at level n and the dual 3d SCFT is obtained by taking
the IR limit. Significant support for this proposal was provided in [2] by calculating the free
energy of the field theory on the three sphere using localisation techniques and showing
that in the large N limit it is in exact agreement with the corresponding holographic
calculation. For other choices of M ∈ SL(2,Z) used in the S-folding, it was conjectured
that the dual N = 4 d = 3 SCFTs can be obtained as the IR limit of a class of circular
quiver gauge theories with links coupled to the T [U(N))] theory. Additional investigations
of such quiver gauge theories have been made in [14–19].

One of the goals of this paper is to show that the N = 4 S-fold solutions can be
obtained as the endpoint of an RG flow that starts off from AdS5 × S5 in the UV. More
precisely, considering AdS5 × S5 in Poincaré type coordinates, we compactify one of the
spatial directions using an S-duality twist which persists along the RG flow down to the
AdS4×S1×S5 S-fold solution in the IR. From the boundary point of view this corresponds
to taking the complex coupling constant of N = 4 SYM theory to have a specific spatial
dependence along the preferred spatial direction, tracing out a semi-circular arc in the
upper half plane. In addition, in order to preserve supersymmetry, the holographic RG
flow solution also involves deformingN = 4 SYM theory with spatially independent fermion
and boson masses. Remarkably, we are able to construct this particular RG flow solution
as an exact solution of type IIB supergravity.

More generally, we will also construct a host of additional RG flow solutions that start
in a similar manner from AdS5×S5 in the UV and then flow to S-fold solutions preserving
N = 2 and N = 1 supersymmetry in the IR. Before expanding on these constructions
below, we first highlight that we also construct a new one (real) parameter family of

1Adding the Chern-Simons term is consistent with N = 3 supersymmetry but this is expected to become
enhanced to N = 4 in the IR.
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AdS4 × S1 × S5 S-fold solutions of type IIB supergravity that contains both the N = 4
S-fold solution of [1] and the N = 2 SU(2) × U(1) invariant S-fold solution of [5, 6]. This
new continuous family of S-fold solutions generically preserves N = 2 supersymmetry in
d = 3 and constitutes a component2 of the conformal manifold containing the d = 3 SCFT
dual to the N = 4 S-fold. We calculate the free energy on the three sphere holographically
and show that it is constant along the conformal manifold, as expected. Our result thus
explains the fact, observed in [6], that the free energy for the N = 2 SU(2)×U(1) invariant
S-fold solution of [5, 6] is exactly the same as that of the N = 4 S-fold. Our new one-
parameter family of S-folds differs from the one parameter family of N = 2 S-folds found
in [5], and further explored in [21], which does not contain the N = 4 S-fold solution.

The supergravity solutions in this paper are all constructed within D = 5 maximal
gauged supergravity [22] and then uplifted to type IIB supergravity [23, 24]. More precisely,
we will utilise the 10-scalar truncation of [25], which keeps the metric and ten scalar fields,
as well as convenient sub-truncations thereof. These D = 5 models have an important
global shift symmetry, ϕ → ϕ + constant, where ϕ is a preferred scalar field, the D = 5
“dilaton”; for the AdS5 vacuum solution ϕ is dual to the coupling constant of N = 4
SYM. All of the S-fold solutions that we shall focus on are of the form AdS4 × R, with
the D = 5 dilaton ϕ being a linear function of the coordinate on the R factor. After
uplifting the solutions to type IIB one generates a richer family of supergravity solutions
using SL(2,R) transformations and it is within this larger family of solutions where the
S-folding identifications are made, allowing one to compactify the R direction. Although
this may seem a somewhat roundabout procedure, it greatly facilitates the construction of
the various new S-fold solutions and their associated RG flows by just focussing on D = 5
solutions with linear dilatons. Indeed, the linear dilaton ansatz is an example of a Q-lattice
construction3 [31] and thus implies that the RG flow equations that one needs to solve are
ODEs, rather than PDEs.

The 10-scalar model contains the N = 4 S-fold of [1] as well as the SU(2) × U(1)
invariant N = 2 S-fold in the family of [5] and the SU(3) invariant N = 1 S-fold in
the family of [4], all of which have linear dilatons. The model also contains the infinite
classes of N = 1 AdS4 × R S-fold solutions with the D = 5 dilaton a “linear plus periodic
function” of the coordinate on the R factor that were constructed in [7]. While these
remarkable examples can still fruitfully be studied in D = 5 they lie outside of the Q-
lattice constructions which we will focus on in this paper and one instead needs to solve
PDEs; we will briefly return to this class in the discussion session.

We will construct RG flow solutions in D = 5 that approach AdS5 in the UV with a
linear dilaton. In addition, the fall-off of the remaining scalar fields are associated with
deforming N = 4 SYM with certain spatially constant fermion and boson mass deforma-
tions that preserve supersymmetry. We construct RG flows that approach all of the known
AdS4 × R S-fold solutions with linear dilatons that preserve N = 4, 2, 1 supersymmetry
within the 10-scalar model, including those lying on the conformal manifold. We also con-

2On general grounds conformal manifolds of d = 3 theories preserving N = 2 supersymmetry should be
Kähler [20].

3See also [26] as well as [27–30] for some similar constructions.
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struct RG flows that start from an N = 1 AdS4 × R S-fold solution in the UV and then
flow to an N = 2 AdS4 × R S-fold solution in the IR, as well as providing strong evidence
for the existence of similar flows to the N = 4 S-fold solution in the IR. These solutions
arise as limiting cases of the RG flows moving from the AdS5 vacuum in the UV to S-folds
in the IR and hence also give rise to intermediate scaling behaviour.

One of the D = 5 supergravity models we consider contains not only the AdS5 vacuum
solution, but also two AdS5 solutions [32] each dual to the N = 1 d = 4 SCFT found
by Leigh-Strassler (LS) [33]. In these models we find that limiting cases of the RG flows
moving from the AdS5 vacuum in the UV to the N = 2 AdS4×R S-fold solution in the IR
develop an intermediate scaling regime that is dominated by the LS fixed point. Moreover,
we also show there is an RG flow that starts from the LS fixed point in the UV, suitably S-
folded and with additional spatially homogeneous relevant deformations turned on, which
flows to an N = 2 S-fold solution in the IR. Together these solutions begin to reveal
an intricate web of interconnections between conventional SCFTs and SCFTs associated
with S-folds.

The plan of the rest of the paper is as follows. In section 2 we first analyse the spatially
dependent deformations of N = 4, d = 4 SYM theory utilised in the RG flow solutions from
a field theory perspective. In particular, we consider deformations of the complex coupling
constant τ as well as fermion and boson mass deformations that depend on one spatial
dimension and still preserve some supersymmetry. This analysis, utilising the coupling of
N = 4 SYM to N = 4 off-shell conformal supergravity [34], extends the analysis of [35],
which considered such deformations with constant τ , as well as refines the results of [34].
In section 3 we recall some features of the 10-scalar truncation of maximal D = 5 gauged
supergravity [25] which we use in the remainder of the paper. Section 4 introduces our
ansatz for the metric and scalar fields and presents the associated BPS equations. Some
simple RG flow solutions are presented in section 5, including the analytic solution, while
section 6 contains more elaborate RG flows as well as the new one-parameter family of
N = 2 S-fold solutions. We conclude with some discussion in section 7. Appendix A shows
how the BPS equations can be recast as a gradient flow and appendix B summarises the
linearised BPS modes for the S-fold solutions. Generically, solutions to the BPS equations
are associated with N = 1 supersymmetry and appendix C discusses when this can be
enhanced to N = 2, 4.

Note added. In the final write up of this paper [36] appeared, which has some overlap
with this work. In particular, some of the RG flows that we construct here are also
constructed in [36] using a complementary approach within a maximally supersymmetric
D = 4 gauged supergravity.

2 S-fold deformations of N = 4 SYM theory

We begin by considering N = 4 SYM theory in d = 4 flat spacetime, with coordinates
(t, yi). We are interested in deformations of this theory which depend on one of the three
spatial coordinates, y3 say, and preserve at least N = 1 supersymmetry with respect to
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the remaining d = 3 spacetime dimensions. In addition, we would like to compactify the
y3 direction with an SL(2,Z) twist. Thus, in particular, if τ = θ

2π + i4π
g2 is the complex

coupling constant of N = 4 SYM, we want to consider deformations τ = τ(y3) with the
feature that

τ(y3 + ∆y3) =Mτ(y3) , (2.1)

with M ∈ SL(2,Z) and preserving supersymmetry. The SL(2,Z) also acts on other de-
formations as we discuss below. The supergravity solutions we construct in the sequel are
associated withM that lie in the hyperbolic conjugacy class with TrM > 2, as we return
to below.

In order to preserve supersymmetry with τ = τ(y3) we need to include additional defor-
mations. In general, the bosonic deformations of N = 4 SYM theory can be parametrised
by the bosonic auxiliary fields of off-shell N = 4 conformal supergravity [37–39], as high-
lighted in [34] and further explored in [35]. These auxiliary fields transform in specific
representations of the SU(4) R-symmetry of undeformed N = 4 SYM. We will set the
one form deformations, V i

µj , and two form deformations, T ijµν , transforming in the 15 and
6, respectively, both to zero, but we allow spatial dependence in the Lorentz scalars Eij ,
transforming in the 10, and Dij

kl, transforming in the 20′. As discussed in [34, 35], these
give rise to spatially dependent fermion, Mψ, and boson, Mφ, mass terms in the deformed
N = 4 SYM Lagrangian of the schematic form:4

(Mψ)ij = −1
2Eij ,

(Mφ)ijkl = 1
2D

ij
kl −

1
12δ

[i
kδ
j]
l

(
ĒmnEmn −

∂µτ∂
µτ̄

(Imτ)2

)
. (2.2)

These deformations will preserve supersymmetry provided we can find solutions to the
following equations

0 = i
∂µτ̄

Imτ γ
µεi + Eijε

j ,

0 = −1
2ε

ijlmDµEklγ
µεm +Dij

klε
l + 1

2EklĒ
l[iεj] − 1

6EmlĒ
mlδ

[i
k ε
j] − 1

6EmlĒ
m[iδ

j]
k ε

l ,

0 = Dµε
i , (2.3)

where the chiral spinor εi transforms in the 4 of SU(4), the antichiral spinor εi is the
conjugate of εi and

DµEkl = (∂µ − aµ)Ekl , Dµε
i =

(
∂µ −

1
2aµ

)
εi , aµ = −i∂µ(τ + τ̄)

4Imτ . (2.4)

An analysis of possible supersymmetric deformations when τ , Eij andDij
kl just depend

on y3 was undertaken in [34], but the most general result was not obtained due to an
additional assumption being made, which we mention below. Rather than presenting a

4See [35] for the precise Lagrangian and for more details on the conventions we are using; note that in
this section (only) we use a mostly plus convention for the metric.

– 5 –



J
H
E
P
0
7
(
2
0
2
1
)
1
5
1

general analysis, it is more helpful for the purposes of this paper to just present the results
for a further sub-class of deformations that are associated with the supergravity models we
discuss in the sequel. Specifically, we consider deformations that are invariant under a set
of discrete symmetries (see (2.2), (2.3) of [40] and (B.2) of [25]) and focus on the following
non-vanishing deformations

τ = i
4π
g2 ,

Eij = diag(m1,m2,m3,m4),

D12
34 = D34

12, D23
14 = D14

23, D31
24 = D24

31,

D14
14 = D23

23, D24
24 = D13

13, D34
34 = D12

12, (2.5)

with mi, D
ij
kl ∈ R (and we also have the trace-free condition D14

14 +D24
24 +D34

34 = 0,
as usual). By suitably restricting these ten real deformations, all of which are functions of
y3, we can preserve N = 1, 2 or 4 d = 3 Poincaré supersymmetries, as we will see.

We first pause to highlight that we have set the theta angle, θ, to zero in (2.5) and
hence τ(y3) lies on the imaginary axis in the upper half plane. These deformations by
themselves cannot be used to implement the S-folding given in (2.1). However, having
carried out the supersymmetry analysis for this class of deformations we can act with
SL(2,R) transformations to get a larger class of deformations, with τ then lying on a semi-
circle in the upper half plane, where the S-folding procedure can be carried out as in (2.1).
In addition, there is also an action on Eij and εi. We provide a few more details at the
end of this section.

With this in mind, we continue to examine the supersymmetry conditions for the
deformations as in (2.5), with τ(y3) purely imaginary. We first notice that the connection
aµ = 0 and hence the last condition in (2.3) is solved for constant εi. With only ε4 6= 0, we
find that the first condition in (2.3) can be solved by imposing

κm4 = 2(ln g)′, γ3ε4 = κε4 , (2.6)

with κ = ±1 and m1,m2,m3 arbitrary5 functions of y3. The projection on the supersym-
metry parameter implies that, generically, we are preserving 1/2 of the supersymmetries
parametrised by ε4, which corresponds to N = 1 in d = 3. Finally, the remaining conditions
in (2.3) are satisfied by

D23
14 = D14

23 = κ
1
2m
′
1 ,

D31
24 = D24

31 = κ
1
2m
′
2 ,

D12
34 = D34

12 = κ
1
2m
′
3 , (2.7)

5In (4.8)-(4.10) of [34] it was implicitly assumed that the spatial dependence of Eij can be factored out
and hence the analysis of [34] does not include the more general cases that we consider here. However, the
analysis of [34] does cover the sub-class when ln g is linear function of y3 and with constant mi, which is
the focus in this paper.
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as well as

D14
14 = D23

23 = 1
12(m2

2 +m2
3 − 2m2

1) ,

D24
24 = D13

13 = 1
12(m2

3 +m2
1 − 2m2

2) ,

D34
34 = D12

12 = 1
12(m2

1 +m2
2 − 2m2

3) , (2.8)

which does indeed satisfy D14
14 +D24

24 +D34
34 = 0. In the bulk of this paper we will focus

on configurations with ln g linear in the y3 direction. For this class we have m4 constant
and non-zero, and we will also further consider deformations with constant m1,m2,m3.
However, in the discussion section we shall return to the more general class for which ln g
is not linear in y3, as well as allowing for spatially varying m1,m2,m3.

We can also consider configurations preserving N = 2 supersymmetry in d = 3 with,
for example, ε3, ε4 6= 0 and ε1 = ε2 = 0. With g′ 6= 0 we now should impose the projections

γ3ε3 = κ3ε
3 , γ4ε4 = κ4ε

4 , (2.9)

with κ3, κ4 = ±1 and take

κ3m3 = κ4m4 = 2(ln g)′ , (2.10)

with m1 an arbitrary function of y3. We also take

D23
14 = D14

23 = 1
2κ4m

′
1 ,

D31
24 = D24

31 = 1
2κ3m

′
1 ,

D12
34 = D34

12 = κ3κ4(ln g)′′ , (2.11)

as well as

D14
14 = D23

23 = D24
24 = D13

13 = − 1
12m

2
1 + 1

3[(ln g)′]2 ,

D34
34 = D12

12 = 1
6m

2
1 −

2
3[(ln g)′]2 . (2.12)

We always must have

m2
1 = m2

2 , (2.13)

and, interestingly, when m′1,m′2 6= 0, we must also have

m2 = κ3κ4m1 . (2.14)

In order to preserve N = 4 supersymmetry in d = 3 when g′ 6= 0 we should consider
all four εi 6= 0 and impose the projections

γ3εi = κiε
i , i = 1, . . . , 4 , (2.15)
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where κi = ±1 and choose

κ1m1 = κ2m2 = κ3m3 = κ4m4 = 2(ln g)′ . (2.16)

When (ln g)′′ 6= 0, we also require the additional condition on the signs of the masses

κ1κ2κ3κ4 = +1 , (2.17)

with

D23
14 = D14

23 = κ1κ4(ln g)′′

D31
24 = D24

31 = κ2κ4(ln g)′′

D12
34 = D34

12 = κ3κ4(ln g)′′ , (2.18)

as well as

D14
14 = D23

23 = D24
24 = D13

13 = D34
34 = D12

12 = 0 . (2.19)

Preservation of N = 3 supersymmetry in d = 3 is achieved with, say, ε2, ε3, ε4 6= 0 but this
leads to the same N = 4 preserving configuration.

For the N = 4 case, it is interesting to highlight that when ln g is linear in y3, we
can have arbitrary choices for the signs of the masses in (2.16). However, the known
N = 4 S-fold solutions with linear dilatons, and the ones we study in later sections, are all
associated with fermion masses that satisfy the condition (2.17). This is connected with
the fact that these S-fold solutions can arise as limiting classes of N = 4 Janus solutions
which have ln g′′ 6= 0. Similar comments apply to the known N = 2 S-fold solutions with
linear dilatons, which have masses which satisfy (2.14).

For later reference we record the mass deformations of N = 4 SYM theory that are
associated with each of the supergravity truncations (given in figure 1 in the next section)
which we use to construct RG flows in later sections. In the sequel we always consider
ln g linear in the y3 direction and with constant mi. Below we list the symmetry group
G ⊂ SU(4) preserved by the deformations, the constraints on the masses mi and the generic
amount of d = 3 supersymmetry preserved. The specific Dij

kl components involved for
each case can be determined from the analysis above,

G ⊂ SU(4) : fermion masses d = 3 susy
SO(3)× SO(3) : m1 = m2 = m3 = m4 N = 4

U(1)×U(1) : m1 = m2, m3 = m4 N = 2
SU(2)×U(1) : m1 = m2 = 0, m3 = m4 N = 2

SU(2) : m1 = m2 = 0, m3, m4 N = 1
SO(3) : m1 = m2 = m3, m4 N = 1 (2.20)

We now return to the issue of the S-folding procedure. We first note that from a given
set of spatially dependent supersymmetric deformations, (τ, Eij , Dij

kl, ε
i), we can obtain

– 8 –
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a family of supersymmetric deformations by acting with SL(2,R) transformations. The
action on τ is given, as usual, by

τ → Pτ = aτ + b

cτ + d
, P =

(
a b

c d

)
∈ SL(2,R) . (2.21)

The action leaves Dij
kl inert, but Eij and the supersymmetry parameters εi are multiplied

by a phase ( |cτ + d|
cτ + d

)q
, (2.22)

with q = −1 for Eij and q = −1/2 for εi (see [34]).
The S-folding procedure starts with supersymmetric deformations (τ, Eij , Dij

kl, ε
i),

depending on y3 and τ purely imaginary, which are invariant under a simultaneous shift
y3 → y3 + ∆y3 combined with an SL(2,R) transformation given by

S(c) =
(
ec 0
0 e−c

)
, (2.23)

for some c ∈ R. Thus, the purely imaginary τ(y3) has the property that

τ(y3 + ∆y3) = S(c)τ , ⇔ ln g(y3 + ∆y3) = ln g(y3)− c , (2.24)

while the remaining (Eij , Dij
kl, ε

i) are invariant (since the phase in (2.22) is unity). We now
consider the transformed deformations (τ ′, E′ij , D

′ij
kl, ε

′i) ≡ P (τ, Eij , Dij
kl, ε

i) obtained by
acting with P ∈ SL(2,R) which we demand has the property

M = ±PS(c)P−1 , (2.25)

with M ∈ SL(2,Z). This is only possible for certain values of c; for example, it can be
achieved when c = arccosh n

2 , with n ∈ Z, n ≥ 3 and taking

M =
(
n 1
−1 0

)
, n ≥ 3 , (2.26)

cf. section 3.3 of [7]. After shifting y3 → y3 + ∆y3 it then immediately follows that
(τ ′, E′ij , D

′ij
kl, ε

′i) will transform by the action of M ∈ SL(2,Z) as needed for the S-
folding. In particular, τ ′ will transform as in (2.1) as required. The different S-foldings are
labelled by the conjugacy classes ofM∈ SL(2,Z) and clearly all lie within the hyperbolic
conjugacy class with |Tr(M)| > 2.

3 The 10-scalar model

The gravitational model we study couples the D = 5 metric with ten scalar fields [25]. It is
a consistent truncation of maximal D = 5 gauged supergravity and hence any solution can
be uplifted to obtain an exact solution of type IIB supergravity in D = 10, as described

– 9 –
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in [7, 25]. The ten scalars consist of 4 complex scalars, zA, each of which parametrise the
coset SU(1, 1)/U(1) and 2 real scalars, β1, β2. The action is given by

S = 1
4πG(5)

∫
d5x

√
|g|
[
−1

4R+ 3(∂β1)2 + (∂β2)2 + 1
2KAB̄∂µz

A∂µz̄B̄ − P
]
, (3.1)

and we work with a (+ − − − −) signature convention. Here KAB̄ = ∂A∂B̄K where K is
the Kähler potential given by

K = −
4∑

A=1
log(1− zAz̄A) . (3.2)

The scalar potential P can be conveniently derived from a superpotential-like quantity

W ≡ 1
L
e2β1+2β2

(
1 + z1z2 + z1z3 + z1z4 + z2z3 + z2z4 + z3z4 + z1z2z3z4

)
+ 1
L
e2β1−2β2

(
1− z1z2 + z1z3 − z1z4 − z2z3 + z2z4 − z3z4 + z1z2z3z4

)
+ 1
L
e−4β1

(
1 + z1z2 − z1z3 − z1z4 − z2z3 − z2z4 + z3z4 + z1z2z3z4

)
, (3.3)

via

P = 1
8e
K
[1

6∂β1W∂β1W + 1
2∂β2W∂β2W +KB̄A∇AW∇B̄W −

8
3WW

]
, (3.4)

where KB̄A is the inverse of KAB̄ and ∇AW ≡ ∂AW + ∂AKW .
It is convenient to parametrise the four complex scalars in terms of eight real scalar

fields via

z1 = tanh
[1

2 (α1 + α2 + α3 + ϕ− iφ1 − iφ2 − iφ3 + iφ4)
]
,

z2 = tanh
[1

2 (α1 − α2 + α3 − ϕ− iφ1 + iφ2 − iφ3 − iφ4)
]
,

z3 = tanh
[1

2 (α1 + α2 − α3 − ϕ− iφ1 − iφ2 + iφ3 − iφ4)
]
,

z4 = tanh
[1

2 (α1 − α2 − α3 + ϕ− iφ1 + iφ2 + iφ3 + iφ4)
]
. (3.5)

The AdS5 vacuum with all scalar fields zero uplifts to the maximally supersymmetric
AdS5 × S5 solution. For this vacuum, schematically, the 10 real scalar fields are dual to
the following hermitian operators in N = 4 SYM theory:

∆ = 4 : ϕ ↔ trFµνFµν ,
∆ = 3 : φi ↔ tr(χiχi + cubic in Zi) + h.c. , i = 1, 2, 3 ,

φ4 ↔ tr(λλ+ cubic in Zi) + h.c. ,

∆ = 2 : αi ↔ tr(Z2
i ) + h.c. , i = 1, 2, 3 ,

β1 ↔ tr(|Z1|2 + |Z2|2 − 2|Z3|2) ,
β2 ↔ tr(|Z1|2 − |Z2|2) . (3.6)
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The operators of N = 4, d = 4 SYM appearing on the right hand side of (3.6) have been
written in an N = 1 language, with Zi and χi the bosonic and fermionic components of
the associated three chiral superfields Φi while λ is the gaugino of the vector multiplet. A
more careful analysis shows that in terms of the mi discussed in section 2, up to an overall
factor, we should identify (m1,m2,m3,m4) ↔ (φ1, φ2, φ3,−φ4), and note the minus sign.
We also identify (D23

14, D
31

24, D
12

34) ↔ (α1, α2, α3) as well as (D12
12, D

13
13, D

14
14) ↔

(β1,
1
2(β2 − β1),−1

2(β1 + β2)).
The model is invariant under Z2 × S4 discrete symmetry, which leaves W invariant.6

The Z2 is simply given by zA → −zA and the other transformations are explicitly written
in (2.9), (2.10) of [7]. The model is also invariant under constant shifts of the dilaton

ϕ→ ϕ+ c , (3.7)

and this symmetry is generated by the holomorphic Killing vector

l = 1
2

4∑
A=1

(−1)s(A)
(
1− (zA)2

) ∂

∂zA
, (3.8)

where s(A) = 0 for A = 1, 4 and s(A) = 1 for A = 2, 3. If we define

K̃ ≡ K + logW + logW , (3.9)

we have lA∂AK̃+ lĀ∂ĀK̃ = 0 and the corresponding moment map µ = µ(zA, z̄A) is given by

µ = ilA∂AK̃ = KAB̄∂B̄µ∂ĀK̃ = − i2

4∑
A=1

(−1)s(A) z
A − z̄A

1− zAz̄A . (3.10)

For later use we observe that

zA → ±z̄A ⇒ K̃ → K̃ , µ→ ∓µ . (3.11)

The 10-scalar truncation is not a truncation to a supergravity theory. However, the
conditions for a solution of the 10-scalar model to preserve supersymmetry as a solution
of D = 5 SO(6) gauged supergravity were written down in [25] and also used in [35]. We
will use exactly the same conventions here. Note that these supersymmetry conditions are
preserved under the Z2 × S4 discrete symmetry mentioned above.

Finally, there are various7consistent sub-truncations of the ten-scalar model that are
summarised in figure 1. The figure also displays where various S-fold solutions, with linear
dilatons, reside.

6The model is also invariant under another discrete S4 symmetry, which is a remnant of the continuous
R-symmetry and acts on the supercharges, which we give in appendix C.

7There are additional consistent truncations obtained by acting with the Z2 × S4 discrete symmetry
which are physically equivalent.

– 11 –



J
H
E
P
0
7
(
2
0
2
1
)
1
5
1

z2 = −z4, β2 = 0

z2 = z̄2 z1 = −z3 z2 = z3, β1 = 0

z1 = z3, z2 = 0
z1 = −z3

z3 = z̄3 = z2,
β1 = 0z2 = z̄2 z1 = z2

z1 = −z2z1 = −z2,
β1 = 0

z2 = z̄2

10-scalar truncation

7-scalar truncation
SO(2) invariant
φ1 = φ2, φ3, φ4

α1 = α2, α3, ϕ, β1

6-scalar truncation
U(1)× U(1) invariant
φ1 = φ2, φ3 = −φ4
α1 = α2, α3, ϕ, β1

5-scalar truncation
SU(2) invariant

φ3, φ4
α3, ϕ, β1

4-scalar truncation
SO(3) invariant
φ1 = φ2 = φ3, φ4
α1 = α2 = α3, ϕ

N = 2∗ truncation
φ1 = φ2, α1 = α2, β1

4-scalar truncation
SU(2)× U(1) invariant
φ3 = −φ4, α3, ϕ, β1

contains N = 2 S-fold

3-scalar truncation
SO(3)× SO(3) invariant
φ1 = φ2 = φ3 = −φ4
α1 = α2 = α3, ϕ

contains N = 4 S-fold

N = 1∗ one-mass truncation
φ3, α3, β1

contains LS point

2-scalar truncation
SU(3) invariant

φ4, ϕ
contains N = 1 S-fold

Figure 1. Various sub-truncations of the 10-scalar model in D = 5. The boxes with the blue
outline are truncations that contain known AdS4 × R S-fold solutions with a linear dilaton. The
new one parameter family of S-folds, containing both the N = 2 and N = 4 S-folds, is contained
in the U(1) × U(1) invariant 6-scalar truncation. Various RG flow solutions are discussed for the
truncations in the blue and red boxes.

4 The RG flow equations

Within the 10-scalar model, the ansatz for the D = 5 metric that we consider is given by

ds2 = e2A(dt2 − dy2
1 − dy2

2)− e2V (dx2 + dr2) , (4.1)

with A, V functions of r only. This manifestly preserves ISO(1, 2) symmetry, associated
with the (t, y1, y2) directions, and is also translationally invariant in the x direction. The
ansatz for the scalar fields is in essence that of a Q-lattice [31]: it breaks both transla-
tions in the x direction and the dilaton shift symmetry (3.7), but it preserves a diagonal
combination. This is achieved by writing the D = 5 dilaton as

ϕ = kx+ f(r) , (4.2)

where k is a constant, and taking all other scalars to just depend on r. With no essential
loss of generality we will take k > 0. Equivalently, the x dependence of the ansatz is
given by ∂xzA = klA, where lA are the components of the holomorphic Killing vector given
in (3.8), and ∂xA = ∂xV = ∂xβi = 0.

After substituting into the equations of motion, all of the explicit dependence on x

drops out and we are left with a system of ODEs for several functions of r. We are
interested in solutions that preserve supersymmetry. In [7] BPS equations for a more
general ansatz that preserves ISO(2, 1) symmetry were derived and from these we can
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obtain BPS equations for our more restricted ansatz. As explained in appendix A, after
defining

b ≡ 1
6e

V+K̃/2 ,

F ≡ 1− 3
2K

B̄A∂AK̃∂B̄K̃ −
1
4 |∂β1K̃|2 −

3
4 |∂β2K̃|2 , (4.3)

we find the BPS equations are given by

∂rA = 2b ,

∂rz
A = −3KB̄A∂B̄K̃b+ iklA = −KB̄A

(
3∂B̄K̃b− k∂B̄µ

)
,

∂rβ1 = −1
2∂β̄1

K̃b ,

∂rβ2 = −3
2∂β̄2

K̃b ,

b−2∂rb = 2F , (4.4)

where the moment map µ was defined in (3.10). We emphasise that the notation for ∂β̄i

is shorthand for taking βi to be a complex field in the superpotential such that W is a
function of βi and W of β̄i, then taking the appropriate derivative and finally setting βi
to be real. Thus, ∂β̄1

W ≡ 0 and ∂β̄1
W is given by the ordinary real derivative ∂β1W. We

use this notation to clarify the structure of the gradient flow equations given below. The
reality of βi implies constraint equations

Im(∂β̄1
logW) = 0 , (4.5)

which is consistent with the BPS equations (see [35]). Any solution to these BPS equations
will generically preserve N = 1 supersymmetry in d = 3; this can be enhanced for certain
sub-truncations as discussed in appendix C.

The BPS equations are invariant under the symmetry

zA → −z̄A , (4.6)

which, from (3.11), leaves the moment map invariant. Note that this is actually a symmetry
of the equations of motion of the 10-scalar model. However, it is not, in general, a symmetry
of the BPS equations for general ISO(1, 2) preserving configurations; it is a feature of the
specific RG flow ansatz that we are considering.

Interestingly, we can recast this as a system of gradient flow equations for 12 real
functions:

e−
3
2V ∂rz

A = −KB̄A∂B̄P ,

e−
3
2V ∂rβ1 = −1

6∂β̄1
P ,

e−
3
2V ∂rβ2 = −1

2∂β̄2
P ,

e−
3
2V ∂rV = −2

3∂V P ,

e−
3
2V ∂rC = 1

2P , (4.7)
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where C ≡ A+ 1
2V and the real function P is given by

P ≡ e
1
2 K̃−

1
2V − kµe−

3
2V . (4.8)

One might have anticipated that the BPS equations could be written as a gradient
flow by arguing as follows. Associated with the ansatz for the D = 5 fields that we are
considering we can carry out a Scherk-Schwarz dimensional reduction of the D = 5 theory
on the x direction by taking the ansatz (4.2) with f and the other scalar fields functions
of the D = 4 coordinates (and not just r). Combining this with a standard Kaluza-Klein
ansatz for the D = 5 metric then leads to a D = 4 theory of gravity coupled to the ten
scalar fields plus an additional scalar field V and a gauge-field. This D = 4 theory has a
gauge-symmetry associated with the D = 5 shift symmetry, with gauge parameter k and f
is a Stückelberg field. The specific radial ansatz we are considering in D = 5 implies that
in this D = 4 theory we can consistently set the D = 4 gauge field to zero. The D = 5
BPS equations for the radial ansatz then give rise to D = 4 BPS RG flow equations, which
typically are those of a gradient flow. Carrying out this procedure one finds the D = 4
canonically normalised Einstein metric is given by

ds2
(4) = −e3V dr2 + e2C(dt2 − dy2

1 − dy2
2) , (4.9)

and this accounts for the factors of e−
3
2V on the left hand side in (4.7). This reduced

D = 4 theory of gravity should arise as a consistent truncation of the maximal [SO(1, 1)×
SO(6)]nR12 gauged supergravity discussed in [1]. Various subtruncations of this maximal
gauged supergravity have been used to study S-fold solutions in [4, 5].

In the rest of the paper we will analyse various specific solutions to (4.7). We begin
with some general observations. We first observe that

e−
3
2V ∂rP = −2KB̄A∂B̄P∂AP −

1
3 |∂β1P |2 − |∂β2P |2 −

2
3(∂V P )2 ≤ 0 , (4.10)

and therefore P is monotonic along the flow. We next notice that in any AdS5 solution
the ten D = 5 scalars are constant and eA = eV ∝ r−1; while not a solution of the BPS
equations (4.7) we can approach an AdS5 solution as a limit with P = 0. Of most interest
in this paper is the AdS5 vacuum dual to N = 4 SYM theory. We will construct flows that
approach this AdS5 solution as r → 0 in the UV and approach an AdS4×R S-fold solution
in the IR, which will be located at r → −∞. Thus, along the flow we will have P ≥ 0,
with P increasing from zero as one moves from the UV to the IR.

We now consider the AdS4 × R S-fold solutions. In these solutions we have8 A = r/`,
where ` is a constant and V is constant. We assume that the D = 5 dilaton is a linear
function of x and all of the scalar fields are constant.9 The metric and dilaton of these
solutions can thus be written as

ds2 = e2V
[
`2ds2(AdS4)− dx2

]
,

ϕ = kx , (4.11)
8Equivalently, we have C = r/` after a constant shift of the radial coordinate.
9More elaborate S-fold solutions, with the D = 5 dilaton a linear plus periodic function of x are dis-

cussed in [7].
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where ds2(AdS4) has unit radius. We see that eV ` is the radius of the AdS4 with respect
to the D = 5 metric. From (4.9) the D = 4 Einstein metric after the Scherk-Schwarz
reduction on the x direction is given by

ds2
(4) = e3V [−dr2 + e2r/`e−2V (dt2 − dy2

1 − dy2
2)] , (4.12)

and one sees that e3V/2` is the radius of the AdS4. Using the BPS equations, which
imply (A.9), its not difficult to show that for such an S-fold solution we have, in particular,

kµ = 1
3e

1
2 K̃+V = 1

`
, P = 2

e3V/2`
. (4.13)

We now briefly recall how these AdS4 × R S-fold solutions can be used to construct
AdS4 × S1 × S5 S-fold solutions of type IIB string theory. One uplifts the D = 5 solution
to obtain an AdS4×R×S5 solution of type IIB supergravity. One then generates a larger
family of type IIB supergravity solutions by acting with elements of SL(2,R). Within this
larger family one constructs the AdS4×S1×S5 S-fold solutions by periodically identifying
along the R direction up to an element M ∈ SL(2,Z) in the hyperbolic conjugacy class.
For example, we can takeM to be of the form (2.26) provided that k∆x = arcosh n

2 , where
∆x is the period over which we S-fold. These S-fold solutions of type IIB string theory are
dual to d = 3 SCFTs with, generically, N = 1 supersymmetry. A key observable for such
SCFTs is FS3 , the free energy of the SCFT when placed on S3. This observable can be
obtained from the D = 4 Newton’s constant and, using10 (4.13), from eq. (3.29) of [7] we
obtain the result

FS3 = N2arccoshn2
4

kL3P 2 , (4.14)

where N is the quantised flux of the type IIB five-form through the S5.
In the subsequent sections we will construct D = 5 RG flow solutions that start off at

one AdS4×R S-fold solution in the UV and end up at another AdS4×R S-fold solution in
the IR. The procedure described above can be applied to these RG flows and one obtains
RG flow solutions of type IIB string theory that start off at one AdS4 × S1 × S5 S-fold
solution in the UV and end up at another AdS4 × S1 × S5 S-fold solution the IR, with
the entire flow S-folded by the same elementM∈ SL(2,Z). Thus, the free energies in the
UV and the IR will be as in (4.14), with the same n and k with the values of P given by
the D = 5 solutions. We will consider such D = 5 RG flows with the UV at r = +∞
and the IR at r → −∞. The monotonicity of the gradient flow equations that we deduced
from (4.10) then immediately implies the expected result that

FS3 |IR < FS3 |UV . (4.15)

We will also construct RG flows that start off at the AdS5 vacuum in the UV at r = 0
and flow to AdS4 × R S-fold solutions in the IR at r = −∞. In an analogous manner the
S-folding procedure can also be applied to the uplifted solutions and we obtain RG flows
that flow from AdS5 × S5 in the UV, suitably deformed and S-folded, ending up at an
AdS4 × S1 × S5 S-fold solution in the IR. Once again the entire flow is S-folded by the
same elementM∈ SL(2,Z).

10To do this one should identify eAthere
= eV ` and kthere = k`.
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5 Simple AdS5 to S-fold RG flows

We now begin our construction of BPS RG flow solutions that start off at AdS5 in the
UV, deformed by a linear dilaton source, which then flow to N = 4, 2, 1 AdS4 × R S-fold
solutions with a linear dilaton in the IR. The simplest models to construct such solutions
are the truncations denoted by the blue boxes in figure 1 and this is precisely what will be
considered in this section.

We begin, however, with some general comments which are also relevant for the more
general flows constructed in section 6.2. All of the AdS4×R S-folds solutions of interest are
invariant under the discrete symmetry (4.6) of the BPS equations, zA ↔ −z̄A. If we also
change the sign of the x coordinate, the combined transformation leaves k invariant and just
changes the signs of the scalars αi and also f (appearing in (4.2)). In the remainder of the
paper we will only consider RG flow solutions that are invariant under this transformation
and take

αi = f = 0 . (5.1)

Note that the constraint (4.5) is automatically satisfied for such configurations.
In appendix B we have analysed the linearised modes of the BPS equations about the

various S-folds solutions. This spectrum is essential for understanding the behaviour of RG
flows with S-folds appearing either in the IR or the UV. We next examine the behaviour of
the BPS equations (4.7) (or equivalently (4.4)) near an AdS5 boundary located at r → 0−,
with metric given by

ds2 = L2

r2 (dt2 − dy2
1 − dy2

2 − dx2 − dr2) + . . . . (5.2)

After changing coordinates to a proper distance gauge with gr̄r̄ = 1, via

− r
L

= e−r̄/L +
(

1
18(φ2

1(s) + φ2
2(s) + φ2

3(s))−
k2L2

8

)
e−3r̄/L + . . . , (5.3)

with the assumption of (5.1) we find the expansion for the remaining 7 scalar fields is
given by

ϕ = kx ,

φ1 = φ1(s)e
−r̄/L − r̄

L
e−3r̄/L 4

3
(
2φ2

1(s) − φ
2
2(s) − φ

2
3(s)

)
+ φ1(v)e

−3r̄/L + . . . ,

φ2 = φ2(s)e
−r̄/L − r̄

L
e−3r̄/L 4

3
(
2φ2

2(s) − φ
2
1(s) − φ

2
3(s)

)
+ φ2(v)e

−3r̄/L + . . . ,

φ3 = φ3(s)e
−r̄/L − r̄

L
e−3r̄/L 4

3
(
2φ2

3(s) − φ
2
1(s) − φ

2
2(s)

)
+ φ3(v)e

−3r̄/L + . . . ,

φ4 = φ4(s)e
−r̄/L − r̄

L
e−3r̄/L 4

3
(
φ2

1(s) + φ2
2(s) + φ2

3(s) − 3φ2
4(s)

)
+ φ4(v)e

−3r̄/L + . . . ,

βi = βi(s)
r̄

L
e−2ρ/L + βi(v)e

−2r̄/L + . . . . i = 1, 2 . (5.4)

The terms with the (s) subscript fix the sources of the dual operators given in (3.6) and
so we also have, of course, ϕ(s) = kx. The terms with the (v) subscript, which we loosely
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refer to as “vevs”, determine the expectation values of the dual operators when combined
with the source terms, as explained11 in detail in [7, 35]. The BPS equations also imply
the following BPS relations between the sources, given by

φ4(s) = kL

2 , β1(s) = 1
3(φ2

1(s) + φ2
2(s) − 2φ2

3(s)), β2(s) = φ2
1(s) − φ

2
2(s), (5.5)

and the vevs:

φ1(v) = kLφ2(s)φ3(s) − φ1(s)

(
3k2L2

8 − 1
6(φ2

3(s) + φ2
2(s) − 7φ2

1(s)) + 2(β1(v) + β2(v))
)
,

φ2(v) = kLφ1(s)φ3(s) − φ2(s)

(
3k2L2

8 − 1
6(φ2

1(s) + φ2
3(s) − 7φ2

2(s)) + 2(β1(v) − β2(v))
)
,

φ3(v) = kLφ1(s)φ2(s) − φ3(s)

(
3k2L2

8 − 1
6(φ2

1(s) + φ2
2(s) − 7φ2

3(s))− 4β1(v)

)
. (5.6)

Thus, generically, with (5.1), in addition to ϕ(s) = kx we have three independent sources
(e.g. φ1,2,3(s)) and three independent vevs (e.g. φ4(v), β1,2(v)).

Using the dictionary below (3.6), these sources can be directly compared with the field
theory analysis made in section 2. With αi = 0 we have D23

14 = D31
24 = D12

34 = 0 as
well as

(m1,m2,m3,m4)↔ (φ1(s), φ2(s), φ3(s),−φ4(s)) ,D
12

12
D13

13
D14

14

↔

φ2

1(s) + φ2
2(s) − 2φ2

3(s)
φ2

1(s) + φ2
3(s) − 2φ2

2(s)
φ2

2(s) + φ2
3(s) − 2φ2

1(s)

 , (5.7)

where each identification is up to an overall factor. This is in alignment with the N = 1
deformations (2.6)–(2.8) when ln g is a linear function and the masses are constant. There
is an interesting feature in the identification for the N = 4 case and N = 2 case, that we
highlight in sections 5.1 and 6.1, respectively.

From the various solutions that we construct, we can construct additional solutions
using the Z2×S4 symmetry of the 10-scalar model. Recall that to simplify the presentation
we have taken k > 0. Under the Z2, which takes zA → −zA, we should flip the sign of k; we
shall not explicitly display such solutions in any of our plots. In some of the sub-truncations
that we consider there is a remaining Z2 ⊂ S4 symmetry associated with flipping the signs
of any two of (φ1, φ2, φ3), which leaves the moment map (3.10) invariant, and we will
display the solutions obtained by this action in the plots.

Generically, the RG flow solutions preserve N = 1 Poincaré supersymmetry in d = 3.
As explained in appendix C, exceptions to this involve the U(1)×U(1) 6-scalar truncation
and the SU(2) × U(1) 4-scalar truncation, for which the RG flows generically preserve
N = 2, as well as the SO(3) × SO(3) invariant 3-scalar truncation for which N = 4
supersymmetry is preserved.

11The holographic renormalisation in [7, 35] involves a number of finite counter terms which we do not
discuss in this paper.
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5.1 AdS5 to N = 4 S-fold: SO(3)× SO(3) invariant truncation

We first consider the BPS equations in the SO(3) × SO(3) invariant 3-scalar truncation
that contains the known N = 4 S-fold solution [1, 2]. In this case we are able to construct
an analytic RG flow. This truncation is obtained by taking

z2 = z3 = −z4, z2 = z̄2 , βi = 0 , (5.8)

and keeps 3 of the 10 scalar fields: φ1 = φ2 = φ3 = −φ4, α1 = α2 = α3 and ϕ. As we
explain in appendix C, solutions to the BPS equations (4.7) (or equivalently (4.4)) for this
truncation preserve N = 4 Poincaré supersymmetry in d = 3.

We now analyse the BPS equations (4.7), along with the further ansatz (5.1). From
the BPS equation for z2, the reality condition on z2 in (5.8) leads to an algebraic constraint
which may be used to solve for V ,

eV = −
√

2kL
√

cos 4φ1 (1 + cos 4φ1)
sin 4φ1

. (5.9)

From the BPS equations (4.4) for z1 we then obtain

4φ′1 − k(3 cos 4φ1 − 1) = 0 . (5.10)

Having solved this one can obtain A by integrating the first equation in (4.4).
In fact we can solve (5.10) analytically and we find

φ1 = 1
2 tan−1

tanh
(√

2kr
)

√
2

 , (5.11)

where we have dropped a constant by shifting r. The metric functions which complete the
solution are then given by

e2A = 2k2L2

sinh2(
√

2kr)
, e2V = L2k2

(
1 + 2

sinh2(
√

2kr)

)
, (5.12)

where we have dropped a trivial integration constant in A which can be absorbed by a
rescaling of the coordinates (t, y1, y2) in (4.1).

This exact solution describes an RG flow from AdS5 in the UV, located at r = 0, down
to the N = 4 AdS4 × R S-fold solution in the IR at r → −∞. Indeed as r → −∞ the
solution asymptotes to

ds2 → k2L2
[
8e2
√

2kr(dt2 − dy2
1 − dy2

2)− dr2 − dx2
]

+ . . . ,

φ1 → −
1
2 cot−1√2 +

√
2

3 e2
√

2kr + . . . , ϕ = kx . (5.13)

This is of the form (4.11) with eV = kL, ` = 1/(
√

2k) and we immediately see that we
are indeed approaching the N = 4 AdS4 × R S-fold solution of [1] as written in [7]. In
particular the free energy is given by (4.14) with 4/(kL3P 2) = 1/2 in agreement with [2].
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Recalling (4.12), with respect to the D = 4 Einstein metric the AdS4 radius is e3V/2`, the
sub-leading behaviour of the scalar field is associated with an irrelevant operator in the
d = 3 SCFT with scaling dimension ∆ = 5 (see appendix B).

We now examine the behaviour of the RG flow solution as we approach the UV. As
r → 0− it approaches AdS5 as in (5.2), (5.4) along with the relations (5.5), (5.6). The
RG flow is uniquely fixed by the D = 5 dilaton source, ϕ = kx and we have the following
non-vanishing sources and vevs for the remaining scalars

φ1(s) = φ2(s) = φ3(s) = −φ4(s) = −kL2 ,

φ1(v) = φ2(v) = φ3(v) = −φ4(v) = 13
24k

3L3. (5.14)

Recalling (5.7), we see these source terms are in alignment with our analysis of super-
symmetric deformations of N = 4 SYM theory in section 2; see (2.16)–(2.19). Interestingly,
this solution satisfies the condition (2.17) for the signs of the masses which, from the bound-
ary point of view, is not required when g′′ = 0 (associated with a linear dilaton in the bulk
solution). We have also constructed an analytic solution12 that is associated with sources
φ1(s) = φ2(s) = φ3(s) = +φ4(s) = −kL

2 , and hence associated with violating the condi-
tion (2.17), but we find that it flows to a naked singularity in the IR. Moreover, there is
no S-fold solution with φ1 = φ2 = φ3 = +φ4. It would be interesting to understand the
physical reason underlying this differing behaviour.

5.2 AdS5 to N = 2 S-fold: SU(2)×U(1) invariant truncation

We next consider the BPS equations in the SU(2) × U(1) invariant 4-scalar truncation
which contains the known N = 2 S-fold solution [5, 6]. This truncation is obtained by
taking

z2 = −z4, z1 = −z3, z2 = z̄2 , β2 = 0 (5.15)

and keeps 4 of the 10 scalar fields: φ3 = −φ4, α3, ϕ and β1. As we explain in appendix C,
solutions to the BPS equations (4.7) for this truncation preserve N = 2 Poincaré super-
symmetry in d = 3.

We now examine the BPS gradient flow equations (4.7) with the further ansatz (5.1).
The reality condition for z2 implies the constraint

eV = − kLe
4β1

tan 2φ3
. (5.16)

After eliminating V from the remaining equations we are left with solving

φ′3 = k

(
e6β1 cos 2φ3 −

1
2

)
,

β′1 = k
e6β1 − cos 2φ3

3 sin 2φ3
,

C ′ = −k2e6β1 + cos 4φ3 sec 2φ3
2 sin 2φ3

. (5.17)

12This solution, which exists in a different N = 4 truncation given by z1 = −z̄2 = −z̄3 = +z̄4, βi = 0⇔
αi = βi = 0, φ1 = φ2 = φ3 = +φ4, is φ1 = − kr

2 , e
2A = k2L2

tan(kr) , e
2V = k2L2

sin(kr) .
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This system has a unique AdS4 × R S-fold (recall we have assumed positive k) with
C = r/` and constant scalars, given by

ds2 → L2k2

22/3

[ 1
k2ds

2(AdS4)− dx2
]
,

φ3 = −π8 , e6β1 = 1√
2
, ϕ = kx . (5.18)

This is of the form (4.11) with eV = Lk/21/3, ` = 1/k and we have the N = 2 SU(2)×U(1)
invariant S-fold solution of [5, 6] as written in [7]. The free energy is given by (4.14) with
4/(kL3P 2) = 1/2.

We next examine the behaviour of the BPS equations as we approach the AdS5 bound-
ary in the UV as r → 0−. From (5.5), (5.6) we deduce the following relations between the
sources and the vevs for the scalars

φ3(s) = −φ4(s) = −kL2 , β1(s) = −k
2L2

6 ,

φ3(v) = −φ4(v) = k3L3

3 − 2kLβ1(v). (5.19)

Thus, ϕ = kx is the only independent source and there is one independent vev (e.g. β1(v))
which then determines the RG flow from the AdS5 boundary. This is consistent with the
fact that we have one physical integration constant for the system (5.17), after taking
into account that we can shift the radial coordinate and absorb a constant shift of A by
rescaling (t, y1, y2) in (4.1). In figure 2 we display a stream plot associated with the first
two BPS equations in (5.17). This clearly shows that there is a unique flow13 from the
AdS5 boundary to the N = 2 AdS4 × R S-fold. In constructing this solution numerically
we utilised the fact that in the linearised fluctuations about the N = 2 S-fold solution in
the IR there is a single mode, associated with an irrelevant IR operator with d = 3 scaling
dimension ∆ = 5+

√
17

2 (see appendix B), which can be used to flow from the IR out to the
AdS5 in the UV. Finally, recalling (5.7) we see that the sources in (5.19) are in alignment
with (2.10)–(2.14), with m1 = m2 = 0.

5.3 AdS5 to N = 1 S-fold: SU(3) invariant truncation

We now consider the BPS equations in the SU(3) invariant 2-scalar truncation that contains
the known N = 1 SU(3) invariant S-fold solution [4]. This truncation is obtained by taking

z1 = −z2 = −z3 = z4, βi = 0 , (5.20)

and keeps 2 of the 10 scalar fields: φ4, and ϕ. Solutions to the BPS equations (4.7) for this
truncation generically preserve N = 1 Poincaré supersymmetry in d = 3.

13The numerical value of β1(v) can be determined by a more careful numerical analysis which we have
not carried out.
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Figure 2. RG flows from AdS5 to AdS4 × R S-folds. The stream plots are in the direction of
decreasing r and the contours are constant lines of P . The left plot is for the SU(2)×U(1) invariant
truncation: the green dot is the SU(2) × U(1) invariant N = 2 S-fold, the black dot is the AdS5
vacuum and one sees a unique RG flow connecting them. The right plot is for the SU(3) invariant
truncation: the blue dot is the N = 1 S-fold and one sees a unique RG flow connecting it with the
AdS5 vacuum solution, again marked with a black dot, which is located at V →∞.

In this model there is no reality constraint on the zA fields and so we cannot solve for
V algebraically. Instead we find the BPS gradient flow equations (4.7) are given by

φ′4 = −3eV tanφ4
L

+ k,

V ′ = eV

cos2 φ4L
− 2k tanφ4,

C ′ = 3eV

2 cos2 φ4L
− k tanφ4. (5.21)

This system has a unique AdS4 × R S-fold (recall we have assumed positive k) with
C = r/` and constant scalars, given by

ds2 → 5L2k2

9

[ 5
4k2ds

2(AdS4)− dx2
]
,

φ4 = cos−1
√

5/6 , ϕ = kx . (5.22)

This of the form (4.11) with eV = (
√

5/3)Lk, ` =
√

5/(2k) and we have the N = 1 SU(3)
invariant S-fold solution of [4] as written in [7]. The free energy is given by (4.14) with
4/(kL3P 2) = 55/2/108.

We now examine the behaviour of the BPS equations as we approach the AdS5 bound-
ary in UV as r → 0−. From (5.5), (5.6) we deduce that the RG flow is uniquely fixed by
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the D = 5 dilaton source, ϕ = kx with the remaining source fixed to be

φ4(s) = kL

2 . (5.23)

There is only one non-vanishing vev φ4(v) which determines the flows from the AdS5 bound-
ary. This is consistent with the fact that we again have one physical integration constant
for the system (5.17), after taking into account that we can shift the radial coordinate and
absorb a constant shift of A by rescaling (t, y1, y2) in (4.1). In figure 2 we display a stream
plot associated with the first two BPS equations in (5.17). This clearly shows that there
is a unique flow from the AdS5 boundary to the N = 1 AdS4×R S-fold. To construct this
solution numerically we can utilise the fact that in the linearised fluctuations about the
S-fold there is a single mode, associated with an irrelevant IR operator with d = 3 scaling
dimension ∆ = 2+

√
6 (see appendix B), which can be used to shoot out from the IR to hit

AdS5 in the UV. Finally, recalling (5.7) we see that the sources in (5.23) are in alignment
with (2.6)–(2.8), with m1 = m2 = m3 = 0.

6 Marginal deformations of S-folds and more elaborate RG flows

In this section we construct various solutions to the BPS equations (4.7) for the consistent
truncations denoted by the red boxes in figure 1.

6.1 Marginal deformations and RG flows in the U(1)×U(1) invariant
truncation

The U(1)×U(1) invariant 6-scalar truncation is obtained by taking

z2 = z̄2 = −z4 = −z̄4, β2 = 0 , (6.1)

and keeps 6 of the 10 scalar fields: φ1 = φ2, φ3 = −φ4, α1 = α2, α3, β1 and ϕ. In addition
to the Z2 symmetry given by zA → −zA, this model has another Z2 symmetry, arising from
the S4 discrete symmetries of the 10-scalar model, which flips the sign of φ1 and φ2. As
we explain in appendix C, solutions to the BPS equations (4.7) (or equivalently (4.4)) for
this truncation preserve N = 2 Poincaré supersymmetry in d = 3. We continue to impose
αi = f = 0.

A striking feature of this model is that it contains a new one parameter family of S-fold
solutions, which generically preserve N = 2 supersymmetry. Specifically, we have

A = r/`, k` = tan 2φ4, e2V = L2 tan 2φ2/3
4

22/3`2
,

e6β1 = cos 2φ4
cos 2φ1

, cos 4φ1 + 2 cos 4φ4 = 1 , ϕ = kx , (6.2)

along with αi = 0. This family contains the previously identified N = 2, SU(2) × U(1)
invariant S-fold at φ1 = 0, φ4 = π/8, as well as the N = 4, SO(3) × SO(3) invariant
S-fold at ±φ1 = φ4 = arccos(1/3)/4. When restricting to k > 0 we take 0 < φ4 ≤ π/8,
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Figure 3. Conformal manifold and parametric plots for the RG flows in the U(1)×U(1) invariant
6-scalar truncation. The black dot is the AdS5 vacuum, the green dot is the N = 2, SU(2)× U(1)
invariant AdS4 × R S-fold solution and the two purple dots are N = 4, SO(3) × SO(3) invariant
AdS4 × R S-fold solutions. The solid green line is the new one parameter family of N = 2 S-fold
solutions and the red crosses represent singular solutions. The vertical RG flow to the N = 2 S-fold
was considered in section 5.2, while the left purple line is the RG flow to the N = 4 S-fold discussed
in section 5.1.

with φ1 ∈ (−π/4, π/4) and we notice that as φ4 → 0 the geometry becomes singular since
eV → 0, k`→ 0. This family of solutions is denoted by the solid green line in figure 3.

This one parameter family of S-folds is dual to a subset of the conformal manifold that
contains14 the N = 4 S-fold. Since conformal manifolds for d = 3 SCFTs that preserve
N = 2 supersymmetry are known to be Kähler, it must be possible to find at least one
other exactly marginal deformation. To find it we need to enlarge the consistent truncation
that we have been considering to include extra fields. It seems likely that there is an extra
axionic type field that can be used to generate the extra deformations and would provide
an additional compact direction. Since our one-parameter family of solutions ends at
singular configurations, it seems plausible that the Kähler space has some kind of cusp-
like singularity.

The free energy for the whole family of S-fold solutions is exactly the same and given
by (4.14) with 4/(kL3P 2) = 1/2. The fact that the free energy for the N = 2 SU(2)×U(1)
invariant S-fold solution of [5, 6] is the same as that of the N = 4 S-fold was highlighted
in [6]. Two possibilities for why this could be the case were discussed in [6], including the
possibility that the two S-folds lie on the same conformal manifold, as we have explicitly
demonstrated here.

We now construct a one parameter family of RG flow solutions that flow between
the vacuum AdS5 in the UV to each of these AdS4 × R S-fold solutions in the IR. With
αi = f = 0, the first order BPS equations (4.7) involve 5 real functions: A, V, φ1, φ4, β1,
along with ϕ = kx. As there is a reality constraint on the zA fields for this truncation we
can solve for V algebraically. Taking into account that we can shift the radial coordinate

14The family is clearly different to the one parameter family of N = 2 S-folds constructed in [5], which
does not contain the N = 4 S-fold.
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and absorb a constant shift of A by rescaling (t, y1, y2) in (4.1), we deduce that a solution
will be specified by specifying two integration constants. The expansion about the AdS5
vacuum in the UV is given by (5.4)–(5.6) with

φ4(s) = kL

2 , β1(s) = 2
3φ

2
1(s) −

k2L2

6 ,

φ1(v) = −φ1(s)

(
φ2

1(s) + 5
6k

2L2 + 2β1(v)

)
, φ4(v) = −kL

(
k2L2

3 + 5
6φ

2
1(s) − 2β1(v)

)
(6.3)

Thus in addition to the D = 5 dilaton source, ϕ = kx there is one other independent
source φ1(s), and there is also one independent vev β1(v), and these are the two integration
constants that specify an RG flow solution.

In fact for a given φ1(s)/k, we find that there is just one RG flow solution that ap-
proaches an S-fold solution. Furthermore, as we vary φ1(s)/k we cover the entire conformal
manifold. As discussed in appendix B within the U(1) × U(1) invariant truncation each
N = 2 S-fold solution has an irrelevant BPS source which we can turn on, with

∆ = 5
2 +

√
49
4 + 16

cos 4φ1 − 3 > 3 . (6.4)

Numerically we can construct an RG flow to the AdS5 vacuum in the UV by turning on this
irrelevant source in the IR. Parametric plots for these RG flows are presented in figure 3.
Finally, recalling (5.7) we see that the sources in (6.3) are in alignment with (2.10)–(2.14),
with m1 = m2 and κ3 = κ4 = +1. In particular, it is interesting to observe that the
condition (2.14) is satisfied which, from the boundary analysis, is required only when
m′1,m

′
2 6= 0. It would be interesting to have a better understanding of why this is the case.

6.2 RG flows in the SU(2) invariant truncation

This model contains the AdS5 vacuum, dual to N = 4 SYM theory, as well another AdS5
solution dual to the LS N = 1 SCFT. In addition it also contains both of the known
N = 2, SU(2)× U(1) invariant and the N = 1, SU(3) invariant AdS4 × R S-fold solutions
that have linear D = 5 dilatons. It is well known that there is an RG flow from the AdS5
vacuum to the LS AdS5 solution [32]. In the last section we showed that there are RG
flows from the AdS5 vacuum to both of the above N = 2 and N = 1 S-fold solutions.
Thus, we can immediately anticipate that this model will possess an elaborate set of RG
flows which, moreover, can exhibit intermediate scaling behaviour as various fixed point
solutions are approached. We now present some details.

The SU(2) invariant 5-scalar truncation is obtained by taking

z3 = −z1, z4 = −z2, β2 = 0 , (6.5)

and keeps 5 of the 10 scalar fields: φ3, φ4, α3, ϕ, β1. In addition to the Z2 symmetry given by
zA → −zA, this model has another Z2 symmetry, arising from the S4 discrete symmetries
of the 10-scalar model, which flips the sign of φ3. We are interested in solving the BPS
equation given in (4.7) and we will continue to impose αi = f = 0.
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The AdS5 vacuum solution has vanishing scalar fields and radius L. In addition, the
model contains two LS AdS5 solutions with

φ3 = ±π6 , β1 = −1
6 ln 2 , φ4 = α3 = 0 , L̃ = 3

25/3L , (6.6)

and constant ϕ, where L̃ is the radius of the AdS5 spacetime. The model also contains the
N = 2, SU(2) × U(1) invariant AdS4 × R S-fold solution given in (5.18) (with φ4 = −φ3)
along with the physically equivalent N = 2 S-fold obtained by flipping the sign of φ3. In ad-
dition, it contains the N = 1, SU(3) invariant AdS4×R S-fold given in (5.22) (with φ3 = 0).

We now construct a one parameter family of RG flow solutions that flow between the
vacuum AdS5 in the UV and one of the N = 2 AdS4 × R S-fold solutions in the IR. With
αi = f = 0, the first order BPS equations (4.7) involve 5 real functions: A, V φ3, φ4, β1,
along with ϕ = kx. As there is no reality constraint on the zA fields for this truncation we
cannot solve for V algebraically. Taking into account that we can shift the radial coordinate
and absorb a constant shift of A by rescaling (t, y1, y2) in (4.1), we deduce that a solution
will be specified by three integration constants. The expansion about the AdS5 vacuum in
the UV is given by (5.4)–(5.6) with

φ4(s) = kL

2 , β1(s) = −2
3φ

2
3(s), φ3(v) = −φ3(s)

(
7
6φ

2
3(s) + 3k2L2

8 − 4β1(v)

)
. (6.7)

Thus, in addition to the ϕ = kx deformation, there is one independent source (e.g. φ3(s))
and two independent vevs (e.g. β1(v), φ4(v)) and these are the three integration constants
that specify an RG flow solution. In fact for a given φ3(s)/k, there is just one RG flow
solution that approaches the N = 2 AdS4×R S-fold solution in the IR. One way to see this
is to observe that if we expand about the N = 2 AdS4 × R S-fold in the IR there are two
irrelevant BPS modes, with d = 3 conformal scaling dimensions ∆ = 5+

√
17

2 , ∆ = 3+
√

17
2

(see appendix B), which we can use to shoot out from the IR. A scale invariant ratio of
these IR deformations then parametrises the family of RG flows that hit AdS5 in the UV.
Also, recalling (5.7) we see that the sources in (6.7) are in alignment with (2.6)–(2.8), with
m1 = m2 = 0.

We have summarised these RG flows as parametric plots in the φ3, φ4 plane, denoted
by the green curves in figure 4. Associated with the Z2 symmetry of this model, the figure
is symmetric under φ3 → −φ3. Notice that the diagonal line with φ3 = −φ4 is the RG
flow solution to the N = 2 S-fold solution in the IR that lies within the SU(2) × U(1)
invariant truncation that we already discussed in section 5.2. The line with φ3 = +φ4 is a
physically equivalent RG flow. Similarly, the vertical blue line with φ3 = 0 is the RG flow
that goes from the AdS5 vacuum to the N = 1 S-fold solution in the IR that lie within the
SU(3) invariant truncation that we presented in section 5.3. The horizontal red line is the
homogeneous RG flow solution of [32], with vanishing linear dilaton source i.e. k = 0, that
approaches the LS AdS5 fixed point in the IR.

The green lines in figure 4 reveal a one parameter family of RG flows from AdS5 in the
UV to the N = 2 AdS4 × R S-fold solution in the IR. The solutions can be parametrised
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Figure 4. Parametric plots for the RG flows in the SU(2) invariant 5-scalar truncation. The black
dot is the AdS5 vacuum, the red dots are two LS AdS5 solutions, the green dots are two N = 2,
SU(2)×U(1) invariant AdS4×R S-fold solutions, while the blue dot is the N = 1, SU(3) invariant
AdS4 × S1 S-fold solution. The generic RG flows, denoted by green lines, move from the AdS5
vacuum in the UV to the N = 2 S-fold solution in the IR and there are a number of interesting
limiting solutions. The green line with φ3 = −φ4 is the N = 2 RG flow considered in section 5.2,
the blue line with φ3 = 0 is the N = 1 RG flow considered in section 5.3 and the red lines are the
homogeneous RG flows from the AdS5 vacuum to the LS fixed points.

by15 the scale invariant quantity φ3(s)/k. The diagonal flow has φ3(s)/k = ±L/2. As
φ3(s)/k → 0 the solution closely the approaches N = 1 AdS4 × R S-fold solution before
heading off to the N = 2 AdS4 × R S-fold solution in the far IR. Thus, these limiting
RG flows will exhibit an intermediate scaling behaviour that is determined by the N = 1
S-fold solution. Furthermore, these limiting RG flows reveal the existence of new RG flows
that start from an N = 1 AdS4 × R S-fold solution in the UV and flow to an N = 2
AdS4 × R S-fold solution in the IR. To construct these limiting solutions directly, one
needs to deform the N = 1 AdS4×R S-fold solution in the UV using the relevant operator
with ∆ = 5/3+ in table 1 of appendix B, and suitably tuning the vevs for the ∆ = 2 and
∆ = (1 +

√
6) modes.

We can also consider the one parameter family of RG flows in figure 4 in the limit that
φ3(s)/k →∞. One way this can be achieved is by fixing φ3(s) and taking k → 0 and so it is
perhaps not too surprising that we then approach the LS AdS5 fixed point before heading
off to the N = 2 AdS4 × R S-fold solution in the far IR. Associated with this feature,
these limiting RG flow solutions will exhibit intermediate scaling that are governed by the
LS fixed point. In addition, we can conclude that there are RG flows that start off at one
of the LS fixed points and then flow to an N = 2 AdS4 × R S-fold solution in the IR.
To construct these solutions directly, one needs to deform the LS fixed point in the UV
with ϕ = kx along with a relevant operator in the LS SCFT with d = 4 scaling dimension
∆ = 1 +

√
7, suitably tuning a vev for a ∆ = 3 operator.

15The two integration constants in the IR associated with the two irrelevant operators can be combined
to give a dimensionless ratio which can also be used to parametrise the one parameter family of RG flows.
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6.3 RG flows in the SO(3) invariant truncation

The SO(3) invariant 4-scalar truncation is obtained by taking

z2 = z3 = −z4, β1 = β2 = 0 , (6.8)

and keeps 4 of the 10 scalar fields: φ1 = φ2 = φ3, α1 = α2 = α3, φ4 and ϕ. We are interested
in solving the BPS equation given in (4.7) and we will continue to impose αi = f = 0.

In addition to the AdS5 vacuum solution with vanishing scalar fields and radius L,
this model also contains the N = 1 SU(3) invariant AdS4 × R S-fold given in (5.22) (with
φ1 = αi = 0), and the N = 4 AdS4×R S-fold given in (5.13) (with φ4 = −φ1 and αi = 0).
In addition, this model contains the GPPZ RG flow of [41] that moves from AdS5 with
homogeneous mass deformations in the UV to singular (gapped) behaviour in the IR, and
this will also appear in our constructions below.

We focus on a one parameter family of RG flow solutions that flow from the vacuum
AdS5 in the UV to the N = 4 AdS4 × R S-fold solutions in the IR. With αi = f = 0, the
first order BPS equations (4.7) involve 4 real functions: A, V, φ3, φ4, along with ϕ = kx.
As there is no reality constraint on the zA fields for this truncation we cannot solve for
V algebraically. Taking into account that we can shift the radial coordinate and absorb
a constant shift of A by rescaling (t, y1, y2) in (4.1), we deduce that a solution will be
specified by specifying two integration constants. The expansion about the AdS5 vacuum
in the UV is given by (5.4)–(5.6) with

φ4(s) = kL

2 , φ1(v) = −φ1(s)

(
5
6φ

2
1(s) − kLφ1(s) + 3k2L2

8

)
, (6.9)

Thus, in addition to the ϕ = kx deformation, there is one independent source, φ1(s), and
one independent vev, φ4(v) and these are the two integration constants that specify an RG
flow solution. In fact for a given φ1(s)/k, our numerical investigations indicate that there
is just one RG flow solution that approaches the N = 4 AdS4×R S-fold solution in the IR.

To explain this further, we first notice that if we set φ1 = −φ4 then we can recover the
RG flow solutions to the N = 4 S-fold solutions that lie within the SO(3)×SO(3) invariant
truncation which we gave, analytically, in section 5.1. We saw that these solutions were
uniquely specified by k and moreover, that the truncation had a single irrelevant mode in
the IR, with d = 3 scaling dimension ∆ = 5, which can be used to move from the IR to the
UV. Within the larger SO(3) invariant truncation we need another irrelevant mode in order
to shoot out from the IR and give rise to a one-parameter family of RG flow solutions with
AdS5 in the UV. Interestingly, as discussed in appendix B, the linearised analysis about
the N = 4 S-fold only reveals an additional marginal mode with ∆ = 3. Importantly,
however, going beyond the linearised analysis we don’t find an exactly marginal mode but
a marginally irrelevant mode instead. This mode can therefore be used to shoot out from
the IR along with the ∆ = 5 mode. However, the IR expansion is associated with a very
slow logarithmic approach to the N = 4 S-fold, making a numerical construction of these
solutions rather delicate.

In practise, in contrast to previous cases we have considered, for this model we numer-
ically integrated the BPS equations starting from the UV, varying the integration constant
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Figure 5. Parametric plots for the RG flows in the SO(3) invariant 4-scalar truncation. The black
dot is the AdS5 vacuum, the purple dot is the N = 4, SO(3) × SO(3) invariant AdS4 × R S-fold
solution, while the blue dot is the N = 1, SU(3) invariant AdS4 × S1 S-fold solution. The purple
line with φ1 = −φ4 is the N = 4 RG flow considered in section 5.1 and the blue line with φ1 = 0
is the N = 1 RG flow considered in section 5.3. The horizontal red line is the homogeneous GPPZ
RG flow, which terminates at a singularity denoted by the red cross.

φ4(v) for a given value of φ1(s). While there is some delicate fine tuning involved, we have
found strong evidence for a one parameter family of RG flows moving from AdS5 in the
UV to the N = 4 S-fold in the IR, as summarised by the purple lines in figure 5. These
RG flows are associated with φ1(s)/k ∈ (0, 1/2). Our results also provide strong evidence
for the existence of an RG flow that starts at the N = 1 S-fold in the UV and flows to the
N = 4 S-fold in the IR.

Figure 5 also shows that there is a phase transition at φ1(s)/k = 1/2. Indeed, when
φ1(s)/k > 1/2 we find a different family of RG flows, labelled by the red lines, that start
out from AdS5 in the UV and hit a singularity at φ4 = 0 and φ1 = −π/6. Furthermore,
in the limit that φ1(s)/k → ∞ we approach the horizontal red line, which is precisely the
GPPZ RG flow [41] associated with homogeneous mass deformations. Finally, this family
of solutions also provide strong evidence for the existence of an RG flow that starts at
the N = 4 S-fold in the UV and flows to the GPPZ singularity, suitably compactified,
in the IR.

7 Discussion

We have discussed various aspects of S-fold solutions of type IIB string theory of the form
AdS4×S1×S5 which have non-vanishing SL(2,Z) monodromy along the S1 direction and
are dual to d = 3 SCFTs with either N = 4, 2 or 1 supersymmetry. All of our analysis
has been within the framework of various consistent truncations of maximal D = 5 gauged
supergravity that contain the D = 5 metric plus some additional scalar fields, including the
D = 5 dilaton, ϕ. The models have a global shift symmetry ϕ→ ϕ+ constant which plays
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a key role. From the D = 5 point of view the S-fold solutions are all of the form AdS4×R
with the dilaton depending linearly on a coordinate parametrising the R direction. After
uplifting to type IIB and acting with SL(2,R) transformations we obtain a larger family
of solutions for which the S-folding procedure is carried out.

We presented a new one parameter family of S-fold solutions that are dual to d = 3
SCFTs preserving N = 2 supersymmetry. The family contains the N = 4 S-fold supergrav-
ity solution of [1, 2], as well as the previously constructed N = 2 SU(2) × U(1) invariant
S-fold solution of [5, 6]. The new solutions thus correspond to a component of the confor-
mal manifold containing the d = 3 SCFT dual to the N = 4 S-fold. It would be interesting
to elucidate the full conformal manifold; the component preserving N = 2 must be Kähler
with respect to the Zamalodchikov metric, constructed from two point functions of exactly
marginal operators, and hence there is at least one more exactly marginal direction to be
found. It should be possible to explicitly identify it by enlarging the truncations of maximal
D = 5 gauged supergravity to have additional scalars and/or including D = 5 vector fields
which could have a non-vanishing holonomy along the R direction. It would be interesting
to know whether the Kähler manifold is compact (see [42] for a recent discussion); it seems
plausible that it is, with the missing marginal deformation a compact direction which de-
generates at the boundary of the open interval that parametrises the deformations we have
found, possibly with a cusp singularity.

We noted that the 10-scalar model has a Z2×S4 symmetry (see (2.9), (2.10) of [7]). For
all of the solutions we have constructed in this paper one can trivially obtain additional,
physically equivalent solutions by acting with these discrete symmetries. For example,
the one parameter family of N = 2 S-fold solutions we found are contained within the
U(1) × U(1) invariant sub-truncation of the 10-scalar model, as given in figure 1. After
acting with elements of the Z2 × S4 symmetry of the 10-scalar model (see (2.9), (2.10)
of [7]), we immediately obtain two other families of solutions. For example, instead of
φ1 = φ2, φ3 = −φ4 the other two families have φ2 = φ3, φ1 = −φ4 and φ1 = φ3, φ2 = −φ4.

A different one parameter family of N = 2 S-fold solutions that contains the
SU(2)×U(1) invariant S-fold was found in [5] and it has recently been shown that this
is a compact modulus [21]. This family, which should also be supplemented by another
exactly marginal deformation in order to be Kähler, intersects the family we have found
just at the N = 2 SU(2) × U(1) invariant S-fold. It will be very interesting to elucidate
the global structure of these different components of the conformal manifold preserving
N = 2 supersymmetry as well as any additional components.16 One can anticipate that
the tools of exceptional generalised geometry, along the lines of [21, 46, 47], will be helpful.
Furthermore, it is possible that there are additional components of the conformal manifold
that just preserve N = 1 supersymmetry.

We have also constructed type IIB solutions that describe RG flows starting from
AdS5 × S5 in the UV, and then flow to various AdS4 × S1 × S5 S-fold solutions in the IR.
In D = 5 the supergravity solutions flow from AdS5 in the UV, deformed with a linear

16Note that the symmetry generating techniques used in e.g. [43–45] cannot be used in the present setting
because the solutions do not have a U(1)×U(1) symmetry that commutes with R-symmetry.
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dilaton plus additional spatially homogeneous fermion and boson mass deformations, down
to the AdS4×R S-fold solutions with linear dilatons in the IR. Our construction utilised, in
a crucial way, the shift symmetry of the dilaton in the D = 5 supergravity theory. Indeed
this allows for a Q-lattice type construction [31] whereby one exactly solves for all of the
spatial dependence of the boundary deformations (in this case the linear dilaton), leaving
one to solve a set of ODEs that just depend on the holographic radial direction.

In type IIB, after S-folding, these RG flow solutions describe N = 4 SYM with a spa-
tially dependent coupling constant τ that traces out a segment of a semi-circular (geodesic)
arc in the upper half plane and with fermion mass deformations with spatially dependent
phases and constant masses for the bosons. The parametrisation of this curve as a function
of the y3 coordinate in the boundary theory arises from an SL(2,R) transformation of the
uplifted D = 5 linear dilaton. It is an interesting open question to know whether or not
there are similar RG flows if the spatially dependent coupling constant τ traces out the
same arc but is parametrised as a function of y3 differently, or more generally, traces out
another curve in the upper half plane.17 In order to preserve supersymmetry we need to
have spatially dependent boson and fermion masses as determined from our general analy-
sis in section 2. In the case of N = 4 supersymmetry the identification of the d = 3 SCFTs
dual to the S-folds made in [2] implicitly assumed that the details of the parametrisation
τ(y3) is not important. To address this we could try to generalise our solutions by con-
structing D = 5 solutions with ϕ an arbitrary function of y3 and see if we still flow to the
same S-fold in the IR. More generally, one will also need to enlarge the supergravity model
to include additional fields. However, such investigations will necessarily involve solving
PDEs, since the ansatz for such solutions will lie outside of the Q-lattice ansatz. Further
analysis along these lines could also help clarify the peculiar fact that N = 4 S-folds with
a linear dilaton only exist for signs of the masses satisfying (2.17), even though this is not
required by the supersymmetry analysis. Note that the absence of such S-fold solutions
seems to be related to the fact that there are no associated N = 4 Janus solutions, dual
to superconformal interfaces with step function for the coupling constant.

In the case of N = 4 deformations, up to signs, the masses are determined by τ(y3)
— see (2.16)–(2.19). However, for N = 2, 1 deformations there is more freedom in turning
on independent spatially dependent masses and it will be very interesting to determine
when one still flows to the same S-fold in the IR. Naively one might expect that spatially
dependent masses will die out along the RG flow and become irrelevant in the IR. However,
in the case ofN = 1 deformations, we expect the full story to be significantly more involved.
The reason for this is that in addition to the N = 1 S-fold solutions with a linear D = 5
dilaton that we have been discussing, there are also infinite examples of S-fold solutions
with the D = 5 dilaton a linear plus periodic (LPP) function of the spatial direction [7].
In these LPP solutions the remaining scalar fields are all periodic functions of the spatial
direction and the S-folding procedure is carried out over one or more periods that are set by
the solution. It is a fascinating open issue to determine which UV deformations of N = 4
SYM that we studied in section 2 can flow to this array of d = 3 SCFTs. Another closely

17In the case of N = 4, 2 supersymmetry it should be a semi-circular arc [10, 34].
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related topic is to determine which UV deformations of N = 4 SYM can flow to the purely
periodic AdS4 × S1 × S5 solution (not S-folded) that was constructed in [35].

Note added in print. Several days after posting our paper to the arXive, [48] appeared
which has overlap with some of the results of this paper.
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A Rewriting the 10-scalar BPS equations as a gradient flow

We start by recalling the BPS equations derived in [7] for D = 5 configurations that
preserve ISO(2, 1) symmetry. The metric is assumed to be of the form

ds2 = e2A(dt2 − dy2
1 − dy2

2)− e2V (dx2 + dr2) , (A.1)

with A, V and all scalars functions of (r, x) only. For simplicity we will write down the
BPS equations with, in the notation of [35], κ = +1 which corresponds to Killing spinors
satisfying a projection condition with a specific sign. We define the complex coordinate
w = r − ix and also a one-form B given by

B ≡ bdw , b ≡ 1
6e

iξ+V+K/2W . (A.2)

The BPS equations from section 4 of [35] are given by

∂A = B ,

∂̄B = −FB ∧ B̄ ,

∂̄zA = −3
2(W̄)−1KB̄A∇B̄W̄B̄ ,

∂̄β1 = −1
4(W̄)−1∂β1W̄B̄ ,

∂̄β2 = −3
4(W̄)−1∂β2W̄B̄ . (A.3)

where F is a real quantity just depending on W, K given by

F ≡ 1− 3
2

1
|W|2

∇AWKAB̄∇B̄W̄ −
1
4 |∂β1 logW|2 − 3

4 |∂β2 logW|2 , (A.4)

and ∂, ∂̄ are the holomorphic and anti-holomorphic exterior derivatives. In these equations
∂βi
W̄ is an ordinary real derivative, in contrast to below.
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We now make the ansatz that the only dependence of the scalar fields on the x direction
is via the D = 5 dilaton: ϕ = kx+ f(r) with all other scalars just depending on r. Thus,
we assume

∂xz
A = klA, ∂xA = ∂xV = ∂xβi = 0 , (A.5)

where lA is the holomorphic Killing vector on the scalar manifold corresponding to the
dilaton shift symmetry (3.7). The flow equations then take the following form:

∂rA = 2b ,

∂rz
A = −3KB̄A∂B̄K̃b+ iklA = −KB̄A

(
3∂B̄K̃b− k∂B̄µ

)
,

∂rβ1 = −1
2∂β̄1

K̃b ,

∂rβ2 = −3
2∂β̄2

K̃b ,

b−2∂rb = 2F , (A.6)

where µ is the moment map corresponding to the Killing vector lA given in (3.10) and

F ≡ 1− 3
2K

B̄A∂AK̃∂B̄K̃ −
1
4 |∂β1K̃|2 −

3
4 |∂β2K̃|2 . (A.7)

Note that here we have switched notation: ∂β̄i
is now shorthand for taking βi to be a

complex field in the superpotential such that W is a function of βi and W of β̄i, then
taking the appropriate derivative and finally setting βi to be real. Thus, ∂β̄1

W ≡ 0 and
∂β̄1
W is given by the ordinary real derivative ∂β1W. We also observe from the first equation

that b is real and hence we can write

b = 1
6e

V+K̃/2 , (A.8)

where we fixed a sign without loss of generality.
Using these equations, one can easily derive the following equations:

∂rK̃ = 4(F − 1)b+ k
(
ilA∂AK̃ − ilĀ∂ĀK̃

)
= 4(F − 1)b+ 2kµ ,

∂rV = 2b− kµ . (A.9)

It is now straightforward to obtain the RG flow equations as written in (4.7).

B BPS spectrum for S-folds

The S-fold solutions with linear dilatons solve the BPS equations (4.7) with A = +r/`
and V constant. The D = 5 metric is given by (4.11) and the canonically normalised
D = 4 Einstein metric is given by (4.12). Here we calculate the spectrum of BPS scalar
fluctuations about these S-folds by analysing the linearised fluctuations acting on the set
Φ = {zA, βi, V }. These naturally fall into two categories: BPS non-normalisable modes
(“sources”), corresponding to a fluctuation of the form δΦ ∼ e−(3−∆)r/`, and BPS normal-
isable modes (“vevs”) corresponding to fluctuations of the form δΦ ∼ e−∆r/`, where the
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N = 1 SU(3)
Truncation Source Vev
10-scalar

( 5
3
)

+ × 3,
(
2 +
√

6
)

+ 2+ × 2,
(
1 +
√

6
)

+ ,
( 5

3
)
− × 3

SU(2) 5-scalar
( 5

3
)

+ ,
(
2 +
√

6
)

+

( 5
3
)
− , 2+,

(
1 +
√

6
)

+

SO(3) 4-scalar
( 5

3
)

+ ,
(
2 +
√

6
)

+

( 5
3
)
− ,

(
1 +
√

6
)

+

SU(3) 2-scalar
(
2 +
√

6
)

+

(
1 +
√

6
)

+

Table 1. BPS modes and multiplicities for the N = 1 SU(3) invariant S-fold.

conformal boundary for the S-folds is located at r → +∞. In these expressions, generically
∆ is the scaling dimension of the operator in the dual d = 3 SCFT that is associated
with a source or vev, but in the window 1 ≤ ∆ ≤ 2 there is the usual ambiguity of which
quantisation conditions are imposed (restricted by supersymmetry in the present case).

Since the S-folds solutions with a linear dilaton are invariant under the Z2 symmetry
zA ↔ −z̄A, we can label operators by their charge under the action of zA → −z̄A and
this is denoted with a ± subscript on the ∆’s in the tables below. A more careful study
determining other quantum numbers for these modes and how they arrange themselves
into partial supermultiplets is left to future work, but can be partially inferred from the
tables below.

Note that there is a universal mode with ∆ = 3− which corresponds to the shift
ϕ → ϕ + constant. After a Scherk-Schwarz reduction this mode corresponds to gauge
transformation in the D = 4 theory and does not correspond to a physical marginal mode
in the dual d = 3 SCFT. We have not included this mode in the tables.

For each of the S-fold solutions we give the BPS spectrum for the 10-scalar truncation
as well as for each of the subtruncations that contains it (see figure 1). The latter is helpful
for keeping track of which modes are active in the RG flow solutions that we construct in
the main text.

B.1 N = 1 SU(3) invariant S-fold

The N = 1 SU(3) invariant S-fold solution is given by

φ1 = φ2 = φ3 = 0 , β1 = β2 = 0 ,

cosφ4 =
√

5
6 , k` =

√
5

2 , eV = 5L
6` , (B.1)

and the BPS spectrum is given in table 1.

B.2 N = 2 SU(2)×U(1) invariant S-fold

The N = 2 SU(2)×U(1) invariant S-fold solution is given by

φ1 = φ2 = 0, β1 = 0,

φ3 = −φ4 = −π8 , β2 = − log 2
12 , k` = 1, eV = L

21/3`
, (B.2)

– 33 –



J
H
E
P
0
7
(
2
0
2
1
)
1
5
1

N = 2 SU(2)×U(1)
Truncation Source Vev

10-scalar 2+, 2−, 3+,
(

3+
√

17
2

)
+
,
(

5+
√

17
2

)
+

2+, 2−,
(

1+
√

17
2

)
+
,
(

3+
√

17
2

)
+

U(1)×U(1) 6-scalar 2−, 3+,
(

5+
√

17
2

)
+

(
1+
√

17
2

)
+

SU(2) 5-scalar 2−,
(

3+
√

17
2

)
+
,
(

5+
√

17
2

)
+

(
1+
√

17
2

)
+
,
(

3+
√

17
2

)
+

SU(2)×U(1) 4-scalar
(

5+
√

17
2

)
+

(
1+
√

17
2

)
+

Table 2. BPS modes and multiplicities for the N = 2 SU(2)×U(1) invariant S-fold.

N = 4 SO(3)× SO(3)
Truncation Source Vev
10 scalar 2−, 3+ × 3, 5+ 3+ × 3

U(1)×U(1) 6-scalar 2−, 3+, 5+ 3+

SO(3) 4-scalar 2−, 3∗+, 5+ 3+

SO(3)× SO(3) 3-scalar 2−, 5+ −

Table 3. BPS modes and multiplicities for the N = 4 SO(3)× SO(3) invariant S-fold.

and the BPS spectrum is given in table 2. The marginal mode with ∆ = 3+ in the
U(1) × U(1) 6-scalar and the 10-scalar truncation is the marginal mode that takes one
along the N = 2 conformal manifold discussed in section B.4.

B.3 N = 4 SO(3)× SO(3) invariant S-fold

The N = 4 SO(3)× SO(3) invariant S-fold solution is given by

β1 = β2 = 0,

φ1 = φ2 = φ3 = −φ4 = −arccot(
√

2)/2, k` = 1√
2
, eV = L√

2`
, (B.3)

and the BPS spectrum is given in table 3. In the U(1)×U(1) invariant 6-scalar truncation
the marginal mode with ∆ = 3+ is the mode that takes one along the N = 2 conformal
manifold discussed in section B.4. In the 10-scalar truncation there are two further marginal
modes with ∆ = 3+ that correspond to two more N = 2 conformal manifolds emanating
from the N = 4 S-fold that arise from the action of the Z2 × S4 symmetry of the 10-scalar
model. In the SO(3) invariant 4-scalar truncation we appear to have a ∆ = 3+ exactly
marginal operator. However, this flat direction does not survive to nonlinear order, as it
corresponds to turning on a linear combination of two of the three exactly marginal modes
of the 10-scalar model. Since this mode is not exactly marginal, we have labelled this mode
with an asterisk.
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N = 2 U(1)×U(1)

Truncation Source Vev

10-scalar 2−,
(

3
2 +

√
16−15c2

4c2

)
+
,

(
3
2 +

√
16−15c2

4c2

)
+
,(

3
2 +

√
2+15c2

4(2−c2)

)
+
,

(
1
2 +

√
66−49c2

4(2−c2)

)
+

3+,
(

5
2 +

√
66−49c2

4(2−c2)

)
+
,

(
3
2 +

√
2+15c2

4(2−c2)

)
+

U(1)×U(1) 6-scalar 2−, 3+,
(

5
2 +

√
66−49c2

4(2−c2)

)
+

(
1
2 +

√
66−49c2

4(2−c2)

)
+

Table 4. BPS modes for the one-parameter family of N = 2 U(1)× U(1) invariant S-folds, where
c = cos(2φ1).
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Figure 6. Dimensions of BPS modes as we move on the conformal manifold (6.2), labelled by the
value of φ1, and we have only shown φ1 ≥ 0. The N = 2 SU(2) × U(1) invariant S-fold is located
at φ1 = 0 and the N = 4 S-fold is located at φ1 = arccos(1/3)/4 ∼ 0.31. The left plot gives the
dimensions of operators which admit BPS sources, and the right those which admit BPS vevs. The
blue curves are the BPS modes in the U(1)×U(1) invariant truncation and the red dashed curves
are the remaining modes in the 10-scalar truncation.

B.4 Family of N = 2 S-folds

The one-parameter family of N = 2 S-folds that can be constructed in the U(1) × U(1)
invariant 6-scalar truncation is given in (6.2). The solutions can be labelled by the value
of φ1 ∈ (−π/4, π/4) and are symmetric under φ1 → −φ1. The BPS spectrum is given in
table 4 and we have displayed them graphically in figure 6. As we move on the conformal
manifold, the scaling dimensions change. In particular, as we cross the N = 4 point at
φ1 = arccos(1/3)/4 we see operators changing from relevant to irrelevant and vice-versa, as
well as the appearing of the three marginal modes at the N = 4 point itself. Note also that
one of the scaling dimensions of the BPS sources diverges at the boundary of the conformal
manifold at φ1 = ±π/4.
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C Enhancement of supersymmetry

The BPS equations (4.4) that we have been studying for the 10-scalar model arise first from
a projection on to a particular N = 2 subsector of the full N = 8 gauged supergravity
theory, as explained in [25], parametrised by two symplectic pairs of Majorana spinors.
We then further restrict to D = 5 configurations that preserve ISO(2, 1) symmetry, as
discussed in [35], which generically imposes two projection conditions leading to solutions
preserving N = 1 Poincaré supersymmetry in d = 3. For the AdS4 × R S-fold solutions
there is, of course, the additional superconformal supersymmetries.

For certain subtruncations of the 10-scalar model, there is an enhancement of super-
symmetry which arises from additional supersymmetries of the N = 8 gauged supergravity
theory. To see this we can consider the tensor Wab which appears in the fermion variations
of the N=8 theory. Using the notation of [49], in the Einstein scalar sector these variations
are given by

δψµa = Dµεa −
g

6Wabγµε
b ,

δχabc =
√

2γµPµabcdεd −
g√
2
Adabcε

d , (C.1)

where a = 1, . . . , 8 is a USp(8) index. As discussed in [25], the 10-scalar model Wab has
four sets of complex conjugate eigenvalues {λ1,2,3,4, λ̄1,2,3,4} and generically, only one of
them has a holomorphic structure and can be written as

λ4 = eK/2W , (C.2)

with K and W given by (3.2) and (3.3), respectively. By restricting εa to lie within the
eigenspace spanned by the eigenvectors with eigenvalues λ4 and λ̄4 we obtain the super-
symmetry variations for the N = 2 subsector mentioned above.

We will now use the fact that the equations of motion for the 10-scalar model are
invariant under an additional set of discrete S4 symmetries given18 by [7]

{z2 ↔ +z̄3 ⇔ φ1 ↔ −φ4 , α2 ↔ α3} , β1 → +1
2(β2 − β1) , β2 →

1
2(3β1 + β2) ,

{z3 ↔ −z̄4 ⇔ φ2 ↔ −φ4 , α1 ↔ α3} , β1 → −
1
2(β1 + β2) , β2 →

1
2(β2 − 3β1) ,

{z2 ↔ −z̄4 ⇔ φ3 ↔ −φ4 , α1 ↔ α2} , β2 → −β2 . (C.3)

In contrast to the Z2×S4 symmetries mentioned in section 3 (see (2.8)-(2.10) of [7]) these
symmetries do not preserve the BPS equations but instead transform the supercharges into
each other; they are discrete R-symmetry transformations that generalise (3.3) of [50] to
include the αi scalars. Acting on a solution to the BPS equations with these S4 transforma-
tions, one obtains another solution to the equations of motion of the 10-scalar model. This
will then be a supersymmetric solution of D = 5 maximal gauged supergravity, but pre-
serving a different set of Killing spinors. This also implies that if one has a supersymmetric

18Note that the S4 discussed in appendix B of [7] is related to this one after combining with the S4

symmetries mentioned in section 3 (see (2.8)-(2.10) of [7]).
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solution in a consistent truncation that is invariant under one of the generators (C.3), then
it will automatically preserve twice as much supersymmetry.

For example, the U(1)×U(1) invariant 6-scalar truncation is invariant under the last
transformation in (C.3) and hence solutions to the BPS equations that we have been consid-
ering in this paper generically preserve N = 2 supersymmetry. Similarly, the SO(3)×SO(3)
invariant truncation is invariant under the full S4 and is associated with the preservation
of N = 4 supersymmetry.

The above comments imply that this S4 transforms the eigenvalues of the W -tensor
into each other and furthermore, in a truncation of the 10-scalar model which is invariant
under one of the generators of the discrete S4 transformations (C.3) we must find that pairs
of the λi become equal. By explicit computation, for the U(1) × U(1) invariant 6-scalar
truncation, using the results of appendix A of [7], we find that the complex eigenvalues
take the form

λ3 = λ4 = eK/2W , (C.4)

with

eK/2W = 1
2e
−4β1 1 + 2z1z2 + z2

2 − z3(z1 + 2z2 + z1z
2
2)− 2e6β1(z2

2 − 1)(1 + z1z3)
(z2

2 − 1)
√

1− |z1|2
√

1− |z3|2
, (C.5)

and

λ1 = λ2 = 1
2e
−4β1 1 + 2z1z2 + z2

2 − z̄3(z1 + 2z2 + z1z
2
2)− 2e6β1(z2

2 − 1)(1 + z1z̄3)
(z2

2 − 1)
√

1− |z1|2
√

1− |z3|2
. (C.6)

If we further restrict to the SO(3)×SO(3) invariant 3-scalar model by setting z2 = z3 = z̄3
and β1 = 0 we find that λ1 = λ2 = λ3 = λ4 = eK/2W.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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